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1. Introduction

Let T > 0 be fixed and let £2 C R? be an exterior domain (an unbounded domain with compact Lipschitz
boundary 942). We consider the Navier—Stokes equations of a compressible isentropic viscous fluid

Oro + div,(ou) = 0, (1.1)
O¢(ou) + div,(ou ® u) + V07 = div,S, (1.2)
in the unknown variables
o0=o(z,t): 2 x(0,T) -R and u=u(zt):2x(0,T)—R3
representing the density and velocity of the fluid, respectively. The adiabatic constant ~ is subjected to the
technical constraint
.3
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while the viscous stress tensor S fulfills Newton’s rheological law
S(Vzu) = u(VIu +Via— ;divmu]l) + ndiv,ul,
with shear viscosity coefficient ;1 and bulk viscosity coeflicient 7 satisfying
u>0 and n>0.
Accordingly, we may write
div,S = pAu+ (A + p)V,div,u,
where
A=n-— g L.
As the underlying physical domain is unbounded, the system is supplemented with the far field conditions

lim o(x,t) =0, lim u(z,t) =0,

and the no-slip boundary condition
u(z,t)zcon = 0.
Finally, we prescribe the initial conditions
0(0) =0 and (eu)(0) = qo
where gy and gq are given functions, complying with the following assumptions:

e 00 € LY(2)N L7(N) and gy > 0 almost everywhere.
2y
e qo € LT (2;R3) is such that go(z) = 0 whenever go(x) = 0. Moreover

loc

2
|q0‘ e LI(Q)
Qo0

Under the above general assumptions on the structural coefficients and the initial data, the compressible

Navier—Stokes equations (1.1)—(1.2) are known to admit at least one globally defined weak solution® (p,u)
(see [5,12,14]). In particular, for the energy functional
B0 = [ [yelP )+ —o(0)] do
=/ 3¢ o :
the weak solutions can be constructed to fulfill the energy inequality in the integral form
t
E(t) + / / (1| Veul® + (A + p)|diveul?] dzdr < Ey (1.3)
0 J@o

for almost any ¢ € [0, 7], where
1 2 1
By :/ {"10'+gg da.
el2 0o -1

1 See Section 3 for the precise definition.



In this paper, we show the existence of globally defined weak solutions with associated energy E(t)
satisfying the energy inequality in the differential form

d
P +/ (1| Vau)? + (A + p)|diveul?] dz <0, in D'(0,7),
2

esslimsup E(t) < Ejp.
t—0+

(1.4)

Although the existence of such solutions on a bounded domain is relatively easy to show (cf. Kukucka [10] for
a rather general class of bounded domains with rough boundaries), the case of unbounded domains is not
obvious and, as a matter of fact, an open problem (see the discussion in [14]). We also note that some results on
the long-time behavior of solutions to the compressible Navier—Stokes system require (1.4) rather than (1.3),
see [6]. In the incompressible situation, analogous results have been obtained by Leray [11] when

2= R3and by Galdi, Maremonti, Miyakawa and Sohr [8,13] when £2is an exterior domain. Our proof relies on
some refined pressure estimates on bounded domains (see Lemma 3) and the fact that the total mass of the
fluid is finite and conserved (see Definition 1). When the mass of the fluid is infinite, namely, when

lim o(z,t) >0,

|z]— o0

the existence of globally defined weak solutions satisfying (1.4) remains an open question.

Remark. It is immediate to see that inequality (1.4) is equivalent to

E(t) —l—/ /Q [/¢|Vmu|2 + A+ u)\divmu|2] dzdr < E(s),

for almost every t,s € [0,T] with ¢ > s, the case s = 0 included.

Plan of the paper

In Section 2 we introduce the notation and we recall some basic tools needed in the analysis. In Section 3
we state the main result, whose proof is carried out in Section 4. Section 5 is devoted to final remarks.

2. Preliminaries and notation

For p € [1,00] and k € N, the symbols L?(§2) and W(f’p(Q) will denote the usual Lebesgue and Sobolev
spaces of vector or tensor valued functions on {2. We introduce the homogeneous Sobolev space Dé’2(!2),
defined as the completion of C22, ({2) with respect to the norm

cpt
1/2
f 1,2 = /Vf2d$ .
17520y = ( | 1V417 dz)

Accordingly, we set
1,2 1,2
Dy? () = Dy?(92;R?).
Given a bounded Lipschitz domain I C R, we have the Sobolev inequality
< Vilen, 1<p<3, 2.1
HfIIL;fpp(m < eIV Flem p (2.1)
for every f € Wol’P(H), with a constant ¢(p) > 0 independent of II (see e.g. [9]). In particular, when p = 2,

