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Abstract: Lack of procedural fluency in fractions impedes access to advanced mathematical
courses and limits opportunities for entry into STEM-related fields. This paper describes the
design and pedagogical basis of the Moving Fractions app and supplementary fraction videos
for promoting fraction learning. Moving Fractions utilizes game-design factors to draw students
through a trajectory of fraction learning from part-whole comparisons to a more robust
understanding of the measurement concept of fractions. The supplementary video immerses
students in a broad range of fraction representations. The app and video are intended to form a
fraction learning package for distribution in Philippine schools. Future work involves the
gathering of empirical data for validating the expected benefits associated with the application
of mathematics education research in the app and video design.
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1. Introduction

Mathematics plays a fundamental role in STEM education. Students entering STEM-related fields are
those who typically perform well in high school mathematics and have positive attitudes towards
mathematics (Wang, 2013). Specifically, procedural fluency in fractions was found to improve access
to advanced mathematical courses (Ngo, 2018). Students who do not learn fractions properly tend to
perform poorly in subsequent mathematical courses (Booth & Newton, 2012), and may demonstrate
limited mathematical competencies (Schneider et al., 2018). Unfortunately, many students and even
pre-service teachers do not have a robust understanding of fractions (Bansilal & Ubah, 2020). Therefore,
early interventions in fraction learning are important to increase opportunities for entry into STEM-
related fields.

The design of games and game-based applications (apps) in classrooms has drawn the attention
of mathematics education researchers for decades (Larkin, 2013). Games have been shown to increase
students’ engagement and motivation (Erhel & Jamet, 2013), and increase mathematics performance in
various domains such as fractions (Ninaus et al., 2016). This paper discusses the Moving Fractions app
for PC and Android that has been designed and developed to support the learning of fractions. The app
is one of the mathematical resources that has been developed under an ongoing government-funded
project (De Las Pefias et al., 2021), one of the goals of which is to strengthen further the mathematical
competencies in foundational concepts necessary for more advanced learning. These include place
value, number sense and fraction number sense. Aside from the app, mathematical videos were also
created for students to help them visualize abstract ideas. In the past two years of the pandemic, these
resources have been useful in support of the blended learning modality in schools called for by the
Philippine Department of Education (DepEd). The resources for instance, can be used with minimal
supervision, and are ideal for distance learning. An interested reader is invited to wvisit
https://mathplusresources.wordpress.com/ for access to the mathematical resources.



2. Pedagogical Basis: Fraction Understanding

Learning fractions offers substantial challenges for students because traditional instruction does not
present fractions in a precise and coherent way (Wu, 2010). Fractions are typically presented as part-
whole comparisons (like pieces of pizza), leaving students with an impoverished understanding of
fractions (Lamon, 2007). To learn fractions meaningfully, students must learn what fractions are, and
how correct procedures can be logically derived from the definition (Wu, 2010). According to Wu
(2010), the fraction 1/n is defined to be the point on the number line corresponding to dividing the unit
segment into n equal parts, and taking the first division point to the right of 0; the fraction m/n is the
mth multiple of the fraction 1/n. Wu argued that a definition based on number lines is more superior
than part-whole conceptions of fractions because all basic facts about fractions can be derived from the
number line, but not from part-whole knowledge. Some educational systems also present alternative
representations such as area and discrete models as a starting point before a number line model is
introduced (Alajmi, 2012).

Instruction based on measurement concepts of fractions (i.e., thinking of m/n as m measures of
1/n; see Kieren, 1980) offers the strongest conceptions of fractions, allowing students to apply their
knowledge to new problems and form alternative conceptions of fractions that were not taught (Lamon,
2007). The measurement construct of fractions was further delineated by Wilkins and Norton (2018).
They summarized studies involving more than 300 students to propose a hierarchy of fraction schemes,
beginning with part-whole to measurement concepts of fractions: (a) part-whole scheme (PWS), (b)
measurement scheme for unit fractions (MSUF), (¢) measurement scheme for proper fractions (MSPF),
and (d) generalized measurement scheme for fractions (GMSF). The PWS and MSUF are loosely
inverses of each other—partitioning a whole into n parts versus determining the fractional size of a unit
fraction by iterating the unit fraction to produce the whole. The action associated with MSUF involves
producing a whole from a proper fraction, and the action associated with GMSF involves producing a
whole from any fraction (including improper fractions). The results collectively show that these
schemes developed sequentially (i.e., the development of PWS preceded the development of MSUF,
and so on).

