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a b s t r a c t

In this work, we are concerned with path-dependent random diffusions. Under
certain ergodic condition, we show that the path-dependent random diffusion under
consideration has a unique invariant probability measure and converges exponen-
tially to its equilibrium under the Wasserstein distance. Also, we demonstrate that
the time discretization of the path-dependent random diffusion involved admits a
unique (numerical) invariant probability measure and preserves the corresponding
ergodic property when the step size is sufficiently small. Moreover, we provide an
estimate on the exponential functional of the discrete observation for a Markov
chain, which may be interesting by itself.
© 2022 The Author(s). Published by Elsevier Ltd. This is an open access article under

the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction and main results

A random diffusion is a Markov process consisting of two components (X(t),Λ(t)), where the first
omponent X(t) means the underlying continuous dynamics and the second one Λ(t) stands for a jump
rocess. Such diffusions have a wide range of emerging and existing applications in e.g. climate science,
aterial science, molecular biology, ecosystems, econometric modeling, and control and optimization of

arge scale systems; see e.g. [21,29,37] and references therein. Viewing random diffusions as a number
f diffusions with random switching, they may be seemingly not much more different from the classical
iffusions. Nevertheless, the coexistence of continuous dynamics and jump processes results in challenges
n handling a random diffusion (X(t),Λ(t)) under consideration, even though, in each random temporal
nvironment, (X(t)) is simple enough for intuitive understanding. [19] reveals that (X(t)) is exponentially
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stable in the pth moment in a random temporal environment but algebraically stable in the pth moment
n the other scenarios, whereas (X(t)) is ultimately exponentially stable; [24,25] provide several interesting
xamples to show that (X(t),Λ(t)) is recurrent (resp. transient) even if (X(t)) is transient (resp. recurrent)
n each random temporal environment; Under certain ergodicity conditions, [4,7,19] show that the random
rnstein–Uhlenbeck (OU) process (with jumps) admits the heavy tail property.
Recently, ergodicity of random diffusions with constant or non-constant jump rates has been investigated

xtensively; see, for example, [4–6,27,28] for the setting of constant jump rates, [5,6] as for the setup of
ounded non-constant jump rates, [21,30] concerning the framework of unbounded and non-constant jump
ates. So far, there are several approaches to explore ergodicity for random diffusions; see, for instance,
4,5,28] via probabilistic coupling arguments, [6,21,30] by the weak Harris’ theorem, [27] based on the theory
f M-matrix and Perron–Frobenius theorem. For ergodicity of random diffusions with infinite regimes, we
efer to [27,33] among others.

More often than not, to understand very well the behavior of numerous real-world systems, one of the
etter ways is to take the influence of past events on the current and future states of the systems involved

nto consideration. Such point of view is especially appropriate in the study on population biology, neural
etworks, viscoelastic materials subjected to heat or mechanical stress, and financial products, to name a few,
ince predictions on their evolution rely heavily on the knowledge of their past. There is a sizeable literature
oncerning path-dependent stochastic differential equations (SDEs) upon e.g. wellposedness, existence and
niqueness of stationary solutions, and ergodicity; see e.g. [11,12,14,15,17,23,26] and references therein. In
erminology, a path-dependent SDE is also called a functional SDE or an SDE with memory.

Under certain Lyapunov condition (which is not related to the stationary distribution of the Markov chain
nvolved), [34,35] investigate existence and uniqueness of invariant probability measures (IPMs for short) for
andom diffusions without memory by exploiting the M-matrix trick, and [36] tackles the same issue but for
ath-dependent random diffusions. Recently, under an ergodic condition, [3] probes deeply into existence
nd uniqueness of IPMs for a kind of random diffusions by developing new analytical frameworks.

As described above, there is a natural motivation for considering stochastic dynamical systems, where all
hree features (i.e., random switching, path dependence and noise) are present. In this work, we are interested
n ergodic properties for path-dependent random diffusions. More precisely, as a continuation of [3], under
rgodic conditions, we are concerned with existence and uniqueness of IPMs not only for path-dependent
andom diffusions but also for their time discretization versions. In comparison with [3,34,35], the difficulties
o treat existence and uniqueness of (numerical) IPMs for path-dependent random diffusions lie in (i) the
tate space of functional solutions (Xt)t≥0 is infinite-dimensional; (ii) The couple (Xt,Λ(t)) is discretized;
iii) The investigation is based on certain ergodic condition. Based on the points above, it is much more
hallengeable to deal with long term (numerical) behavior of path-dependent random diffusions.

Prior to the presentation of the setup for this work, we consider and introduce some notation and
erminology. For a fixed number τ > 0, denote C = C([−τ, 0];Rn) by the family of all continuous functions

: [−τ, 0] → Rn, endowed with the uniform norm ∥f∥∞ := sup−τ≤θ≤0 |f(θ)|. Set S := {1, 2 · · · , N} for
ome integer N ∈ [1, ∞). Let (Λ(t)) stand for a continuous-time Markov chain with the state space S, and
he transition rules specified by

P
(
Λ(t + △) = j|Λ(t) = i

)
=
{

qij△ + o(△), i ̸= j

1 + qii△ + o(△), i = j
(1.1)

rovided △ ↓ 0, where o(△) means lim△→0 o(△)/△ = 0; Q = (qij) is the Q-matrix associated with the
arkov chain (Λ(t)). We assume that (Λ(t)) is irreducible with the stationary distribution π = (π1, . . . , πN ),
hich is determined by solving the algebraic equation πQ = 0 subject to the constraint condition

∑
i∈S πi =

with πi ≥ 0. Let E = C × S for notation brevity. Define the metric d on E by( )

d (ξ, i), (η, j) = ∥ξ − η∥∞ + 1{i ̸=j}, (ξ, i), (η, j) ∈ E,
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where, for a set A, 1A(x) = 1, x ∈ A, and 1A(x) = 0, x /∈ A. Let P(E) be the space of all probability
measures on E and set

Pp,d(E) :=
{

ν ∈ P(E)
⏐⏐⏐ ∫

E
d
(
(ξ, i), (o, i0)

)p
ν
(
dξ, d{i}

)
< ∞

}
, p > 0

or some point (o, i0) ∈ E. For ν1, ν2 ∈ Pp,d(E), define the Wasserstein distance Wd,p induced by the
transportation cost function d by

Wp,d(ν1, ν2) = inf
π∈C(ν1,ν2)

{∫
E×E

d
(
(ξ, i), (η, j)

)p
π
(
(dξ, d{i}), (dη, d{j})

)} 1
1∨p

, p > 0,

here C(µ, ν) denotes the collection of all probability measures on E×E with marginals µ and ν, respectively
i.e., π ∈ C(ν1, ν2) if and only if π(·, E) = ν1(·) and π(E, ·) = ν2(·)). Let

Ω1 =
{

ω|ω : R+ → Rm is continuous with ω(0) = 0
}

,

hich is endowed with the locally uniform convergence topology and the Wiener measure P1 so that the
oordinate process W (t, ω) := ω(t) is a standard m-dimensional Brownian motion. Let (Ω2, B(Ω2),P2) be
he Poisson space with the intensity measure dtdu, where

Ω2 =
{

ω
⏐⏐⏐ω =

n∑
i=1

δti,ui
: n ∈ N ∪ {∞}, (ti, ui) ∈ R+ × R+

}
,

he space of configurations (i.e., the realizations of a random point measure). Under the probability measure
2, N(dt, du, ω) := ω(dt, du) is a Poisson random measure with the intensity measure dtdu. Set(

Ω , F ,P
)

:=
(
Ω1 × Ω2, B(Ω1) × B(Ω2),P1 × P2

)
.

Then, under the probability measure P := P1 × P2, for ω = (ω1, ω2) ∈ Ω , ω1(·) is an m-dimensional
rownian motion, ω2(·) is a Poisson random measure with the intensity measure dtdu, and they are mutually

ndependent. Throughout this paper, we shall work on the probability space (Ω , F ,P) constructed above.
Hereinafter, c > 0 refers to a generic constant which might change from occurrence to occurrence. Below,

e present the framework of our work and state the main results we derive.

.1. Ergodicity: the additive noise

In this subsection, we focus on a path-dependent random diffusion with an additive noise

dX(t) = b(Xt,Λ(t))dt + σ(Λ(t))dW (t), t > 0, (X0,Λ(0)) = (ξ, i) ∈ E, (1.2)

here b : E → Rn, σ : S → Rn ⊗ Rm, and, for each fixed t ≥ 0, Xt ∈ C is defined by

Xt(θ) = X(t + θ), θ ∈ [−τ, 0].

In literature, (Xt)t≥0 is called the segment (or window) process associated with (X(t))t≥−τ .
Assume that for (ξ, j), (η, j) ∈ E,

(A) There exist αj ∈ R and βj ∈ R+ such that

2⟨ξ(0) − η(0), b(ξ, j) − b(η, j)⟩ ≤ α |ξ(0) − η(0)|2 + β ∥ξ − η∥2 .
j j ∞

3
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Under (A), by following a more or less standard argument (see e.g. [22]), (1.2) admits from [32, Theorem
2.3] a unique strong solution (Xξ,i(t)) with the initial datum (ξ, i) ∈ E. The segment process (which is also
alled functional solution in terminology) associated with the solution process (Xξ,i(t)) is written as (Xξ,i

t )
o highlight the initial value (ξ, i) ∈ E. The pair (Xξ,i

t ,Λi(t)) is a homogeneous Markov process; see, for
nstance, [23, Theorem 1.1] and [26, Proposition 3.4] for more details.

For a map κ : S → R+, let
κ̂ = min

j∈S
κj , κ̌ = max

j∈S
κj .

or any p ≥ 0, set

Qp := Q + p diag
(
α1 + e−α̂τ β1, . . . , αN + e−α̂τ βN

)
∈ RN ⊗ RN ,

here Q is the Q-matrix of the Markov chain (Λ(t)) and τ > 0 is the length of time lag. Let

ηp = − max
γ∈spec(Qp)

Re(γ), p ≥ 0; κ∗ = sup{p ≥ 0 : ηp > 0} ∈ (0, +∞], (1.3)

here spec(Qp) and Re(γ) denote the spectrum (i.e., the multiset of its eigenvalues) of Qp and the real part
f γ, respectively. Let

T = inf
{

t ≥ 0 : Λi(t) = Λj(t)
}

e the coupling time of (Λi(t),Λj(t)). Since S is a finite set and Q is irreducible, there exists a constant
> 0 such that

P(T > t) ≤ e−θt, t ≥ 0, (1.4)

ee e.g. [1] for more details. Let Pt((ξ, i), ·) be the transition kernel associated with the Markov process
Xξ,i

t ,Λi(t)). For ν ∈ P(E), let νPt denote the law of (Xt,Λ(t)) when (X0,Λ(0)) is distributed according to
∈ P(E).
Our first main result in this paper is stated as follows.

heorem 1.1. Assume (A) and κ∗ > 1. Then, for any ν1, ν2 ∈ Pp,d(E) with p ∈ (0, 1],

Wp,d

(
ν1Pt, ν2Pt

)
≤ c

{
1 +

∫
C

∥ξ∥p
∞ν1(dξ, S) +

∫
C

∥ξ∥p
∞ν2(dξ, S)

}
e− pθη1t

2(θ+pη1) (1.5)

where η1 > 0 is defined in (1.3) with p = 1 and θ > 0 is specified in (1.4). Furthermore, (1.5) implies that
(Xξ,i

t ,Λi(t)), determined by (1.2) and (1.1), admits a unique IPM ν ∈ Pp,d(E) such that

Wp,d

(
δ(ξ,i)Pt, ν

)
≤ c

{
1 + ∥ξ∥p

∞ +
∫

C

∥η∥p
∞ν(dη, S)

}
e− pθη1t

2(θ+pη1) , (ξ, i) ∈ E, (1.6)

where δ(ξ,i) means Dirac’s delta measure (or unit mass) at the point (ξ, i).

Below, we provide an example to demonstrate Theorem 1.1.

