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Abstract: The estimation of the unknown parameters of generalized inverted exponential distribution under adaptive type-I progressive

hybrid censored scheme (AT-I PHCS) with competing risks data will be discussed. The reason why AT-I PHCS has exceeded other

failure censored types; Time censored types enable analysts to accomplish their trials and experiments in a shorter time and with higher

efficiency. In this regards, we obtain the maximum likelihood estimation of the parameters and the asymptotic confidence intervals

for the unknown parameters. Further, Bayes estimates of the parameters which obtained based on squared error and LINEX loss

functions under the assumptions of independent gamma priors of the scale parameters. For Bayesian estimation, we take advantage of

Markov Chain Monte Carlo techniques to derive Bayesian estimators and the credible intervals. Finally, two data sets with Monte Carlo

simulation study and a real data set are analyzed for illustrative purposes.

Keywords: Generalized inverted exponential distribution, Adaptive type-I progressive hybrid censored scheme, Competing risks,
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1 Introduction

In the life-testing and reliability studies, both type-I and type-II censoring schemes are widely used. They can be described
as follows: consider n identical unites are placed in the test, in type-I censoring schemes, the experiment continues up to a
predetermined time T . However, in type-II censoring schemes, the experiment is terminated when a predetermined number
of failures r < n occurs. The combination of type-I and type-II censoring schemes is known as the hybrid censoring scheme
which was first introduced by [1] in the context of life-testing experiments. In type-I hybrid censoring scheme, the life
test experiment is terminated at a random time T ∗ = min(X(r),T ). [2] proposed a new hybrid censoring scheme called

a type-II hybrid censoring scheme in which the experiment would be terminated at the random time T ∗ = max(X(r),T ).
These schemes do not allow to remove the units from the experiment at any time point other than the terminal point. To
deal with this problem, a more general censoring scheme called progressive type-II censoring is used.

The progressive type-II censoring scheme can be conducted as follows: consider n identical units are put in a lifetime
test and r is a predetermined number of units to be failed. At the time of the first failure X(1), R1 units are randomly
removed from the remaining n−1 surviving units. Then at the second failure time X(2), R2 units of the remaining n−2−R1

units are randomly removed. And so on, at the time of the rth failure X(r) all the remaining units are removed, that is,

Rr = n− r−∑r−1
i=1 Ri. The progressively censoring scheme R1,R2, . . . ,Rr are fixed and predetermined prior to the study.

Combining progressive type-II and hybrid type-I censoring schemes, [3] introduced type-I progressive hybrid
censoring scheme. If the rth failure occurs before the time point T , the experiment stops at the time point X(r), suppose
the rth failure does not occur before the time point T and only D failures occur before the time point T , then at the time
point T the experiment terminates and all the remaining units are removed. [4] proposed a type-II progressive hybrid
censoring scheme, the experiment is terminated at random time T ∗ = max(X(r),T ). Adaptive progressive hybrid
censoring scheme, proposed by [5], called AT-I PHCS, which assures the termination of the life testing experiment at a
fixed time T , and results in a higher efficiency in estimations.
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The AT-I PHCS can be described as: suppose n identical units placed under testing with progressive censoring scheme
Ri, i = 1, . . . ,r, 1 ≤ r ≤ n, and the experiment is terminated at a prefixed time T , where T ∈ (0,∞). At the time X(1),
R1 of the remaining units are randomly removed, at the time X(2), R2 of the remaining units are randomly removed and
so on. Let the number of failures that occur before time T be D. If the rth failure X(r) occur before time T , the process
will not stop but continue to observe failures without any further withdrawals until reach time T . Then, all remaining
units R∗

D = n−D−∑D
i=1 Ri are removed at T and the experiment is terminated. The progressive censoring scheme become

R1,R2, . . . ,Rr,Rr+1, . . . ,RD, where Rr =Rr+1 = · · ·=RD = 0. Otherwise, when X(r)> T the process will have a progressive
censoring scheme as R1,R2, . . . ,RD. This censoring ensures terminate the experiment at a predetermined time in any case
of number of failures, and it is useful when the time is the main goal in the experiment. But in an adaptive type-II
progressive hybrid censoring (introduced by [6]), no units will be removed when the experimental time passes time T .

In reliability analysis, the failure of units at the same time may be attributable to more than one cause. These causes
are competing for the failure of the experimental unit. In the statistical literature, this problem is known as the competing
risks model. The causes of failure in the competing risks data analysis can be assumed to be dependent or independent
where the data consists of a failure time and the associated cause of failure. [7] analyzed the competing risks data under
AT-I PHCS with the assumption of exponential distribution. The exponential distribution has a constant failure rate, so it
has serious limitations in modeling lifetime data. In addition, [8] investigated the inference for Weibull distribution under
AT-I PHCS in the presence of competing risks data. [9] investigated E-Bayesian estimation for the Weibull distribution
under AT-I PHCS with competing risks data. [10] investigated estimations of competing lifetime data from inverse Weibull
distribution under adaptive progressively hybrid censored. [11] introduced generalized inverted exponential distribution
(GIED) with two parameter is capable of modeling diverse shapes of failure rates and thus various shapes of aging criteria.

This paper goal is to analyze the competing risk model under AT-I PHCS using GIED. We assume the lifetime under
the competing risks have independent GIED with common shape parameter. We derive the maximum likelihood estimators
(MLEs) and the approximate confidence intervals (ACIs); also, obtained Bayes estimators under squared error (SE) and
linear exponential (LINEX) loss functions and Bayes credible intervals (BCIs) using gamma priors based on Markov
Chain Monte Carlo (MCMC) techniques, Bayes estimates based on squared error loss function under the assumption of
independent gamma priors were produced. In terms of minimum mean square errors, the simulation results show that
Bayes estimates applying the importance sampling technique better than the other estimates. We consider a simulation
study and a real data set and see how the different models work in the practical situation.

The rest of this paper is organized as follows. In Section 2, we introduce the model description and the notation used
throughout this paper. The maximum likelihood estimation of the unknown parameters is established in Section 3. In
Section 4, we discuss Bayes estimators under SE and LINEX loss function using MCMC techniques. In Section 5, an
simulation study is given to study the effectiveness of the proposed estimation of the unknown parameters. In Section 6,
analysis of real data set is presented. Finally the conclusion is given in Section 7.

2 Model description

Consider a life time experiment with n∈ N identical units, where its lifetimes are described by independent and identically
distributed (i.i.d) random variables X1,X2, . . . ,Xn. Without loss of generality, assume that there are only two causes of
failure. We have Xi = min{X1i,X2i} for i = 1, . . . ,n, where Xki,(k = 1,2) denotes the latent failure time of the ith unit
under the kth cause of failure. We assume that the latent failure times X1i and X2i are independent and the pairs (X1i,X2i)
are i.i.d. Assume that the failure times follow the GIED with the same shape parameter (α) and different scale parameters
(λk, k = 1,2). The probability density function and cumulative distribution function of GIED are given by

fk(x;α,λk) =
αλk

x2
e−λk/x(1− e−λk/x)

α−1
, x > 0α,λk > 0, k = 1,2,

Fk(x;α,λk) = 1− (1− e−λk/x)
α
, x > 0, α,λk > 0, k = 1,2,

and the corresponding survival function F̄k and the failure rate function hk are given by

F̄k = (1− e−λk/x)
α

and hk =
αλk

x2(e−λk/x − 1)
, x > 0, α,λk > 0, k = 1,2. (1)

The hazard rate function of GIED can be increasing, or decreasing but not constant depending on the value of the
shape parameter, it has a unimodal and right skewed density function and in many situations, the GIED provides a better
fit than gamma and Weibull. It has many applications in several areas of life testing such as horse racing, supermarket
queues, sea currents and wind speeds and it has a great ability to synthesize different forms of failure rates.
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In the presence of competing risks, the data from an AT-I PHCS is as follows:

(X(1),δ1,R1), . . . ,(X(r−1),δr,Rr−1),(X(r),δr,0), . . . ,(X(D),δD,0),(T,R
∗
D),

where δi is the indicator denoting the cause of failure, D denote the number of failures before time T and R∗
D is the number

of remaining units left at the time point T with Rr = Rr+1 = · · · = RD = 0. Here, δi = k, k = 1,2 means the unit i has
failed due to cause k. Let

I1(δi = 1) =

{

1, δi = 1
0, else

and I2(δi = 2) =

{

1, δi = 2
0, else

then the random variables D1 =
D

∑
i=1

I1(δi = 1) and D2 =
D

∑
i=1

I2(δi = 2) describe the number of failures due to the first and

the second cause of failures, respectively. Both D1 and D2 follow binomial distributions with sample size D.
For a given censoring scheme R1,R2, . . . ,Rr−1,0, . . . ,0,R

∗
D, the likelihood function of the observed data

(X(1),δ1), . . . ,(T,R
∗
D) is given by

L = cD

D

∏
i=1

{

[

f1(x(i))F̄2(x(i))
]I(δi=1)[

f2(x(i))F̄1(x(i))
]I(δi=2)[

F̄1(x(i))F̄2(x(i))
]Ri

}

[F̄1(T )F̄2(T )]
R∗

D ,

where cD =
D

∏
i=1

r− i+ 1−
r

∑
D=1

RD.

Applying the identity fk = hkFk, we can write the likelihood function as follows

L = cD

D

∏
i=1

{

[

h1(x(i))
]I(δi=1)[

h2(x(i))
]I(δi=2)[

F̄1(x(i))F̄2(x(i))
]1+Ri

}

[F̄1(T )F̄2(T )]
R∗

D , (2)

where D = D1 +D2 and D > 0.

3 Maximum likelihood estimation

From (1) and (2), the likelihood function ignoring the normalized constant can be written as follows

L(λ1,λ2,α) ∝αDλ D1
1 λ D2

2

D

∏
i=1

x−2D
(i) e

− 1
x(i)

(D1λ1+D2λ2)
(1− e

−λ1/x(i))
α(1+Ri)−D1

× (1− e−λ2/x(i))
α(1+Ri)−D2

(1− e−λ1/T )
αR∗

D(1− e−λ2/T )
αR∗

D . (3)

The log-likelihood lnL(λ1,λ2,α) corresponding to equation (3), is given by

lnL(λ1,λ2,α) ∝D lnα +D1 lnλ1 +D2 lnλ2 − 2D
D

∑
i=1

lnx(i)− (D1λ1 +D2λ2)
D

∑
i=1

x−1
(i)

+(α(1+Ri)−D1)
D

∑
i=1

ln(1− e−λ1/x(i))+ (α (1+Ri)−D2)
D

∑
i=1

ln(1− e−λ2/x(i))

+αR∗
D ln(1− e−λ1/T )+αR∗

D ln(1− e−λ2/T ). (4)

The first order derivations of equation (4), with respect to λ1, λ2 and α , are given respectively by

∂ lnL(λ1,λ2,α)

∂λ1

=
D1

λ1

−D1

D

∑
i=1

x−1
(i) +(α(1+Ri)−D1)

D

∑
i=1

x−1
(i)

e
−λ1/x(i)

(1− e−λ1/x(i))
+

T−1αR∗
De−λ1/T

(1− e−λ1/T )
,

∂ lnL(λ1,λ2,α)

∂λ2

=
D2

λ2

−D2

D

∑
i=1

x−1
(i) +(α(1+Ri)−D2)

D

∑
i=1

x−1
(i)

e
−λ2/x(i)

(1− e−λ2/x(i))
+

T−1αR∗
De−λ2/T

(1− e−λ2/T )
,
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and

∂ lnL(λ1,λ2,α)

∂α
=

D

α
+(1+Ri)

D

∑
i=1

ln(1− e
−λ1/x(i))+ (1+Ri)

D

∑
i=1

ln(1− e
−λ2/x(i))

+R∗
D ln(1− e−λ1/T )+R∗

D ln(1− e−λ2/T ). (5)

Assuming the shape parameter α is known and equating the first derivatives in equation (5) to zero, one can obtain the
maximum likelihood estimates of the unknown parameters λ1 and λ2. As it seems, the system of non-linear equations has
no closed form solution in λ1 and λ2, so a numerical method technique is required for computing the maximum likelihood
estimates of those parameters.

