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Abstract: In this paper , we introduce the conceptes of semi-topogenous ( resp. topogenous )soft fuzzy order and the syntopogenous
soft fuzzy structure and study many of their properties and show that there is a one-one corresponds between perfect topogenous soft
fuzzy structures and soft fuzzy topological structures
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1 Introduction

The soft set theory of Molodstov [6] offers a general
mathematical tool for dealing with uncertainly and
vaguness of objects . In the last three years many
structures using the soft set theory are progressing rapidly
[1,2,4,11,13] . Maji et al. [8,9] proposed the concept of
soft fuzzy set and developed some of their properties . In
recent years, the researchers have contributed a lot
towards the fuzzyfication of the soft set theory . In 1963
Csaszar [3] introduced the syntopogenous structures
which are a unified theory of topologies, proximities and
uniformities, and in 1983 Katsasars and Petalas [4,5]
used the ideas of Csaszar and the concept of fuzzy set to
introduce the fuzzy syntopogenous structure which is a
generalization of the fuzzy topology, fuzzy proximity and
fuzzy uniformity structures . In this paper , we study the
semi -topogenous (resp. topogenous) soft fuzzy orders
which is a generalization of the ordinary semi
-topogenous (resp. topogenous) fuzzy orders and also
study of its properties continuous functions , images and
inverse images of semi -topogenous (resp. topoenous) soft
fuzzy order under the continuous functions are also
studied . We show that any topogenous (resp. perfect,
biperfect) soft fuzzy order on U is a parameterized
collection of topogenous (resp. perfect , biperfect) fuzzy
orders onU . Also, we show that there is a one to one
correspondence between soft fuzzy topological structures
and perfect topogenous soft fuzzy structures.

2 Preliminaries

In this section , we recall the basic definitions and results
of soft set and soft fuzzy set theory are which may be found
in [1,2,7,8,9]

Definition 1. [7,8] Let U be a universal set,E be a set of
parameters and letA⊂ E. A pair (FA,E) is said to be a soft
fuzzy subset ofU with supportA, if FA is a mappingFA :
E→ IU for which FA(e) 6= 0 only for everye ∈ A In other
words,A soft fuzzy set is a parameterized collection of
fuzzy sets. The collection of all soft fuzzy sets over(U,E)
is denoted bySFS(U,E). The soft set̃φ = (φE ,E) defined
by

φE : E→ IU
, φE(e) = 0 ∀ e ∈ E

is called the null soft fuzzy set onU also, the universal
soft fuzzy set denoted̃U = (FE ,E) is defined byFE(e) =
1U∀ e ∈ E.

Definition 2. [2,8,9] Let FA,GB be two soft fuzzy sets.FA
is said to be a soft fuzzy subset ofGB denoted byFA≤̃GB if
FA(e) ≤ GB(e) ∀e ∈ E. Also, FA andGB are called equals
denoted byFA

∼= GB if FA≤̃GB andGB≤̃FA.
Union, intersection and difference between soft fuzzy sets
are given as follows.

Definition 3. [7,8] Let FA,GB ∈ SFS(U,E)
(1) The unionFA and GB denoted byFA∨̃GB is the soft
fuzzy setHc denoted byHC(e) = FA(e)∨GB(e) ∀e ∈ E,
whereC = A∪B.
(2) The intersection ofFA andGB denoted byFA∧̃GB is the
soft fuzzy setHC denoted byHC(e) = FA(e)∧GB(e) ∀ e ∈
E whereC = A∩B.
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(3) The differenceFA−GB is the soft fuzzy setHC defined
by

HC(e) = FA(e)∧(1U −GB(e)) ∀ e ∈ E.

(4) The complement of a soft fuzzy setFA denoted byFc
A

and defined byFc
A = ŨE−FA, i.eFc

A(e) = 1U −FA(e) ∀e ∈
E.
Note that the support ofFc

A equalsAc∪{e : e ∈ A,FA(e) 6=
1U}.

Theorem 1. [8,7] (SFS(U,E), ∨̃, ∧̃,c) is a deMorgan
algebra.

Definition 4. [2,6,7] A soft fuzzy point is a soft fuzzy set
with singlton support{e0} and fuzzy point image{xt}.
i.e.F{e0} where

F{e0}(e) =

{

{xt} je = e0
0 e 6= e0

for every t ∈ (0,1],e ∈ E,x ∈ U . F{e0} is sometimes
denoted by(xt)e0. Also, the soft fuzzy point(xt)e0 is
called belongs to a soft fuzzy setFA denoted by(xt)e0∈̃FA
if xt ∈ FA(e0) i.e (FA(e0))(x)≥ t.