Example 1.2. Let (Λ(t))t≥0 be a right-continuous Markov chain taking values in S = {0, 1} with the
enerator

Q =
(

−1 1
γ −γ

)
(1.7)

or some constant γ > 0. For θ > 0, consider a path-dependent random diffusion on Rn

dX(t) =
{

a X(t) + c |X(t)|θX(t) + b X(t − 1)
}

dt + σ dW (t), t > 0, (1.8)
Λ(t) Λ(t) Λ(t) Λt

4
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(

where a0, b0, b1 > 0, a1 < 0 with α1 := 2a1 + b1 < 2a0 + b0 =: α0, c0 = 0, c1 = −1, σ0, σ1 ∈ Rn ⊗ Rm, and
W (t)) is an m-dimensional Brownian motion. Set a := α0 + b0e−α1 , b := α1 + b1e−α1 . If

b < 0, a + b < 1 + γ, γ/b + 1/a > 1, (1.9)

then (Xξ,i
t ,Λi(t)), determined by (1.8) and (1.7), has a unique IPM, and converges exponentially to the

equilibrium under the Wasserstein distance W1,d.

In the following, we are going to explain this example. For j = 0, 1, let

b(ξ, j) = ajξ(0) + cj |ξ|θξ(0) + bjξ(−1), ξ ∈ C .

Then, (1.8) can be regarded as the interactions between the following diffusion processes with point delays
for j = 0, 1,

dX(j)(t) = b(X(j)
t , j)dt + σjdW (t), X

(j)
0 = ξ ∈ C .

Let f(x) = |x|θx, x ∈ Rn. A direct calculation shows

∇f(x) = θ|x|θ−2
xx∗ + |x|θIn×n, x ∈ Rn,

where x∗ is the transpose of x, and In×n is the n × n identity matrix. Whence, the chain rule yields

⟨x − y,f(x) − f(y)⟩ =
∫ 1

0

d
ds

⟨x − y, f(y + s(x − y))⟩ds

=
∫ 1

0
⟨x − y, (∇x−yf)(y + s(x − y))⟩ds

=
∫ 1

0

{
|y + s(x − y)|θ|x − y|2 + θ|y + s(x − y)|θ−2⟨x − y, y + s(x − y)⟩2}ds ≥ 0.

This, together with c0 = 0, c1 = −1, implies that for all ξ, η ∈ C ,

2⟨ξ(0) − η(0), b(ξ, j) − b(η, j)⟩
= 2⟨ξ(0) − η(0), aj(ξ(0) − η(0)) + cj(f(ξ(0)) − f(η(0))) + bj(ξ(−1) − η(−1))⟩
≤ (2aj + bj)|ξ(0) − η(0)|2 + bj |ξ(−1) − η(−1)|2, j = 0, 1.

Hence, we have αj = 2aj + bj and βj = bj in (H1). Subsequently, it is easy to see that

Qp =
(

−1 + pa 1
γ −γ + pb

)
,

where a := α0 + b0e−α1 , b := α1 + b1e−α1 . Observe that the determinant of Qp − λI2×2 is given by

|Qp − λI2×2| = λ2 − (p(a + b) − 1 − γ)λ + p2ab − p(aγ + b).

Under (1.9), we take p > 1 such that

p(a + b) < 1 + γ, p2ab − p(aγ + b) > 0.

Therefore, the characteristic equation |Qp − λI2×2| = 0 has two roots with negative real parts. Moreover,
due to p > 1, we immediately obtain κ∗ > 1.

Consequently, all the assumptions in Theorem 1.1 are satisfied so that the assertions in Example 1.2 hold

true.

5
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Remark 1.1. In the past few years, ergodicity for stochastic systems with non-uniformly dissipative
conditions (e.g., the drift is contractive only outside of a compact set and the drift is allowed to be repulsive
on a compact set) has been extensively investigated; see e.g. [8,10,31] and references within. In contrast
to the literature mentioned above, the condition imposed in Theorem 1.1 seems to be a little bit strong.
Whereas our conditions allow that some subsystems need not to be dissipative even outside of some compact
set. The coupling (e.g., reflection coupling and refined basic coupling) approach is one of potential ways to
study ergodic property of SDEs with non-dissipative condition, where the crucial points are to choose a
suitable coupling metric function and to solve the corresponding second order differential inequality; see,
for instance, [9,20] and references therein. Nevertheless, as for a path-dependent diffusion, it is in general a
very hard task to solve the associated path-dependent second order differential inequality. Whence, as for
path-dependent diffusion processes with non-uniformly dissipative drifts, some new approaches need to be
invoked to investigate ergodicity. Once the diffusion coefficient is elliptic, the condition imposed on the drift
term might be weaken in a certain sense, see, for example, [2] for more details.

Remark 1.2. To demonstrate that the prerequisite η1 > 0 cannot be dropped, we take

b(ξ, i) = b(ξ(0), ξ(−τ), i), σ(i) ≡ σ, ξ ∈ C

s a toy example. For such setting, for all x, y, z1, z2 ∈ Rd and i ∈ S, assume that there exist αi ∈ R and
i ∈ R+ such that

⟨x − y, b(x, z1, i) − b(y, z2, i)⟩ ≤ αi|x − y|2 + βi|z1 − z2|2. (1.10)

To show the continuous dependence of initial values in the pth moment sense, it is crucial to show that
2.1) below holds true with the power 2 therein replaced by the power p > 0. To achieve this, via Itô’s
ormula, one of the ingredients is to show that there exist αp,i ∈ R and βp,i ∈ R+ such that for all
, y, z1, z2 ∈ Rd,

p|x − y|p−2⟨x − y, b(x, z1, i) − b(y, z2, i)⟩ ≤ αp,i|x − y|p + βp,i|z1 − z2|p (1.11)

nce (1.10) is valid. It is easy to see from (1.10) that

p|x − y|p−2⟨x − y, b(x, z1, i) − b(y, z2, i)⟩ ≤ pαi|x − y|p + pβi|x − y|p−2|z1 − z2|2.

hence, to ensure that (1.11) holds true, it is sufficient to verify that for all x, y, z1, z2 ∈ Rd and i ∈ S,

pαi|x − y|p + pβi|x − y|p−2|z1 − z2|2 ≤ αp,i|x − y|p + βp,i|z1 − z2|p. (1.12)

ote that |x − y| is not comparable with |z1 − z2| totally. In particular, when |x − y| goes to zero, for the
ase p ∈ (0, 2) the left hand side of (1.12) tends to infinity however the right hand side remains finite. Hence,
1.11) is invalid for the setting p ∈ (0, 2). Thus, to guarantee that (1.11) is true, we particularly take p = 2
nd therefore we need to assume the associated η1 > 0 rather than ηp > 0 for arbitrary p > 0.

For βi ≡ 0 (which corresponds to the SDE without memory), (1.10) implies definitely (1.11) for any p > 0.
Therefore, in this setting, we can take the power p > 0 sufficiently small.

1.2. Ergodicity: the multiplicative noise

In the previous subsection, we discuss ergodicity under the Wasserstein distance for a class of path-
dependent random diffusions with additive noises. In this subsection, we proceed to consider the same issue
under a little bit strong assumptions but for path-dependent random diffusions with multiplicative noises in
the form

dX(t) = b(Xt,Λ(t))dt + σ(Xt,Λ(t))dW (t), t > 0, (X0,Λ(0)) = (ξ, i) ∈ E, (1.13)
n n m
where b : E → R and σ : E → R ⊗ R .

6
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Assume that for (ξ, j), (η, j) ∈ E,

H1) There exist αj ∈ R and βj ∈ R+ such that

2⟨ξ(0) − η(0), b(ξ, j) − b(η, j)⟩ ≤ αj |ξ(0) − η(0)|2 + βj

∫ 0

−τ

|ξ(s) − η(s)|2µ(ds),

where µ(·) is a probability measure on [−τ, 0].
H2) There exist θj , γj ∈ R+ such that

∥σ(ξ, j) − σ(η, j)∥2
HS ≤ θj |ξ(0) − η(0)|2 + γj

∫ 0

−τ

|ξ(s) − η(s)|2µ(ds),

where ∥ · ∥HS means the Hilbert–Schmidt norm.

For p ≥ 0, set

Qp := Q + p diag
(

λ1 + ζ1

∫ 0

−τ

eλ̂sµ(ds), . . . , ζN

∫ 0

−τ

eλ̂sµ(ds)
)

,

where λi := αi + θi, ζi := βi + γi, i ∈ S. Define

ηp = − max
γ∈spec(Qp)

Re(γ), p ≥ 0; κ∗∗ = sup
{

p ≥ 0 : ηp > 0
}

∈ (0, +∞]. (1.14)

Under appropriate assumptions, the semigroup generated by the pair (Xξ,i
t ,Λi(t)) converges exponentially

under the Wasserstein distance to the equilibrium as another main result below reads.

Theorem 1.3. Assume (H1), (H2) and κ∗∗ > 1. Then, for any ν1, ν2 ∈ Pp,d(E) with p ∈ (0, 1],

Wp,d

(
ν1Pt, ν2Pt

)
≤ c

{
1 +

∫
C

∥ξ∥p
∞ν1(dξ, S) +

∫
C

∥ξ∥p
∞ν2(dξ, S)

}
e− pθη1t

2(θ+pη1) (1.15)

where θ > 0 such that (1.4) holds and η1 > 0 is defined in (1.14) with p = 1. Furthermore, (1.15) implies that
(Xξ,i

t ,Λi(t)) solving (1.13) and (1.1) admits a unique IPM ν ∈ Pp,d(E) such that

Wp,d

(
δ(ξ,i)Pt, ν

)
≤ c

{
1 + ∥ξ∥∞ +

∫
C

∥ξ∥p
∞ν(dξ, S)

}
e− pθη1t

2(θ+pη1) . (1.16)

.3. Ergodicity preservation: the additive noise

In this subsection, we aim to discuss exponential ergodicity under the Wasserstein distance for the time
iscretization version of (Xξ,i

t ,Λi(t)), determined by (1.2) and (1.1).
Without loss of generality, we assume the step size δ = τ

M ∈ (0, 1) for some integer M > τ . Consider the
ollowing continuous-time EM scheme associated with (1.2)

dY (t) = b(Ytδ
,Λ(tδ))dt + σ(Λ(tδ))dW (t), t > 0 (1.17)

ith the initial condition Y (θ) = X(θ) = ξ(θ) for θ ∈ [−τ, 0] and Λ(0) = i ∈ S, where, tδ := ⌊t/δ⌋δ with
t/δ⌋ being the integer part of t/δ, and Ykδ =

{
Ykδ(θ) : −τ ≤ θ ≤ 0

}
is a C -valued random variable defined

s follows: for any θ ∈ [jδ, (j + 1)δ], j = −M, . . . , −1,

Ykδ(θ) = Y ((k + j)δ) + θ − jδ

δ

{
Y ((k + j + 1)δ) − Y ((k + j)δ)

}
, (1.18)

.e., Ykδ is the linear interpolation of (Y (kδ))k≥−M at the gridpoints. Below, please keep in mind that Ytδ
∈ C
bove is defined in a quite different way although it shares the same extrinsic feature as Xt. In order to
7
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emphasize the initial condition (ξ, i), we shall write Y ξ,i(t) and Y ξ,i
tδ

in lieu of Y (t) and Ytδ
, respectively.

he pair (Y ξ,i
tδ

,Λi(tδ)) admits the Markov property as Lemma 5.1 below shows. Let P
(δ)
kδ ((ξ, i), ·) stand for

he Markov transition kernel corresponding to the Markov chain (Y ξ,i
kδ ,Λi(kδ)).

