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Abstract

This paper aims to investigate the non-linear stability of the triangular libration point in the re-
stricted three-body problem (R3BP). The model, we use for our problem consists of a primary
body as a heterogeneous spheroid with N-layers having different densities of each layer and a sec-
ondary body as a point mass that is producing the modified Newtonian Potential. We determine
the equation of motion of the smallest body which is under the influence of the above-mentioned
perturbations and also influenced by Coriolis as well as Centrifugal forces and then evaluated the
Lagrangian for the evaluated system of equations. Afterwards, we write the first and second-order
normalization of the Hamiltonian of the problem. By implying KAM theorem and the techniques
used by Bhatnagar and Hallan, we discuss the non-linear stability analytically.
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1. Introduction

The three-body problem has one of the most promising topics of Celestial Mechanics and space
dynamics for centuries for many mathematicians and astronomers. Due to no success in finding
the general solutions to the three-body problem and also due to its broad range of applications,
many astronomers, physicists, and mathematicians were inspired to study the three-body problem
with some restrictions. Therefore, this problem with restrictions is known as restricted three-body
problem (R3BP). The history of R3BP begins with Euler, who found the three-collinear points
L1, L2, L3. Then, Lagrange discussed the problem further and discovered an additional two points,
i.e., non-collinear L4, L5. The total of these five points is generally called Libration points or
Lagrangian points. Along with them, many other scientists and astronomers who studied the R3BP
with different aspects, and the results that came out, has given this problem to a different level.

From the last many decades, several papers have been published in the R3BP by taking into the
consideration the effect of several force factors such as centrifugal and Coriolis force, Newtonian
force, modified Newtonian force, Yukawa effects, viscous force, and the other kind of forces, on
the motion of the smallest body such as Bhatnagar and Chawla (1977), Singh and Ishwar (1985),
Kokubun (2004), Abdulraheem and Singh (2008), Lukyanov (2009), Ershkov and Shamin (2012),
Abouelmagd and Shaboury (2012), Zoto (2016), Ansari et al. (2019).

There are many more, other aspects and configurations in R3BP where there were a large variety of
scopes to conduct research, as many authors examined the stability in the linear sense of Libration
points and the collinear points was found to be unstable whereas triangular points are stable in some
range. Several mathematician have done their research on non-linear stability by taking different
configuration in R3BP. Deprit and Bartholome (1967) discussed the non-linear stability of L4, L5

by applying Arnold’s Theorem (Arnold (1961)). Bhatnagar and Hallan (1983) had examined the
effect of perturbations in coriolis and centifugal forces on the non-linear stability of libration point
in R3BP. Many other researchers, such as Gyorgyey (1985), Krzysztof et al. (1991), SubbaRao
and Sharma (1997), Esteban and Vazquez (2001), Jain et al. (2001), Chandra and Kumar (2004),
Kushvah et al. (2007), Singh (2011), Ishwar and Sharma (2012), Jain and Sinha (2014), Shalini et
al. (2016), Ansari and Alam (2017), Ansari (2017), Ansari (2021a), have discussed the non-linear
stability by taking different configuration in R3BP.

The R3BP has fascinated and astonished a very large section of researchers and mathematicians,
since this problem is easier to analyze in comparison to the general three-body problem and we
have gained a huge amount of knowledge about space and celestial bodies by working on this
problem. In our problem, we have extended the work of Ansari (2021a) who has taken the primary
as a heterogeneous spheroid and the secondary body that is producing Modified Newtonian Po-
tential. He has studied the Stability of Libration points in a linear sense. We have taken the same
combination and discussed the linear stability in a non-linear sense, by using the KAM theorem
and following the methodology by Bhatnagar and Hallan (1983).

This paper has been outlined in seven sections. The first section is comprised of an introduction,
where we have discussed the literature review of R3BP under various configurations. In the second

2

Applications and Applied Mathematics: An International Journal (AAM), Vol. 17 [2022], Iss. 2, Art. 10

https://digitalcommons.pvamu.edu/aam/vol17/iss2/10



452 B. Singh et al.

section, we have shown the total gravitational potential exerted by both the bodies on the smallest
body and the Equation of Motion along with the location of the two triangular libration points. In
the third section, we have evaluated the Lagrangian for the system of the equation of motion. In
the fourth and fifth sections, we have done First and Second-order Normalization, respectively. In
the sixth section, we have calculated the non-linear stability of the triangular libration points. The
seventh section contains the concluding remarks.