Definition 5.[1,2,6] Let SFS(U,E) andSFS(V,K) be the
collections of all soft fuzzy sets over(U,E) and (V,K),
respectively.
A soft mapping(ϕ ,ψ) from (U,E) to (V,K) is an ordered
pair of mappingsϕ : U →V andψ : E→ K. The image of
any soft fuzzy setFA over(U,E) under(ϕ ,ψ) denoted by
(ϕ ,ψ)(FA) is the soft fuzzy set over(V,K), defined by:

(ϕ ,ψ)(FA)(k)=







∨̃e∈A∩ψ−1(k)ϕ(F(e)) if
A∩ψ−1(k) 6= φ

0 otherwise
,

where ϕ̃ : IU → IV is the fuzzy mapping induced by
ϕ : U →V as usual.
The preimage of a soft fuzzy setGB over (V,K) under
(ϕ ,ψ), denoted by(ϕ ,ψ)−1(GB) is the fuzzy soft set
over(U,E), defined by

(ϕ ,ψ)−1(GB)(e) =

{

ϕ−1(GB(ψ(e))) ∀ e ∈ ψ−1(B)
0 otherwise

Definition 6. [2,10] A soft fuzzy topologyτ on (U,E) is
a family of soft fuzzy sets over(U,E) satisfies :
(1) φ̃ ,Ũ ∈ τ
(2) FA,GB ∈ τ⇒ FA∧̃GB ∈ τ
(3) Fα

Aα
∈ τ ,α ∈ Γ ⇒ ∨̃α∈Γ Fα

Aα
∈ τ

The triple (U,E,τ) is called a soft fuzzy topological
space, members ofτ are called open soft fuzzy sets and
their complements are called closed soft fuzzy sets.

theorem 2.A soft fuzzy topological space is a collection
of parameterized fuzzy topological spaces . And also any
parameterized collection of fuzzy topological spaces is a
soft fuzzy topological space .

proof: Straightforward

Definition 7. [3,5,6] A semi-topogenous order on a non-
empty setX is a binary relationR on P(X) satisfies the
following conditions:
(i) φRφ .XRX
(ii) ARB⇒ A≤ B
(iii) A1≤ ARB≤ B1⇒ A1RB1
A semi-topogenous orderR on P(X) is called
(1) topogenous ( or top. for short )if it satisfies

AiRBi∀ i ∈ {1,2, . . . ,n} ⇒ (∪n
i Ai)R(∪n

i=1Bi) and
(∩n

i=1Ai)R(∩n
i=1Bi)

(2) perfect semi-topogenous if

AiRBi∀ i ∈ ∆ ⇒ (∪i∈∆ Ai)R(∪i∈∆ Bi), f or any index set ∆

.
(3) biperfect topogenous if

AiRBi∀ i ∈ ∆ ⇒ (∪iAi)R(∪iBi)and (∩iAi)R(∩iBi),

for any index set∆ .

Definition 8. [3,6] The complement of a
semi-topogenous (resp. top., perfect semi-top., biperfect
top.) orderR on P(X) denoted byRc and is defined by

ARcB⇔ BcRAc

where Ac is the complement ofA, and Bc is the
complement ofB .

Proposition 3. [3] The complement of a semi-topogenous
order onX is also a semi-topogenous order onX

Definition 9. [3,6,12] A syntopogenous structure on a set
X 6= φ is a non-empty familyS of topogenous orders onX
satisfies the following conditions
(S1)∀R1,R2 ∈ S∃R3 ∈ S s.tR1≤ R3,R2≤ R3
(S2)∀R ∈ S∃R∗ ∈ S s.tR≤ R∗ ◦R∗.
The pair(X ,S) is called a syntopogenous space. In caseS
consists of a single topogenous order, it is called a
topogenous structure. If all topogenous orders on a
syntopogenous structureS are perfect (resp. biperfect), it
is called perfect (resp. biperfect) syntopogenous structure.

Definition 10. [3,5] A syntopogenous structureS1 on a
setX is called finer than another oneS2 on the same setX
if for eachR ∈ S2 there exists a member ofS1 finer thanR.

3 Soft fuzzy topogenous orders

In this section the soft fuzzy topogenous orders are
introduced as a generalization of the ordinary fuzzy
topogenous orders and many of their properties are given.

Definition 11. A relation R on SFS(U,E) is said to be a
semi-topogenous soft fuzzy order (s.t.sfo. for short) if it
satisfies the following condition; for anyFA,GB,HC and
KD ∈ SFS(U,E)
(1) φ̃Rφ̃ ,ŨRŨ
(2) FARGB⇒ FA≤̃GB
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(3) HC≤̃FARGB≤̃KD⇒HCRKD
Also , a semi-topogenous soft fuzzy order R is called a
topogenous soft fuzzy order (t.sfo. for short) if it satisfies
the condition:
(i) FARGB and HCRKD ⇒ (FA∨̃HC)R(GB∨̃KD) and
(FA∧̃HC)R(GB∧̃KD), semi-topogenous soft fuzzy orderR
is called
(ii) Perfect if
(FA)iR(GB)i, i ∈ J⇒ (∨̃i∈J(FA)i)R(∨̃i∈J(GB)i)
(iii) biperfect if
(FA)iR(GB)i, i ∈ J ⇒ (∨̃i∈J(FA)i)R(∨̃i∈J(GB)i) and
(∧̃i∈J(FA)i)R(∧̃i∈J(GB)i)

Definition 12. Let R1 andR2 be two semi-topogenous soft
fuzzy orders on(U,E), then we sayR2 is finer thanR1 or
R1 is coarser thanR2, denoted byR1⊑̃R2 if

FAR1GB⇒ FAR2GB, ∀ FA,GB ∈ SFS(U,E).