To discretize (1.2), in this work we adopt the simple EM scheme (i.e., (1.17)). Since the EM scheme is
ot stable whenever the drift coefficients of SDEs involved is non-globally Lipschitz (see e.g. [13]), besides
A), we further assume that there is an L0 > 0 such that

|b(ξ, j) − b(η, j)| ≤ L0∥ξ − η∥∞, (ξ, j), (η, j) ∈ E. (1.19)

The theorem below shows that the discrete-time semigroup generated by (Y ξ,i
kδ ,Λi(kδ)) admits a unique

PM and is exponentially convergent to its equilibrium under the Wasserstein distance.

heorem 1.4. Assume the assumptions of Theorem 1.1 and suppose further (1.19). Then, for ν1, ν2 ∈
p,d(E) with p ∈ (0, 1], there exists δ0 ∈ (0, 1) and α > 0 such that

Wp,d

(
ν1P

(δ)
kδ , ν2P

(δ)
kδ

)
≤ c

{
1 +

∫
C

∥ξ∥p
∞ν1(dξ, S) +

∫
C

∥ξ∥p
∞ν2(dξ, S)

}
e−αkδ (1.20)

or any k ≥ 0 and δ ∈ (0, δ0). Furthermore, (1.20) implies that (Y ξ,i
kδ ,Λi(kδ)) admits a unique IPM

(δ) ∈ Pp,d(E) such that for all k ≥ 0, δ ∈ (0, δ0), (ξ, i) ∈ E,

Wp,d

(
δ(ξ,i)P

(δ)
kδ , ν(δ)) ≤ c

{
1 + ∥ξ∥p

∞ +
∫

C

∥ξ∥p
∞ν(δ)(dξ, S)

}
e−αkδ.

emark 1.3. Recently, under the dissipative condition on the drift term, [18] investigated existence
f numerical IPMs for semigroups generated by backward EM scheme associated with path-independent
andom diffusions, which improves our paper [3]. Another motivation for us to employ the EM scheme is
ue to the fact that we herein show merely the idea of our work although the assumption (1.19) can be
urther relaxed by making use of backward EM scheme.

orollary 1.5. Under the assumptions of Theorem 1.4,

lim
δ→0

Wp,d

(
ν, ν(δ)) = 0,

here ν ∈ Pp,d(E) is the IPM of (Xξ,i
t ,Λi(t)) solving (1.2) and (1.1) and ν(δ) ∈ Pp,d(E) is the IPM of

Y ξ,i
kδ ,Λi(kδ)), determined by (1.17) and (1.1).

.4. Ergodicity preservation: the multiplicative noise

In this subsection, we move forward to discuss the setup with multiplicative noises. As we stated, the EM
cheme is unstable provided that the drift coefficient of an SDE under consideration is locally Lipschitz (see
.g. [13]). So, for the present setting, we further need to strengthen (H1) as follows: there exists an L1 > 0
uch that for all (ξ, j), (η, j) ∈ E,

|b(ξ, j) − b(η, j)|2 ≤ L1

{
|ξ(0) − η(0)|2 +

∫
C

|ξ(s) − η(s)|2µ(ds)
}

. (1.21)

onsider the EM scheme corresponding to (1.13):
dY (t) = b(Ytδ
,Λ(tδ))dt + σ(Ytδ

,Λ(tδ))dW (t), t > 0 (1.22)
8
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with the initial condition Y (θ) = X(θ) = ξ(θ) for θ ∈ [−τ, 0] and Λ(0) = i ∈ S, where Ytδ
is defined as in

(5.4). Let
κ⋆ = sup{p ≥ 0 : ηp > 0} ∈ (0, +∞],

here ηp is defined as in (1.14) by writing 4ζj instead of ζj .
Concerning the multiplicative noise case, the time discretization of (Xt(ξ, i),Λi(t)), determined by (1.13)

nd (1.1), also inherits the exponentially ergodic property as the step size is sufficiently small, which is
resented as below as another main result in this paper.

heorem 1.6. Assume (H1), (H2), (1.21) and κ⋆ > 1. Then, for ν1, ν2 ∈ Pp,d(E) with p ∈ (0, 1], there
xist δ0 ∈ (0, 1) and α > 0 such that

Wp,d

(
ν1P

(δ)
kδ , ν2P

(δ)
kδ

)
≤ c

{
1 +

∫
C

∥ξ∥p
∞ν1(dξ, S) +

∫
C

∥ξ∥p
∞ν2(dξ, S)

}
e−αkδ (1.23)

or any k ≥ 0 and δ ∈ (0, δ0). Furthermore, (1.23) implies that (Y ξ,i
kδ ,Λi(kδ)), determined by (1.22) and (1.1),

dmits a unique IPM ν(δ) ∈ Pp,d(E) such that

Wp,d

(
δ(ξ,i)P

(δ)
kδ , ν(δ)) ≤ c

{
1 + ∥ξ∥p

∞ +
∫

C

∥ξ∥p
∞ν(δ)(dξ, S)

}
e−αkδ, (ξ, i) ∈ E.

Below, an example is provided to demonstrate the application of Theorem 1.6.

xample 1.7. Assume that (Λ(t))t≥0 is a right-continuous Markov chain with the state space S = {0, 1}
nd the generator

Q =
(

−γ γ

1 −1

)
(1.24)

or some constant γ > 0. For θ > 0, consider a scalar path-dependent random diffusion

dX(t) =
{

aΛ(t)X(t) + bΛ(t)X(t − 1)
}

dt + σΛt(X(t) + X(t − 1))dW (t), t > 0 (1.25)

here a0, b0, b1, σ0, σ1 > 0, a1 < 0 with λ1 := 2a1 + b1 + 2σ2
1 < 2a0 + b0 + 2σ2

0 =: λ0, and (W (t)) is a
-dimensional Brownian motion. Set a := λ0 + 4e−λ1ζ0 and b := λ1 + 4e−λ1ζ1 with ζ0 := b0 + 2σ2

0 and
1 := b1 + 2σ2

1 . If

(2 − b)γ + a(b − 1) > 0, a + b < 1 + γ, λ0 + 4e−λ1ζ0 +
(
λ1 + 4e−λ1ζ1

)
γ < 0, (1.26)

hen (Y ξ,i
kδ ,Λi(kδ)), determined by (1.24) and (1.25), has a unique IPM ν(δ) ∈ Pp,d(E) for some p > 1 when

he stepsize is sufficiently small and the corresponding numerical transition kernel converges exponentially
nder the Wasserstein distance to the IPM ν(δ).

Now, we explain this example. For j ∈ {0, 1} and ξ ∈ C , let

b(ξ, j) = ajξ(0) + bjξ(−1), σ(ξ, j) = σj(ξ(0) + ξ(−1)).

hen, direct calculations show that for j ∈ {0, 1} and ξ ∈ C ,

2(ξ(0) − η(0))(b(ξ, j) − b(η, j)) ≤ (2aj + bj)(ξ(0) − η(0))2 + bj(ξ(−1) − η(−1))2

nd
|σ(ξ, j) − σ(η, j)|2 = 2σ2((ξ(0) − η(0))2 + (ξ(−1) − η(−1))2).
j

9
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w

Therefore, (H1) holds for αj = 2aj + bj βj = bj and µ(dz) = δ−1(dz) and (H2) is valid for θj = γj = 2σ2

j ,
hich obviously imply

λj = 2aj + bj + 2σ2
j , ζj = bj + 2σ2

j .

Furthermore, (1.21) holds true with L = 2((a2
0 ∨ b2

0) + (a2
1 ∨ b2

1)).
Owing to λ1 < λ0, we readily obtain that for any p ≥ 0,

Qp = Q + p diag
(

λ0 + 4ζ0

∫ 0

−τ

eλ̂sδ−1(ds), λ1 + 4ζ1

∫ 0

−τ

eλ̂sδ−1(ds)
)

=
(

−γ + pa γ

1 −1 + pb

)
with a := λ0 + 4ζ0e−λ1 and b := λ1 + 4ζ1e−λ1 . It is easy to see that the characteristic equation associated
with Qp is given as below

det
(
Qp − λI2×2

)
= λ2 −

(
p(a + b) − 1 − γ

)
λ + (2 − pb)γ + pa(pb − 1) = 0. (1.27)

By taking (1.26) into consideration, there exists a constant p > 1 such that

(2 − pb)γ + pa(pb − 1) > 0, p(a + b) < 1 + γ

so that Eq. (1.27) has two negative roots. Therefore, we reach κ⋆ > 1 by taking advantage of p > 1.
Due to a0, b0, σ0 > 0, the following subsystem

dX(0)(t) = b(X(0)
t , 0)dt + σ(X(0)

t , 0)dW (t)

is fully non-dissipative so the functional solution (X(0)
t ) does not possess an IPM. Furthermore, a direct

calculation shows that (Λ(t))t≥0 has a unique IPM π, which is given explicitly by π = (π0, π1) = (1/(1 +
γ), γ/(1+γ)). Hence, all assumptions in Theorem 1.6 are fulfilled so the assertion of Example 1.7 is followed.

With Theorems 1.3 and 1.6 at hand, by following exactly the proof of Corollary 1.5, we derive the following
corollary.

Corollary 1.8. Under the assumptions of Theorem 1.6,

lim
δ→0

Wp,d

(
ν, ν(δ)) = 0,

where ν ∈ Pp,d(E) is the IPM of (Xξ,i
t ,Λi(t)) solving (1.13) and (1.1) and ν(δ) ∈ Pp,d(E) is the IPM of

(Y ξ,i
kδ ,Λi(kδ)), determined by (1.22) and (1.1).

The remainder of this paper is arranged as follows. Section 2 is devoted to the proof of Theorem 1.1;
Section 3 is concerned with the proofs of Theorem 1.3 and Example 1.2; In Section 4, we aim to investigate
estimate on an exponential functional of the discrete observation for the Markov chain involved and
meanwhile finish the proofs of Theorem 1.4 and Corollary 1.5; At length, we focus on the Markov property
of time discretization version of (Xξ,i

t ,Λi(t)) and complete the proof of Theorem 1.6.

2. Proof of Theorem 1.1

The lemma below shows that, under suitable assumptions, the functional solutions starting from different
initial points will be contractive to each other in the mean-square sense when the time parameter goes to
infinity.

Lemma 2.1. Under the assumptions of Theorem 1.1,

E∥Xξ,i
t − Xη,i

t ∥2
∞ ≤ c ∥ξ − η∥2

∞e−η1t, (ξ, i), (η, i) ∈ E, (2.1)
where η1 > 0 is defined in (1.3) with p = 1.
10
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Proof. For each fixed ω2 ∈ Ω2, consider the following SDE

dXω2(t) = b(Xω2
t ,Λω2(t))dt + σ(Λω2(t))dω1(t), t > 0, Xω2

0 = ξ ∈ C , Λω2(0) = i ∈ S.

ince (Λω2(s))s∈[0,t] may have a finite number of jumps, t ↦→
∫ t

0 αΛω2 (s)ds need not to be differentiable. To
vercome this drawback, let us introduce a smooth approximation of αΛω2 (t) as follows

αε
Λω2 (t) := 1

ε

∫ t+ε

t

αΛω2 (s)ds + εt =
∫ 1

0
αΛω2 (εs+t)ds + εt, ε ∈ (0, 1). (2.2)

Plainly, t ↦→ αε
Λω2 (t) is continuous and αε

Λω2 (t) → αΛω2 (t) as ε ↓ 0 due to the right continuity of the path
of Λω2(·). As a consequence, t ↦→

∫ t

0 αε
Λω2 (r)dr is differentiable by the first fundamental theorem of calculus

and
∫ t

0 αε
Λω2 (r)dr →

∫ t

0 αΛω2 (r)dr as ε ↓ 0 according to Lebesgue’s dominated convergence theorem. Let

Γω2(t) = Xω2,ξ,i(t) − Xω2,η,i(t), t ≥ 0 (2.3)

nd (Γω2
t ) be the corresponding segment process. Applying Itô’s formula and taking (A) into account ensures

hat

e−
∫ t

0
αε
Λω2 (s)ds|Γω2(t)|2 = |Γω2(0)|2 +

∫ t

0
e−
∫ s

0
αε
Λω2 (r)dr

{
−αε

Λω2 (s)|Γ
ω2(s)|2

+ 2
⟨
Γω2(s), b(Xω2,ξ,i

s ,Λω2(s)) − b(Xω2,η,i
s ,Λω2(s))

⟩ }
ds

≤ |Γω2(0)|2 + Ψω2,ε(t) +
∫ t

0
βΛω2 (s)e

−
∫ s

0
αε
Λω2 (r)dr∥Γω2

s ∥2
∞ds,

(2.4)

here
Ψω2,ε(t) :=

∫ t

0
e−
∫ s

0
αε
Λω2 (r)dr|αΛω2 (s) − αε

Λω2 (s)| · |Γω2(s)|2ds.

ue to the fact that

e−
∫ t

0
αε
Λω2 (s)ds∥Γω2

t ∥2
∞ ≤ e−α̂τ

{
c ∥Γω2

0 ∥2
∞ + sup

(t−τ)∨0≤s≤t

(
e−
∫ s

0
αε
Λω2 (r)dr|Γω2(s)|2

)}
. (2.5)

we therefore infer from (2.4) that

e−
∫ t

0
αε
Λω2 (s)ds∥Γω2

t ∥2
∞ ≤ e−α̂τ

{
c ∥Γω2

0 ∥2
∞ + Ψω2,ε(t) +

∫ t

0
βΛω2 (s)e

−
∫ s

0
αε
Λω2 (r)dr∥Γω2

s ∥2
∞ds

}
.