These fraction schemes are aligned with the Philippine DepEd Most Essential Learning
Competencies (MELCS) (DepEd, 2020), where students learn fractions in progression: from Y and %
(Grade 1), followed by unit fractions and proper fractions (Grade 2), improper fractions (Grade 3),
equivalent fractions and addition and subtraction of fractions (Grade 4). An app and supplementary
videos based on this hierarchy are expected to develop a more robust understanding of fractions,
compared to learning materials concentrating on part-whole comparisons alone (Lamon, 2007; Wilkins
& Norton, 2018).

3. The Moving Fractions App
3.1 App Description

In Moving Fractions, alearner may choose to play the following levels: ¥ and V4 fractions (Figure 1(a)),
unit fractions (Figure 1(b)), proper fractions (Figure 1(c)), improper fractions (Figure 1(d)) and proper,
improper, and mixed fractions combined. A fraction is given on the top of the screen, such as 1/3 in
Figure 1(b), while partitioned rectangles or fraction bars continuously move to the right. The learner
must click on any row where the given fraction can be represented. In Figure 1(b), the fraction 1/3 can
be represented by the fraction bars in the first row (with a bar divided into three) or in the third row
(with a bar divided into six). If the learner clicks on any of these rows, then the fraction bar on that row
would slow down its movement, and the given fraction would be shaded blue. Returning to the example
in Figure 1(b), if the learner selects the first row, then the fraction bar would have an additional 1/3
shaded blue, so that the entire rectangle would be shaded blue. If this happens (i.e., a fraction bar is
completely shaded), then the bar moves back to the left end of the screen. The goal is to delay the
forward motion of the fraction bars and prevent them from reaching the right end of the screen by
correctly selecting the fraction bars that can represent the given fraction. If a fraction bar reaches the
right end of the screen, then that row would be darkened (such as the second and third rows in Figure



1(c)). Each time a row is darkened, the number of “lives” indicated by the scrollbar with a heart on the
upper left of the screen decreases by one. The game ends when fraction bars in the five rows reach the
right end of the screen. Moving Fractions is available as an Android app that can run in Android-
powered smartphones or tablets or as a computer app that can be used in Windows personal computers
or laptops.

Highscore: 1120
Score: 1120

. ‘ 1 Highscore: 4520
3 Score: 4520

Highscore: 13320
Score: 13320

3 Highscore: 11860
Y Score: 6260

Figure 1. Screenshots showing four of the five levels in Moving Fractions.

In playing the different levels in Moving Fractions, learners understand fractions by developing
the four schemes proposed by Wilkins and Norton (2018). When learners play the 1/2 and 1/4 level
(Figure 1(a)) and the unit fractions level (Figure 1(b)), they see the relative size of a unit fraction to a
whole and realize that n iterations of 1/n produce 1 whole. For example, 10 iterations of 1/10 produce
1 whole, thus developing the MSUF (Figure 2(a)). In playing the proper fractions level (Figure 1(c)),
learners see the relative size of a proper fraction m/n to a whole and to the unit fraction 1/n, thus
developing PWS and MSPF (Figures 2(b) and 2(c)). Learners operating with MSPF realize that a whole
can be reproduced by partitioning 3/4 into three equal parts and iterating one of those 1/4 parts four
times to produce a whole (Figure 2(c)). Similarly, when playing the improper fractions level (Figure
1(d)) learners see the relative size of an improper fraction m/n to a whole and to the unit fraction 1/n,
hence developing GMSF.

1 whole is 10 iterations of 1/10 3/4 is three iterations of 1/4 1 whole is 4 iterations of 1/4

(a) (b) (c)
Figure 2. Three of the four fraction schemes are (a) MSUF, (b) PWS and (c) MSPF.

Partition 3/4 into three equal parts

The learning progression from PWS to GMSF was used in the development of other apps, such
as in the CandyFactory app (Aslan, Norton, & Balci, 2012). However, Moving Fractions has distinct
game mechanics that differentiate it from the CandyFactory app. In the CandyFactory app, children



learn partitioning and iterating within the context of a company that needs to fill orders of candy that
meet certain requirements in terms of its size. Moving Fractions demonstrates the fraction schemes
more indirectly and through a faster-paced game-like approach. The next section discusses the game-
design features of Moving Fractions in more detail.