In the following theorem a generation of a
semi-topogenous soft fuzzy order is given using a
collection of soft fuzzy sets.

Theorem 4.Let D be an arbitrary family of soft fuzzy sets
on (U,E), such thatΦ̃,Ũ ∈ D , and letRD be the binary
relation onSFS(U,E) defined by,

FARD GB if ∃HC ∈D ∋FA ≤̃HC ≤̃GB,

∀ FA,GB ∈ SFS(U,E)

then:
(I) the binary relationRD is a semi-topogenous soft fuzzy
order onSFS(U,E) which is called generated byD .
(II) The relationRD is a topogenous soft fuzzy order on
SFS(U,E) if D is closed under finite union and finite
intersection i . e .

FA,GB ∈D ⇒FA ∨̃GB ∈D andFA ∧̃GB ∈D

(III) The relation RD is a perfect semi-topogenous soft
fuzzy order ifD is closed under arbitrary union i . e .

(FA)i ∈D ,〉 ∈J ⇒ ∨̃〉∈J (FA )〉 ∈D .

(iv) The relationRD is a biperfect topogenous soft fuzzy
order if D is closed under arbitrary union and arbitrary
intersection , i.e

(FA)i ∈D ,〉 ∈J ⇒ ∨̃〉∈J (FA )〉, ∧̃〉∈J (FA )〉 ∈D .

Proof (I) (1) SinceΦ̃ ,Ũ ∈D , thenΦ̃RDΦ̃ andŨRDŨ
(2) FARDGB⇒∃HC ∈D s.t.FA≤̃HC≤̃GB⇒ FA≤̃GB
(3) If KD≤̃FARDGB≤̃HC, then
∃LM ∈ D ∋ KD ≤̃FA ≤̃LM ≤̃GB≤̃HC which implies
that,KDRDHC.
So,RD is a semi-topogenous soft fuzzy order.
(II) If FARD GB and HCRDKM, then
∃LN ,QP ∈ D ∋FA ≤̃LN ≤̃GB andHC≤̃QP≤̃KM. so by
the given condition FA∨̃HC≤̃LN∨̃QP≤̃GB∨̃KM and
FA∧̃HC≤̃LN∧̃QP≤̃GB∧̃KM , which implies that

FA∨̃HCRD GB∨̃KM and alsoFA∧̃HCRDGB∧̃KM.
The proofs of, III and IV are similar.
Example 1. (1) The subset relation onSFS(U,E) is a
biperfect topogenous soft fuzzy order and is called
discrete and defined by

R⊂̃ = {(FA,GB) : FA,GB ∈ SFS(U,E),FA≤̃GB}.

(2) The relation RD generated by the collection
D = {⊕̃,Ũ } which defined by

RD = {(FA,GB) : FA = Φ̃ or GB = Ũ}

is a topogenous soft fuzzy order and is called indiscrete.
Lemma 5. The composition of two s.t.s f o.s
(respectively,t.s f o.s, p.s f o.s and b.s f o.s) R1 and R2 on
SFS(U,E) as a relation R1 ◦ R2 is also s.t.sfo
(respectively, t.sfo., p.sfo. and b.sfo.) whereR1 ◦ R2 is
defined as follows for everyFA,GB ∈ SFS(U,E) ,

FA(R1 ◦ R2)GB ⇔ ∃HC ∈ SFS(U,E) ∋ FAR1HC and
HCR2GB.
Proof Straightforward.
Lemma 6. Let {Rα : α ∈ ∆} be a family of
semi-topogenous (resp. topogenous, perfect topogenous,
biperfect topogenous) soft fuzzy orders onSFS(U,E).
Then
(1) R =

⋂

α
Rα is also a semi-topogenous (resp.

topogenous, prefect topogenous, biperfect topogenous)
soft fuzzy order onSFS(U,E) , where

FARGB iff FARαGB ∀ α ∈ ∆

(2) R =
⋃

α
Rα is also a semi-topogenous soft fuzzy order

on SFS(U,E), where

FARGB iff FARα0GB

for someα0 ∈ ∆
Proof: Straightforward
Remark 7.The union of a family of topogenous soft fuzzy
orders is not in general a topogenous soft fuzzy order, as
we show in the following example.
Example 2.Let

U = {a,b,c},E = {e1,e2,e3,e4}

D1 = {φ̃ ,Ũ ,EA},D2 = {φ̃ ,Ũ ,GB},where

FA =











F(e1) = (a,0.4),(b,0.1),(c,0)
F(e2) = (a,0.6),(b,0.5),(c,0.8)
F(e3) = (a,0),(b,0),(c,0)
F(e4) = (a,0.2),(b,0.6),(c,0.3)











GB =











G(e1) = (a,0),(b,0),(c,0)
G(e2) = (a,0.7),(b,0.2),(c,0.1)
G(e3) = (a,0),(b,0),(c,0)
G(e4) = (a,0.5),(b,0.3),(c,0.9)
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RD1 = {(φ̃ , φ̃ ),(Ũ ,Ũ)}∪{(HD,KE) : HD≤̃FA≤̃KE}

RD2 = {(φ̃ , φ̃)(Ũ ,Ũ)}∪{(HD,KE) : HD≤̃GB≤̃KE}

RD1 ∪RD2 = {(φ̃ , φ̃)(Ũ ,Ũ)}∪{(HD,KE) :
HD≤̃FA≤̃KE or HD≤̃GB≤̃KE}= RD1∪D2

It is clear thatFARD1∪D2FA andGBRD1∪D2GB but

((FA∧̃GB),(FA∧̃GB)) 6∈ RD1∪D2

also
((FA∨̃GB),(FA∨̃GB)) 6∈ RD1∪D2

thenRD1∪D2 is not a topogenous soft fuzzy order.