Since αε
Λω2 (s) → αΛω2 (s) so that Ψω2,ε(t) → 0 as ε → 0, one has

e−
∫ t

0
αΛω2 (s)ds∥Γω2

t ∥2
∞ ≤ e−α̂τ

{
c ∥Γω2

0 ∥2
∞ +

∫ t

0
βΛω2 (s)e

−
∫ s

0
αΛω2 (r)dr∥Γω2

s ∥2
∞ds

}
.

Thus, employing Gronwall’s inequality followed by taking expectation w.r.t. P yields

E∥Xξ,i
t − Xη,i

t ∥2
∞ ≤ c e−α̂τ ∥ξ − η∥2

∞E e
∫ t

0
(αΛ(s)+e−α̂τ βΛ(s))ds

.

Due to κ∗ > 1 and [4, Propositions 4.2], we have∑
j∈S

(
αj + e−α̂ τ βj

)
πj < 0. (2.6)
Consequently, the desired assertion follows from [4, Propositions 4.1] and [4, Theorem 1.5]. □

11
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The lemma below reveals that the functional solution is ultimately bounded in the mean-square sense.

Lemma 2.2. Under the assumptions of Theorem 1.1,

sup
t≥0

E∥Xξ,i
t ∥2

∞ ≤ c (1 + ∥ξ∥2
∞), (ξ, i) ∈ E. (2.7)

Proof. Let αε
Λω2 (t) (resp. βε

Λω2 (t)) be the smooth approximation of αΛω2 (t) (resp. βΛω2 (t)) defined as in
(2.2), and write (Xt) in lieu of (Xξ,i

t ) for notation brevity. By virtue of (A), for all γ > 0, there is a constant
cγ > 0 such that

2⟨ξ(0), b(ξ, j)⟩ + ∥σ(j)∥2
HS ≤ cγ + (γ + αj)|ξ(0)|2 + βj∥ξ∥2

∞, (ξ, j) ∈ E. (2.8)

Employing Itô’s formula and taking (2.8) into consideration provides

e−
∫ t

0
(γ+αε

Λω2 (s))ds|Xω2(t)|2 ≤ |ξ(0)|2 + cγ

∫ t

0
e−
∫ s

0
(γ+αε

Λω2 (r))drds + Φω2,ε(t) + Mω2,ε(t)

+
∫ t

0
βε
Λω2 (s)e

−
∫ s

0
(γ+αε

Λω2 (r))dr∥Xω2
s ∥2

∞ds,

(2.9)

where

Φω2,ε(t) : =
∫ t

0
e−
∫ s

0
(γ+αε

Λω2 (r))dr { |αΛω2 (s) − αε
Λω2 (s)| · |Xω2(s)|2

+ |βΛω2 (s) − βε
Λω2 (s)| · ∥Xω2

s ∥2
∞
}

ds,

Mω2,ε(t) : = 2
∫ t

0
e−
∫ s

0
(γ+αε

Λω2 (r))dr⟨
Xω2(s), σ(Λω2(s))dω1(s)

⟩
.

(2.10)

Below, ∥ · ∥ means the operator norm. For 0 ≤ s ≤ t with t − s ∈ [0, τ ] and κ ∈ (0, 1), exploiting BDG’s
inequality yields

EP1

(
sup

s≤r≤t
Mω2,ε(r)

)
= EP1Mω2,ε(s) + EP1

(
sup

s≤r≤t

(
Mω2,ε(r) − Mω2,ε(s)

))
= 2EP1

(
sup

s≤r≤t

⏐⏐⏐ ∫ r

s

e−
∫ u

0
(γ+αε

Λω2 (r))dr⟨
Xω2(u), σ(Λω2(u))dω1(u)

⟩⏐⏐⏐)
≤ cEP1

(∫ t

s

e−2
∫ u

0
(γ+αε

Λω2 (r))dr|Xω2(u)|2 · ∥σ(Λω2(u))∥2du
)1/2

(2.11)

≤ c e−
∫ t

0
(γ+αε

Λω2 (r))drEP1

(
∥Xω2

t ∥2
∞

∫ t

s

e2
∫ t

u
(γ+αε

Λω2 (r))drdu
)1/2

≤ c e−
∫ t

0
(γ+αε

Λω2 (r))dr(EP1∥Xω2
t ∥2

∞
)1/2

≤ κ eα̂τ e−
∫ t

0
(γ+αε

Λω2 (r))drEP1∥Xω2
t ∥2

∞ + ĉκ e−
∫ t

0
(γ+αε

Λω2 (r))dr

for some constant ĉκ > 0, where the second identity holds true since (Mω2,ε(t)) is a martingale. Then, (2.9)
and (2.11) lead to

e−
∫ t

0
(γ+αε

Λω2 (s))dsEP1∥Xω2
t ∥2

∞ ≤ e−α̂τ

1 − κ

{
c ∥ξ∥2

∞ + cγ

∫ t

0
e−
∫ s

0
(γ+αε

Λω2 (r))drds + ĉκ e−
∫ t

0
(γ+αε

Λω2 (r))dr

+
∫ t

βε
Λω2 (s)e

−
∫ s

0
(γ+αε

Λω2 (r))drEP1∥Xω2
s ∥2

∞ds + EP1Φ
ω2,ε(t)

}
.

0
12
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Then, applying Gronwall’s inequality yields

e−
∫ t

0
(γ+αε

Λω2 (s))dsEP1∥Xω2
t ∥2

∞

≤ c

{
∥ξ∥2

∞ +
∫ t

0
e−
∫ s

0
(γ+αε

Λω2 (r))drds + e−
∫ t

0
(γ+αε

Λω2 (r))dr + EP1Φ
ω2,ε(t)

+ ∥ξ∥2
∞

∫ t

0
Θω2,ε(s)e

∫ t

s
Θω2,ε(r)drds

+
∫ t

0

∫ s

0
e−
∫ u

0
(γ+αε

Λω2 (r))drduΘω2,ε(s)e
∫ t

s
Θω2,ε(r)drds

+
∫ t

0
e−
∫ s

0
(γ+αε

Λω2 (r))dr
Θω2,ε(s)e

∫ t

s
Θω2,ε(r)drds

+
∫ t

0

(
EP1Φ

ω2,ε(t)
)
Θω2,ε(s)e

∫ t

s
Θω2,ε(r)drds

}
=: c

( 8∑
j=1

Ξ j,ω2,ε(t)
)

,

(2.12)

n which Θω2,ε(t) := e−α̂τ βε
Λω2 (t)/(1 − κ). By u-substitution and Fubini’s theorem, one has

Ξ 5,ω2,ε(t) + Ξ 6,ω2,ε(t)

= ∥ξ∥2
∞

(
e
∫ t

0
Ξ3,ω2,ε(s)ds − 1

)
+
∫ t

0
e−
∫ s

0
(γ+αε

Λω2 (r))dr
(

e
∫ t

s
Ξ3,ω2,ε(r)dr − 1

)
ds.

(2.13)

nder (A), by using Hölder’s inequality and BDG’s inequality, it is more or less standard to show

EP1

(
sup

0≤s≤t
∥Xω2

s ∥2
∞

)
≤ Ct, t ≥ 0

or some nondecreasing function t ↦→ Ct. So, the dominated convergence theorem implies that

Ξ 4,ω2,ε(t) + Ξ 8,ω2,ε(t) → 0, ε ↓ 0. (2.14)

hereafter, taking (2.13) and (2.14) into account and keeping αε
Λω2 (t) → αΛω2 (t), βε

Λω2 (t) → βΛω2 (t) as ε ↓ 0
n mind, we deduce from (2.12) that

E∥Xt∥2
∞ ≤ c (1 + ∥ξ∥2

∞)E exp
(∫ t

0

(
γ + αΛ(s) + e−α̂τ

1 − κ
βΛ(s)

)
ds

)
+ c (1 + ∥ξ∥2

∞)
∫ t

0
E exp

(∫ t

s

(
γ + αΛ(u) + e−α̂τ

1 − κ
βΛ(u)

)
du

)
ds.

(2.15)

Accordingly, by taking γ, κ ∈ (0, 1) sufficiently small, [4, Theorem 1.5] and [4, Propositions 4.1 and 4.2]
imply (2.7) thanks to κ∗ > 1 and (2.6). □

We are now in a position to complete the

Proof of Theorem 1.1. Recall that T ≥ 0 is the coupling time of (Λi(t),Λj(t)) defined by

T = inf
{

t ≥ 0 : Λi(t) = Λj(t)
}

.

13
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Below, we set p ∈ (0, 1]. For β ∈ (0, 1) to be fixed, by Hölder’s inequality, it follows that

Wp,d

(
δ(ξ,i)Pt, δ(η,j)Pt

)
≤ E

{
∥Xξ,i

t − Xη,j
t ∥p

∞ + 1{Λi(t)̸=Λj(t)}
}

= E
{(

∥Xξ,i
t − Xη,j

t ∥p
∞ + 1{Λi(t)̸=Λj(t)}

)
1{T ≤βt}

}
+ E

{(
∥Xξ,i

t − Xη,j
t ∥p

∞ + 1{Λi(t)̸=Λj(t)}
)
1{T >βt}

}
≤ E

{
1{T ≤βt}E

(
∥Xξ,i

t − Xη,j
t ∥p

∞|FT

)}
+
{

1 +
√

2
(
E∥Xξ,i

t ∥2p
∞ + E∥Xη,j

t ∥2p
∞
)}√

P(T > βt)

≤ cE(1{T ≤βt}∥Xξ,i
T − Xη,j

T ∥p
∞e− pη1

2 (t−T ))

+ c (1 + ∥ξ∥p
∞ + ∥η∥p

∞)e− 1
2 θβt

≤ c (1 + ∥ξ∥p
∞ + ∥η∥p

∞)(e− 1
2 θβt + e− pη1

2 (1−β)t),

here we used (1.4), (2.1) as well as (2.7) in the last two step, and utilized (2.7) once more in the last step.
ptimizing over β in order to guarantee θβ = pη1(1 − β) (i.e., β = pη1/(θ + pη1)), leads to

Wp,d

(
δ(ξ,i)Pt, δ(η,j)Pt

)
≤ c (1 + ∥ξ∥p

∞ + ∥η∥p
∞)e− pθη1t

2(θ+pη1) . (2.16)

hus, substituting (2.16) into

Wp,d(ν1Pt, ν2Pt) ≤
∫

E
Wp,d(δ(ξ,i)Pt, δ(η,j)Pt)π((dξ, d{i}), (dη, d{j})), π ∈ C(ν1, ν2)

ields the desired assertion (1.5).
For any ν ∈ Pp,d(E) and a fixed t0, by the semigroup property of (Pt)t≥0, we derive from (1.5) that

Wp,d

(
νPnt0 , νP(n+1)t0

)
= Wp,d

(
νPnt0 , (νPt0)Pnt0

)
≤ c
{

1 +
∫

C

∥ξ∥p
∞ν(dξ) +

∫
C

∥ξ∥p
∞(νPt0)(dξ)

}
e− pθη1nt0

2(θ+pη1) .

hence, (νPnt0)n≥1 is a Cauchy sequence in the Polish space (Pp,d(E),Wp,d) so that there exists ν∞ ∈
p,d(E) such that νPnt0 converges weakly to ν∞ as n → ∞. Moreover, (Pt)t≥0 is a Feller process due to
emma 2.1. Hence, we have ν∞Pt0 = µ∞. Now, let π = 1

t0

∫ t0
0 ν∞Psds. Again, by the semigroup property

of (Pt)t≥0, it is easy to see that π ∈ Pp,d(E) is an IPM of (Pt)t≥0. For any IPMs ν, ν̂ ∈ Pp,d(E), we infer
from (1.5) that