2. Equations of Motion

In our problem, we have considered three bodies: primary body having m1 mass, secondary body
with mass m2, and the smallest body having negligible mass m3. The primary body is taken as
heterogeneous with N -layers having different densities of each layer. The secondary body is a point
mass which is producing modified Newtonian potential with perturbing parameter ϵ. Both primary
and secondary are revolving in circular orbits, about their common center of mass which is taken as
origin O and the smallest body is moving in a plane of motion of mass m1 and m2 which is being
influenced by their motion but not influencing them. In this system, we have also considered small
perturbations in the Coriolis and centrifugal forces by taking parameters α and β, respectively,
while the unperturbed value for each is unity. We have followed the synodic coordinate system,
rotating with angular velocity n. The total gravitational potential employed by both the bodies
(primary and secondary) on the smallest body will be (see Ansari (2021a)):

V = −Gm1m3

r1
− Gm3

2r31

[
h11 −

3

r21
h12y

2

]
−Gm2m3r2

(r22 + ϵ)
. (1)

Let’s assume the non-dimensional units, as the sum of masses, be unity, i.e., m1 + m2 = 1. The
distance R between the primary and secondary is also taken as one, i.e., R = R1 + R2 = 1 where
R1 and R2 are the distances of primary and secondary from the origin O, respectively, and also
R2 > R1 as well as G = 1. Let

µ =
m2

m1 +m2

<
1

2
,

then m2 = µ and m1 = 1 − µ. Also, Jj is the dimensionless quantities of h1j for j = 1, 2.
Therefore, using dimensionless variables and synodic co-ordinate system, the equations of motion
for the third body will be written as follows:

ẍ− 2 n α ẏ = Ux,

ÿ + 2 n α ẋ = Uy, (2)

3
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with

n2 = 1− 3ϵ+
3

2

(
J1

1− µ

)
,

U =
n2 β

2

(
x2 + y2

)
+

1− µ

r1
+

1

2 r31

(
J1 −

3

r21
J2 y

2

)
+

µ r2
r22 + ϵ

, (3)

Ux = n2 β x− µ(x− 1 + µ)(r22 − ϵ)

r2(r22 + ϵ)2
− (1− µ)(x+ µ)

r31
− 3(x+ µ)

2 r51

(
J1 −

5

r21
J2 y

2

)
,

Uy =

(
n2 β − µ(r22 − ϵ)

r2(r22 + ϵ)2
− 1− µ

r31
− 3

2 r51

(
J1 + 2 J2 −

5

r21
J2 y

2

))
y, (4)

r21 = (x+ µ)2 + y2, and r22 = (x− 1 + µ)2 + y2. (5)

Now, we can find the location of the libration points by equating all the derivatives with respect to
time, given in system (2) to zero, i.e.,

Ux = 0 and Uy = 0. (6)

By solving Equation (6), we can obtain three collinear and two non-collinear libration points. The
location of the non-collinear libration points L4(x, y) and L5(x, − y) are given as (see Ansari
(2021a)),

x =
γ

2
+ δ1 − δ2,

y = ±
√
3

2

(
1 +

2

3

(
δ1 + δ2

))
, (7)

where δ1 and δ2 are the parameters due to perturbations and γ = 1− 2µ.

3. Lagrangian of the Equation of Motion

The Lagrangian of the equation of motion is given by

L =
1

2

(
ẋ2 + ẏ2 + n2β(x2 + y2) + 2n(xẏ − yẋ)

)
+

1− µ

r1
+

J1
2 r31

− 3 J2
2 r51

y2 +
µ r2
r22 + ϵ

. (8)

The origin of above equation is shifted to L4(x, y) and expand L in power series of x and y, and
expressed as follows:

L = L0 + L1 + L2 + L3 + L4 · · · ,
where

L0 = T0,

L1 = −n ẋ

(
δ1√
3
+

δ2√
3
+

√
3

2

)
+ n ẏ

(γ
2
+ δ1 − δ2

)
+ T1 x+ T2 y,

L2 = n

(
ẏ x− ẋ y

)
+

1

2

(
ẋ2 + ẏ2

)
+ T3 x

2 + T4 y
2 + T5 xy,

L3 = T6 x
3 + T7 y

3 + T8 x
2y + T9 xy

2,

L4 = T10 x
4 + T11 y

4 + T12 x
3y + T13 xy

3 + T14 x
2y2.

4
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The values of T ′
is (where i = 1, 2, 3, . . . , 14) are given in Appendix A.

The Lagrange equations of motion in the first order are

ẍ− 2nẏ − 2T3x− T5y = 0,

ÿ + 2nẋ− 2T4x− T5x = 0. (9)

The characteristic polynomial of Equation (9) is given in the following manner,

λ4 + (4n2 − 2T4 − 2T3)λ
2 + 4T3T4 − T 2

5 = 0. (10)

Let’s assume that ± i ω′
1 and ± i ω′

2 are the roots of Equation (10). Here, ω′
1 and ω′

2 are long term
and short term perturbed frequencies, respectively, which is related to each other by the following
relation,

ω′2
1 + ω′2

2 = 4n2 − 2T4 − 2T3,

ω′2
1 ∗ ω′2

2 = 4T3T4 − T 2
5 ,

(
0 < ω′

1 < ω′
2 <

1

2

)
. (11)

Let’s consider ω1 and ω2 as unperturbed basic frequencies. Then we have,

ω2
1 + ω2

2 = 1, ω2
1ω

2
2 =

27

16
(1− γ2).