Definition 13. The complement of a soft fuzzy orderR on
SFS(U,E) denoted byRc

1 is defined by

FARcGB iff Gc
BRFc

A , ∀FA,GB ∈ SFS(U,E).

R is called symmetric iffR = Rc .

Theorem 8. Let R1 and R2 be two semi-topogenous
(respectively topogenous, perfect, biperfect) soft fuzzy
orders onSFS(U,E), then,
(1) Rc

1 is a semi-topogenous (respectively,topogenous,
perfect, biperfect) soft fuzzy order.
(2) Rcc

1 = R1
(3) R1⊑̃R2⇒ Rc

1⊑̃Rc
2

(4) (R1 ◦R2)
c = Rc

2 ◦Rc
1

Proof (1) LetR1 be a semi-topogenous soft fuzzy order on
SFS(U,E).
(i) φ̃R1φ̃ ⇒ ŨRc

1Ũ ,
ŨR1Ũ ⇒ φ̃Rc

1φ̃

(ii) FARc
1GB ⇒ Gc

BR1Fc
A ⇒ Gc

B≤̃Fc
A ⇒

FA≤̃GB, ∀FA,GB ∈ SFS(U,E)

(iii) Let KD≤̃FARc
1GB≤̃HC ⇒ Hc

C≤̃Gc
BR1Fc

A≤̃Kc
D ⇒

Hc
CR1Kc

D⇒ KDRc
1HC ∀KD,FA,GB,HC ∈ SFS(U,E)

thenRc
1 is a semi-topogenous soft fuzzy order. The rest

of (1) is similar.
(2) For anyFA,GB ∈ SFS(U,E),

FARcc
1 GB⇔Gc

BRc
1Fc

A ⇔ FAR1GB, i.e Rcc
1 = R1.

(3) For anyFA,GB ∈ SFS(U,E), let R1⊑̃R2. So,

FARc
1GB⇒Gc

BR1Fc
A ⇒Gc

BR2Fc
A ⇒ FARc

2GB.

ThenRc
1⊑̃Rc

2.
(4) For anyFA,GB ∈ SFS(U,E),

FA(R1◦R2)
cGB ⇔ Gc

B(R1 ◦R2)Fc
A

⇔∃HD s.tGc
BR1HDR2Fc

A
⇔∃HD s.tHc

DRc
1GB andFARc

2Hc
D

⇔∃HD s.tFARc
2Hc

DRc
1GB

⇔ FA(Rc
2◦Rc

1)GB

i.e (R1 ◦R2)
c = Rc

2 ◦Rc
1

Definition 14. Let f : U → V be a function between sets
and let E be any set of parameters. Usingf we can

determine two mappings(
→
f ∗,1E) : (U,E)→ (V,E) and

(
←
f ∗,1E) : (V,E)→ (U,E)as follows:

let
→
f ∗: IU→ IV

,

←
f ∗: IV → IU are defined by

→
f ∗ (µ)(y)=

∨x∈ f−1(y)µ(x), ∀µ ∈ IU
,y ∈V , and

←
f ∗ (γ)(x) = γ( f (x))∀γ ∈ IV

,x ∈U . So,the image and
the preimage of a soft set under a soft mapping is given

as follows, for every soft fuzzy setFA ∈ SFS(U,E),(
→
f ∗

, IE)(FA) ∈ SFS(V,E) is given by

((
→

f ∗, IE)(FA)(e))(y) = ∨x∈ f−1(y)(FA(e))(x).

Also for every soft fuzzy setGB ∈ SFS(V,E), the

pre-image (
←
f ∗, IE)(GB) ∈ SFS(U,E)) is given by

((
←
f ∗, IE)(GB)(e))(x) = (GB(e))( f (x)).Denote (

→
f ∗, IE) by

f ⋄ and (
←
f ∗, IE) by

←
f ⋄ . In the following we define the

inverse image of a semi-topogenous soft fuzzy orderR
under a functionf .

Definition 15. Let f : U →V be a function and letR be a
semi-topogenous (respectively, topogenous, perfect,
biperfect) soft fuzzy order on(V,E). The inverse image of
R under f denoted byf−1(R) defined by

FA f−1(R)GB iff f ⋄(FA)R( f ⋄(Gc
B))

c

Proposition 9. The inverse image of a semi-topogenous
soft fuzzy order on(V,E) is a semi-topogenous soft fuzzy
order on(U,E).