Wp,d(ν, ν̂) = Wp,d(νPt, ν̂Pt) ≤ c e−αt

for some constant α > 0. Whence, the uniqueness of IPM follows by approaching t ↑ ∞. Finally, (1.6) follows
by just taking ν = δ(ξ,i) in (1.5). □

3. Proof of Theorem 1.3

Recall λi = αi + θi, ζi = βi + γi, i ∈ S, where αi, θi were given in (H1) and βi, γi were introduced
in (H2). Below, λε

Λω2 (t) (resp. ζε
Λω2 (t))be the smooth approximation of λΛω2 (t) (resp. ζΛω2 (t)), defined as in

2.2).
The following two lemmas play a crucial role in investigating the long time behavior of (Xξ,i

t ,Λi(t)).

emma 3.1. Under the assumptions of Theorem 1.3, it holds that

E∥Xξ,i
t − Xη,i

t ∥2
∞ ≤ c ∥ξ − η∥2

∞e−η1t, (ξ, i), (η, i) ∈ E, (3.1)
here η1 > 0 is defined in as (1.14) with p = 1.
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w
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Proof. Fix ω2 ∈ Ω2 and let (Xω2(t)) solve an SDE

dXω2(t) = b(Xω2
t ,Λω2(t))dt + σ(Xω2

t ,Λω2(t))dω1(t), t ≥ 0

ith the initial value (Xω2
0 ,Λω2(0)) = (ξ, i) ∈ E. Let Γω2(t) be defined as in (2.3) and set

Υ1,ω2,ε(t) : =
∫ t

0
e−
∫ s

0
λε
Λω2 (r)dr|λΛω2 (s) − λε

Λω2 (s)| · |Γω2(s)|2ds,

Υ2,ω2,ε(t) : =
∫ 0

−τ

ζΛω2 (t−s)e
−
∫ t−s

t
λε
Λω2 (r)dr

µ(ds).

y the Itô formula, we deduce from (H1) and (H2) that

e−
∫ t

0
λε
Λω2 (s)dsEP1 |Γω2(t)|2

= |Γω2(0)|2 +
∫ t

0
e−
∫ s

0
λε
Λω2 (r)drEP1

{
−λε

Λω2 (s)|Γ
ω2(s)|2

+ 2⟨Γω2(s), b(Xω2,ξ,i
s ,Λω2(s)) − b(Xω2,η,i

s ,Λω2(s))⟩

+ ∥σ(Xω2,ξ,i
s ,Λω2(s)) − σ(Xω2,η,i

s ,Λω2(s))∥2
HS

}
ds

≤ |Γω2(0)|2 + EP1Υ
1,ω2,ε(t) +

∫ t

0
ζΛω2 (s)e

−
∫ s

0
λε
Λω2 (r)dr

∫ 0

−τ

EP1 |Γω2(s + θ)|2µ(dθ)ds

≤ c ∥Γω2
0 ∥2

∞ + EP1Υ
1,ω2,ε(t) +

∫ t

0
Υ2,ω2,ε(s)e−

∫ s

0
λε
Λω2 (r)drEP1 |Γω2(s)|2ds,

(3.2)

where in the last step we used the fact that∫ t

0
ζΛω2 (s)e

−
∫ s

0
λε
Λω2 (r)dr

∫ 0

−τ

EP1 |Γω2(s + θ)|2µ(dθ)ds

=
∫ 0

−τ

∫ t+θ

θ

ζΛω2 (s−θ)e
−
∫ s−θ

0
λε
Λω2 (r)drEP1 |Γω2(s)|2dsµ(dθ)

≤ c ∥Γω2
0 ∥2

∞ +
∫ t

0
Υ2,ω2,ε(s)e−

∫ s

0
λε
Λω2 (r)drEP1 |Γω2(s)|2ds.

Via a standard stopping time argument, we have EP1 |Γω2(t)|2 < ∞, t ≥ 0. Then, Gronwall’s inequality is
applicable so that

EP1 |Γω2(t)|2 ≤
{

c ∥Γω2
0 ∥2

∞ + EP1Υ
1,ω2,ε(t)

}
e
∫ t

0
(λε

Λω2 (s)+Υ2,ω2,ε(s))ds
, (3.3)

where we also used t ↦→ EP1Υ
1,ω2,ε(t) is non-decreasing. Letting ε → 0 followed by taking expectation w.r.t.

P2 on both sides of (3.3), together with
∫ t

0 λε
Λω2 (r)dr →

∫ t

0 λΛω2 (r)dr and EP1Υ
1,ω2,ε(t) → 0 as ε ↓ 0, gives

for Γ (t) := Xξ,i(t) − Xη,i(t),

E|Γ (t)|2 ≤ c ∥Γ0∥2
∞E exp

(∫ t

0

(
λΛ(s) +

∫ 0

−τ

ζΛ(s−θ)e
−
∫ s−θ

s
λΛ(r)dr

µ(dθ)
)

ds

)
. (3.4)

It is easy to see that∫ t

0

∫ 0

−τ

ζΛ(s−θ)e
−
∫ s−θ

s
λΛ(r)dr

µ(dθ)ds ≤
∫ 0

−τ

eθλ̂

∫ t−θ

−θ

ζΛ(s)dsµ(dθ)

≤ c +
∫ 0

−τ

eθλ̂µ(dθ)
∫ t

0
ζΛ(s)ds.
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Inserting the estimate above into (3.4), one has

E|Γ (t)|2 ≤ c ∥Γ0∥2
∞E exp

(∫ t

0

(
λΛ(s) +

∫ 0

−τ

eλ̂θµ(dθ)ζΛ(s)

)
ds

)
.

Moreover, the prerequisite κ∗∗ > 1 and [4, Propositions 4.2] imply

∑
j∈S

(
λj + ζj

∫ 0

−τ

eλ̂sµ(ds)
)

πj < 0. (3.5)

Thus, [4, Theorem 1.5 & Propositions 4.1] yields

E|Γ (t)|2 ≤ c e−η1t ∥ξ − η∥2
∞, t ≥ 0. (3.6)

Next, for any 0 ≤ s ≤ t, applying Itô’s formula and BDG’s inequality and taking advantage of (H1) and
(H2), we find that

E
(

sup
s≤r≤t

|Γ (r)|2
)

≤ E|Γ (s)|2 + c

∫ t

s−τ

E|Γ (r)|2dr

+ cE
(∫ t

s

|Γ (r)|2∥σ(Xξ,i
r ,Λi(r)) − σ(Xη,i

r ,Λi(r))∥2
HSdr

)1/2

≤ E|Γ (s)|2 + c

∫ t

s−τ

E|Γ (r)|2dr + 1
2E
(

sup
s≤r≤t

|Γ (r)|2
)

,

which further implies

E
(

sup
s≤r≤t

|Γ (r)|2
)

≤ c
{
E|Γ (s)|2 +

∫ t

s−τ

E|Γ (r)|2dr
}

, 0 ≤ s ≤ t (3.7)

owing to E
(

sups≤r≤t |Γ (r)|2
)

< ∞ by a more or less standard argument. (3.7), together with (3.6), leads
to, for t ≥ 2τ ,

E∥Γt∥2
∞ = E

(
sup

t−τ≤s≤t
|Γ (s)|2

)
≤ c
{
E|Γ (t − τ)|2 +

∫ t

t−2τ

E|Γ (r)|2dr
}

≤ c e−η1t ∥ξ − η∥2
∞. (3.8)

On the other hand, we have for t ∈ [0, 2τ ],

E∥Γt∥2
∞ ≤ ∥ξ − η∥2

∞ + E
(

sup
0≤s≤t

|Γ (s)|2
)

≤ c∥ξ − η∥2
∞ ≤ c e2η1τ e−η1t∥ξ − η∥2

∞. (3.9)

As a result, (3.1) follows from (3.8) and (3.9). □

Lemma 3.2. Under the assumptions of Theorem 1.3, one has

E∥Xξ,i
t ∥2

∞ ≤ c (1 + ∥ξ∥2
∞), (ξ, i) ∈ E. (3.10)

Proof. By virtue of (H1) and (H2), for any γ > 0, there exists a constant cγ > 0 such that for all (ξ, j) ∈ E,

2⟨ξ(0), b(ξ, j)⟩ ≤ cγ + (γ + αj)|ξ(0)|2 + βj

∫ 0

−τ

|ξ(s)|2µ(ds)

∥σ(ξ, j)∥2
HS ≤ cγ + (γ + θj)|ξ(0)|2 + (γ + γj)

∫ 0
|ξ(s)|2µ(ds).

(3.11)
−τ
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C

T

Next, following the argument to derive (3.2) and making use of (3.11), we infer

e−
∫ t

0
(2γ+λε

Λω2 (s))dsEP1 |Xω2(t)|2 ≤ c ∥ξ∥2
∞ + EP1Ψ

1,ω2,ε(t) + c

∫ t

0
e−
∫ s

0
(2γ+λε

Λω2 (r))drds

+
∫ t

0
Ψ2,ω2,ε(s)e−

∫ s

0
(2γ+λε

Λω2 (r))drEP1 |Xω2(s)|2ds,

where

Ψ1,ω2,ε(t) : =
∫ t

0
e−
∫ s

0
(2γ+λε

Λω2 (r))dr
{

|λΛω2 (s) − λε
Λω2 (s)| · |Xω2(s)|2

+ |ζΛω2 (s) − ζε
Λω2 (s)|

∫ 0

−τ

|Xω2(s + u)|2µ(du)
}

ds,

Ψ2,ω2,ε(t) : =
∫ 0

−τ

(
γ + ζε

Λω2 (t−θ)
)
e−
∫ t−θ

t
(2γ+λε

Λω2 (r))dr
µ(dθ).

Subsequently, an application of Gronwall’s inequality yields

e−
∫ t

0
(2γ+λε

Λω2 (s))dsEP1 |Xω2(t)|2 ≤ c ∥ξ∥2
∞ + EP1Ψ

1,ω2,ε(t) + c

∫ t

0
e−
∫ s

0
(2γ+λε

Λω2 (r))drds

+
∫ t

0

(
c ∥ξ∥2

∞ + EP1Ψ
1,ω2,ε(s) + c

∫ s

0
e−
∫ u

0
(2γ+λε

Λω2 (r))drdu
)

× Ψ2,ω2,ε(s) exp
(∫ t

s

Ψ2,ω2,ε(r)dr
)

ds.

Thus, by mimicking the line to derive (2.15), we arrive at

E|X(t)|2 ≤ c ∥ξ∥2
∞E e

∫ t

0
(2γ+λΛ(s)+Π (s))ds + c

∫ t

0
Ee
∫ t

s
(2γ+λΛ(u)+Π (u))duds, (3.12)

where

Π (t) :=
∫ 0

−τ

(γ + ζΛ(t−θ))e
−
∫ t−θ

t
(2γ+λΛ(r))dr

µ(dθ), t > 0.

Plugging the fact that∫ t

s

Π (r)dr ≤ c + µ(eλ̂·)
∫ t

s

(γ + ζΛ(r))dr, µ(eλ̂·) :=
∫ 0

−τ

eλ̂θµ(dθ)

into (3.12) yields

E|X(t)|2 ≤ c ∥ξ∥2
∞E exp

(∫ t

0
(cγ + λΛ(s) + µ(eλ̂·)ζΛ(s))ds

)
+ c

∫ t

0
E exp

(∫ t

s

(cγ + λΛ(r) + µ(eλ̂·)ζΛ(r))dr
)

ds

for some c > 0. Thus, with the aid of [4, Theorem 1.5 & Propositions 4.1 and 4.2] and by choosing γ > 0
such that cγ = η1/2, we obtain from κ∗∗ > 1 as well as (3.5) that

E|X(t)|2 ≤ c ∥ξ∥2
∞e−η1t/2 + c

∫ t

0
e− η1

2 sds ≤ c(1 + ∥ξ∥2
∞). (3.13)

arrying out an analogous manner to derive (3.7), we have

E
(

sup
s≤r≤t

|X(r)|2
)

≤ c
{

1 + ∥ξ∥2
∞ + E|X(s)|2 +

∫ t

s−τ

E|X(r)|2dr
}

, 0 ≤ s ≤ t. (3.14)

hereby, (3.10) is now available from (3.13) and (3.14). □

Proof of Theorem 1.3. With the aid of Lemmas 3.1 and 3.2, the argument of Theorem 1.3 can be done

by repeating the proof of Theorem 1.1 so that we do not go into detail about the corresponding proof. □
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4. Proof of Theorem 1.4

For K : S → R and p ≥ 0, set

Qp := Q + p diag(K1, . . . , KN ), ηp := −max
γ∈spec(Qp)

Re(γ), κ⋆⋆ := sup{p ≥ 0 : ηp > 0}.