Now, there is a relation between perturbed frequencies (ω′
1, ω′

2) and unperturbed frequencies
(ω1, ω2) which is given as,

ω′
1 = ω1(1 + p1J1 + p2J2 + p3δ1 + p4δ2),

ω′
2 = ω2(1 + q1J1 + q2J2 + q3δ1 + q4δ2), (12)

where

p1 =
3 (45γ + 8ω2

1 − 69)

32k2ω2
1

, q1 =
3 (45γ + 8ω2

2 − 69)

32 (−k2)ω2
2

,

p2 =
3 (−585γ + 184ω2

1 + 273)

128k2ω2
1

, q2 =
3 (184ω2

2 − 585γ + 273)

128 (−k2)ω2
2

,

p3 =
3 (−33γ2 + 8γω2

1 − 24γ + 8ω2
1 + 9)

32k2ω2
1

, q3 =
3 (+8γω2

2 − 24γ − 33γ2 + 8ω2
2 + 9)

32 (−k2)ω2
2

,

p4 = −3 (33γ2 + 8γω2
1 − 24γ − 8ω2

1 − 9)

32k2ω2
1

, q4 = −3 (33γ2 + 8γω2
2 − 24γ − 8ω2

2 − 9)

32 (−k2)ω2
2

,

and

k2 = 2 ω2
1 − 1 = 1− 2 ω2

2.

4. First Order Normalization

The Hamiltonian function, analogous to the Lagrangian L, is given as follows,

H = −L+ pxẋ+ pyẏ, (13)

5
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where px and py are momenta coordinates, which is given by

px = ẋ− ny, py = ẏ + nx. (14)

Using the values of L, px, and py into Equation (13), the Hamiltonian H transforms as follows,

H(x, y, px, py) =
1

2
(p2x + p2y) +

1

2
n2(x2 + y2)(1− β) + n(ypx − xpy)

−1− µ

r1
− J1

2r31
+

3J2
2r51

y2 − µr2
r22 + ϵ

.

(15)

After using the following translation, and expanding in power series of x and y, the Hamiltonian
in (15) transforms as

px → px − n

√
3

2

(
2(δ1 + δ2)

3
+ 1

)
, py → py + n

(γ
2
+ δ1 − δ2

)
,

x → x+
γ

2
+ δ1 − δ2, y → y +

√
3

2

(
2(δ1 + δ2)

3
+ 1

)
.

H =
∞∑
k=0

Hk, (16)

where Hk is defined as the sum of the terms of kth degree homogeneous in variable x, y, px, py.
We have

H = H0 +H1 +H2 +H3 +H4 · · · ,

where

H0 = −L0, H1 = E1 x+ E2 y,

H2 =
1

2

(
p2x + p2y

)
+

(
1− 3ϵ

2
+

3J1
2

)
(y px − x py) + E3 x

2 + E4 y
2 + E5 xy,

H3 = −L3, H4 = −L4.

The values of E ′
is (where i = 1, 2, 3, 4, 5) are given in Appendix A. The mechanism from Whit-

taker (1965) has been used to examine the stability of motion. For this we consider the set of linear
equations in the variables x and y,

−λpx =
∂H2

∂x
= −npy + 2E3x+ E5y,

−λpy =
∂H2

∂y
= npx + 2E4y + E5x,

λx =
∂H2

∂P
= px + n y,

λy =
∂H2

∂Q
= py − nx. (17)

6
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The above equation can be written in matrix form as A X = 0, where

A =


2E3 E5 λ −n

E5 2E4 n λ
−λ n 1 0
−n −λ 0 1

 , X =


x
y
px
py

 . (18)

Equation (18) has non-zero solution if and only if det(A) = 0 which implies

λ4 + 2λ2
(
E3 + E4 + n2

)
+ n4 − 2n2(E3 + E4) + 4E3E4 − E2

5 = 0. (19)

Stability is insured only when the discriminant of the characteristic Equation (19) is greater than
zero, and this implies that

µ < µc = µ0 + (1.13591)ϵ+ (−0.70627)J1 + (−1.3162)J2 + (−1.01035)δ1 + (0.100765)δ2,

where µ0 = 0.0385208965...

We have taken Equation (17) to express H2 in its normal form and its solution is found in the
following manner,

x

−E5 + 2nλ
=

y

2E3 + λ2 − n2
=

px
nλ2 − λE5 − 2nE3 + n3

=
qx

λ3 + n2λ+ 2E3λ− nE5

.