Proof Straightforward

Proposition 10.Let f : U →V be a function and letR be
a semi-topogenous (rep. topog., prefect, biperfect) soft
fuzzy order on (V,E). Then for every
FA,GB ∈ SFS(U,E),
FA f−1(R)GB iff ∃HC,KD ∈ SFS(V,E) s.t. HCRKD and

FA≤̃
←
f ⋄ (HC),

←
f ⋄ (KD)≤̃GB. Also,

HCRKD⇒
←
f ⋄ (HC)( f−1(R))

←
f ⋄ (KD)) .

Proof In fact, FA f−1(R)GB iff f ⋄(FA)R( f ⋄(Gc
B))

c , let
HC = f ⋄(FA),KD = ( f ⋄(Gc

B))
c, then we get

HCRKD,HC,KD ∈ SFS(V,E)

and
FA≤̃

←
f ⋄ (HC),

←
f ⋄ (KD) =

←
f ⋄ (( f (Hc

B))
c) = (

←
f ⋄

f ⋄(Gc
B))

c≤̃Gcc
B = GB.Conversely if∃HC,KD ∈ SFS(V,E)

such thatHCRKD,FA≤̃
←
f ⋄ (HC) and

←
f ⋄ (KD)≤̃GB, then

f ⋄(FA)≤̃HC and Gc
B≤̃(

←
f ⋄ (KD))

c =
←
f ⋄ (KD

c) .
Consequently, f ⋄(Gc

B)≤̃Kc
D which implies that

KD≤̃( f ⋄(Gc
B))

c. So , HCRKD implies that
f ⋄(FA)≤̃HCRKD≤̃( f ⋄(Gc

B))
c. Which implies that

f ⋄(FA)R( f ⋄(Gc
B))

c), and thatFA( f−1(R))GB.
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Theorem 11.Let f : U → V be a function,R1,R2and R
be semi-topogenous (resp. topogenous perfect
semi-topogenous, biperfect) soft fuzzy order on(V,E).
Then
(I) R1⊑ R2 implies f−1(R1)⊑ f−1(R2), and the converse
is true if f is surjective.
(II) f−1(Rc) = ( f−1(R))c.

Proof Let f : U → V be a function andR1 ⊑ R2 are two
semi-topogenous soft fuzzy orders on(V,E), and let
FA,GB ∈ SFS(U,E)
Then

FA( f−1(R1))GB⇒ f ⋄(FA)R1( f ⋄(Gc
B))

c

⇒ f ⋄(FA)R2( f ⋄(Gc
B))

c⇒FA( f−1(R2))GB

Conversely, let f be a surjective function
f−1(R1) ⊑ f−1(R2), and let FAR1GB for some

FA,GB ∈ SFS(V,E), so
←
f ⋄ (FA)( f−1(R1))(

←
f ⋄ (GB))⇒(

←
f ⋄

(FA)( f−1(R2))(
←
f ⋄ (GB))⇒∃HC,KDSFS(V,E) ∋

HCR2KD,
←
f ⋄ (FA) ≤̃

←
f ⋄ (HC),

←
f ⋄ (KD)≤̃

←
f ⋄ (GB)

then ,f ⋄(
←
f ⋄ (FA))≤̃ f ⋄(

←
f ⋄ (HC))and, f ⋄(

←
f ⋄

(KD))≤̃ f ⋄(
←
f ⋄ (GB))

since f is surjective, thenFA≤̃HC,KD≤̃GB and
HCR2KD
⇒ FA≤̃HCR1KD≤̃GB⇒ FAR1GB
HenceR1⊑̃R2.
(II) For anyFA,GB ∈ SFS(U,E),

FA( f−1Rc)GB⇔ ( f ⋄(FA))Rc( f ⋄(Gc
B))

c

⇔ f ⋄(Gc
B)R( f ⋄(FA))

c......(1). Also,

FA( f−1R)cGB⇔Gc
B( f−1(R))Fc

A
⇔ f ⋄(Gc

B)R( f ⋄(FA))
c

....(2).Consequentlyf−1(Rc) = ( f−1(R))c

Theorem 12. Let f : U → V and g : V → W be two
functions,g ◦ f : V →W is the composition off ,g then
for any topogenous soft fuzzy orderR on (W,E) we have

(g ◦ f )−1(R) = f−1(G−1(R))

Proof For any two soft fuzzy setsFA andGB of (U,E),
FA((g ◦ f )−1)R)GB

⇔ (g◦ f )⋄(FA))R((g◦ f )⋄)(Gc
B))

c

⇔ g⋄( f ⋄(FA))Rg⋄( f ⋄(Gc
B)))

c⇔ f ⋄(FA)(g−1(R)) f ⋄(GB)
⇔ ( f ⋄(FA))(g−1(R))( f ⋄(Gc

B))
c ⇔

(FA)( f−1(g−1(R)))(GB)

Theorem 13.Let f : U →V be a function,R1 andR2 two
semi-topogenous soft fuzzy orders on(V,E) and
R = R1 ◦ R2 then f−1(R) ⊑ f−1(R1) ◦ f−1(R2) and the
equality holds iff is surjective.

Proof Straightforward.