The lemma below, which is concerned with an estimate on the exponential functional of the discrete
bservation for the Markov chain involved and may be interesting by itself, plays a crucial role in the
nalyzing the long-time behavior of the discretization for (Xξ,i

t ,Λi(t)).

emma 4.1. Assume κ⋆⋆ > 1. Then, there exist constants δ ∈ (0, 1) and λ > 0 such that

E e
∫ t

0
KΛ(sδ)ds ≤ c e−λt, t ≥ 0. (4.1)

roof. By Hölder’s inequality, it follows that

E e
∫ t

0
KΛ(sδ)ds ≤

(
E e(1+ε)

∫ t

0
KΛ(s)ds

) 1
1+ε
(
E e

1+ε
ε

∫ t

0
(KΛ(sδ)−KΛ(s))ds

) ε
1+ε

, ε > 0. (4.2)

rom (1.1), there exists δ1 ∈ (0, 1) such that for any △ ∈ (0, δ1),

P(Λ(t + △) = j|Λ(t) = j) = 1 + qjj△ + o(△),
P(Λ(t + △) ̸= j|Λ(t) = j) ≤ κ0△ + o(△),

(4.3)

where κ0 := maxk∈S(−qkk). Utilizing Jensen’s inequality and taking advantage of (4.3), we derive

E
(

e
1+ε

ε

∫ (j+1)δ∧t

jδ
(KΛ(jδ)−KΛ(s))ds

⏐⏐⏐Λ(jδ)
)

=
∑

k∈S 1{Λ(jδ)=k}

(j + 1)δ ∧ t − jδ

∫ (j+1)δ∧t

jδ

E
(

e
1+ε

ε ((j+1)δ∧t−iδ)(Kj−KΛ(s))
⏐⏐⏐Λ(jδ) = k

)
ds

=
∑

k∈S 1{Λ(jδ)=k}

(j + 1)δ ∧ t − jδ

∫ (j+1)δ∧t

jδ

E (1{Λ(s)=k}|Λ(jδ) = k)ds

+
∑

k∈S 1{Λ(jδ)=k}

(j + 1)δ ∧ t − jδ

∫ (j+1)δ∧t

iδ

E
(

e
1+ε

ε ((j+1)δ∧t−jδ)(Kj−KΛ(s))1{Λ(s)̸=j}

⏐⏐⏐Λ(jδ) = j
)

ds

≤
∑

j∈S 1{Λ(jδ)=k}

(j + 1)δ ∧ t − jδ

∫ (j+1)δ∧t

jδ

E (1{Λ(s)=k}|Λ(jδ) = k)ds

+ e
2(1+ε)Ǩδ

ε

∑
k∈S 1{Λ(jδ)=k}

(j + 1)δ ∧ t − jδ

∫ (j+1)δ∧t

jδ

P (1{Λ(s)̸=j}|Λ(jδ) = k)ds

≤
∑

k∈S 1{Λ(jδ)=k}

(j + 1)δ ∧ t − jδ

∫ (j+1)δ∧t

jδ

(1 + qkk(s − jδ) + o(s − jδ))ds

+ e
2(1+ε)Ǩδ

ε

∑
k∈S 1{Λ(jδ)=k}

(j + 1)δ ∧ t − jδ

∫ (j+1)δ∧t

jδ

(2κ0(s − iδ) + o(s − jδ))ds

2(1+ε)α̌δ
ε

(4.4)
≤ 1 + κ0δ e + o(δ), δ ∈ (0, δ1).
18
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By the property of conditional expectation, we deduce from (4.4) that

E e
1+ε

ε

∫ t

0
(KΛ(sδ)−KΛ(s))ds

= E
(

e
1+ε

ε

∑⌊t/δ⌋−1
j=0

∫ (j+1)δ

jδ
(KΛ(jδ)−KΛ(s))dsE

(
e

1+ε
ε

∫ (tδ+δ)∧t

tδ
(KΛ(tδ)−KΛ(s))ds

⏐⏐⏐Λ(tδ)
))

≤
(
1 + κ0δ e

2(1+ε)Ǩδ
ε + o(δ)

)
E
(

e
1+ε

ε

∑⌊t/δ⌋−1
j=0

∫ (j+1)δ

jδ
(KΛ(jδ)−KΛ(s))ds

)
≤ · · ·

≤
(
1 + κ0δe

2(1+ε)Ǩδ
ε + o(δ)

)⌊t/δ⌋+1
, δ ∈ (0, δ1).

(4.5)

or any c1, c2 > 0, by L’Hospital’s rule,

lim
δ→0

1
δ

ln(1 + c1δ ec2δ) = c1.

So, there exists δ2 = δ2(c1) ∈ (0, 1) such that

ln(1 + c1δ ec2δ) ≤ 2 c1δ, δ ∈ (0, δ2). (4.6)

ccording to (4.6), for any δ ∈ (0, δ1 ∧ δ2),

(
1 + κ0δ e

2(1+ε)Ǩδ
ε + o(δ)

) ε(⌊t/δ⌋+1)
1+ε ≤ exp

( ε(t + 1)
δ(1 + ε) ln

(
1 + κ0δ e

2(1+ε)Ǩδ
ε + o(δ)

))
≤ eκε(1+t)

(4.7)

with κε := 2κ0ε/(1 + ε). Taking (4.5) and (4.7) into consideration, we deduce from (4.2) that

E e
∫ t

0
KΛ(sδ)ds ≤ eκε(1+t)

(
E e(1+ε)

∫ t

0
KΛ(s)ds

) 1
1+ε

. (4.8)

Using κ⋆⋆ > 1 and [4, Propositions 4.2], we have∑
j∈S

Kjπj < 0. (4.9)

his, together with [4, Theorem 1.5 & Propositions 4.1], implies that there exist ε0 ∈ (0, 1) sufficiently small
nd λ > 0 such that

E e(1+ε)
∫ t

0
KΛ(s)ds ≤ e−λt, ε ∈ (0, ε0).

nserting this into (4.8) yields that

E e
∫ t

0
KΛ(sδ)ds ≤ eκε(1+t)− λt

1+ε .

hus, the desired assertion follows by taking 0 < ε < ε0 ∧ (2κ0)−1λ. □

Next, we provide two crucial lemmas, where one of them is concerned with the distance in L2-norm sense
of the C -valued stochastic process Ytδ

starting from different points and another one is related to the uniform
boundedness in L2-norm sense.

Lemma 4.2. Assume the assumptions of Theorem 1.1 and (1.19). Then, there exist δ0 ∈ (0, 1) and α > 0
such that

E∥Y ξ,i − Y η,i∥2 ≤ c e−αt∥ξ − η∥2 , t ≥ τ + 1, δ ∈ (0, δ ). (4.10)
tδ tδ ∞ ∞ 0
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Proof. Hereinafter, we assume t ≥ τ + 1. Fix ω2 ∈ Ω2 and let (Y ω2(t)) solve the following SDE

dY ω2(t) = b(Y ω2
tδ

,Λω2(tδ))dt + σ(Λω2(tδ))dω1(t)

ith the initial value Y ω2(s) = ξ(s), s ∈ [−τ, 0], and Λω2(0) = i ∈ S. For notation brevity, set

Υω2(t) := Y ω2,ξ,i(t) − Y ω2,η,i(t). (4.11)

irst of all, we verify

e−
∫ t

0
αΛω2 (sδ)ds|Υω2(t)|2 = |Υω2(0)|2 +

∫ t

0
e−
∫ s

0
αΛω2 (rδ)dr

{
−αΛω2 (sδ)|Υω2(s)|2

+ 2⟨Υω2(s), b(Y ω2,ξ,i
sδ

,Λω2(sδ)) − b(Y ω2,η,i
sδ

,Λω2(sδ))⟩
}

ds.

(4.12)

or any t ∈ (0, δ), by Itô’s formula, we have

e−
∫ t

0
αΛω2 (sδ)ds|Υω2(t)|2 = e−αΛω2 (0)t|Υω2(t)|2

= |Υω2(0)|2 +
∫ t

0
e−αΛω2 (0)s

{
−αΛω2 (0)|Υω2(s)|2

+ 2⟨Υω2(s), b(Y ω2,ξ,i
0 ,Λω2(0)) − b(Y ω2,η,i

0 ,Λω2(0))⟩
}

ds.

ccordingly, (4.12) holds with t ∈ [0, δ]. Next, we assume that (4.12) is true for t ∈ [(k − 1)δ, kδ). Also, Itô’s
ormula yields that for any t ∈ [kδ, (k + 1)δ),

e−αΛω2 (kδ)(t−kδ)|Υω2(t)|2 = |Υω2(kδ)|2 +
∫ t

kδ

e−αΛω2 (kδ)(s−kδ)
{

−αΛω2 (kδ)|Υω2(s)|2ds

+ 2⟨Υω2(s), b(Y ω2,ξ,i
kδ ,Λω2(kδ)) − b(Y ω2,η,i

kδ ,Λω2(kδ))⟩
}

ds.

ultiplying both sides by e−
∫ kδ

0
(γ+αΛω2 (sδ))ds leads to

e−
∫ t

0
αΛω2 (sδ)ds|Υω2(t)|2 = e−

∫ kδ

0
(γ+αΛω2 (sδ))ds|Υω2(kδ)|2

+
∫ t

kδ

e−
∫ s

0
αΛω2 (rδ)dr

{
−αΛω2 (sδ)|Υω2(s)|2ds

+ 2⟨Υω2(s), b(Y ω2,ξ,i
sδ

,Λω2(sδ)) − b(Y ω2,η,i
sδ

,Λω2(sδ))⟩
}

ds.

hereby, (4.12) follows by applying (4.12) with t = kδ. It is easy to see from (1.19) that

|Υω2(t) − Υω2(tδ)| ≤ |b(Y ω2,ξ,i
tδ

,Λω2(tδ)) − b(Y ω2,η,i
tδ

,Λω2(tδ))|δ ≤ L0∥Υω2
tδ

∥∞δ. (4.13)

y virtue of (4.12) and (A), it follows that

e−
∫ t

0
αΛω2 (sδ)ds|Υω2(t)|2

≤ |Υω2(0)|2 +
∫ t

0
e−
∫ s

0
αΛω2 (rδ)dr

{
αΛω2 (sδ)(|Υω2(sδ)|2 − |Υω2(s)|2) + βΛω2 (sδ)∥Υω2

sδ
∥2

∞

+ 2⟨Υω2(s) − Υω2(sδ), b(Y ω2,ξ,i
sδ

,Λω2(sδ)) − b(Y ω2,η,i
sδ

,Λω2(sδ))⟩
}

ds

≤ |Υω2(0)|2 +
∫ t

0
e−
∫ s

0
αΛω2 (rδ)dr

{ c√
δ

|Υω2(s) − Υω2(sδ)|2

+ (c
√

δ + βΛ
ω2
0 (sδ)) sup

s−τ−δ≤r≤s
|Υω2(s)|2

}
ds

≤ |Υω2(0)|2 +
∫ t

(c
√

δ + βΛω2 (sδ))e
−
∫ s

0
αΛω2 (rδ)dr sup |Υω2(s)|2ds.

(4.14)
0 s−τ−δ≤r≤s
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where in the penultimate display we used (4.13). Observe that

Π ω2(t) : = e−
∫ t

0
αΛω2 (sδ)ds

(
sup

t−τ−δ≤s≤t
|Υω2(s)|2

)
≤ e−â(τ+δ)

(
sup

t−τ−δ≤s≤t

(
e−
∫ s

0
αΛω2 (rδ)dr|Y ω2(s)|2

))
.

We therefore obtain from (4.14) that

Π ω2(t) ≤ c ∥ξ − η∥2
∞ + e−â(τ+δ)

∫ t

0

(
c
√

δ + βΛω2 (sδ)
)
Π ω2(s)ds.