1fllzscmy < eIVl my- (2.2)



We will also need the inequality

7= [ £aell,, <2080, (23)
where |II| denotes the measure of II. Finally, for 1 < ¢,p < oo, we introduce the Banach space
E?P(II) = {f e Li(I) : divf e LP(H)}
endowed with the norm

| fllgarcry = 1flzacmy + [|1AiV £l e ciy-

We will also encounter the space Eg”(IT), defined as the completion of C5, (IT) with respect to the above

norm.
Remark. The space Dy*(IT) coincides with W, *(IT) as long as IT is bounded Lipschitz.
3. The main result
We begin by recalling the definition of weak solution to Navier—Stokes system (1.1)—(1.2).

Definition 1. A couple (p,u) is called weak solution of the Navier—Stokes equations (1.1) and (1.2) with
initial data g9 and gq if the following conditions are satisfied:

e The density p is nonnegative and such that
0 € L>=(0,T; L*(2) N L7(2)).
e The velocity u is such that

u e L0, T; Dy*(2)).

The total mass of the fluid is conserved, namely,

/ o(t) dxz/ oodz = My, Vte[0,T]. (3.1)
Q Q

The integral identity

T
/ / [0B(0)(Dp + u - Vo) — b(o)divyu ] dzdt = — / 00B(00)0(0) d
0 02 0

holds for every ¢ € CZ5([0,T) x £2) and every function B : [0,00) — R such that

B(r) = B(1) +/1de3

52

for some bounded b € C[0, o).



e The integral identity

T T
/ / [ou- i + (ou@ ) : Voo + o' divyp| dedt = / / S:Vypdrdt — / qop(0) dz
0 ] 0 [0} 2

holds for every ¢ € C25,([0,T) x £2;R3).

cpt
e The energy

1 1
Et:/[fqut—&— o' (t)| dz
0= [ [zl + 20
satisfies inequality (1.3) for almost any ¢ € [0, 7.

Remark. Observe that, due to (1.3), the function g|u|? belongs to L°°(0,T; L'(2)).

The main result of the paper reads as follows.

Theorem 2. Within our general assumptions on the structural coefficients and the initial data, the compress-
ible Navier—Stokes equations (1.1)—(1.2) admit at least one weak solution whose associated energy satisfies
the inequality in differential form (1.4).

4. Proof of Theorem 2

Along the paper, Br will denote the three-dimensional open ball of radius R centered at 0. Without loss
of generality, we suppose that

R*\ 2 C By (4.1)
and, for every n € N, we set
02, =02nNB8,.

We also denote by gg, and qq,, the restriction of gy and gy to (2,,.

In light of the results [2,4,12], for all n € N there exists a globally defined weak solution (g,,u,) to
the Navier-Stokes equations (1.1)—(1.2) in {2, x (0,T) with initial datum (gon, gon) and no-slip boundary
conditions

U, 60, = 0,
whose associated energy functional

Bu(0)= [ [Gealual0)+ 0] da

n

satisfies the energy inequality in differential form

d
EE" —|—/ (1| Vaun 2 + (A + p)|diveu,|*] dz <0 (4.2)
25

in D'(0,T). We extend o,,u, to be zero outside {2, x (0, T). We also know that the density g,, is nonnegative
and such that

/ gn(t)dx:/ QOnde/godx:Mo, vt € [0, 7). (4.3)
2n Ie) 0

n



Remark. Note that the density o, as a function of the time t is continuous with values in L!(2,), see
e.g. [12].

Moreover, the following estimates hold:

sup |lon(t)|lLv(2,) < c(Eo), (4.4)
t€[0,T]
ess sup |[/onun(t)llz2(e,) < c(Eo), (4.5)
tef0,T]

[0,
T
/ / |V,u,|? dzdt < ¢(E)p), (4.6)
0 2,

where the constant ¢(Fy) > 0 depends on the initial energy Fy, but is independent on n. In particular, from
(4.6),

IS(Vaun) | z2(0,7:22(2,)) < (Eo)-

In addition, exploiting (4.3), (4.4) and interpolation,

sup |on(t)lzr(0,) < (Mo, Eo), 1<p<7, (4.7)
te[0,7)
for some constant ¢(My, Fy) > 0 depending on My and Ey, but independent of n. All these uniform estimates,

as well as the Sobolev embeddings (2.1) and (2.2), will be used several times in what follows, often without
explicit mention.