To construct confidence intervals for the unknown parameters, we need to compute the asymptotic variance-covariance
matrix that is obtained by inverting Fisher information matrix I (λ1,λ2,α), in which elements are negatives of expected
values of the second partial derivatives of lnL(λ1,λ2,α). The elements of the sample information matrix will be

−
∂ 2 lnL(λ1,λ2,α)

∂λ 2
1

=
D1

λ 2
1

− (α(1+Ri)−D1)
D

∑
i=1

x−2
(i) e

−λ1/x(i)(1− e
−λ1/x(i))+ x−2

(i) e
−2λ1/x(i)

(1− e
−λ1/x(i))

2

−
T−2αR∗

De−λ1/T (1− e−λ1/T )+T−2αR∗
De−2λ1/T

(1− e−λ1/T )
2

,

−
∂ 2 lnL(λ1,λ2,α)

∂λ 2
2

=
D2

λ 2
2

− (α(1+Ri)−D2)
D

∑
i=1

x−2
(i)

e
−λ2/x(i)(1− e

−λ2/x(i))+ x−2
(i)

e
−2λ2/x(i)

(1− e−λ2/x(i))
2

−
T−2αR∗

De−λ2/T (1− e−λ2/T )+T−2αR∗
De−2λ2/T

(1− e−λ2/T )
2

,

−
∂ 2 lnL(λ1,λ2,α)

∂α2
=

D

α2
, −

∂ 2 lnL(λ1,λ2,α)

∂λ1∂λ2

= 0,

−
∂ 2 lnL(λ1,λ2,α)

∂λ1∂α
=−(1+Ri)

D

∑
i=1

x−1
(i)

e−λ1/x(i)

(1− e
−λ1/x(i))

−
T−1R∗

De−λ1/T

(1− e−λ1/T )
,

and

−
∂ 2 lnL(λ1,λ2,α)

∂λ2∂α
=−(1+Ri)

D

∑
i=1

x−1
(i)

e
−λ2/x(i)

(1− e
−λ2/x(i))

−
T−1R∗

De−λ2/T

(1− e−λ2/T )
.

Under some regularity conditions, (λ̂1, λ̂2,α) is approximately normal with mean (λ1,λ2,α) and covariance matrix

I−1
0 (λ̂1, λ̂2,α). Practically, we estimate I−1(λ1,λ2,α) by I−1

0 (λ̂1, λ̂2,α), then

I−1
0 (λ̂1, λ̂2,α)∼=











−
∂ 2 lnL(λ1,λ2,α)

∂λ 2
1

−
∂ 2 lnL(λ1,λ2,α)

∂λ1∂λ2
−

∂ 2 lnL(λ1,λ2,α)
∂λ1∂α

− ∂ 2 lnL(λ1,λ2,α)
∂λ1∂λ2

− ∂ 2 lnL(λ1,λ2,α)

∂λ 2
2

− ∂ 2 lnL(λ1,λ2,α)
∂λ2∂α

− ∂ 2 lnL(λ1,λ2,α)
∂λ1∂α − ∂ 2 lnL(λ1,λ2,α)

∂λ2∂α − ∂ 2 lnL(λ1,λ2,α)

∂α2











−1

(λ̂1,λ̂2,α)

Using the independence of the latent failure times X1i,X2i, i = 1, . . . ,n, we can obtain the relative risk rate due to a
particular cause (say, cause 1) as follows

ψ1 = P(X1i ≤ X2i) =

∞
∫

0

f1(x).F̄2(x)dx = αλ1

∞
∫

0

x−2e−λ1/x(1− e−λ1/x)
α−1

(1− e−λ2/x)
α

dx, (6)
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and

ψ2 = P(X2i ≤ X1i) =

∞
∫

0

f2(x).F̄1(x)dx = αλ2

∞
∫

0

x−2e−λ2/x(1− e−λ2/x)
α−1

(1− e−λ1/x)
α

dx. (7)

As the integral in the right side of equations (6) and (7) have no analytical solution, so a numerical technique may
be used for solving these integrals. The MLE of the relative risk rates of ψ1 and ψ2 may be obtained by replacing the
estimates of λ1 and λ2 in equations (6) and (7).

Now, assuming α unknown ACI for λ1, λ2 and α can be obtained as follows

λ̂k ±Zγ/2

√

var(λ̂k), k = 1,2, and α̂ ±Zγ/2

√

var(α̂),

where Zγ/2 is the 100(1− γ/2)% standard normal percentile.

4 Bayesian estimation

In this section, we describe how to obtain the Bayes estimates of the unknown parameters when the shape parameter of
the GIED is known under AT-I PHCS based on competing risks data and also when the shape parameter is unknown.

4.1 Shape parameter α is known

We consider the Bayesian estimation under the assumption that the random variables λk, k = 1,2, have an independent
gamma prior distribution. Assuming that λk ∼ Gamma(ak,bk), k = 1,2, the joint prior density of λ1 and λ2 can be written
as

π(λk) ∝ λ
ak−1
k e−λkbk , ak, bk > 0, k = 1,2. (8)

Combining (3) and (8), the joint posterior density of λ1 and λ2 given the data is

π(λ1,λ2|α,x) ∝
λ D1+a1−1

1 λ D2+a2−1
2

A1A2

∞

∑
g=0

ρg

∞

∑
h=0

ηh

∞

∑
w=0

υw

∞

∑
s=0

εs

e
−λ1(D1/x(i)+b1)−λ2(D2/x(i)+b2)(1− e

−λ1/x(i))
α(1+Ri)−D1

× (1− e−λ2/x(i))
α(1+Ri)−D2

(1− e−λ1/T )
αR∗

D(1− e−λ2/T )
αR∗

D , (9)

where

ρg = (−1)gΓ (α(1+Ri)−D1+1)
g!Γ (α(1+Ri)−D1−g+1)

, ηh =
(−1)hΓ (αR∗

D+1)
h!Γ (αR∗

D−h+1)
, υw = (−1)wΓ (α(1+Ri)−D2+1)

w!Γ (α(1+Ri)−D2−w+1)
, εs =

(−1)sΓ (αR∗
D+1)

s!Γ (αR∗
D−s+1)

,

A1 =
Γ (D1+a1)

((
D1
x(i)

+b1)+
g

x(i)
+ h

T )
(D1+a1)

and A2 =
Γ (D2+a2)

((
D2
x(i)

+b2)+
w

x(i)
+ s

T )
(D2+a2)

The marginal posterior of λ1 and λ2 are given as follows

π1(λ1|α,x) =
1

A1

∞

∑
g=0

ρg

∞

∑
h=0

ηh

λ D1+a1−1
1 e−λ1(D1/x(i)+b1)(1− e−λ1/x(i))

α(1+Ri)−D1
(1− e−λ1/T )

αR∗
D ,

and

π2(λ2|α,x) =
1

A2

∞

∑
w=0

υw

∞

∑
s=0

εs

λ D2+a2−1
2 e

−λ2(D2/x(i)+b2)(1− e
−λ2/x(i))

α(1+Ri)−D2
(1− e−λ2/T )

αR∗
D .

In Bayesian estimation, two types of loss functions are considered. The first is the squared error loss function. The
second, the LINEX loss function. Under squared error loss function, Bayes estimator of λ1 and λ2 is the posterior mean
which obtained as follows

λ̃SE1 =
D1 + a1

(( D1
x(i)

+ b1)+
g

x(i)
+ h

T
)

and λ̃SE2 =
D2 + a2

(( D2
x(i)

+ b2)+
w

x(i)
+ s

T
)
,
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respectively.
For the non-informative priors a1 = a2 = b1 = b2 = 0, the Bayes estimators coincide with the corresponding MLEs.

Because the posterior distributions of λ1 and λ2 are gamma, the credible intervals of λ1 and λ2 can be obtained using

Z1 = 2λ1((
D1

x(i)
+ b1)+

g

x(i)
+

h

T
) and Z2 = 2λ2((

D2

x(i)
+ b2)+

w

x(i)
+

s

T
),

which follows χ2 distributions with (2(D1 + a1)) and (2(D2 + a2)) degrees of freedom, respectively. Therefore, 100(1−
γ)% credible intervals for λ1 and λ2 are





χ2
(2(D1+a1)),1−γ/2

2(( D1
x(i)

+ b1)+
g

x(i)
+ h

T
)
,

χ2
(2(D1+a1)),γ/2

2(( D1
x(i)

+ b1)+
g

x(i)
+ h

T
)



 ,

and





χ2
(2(D2+a2)),1−γ/2

2( D2
x(i)

+ b2)+
w

x(i)
+ s

T

,
χ2
(2(D2+a2)),γ/2

2( D2
x(i)

+ b2)+
w

x(i)
+ s

T



 ,

respectively, where (D1 + a1) > 0 and (D2 + a2) > 0. Note that if (2(D1 + a1)) and (2(D2 + a2)) are not integer values,
then gamma distribution can be used to construct the credible intervals.

The LINEX loss function with parameters d and c is given by

ℓ(θ̃Lin,θ ) = d

{

ec(θ̃Lin,θ)− c(θ̃Lin,θ )− 1
}

, (10)

where d and c are constants. The sign and magnitude of c represent the direction and degree of symmetry, respectively.
From (10) the Bayes estimator θ̃ of θ is given by

θ̃Lin =−
1

c
lnE(e−cθ ), c 6= 0, (11)

for c closed to zero, the LINEX loss is approximately SE loss.
Under LINEX loss function (10), the Bayes estimator of λ1 and λ2 can be obtained as follows

λ̃Lin1 =−
D1 + a1

c
ln





( D1
x(i)

+ b1)+
g

x(i)
+ h

T

( D1
x(i)

+ b1)+ c+ g
x(i)

+ h
T



 ,

and

λ̃Lin2 =−
D2 + a2

c
ln





( D2
x(i)

+ b2)+
w

x(i)
+ s

T

( D2
x(i)

+ b2)+ c+ w
x(i)

+ s
T



 , c 6= 0,

where E(e−cλ1) =

(

(
D1
x(i)

+b1)+
g

x(i)
+ h

T

(
D1
x(i)

+b1)+c+ g
x(i)

+ h
T

)(D1+a1)

and E(e−cλ2) =

(

(
D2
x(i)

+b2)+
w

x(i)
+ s

T

(
D2
x(i)

+b2)+c+ w
x(i)

+ s
T

)(D2+a2)

.

4.2 Shape parameter α is unknown

Bayes estimates of the unknown parameters of the GIED when the shape and scale parameters are unknown under AT-I
PHCS based on competing risks data are obtained. Bayesian estimation under the assumption that the random variables
λ1, λ2 and α , have an independent gamma prior distribution. Assuming that λ1 and λ2 have gamma priors with joint prior
given in (8), and α ∼ Gamma(p,q) where the joint prior density of α can be written as

π(α) ∝ α p−1e−αq, p, q > 0.

c© 2023 NSP

Natural Sciences Publishing Cor.



J. Stat. Appl. Pro. 12, No. 1, 109-133 (2023) / “www.naturalspublishing.com/Journals.asp 115

Hence, the joint prior density of unknown parameters λ1, λ2 and α can be written as

π(λ1,λ2,α) ∝ λ a1−1
1 λ a2−1

2 α p−1e−(λ1b1+λ2b2+αq), ak, bk, p,q > 0. (12)

Combining equation (3) with equation (12) then

L(λ1,λ2,α)×π(λ1,λ2,α) ∝ αD+p−1λ D1+a1−1
1 λ D2+a2−1

2

D

∏
i=1

x−2D
(i) e

−αq−λ1(b1+D1/x(i))−λ2(b2+D2/x(i))

× (1− e
−λ1/x(i))

α(1+Ri)−D1
(1− e

−λ2/x(i))
α(1+Ri)−D2

× (1− e−λ1/T )
αR∗

D(1− e−λ2/T )
αR∗

D ,

The joint posterior density of λ1, λ2 and α , given the data is

π(λ1,λ2,α|x) =
L(λ1,λ2,α)π(λ1,λ2,α)

∞
∫

0

∞
∫

0

∞
∫

0

L(λ1,λ2,α)π(λ1,λ2,α)dλ1dλ2dα

. (13)

Therefore, the Bayes estimates of any function of λ1, λ2 and α , say δ (λ1,λ2,α) is

δ̃ (λ1,λ2,α) = E(λ1,λ2,α|x
−
) =

∞
∫

0

∞
∫

0

∞
∫

0

δ (λ1,λ2,α)L(λ1,λ2,α).π(λ1,λ2,α)dλ1dλ2dα, (14)

Normally, the ratio of three integrals given by Equation (14) cannot be obtained in a closed form. In this case, one may
utilize the MCMC technique to generate samples from the posterior distributions, after that, compute the Bayes estimators
of the individual parameters.