4 The relation between soft fuzzy orders and
ordinary fuzzy orders

It is clear that a soft set is a parameterized collection of
sets. And a soft topological structure on a set is a
parameterized collection of ordinary topological
structures on the same set . Also a similar result will be
proved for the soft fuzzy orders .

Theorem 14.Let R be a semi-topogenous (respectively,
topogenous, perfect topogenous, biperfect topogenous)
soft fuzzy order on(U,E). For everye ∈ E, consider the
relation Re on IU given by, for µ ,ν ∈ IU

,µReν if
∃FA,GB ∈ SFS(U,E) such thatµ = FA(e),ν = GB(e) and
FARGB. Then Re is semi-topogenous (respectively,
topogenous, perfect topogenous, biperfect topogenous)
fuzzy order onU , for everye ∈ E.

Proof (1) Φ̃RΦ̃ ⇒ 0Re0 , alsoŨRŨ ⇒ 1Re1 for every
e ∈ E.
(2) Let
µReν ⇒ ∃FA,GB ∈ SFS(U,E) ∋ µ = FA(e),ν = GB(e)
andFARGB⇒ FA≤̃GB⇒ FA(e)≤ GB(e)⇒ µ ≤ ν.
(3) Let η ≤ µReν ≤ ξ ⇒ ∃FA,GB ∈ SFS(U,E) ∋ µ =
FA(e),ν = GB(e)⇒∃F∗A ,G

∗
B ∈ SFS(U,E) defined by,

F∗A (e) = η ,F∗A (t) = 0∀ t ∈ E−{e}

also,
G∗B(e) = ξ ,G∗B(t) = 1∀ t ∈G−{e}.

Consequently

F∗A ≤̃FARGB≤̃G∗B⇒ F∗A RG∗B⇒ ηReξ

The previous theorem show that that any
semi-topogenous soft fuzzy orderR on (U,E) generate a
parameterized collection of semi-topogenous fuzzy orders
{Re : e ∈ E} onU .

Theorem 15. Any topogenous (respectively, perfect
topogenous, biperfect topogenous) soft fuzzy order on
(U,E) is a parameterized collection of topogenous
(respectively, perfect topogenous, biperfect topogenous)
soft fuzzy orders{Re : e ∈ E} onU .

Proof Let R be a topogenous soft order on(U,E). for
everye ∈ E consider the semi-topogenous fuzzy orderRe
given in the previous theorem.
Let µReν andξ Reζ for some fuzzy setsµ ,ν,ξ ,ζ ∈ IU .
Then,there existFA,GB,MC,ND ∈ SFS(U,E) such that
FA(e) = µ , GB(e) = ν, MC(e) = ξ , ND(e) = ζ , FARGB
and MCRND. This implies that (FA∨̃MC)R(GB∨̃ND).
Consequently

(FA∨̃MC)(e) = FA(e)∨MC(e) = µ ∨ξ ,

and
(GB∨̃ND)(e) = GB(e)∨ND(e) = ν ∨ζ .

So,(µ∨̃ξ )Re(ν∨̃ζ ).
The rest of the proof is similar.
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Theorem 16.Every parameterized collection{Re : e ∈ E}
of semi-topogenous (respectively, perfect topogenous,
biperfect topogenous) fuzzy orders on a setU generate in
a cononical correspondence a unique semi-topogenous
(respectively, perfect topogenous, biperfect topogenous)
soft fuzzy orderR on (U,E).

Proof Let {Re : e ∈ E} be a collection of
semi-topogenous fuzzy orders on a setU . Consider the
relationR on SFS(U,E) given as follows, for every two
soft fuzzy sets FA,GB ∈ SFS(U,E) FARGB if
FA(e)ReGB(e)∀e ∈ E.
(1)SinceRe is a semi-topogenous order ,∀e ∈ E , so, 0Re0
and 1Re1∀e ∈ E ⇒ Φ̃RΦ̃ andŨRŨ .
(2) LetFARGB⇔ FA(e)ReGB(e)∀e ∈ E⇒ FA(e)≤ GB(e)
for everye ∈ E ⇒ FA≤̃GB.
(3) Let MC≤̃FARGB≤̃ND ⇒ MC(e) ≤ FA(e)ReGB(e) ≤
ND(e)∀e ∈ E⇒MC(e)ReND(e)∀e ∈ E⇒MCRND.
The rest of the proof is by the same argument.

Remark 17.:It is clear that from theorem ( 2 ,12 , 13), both
notions soft topogenous order and topogenous soft order
are the same , also soft topological space and topological
soft space are the same

5 The syntopogenous soft fuzzy structures

Definition 16. A syntopogenous soft fuzzy structure on a
set (U,E) is a non-empty familyS of topogenous soft
fuzzy orders on (U,E) having the following two
properties
(1) if R1,R2 ∈ S∃R ∈ S s.tR1⊑̃R,R2⊑̃R
(2) ∀R1 ∈ S∃R2 ∈ S s.tR1⊑̃R2◦R2.

The pair (U,E,S) is called a syntopogenous soft
fuzzy space. In caseS consists of a single topogenous soft
fuzzy order, it is called a simple syntopogenous soft fuzzy
structure (or topogenous structure). If all orders of the
space(U,E,S) are perfect or biperfect, then it is called
perfect (or biperfect) syntopogenous soft fuzzy space.