Using the methodology given by Whittaker (1965), we have implemented the canonical transfor-
mation from the phase space (x, y, px, py) into the phase space of the angles (ϕ1, ϕ2) and the
actions (I1, I2), to normalize the Hamiltonian H2,

𭟋 = JM,

where,

𭟋 =


x
y

px
py

 , M =


Q1

Q2

P1

P2

 , J = (aij)(1≤i,j≤4), Qi =

(
2I ′i
ω′
i

) 1

2

sin(ϕi),

Pi =

(
2I ′i ω

′
i

) 1

2

cos(ϕi), (i = 1, 2). (20)

All the elements aij of J have been calculated and given below,

7

Singh et al.: Effect of Modified Newtonian Force on Restricted 3-body Configuration

Published by Digital Commons @PVAMU, 2022



AAM: Intern. J., Vol. 17, Issue 2 (December 2022) 457

a11 = 0, a12 = 0,

a13 =
l1

2kω1

+
3J1

64k5l1ω3
1

[
− 8(45γ + 29)ω4

1 + 4(659− 405γ)ω2
1

+ 405γ + 608ω6
1 − 621

]
+

3J2
256k5l1ω3

1

[
585γ

(
8ω4

1 + 36ω2
1 − 9

)
− 4

(
376ω4

1 + 1182ω2
1 + 2551

)
ω2
1 + 2457

]
+

δ1
24k5l1ω3

1

[
4(127− 99γ)ω6

1

+ 18(23γ − 48)ω4
1 + 9(97γ + 127)ω2

1 − 243(γ + 1) + 176ω8
1

]
+

δ2
24k5l1ω3

1[
4(99γ + 127)ω6

1 − 18(23γ + 48)ω4
1 + 9(127− 97γ)ω2

1 + 243(γ − 1) + 176ω8
1

]
+

ϵ

4k3l1t1ω1

[
− 4(3γ − 16)ω4

1 − (239− 123γ)ω2
1 − 27(15γ + 7)− 80ω6

1

]
,

a21 = −4ω1

kl1
+

3J1
8k5l31ω1

[
45γ

(
8ω4

1 + 9

)
− 8

(
32ω6

1 − 36ω4
1 + 95ω2

1 − 19

)
ω2
1 − 621

]
− 3J2

32k5l31ω1

[
585γ

(
8ω4

1 + 9

)
+ 8

(
188ω4

1 − 139ω2
1 − 367

)
ω2
1 − 2457

]
− δ1

3k5l31ω1

[
4(99γ − 17)ω6

1 − 54(γ − 8)ω4
1 − 9(7γ + 37)ω2

1 + 243(γ + 1) + 176ω8
1

]
+

δ2
3k5l31ω1

[
4(99γ + 17)ω6

1 − 54(γ + 8)ω4
1 + 9(37− 7γ)ω2

1 + 243(γ − 1)− 176ω8
1

]
+

ϵ

k3l31t1

[
8(26− 3γ)ω5

1 + (750γ + 638)ω3
1 + 54(6γ + 5)ω1 − 288ω7

1

]
,

a23 = − 3
√
3γ

2kl1ω1

+
3
√
3J1

64k5l31ω
3
1

[
32(69γ − 40)ω6

1 + 8(355− 807γ)ω4
1 + 60(63− 89γ)ω2

1 + 81(23γ

− 15) + 640ω8
1

]
+

3
√
3J2

256k5l31ω
3
1

[
160(27γ + 104)ω6

1 + 8(3987γ − 4615)ω4
1 + 12(1817γ

− 4095)ω2
1 + 1053(15− 7γ)− 8320ω8

1

]
− δ1

8
√
3k5l31ω

3
1

[
16(33γ − 32)ω8

1 + 12(141− 97γ)ω6
1

+ 2(456γ − 499)ω4
1 + 81(29γ + 35)ω2

1 − 729(γ + 1) + 448ω10
1

]
+

δ2

8
√
3k5l31ω

3
1

[
− 16(33γ

+ 32)ω8
1 + 12(97γ + 141)ω6

1 − 2(456γ + 499)ω4
1 + 81(35− 29γ)ω2

1 + 729(γ − 1)

+ 448ω10
1

]
+

ϵ

4
√
3k3l31t1ω1

[
48(13− 15γ)ω6

1 + 4(594γ − 1211)ω4
1 + 9(331γ + 249)ω2

1

+ 243(3γ + 11)− 64ω8
1

]
,

8
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a31 = − ω1

2kl1

[
4ω2

1 + 1

]
+

3J1
64k5l31ω1

[
− 480(3γ + 4)ω6

1 + 8(1219− 585γ)ω4
1 + 4(1215γ

− 1897)ω2
1 + 405γ + 1152ω8

1 − 621

]
+

3J2
256k5l31ω1

[
585γ

(
4ω2

1

(
8ω4

1 + 26ω2
1 − 27

)
− 9

)
+ 39188ω2

1 − 8

(
720ω4

1 + 2512ω2
1 + 3567

)
ω4
1 + 2457

]
+

δ1
24k5l31ω1

[
144(7γ + 10)ω8

1

+ 4(1125γ − 977)ω6
1 + 18(246− 131γ)ω4

1 − 9(119γ + 233)ω2
1 − 243(γ + 1) + 704ω10

1

]
+

δ2
24k5l31ω1

[
144(10− 7γ)ω8

1 − 4(1125γ + 977)ω6
1 + 18(131γ + 246)ω4

1 + 9(119γ − 233)ω2
1

+ 243(γ − 1) + 704ω10
1

]
+

ω1ϵ

4k3l31t1

[
ω2
1

(
16(3γ + 53)ω4

1 − 4(72γ + 593)ω2
1 − 2487γ

+ 320ω6
1 + 211

)
+ 27(87γ + 47)