A broad diversity of MCMC schemes is accessible, and any researcher may find difficulty in selecting one of them.
A vital sub-class of MCMC methods is Gibbs sampling and more general Metropolis-Hastings (M-H) introduced by
[12] within Gibbs samplers. The benefit of employing the MCMC method over the maximum likelihood method can be
revealed as one may always attain a sound interval estimate of the parameters by constructing the probability intervals
depending on empirical posterior distribution. The aforementioned may not frequently be feasible in maximum likelihood
estimation. The method of MCMC can be used to generate samples from the posterior density function (13) and in turn
to compute the Bayes estimates of the unknown parameters and compute the corresponding BCIs. To generate samples
from (13), we need the posterior probability density functions of λ1, λ2 and α which can be written as

λ1 |λ2,α,x ∼ Gamma

(

D1 + a1,

(

D1

x(i)
+ b1

)

+
g

x(i)
+

h

T

)

, (15)

λ2 |λ1,α,x ∼ Gamma

(

D2 + a2,

(

D2

x(i)
+ b2

)

+
w

x(i)
+

s

T

)

, (16)

and

α |λ1,λ2,x ∝αD+p−1
D

∏
i=1

x−2D
(i) e−αq(1− e−λ1/x(i)) α(1+Ri)−D1(1− e−λ2/x(i))

α(1+Ri)−D2

× (1− e−λ1/T )
αR∗

D(1− e−λ2/T )
αR∗

D . (17)

It is rather obvious that both Equations (15) and (16) are gamma distributed, consequently, samples of λ1 and λ2 may
be created without difficulty by employing any of the gamma generating procedures. The posterior of α in Equations
(17) is not known. Thus, to derive from this distributions, one may employ the Metropolis-Hastings method with normal
proposal distribution. For more information concerning the application of M-H, readers may refer to [13].

To run the Gibbs within M-H algorithm, we started with the MLEs. We then drew samples from various full
conditionals, in turn, using the most recent values of all other conditioning variables unless some systematic pattern of
convergence was achieved. The algorithm Gibbs sampling can be described as follows:
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Step 1:Initial (λ1,λ2,α) = (λ
(0)
1 ,λ

(0)
2 ,α(0)) and set t = 1.

Step 2:Generate λ
(t)
1 from (15).

Step 3:Generate λ
(t)
2 from (16).

Step 4:Generate α(t) from (17).
Step 5:Set t = t + 1.

Step 6:Repeat steps 2-5, M times, and obtain (λ
(i)
1 ,λ

(i)
2 ,α(i)), i = 1, . . . ,M.

Step 7:Under SE loss function, obtain the Bayes estimates of λ1, λ2 and α as

λ̃SE1 =
M

∑
i=1

λ
(i)
1 /M, λ̃SE2 =

M

∑
i=1

λ
(i)
2 /M and α̃SE =

M

∑
i=1

α(i)/M.

Step 8:To obtain the BCIs of λ1, λ2 and α order λ
(i)
1 , λ

(i)
2 and α(i) as (λ

[1]
1 ,λ

[2]
1 , . . . ,λ

[M]
1 ), (λ

[1]
2 ,λ

[2]
2 , . . . ,λ

[M]
2 ) and

(α [1],α [2], . . . ,α [M]). Then, the 100(1 − 2γ)% symmetric BCIs of λ1, λ2 and α become (λ
[γM]
1 ,λ

[(1−γ)M]
1 ),

(λ
[γM]
2 ,λ

[(1−γ)M]
2 ) and (α [γM],α [(1−γ)M]).

Step 9:Under LINEX loss function, obtain the Bayes estimates of λ1, λ2 and α as

λ̃Lin1 =− 1
c

ln

(

M

∑
i=1

e−cλ
(i)
1 /M

)

, λ̃Lin2 =− 1
c

ln

(

M

∑
i=1

e−cλ
(i)
2 /M

)

and α̃Lin =− 1
c

ln

(

M

∑
i=1

e−cα(i)
/M

)

.

5 Simulation study

To study the effectiveness of the proposed estimators of the unknown parameters α , λ1 and λ2, a large number 1000
of AT-I PHCS samples based on choices of some different values of sample size n = 30 and 50 for each distinct time
T = 1 and 2 are generated from the GIED when the true values of parameters (α,λ1,λ2) are taken as (0.5,0.2,0.3) and
(1.0,0.3,0.5) respectively. The test is terminated when the number of failed subjects achieves or exceeds a certain value
r, where the percentages of failure information (r/n)100% are considered as 40 and 80%. In each setting, the proposed
point and interval estimators are evaluated. Three different censoring schemes are considered as

Scheme-I : R1 = n− r, Ri = 0 for i 6= 1,

Scheme-II :

{

R r
2
= n− r, Ri = 0 for i 6= r

2
if r is even,

R (r+1)
2

= n− r, Ri = 0 for i 6= (r+1)
2

if r is odd,

and

Scheme-III : Rr = n− r, Ri = 0 for i 6= r.

In Bayes paradigm, the choice of the hyper-parameters is the main issue, when an informative prior of the density
parameter is taken into account. If the proper prior information, i.e., ai = bi = 0 for i = 1,2,3 is available, the joint
posterior distribution (9) of α , λ1 and λ2 are proportional to the likelihood function (3). Thus, to see the effects of the
priors on the Bayes estimators and the associated BCIs, two different sets of hyper-parameters for each set of α , λ1

and λ2 are used, namely; prior (1): (a1,a2,a3) = (2.5,1.0,1.5), bi = 5, i = 1,2,3, and prior (2): (a1,a2,a3) = (5,2,3),
bi = 10, i = 1,2,3, when (α,λ1,λ2) = (0.5,0.2,0.3), similarly, prior (1): (a1,a2,a3) = (5,1.5,2.5), bi = 5, i = 1,2,3,
and prior (2): (a1,a2,a3) = (10,3,5), bi = 10, i = 1,2,3, when (α,λ1,λ2) = (1.0,0.3,0.5). It should be noted that, if
one does not have prior information on the unknown parameters of interest, it is better to use the MLEs rather than the
Bayes estimators because the Bayes estimators are computationally more expensive. It is clear that the values of hyper-
parameters of the unknown parameters α , λ1 and λ2 are chosen in such way that the prior meaning become the expected
value of the corresponding parameter, for detail, see [14].

To develop the Bayesian computations, using a hybrid strategy combining Gibbs within M-H proposed in Section 4,
12,000 MCMC samples are generated and discard the first 2,000 values as ’burn-in’. Hence, based on 10,000 MCMC
samples, the average Bayes MCMC estimates and corresponding 95% BCIs are computed using square error and LINEX
(with c = ±2) functions. Using different initial guesses of α , λ1 and λ2, the convergence of the MCMC sequences for
their stationary distributions has been checked. Here, the corresponding MLEs of unknown parameters are used as initial
values to run the MCMC sampler, consequently, one can observe that the Markov chains reached the stationary condition
very quickly.

Comparison between different point estimates that is made based on their estimated root mean squared errors (RMSEs)
and relative absolute biases (RABs) values. Also, the performances of 95% two-sided ACI/BCI estimates are compared
by using their average confidence lengths (ACLs).
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For each test, the average estimates with their RMSEs and RABs of classical and Bayesian estimates of the parametric
function (say ϕ) are calculated using the following formulas, respectively, as

¯̂ϕτ =
1

S

S

∑
j=1

ϕ̂
( j)
τ ,τ = 1,2,3, RMSE (ϕ̂τ) =

√

√

√

√

1

S

S

∑
j=1

(

ϕ̂
( j)
τ −ϕτ

)2

, τ = 1,2,3, RAB(ϕ̂τ ) =
1

S

S

∑
j=1

∣

∣

∣ϕ̂
( j)
τ −ϕτ

∣

∣

∣

ϕτ
, τ = 1,2,3,

and

ACLϕτ (1− γ)% =
1

S

S

∑
j=1

(

U
ϕ̂
( j)
τ
(1− γ)%−L

ϕ̂
( j)
τ
(1− γ)%

)

, τ = 1,2,3,

where ϕ̂
( j)
τ denotes the obtained estimate at the jth sample of the unknown parameter ϕτ , L

ϕ̂
( j)
τ
(·) and U

ϕ̂
( j)
τ
(·) denote

the lower and upper estimated bounds, respectively, of (1− γ)% asymptotic (or credible) interval of ϕτ , S is number of
generated sequence data, ϕ1 = α , ϕ2 = λ1 and ϕ3 = λ2.

The average estimates of α , λ1 and λ2 with their RMSEs and RABs of MLEs and Bayes estimators are calculated
and reported in Tables 1-7. In these Tables, the average estimates with associated RMSEs and RABs for each test are
tabulated in the first, second and third rows, respectively. In addition, the corresponding ACLs of 95% ACIs/BCIs of α ,
λ1 and λ2 are listed in Tables 9 and 10, respectively. All necessary computational algorithms are coded in R statistical
programming language software version 4.0.4 using three useful statistical packages; namely: ’coda’ package which used
for carrying out the computations of MCMC Bayes estimators proposed by [15], ’maxLik’ package which uses Newton-
Raphson method of maximization in the computations, proposed by [16], and ’GoFKernel’ package proposed by [17]
which generate a sequence of random numbers. These packages were recently recommended by [18,19].

From the simulation results shown in Tables 1-7, we can make the following observations. In general, it can be seen
that the classical and Bayes estimates of the unknown parameters α , λ1 and λ2 are good in terms of minimum RMSEs
and RABs. As n (or the failure proportion r/n) increases RMSEs and RABs of all estimates of α , λ1 and λ2 decrease as
expected. So, to get better estimation results, one may tend to increase the effective sample size. Similarly, as T increases,
the corresponding RMSEs and RABs of α , λ1 and λ2 decrease. Also, Bayes MCMC estimates using gamma informative
prior are better as they include prior information than MLEs in terms of RMSEs and RABs. Further, when T increases,
the average number of observed failures, D, are also increases and when the failure percentage r/n is high, the MLEs of
the shape parameter α have performed better than Bayes MCMC estimates in respect of their RMSEs and RABs.

Moreover, when actual value of the parameters α , λ1 and λ2 increases, it can be seen that the corresponding RMSEs
and RABs associated with MLEs and Bayes estimators increase. In addition, for each set of parameter values, Bayes
estimators based on prior 2 is better than prior 1 in terms of minimum RMSEs, RABs and ACLs for all estimates. This is
because the fact that the prior 2 variance is lower than prior 1 variance, and both are more informative than the improper
prior. In most cases, in respect of minimum RMSEs and RABs, the performance of the Bayes estimators relative to LINEX
loss function have perform better than square error loss function, this is due to the use of square error loss function gives
an equal weight to underestimation and overestimation due to its symmetrical nature. Also RMSEs and RABs of LINEX
loss function of α , λ1 and λ2 are overestimates for c < 0 and when c > 0 are underestimates.

Moreover, comparing the censoring scheme (I) and censoring scheme (III), it is clear that the RMSEs and RABs of
the MLEs and Bayes estimators for the unknown parameters α , λ1 and λ2 are greater for the censoring scheme (III)
than censoring scheme (I). This because the expected duration of the experiments for censoring scheme (I), where the
remaining n− r units are withdrawn in first stage, is greater than censoring scheme (III), where the remaining n− r units
are withdrawn from the life-test at the time of observed rth failure. Also, the average number of observed failures D close
the effective sample size n in censoring scheme (III).