This, together with Gronwall’s inequality, implies that

E∥Y ξ,i
tδ

− Y η,i
tδ

∥2
∞ ≤ c ∥ξ − η∥2

∞ec e−â(τ+δ)√
δtE e

∫ t

0
(αΛ(sδ)+e−â(τ+δ)βΛ(sδ))ds

.

wing to (2.6), we can choose some δ1 ∈ (0, 1) such that∑
j∈S

(
αj + e−â(τ+δ)βj

)
πj < 0, δ ∈ (0, δ1). (4.15)

hus, according to Lemma 4.1, (4.15) as well as κ∗ > 1, there exists η1 > 0 such that

E∥Y ξ,i
tδ

− Y η,i
tδ

∥2
∞ ≤ c ∥ξ − η∥2

∞ec e−â(τ+δ)√
δte−η1t.

Furthermore, take δ2 ∈ (0, δ1) such that c e−â(τ+δ2)√δ2 < η1. As a consequence, (4.10) follows for any
∈ (0, δ2). □

emma 4.3. Under the assumptions of Lemma 4.2, there exists some δ0 ∈ (0, 1) such that

E∥Y ξ,i
tδ

∥2
∞ ≤ c (1 + ∥ξ∥2

∞), t ≥ τ + 1, δ ∈ (0, δ0), (ξ, i) ∈ E. (4.16)

roof. Below, we assume t ≥ τ + 1 and, for notation brevity, write Y ω2 instead of Y ω2,ξ,i. Carrying out
he procedure to gain (4.12), we obtain from (2.8) that

e−
∫ t

0
(γ+αΛω2 (sδ))ds|Y ω2(t)|2

= |ξ(0)|2 +
∫ t

0
e−
∫ s

0
(γ+αΛω2 (rδ))dr

{
−(γ + αΛω2 (sδ))|Y ω2(s)|2

+ 2⟨Y ω2(s), b(Y ω2
sδ

,Λω2(sδ))⟩ + ∥σ(Λω2(sδ))∥2
HS

}
ds + Θω2(t),

(4.17)

where

Θω2(t) := 2
∫ t

0
e−
∫ s

0
(γ+αΛω2 (rδ))dr⟨Y ω2(s), σ(Λω2(sδ))dω1(s)⟩.

Thanks to (1.19), it follows that

|Y ω2(t) − Y ω2(t )|2 ≤ cδ + 4δL2∥Y ω2∥2 + c |ω (t) − ω (t )|2. (4.18)
δ 0 tδ ∞ 1 1 δ
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Thus, by combining (2.8) with (4.17), it follows that

e−
∫ t

0
(γ+αΛω2 (sδ))ds|Y ω2(t)|2

≤ |ξ(0)|2 +
∫ t

0
e−
∫ s

0
(γ+αΛω2 (rδ))dr

{
c +

(
c
√

δ + βΛω2 (sδ)
)

sup
s−τ−δ≤r≤s

|Y ω2(r)|2

+ c√
δ

|Y ω2(s) − Y ω2(sδ)|2 +
√

δ|b(Y ω2
sδ

,Λω2(sδ))|2
}

ds + Θω2(t)

≤ |ξ(0)|2 +
∫ t

0
e−
∫ s

0
(γ+αε

Λω2 (rδ))dr
{

c + c√
δ

|ω1(t) − ω1(tδ)|2

+
(
c
√

δ + βΛω2 (sδ)
)

sup
s−τ−δ≤r≤s

|Y ω2(r)|2
}

ds + Θω2(t).

(4.19)

ollowing the argument to derive (2.11), for 0 ≤ s ≤ t with t − s ∈ [0, τ + δ] and κ ∈ (0, 1), which is also to
e determined, we have

EP1

(
sup

s≤r≤t
Θω2(r)

)
≤ κ eâ(τ+δ)Π ω2(t) + c e−

∫ t

0
(γ+αΛω2 (rδ))dr

, (4.20)

here

Π ω2(t) : = e−
∫ t

0
(γ+αΛω2 (sδ))dsEP1

(
sup

t−τ−δ≤s≤t
|Y ω2(s)|2

)
≤ e−â(τ+δ)EP1

(
sup

t−τ−δ≤s≤t

(
e−
∫ s

0
(γ+αΛω2 (r))dr|Y ω2(s)|2

))
.

ence, we deduce from (4.19) and (4.20) that

Π ω2(t) ≤ e−â(τ+δ)

1 − κ

{
c ∥ξ∥2

∞ + c e−
∫ t

0
(γ+αΛω2 (rδ))dr + c

∫ t

0
e−
∫ s

0
(γ+αε

Λω2 (rδ))drds

+
∫ t

0

(
c
√

δ + βΛω2 (sδ)
)
Π ω2(s)ds

}
.

hus, an application of Gronwall’s inequality enables us to get

Π ω2(t) ≤ e−â(τ+δ)

1 − κ

{
c ∥ξ∥2

∞ + c e−
∫ t

0
(γ+αΛω2 (rδ))dr + c

∫ t

0
e−
∫ s

0
(γ+αε

Λω2 (rδ))drds
}

+ e−â(τ+δ)

1 − κ

∫ t

0

{
c ∥ξ∥2

∞ + c e−
∫ s

0
(γ+αΛω2 (rδ))dr + c

∫ s

0
e−
∫ u

0
(γ+αε

Λω2 (rδ))drdu
}

× Φω2(sδ) exp
(∫ t

s

Φω2(rδ)dr
)

ds,

(4.21)

in which

Φω2(tδ) :=
e−â(τ+δ)(cδ + βΛω2 (tδ)

)
1 − κ

.

By an inductive argument, we derive that for all 0 ≤ s ≤ t,

Υω2(s, t) :=
∫ t

s

Φω2(uδ) exp
(∫ t

u

Φω2(rδ)dr
)

du = exp
(∫ t

s

Φω2(rδ)dr
)

− 1. (4.22)

ubsequently, taking (4.21), (4.22) and Fubini’s theorem into account, we deduce that

E
(

sup |Y (s)|2
)

≤ cE
{

1 + e
∫ t

0
(γ+αΛ(sδ)+Φ(sδ))ds +

∫ t

e
∫ t

s
(γ+αΛ(rδ)+Φ(rδ))drds

}
,

t−τ−δ≤s≤t 0
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where

Φ(tδ) :=
e−â(τ+δ)(c√

δ + βΛ(tδ)
)

1 − κ
.

Thus, with the help of κ∗ > 1 and (4.16) follows from Lemma 4.1 and by taking γ, δ, κ ∈ (0, 1) sufficiently
small. □

Proof of Theorem 1.4. With Lemmas 4.2 and 4.3 and Lemma 5.1 below at hand, we can complete the
argument of Theorem 1.4 by mimicking the proof of Theorem 1.3. □

Proof of Corollary 1.5. For any k ≥ 1, by the triangle inequality, we have

Wp,d

(
ν, ν(δ)) ≤ Wp,d

(
ν, δ(ξ,i)Pkδ

)
+ Wp,d

(
ν(δ), δ(ξ,i)P

(δ)
kδ

)
+ Wp,d

(
δ(ξ,i)Pkδ, δ(ξ,i)P

(δ)
kδ

)
.

In terms of Theorems 1.1 and 1.4, there exist constants α > 0 and c1, which is independent of k and δ, such
that

Wp,d

(
ν, δ(ξ,i)Pkδ

)
+ Wp,d

(
ν(δ), δ(ξ,i)P

(δ)
kδ

)
≤ c

(
1 + ∥ξ∥p

∞
)
e−αkδ. (4.23)

Moreover, by a more or less standard argument, there exists a constant c2, independent of k and δ such that

Wp,d

(
δ(ξ,i)Pkδ, δ(ξ,i)P

(δ)
kδ

)
≤ c2

(
1 + ∥ξ∥p

∞
)
ec2(kδ)2

δp/2. (4.24)

In particular, in (4.23) and (4.24), taking

k =
⌊ 1

√
c2δ

(
ln δ− p

4
) 1

2
⌋

nd approaching δ → 0 yields the desired assertion. □

. Proof of Theorem 1.6

Before we complete the proof of Theorem 1.6, let us make some preparations. For any t ≥ 0, let
Ft = σ((W (u),Λ(u)), 0 ≤ u ≤ t) ∨ N , where N stands for the set of all P-null sets in F .

Lemma 5.1. (Ykδ,Λ(kδ)) is a homogeneous Markov chain, i.e., for any A ∈ B(C ) and (ξ, i) ∈ E,

P
(
(Y(k+1)δ,Λ((k + 1)δ)) ∈ A × {j}|(Ykδ,Λ(kδ)) = (ξ, i)

)
= P

(
(Yδ,Λ(δ)) ∈ A × {j}|(Y0,Λ(0)) = (ξ, i)

) (5.1)

and
P
(
(Y(k+1)δ,Λ((k + 1)δ)) ∈ A × {i}|Fkδ

)
= P

(
(Y(k+1)δ,Λ((k + 1)δ)) ∈ A × {i}|(Ykδ,Λ(kδ))

)
.

(5.2)

Proof. We shall verify (5.1) and (5.2), one-by-one. To begin, we show that (5.1) holds. It is easy to see
from (1.18) that

Ykδ(iδ) = Y ((k + i)δ), i = −M, . . . , −1. (5.3)

bserve from (1.22) and (5.3) that

Yδ(θ) = Y ((1 + i)δ) + θ − iδ

δ

{
Y ((2 + i)δ) − Y ((1 + i)δ)

}
=
{

Y (0) + θ+δ
δ

{
Y (δ) − Y (0)

}
, θ ∈ [−δ, 0]0cv

Y ((1 + i)δ) + θ−iδ
δ

{
Y ((2 + i)δ) − Y ((1 + i)δ)

}
, θ ∈ [iδ, (i + 1)δ], i ̸= −1

=
{

Y (0) + θ+δ
δ

{
b(Y0,Λ(0))δ + σ(Y0,Λ(0))W (δ)

}
, θ ∈ [−δ, 0],

θ−iδ
{ }

(5.4)
Y ((1 + i)δ) + δ Y ((2 + i)δ) − Y ((1 + i)δ) , θ ∈ [iδ, (i + 1)δ], i ̸= −1
23
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and that

Y(k+1)δ(θ) =
{

Ykδ(0) + θ+δ
δ

{
Y ((k + 1)δ) − Ykδ(0)

}
, θ ∈ [−δ, 0]

Ykδ((1 + i)δ) + θ−iδ
δ

{
Ykδ((2 + i)δ) − Ykδ((1 + i)δ)

}
, θ ∈ [iδ, (i + 1)δ], i ̸= −1

=

⎧⎨⎩
Ykδ(0) + θ+δ

δ

{
b(Ykδ,Λ(kδ))δ

+ σ(Ykδ,Λ(kδ))(W ((k + 1)δ) − W (kδ))
}

, θ ∈ [−δ, 0]
Ykδ((1 + i)δ) + θ−iδ

δ

{
Ykδ((2 + i)δ) − Ykδ((1 + i)δ)

}
, θ ∈ [iδ, (i + 1)δ], i ̸= −1.