Definition 17.A syntopogenous soft fuzzy structureS1 on
(U,E) is called finer than another oneS2 on the same space
if ∀R ∈ S2∃R∗ ∈ S1 ∋ R∗ is finer thanR, and is denoted by
S2⊆̃S1.

Lemma 18.Let (U,E,S) be a syntopogenous soft fuzzy
space, thenSc = {Rc : R∈ S} is a syntopogenous soft fuzzy
structure, and is called the complement ofS.Also , S is
called symmetric ifSc = S

Proof Straightforward.

Proposition 19. If R is a topogenous soft fuzzy order on
(U,E), then{R} is a topogenous soft fuzzy structure if
it satisfies the condition ;for everyFA,GB ∈ SFS(U,E) if
FARGB, then there existsHC ∈ SFS(U,E) ∋ FARHCRGB

Proof Straightforward.

Proposition 20. Let f be a function from(U,E) into
(V,E),S be a syntopogenous soft fuzzy structure on

(V,E). Then the familyf−1(S) = { f−1(R) : R ∈ S} is a
syntopogenous soft fuzzy structure of(U,E) and it is
called the inverse image ofS by the mappingf .

Proof ( 1) Letf−1(R1), f−1(R2) ∈ ( f−1S) .Since S is
syntopogenous soft fuzzy structure on(V,E) then∃R ∈ S
s.tR1⊑̃R,R2⊑̃R
⇒ ∃ f−1(R) ∈ f−1(S) s.t
f−1(R1)⊑̃ f−1(R), f−1(R2)⊑̃ f−1(R)
( 2 )Let f−1(R) ∈ ( f−1S) ⇒ ∃R⋆ ∈ S such that ,
R⊑̃R⋆ ◦R⋆.
Thus, f−1(R)⊑̃ f−1(R⋆ ◦R⋆)⊑̃ f−1(R⋆)◦ f−1(R⋆)
. Thus f−1S is a syntopogenous soft fuzzy structure of
(U,E)

Proposition 21. Let f be a function,
( f , IE) : (U,E) → (V,E), and let S,S′ be two
syntopogenous soft fuzzy structures on(V,E)
(1) if S is perfect (respectively biperfect, symmetric), then
f−1(S) is also prefect (respectively biperfect, symmetric).
(2) if S⊂̃S′, then f−1(S)⊂̃ f−1(S′).

Proof (i)It obvious
(ii)

f−1(S) = { f−1(R) : R ∈ S}⊂̃{ f−1(R) : R ∈ S′}
= f−1(S′)

Definition 18.: Let S and S′ be two syntopogenous soft
fuzzy structures on(U,E) and(V,E) ,respectively, and let
f be a function from(U,E) into (V,E). Then f is said to
be (S,S′) continuous iff f−1(S′) is coarser thanS
(denoted byf−1(S′)⊂̃S) i.e ∀R1 ∈ S′∃R2 ∈ S which is
finer thenf−1(R1) i.e. f−1(R1)⊑̃R2.

Theorem 22. Let (U,S1,E),(V,S2,E),(W,S3,E) be
syntopogenous soft fuzzy spaces. If
( f , IE) : (U,E) → (V,E) is (S1,S2)-continuous and
(g, IE) : (V,E) → (W,E) is (S2,S3)-continuous. Then
(g ◦ f , IE) : (U,E)→ (W,E) is (S1,S3) continuous.

Proof The continuity of f : (U,S1,E) → (V,S2,E) and
g : (V,S2,E)→ (W,S3,E) implies that, for everyR ∈ S3,
there existsR1 ∈ S2 such thatg−1(R)≤̃R1, also there
exists R2 ∈ S1 such that f−1(R1)≤̃R2. Consequently ,
f−1(g−1(R))≤̃R2 i.e. (g ◦ f )−1(R)≤̃R2. This implies that
g ◦ f is continuous.

It is will known that there exists a one to one
correspondence between the collection of all topological
structures on a set and the collection of all perfect
topogenous structures on the same set [9,10]. The
following Theorem shows a similar result in the soft case.

Theorem 23. For any non-empty setU , there exists a
one-to-one and onto correspondence between the
collection of all soft fuzzy topological structures on
(U,E) and the collection of all perfect topogenous soft
fuzzy structures on the same space(U,E) with any set of
parametersE.
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Proof
For every perfect topogenous soft fuzzy structure{R}

on (U,E), consider the collection
τR = {GA : GA ∈ (U,E),GARGA,A⊂E} . so,ΦE ,ŨE ∈ τR.
If {Gα

Aα
: α ∈ Γ }⊂τR, R is perfect then∨̃α∈Γ Gα

Aα
∈ τR.