]
,

a33 =
3
√
3γ

2kl1ω1

+
3
√
3J1

64k5l31ω
3
1

[
128(6γ − 5)ω8

1 + 32(40− 39γ)ω6
1 + 40(123γ − 71)ω4

1 + 12(481γ

− 315)ω2
1 + 81(15− 23γ)

]
+

3
√
3J2

256k5l31ω
3
1

[
− 160(27γ + 104)ω6

1 + 8(4615− 3987γ)ω4
1

+ 12(4095− 1817γ)ω2
1 + 1053(7γ − 15) + 8320ω8

1

]
+

δ1

8
√
3k5l31ω

3
1

[
16(33γ − 32)ω8

1

+ 12(141− 97γ)ω6
1 + 2(456γ − 499)ω4

1 + 81(29γ + 35)ω2
1 − 729(γ + 1) + 448ω10

1

]
+

δ2

8
√
3k5l31ω

3
1

[
16(33γ + 32)ω8

1 − 12(97γ + 141)ω6
1 + 2(456γ + 499)ω4

1 + 81(29γ

− 35)ω2
1 − 729(γ − 1)− 448ω10

1

]
+

ϵ

4
√
3k3l31t1ω1

[
− 48(3γ + 13)ω6

1 + (4844

− 4536γ)ω4
1 − 9(349γ + 249)ω2

1 + 64ω8
1 − 2673

]
,

9

Singh et al.: Effect of Modified Newtonian Force on Restricted 3-body Configuration

Published by Digital Commons @PVAMU, 2022



AAM: Intern. J., Vol. 17, Issue 2 (December 2022) 459

a41 =
3
√
3γω1

2kl1
+

3
√
3J1

64k5l31ω1

[
32(70− 57γ)ω6

1 + 8(477γ − 545)ω4
1 + 24(60− 37γ)ω2

1 + 81(23γ

− 15) + 640ω8
1

]
− 3

√
3J2

256k5l31ω1

[
32(910− 141γ)ω6

1 + 8(417γ − 7085)ω4
1 + 24(367γ + 780)ω2

1

+ 1053(7γ − 15) + 8320ω8
1

]
+

δ1

8
√
3k5l31ω1

[
− 16(33γ + 68)ω8

1 + 4(203− 381γ)ω6
1

+ 2(1704γ + 479)ω4
1 − 27(59γ + 29)ω2

1 + 729(γ + 1) + 704ω10
1

]
− δ2

8
√
3k5l31ω1

[
16(33γ

− 68)ω8
1 + 4(381γ + 203)ω6

1 + 2(479− 1704γ)ω4
1 + 27(59γ − 29)ω2

1 − 729(γ − 1)

+ 704ω10
1

]
+

ω1ϵ

4
√
3k3l31t1

[
48(15γ − 13)ω6

1 + 4(1211− 594γ)ω4
1 − 9(331γ

+ 249)ω2
1 − 243(3γ + 11) + 64ω8

1

]
,

a43 =
9− 4ω2

1

2kl1ω1

+
3J1

64k5l31ω
3
1

[
45γ

(
8

(
4ω4

1 − 27ω2
1 − 27

)
ω2
1 + 81

)
+ 8

(
− 128ω8

1 + 1040ω6
1

− 88ω4
1 + 705ω2

1 + 2196

)
ω2
1 − 5589

]
− 3J2

256k5l31ω
3
1

[
585γ

(
8

(
4ω4

1 − 27ω2
1 − 27

)
ω2
1

+ 81

)
+ 8

(
2256ω6

1 + 2944ω4
1 + 7485ω2

1 + 7794

)
ω2
1 − 22113

]
− δ1

24k5l31ω
3
1

[
16(297γ

− 260)ω8
1 + 36(41γ + 65)ω6

1 + 54(10− 143γ)ω4
1 − 81(61γ + 91)ω2

1 + 2187(γ + 1)