From Tables 9-10, regarding interval estimates, the ACLs of ACIs/BCIs of α , λ1 and λ2 tend to decrease as n increases
as expected. For each case, due to gamma prior information about unknown parameters, the BCIs perform better than the
asymptotic intervals. Further, it is clear that the ACLs of BCIs under prior 2 become even better than prior 1 that is due to
the fact that the variance of prior 2 is lower than the variance of prior 1. Furthermore, when the true values of α , λ1 and
λ2 increase, the ACLs for ACIs/BCIs of α and λ2 increase, while the ACLs of λ1 narrow down under asymptotic intervals
than BCIs. It has been also noted that the ACLs of 95% ACIs/BCIs of α , λ1 and λ2 are narrows down for censoring
scheme (I) than other competing schemes. Therefore, it is expected that the data obtained by using censoring scheme (I)
will contain more information about the unknown parameters α , λ1 and λ2 than the data obtained by using censoring
scheme (III). In most cases, when T increases, the ACLs of α increase while that associated with λ1 and λ2 tends to
decrease. This may not be very surprising, because when T increases some additional information is gathered.

Finally, to study the behavior of different estimators of the parameters α , λ1 and λ2, Bayesian (point and interval)
inference using the hybrid strategy combining the Gibbs sampler within M-H algorithm is recommended.
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Table 1: Average estimated values, MSEs and RABs of the MLEs and Bayes estimators based on AT-I PHCS when (n = 30) for

(T = 1,2) and (r = 12,24) for (α,λ1,λ2) = (0.5,0.2,0.3).

T n r Scheme Parameter MLE SE LINEX D

c → -2 +2

Prior → 1 2 1 2 1 2

1 30 12 I α 0.1353 0.1432 0.1747 0.1444 0.1764 0.1421 0.1732 9.5690

0.3720 0.3584 0.3277 0.3556 0.3236 0.3579 0.3268

0.7295 0.7136 0.6506 0.7112 0.6473 0.7158 0.6536

λ1 0.0194 0.1924 0.2049 0.1924 0.2049 0.1924 0.2049

0.1837 0.0086 0.0062 0.0076 0.0049 0.0076 0.0049

0.9031 0.0380 0.0248 0.0379 0.0247 0.0381 0.0245

λ2 0.1559 0.2459 0.3225 0.2462 0.3226 0.2456 0.3225

0.1695 0.0569 0.0236 0.0538 0.0226 0.0544 0.0225

0.4803 0.1804 0.0751 0.1794 0.0753 0.1814 0.0749

II α 0.1445 0.2145 0.2414 0.2170 0.2442 0.2122 0.2389 10.384

0.3627 0.2896 0.2637 0.2830 0.2558 0.2878 0.2611

0.7110 0.5709 0.5173 0.5659 0.5116 0.5756 0.5222

λ1 0.0206 0.2028 0.1996 0.1996 0.2029 0.1996 0.2029

0.1827 0.0048 0.0031 0.0029 0.0004 0.0029 0.0004

0.8969 0.0188 0.0132 0.0144 0.0020 0.0143 0.0021

λ2 0.1648 0.2727 0.3137 0.2732 0.3139 0.2722 0.3134

0.1619 0.0353 0.0206 0.0278 0.0139 0.0278 0.0134

0.4508 0.0920 0.0545 0.0892 0.0463 0.0926 0.0448

III α 0.2026 0.2997 0.3218 0.2997 0.3218 0.2997 0.3218 12.000

0.2990 0.2003 0.1782 0.2003 0.1782 0.2003 0.1782

0.5949 0.4006 0.3563 0.4005 0.3563 0.4006 0.3563

λ1 0.2064 0.2002 0.2007 0.2002 0.2008 0.2002 0.2007

0.0676 0.0049 0.0047 0.0008 0.0002 0.0007 0.0002

0.2419 0.0190 0.0190 0.0038 0.0010 0.0036 0.0008

λ2 0.2367 0.2812 0.3008 0.2813 0.3010 0.2811 0.3007

0.1265 0.0217 0.0123 0.0187 0.0010 0.0189 0.0007

0.3443 0.0626 0.0346 0.0622 0.0032 0.0630 0.0011

24 I α 0.4667 0.3469 0.3568 0.3496 0.3596 0.3442 0.3541 18.767

0.0381 0.1618 0.1525 0.1504 0.1404 0.1558 0.1459

0.0666 0.3068 0.2880 0.3007 0.2808 0.3116 0.2918

λ1 0.0290 0.1952 0.1980 0.1952 0.1980 0.1952 0.1980

0.1772 0.0060 0.0049 0.0048 0.0020 0.0048 0.0020

0.8548 0.0245 0.0192 0.0241 0.0098 0.0242 0.0100

λ2 0.2662 0.2777 0.2827 0.2779 0.2829 0.2775 0.2825

0.0889 0.0267 0.0222 0.0221 0.0171 0.0225 0.0175

0.1126 0.0745 0.0629 0.0737 0.0569 0.0751 0.0582

II α 0.4715 0.4007 0.4013 0.4043 0.4045 0.3973 0.3983 19.556

0.0318 0.1156 0.1133 0.0956 0.0955 0.1026 0.1017

0.0571 0.2078 0.2038 0.1913 0.1910 0.2054 0.2034

λ1 0.0297 0.2045 0.1952 0.1952 0.2045 0.1952 0.2045

0.1769 0.0055 0.0052 0.0048 0.0045 0.0048 0.0045

0.8516 0.0229 0.0240 0.0239 0.0227 0.0239 0.0226

λ2 0.2685 0.2907 0.2922 0.2907 0.2922 0.2906 0.2922

0.0878 0.0100 0.0085 0.0093 0.0078 0.0094 0.0078

0.1051 0.0311 0.0260 0.0311 0.0259 0.0312 0.0259

III α 0.4972 0.5155 0.5314 0.5259 0.5398 0.5062 0.5237 22.092

0.0259 0.1003 0.0948 0.0398 0.0259 0.0237 0.0062

0.0182 0.1545 0.1437 0.0795 0.0518 0.0475 0.0124

λ1 0.0387 0.1954 0.2016 0.1954 0.2016 0.1954 0.2016

0.1764 0.0051 0.0033 0.0046 0.0016 0.0046 0.0016

0.8506 0.0229 0.0131 0.0229 0.0080 0.0230 0.0080

λ2 0.2855 0.2912 0.3065 0.2912 0.3065 0.2912 0.3065

0.0765 0.0001 0.0075 0.0088 0.0065 0.0088 0.0065

0.0696 0.0091 0.0217 0.0294 0.0216 0.0295 0.0215
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Table 2: *

Continue Table 1.

T n r Scheme Parameter MLE SE LINEX D

c → -2 +2

Prior → 1 2 1 2 1 2

2 30 12 I α 0.1633 0.1720 0.1854 0.1742 0.1874 0.1700 0.1834 10.671

0.3449 0.3312 0.3178 0.3258 0.3126 0.3300 0.3166

0.6735 0.6559 0.6293 0.6515 0.6251 0.6600 0.6331

λ1 0.0201 0.1888 0.1956 0.1889 0.1956 0.1888 0.1956

0.1831 0.0120 0.0061 0.0111 0.0043 0.0112 0.0044

0.8997 0.0558 0.0247 0.0557 0.0217 0.0559 0.0219

λ2 0.1582 0.3259 0.2887 0.3260 0.2887 0.3258 0.2886

0.1692 0.0285 0.0133 0.0260 0.0113 0.0258 0.0114

0.4726 0.0868 0.0396 0.0868 0.0376 0.0858 0.0379

II α 0.3512 0.3672 0.3697 0.3752 0.3757 0.3600 0.3642 11.172

0.1649 0.1588 0.1506 0.1247 0.1243 0.1400 0.1358

0.2975 0.2870 0.2728 0.2494 0.2487 0.2799 0.2715

λ1 0.0302 0.2089 0.2047 0.2089 0.2048 0.2088 0.2047

0.1766 0.0122 0.0075 0.0089 0.0048 0.0088 0.0047

0.8488 0.0532 0.0297 0.0447 0.0238 0.0440 0.0235

λ2 0.2083 0.3148 0.2939 0.3148 0.2939 0.3147 0.2938

0.1420 0.0164 0.0079 0.0148 0.0061 0.0147 0.0062

0.3056 0.0493 0.0217 0.0495 0.0203 0.0492 0.0205

III α 0.4509 0.4890 0.4876 0.4948 0.4922 0.4832 0.4830 12.000

0.0572 0.0768 0.0691 0.0078 0.0052 0.0170 0.0168

0.0983 0.1246 0.1114 0.0155 0.0104 0.0340 0.0335

λ1 0.0324 0.1906 0.2065 0.1907 0.2066 0.1906 0.2065

0.1757 0.0119 0.0091 0.0093 0.0066 0.0094 0.0065

0.8483 0.0469 0.0364 0.0467 0.0328 0.0472 0.0324

λ2 0.2384 0.2904 0.2927 0.2904 0.2927 0.2904 0.2927

0.1246 0.0107 0.0079 0.0096 0.0073 0.0096 0.0073

0.2054 0.0323 0.0244 0.0319 0.0243 0.0321 0.0244

24 I α 0.4748 0.3845 0.4102 0.3884 0.4145 0.3807 0.4062 21.321

0.0274 0.1312 0.1105 0.1116 0.0855 0.1193 0.0938

0.0504 0.2386 0.1953 0.2231 0.1709 0.2386 0.1876

λ1 0.0297 0.1860 0.2051 0.1861 0.2051 0.1859 0.2051

0.1764 0.0181 0.0054 0.0139 0.0051 0.0141 0.0051

0.8513 0.0710 0.0253 0.0693 0.0254 0.0706 0.0253

λ2 0.2710 0.2855 0.2908 0.2856 0.2909 0.2855 0.2908

0.0837 0.0157 0.0114 0.0144 0.0091 0.0145 0.0092

0.0967 0.0482 0.0325 0.0480 0.0305 0.0483 0.0308

II α 0.4771 0.4467 0.4533 0.4523 0.4580 0.4415 0.4489 21.667

0.0247 0.0907 0.0819 0.0477 0.0420 0.0585 0.0511

0.0459 0.1526 0.1374 0.0954 0.0840 0.1170 0.1022

λ1 0.0300 0.1887 0.1926 0.1887 0.1926 0.1887 0.1926

0.1761 0.0124 0.0076 0.0113 0.0074 0.0113 0.0074

0.8498 0.0565 0.0370 0.0563 0.0370 0.0565 0.0370

λ2 0.2737 0.3086 0.2981 0.3086 0.2981 0.3086 0.2981

0.0807 0.0096 0.0045 0.0086 0.0019 0.0086 0.0019

0.0877 0.0298 0.0117 0.0287 0.0370 0.0286 0.0065

III α 0.4948 0.4633 0.5059 0.4694 0.5127 0.4576 0.4992 23.841

0.0150 0.0850 0.0823 0.0306 0.0127 0.0424 0.0008

0.0137 0.1402 0.1281 0.0613 0.0253 0.0848 0.0017

λ1 0.0367 0.1942 0.1918 0.1943 0.1919 0.1942 0.1918

0.1731 0.0088 0.0087 0.0081 0.0057 0.0082 0.0058

0.8167 0.0408 0.0350 0.0407 0.0286 0.0409 0.0290

λ2 0.2839 0.2941 0.2973 0.2941 0.2973 0.2941 0.2973

0.0774 0.0064 0.0043 0.0059 0.0027 0.0059 0.0027

0.0638 0.0196 0.0098 0.0195 0.0090 0.0196 0.0091

c© 2023 NSP

Natural Sciences Publishing Cor.



120 S. A. Salem et al.: Analysis of Adaptive Type-I Progressive Hybrid...

Table 3: Average estimated values, MSEs and RABs of the MLEs and Bayes estimators based on AT-I PHCS for when (n = 50) for

(T = 1,2) and (r = 20,40) for (α,λ1,λ2) = (0.5,0.2,0.3).