Refined pressure estimates
Our goal is to prove that the sequence gy, is uniformly bounded in LY*?(§2,, x (0,T)) for some 6 = 6(v) > 0.

Lemma 3. There ezists 0 = 0(y) > 0 such that the estimate

T
/ / o) 0 dxdt < (T, My, Ey)
0 25

holds for some constant c(T, My, Ey) > 0 depending on T, the initial mass My and the initial energy Ey,
but independent on n.

We need a preliminary result [1,7,14] concerning the existence of the so-called Bogovskii’s operator Biy.
In particular, for the statement (iv), see e.g. Lemmas 3.17 and 3.18 in [14].

Lemma 4. Let IT C R? be a bounded Lipschitz domain. Then, there exists a bounded linear operator
B {feLp(H):/ fdx:O}H W, P(IT), 1<p< oo,
I

such that:
(i) the function v = B (f) solves the problem
divo = f

almost everywhere in II.



(ii) the inequality
VB (f)llzrcmy < ex(p, ISl

holds with a constant c1(p, IT) > 0 depending on p and II.
(iii) if f =divg for some g € EFP(II) and 1 < q < oo, then the inequality

Bz ()l zacmy < c2(q, I)||gl zam)

holds with a constant ca(q, IT) > 0 depending on q and II.
(iv) when II = Bpg, the constants ¢ and co appearing in the estimates above are independent of the radius
R, namely,

c1(p, Br) = c1(p) and c¢2(q, Br) = c2(q).

We are now in a position to prove Lemma 3. Along the proof, ¢(T, My, Ep) > 0 will denote a generic
constant depending on T', My and Fy, but independent on n.

For a fixed

~y
0<f< =
3

to be suitably chosen later, we compute, with help of (4.3),

T T T
/ / o0 dxdt = / / 010 da dt + / / 010 da dt
0 2, 0 {z€2:0n (x,t)<1} 0 {x€2p:0n(x,t)>1}

T T
< MoT + / / oyt dadt + / / oy dudt.
0 21 0 {z€2,\21:0n (x,t)>1}

Exploiting statements (i)—(iii) of Lemma 4 and performing similar computations as in [5,14], the second
integral above can be estimated as

T
/ / o) 0 dzdt < ¢(T, Ey, 12,),
0 2

for some positive constant ¢(T, Ey, 21) depending on T, Ey and the domain {2y, but independent on n.
Therefore, we only need to control the last integral

T
/ / 017 dz dt,
0 {ze2,\21:0n (z,t)>1}

uniformly with respect to n. To this end, let b € C?[0,00) be such that
1
0 f <=
orr<g, 1
b(r) = b'(r)y>0 forre (2, 1> )
b(r) =7 forr>1.

Note that, in view of (4.4),

sup [|b(0n) ()| zr(,) < (Mo, Ep), 1<p<
t€[0,T]

=2
—~
=
oo
~



With reference to Lemma 4, let now
Bn = BBn

be the Bogovskii operator associated to the ball B,,. Setting

b(gn) = b(Qn) - ﬁ/}g b(Qn) dx

and exploiting properties (ii) and (iv) of Lemma 4, together with inequalities (2.3) and (4.8), we infer that

sup |[VuBa (b(ew)) oo, < c(Mo, Bo),  1<p <.

t€[0,T) 0
By the same token, due to the Sobolev embedding (2.1) and inequality (2.3),
3
sup 1B, (6en) vz < (Mo Eo), 5 << o0
telo,T

At this point, taking ¢ € Cg5,(0,7'), we test? the momentum equation (1.2) by

(1)6(2)B, (blen))

where ¢ € C*°(R?) is such that

0<o<1,

p=1 onR3\ 12,

¢=0 on 0f.
We obtain

T
/ w/ doyb(on) du dt = ZJJ
0 2n

where

J, = |Bl/T¢/ b(on) dz : oo, dxdt
/ w/ V.6 By (gn)) dz dt
3 :/0 w/gnqu(qun):VxBn (m) dz dt

:u:/fw/gn S(Vaoup) - Vs - By, (b(gn)> da dt

J5=— /OTw/Qn P(onu, @uy,) : VB, (b(gn)) dx dt

Jo = — /OT¢ (0ntin @ W) - V- Br (b(gn)) dz dt

2n

—/Tw’/ donuy, - By (m) dzdt

/ 1/J/ ponuy, - By, (divy (b(on)uy,)) dedt

2 The multiplication can be justified by means of a standard regularization procedure (see e.g. [3,14]).

(4.9)

(4.10)

(4.11)



39—/0T¢/Qn dontly - Br (m) dz dt

having set

h(on) = (b'(0n)on — b(on)) diveuy,

and

1

h(gn) = h(@n) - |Bn|/B h(gn) dz.