+ 704ω10
1

]
+

δ2
24k5l31ω

3
1

[
16(297γ + 260)ω8

1 + 36(41γ − 65)ω6
1 − 54(143γ + 10)ω4

1

+ 81(91− 61γ)ω2
1 + 2187(γ − 1)− 704ω10

1

]
+

ϵ

4k3l31t1ω1

[
− 16(9γ + 91)ω6

1

+ 12(282γ − 5)ω4
1 + 9(87γ − 185)ω2

1 − 243(15γ + 4)− 1856ω8
1

]
,
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a44 = −9− 4ω2
2

2kl2ω2

+
ϵ

4k3l32t2ω2

[
1856ω8

2 + 16(9γ + 91)ω6
2 + 12(5− 282γ)ω4

2 + 9(185− 87γ)ω2
2

+ 243(15γ + 4)

]
+

3J1
64k5l32ω

3
2

[
45γ

(
8

(
4ω4

2 − 27ω2
2 − 27

)
ω2
2 + 81

)
+ 8

(
− 128ω8

2

+ 1040ω6
2 − 88ω4

2 + 705ω2
2 + 2196

)
ω2
2 − 5589

]
− 3J2

256k5l32ω
3
2

[
585γ

(
8

(
4ω4

2 − 27ω2
2

− 27

)
ω2
2 + 81

)
+ 8

(
2256ω6

2 + 2944ω4
2 + 7485ω2

2 + 7794

)
ω2
2 − 22113

]
− δ1

24k5l32ω
3
2

[
16(297γ − 260)ω8

2 + 36(41γ + 65)ω6
2 + 54(10− 143γ)ω4

2 − 81(61γ

+ 91)ω2
2 + 2187(γ + 1) + 704ω10

2

]
+

δ2
24k5l32ω

3
2

[
16(297γ + 260)ω8

2 + 36(41γ − 65)ω6
2

− 54(143γ + 10)ω4
2 + 81(91− 61γ)ω2

2 + 2187(γ − 1)− 704ω10
2

]
,

l1 =
√

9 + 4ω2
1, t1 = 3 + 4ω2

1.

We can derive the values of aij(j = 2, 4) from aij(j = 1, 3) by replacing ω1 → ω2, l1 → l2,
t1 → t2 and without making any change in k whenever they arise.

After applying the above transformation, the Hamiltonian H2 reduces to its normal form as

H2 = ω′
1I1 − ω′

2I2.

The general solution of the corresponding equations of motion is

Ii = const. (i = 1, 2), ϕ1 = ω′
1 t+ const., ϕ2 = −ω′

2 t+ const. (21)

5. Second Order Normalization

Hamiltonian has been transformed to Birkhoff’s normal form using Moser’s conditions. This trans-
formation can be accomplished by Birkhoff’s normalization in which the coordinates (x, y) of the
infinitesimal body are to be extended in double D’Alembert series,

x =
∑
n≥1

B1,0
n , y =

∑
n≥1

B0,1
n , (22)

where the homogeneous components B1,0
n and B0,1

n of degree n in
√

I1,
√
I2, are of the form∑

0≤m≤n

I
1

2
(n−m)

1 I
1

2
m

2

∑
(i, j)

(Cn−m,m,i,j cos(iϕ1 + jϕ2) + Sn−m,m,i,j sin(iϕ1 + jϕ2)). (23)

The conditions on i, j are given as

11
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• The component i works on those values of integers in the interval 0 ≤ i ≤ n − m whose
association is the same as n−m.

• The component j works on those values of integers in the interval −m ≤ i ≤ m whose associa-
tion is the same as m.

I1, I2 are the action momenta coordinates which are considered as constant of integration and angle
coordinates ϕ1, ϕ2 are taken as a linear functions of time such that

ϕ̇1 = ω′
1 +

∑
n≥1

f2n (I1, I2), ϕ̇2 = −ω′
2 +

∑
n≥1

g2n (I1, I2), (24)

where f2n and g2n are of the form,

f2n =
∑

0≤m≤n

f ′
2(n−m),2mI

n−m
1 Im2 , g2n =

∑
0≤m≤n

g′2(n−m),2mI
n−m
1 Im2 . (25)

The first order components B1,0
1 and B0,1

1 are the values of x and y given by (23). The second order
components B1,0

2 and B0,1
2 can be attained as the solutions of the partial differential equations

written as follows,

∆1 ∆2 B
1,0
2 = Ψ1, ∆1 ∆2 B

0,1
2 = Ψ2, (26)

where

∆i = (D2 + ω′2
i ), (i = 1, 2), D = ω′

1

∂

∂ϕ1

− ω′
2

∂

∂ϕ2

,

Ψ1 = (A1D
2 + A2D + A3)(B

1,0
1 )

2
+ (B1D

2 +B2D +B3)(B
0,1
1 )

2

+ (C1D
2 + C2D + C3)(B

1,0
1 )(B0,1

1 ),

Ψ2 = (A′
1D

2 + A′
2D + A′

3)(B
1,0
1 )

2
+ (B′

1D
2 +B′

2D +B′
3)(B

0,1
1 )

2

+ (C ′
1D

2 + C ′
2D + C ′

3)(B
1,0
1 )(B0,1

1 ),

and the values of Ai, Bi, Ci, A
′
i, B

′
i, C

′
i (i = 1, 2, 3), are given in Appendix A.