T n r Scheme Parameter MLE SE LINEX D

c → -2 +2

Prior → 1 2 1 2 1 2

1 50 20 I α 0.1450 0.1730 0.1812 0.1758 0.1837 0.1704 0.1787 15.808

0.3617 0.3311 0.3227 0.3242 0.3163 0.3296 0.3213

0.7099 0.6539 0.6377 0.6484 0.6326 0.6592 0.6426

λ1 0.0146 0.2055 0.1911 0.2055 0.1911 0.2054 0.1911

0.1872 0.0105 0.0093 0.0089 0.0055 0.0089 0.0054

0.9272 0.0420 0.0445 0.0444 0.0277 0.0445 0.0269

λ2 0.1667 0.2759 0.2880 0.2760 0.2880 0.2758 0.2879

0.1550 0.0259 0.0131 0.0240 0.0120 0.0242 0.0121

0.4443 0.0804 0.0401 0.0801 0.0400 0.0807 0.0402

II α 0.1522 0.2477 0.2749 0.2527 0.2811 0.2430 0.2692 17.307

0.3545 0.2617 0.2380 0.2473 0.2189 0.2570 0.2308

0.6956 0.5061 0.4524 0.4946 0.4378 0.5139 0.4617

λ1 0.0156 0.1950 0.1977 0.1950 0.1977 0.1950 0.1977

0.1863 0.0076 0.0038 0.0050 0.0023 0.0050 0.0023

0.9222 0.0324 0.0150 0.0249 0.0113 0.0252 0.0114

λ2 0.1729 0.2891 0.3062 0.2892 0.3062 0.2891 0.3062

0.1494 0.0119 0.0072 0.0108 0.0062 0.0109 0.0062

0.4238 0.0362 0.0210 0.0361 0.0208 0.0363 0.0207

III α 0.1962 0.3224 0.3432 0.3298 0.3505 0.3155 0.3364 20.000

0.3045 0.1966 0.1778 0.1702 0.1495 0.1845 0.1636

0.6077 0.3624 0.3229 0.3404 0.2989 0.3689 0.3271

λ1 0.0312 0.1937 0.2015 0.1937 0.2015 0.1937 0.2015

0.1751 0.0066 0.0034 0.0063 0.0015 0.0063 0.0015

0.8637 0.0313 0.0151 0.0313 0.0074 0.0313 0.0073

λ2 0.2143 0.2955 0.2944 0.2956 0.2944 0.2594 0.2944

0.1033 0.0111 0.0065 0.0056 0.0044 0.0046 0.0015

0.3111 0.0325 0.0187 0.0186 0.0147 0.0153 0.0187

40 I α 0.4744 0.4142 0.4270 0.4230 0.4354 0.4061 0.4191 31.313

0.0280 0.1256 0.1159 0.0770 0.0646 0.0939 0.0809

0.0511 0.2140 0.1969 0.1540 0.1293 0.1878 0.1617

λ1 0.0256 0.1915 0.1966 0.1915 0.1966 0.1914 0.1966

0.1776 0.0105 0.0050 0.0085 0.0034 0.0085 0.0034

0.8720 0.0425 0.0195 0.0424 0.0170 0.0427 0.0172

λ2 0.2837 0.2875 0.2940 0.2875 0.2940 0.2874 0.2940

0.0598 0.0140 0.0064 0.0125 0.0060 0.0126 0.0060

0.0544 0.0417 0.0200 0.0416 0.0199 0.0418 0.0200

II α 0.4776 0.4787 0.4858 0.4885 0.4949 0.4696 0.4770 32.738

0.0240 0.0994 0.0956 0.0115 0.0051 0.0304 0.0230

0.0447 0.1613 0.1552 0.0230 0.0103 0.0608 0.0460

λ1 0.0258 0.1960 0.1990 0.1961 0.1990 0.1960 0.1989

0.1772 0.0062 0.0024 0.0039 0.0010 0.0040 0.0010

0.8711 0.0233 0.0084 0.0197 0.0051 0.0199 0.0501

λ2 0.2851 0.2908 0.3022 0.2907 0.3022 0.2907 0.3022

0.0578 0.0111 0.0040 0.0093 0.0022 0.0093 0.0022

0.0496 0.0310 0.0109 0.0308 0.0074 0.0311 0.0073

III α 0.4989 0.5336 0.5416 0.5638 0.5640 0.5107 0.5233 37.064

0.0223 0.1650 0.1479 0.0640 0.0638 0.0233 0.0107

0.0115 0.2349 0.2165 0.1281 0.1277 0.0465 0.0214

λ1 0.1956 0.1954 0.2023 0.1954 0.2023 0.1954 0.2023

0.0476 0.0053 0.0025 0.0046 0.0023 0.0046 0.0023

0.1817 0.0232 0.0115 0.0231 0.0105 0.0232 0.0115

λ2 0.2963 0.2939 0.3028 0.2939 0.3028 0.2939 0.3028

0.0401 0.0074 0.0030 0.0061 0.0028 0.0061 0.0028

0.0205 0.0206 0.0093 0.0202 0.0093 0.0203 0.0093
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Table 4: *

Continue Table 2.

T n r Scheme Parameter MLE SE LINEX D

c → -2 +2

Prior → 1 2 1 2 1 2

2 50 20 I α 0.1771 0.1921 0.1997 0.1953 0.2028 0.1891 0.1967 17.737

0.3302 0.3129 0.3053 0.3047 0.2972 0.3109 0.3033

0.6458 0.6158 0.6007 0.6094 0.5945 0.6219 0.6066

λ1 0.0142 0.2084 0.2070 0.2085 0.2070 0.2084 0.2070

0.1875 0.0095 0.0075 0.0085 0.0070 0.0084 0.0070

0.9292 0.0441 0.0351 0.0423 0.0352 0.0421 0.0351

λ2 0.1699 0.3088 0.2922 0.3088 0.2923 0.3087 0.2922

0.1530 0.0111 0.0088 0.0088 0.0077 0.0087 0.0078

0.4337 0.0335 0.0259 0.0294 0.0258 0.0291 0.0259

II α 0.3760 0.4990 0.5028 0.5199 0.5211 0.4809 0.4870 18.677

0.1370 0.1388 0.1300 0.0211 0.0199 0.0190 0.0130

0.2479 0.2156 0.2002 0.0422 0.0397 0.0381 0.0259

λ1 0.0243 0.1939 0.2010 0.1939 0.2010 0.1939 0.2009

0.1801 0.0075 0.0029 0.0061 0.0010 0.0061 0.0010

0.8783 0.0309 0.0124 0.0306 0.0050 0.0307 0.0049

λ2 0.2307 0.3044 0.2997 0.3044 0.2997 0.3044 0.2997

0.1167 0.0052 0.0020 0.0044 0.0003 0.0044 0.0003

0.2309 0.0147 0.0053 0.0147 0.0009 0.0147 0.0009

III α 0.4676 0.4856 0.4949 0.5083 0.5007 0.4719 0.4823 20.000

0.0358 0.1205 0.1140 0.0083 0.0007 0.0281 0.0177

0.0648 0.1909 0.1834 0.0165 0.0014 0.0561 0.0354

λ1 0.0282 0.1937 0.1996 0.1937 0.1996 0.1937 0.1996

0.1774 0.0068 0.0019 0.0063 0.0004 0.0063 0.0004

0.8589 0.0315 0.0076 0.0315 0.0020 0.0316 0.0020

λ2 0.2681 0.2974 0.2979 0.2974 0.2979 0.2973 0.2979

0.0877 0.0043 0.0024 0.0026 0.0021 0.0027 0.0021

0.1064 0.0117 0.0069 0.0088 0.0069 0.0088 0.0069

40 I α 0.4797 0.4597 0.4636 0.4699 0.4731 0.4502 0.4548 35.514

0.0215 0.1072 0.1024 0.0301 0.0269 0.0498 0.0452

0.0407 0.1739 0.1661 0.0602 0.0538 0.0997 0.0905

λ1 0.0251 0.1943 0.1950 0.1943 0.1951 0.1943 0.1950

0.1772 0.0062 0.0069 0.0057 0.0049 0.0057 0.0050

0.8747 0.0286 0.0278 0.0284 0.0246 0.0285 0.0249

λ2 0.2885 0.2935 0.2959 0.2935 0.2959 0.2934 0.2959

0.0501 0.0074 0.0046 0.0065 0.0041 0.0066 0.0041

0.0382 0.0219 0.0137 0.0218 0.0136 0.0218 0.0137

II α 0.4811 0.4745 0.4905 0.4861 0.4999 0.4643 0.4816 36.179

0.0200 0.1072 0.0961 0.0139 0.0001 0.0357 0.0184

0.0379 0.1708 0.1554 0.0278 0.0002 0.0715 0.0369

λ1 0.0250 0.1956 0.1978 0.1956 0.1978 0.1955 0.1978

0.1771 0.0047 0.0026 0.0044 0.0022 0.0045 0.0022

0.8749 0.1708 0.0116 0.0222 0.0108 0.0223 0.0108

λ2 0.2901 0.2943 0.2985 0.2943 0.2985 0.2943 0.2985

0.0463 0.0059 0.0016 0.0057 0.0015 0.0057 0.0015

0.0332 0.0191 0.0050 0.0191 0.0050 0.0191 0.0050

III α 0.4963 0.4746 0.4790 0.4852 0.4889 0.4648 0.4698 39.945

0.0068 0.1040 0.1001 0.0148 0.0110 0.0352 0.0302

0.0082 0.1685 0.1623 0.0296 0.0221 0.0704 0.0604

λ1 0.0283 0.1966 0.1985 0.1966 0.1985 0.1966 0.1985

0.1746 0.0042 0.0018 0.0034 0.0015 0.0034 0.0015

0.8600 0.0171 0.0079 0.0171 0.0074 0.0172 0.0074

λ2 0.2932 0.2961 0.2982 0.2961 0.2982 0.2961 0.2982

0.0433 0.0045 0.0019 0.0039 0.0018 0.0039 0.0018

0.0227 0.0130 0.0059 0.0130 0.0059 0.0130 0.0059
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Table 5: Average estimated values, MSEs and RABs of the MLEs and Bayes estimators based on AT-I PHCS for when (n = 30) for

(T = 1,2) and (r = 12,24) for (α,λ1,λ2) = (1.0,0.3,0.5).