Also if G1
A1
,G2

A2
∈ τR, R is topogenous then

G1
A1
∧̃G2

A2
∈ τR. i.e.τR is a soft fuzzy topological structure

on (U,E).
Also for every soft fuzzy topological structureτ on (U,E)
consider the following orderRτ on (U,E), defined by

FARτ HB if ∃GC ∈ τ ∋ FA≤̃GC≤̃HB,

∀FA,GB ∈ SFS(U,E)

It is clear that Φ̃,Ũ ∈ τ, implies that Φ̃Rτ Φ̃ and
ŨRτŨ .Also FARτ HB implies thatFA≤̃HB. If Fα

Aα
Rτ Hα

Bα
,α ∈ Γ , then ∃Gα

Cα
∈ τ such thatFα

Aα
≤̃Gα

Cα
≤̃Hα

Bα
, so

∨̃α∈Γ Gα
Cα
∈ τ and,

∨̃α∈Γ Fα
Aα ≤̃∨̃α∈Γ Gα

Cα ≤̃∨̃α∈Γ Hα
Bα

consequently,(∨̃α∈Γ Fα
Aα
)Rτ(∨̃α∈Γ Hα

Bα
), i.e. Rτ is a

perfect order.
Also, if F i

Ai
Rτ H i

Bi
,i=1,2, then

∃G1
C1
,G2

C2
∈ τ ∋ F i

Ai
≤̃Gi

Ci
≤̃H i

Bi
, i = 1,2. This implies that

G1
C1
∨̃G2

C2
∈ τ and(F1

A1
∨̃F2

A2
)Rτ(H1

B1
∨̃H2

B2
). Consequently

Rτ is a perfect topogenous soft fuzzy order on(U,E).
Also it is clear that by the definition ofRτ , we have
Rτ ◦ Rτ is coarser thanRτ , which implies thatRτ is a
perfect topogenous soft fuzzy structure
Now, consider any soft fuzzy topological structureτ on
(U,E) and consider the orderRτ and the topologyτRτ .
For every GA ∈ τRτ , it follows that GARτ GA, which
implies thatGA ∈ τ. Also if R is any perfect topogenous
soft fuzzy order on(U,E), consider τR and RτR . If
FARτR HB for someFA,HB ∈ SFS(U,E), then∃GC ∈ τR
such thatFA≤̃GC≤̃HB, so GCRGC, which implies that
FARHB. Consequently the correspondence in the Theorem
is one to one and onto.

Proposition 24. For any syntopogenous soft fuzzy
structureSon the space(U,E), the collectionSt = {RS} is
a topogenous soft fuzzy structure on(U,E), where
RS = ∪{R : R ∈ S}.

Proof Straightforward.

Corollary 25. Using the last theorem and proposition we
can determine in a canonical correspondence, for any
syntopogenous soft fuzzy structureS on a space(U,E), a
soft fuzzy topological structure denotedτS which isτSt or
indeed it is τRp

S
, where Rp

S is the coarsest perfect
topogenous order finer thanRS.

Proposition 26.If S1,S2 are two syntopogenous soft fuzzy
structures on(U,E) andS1⊂̃S2, thenτS1 ⊂ τS2.

Proof Straightforward.

Theorem 27.Consider two collections of all soft fuzzy
subsets(U,E) and (V,E), and let f be any surjective

function( f , IE) : (U,E)→ (V,E). If S is a syntopogenous
soft fuzzy structure on(V,E), thenτ f−1(S) = f−1(τS).

Proof Let FA ∈ τ f−1(S), so FARpFA, where Rp is the
coarsest perfect topogenous structure finer thanR and
whereR = ( f−1(S))t . Consequentlyf ⋄(FA)R

p
0( f ⋄(Fc

A))
c

for someR0 ∈ S, consequently , there existsGB ∈ τS ,for
which f ⋄(FA)≤̃GB≤̃( f ⋄(Fc

A))
c. This implies

thatFA≤̃
←
f ⋄ ( f ⋄(FA))≤̃

←
f ⋄ (GB))≤̃

←
f ⋄ (( f ⋄(Fc

A))
c)≤̃FA

.So,FA =
←
f ⋄ (GB)) ∈ f−1(τS) , i.eτ f−1(S) = f−1(τS) .

Conversley, let FA ∈ f−1(τs), so
f ⋄(FA) ∈ τS.Consequently, there existsR0 ∈ S , such
thatf ⋄(FA)R

p
0 f ⋄(FA) , since f is surjective , then

f ⋄(FA) = ( f ⋄(Fc
A))

c),sof ⋄(FA)R
p
0( f ⋄(Fc

A))
c)which

implies that FA( f−1Rp
0)FA i.e FA( f−1R0)

pFA

consequently, FA( f−1S)FA ,and this means that ,
FA ∈ τ f−1S.

Theorem 28. Let (U,S1,E),(V,S2,E) be two
syntopogenous soft fuzzy spaces ,f : U→V be a function.
If ( f , IE) is (S1,S2)-continuous, then ( f , IE) is
τS1− τS2continuous.

Proof Let FA ∈ τS2, soFARp
St

2
FA.So(

←
f ⋄ (FA)) f−1(Rp

St
2
)(
←
f ⋄

(FA)). f is (S1,S2) continuous implies thatf−1(Rp
St

2
)⊂S1

t .

Consequently ,(
←
f ⋄ (FA))(R

p
St

1
)(
←
f ⋄ (FA)) which implies that

(
←
f ⋄ (FA)) ∈ τS1.
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