By following the Bhatnagar and Hallan (1983) method, the second-order components B1,0
2 and

B0,1
2 are

B1,0
2 = r1 I1 + r2 I2 + r3 I1 cos 2ϕ1 + r4 I2 cos 2ϕ2 + r5 I1 sin 2ϕ1

+ r6 I2 sin 2ϕ2 + {(r7 cos(ϕ1 + ϕ2) + r8 cos(ϕ1 − ϕ2)

+ r9 sin(ϕ1 + ϕ2) + r10 sin(ϕ1 − ϕ2))}
√

I1 I2,

B0,1
2 = s1 I1 + s2 I2 + s3 I1 cos 2ϕ1 + s4 I2 cos 2ϕ2 + s5 I1 sin 2ϕ1

+ s6 I2 sin 2ϕ2 + {(s7 cos(ϕ1 + ϕ2) + s8 cos(ϕ1 − ϕ2)

+ s9 sin(ϕ1 + ϕ2) + s10 sin(ϕ1 − ϕ2))}
√

I1 I2, (27)

where

ri = αi,1 + αi,2ϵ+ αi,3J1 + αi,4J2 + αi,5δ1 + αi,6δ2,

si = βi,1 + βi,2ϵ+ βi,3J1 + βi,4J2 + βi,5δ1 + βi,6δ2 (i = 1, 2, ..., 10).
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The values of αi,1, αi,2, αi,3, αi,4, αi,5 and βi,1, βi,2, βi,3, βi,4, βi,5 are very lengthy and contained in
a large number of pages so one can obtain these values from the author on request.

6. Non-Linear Stability

We have evaluated the non-linear stability of the libration points L4 and L5 numerically, using
the KAM theorem. The first condition of given theorem has been flouted when, ω′

1 = 2ω′
2 and

ω′
1 = 3ω′

2. So we have analyzed both the cases distinctly as follows.

Case I: ω′
1 = 2ω′

2:

By the use of the above condition, we have cancelled out ω′
1 and ω′

2 from Equation (11) and then
solving for µ = µ1, we have obtained

µ1 = 0.0242939 + 0.960936 ϵ− 0.689806 J1 − 1.64008 J2 − 1.30833 δ1 − 0.117218 δ2. (28)

Case II: ω′
1 = 3ω′

2:

By the use of above condition, we have cancelled out ω′
1 and ω′

2 from Equation (11) and then
solving for µ = µ2, we have obtained

µ2 = 0.013516 + 1.1241ϵ− 0.678806 J1 − 1.8776 J2 − 1.31961 δ1 − 0.066281 δ2. (29)

We have deduced the first and second order normalization to get the Hamiltonian H in its nor-
malised form, so now we can employ the Moser’s modified version of Arnold (1961). Now, using
Bhatnagar and Hallan (1983) method, we have chosen the relevant coefficients in the second order
polynomials F2, G2 to annihilate the critical terms,

F2 = F2,0 I1 + F0,2 I2, G2 = G2,0 I1 +G0,2 I2, (30)

where

F2,0 = ν1 + ν2J1 + ν3J2 + ν4δ1 + ν5δ2 = A, (31)
F0,2 = G2,0 = ν6 + ν7J1 + ν8J2 + ν9δ1 + ν10δ2 = B, (32)
G0,2 = ν11 + ν12J1 + ν13J2 + ν14δ1 + ν15δ2 = C. (33)

The values of νi, (i = 1, 2, ..., 15) is given in Appendix B.

Now, the normalized Hamiltonian up to order 4 is given as:

H = ω′
1 I1 − ω′

2 I2 +
1

2

(
A I21 + 2B I1 I2 + C I22

)
. (34)

The Determinant D is:

D = −(Aω′2
2 + 2Bω1ω2 + Cω2

1). (35)
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Now, placing the values of A, B, C from Equation (31), Equation (32), Equation (33), using Equa-
tions (11) and (12) and the strategy given in Bhatnagar and Hallan (1983), we have obtained,

µ3 = 0.010936677...+ (2.87552...) ϵ+ (−6.74161...)J1 + (3.4985...)J2
+(−6.9897...)δ1 + (−6.8724...)δ2.

(36)

7. Conclusion

We have investigated the non-linear stability of the triangular libration points by taking the com-
bination of heterogeneous spheroid and point mass producing modified Newtonian potential. For
investigating the non-linear stability of the triangular libration point, we discussed the Moser’s
modified version of Arnold’s theorem and follow the procedure as adopted by Bhatnagar and Hal-
lan. For this the Lagrangian function expanded in power series of the coordinates of the infinitesi-
mal mass referred to the triangular libration point as origin.