(5.5)

hus, comparing (5.4) with (5.5) and noting that W ((k+1)δ)−W (kδ) and W (δ) are identical in distribution,
e infer that (Y(k+1)δ,Λ((k +1)δ)) and (Yδ,Λ(δ)) are equal in distribution given (Ykδ,Λ(kδ)) = (Y0,Λ(0)) =

ξ, i). Therefore, (5.1) holds immediately.
Next, we demonstrate that (5.2) is valid. Set

χξ,j
(k+1)δ(θ) :=

{
ξ(0) + θ+δ

δ

{
b(ξ, j)δ + σ(ξ, j)(W ((k + 1)δ) − W (kδ))

}
, θ ∈ [−δ, 0]

ξ((1 + i)δ) + θ−iδ
δ

{
ξ((2 + i)δ) − ξ((1 + i)δ)

}
, θ ∈ [iδ, (i + 1)δ], i ̸= −1.

nd Λj,δ
k+1 := j + Λ((k + 1)δ) − Λ(kδ). Thus, it is easy to see that

Λ((k + 1)δ) = Λ
Λ(kδ),δ
k+1 and Y(k+1)δ = χ

Ykδ,Λ(kδ)
(k+1)δ . (5.6)

For any 0 ≤ s ≤ t, let Gt,s = σ(W (u) − W (s), s ≤ u ≤ t) ∨ N . Plainly, G(k+1)δ,kδ is independent of Fkδ.
oreover, χξ,j

(k+1)δ depends completely on the increment W ((k + 1)δ) − W (kδ) so is G(k+1)δ,kδ-measurable.
ence, χξ,j

(k+1)δ is independent of Fkδ. Noting that χ
Ykδ,Λ(kδ)
(k+1)δ and Λ

Λ(kδ),δ
(k+1)δ are conditionally independent

iven (Ykδ,Λ(kδ)). Applying [16, Theorem 2.24, p.46] and taking (5.6) into consideration yields that

P(Y(k+1)δ,Λ((k + 1)δ) ∈ A × {j}|Fkδ) = E(IA×{j}(Y(k+1)δ,Λ((k + 1)δ))|Fkδ)
= E(IA×{j}(χYkδ,Λ(kδ)

(k+1)δ ,Λ
Λ(kδ)
k+1 )|Fkδ)

= E(IA(χYkδ,Λ(kδ)
(k+1)δ )|Fkδ)E(I{j}(ΛΛ(kδ)

k+1 )|Fkδ)

= E(IA(χξ,i
(k+1)δ))|ξ=Ykδ,i=Λ(kδ)E(I{j}(Λi

k+1))|i=Λ(kδ)

= P(χξ,i
(k+1)δ ∈ A)|ξ=Ykδ,i=Λ(kδ)P(Λi

k+1 ∈ {j})|i=Λ(kδ)

= P((χξ,i
(k+1)δ,Λi

k+1) ∈ A × {j})|ξ=Ykδ,i=Λ(kδ)

= P((Y(k+1)δ,Λ((k + 1)δ)) ∈ A × {i}|(Ykδ,Λ(kδ))).

So (5.2) holds. As a consequence, (Ykδ,Λ(kδ)) is a homogeneous Markov chain. □

Lemma 5.2. Assume (H1), (H2), (1.21) and suppose further κ⋆ > 1. Then, there exist δ0 ∈ (0, 1) and
α > 0 such that

E∥Y ξ,i
tδ

− Y η,i
tδ

∥2
∞ ≤ c e−αt∥ξ − η∥2

∞, t ≥ τ, δ ∈ (0, δ0), (ξ, i), (η, i) ∈ E. (5.7)

Proof. For fixed ω2, let Y ω2 solve the following SDE

dY ω2(t) = b(Y ω2
tδ

,Λω2(tδ))dt + σ(Y ω2
tδ

,Λω2(tδ))dω1(t)

with the initial value Y ω2(θ) = ξ(θ), θ ∈ [−τ, 0], and Λω2(0) = i ∈ S. Let Υω2(t) be defined as in (4.11). By
(H2) and (1.19), it is easy to see that

EP1 |Υω2(t) − Υω2(tδ)|2 ≤ cδ
{
EP1 |Υω2(tδ)|2 +

∫ 0
EP1 |Υω2

tδ
(θ)|2µ(dθ)

}
. (5.8)
−τ
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Following the procedure to derive (4.12), we obtain from (H1), (H2), (1.21) and (5.8) that

e−
∫ t

0
λΛω2 (sδ)dsEP1 |Υω2(t)|2

≤ |Υω2(0)|2 +
∫ t

0
e−
∫ s

0
λΛω2 (rδ)dr

{
c
√

δEP1 |Υω2(sδ)|2

+
(
c + ζΛω2 (sδ)

) ∫ 0

−τ

EP1 |Υω2
sδ

(θ)|2µ(dθ) + c√
δ
EP1 |Υω2(s) − Υω2(sδ)|2

}
ds

≤ |Υω2(0)|2 + c
√

δ

∫ t

0
e−
∫ s

0
λΛω2 (rδ)drEP1 |Υω2(sδ)|2ds + Ψω2(t),

(5.9)

here
Ψω2(t) :=

∫ t

0

(
c
√

δ + ζΛω2 (sδ)
)
e−
∫ s

0
λΛω2 (rδ)dr

∫ 0

−τ

EP1 |Υω2
sδ

(θ)|2µ(dθ)ds.

y virtue of (5.4), we deduce that

Ψω2(t) =
∫ 0

−τ

∫ t

0

(
c
√

δ + ζΛω2 (sδ)
)
e−
∫ s

0
λΛω2 (rδ)drEP1 |Υω2

sδ
(θ)|2dsµ(dθ)

≤ 2
−1∑

j=−N

∫ (j+1)δ

jδ

∫ t

0

(
c
√

δ + ζΛω2 (sδ)
)
e−
∫ s

0
λΛω2 (rδ)drEP1 |Υω2(sδ + jδ)|2dsµ(dθ)

+ 2
−1∑

i=−N

∫ (j+1)δ

jδ

∫ t

0

(
c
√

δ + ζΛω2 (sδ)
)
e−
∫ s

0
λΛω2 (rδ)drEP1 |Υω2(sδ + (j + 1)δ)|2dsµ(dθ)

≤ c ∥ξ − η∥2
∞ +

∫ t

0
Θω2(s)e−

∫ s

0
λΛω2 (rδ)drEP1 |Υω2(sδ)|2dsµ(dθ),

(5.10)

here

Θω2(t) := 2e−âτ
−1∑

j=−N

∫ (j+1)δ

jδ

{
c
√

δ + ζΛω2 (tδ−iδ) + ζΛω2 (tδ−(j+1)δ)
}

µ(dθ). (5.11)

nserting (5.10) back into (5.9), we arrive at

e−
∫ t

0
λΛω2 (sδ)dsEP1 |Υω2(t)|2 ≤ c ∥ξ − η∥2

∞ +
∫ t

0

(
c
√

δ + Θω2(s)
)
e−
∫ s

0
λΛω2 (rδ)drEP1 |Υω2(sδ)|2ds.

This, together with the fact that

Π ω2(t) := e−
∫ t

0
λΛω2 (sδ)ds sup

t−δ≤s≤t
EP1 |Υω2(s)|2 ≤ e−λ̂δ sup

t−δ≤s≤t

(
e−
∫ s

0
λΛω2 (rδ)drEP1 |Υω2(s)|2

)
, (5.12)

implies that

Π ω2(t) ≤ c ∥ξ − η∥2
∞ + e−λ̂δ

∫ t

0

(
c
√

δ + Θω2(s)
)
Π ω2(s)ds.

Thus, an application of Gronwall’s inequality leads to

Π ω2(t) ≤ c ∥ξ − η∥2
∞ee−λ̂δ

∫ t

0
(c

√
δ+Θω2 (s))ds

. (5.13)

Furthermore, observe that∫ t

0
Θω2(s)ds = 2 e−λ̂τ

−1∑
j=−N

∫ (j+1)δ

jδ

∫ t−jδ

−jδ

{
c
√

δ + ζΛω2 (sδ)
}

dsµ(dθ)

+ 2 e−λ̂τ
−1∑

j=−N

∫ (j+1)δ

iδ

∫ t−(j+1)δ

−(j+1)δ

ζΛω2 (sδ)dsµ(dθ)

≤ c + 4 e−λ̂τ

∫ t{
c
√

δ + ζΛω2 (sδ)
}

ds.

(5.14)
0
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Hence, we infer from (5.13) and (5.14) that

E|Y ξ,i(t) − Y η,i(t)|2 ≤ c ∥ξ − η∥2
∞E ec

√
δt+
∫ t

0
{λΛ(sδ)+4e−λ̂(τ+δ)}ζΛ(sδ)ds

.

y applying Lemma 4.1 and κ⋆ > 1, there exist δ0 ∈ (0, 1) and α > 0 such that

E|Y ξ,i(t) − Y η,i(t)|2 ≤ c e−αt∥ξ − η∥2
∞, t ≥ τ, δ ∈ (0, δ0). (5.15)

ith (H2) and (5.15) in hand, (5.7) can be obtained via a standard procedure. □

emma 5.3. Under the assumptions of Lemma 5.2, there exists some δ0 ∈ (0, 1) such that

E∥Y ξ,i
tδ

∥2
∞ ≤ c (1 + ∥ξ∥2

∞), t ≥ τ, δ ∈ (0, δ0), (ξ, i) ∈ E. (5.16)

roof. Mimicking the procedure to derive (4.17), we have

e−
∫ t

0
(2γ+λΛω2 (sδ))dsEP1 |Y ω2(t)|2

= |ξ(0)|2 +
∫ t

0
e−
∫ s

0
(2γ+λΛω2 (rδ))drEP1

{
−(2γ + λΛω2 (sδ))|Y ω2(s)|2

+ 2⟨Y ω2(s), b(Y ω2
sδ

,Λω2(sδ))⟩ + ∥σ(Y ω2
sδ

,Λω2(sδ))∥2
HS
}

ds,

(5.17)

here γ > 0 is introduced in (3.11). By (H2) and (1.21), it follows that

EP1 |Y ω2(t) − Y ω2(tδ)|2 = EP1 |b(Y ω2
tδ

,Λω2(tδ))|2δ2 + EP1∥σ(Y ω2
tδ

,Λω2(tδ))∥2
HSδ

≤ c + cδ
{
EP1 |Y ω2(tδ)|2 +

∫ 0

−τ

EP1 |Y ω2
tδ

(θ)|2µ(dθ)
}

.
(5.18)

hen, taking (5.17) and (5.18) into consideration, we deduce that

e−
∫ t

0
(2γ+λΛω2 (sδ))dsEP1 |Y ω2(t)|2

≤ |ξ(0)|2 +
∫ t

0
e−
∫ s

0
(2γ+λΛω2 (rδ))dr

{
c + c√

δ
EP1 |Y ω2(s) − Y ω2(sδ)|2

+ c
√

δEP1 |Y ω2(sδ)|2 +
(
γ + ζΛω2 (sδ)

) ∫ 0

−τ

EP1 |Y ω2
sδ

(θ)|2µ(dθ)

+
√

δEP1 |b(Y ω2
sδ

,Λω2(sδ))|2
}

ds

≤ |ξ(0)|2 + c

∫ t

0
e−
∫ s

0
(2γ+λΛω2 (rδ))dr{1 +

√
δ EP1 |Y ω2(sδ)|2

}
ds + Ψω2

0 (t),

(5.19)

here
Ψω2

0 (t) :=
∫ t

0

(
c
√

δ + ζΛω2 (sδ)
)
e−
∫ s

0
(2γ+λΛω2 (rδ))dr

∫ 0

−τ

EP1 |Y ω2
sδ

(θ)|2µ(dθ)ds.

Following the argument to deduce (5.10), we find that

Ψω2
0 (t) ≤ c ∥ξ∥2

∞ +
∫ t

0
Θω2(s)e−

∫ s

0
(2γ+λΛω2 (rδ))drEP1 |Y ω2(sδ)|2dsµ(dθ), (5.20)

here Θω2 > 0 is defined as in (5.11). Substituting (5.20) into (5.19) leads to

e−
∫ t

0
(2γ+λΛω2 (sδ))dsEP1 |Y ω2(t)|2

≤ c ∥ξ∥2
∞ +

∫ t

e−
∫ s

0
(2γ+λΛω2 (rδ))dr{

c +
(
c
√

δ + Θω2(s)
)
EP1 |Y ω2(sδ)|2

}
ds.
0
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This, applying the Gronwall inequality and utilizing (5.12) with Υω2 being replaced by Y ω2 enables us to
btain

Π ω2(t) ≤ c ∥ξ∥2
∞ + c

∫ t

0
e−
∫ s

0
(2γ+λΛω2 (rδ))drds + c e−λ̂δ

∫ t

0

{
∥ξ∥2

∞ +
∫ s

0
e−
∫ u

0
(2γ+λΛω2 (rδ))drdu

}
×
(
c
√

δ + Θω2(s)
)
e
∫ t

s
e−âδ(c

√
δ+Θω2 (r))drds.

ubsequently, the desired assertion follows from Fubini’s theorem and Lemma 4.1 and by taking γ, δ ∈ (0, 1)
ufficiently small. □

roof of Theorem 1.6. With the help of Lemmas 5.1–5.3, we can finish the proof by following the
argument of Theorem 1.3. □
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