T n r Scheme Parameter MLE SE LINEX D

c → -2 +2

Prior → 1 2 1 2 1 2

1 30 12 I α 0.1528 0.3379 0.3992 0.3617 0.4227 0.3196 0.3798 10.797

0.8517 0.6775 0.6182 0.6383 0.5774 0.6804 0.6201

0.8472 0.6624 0.6009 0.6382 0.5773 0.6804 0.6202

λ1 0.0150 0.5022 0.4895 0.5046 0.4949 0.4997 0.4842

0.2861 0.2082 0.2031 0.2046 0.1949 0.1997 0.1842

0.9499 0.6740 0.6316 0.6819 0.6496 0.6656 0.6140

λ2 0.2934 0.6631 0.6882 0.6749 0.6892 0.6529 0.6872

0.2304 0.1940 0.1908 0.1892 0.1749 0.1872 0.1529

0.4133 0.3262 0.3764 0.3784 0.3498 0.3745 0.3057

II α 0.1618 0.4696 0.5014 0.5275 0.5345 0.4332 0.4748 11.259

0.8425 0.5704 0.5274 0.4725 0.4655 0.5667 0.5252

0.8382 0.5402 0.5012 0.4725 0.4654 0.5668 0.5252

λ1 0.0156 0.4743 0.4626 0.4765 0.4637 0.4722 0.4615

0.2854 0.1804 0.1660 0.1765 0.1637 0.1721 0.1615

0.9479 0.5811 0.5421 0.5883 0.5458 0.5739 0.5383

λ2 0.3157 0.6548 0.6369 0.6579 0.6382 0.6515 0.6356

0.2110 0.1647 0.1415 0.1578 0.1381 0.1515 0.1356

0.3686 0.3095 0.2739 0.3157 0.2764 0.3030 0.2713

III α 0.5348 0.4823 0.6272 0.5062 0.6526 0.4621 0.6043 12.000

0.5153 0.5383 0.4038 0.4938 0.3474 0.5379 0.3957

0.4652 0.5185 0.3755 0.4938 0.3474 0.5378 0.3957

λ1 0.0164 0.4486 0.4325 0.4506 0.4335 0.4466 0.4315

0.2853 0.1553 0.1362 0.1506 0.1335 0.1465 0.1315

0.9453 0.4955 0.4417 0.5021 0.4450 0.4886 0.4384

λ2 0.3735 0.3849 0.5865 0.3883 0.5923 0.3816 0.5801

0.1766 0.1287 0.1165 0.1117 0.0923 0.1184 0.0801

0.2529 0.2302 0.2115 0.2234 0.1846 0.2367 0.1603

24 I α 0.9250 0.8822 0.9454 0.9474 0.9999 0.8325 0.9002 21.508

0.0885 0.2637 0.2281 0.0526 0.0001 0.1675 0.0997

0.0750 0.2147 0.1832 0.0526 0.0001 0.1675 0.0998

λ1 0.0314 0.2454 0.2702 0.2459 0.2707 0.2449 0.2697

0.2711 0.0589 0.0374 0.0541 0.0293 0.0551 0.0303

0.8954 0.1821 0.0992 0.1804 0.0975 0.1837 0.1009

λ2 0.4750 0.4636 0.4823 0.4639 0.4824 0.4633 0.4821

0.2706 0.0401 0.0209 0.0361 0.0176 0.0367 0.0179

0.8944 0.0728 0.0374 0.0723 0.0352 0.0734 0.0357

II α 0.9309 0.9769 1.0187 1.0498 1.0817 0.9180 0.9674 22.032

0.0835 0.2564 0.2384 0.0816 0.0497 0.0819 0.0326

0.0691 0.2074 0.1867 0.0817 0.0498 0.0820 0.0326

λ1 0.0317 0.2584 0.2720 0.2591 0.2726 0.2576 0.2715

0.2706 0.0498 0.0364 0.0409 0.0274 0.0424 0.0285

0.8944 0.1391 0.0953 0.1363 0.0914 0.1412 0.0950

λ2 0.4734 0.4667 0.4800 0.4669 0.4805 0.4665 0.4795

0.0893 0.0362 0.0297 0.0331 0.0195 0.0335 0.0205

0.0532 0.0666 0.0483 0.0661 0.0391 0.0669 0.0410

III α 0.9599 0.9455 0.9738 1.0062 1.0171 0.8957 0.9363 23.592

0.0447 0.2399 0.2019 0.0170 0.0061 0.1042 0.0637

0.0400 0.1925 0.1617 0.0171 0.0062 0.1043 0.0637

λ1 0.0355 0.2627 0.2665 0.2635 0.2667 0.2620 0.2664

0.2680 0.0462 0.0358 0.0365 0.0333 0.0380 0.0336

0.8832 0.1262 0.1115 0.1218 0.1110 0.1268 0.1120

λ2 0.4831 0.4720 0.4813 0.4723 0.4814 0.4718 0.4812

0.0797 0.0325 0.0205 0.0277 0.0186 0.0282 0.0188

0.0337 0.0571 0.0374 0.0553 0.0373 0.0564 0.0375
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Table 6: *

Continue Table 3.

T n r Scheme Parameter MLE SE LINEX D

c → -2 +2

Prior → 1 2 1 2 1 2

2 30 12 I α 0.1876 0.3474 0.3763 0.3728 0.3942 0.3270 0.3614 11.640

0.8176 0.6697 0.6366 0.6271 0.6058 0.6730 0.6385

0.8124 0.6528 0.6239 0.6272 0.6058 0.6730 0.6386

λ1 0.0138 0.1975 0.1985 0.2013 0.2020 0.1935 0.1952

0.2872 0.1201 0.1171 0.0987 0.0980 0.1065 0.1048

0.9539 0.3416 0.3484 0.3290 0.3268 0.3551 0.3495

λ2 0.2962 0.5922 0.4009 0.6038 0.4058 0.5815 0.3961

0.2282 0.1403 0.1211 0.1038 0.0942 0.1039 0.0815

0.4077 0.2094 0.2034 0.2077 0.1885 0.2078 0.1630

II α 0.4235 0.4582 0.4989 0.5024 0.5308 0.4273 0.4740 11.798

0.6021 0.5742 0.5382 0.4975 0.4692 0.5727 0.5260

0.5765 0.5479 0.5038 0.4976 0.4692 0.5727 0.5260

λ1 0.0184 0.2164 0.2288 0.2203 0.2307 0.2127 0.2269

0.2836 0.1039 0.0834 0.0797 0.0693 0.0873 0.0731

0.9386 0.3063 0.2401 0.2657 0.2310 0.2910 0.2436

λ2 0.3497 0.5520 0.4000 0.5623 0.4021 0.5417 0.3978

0.1962 0.1142 0.1102 0.0979 0.0623 0.1022 0.0417

0.3006 0.1949 0.2004 0.1958 0.1246 0.2043 0.0834

III α 0.5623 0.5029 0.6895 0.5257 0.7312 0.4826 0.6558 12.000

0.4789 0.5183 0.3657 0.4742 0.2687 0.5174 0.3441

0.4377 0.4975 0.3309 0.4743 0.2688 0.5174 0.3442

λ1 0.0206 0.3489 0.2643 0.3543 0.2664 0.3434 0.2623

0.2818 0.0888 0.0575 0.0543 0.0336 0.0434 0.0377

0.9314 0.2477 0.1696 0.1811 0.1121 0.1446 0.1257

λ2 0.3691 0.5826 0.4416 0.5873 0.4453 0.5777 0.4377

0.1852 0.1078 0.0849 0.0873 0.0547 0.0777 0.0623

0.2618 0.1870 0.1322 0.1746 0.1039 0.1554 0.1245

24 I α 0.9306 0.9004 0.9335 0.9667 0.9849 0.8482 0.8901 23.250

0.0786 0.2615 0.2271 0.0333 0.0151 0.1518 0.1099

0.0694 0.2165 0.1854 0.0333 0.0151 0.1518 0.1099

λ1 0.0291 0.2554 0.5668 0.2563 0.2671 0.2546 0.2664

0.2728 0.0532 0.0379 0.0437 0.0329 0.0454 0.0336

0.9028 0.1485 0.1108 0.1457 0.1097 0.1514 0.1119

λ2 0.4750 0.4751 0.4921 0.4752 0.4924 0.4750 0.4919

0.0853 0.0267 0.0176 0.0248 0.0076 0.0250 0.0081

0.0499 0.0503 0.0259 0.0497 0.0152 0.0500 0.0162

II α 0.9796 1.0106 1.0126 1.0877 1.0649 0.9521 0.9676 23.367

0.0217 0.2577 0.2204 0.0876 0.0649 0.0478 0.0323

0.0204 0.1984 0.1725 0.0877 0.0649 0.0479 0.0324

λ1 0.0361 0.2635 0.2651 0.2639 0.2652 0.2631 0.2651

0.2661 0.0414 0.0358 0.0361 0.0348 0.0369 0.0349

0.8795 0.1221 0.1162 0.1203 0.1160 0.1229 0.1164

λ2 0.4929 0.4781 0.4999 0.4782 0.5000 0.4780 0.4998

0.0519 0.0247 0.0102 0.0218 0.0001 0.0220 0.0002

0.0143 0.0438 0.0174 0.0435 0.0001 0.0441 0.0004

III α 0.9865 1.0607 1.0877 1.1421 1.1249 1.0410 1.0078 23.996

0.0141 0.2483 0.2411 0.1421 0.1249 0.0409 0.0078

0.0135 0.1912 0.1853 0.1421 0.1249 0.0410 0.0078

λ1 0.0364 0.2660 0.2716 0.2662 0.2718 0.2658 0.2715

0.2652 0.0364 0.0310 0.0338 0.0282 0.0342 0.0285

0.8787 0.1133 0.0945 0.1127 0.0940 0.1138 0.0950

λ2 0.4977 0.4794 0.4980 0.4794 0.4981 0.4794 0.4978

0.0294 0.0214 0.0108 0.0206 0.0019 0.0206 0.0022

0.0046 0.0412 0.0176 0.0412 0.0039 0.0413 0.0043
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Table 7: Average estimated values, MSEs and RABs of the MLEs and Bayes estimators based on AT-I PHCS for when (n = 50) for

(T = 1,2) and (r = 20,40) for (α,λ1,λ2) = (1.0,0.3,0.5).

T n r Scheme Parameter MLE SE LINEX D

c → -2 +2

Prior → 1 2 1 2 1 2

1 50 20 I α 0.4141 0.4562 0.5219 0.4732 0.5411 0.4408 0.5050 17.966

0.6072 0.5585 0.4965 0.5267 0.4589 0.5591 0.4950

0.5859 0.5438 0.4784 0.5268 0.4589 0.5592 0.4949

λ1 0.0143 0.2715 0.2749 0.2721 0.2756 0.2708 0.2742

0.2865 0.0385 0.0366 0.0279 0.0244 0.0292 0.0258

0.9525 0.0987 0.0970 0.0929 0.0813 0.0973 0.0860

λ2 0.3474 0.4652 0.4787 0.4653 0.4788 0.4652 0.4786

0.1838 0.0357 0.0234 0.0347 0.0212 0.0348 0.0214

0.3052 0.0695 0.0426 0.0694 0.0424 0.0697 0.0428

II α 0.4177 0.6811 0.7574 0.7172 0.7970 0.6511 0.7236 18.708

0.6052 0.3667 0.3089 0.2828 0.2030 0.3489 0.2764

0.5823 0.3321 0.2707 0.2827 0.2029 0.3489 0.2764

λ1 0.0158 0.2986 0.3045 0.2989 0.3047 0.2982 0.3044

0.2850 0.0187 0.0135 0.0011 0.0047 0.0018 0.0043

0.9472 0.0582 0.0373 0.0036 0.0156 0.0059 0.0145

λ2 0.3599 0.4795 0.5128 0.4795 0.5129 0.4795 0.5127

0.1756 0.0212 0.0156 0.0205 0.0128 0.0205 0.0127

0.2802 0.0410 0.0259 0.0410 0.0258 0.0411 0.0255

III α 0.4403 0.7467 0.8019 0.7836 0.8356 0.7147 0.7720 20.000

0.5794 0.3137 0.2664 0.2164 0.1644 0.2853 0.2280

0.5597 0.2746 0.2282 0.2164 0.1644 0.2853 0.2280

λ1 0.0156 0.2906 0.2970 0.2907 0.2971 0.2906 0.2969

0.2849 0.0113 0.0098 0.0093 0.0029 0.0094 0.0031

0.9480 0.0313 0.0261 0.0311 0.0097 0.0313 0.0103

λ2 0.3749 0.4912 0.5027 0.4916 0.5030 0.4909 0.5024

0.1464 0.0205 0.0176 0.0084 0.0030 0.0091 0.0024

0.2501 0.0320 0.0302 0.0167 0.0060 0.0181 0.0048

40 I α 0.9468 0.6862 0.7101 0.7059 0.7297 0.6682 0.6921 35.935

0.0580 0.3425 0.3207 0.2940 0.2702 0.3318 0.3079

0.0532 0.3163 0.2942 0.2941 0.2703 0.3318 0.3079

λ1 0.0354 0.2749 0.2777 0.2750 0.2778 0.2748 0.2775

0.2658 0.0269 0.0252 0.0250 0.0222 0.0252 0.0225

0.8819 0.0837 0.0744 0.0834 0.0740 0.0840 0.0749

λ2 0.4923 0.4745 0.4789 0.4748 0.4789 0.4743 0.4789

0.0362 0.0299 0.0219 0.0252 0.0211 0.0257 0.0211

0.0155 0.0510 0.0422 0.0505 0.0421 0.0515 0.0423

II α 0.9507 0.7675 0.8211 0.7910 0.8475 0.7462 0.7974 36.609

0.0529 0.2765 0.2387 0.2089 0.1524 0.2538 0.2025

0.0493 0.2447 0.2065 0.2090 0.1525 0.2538 0.2026

λ1 0.0366 0.2797 0.2880 0.2797 0.2881 0.2796 0.2879

0.2646 0.0214 0.0154 0.0203 0.0119 0.0204 0.0121

0.8781 0.0677 0.0413 0.0676 0.0398 0.0679 0.0404

λ2 0.4946 0.4832 0.4901 0.4832 0.4902 0.4831 0.4900

0.0243 0.0180 0.0127 0.0168 0.0098 0.0169 0.0100

0.0109 0.0337 0.0198 0.0336 0.0197 0.0337 0.0199

III α 0.9854 0.8884 0.9060 0.9223 0.9375 0.8580 0.8781 39.968

0.0253 0.2110 0.1962 0.0776 0.0624 0.1420 0.1218

0.0168 0.1750 0.1648 0.0777 0.0625 0.1420 0.1219

λ1 0.0423 0.2900 0.2910 0.2900 0.2910 0.2900 0.2910

0.2600 0.0111 0.0105 0.0100 0.0090 0.0100 0.0090

0.8613 0.0334 0.0301 0.0333 0.0299 0.0335 0.0301

λ2 0.4993 0.4902 0.5101 0.4903 0.5101 0.4900 0.5101

0.0064 0.0162 0.0113 0.0097 0.0101 0.0100 0.101

0.0013 0.0220 0.0202 0.0194 0.0203 0.0200 0.0202
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Table 8: *

Continue Table 4.