We have computed the first order normalized Hamiltonian by following the method given in Whit-
taker. The canonical transformation from the phase space into the phase space of the angle co-
ordinates and the action momenta, to the first order obtained so that the second order part of the
Hamiltonian will be transformed to the normal form. Here co-ordinates have been expanded in
double d’Alembert series, which are homogeneous components of order n. The fourth order part
of the normalized Hamiltonian in Moser’s theorem have been obtained. Also we have computed
that the triangular points are stable for all mass ratios in the range of linear stability except for
three mass ratios, which we have calculated with the help of Mathematica software where Moser’s
theorem has been failed to apply.

This analytical study is done under the effect of various perturbations, modified Newtonian po-
tential produced by the point mass and other perturbations parameters. These perturbations makes
this study different from the classical case. The values of these three mass ratios coincide with the
classical case if we choose the perturbing parameters to be zero. The obtained results are highly
valuable for examining the motion properties of an infinitesimal mass such as artificial satellites,
minor planets, spacecraft, asteroid, etc., in our planetary system.

For our further study, we have taken the new model of Restricted three-body which consist of
the heterogeneous primary having N-layers with distinct densities, the radiating finite straight seg-
ment as secondary body and the infinitesimal body. We will discuss the non-linear stability of the
libration points analytically and numerically as well.
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Appendix A

T0 =
3J1γ

2

8
− 3ϵγ2

8
+

γ2

8
+

ϵγ

2
+

13J1
8

− 9J2
8

− 13ϵ

8
+

11

8
,

T1 =
3γJ1
2

− 3J1
4

+
45J2
16

+
3γδ1
4

+
3δ1
4

+
3γδ2
4

− 3δ2
4

− 3γϵ

4
− 3ϵ

4
,

T2 =
3J1

√
3

4
+

21J2
√
3

16
+

3

4
γδ1

√
3 +

3δ1
√
3

4
− 3

4
γδ2

√
3 +

3δ2
√
3

4
− 3

4
γϵ
√
3− 3ϵ

√
3

4
,

T3 =
27J1
16

+
21γδ1
16

+
3γϵ

16
+

3

8
− 3δ1

16
− 21γδ2

16
− 3δ2

16
− 27ϵ

16
− 135J2

64
,

T4 =
57J1
16

+
33γδ2
16

+
33γϵ

16
+

9

8
− 33γδ1

16
− 9δ1

16
− 9δ2

16
− 57ϵ

16
− 141J2

64
,

T5 =
15J1

√
3

8
+

3γ
√
3

4
− 11

8
γδ1

√
3− 11

8
γδ2

√
3 +

3δ2
√
3

8
− 15

8
γϵ
√
3 +

15ϵ
√
3

8

− 3δ1
√
3

8
− 195J2

√
3

32
,

T6 =
25J1
32

+
7γ

16
+

37δ2
32

+
25ϵ

32
− 25γδ1

32
− 37δ1

32
− 25γδ2

32
− 25γϵ

32
− 315J2

128
,
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2 + 81)ω2

1

72k4 (1− 5ω2
2)

+
ϵ

288k6l22t2ω4
2ω

2
1 (5ω

2
2 − 1)

(
− 153600ω18

2 + 288(634γ

− 3029)ω16
2 + 208(486γ − 407)ω14

2 + 2(1740497− 639378γ)ω12
2 + (803430γ − 6716567)ω10

2

+ 9(583481− 446982γ)ω8
2 + 27(235778γ − 31583)ω6

2 − 81(63780γ + 36461)ω4
2

+ 2916(616γ + 577)ω2
2 − 196830(γ + 1)

)
,

ν12 = − 1

192k8ω2
2 (5ω

2
2 − 1)

2

(
385616ω12

2 − 16(3150γ + 45589)ω10
2 + 20(5463γ + 55091)ω8

2

− 2(6705γ + 525997)ω6
2 + 9(4410γ + 40787)ω4

2 − 6(1845γ + 9388)ω2
2 + 4293

)
,

ν14 =
1

1728k8ω2
2 (5ω

2
2 − 1)

2

(
− 48(28023γ + 44611)ω12

2 + 16(182853γ + 313739)ω10
2

− 24(326931γ + 396911)ω8
2 + 4(2123217γ + 2228609)ω6

2 − 9(385893γ + 390437)ω4
2

+ 54(11005γ + 11069)ω2
2 − 38637(γ + 1)− 2560ω14

2

)
,

ν15 =
1

1728k8ω2
2 (5ω

2
2 − 1)

2

(
48(28023γ − 44611)ω12

2 + 16(313739− 182853γ)ω10
2

+ 24(326931γ − 396911)ω8
2 + 4(2228609− 2123217γ)ω6

2 + 9(385893γ − 390437)ω4
2

+ 54(11069− 11005γ)ω2
2 + 38637(γ − 1)− 2560ω14

2

)
.
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