Our aim is to estimate the nine integrals above making use of (4.8)—(4.10). First,

131 < ¥l (0,7 190 | oo (0,701 (2,)) 10(n) | L1 ((0.7) % 2.,)

(T, Mo, EO)||¢||L°°(0,T)7

Tl oo 0,1 103 Vbl 0,751 (200 1B (Bem)) Nl 0.7:1 o)
(T, Mo, Eo)[¥|| Lo (0.1) |V | oo (r3).-

ININ

T2

IN N

Then

7

A

1J3] < 19l 0,1) |0 S(Vern) | 20,7522 2,)) || Ve Bn (b(Qn)) |2 0,m522(2,))
C(Tv MO,EO)”"/}HLOO(O,T)v

lll o 01 IS(Vattn) - Vadllza(o7:2 2, 1Bu (Ben) ) 2o riz2(00)
(T, Mo, Eo)[[¥|| o< 0,1 [ V2 @] poo (R3)-

IN

IN

4]

IA

Moreover, taking

2
0<0< = (4.12)

we can also draw the controls

=
o
IA

16122 0.0y 92l 2= 0727 (0,0 | V0 320 22 0,0 VB (b)) I (ora755(0,)

IN

(T, Mo, Eo)[[¥| L= (0,1,

< [l 0.1 |0 Va6 = 0,117 (0, |V 20 722 0,0 1B (Bea) ) I (om0,

=
>
A

IN

(T, Mo, Eo)[[¥]| < 0,7) | V2@l o= (),
< 1 0. 16v/nll e 0,122 (0,0 IV Brn | o 0,7:52(2,) 1Bn (B0 ) |

< (T, Mo, Eo)||[¥'|| 10,7y

=
i
N

27
Lo (O,T;L’Yfl (_Qn)>

Exploiting now properties (iii) and (iv) of Lemma 4,

T
5| < Cz||1/1||L<>°(0,T)HQSQTLHL""(QT;L“’(QU) /o Hun(t)HLG(Qn) ”b(Qn)un(t)HLsfjjs (2) dt.
Since
1ben)un @l oy < I @llzsan Ilea) O oy



in light of (4.8) and (4.12), we conclude that

38| < call@llLoeo.1) | 60nll Lo 0,752 (2 ) IV e R 172 (0 122 (12, ) 1D(0n) ”Lw (o,T-L% (Qn))

< (T, My, Eo)|[¥|| Lo (0,1)-

In order to control the last integral Jg, we shall distinguish two cases. When v < 6, we estimate

|| 6~ .
L57—6 (Qn)

T —
3| < Wl 0.1 l60nllL (0,737 20 / [ (®) 125 () 1B (Rer)) ()

In addition,

6 < n 6+
1Bn (o)) ()], oy () < IR0, pon
< Vot (®) 520, I (en)en = ble) Ol s

LT3 (2,)

yielding

N

Tl < 19l 0.1 | 60n | Lo 0,757 (2 IV 172 0,22 (2, - 110 (00) 00 — b(Qn)HLoo (0 e ))

IN

C(Ta M()’EO)'W)”L”C(O,T)-
On the other hand, when v > 6,
T
|J] < ||"/}HL°°(O,T)||¢QnHL°°(O,T;L3(Qn))/0 ([ wn ()|l zs (2,) 1B (h(Qn)) )llz2(2.),

and, analogously to the previous case,

1Ba (Alen)) (Dllz2(0,) < IV (®) 2200, l0nt (00) = bloa) ()12,

Therefore, again,

3| < e(T', Mo, Eo)||¥|| oo (0,1)-

Collecting the estimates above on the integrals Jq, ..., Jg,
T
/ 1/J/Q poyb(on) dadt < (T, Mo, Eo) (|9l o,r) + 1¢' Il 0,1y + ¥l o (0.1 | Vel poe (3) ] -
0 n
Using a standard approximation argument (see e.g. [14]) we obtain

T
/ / 601b(0n) dz dt < e(T, Mo, Eo)(L + |Vl o s5))-
0 2,

Observing that

T T
/ P0b(0n) dxdt > / / Pob(0n) da dt
0 O, 0 {z€02,:0n (x,t)>1}

we end up with

T
/ / G0+ dedt < o(T, Mo, Eo)(L + | Vadll g as))-
0 {-’L'E-Qn:Qn (-'E7t)>1}

Finally, an exploitation of (4.11) entails

T T
/ / o0 dzdt < / / o)t dz dt
0 {z€2,\21:0n (z,t)>1} 0 {z€2p:0n(z,t)>1}

(T, Mo, Eo) (1 + [ Vad |z~ (rs)) -

IN

The proof of Lemma 3 is finished.