T n r Scheme Parameter MLE SE LINEX D

c → -2 +2

Prior → 1 2 1 2 1 2

2 50 20 I α 0.4885 0.5783 0.6501 0.6132 0.6847 0.5519 0.6219 19.438

0.5311 0.4557 0.3915 0.3867 0.3153 0.4481 0.3781

0.5115 0.4292 0.3584 0.3868 0.3153 0.4481 0.3781

λ1 0.0144 0.2702 0.2851 0.2704 0.2853 0.2700 0.2848

0.2862 0.0333 0.0220 0.0296 0.0147 0.0300 0.0152

0.9519 0.0994 0.0584 0.0986 0.0489 0.1001 0.0507

λ2 0.3614 0.4711 0.5110 0.4714 0.5111 0.4708 0.5109

0.1717 0.0331 0.0150 0.0286 0.0111 0.0292 0.0109

0.2773 0.0597 0.0245 0.0572 0.0223 0.0583 0.0219

II α 0.7401 0.9635 0.9756 1.0545 1.0476 0.8951 0.9162 19.641

0.2910 0.2820 0.2560 0.0544 0.0475 0.1049 0.0837

0.2599 0.2245 0.2055 0.0545 0.0476 0.1048 0.0838

λ1 0.0213 0.2872 0.2896 0.2873 0.2897 0.2871 0.2895

0.2805 0.0156 0.0141 0.0127 0.0103 0.0128 0.0105

0.9290 0.0430 0.0398 0.0423 0.0342 0.0428 0.0349

λ2 0.4249 0.4878 0.4889 0.4878 0.4889 0.4878 0.4889

0.1352 0.0132 0.0116 0.0122 0.0111 0.0122 0.0111

0.1501 0.0244 0.0222 0.0244 0.0222 0.0245 0.0223

III α 0.7889 0.9717 0.9919 1.0279 1.0374 0.9230 0.9507 20.000

0.2497 0.2295 0.2081 0.0278 0.0373 0.0769 0.0492

0.2111 0.1829 0.1651 0.0279 0.0374 0.0770 0.0493

λ1 0.0209 0.2882 0.2933 0.2882 0.2933 0.2882 0.2933

0.2805 0.0123 0.0077 0.0118 0.0067 0.0118 0.0067

0.9304 0.0394 0.0224 0.0394 0.0222 0.0394 0.0223

λ2 0.4389 0.4898 0.4910 0.4898 0.4910 0.4898 0.4909

0.1186 0.0112 0.0097 0.0102 0.0090 0.0102 0.0091

0.1223 0.0205 0.0181 0.0204 0.0180 0.0205 0.0181

40 I α 0.9561 0.9522 0.9791 0.9943 1.0162 0.9159 0.9464 38.800

0.0468 0.2030 0.1876 0.0056 0.0161 0.0840 0.0535

0.0439 0.1626 0.1492 0.0057 0.0162 0.0841 0.0536

λ1 0.0399 0.2823 0.2865 0.2823 0.2865 0.2723 0.2865

0.2618 0.0181 0.0145 0.0177 0.0135 0.0177 0.0135

0.8671 0.0590 0.0450 0.0590 0.0449 0.0591 0.0451

λ2 0.4947 0.4777 0.5126 0.4778 0.5126 0.4777 0.5125

0.0315 0.0229 0.0129 0.0222 0.0126 0.0223 0.0125

0.0106 0.0445 0.0251 0.0444 0.0251 0.0446 0.0251

II α 0.9837 1.0658 1.0670 1.1217 1.1095 1.0179 1.0292 38.945

0.0168 0.2364 0.2108 0.1216 0.1094 0.0178 0.0291

0.0163 0.1823 0.1628 0.1217 0.1095 0.0179 0.0292

λ1 0.0406 0.2903 0.2899 0.2903 0.2900 0.2902 0.2899

0.2610 0.0123 0.0121 0.0100 0.0097 0.0101 0.0098

0.8645 0.0324 0.0336 0.0334 0.0322 0.0337 0.0326

λ2 0.4987 0.4905 0.5051 0.4906 0.5051 0.4905 0.5050

0.0206 0.0105 0.0075 0.0094 0.0051 0.0095 0.0050

0.0026 0.0189 0.0129 0.0189 0.0102 0.0190 0.0101

III α 0.9905 1.0954 1.0151 1.1451 1.0548 1.0515 0.9793 40.000

0.0097 0.2361 0.1946 0.1450 0.0548 0.0514 0.0206

0.0095 0.1828 0.1559 0.1451 0.0548 0.0515 0.0207

λ1 0.0438 0.2907 0.2968 0.2907 0.2969 0.2907 0.2969

0.2577 0.0101 0.0038 0.0093 0.0031 0.0093 0.0031

0.8539 0.0311 0.0105 0.0310 0.0104 0.0311 0.0104

λ2 0.4998 0.4925 0.5026 0.4925 0.5026 0.4925 0.5026

0.0007 0.0083 0.0030 0.0075 0.0025 0.0075 0.0026

0.0003 0.0150 0.0051 0.0149 0.0051 0.0150 0.0051
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Table 9: The ACLs for 95% ACIs/BCIs of α , λ1 and λ2 based on AT- I PHCS under various censoring schemes when (α,λ1,λ2) =
(0.5,0.2,0.3).

T n r Scheme α λ1 λ2

ACI BCI ACI BCI ACI BCI

Prior → 1 2 1 2 1 2

1 30 12 I 0.2274 0.0132 0.0095 0.0156 0.0141 0.0105 0.1116 0.0385 0.0252

II 0.2376 0.1480 0.1243 0.0154 0.0142 0.0137 0.1185 0.0608 0.0362

III 0.2442 0.1841 0.1825 0.2138 0.0197 0.0163 0.2405 0.0694 0.0446

24 I 0.4909 0.1990 0.1966 0.0157 0.0099 0.0077 0.1262 0.0109 0.0080

II 0.4989 0.2263 0.2104 0.0160 0.0118 0.0081 0.1274 0.0137 0.0130

III 0.5445 0.3707 0.3370 0.0393 0.0151 0.0125 0.2562 0.0425 0.0419

50 20 I 0.1824 0.1928 0.1885 0.0071 0.0104 0.0081 0.0706 0.0164 0.0126

II 0.1873 0.2746 0.2563 0.0079 0.0202 0.0107 0.0805 0.0300 0.0180

III 0.1955 0.3191 0.3121 0.1560 0.0294 0.0108 0.1692 0.0328 0.0109

40 I 0.2425 0.3570 0.3456 0.0058 0.0079 0.0041 0.1035 0.0133 0.0043

II 0.2448 0.3714 0.3598 0.0062 0.0142 0.0072 0.1051 0.0203 0.0081

III 0.4610 0.6024 0.5389 0.0241 0.0187 0.0135 0.2047 0.0202 0.0117

2 30 12 I 0.2605 0.1618 0.1608 0.0149 0.0157 0.0147 0.1099 0.0185 0.0110

II 0.5255 0.3262 0.2716 0.0234 0.0284 0.0218 0.1565 0.0207 0.0184

III 0.8660 0.2881 0.2597 0.0398 0.0285 0.0243 0.2106 0.0428 0.0271

24 I 0.4690 0.2472 0.2340 0.0147 0.0177 0.0065 0.1160 0.0109 0.0087

II 0.4804 0.2798 0.2411 0.0155 0.0346 0.0065 0.1203 0.0179 0.0144

III 0.5713 0.3333 0.2896 0.0317 0.0216 0.0102 0.2432 0.0205 0.0193

50 20 I 0.2037 0.2080 0.2061 0.0060 0.0092 0.0073 0.0707 0.0092 0.0076

II 0.2718 0.5221 0.4850 0.0087 0.0138 0.0080 0.1060 0.0103 0.0043

III 0.4581 0.4426 0.4344 0.0146 0.0188 0.0085 0.1409 0.0226 0.0161

40 I 0.2273 0.3747 0.3582 0.0046 0.0048 0.0039 0.0966 0.0046 0.0025

II 0.2304 0.3829 0.3586 0.0049 0.0074 0.0046 0.0986 0.0067 0.0026

III 0.5281 0.3778 0.3714 0.0986 0.0145 0.0105 0.1986 0.0129 0.0076
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Table 10: The ACLs for 95% ACIs/BCIs of α , λ1 and λ2 based on AT- I PHCS under various censoring schemes when (α,λ1,λ2) =
(1.0,0.3,0.5).

T n r Scheme α λ1 λ2

ACI BCI ACI BCI ACI BCI

Prior → 1 2 1 2 1 2

1 30 12 I 0.2485 0.5267 0.5131 0.0072 0.1597 0.1189 0.1662 0.1976 0.1196

II 0.2665 0.7230 0.6133 0.0076 0.1746 0.1190 0.1870 0.2627 0.1943

III 0.6608 0.5862 0.5442 0.0099 0.2124 0.1884 0.2522 0.3680 0.1260

24 I 0.5063 0.8863 0.7370 0.0075 0.0724 0.0417 0.2359 0.0557 0.0275

II 0.5138 0.8942 0.8245 0.0077 0.0806 0.0653 0.2402 0.0588 0.0409

III 0.5705 0.9170 0.8522 0.0107 0.0813 0.0702 0.2504 0.0699 0.0519

50 20 I 0.3708 0.5125 0.4815 0.0047 0.0389 0.0235 0.1414 0.0321 0.0211

II 0.3816 0.6903 0.6756 0.0057 0.0537 0.0397 0.1649 0.0368 0.0313

III 0.4519 0.7224 0.6746 0.0072 0.0757 0.0679 0.1696 0.0581 0.0534

40 I 0.2902 0.5314 0.5300 0.0025 0.0191 0.0152 0.1595 0.0282 0.0209

II 0.2956 0.5967 0.5546 0.0028 0.0325 0.0264 0.1641 0.0409 0.0144

III 0.4403 0.6907 0.6502 0.0085 0.0356 0.0337 0.1929 0.0512 0.0223

2 30 12 I 0.3111 0.5333 0.4590 0.0077 0.2161 0.2106 0.1650 0.2510 0.2118

II 0.5883 0.6895 0.6056 0.0132 0.2235 0.1545 0.2539 0.2890 0.1722

III 0.7094 0.7442 0.5622 0.0162 0.2604 0.1826 0.2881 0.3658 0.2327

24 I 0.4226 0.9072 0.8256 0.0038 0.0463 0.0274 0.1875 0.0356 0.0196

II 0.8740 0.9696 0.8542 0.0172 0.0655 0.0393 0.2739 0.0372 0.0366

III 1.3819 0.9288 0.8363 0.0330 0.0827 0.0606 0.2647 0.0506 0.0379

50 20 I 0.3833 0.6484 0.6410 0.0025 0.0133 0.0114 0.1396 0.0150 0.0138

II 0.4369 0.9792 0.9465 0.0077 0.0322 0.0318 0.2141 0.0194 0.0137

III 0.4637 0.8501 0.8082 0.0157 0.0584 0.0526 0.2108 0.0587 0.0348

40 I 0.2800 0.7366 0.7286 0.0040 0.0122 0.0075 0.1537 0.0109 0.0051

II 0.4448 0.8567 0.7647 0.0051 0.0167 0.0127 0.1967 0.0189 0.0147

III 0.6697 0.8095 0.7223 0.0045 0.0241 0.0217 0.2079 0.0232 0.0113

6 Real-life data analysis

To show how the proposed methodology can be applied in real phenomenon, we shall analyze one real data set which
was originally reported in [20] and later by [21]. The data set contains 58 electrodes (segments cut from bars) and was
put on a high-stress voltage endurance life-test. The failures were attributed to one of two (causes) modes, the first cause
called Mode E; is the insulation defect due to a processing problem which tends to occur early in life and the second
cause called Mode D; on the other hand, is the degradation of the organic material which typically occurs at a later stage.
However, the total number of observed failures due to causes Mode E and D are 18 and 27, respectively. Also, there are
13 unfilled electrodes were still running, we have denoted the missing cause by (+). The results of the insulation voltage
endurance test are shown in Table 11. In this study, from the given dataset, we considered only those observations which
were completely observed and left those observations which were still running.