3.2 Game-design Factors

Aligned with the objectives of the ongoing project (De Las Pefias et al., 2021), the authors have been
developing mathematical resources that are based on sound pedagogical research and that can prove
beneficial even for students who are in distance learning modes. One way this has been achieved is by
developing mathematical apps such as Moving Fractions. By integrating game-based elements in
Moving Fractions, it is aimed for learners to be more engaged and interested with studying fractions
that may lead to their development of analytical thinking, strategizing, and problem-solving that are
important skills in STEM education (Vahidy, 2019). Furthermore, it is envisioned that Moving
Fractions can be a mathematical resource that is “not only aligned with the curriculum but [is] also
creative, fun and provide[s] opportunities to learn” (Miller, 2018, p. 9).

The development of the Moving Fractions app as an educational game is also motivated by
previous studies where classroom teaching activities have been transformed into game-based versions.
Hu and Shang (2018), for example, designed gamified teaching activities using mobile applications.
More recently, Verzosa et al. (2021) developed a game-based version (i.e., an app called Catch the
Carrot) of traditional number estimation activities for grade school students.

Moving Fractions has been developed in consideration of the 11 interrelated game-design
factors in the Game-based Learning (GBL) Design Model of Shi & Shih (2015). These game-design
factors are game goal, game mechanism, game fantasy, game value, interaction, freedom, narrative,
sensation, challenges, sociality, and mystery.

As previously mentioned, the game goal of Moving Fractions is, at each turn, to identify the
occurrence of a given fraction in five rows each containing one or more partitioned rectangles. The
game goal facilitates the learning of fractions through the fraction schemes of Wilkins and Norton
(2018). Figure 3 following the layout used by Shi & Shih for the GBL Design Model (Shi & Shih,
2015), further presents the game-design factors as they relate to Moving Fractions.

(Game goal)
Learning and
understanding fractions

(Sociality)
Single-player
game—no inherent

sociality—but can be
incorporated in the
classroom setting

(Game fantasy)
Colorful backgrounds,
easily distinguishable bars,
soothing background music

| J
/\

Challenge
( . 2¢) (Game mechanism) (Mystery)
Identify and e ;
. . . Score tally, Different fraction types
visualize fractions, .
. o player lives and bar speeds
time limit
(No narrative)
. . (Freedom) (Game value)
Sensation Interaction R L
. (, ) - ( ) Level and difficulty —> Like it, —
Animation, sound effects Tappable bars . .
selections high score

Figure 3. The GBL Design Model for Moving Fractions.

The game mechanism involves an arcade-type format in which learners must score as much as
they can with a limited number of lives. Learners must keep track of the horizontally moving rectangles
and quickly tap (interaction) correct rows—this increases the game’s excitement and replayability.



Moreover, to allow learners to adjust to their current ability levels, the game provides the learners the
freedom to select the level and difficulty they want to play.

As Moving Fractions is intended to be a straightforward replayable game with simple
objectives, it has been decided not to integrate narrative and sociability elements into the game. Instead,
the focus is to build the game fantasy through colorful backgrounds and soothing music. The animations
and sound effects also enhance sensation within the game, making it more immersive and exciting for
learners. It must be noted, however, that while sociability is not built inherently into the game, it may
be incorporated when the game is played by multiple learners.

The game value depends largely on whether the learner likes the game and is motivated to
achieve high scores. This is enhanced by the game’s challenges that correspond to the increasing
difficulty as one progresses through topics on fractions and applying this knowledge to play the game.
The availability of multiple levels also adds to the game’s mystery as learners can become curious about
the new elements that can appear in the next levels.

4. Supplementary Fraction Videos

A supplementary tool developed to help promote a deep conceptual understanding of fractions is a series
of videos demonstrating various ways that fractions may be represented. These videos are different from
existing videos that are available online. First, these are short yet contain three models or
representations: the area model, set model and number line model. The use of multiple representations
provides a powerful means by which learners can visualize the idea of fractions. Second, the videos
also present some questions at the end, to engage the viewers in the thinking process. Third, the text is
minimized to lessen the viewers’ cognitive demand.

The first video introduces the learner to the concept of 2 and Y4. A representation of these
fractions using the area model shows objects (such as a rectangle, circle, triangle, heart, fruit) breaking
into two or four equal parts (Figure 4(a)). This helps a learner grasp the idea of these fractions in terms
of a part-whole scheme (Wilkins & Norton, 2018). The set model representations of %2 and ¥4 shows a
set of discrete objects being partitioned into two groups with the same number of objects is shown
(Figure 4(b)). Here the learner relates %2 to the notion of segregating one set of objects into two smaller
groups with an equal number of elements. Following the definition given above (Wu, 2010), a third
representation of the unit fractions is through a number line model. For instance, the portion of the
number line from 0 to 1 is shown as being split by a midpoint mark and the fraction % is visualized by
the animation of a jump from 0 to the midpoint mark (Figure 4(c)). A similar number line model is used
to depict Y.