Conclusion of the proof of Theorem 2

In light of the results [5,14], the sequence (g,,u,) admits a subsequence converging to a weak solution
(0,u) of the Navier-Stokes equations (1.1)—(1.2) in £ x (0,7T),

V.u, — V,u weakly in L*(2 x (0,T)) (4.13)
and, for every fixed ball B,
6y
onlun|? — ofu?  weakly in L2 (O,T;LW(BR)) : (4.14)
07 — o7 weakly in L5 (Bg x (0,T)). (4.15)

In addition, the total mass is conserved, namely, (3.1) holds (see [5, Proposition 2.1]).
Our plan is to pass to the limit as n — oo in the differential inequality (4.2). Making use of (4.13), one
can immediately pass to the limit in the viscous term

/ (1 Vau, 2 + (A + p)|diveu,|*] dz

n

by means of lower weak semicontinuity of convex functionals, as

T T
/ 1/)/ |Vmu|2dxdt§hminf/ ¢/ |Vu,|? dzdt,
0 Q n—=oo Jo 7]

T T
/ z/;/ |divmu|2d:z:dt§hminf/ ¢/ |div,u, | dz dt
0 Q n—oe Jo 7]

for every nonnegative ¢ € D(0,T). The next step is to show that, for every € > 0, there exists R = R(e) > 0
independent of n such that

T
/ / oy dzdt < e (4.16)
0 {ze2:|z|>R}

and

T
/ / on|u,|? dz dt < e. (4.17)
0 {ze2:|z|>R}

In order to prove the two estimates above, we need the following result.

Lemma 5. The convergence
on — 0 in L'(2 x (0,T))

holds up to a subsequence.

Proof. Recalling that g, = 0 outside (2, and collecting (3.1) and (4.3), we infer that

T
/ /(Q—Qn)dmdeT/(Qo—gon)dxdt.
0 2 2

Due the Dominated Convergence theorem, the right-hand side of the equality above tends to zero, yielding

lonllLr@xo.m) = llelli@xo.r)- (4.18)

Next, from [5,14], there exists a subsequence of g,, which we shall denote by g1k, which converges to o
pointwise almost everywhere in

ﬁl X (07 T)



as k — oo. Then, for every m € N, we construct by induction a subsequence 0,,,41,% of 0, Which converges
to p pointwise almost everywhere in

21 x (0,7)
as k — oo. Hence, the “diagonal” sequence
On= On,n
converges to ¢ pointwise almost everywhere in {2 x (0, 7). In light of (4.18), we are done.
Collecting Lemmas 3 and 5, by interpolation we conclude that
on — 0 in L7(2x(0,T))

up to a subsequence, yielding (4.16). Then, for every fixed R > 0, due to (2.2), interpolation, estimates
(4.4)—(4.6) and convergence (4.18),

T T 1/3
/ / Qn|un‘2 dx dt S C(Eo)/ ||un(t)HL6(_Q) (/ Qi/Q(t) dfﬂ) dt
0 {ze2:|z|>R} 0 {ze2:|z|>R}

1/2
T 2/3
/(/ g?ﬂ(t)dx) dt
0 {wes2:|z|>R}
T a/2y
// o, dzdt
0 {z€2:|z|>R}

for some a € (0, 1). Hence, an exploitation of (4.16) provides the desired control (4.17). Finally, in light of

IN

c(Eo)

IN

C(Ta MO, EO)

(4.14)—(4.18), we can pass to the limit as n — oo in the remaining terms of inequality (4.2).

5. Final remarks

I. Inlight of the results [10], we expect that the regularity of the boundary 942 can be weakened to cover
domains that may contain cusps.

II. Theorem 2 can be proved in the same way even if the motion of the fluid is driven by a bounded external
force, namely, if the momentum equation (1.2) is replaced by

O(ou) + divy(pu ® u) + Vo7 =div,S + of
with
f e L2 x (0,T)) N L=(0,T; L*(2)).
In addition, when f is the gradient of a scalar potential F' = F(x), the solution (g, u) converges to a fixed
stationary state as time goes to infinity, provided that F' is bounded and Lipschitz continuous and the upper
level sets
[F>kl={zxe:F(z) >k}
are connected in (2 for every k (see [6]).

III. The results contained in this paper hold also in two space dimension, for any v > 1.
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