Table 11: Voltage endurance life-test results (in hours) of 58 electrodes.

Mode Hours

E 2, 3, 5, 8, 21, 28, 31, 64, 69, 76, 104, 119, 144, 160, 221, 236, 282, 303

D 168, 191, 203, 211, 226, 261, 264, 278, 284, 286, 298, 314, 317, 318,

320, 327, 328, 328, 348, 350, 360, 369, 377, 387, 392, 412, 446

+ 13, 31, 52, 53, 67, 78, 113, 135, 157, 179, 241, 257, 348

Firstly, to investigate whether the competing risks generalized inverted exponential model can provide a reasonable
fit for the given data set, Kolmogorov-Smirnov (K-S) goodness-of-fit test statistics is used. The values of MLEs of the
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Fig. 1: Plots of the empirical and fitted survival functions under voltage endurance data.

unknown parameters α , λ1 and λ2 with their standard errors, the K-S distance between empirical and fitted distribution
functions along with the corresponding p-value for each cause of failure are calculated and reported in Table 12.

Table 12: The MLEs and fitting K-S of GIED under voltage endurance data.

Data Parameter MLE(standard error) K-S

Statistic p-value

Mode E (Cause 1) α 0.4827(0.1314) 0.2620 0.1405

λ 7.6773(2.6871)

Mode D (Cause 2) α 47.095(4.1940) 0.1459 0.6132

λ 1258.6(5.9322)

From Table 12, since the p-values in both causes are quite higher than the significance level 0.05, we cannot reject
the null hypothesis that the data is coming from GIED. For further clarification, both the empirical and the estimated
survival functions for each cause of failure are plotted in Figure 1. It shows that the fitted survival functions are quite close
to the corresponding empirical survival functions for both time of failure due to causes 1 and 2. Hence, the given data
set can be analyzed using this distribution. From data set given in Table 11, using two different choices of T with fixed
r = 13, Ri = 2, i = 1,2, . . . ,12 and R13 = 8, some adaptive Type-I progressive hybrid censored samples are generated and
provided in Table 13.

Table 13: Different AT-I PHCS samples generated from voltage endurance data.

Sample T (D) Failure time (Cause) D1 D2 R∗
D

A 100(10) 2(1), 3(1), 8(1), 21(1), 28(1), 31(1), 64(1), 76(1), 104(1), 168(2) 9 1 15

B 200(16) 2(1), 3(1), 8(1), 21(1), 28(1), 31(1), 64(1), 76(1), 104(1), 168(2), 10 6 5

191(2), 211(2), 221(1), 284(2), 320(2), 387(2)

Before calculating the proposed estimates, one of the major problems in the case of MLEs is that it is not often possible
to prove the existence and uniqueness of the MLEs. To overcome this problem, we propose to provide the contour plot of
the log-likelihood function with respect to the two-parameter GIED using the generated samples from voltage endurance
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Fig. 2: Contour plot of log-likelihood function of α and λ from voltage endurance data.
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Fig. 3: The profile log-likelihood function of α from voltage endurance data.

dataset as displayed in Figure 2. The maximum of the log-likelihood function is denoted by point x in the innermost
contour.

For more illustration, to solve the starting point problem of running iterations, in Figure 3, we plot the profile log-
likelihood function of α . It is clear that the profile log-likelihood is unimodal and the corresponding MLE of α due
to samples A and B are close to 0.606 and 0.438, respectively. It also indicates that the MLE α̂ of α is unique and

supports our findings using contour plot. The coordinates of x-point provide the MLEs of α and λ which become (α̂, λ̂ )≃

(0.606,6.258) and (α̂ , λ̂ )≃ (0.438,7.478) for samples A and B, respectively. Further, it shows that the MLEs existed and
are also unique. So, we suggest taking these estimates as initial values to start the computational iteration.

Based on both samples A and B, the MLEs (with their standard errors) and 95% two-sided ACIs (with their ACLs)
of the parameters α , λ1 and λ2 have been calculated. Also, Bayes estimates of α , λ1 and λ2 relative to square error
and LINEX loss functions (with c = (−5,−0.05,+5)) are developed. Because we have no prior information about the
unknown parameters α , λ1 and λ2, we assume the non-informative priors (all hyper-parameters equal 0). However, due to
calculation reasons, we take 0.0001 for all hyper-parameters.

Using the MCMC algorithm proposed in Section 4, we generate 20,000 MCMC samples and then first 5000 iterations
have been discarded as a burn-in. The initial values of the unknown parameters α , λ1 and λ2 for running the MCMC
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sampler algorithm were taken to be their MLEs. However, the MLEs and Bayes estimators (with their standard errors)
based on both samples A and B are calculated and reported in Table 14.

In addition, using the invariance property of the MLEs of α , λ1 and λ2, the relative risk rate due to causes 1 and 2
from sample A becomes 0.730 and 0.270, respectively. Similarly, the relative risk rate due to causes 1 and 2 from sample
B becomes 0.681 and 0.319, respectively. Moreover, two-sided 95% ACIs/BCIs (with their ACLs) of the parameters α ,
λ1 and λ2 are calculated and listed in Table 15.

Tables 14-15 showed that the point estimates obtained by maximum likelihood and Bayesian methods of the unknown
parameters α , λ1 and λ2 are quite close to each other. However, the point estimates will not be sufficient to judge which
method provides better estimates because we do not know the actual values of unknown parameters. Regarding interval
estimates, the results of Table 15 indicate that the Bayesian credible intervals are slightly shorter than the other confidence
intervals in respect of their interval lengths. Furthermore, the classical and Bayes estimates obtained based on the observed
sample B perform better than those obtained based on the observed sample A in terms of their standard errors. This result
due to the pre-specified time T plays an important role in estimation problems of any function of the unknown parameters.

Table 14: The MLEs and Bayes estimators with their standard errors (in parenthesis) Based on AT-I PHCS under voltage endurance

data.

Sample Parameter MLE SE LINEX

c → -5 -0.05 +5

A α 0.9916 0.0117 0.0117 0.0117 0.0116

(0.2592) (3.04×10−5) (8.00×10−3) (8.00×10−3) (8.00×10−3)

λ1 0.0366 0.0363 0.0363 0.0363 0.0363

(0.0114) (4.10×10−6) (2.58×10−6) (2.58×10−6) (2.59×10−6)

λ2 0.0995 0.0998 0.0998 0.0998 0.0997

(0.0352) (6.43×10−6) (2.39×10−6) (2.38×10−6) (2.37×10−6)

B α 2.3948 0.0181 0.0182 0.0181 0.0180

(0.0102) (3.72×10−5) (1.94×10−2) (1.94×10−2) (1.94×10−2)

λ1 0.0017 0.0016 0.0016 0.0016 0.0016

(0.0002) (6.66×10−7) (6.35×10−7) (6.35×10−7) (6.35×10−7)

λ2 0.0027 0.0028 0.0028 0.0028 0.0028

(0.0004) (8.17×10−7) (7.74×10−7) (7.74×10−7) (7.73×10−7)

Table 15: The 95% ACIs/BCIs with their ACLs Based on AT-I PHCS under voltage endurance data.

Sample Parameter ACI BCI

Lower Upper Length Lower Upper Length

A α 0.4836 1.4996 1.0160 0.0050 0.0191 0.0141

λ1 0.0142 0.0589 0.0447 0.0353 0.0372 0.0019

λ2 0.0304 0.1685 0.1380 0.0982 0.1012 0.0030

B α 2.3748 2.4148 0.0400 0.0095 0.0271 0.0176

λ1 0.0012 0.0021 0.0009 0.0014 0.0017 0.0003

λ2 0.0019 0.0034 0.0015 0.0026 0.0030 0.0004
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Table 16: Vital MCMC characteristics for some posterior characteristics of α , λ1 and λ2.

Sample Parameter Mean Median Mode SD Sk.

A α 0.01169 0.01129 0.00207 3.73×10−3 0.65901

λ1 0.03628 0.03628 0.03505 4.89×10−4 0.02377

λ2 0.09979 0.09981 0.10010 7.87×10−4 -0.01116

B α 0.01812 0.01769 0.00514 4.56×10−3 0.51969

λ1 0.00162 0.00162 0.00152 8.16×10−5 0.00351

λ2 0.00280 0.00279 0.00295 1.00×10−4 0.10673

Moreover, for each generated sample, some important characteristics such as: mean, median, mode, standard deviation
(SD) and skewness (Sk.) for MCMC posterior distributions of α , λ1 and λ2 after bun-in; are computed and provided in
Table 16. To show the MCMC convergence, using both generated samples, trace plots of the posterior distributions of α ,
λ1 and λ2 are plotted in Figure 4. It displays 15,000 outputs for the unknown parameters α , λ1 and λ2 with their sample
mean (represented by soled lines (—)) and 95% two bounds BCIs (represented by dashed lines (- - -)). Further, it indicates
that the MCMC sampling procedure has converged well. It also shows that the burn-in sample has an appropriate size to
erase the effect of the initial values.

Further, using the Gaussian kernel, the marginal posterior density estimates of α , λ1 and λ2 with their histograms and
sample means (vertical dashed lines (:)), based on MCMC samples of size 15,000 are represented in Figure 5. It is evident
from the estimates that the generated posteriors of λ1 and λ2 for both generated samples A and B are fairly symmetric
while the generated posteriors of α are positive quite skewed. Thus, the results of the proposed methods under voltage
endurance dataset give a good explanation to our model.
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Fig. 4: MCMC trace plots of α , λ1 and λ2 from voltage endurance data.
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Fig. 5: Histogram and kernel density estimates of α , λ1 and λ2 from voltage endurance data.

7 Conclusions

This paper has proposed several statistical inference methods to estimate the parameters and reliability of GIED when
the adaptive Type-I progressive censoring scheme with independent competing risks, including maximum likelihood and
Bayesian estimation and also the fixed number of causes of failure is unknown. We have derived MLEs and Bayesian
estimation based on SE and LINEX loss functions for the unknown parameters of GIED. Then, using a simulation study,
the efficiency of the MLEs and Bayes estimators of the parameters are compared to each other and a real data has also
been presented to illustrate all the inferential results established here. In general, from the simulation it can be seen that
the classical and Bayes estimates of the unknown parameters are good in terms of minimum RMSEs and RABs. Also,
Bayes MCMC estimates using gamma informative prior are better as they include prior information than MLEs in terms
of RMSEs and RABs. Finally, a numerical example is provided to illustrate the inference methods described in the paper.
An assumption is made in this paper that the competing risks are statistically independent. The case, however, where the
competing risks are dependent, is very common in practice and related statistical inference with dependent competing
risks model is possible future work.
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