(b)

Figure 4. Representations of %2 using (a) area model; (b) set model; and (c) number line model.

These multiple representations of fractions are reinforced in succeeding videos that depict
proper and improper fractions, equivalent fractions, addition, and subtraction of fractions (Figure 5).
The concepts demonstrated in the videos build on each other. A video on Equivalent Fractions shows
the equivalence of the (improper) fractions 5/3 and 10/6 using the area model (Figure 5(d)) and the
number line model (Figure 5(e)). The repetitive use of various representations to illustrate other
fractions which are equivalent helps the learner grasp the notion of equivalent fractions in various ways.



(d)

Figure 5. (a) Proper fraction % (area model), (b) improper fraction 10/3 (area model), (c) improper
fraction 10/3 (number line model), (d) equivalent fractions 5/3 and 10/3 (area model),
and (e) equivalent fractions 5/3 and 10/3 (number line model).

Another video on Addition and Subtraction of similar fractions animates the idea of putting
together or removing several copies of a unit. For instance, the operation 5/2 + 7/2 is depicted in Figure
6(a) which shows five and six copies of ¥ of a papaya, respectively. The sum is shown by putting
together the unit pieces to make 12/2 or 6 papayas (Figure 6(b)). The notion of subtraction is similarly
made more accessible by animating the removal of unit pieces from a whole (Figure 6(c)).
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(b)
Figure 6. 1llustrations of (a) 5/2 + 7/2, (b) sum of 5/2+7/2, and (c) 14/5 — 8/5.

5. Integration and Use of Moving Fractions

This section describes how Moving Fractions can be utilized as a pedagogical tool based on the RAT
(Replacement, Amplification, Transformation) framework (Hughes, Thomas, & Scharber, 2006). The
choice of replacement, amplification, transformation or combination of any of this may depend on the
classroom context, nature of students and curriculum content and goals.

Based on this framework, the Moving Fractions app can serve as a replacement for the
traditional method of teaching fraction understanding without changing content and learning goals in
relation to fractions remain the same. For example, the fraction strips or circular regions which are often
used by teachers to illustrate and represent fractions are now replaced by the moving fraction bars in
the app. The task of representing fractions (unit, proper, improper) remains the same but the static
method of presenting them is now changed to the colorful and dynamic representations of fractions.
Such representations can be used by the teacher to discuss relationships between different types of
fractions.



Moreover, integration of the app can go beyond the replacement category. The framework
suggests that technology can amplify learning. This happens when concepts are presented more clearly
and efficiently. The app provides a more precise and accurate representation of fractions than can be
done without technology. For example, the fraction ' is difficult to illustrate by hand. But with the app,
this fraction is presented accurately. The design of the app can also help students understand different
representations of fractions (e.g. % is 2/4 or Y5 is 2/6). Teachers can maximize this feature of the app so
that misconceptions about fractions can be addressed.

Finally, technology can involve transformation of instructional methods, learning process,
and/or the content. The app may spur a transformation in teachers’ instructional practices from being
teacher-centric or teacher-controlled to student-centered. By playing with the app, the learning process
is transformed as the feedback mechanism heightens student engagement and facilitates opportunities
for discovery. The app can be used as a tool for collaborative activity where students can communicate
their thinking and experiences in playing the app. Such activity also helps students to work with others
and create a positive learning environment. Learning need not come solely from the teacher's input but
from the app itself. Further, the game-like environment of the app allows students to create efficient
strategies in order to prolong their life in the game.

6. Conclusion and Future Direction

Competency in fractions is identified as an essential skill for entry into STEM-related fields. The
Moving Fractions app and the supplementary fraction videos were designed to develop learners’
knowledge of fractions. The app utilizes game-design principles to concretize the learning trajectory of
fraction learning, from part-whole comparisons to a more robust understanding of the measurement
concept of fractions. Meanwhile, the fraction videos immerse learners in a range of fraction
representations that can extend their initial part-whole understanding of the fraction concepts. The next
step is to package the app and videos and gather empirical data on how the fraction learning package
can promote fraction understanding.
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