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Abstract. We establish the local input-to-state stability of multi-valued evolutionary
systems with bounded disturbances with respect to the global attractor of the respective
undisturbed system. We apply obtained results to disturbed reaction-diffusion equation.
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1. Introduction

Evolutionary systems without uniqueness play an important role in the general
infinite-dimensional systems theory because of the large number of applications:
3D Navier-Stokes system and other PDEs, where there is no results about unique-
ness of the initial-value problem in the natural phase spase: multidimensional
reaction-diffusion systems, nonlinear PDEs with non-smooth nonlinear term, and
evolutionary equations with set-valued right-hand part, where it is known that
for some initial data more than one solution exist [1-3]. For dissipative infinite-
dimensional systems one of the main tools for investigation their qualitative be-
havior is the global attractors theory [3-5|. The first results on transferring the
theory of attractors to evolutionary systems without uniqueness belong to an
outstanding Ukrainian mathematician Valery Melnik [6-9]. Later, the theory of
global attractors of multi-valued systems was applied to a wide classes of infinite-
dimensional problems without uniqueness, including impulsive [10-12|, stochas-
tic [13], and general non-autonomous problems [14-16].

One of the important properties of the global attractor is its stability. It is
known [4], [9] that under rather general assumption global attractor is stable in
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Lyapunov sense. But from the application point of view it is important to prove
robust stability, i.e., stability with respect to disturbances so called Input-to-State
Stability (ISS) [17-20]. For single-valued evolutionary systems with non-trivial
global attractors ISS theory was developed in [21-23|. In the present paper we
generalize these results to general multi-valued case.

2. Setting of the problem

We consider an abstract evolutionary (autonomous) system, which is char-
acterized by a normed phase space (X, | -||) and a family of maps (solutions)
K C C([0,400); X) such that the following conditions hold:

(K1) Vo € X Jp € K such that ¢(0) = z;

(K2) o-(-):i=9(-+7) € K,VT >0, Vp € K.

Than the multi-valued map G : Ry x X - 2%

G(t,z) ={pot) p € K, ¢(0) =z} (2.1)
is called m-semiflow.

Definition 2.1. A compact set © C X is called a global attractor of m-semiflow
G if

(1) © C G(t,0), Vt>0 (semi invariance),

(©2) for all bounded B C X

|G(t,B)|le — 0, t — oo (uniform attraction),

where here and after G(¢t,B) = |J G(¢,b) and for Y C X
beB

IY |le := dist (Y, ©) = sup inf ||y — 0|
yeyﬁeG

It is known [9] that in the most cases global attractor, if it exists, is stable,
ie.,

Ve >0 36 >0Vt >0 G(t,05(0)) C 0:(0), (2.2)

where here and after
O5;(Y) ={z € X| dist (z,Y) <}, forY C X.

In addition to «e-0» language, stability property (2.2) can be described in
terms of comparison functions [24]. We introduce the following classes:

K :={vy:]0,400) — [0,+00) | v is continuous, strictly increasing, v(0) = 0},

Koo := {7y € K|~ is unbounded},

L = {y : [0,400) — [0,400) |7 is continuous, strictly decreasing, y(t) —
0, t — oo},

KL :={p5:]0,+00) x [0,4+00) + [0,+00) | § is continuous, B(-,t) € K, Vt >
0, B(s,:) € L, Vs > 0}.
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Under rather general assumptions we will show that for the m-semiflow G
with global attractor © 48 € KL Ve € X, Vi >0

1G(E,2)lle < B(llzlle;t). (2:3)

This property helps us to prove the main result about ISS property of disturbed
system. More precisely, we assume that the initial evolutionary system undergoes
non-autonomous bounded disturbances u € U, where

(U) U c L>*(Ry), 0 € U, U is translation-invariant, i.e.,

up(-) =u(-+h)e U, Vh>0, Vu(-)eU.

Denote by {S, : RZ x X ~ 2%}y, where R2 = {(t,s)| t > s > 0},
the family of m-semiprocesses (see (3.1) below) generated by solutions of the
disturbed evolutionary system (the case u = 0 corresponds to the undisturbed
system).

Under some additional assumptions we will prove that {Sy}ucp is local ISS
w.r.t. the global attractor ©® of the undisturbed system, i.e., Ir > 0, 36 €
KL, 3y € K such that

lzlle <7, flulloo <7 = VE=0 [|Su(t,0,7)lle < B(lzlle,t) +v(llull), (24)

where ||u||loo = esssup |u(t)].
t>

3. M-semiflows and m-semiprocesses

So, let us consider the family of solutions K of undisturbed system under
assumptions (K1), (K2). Then the map G : Ry x X + 2% defined by (2.1),
satisfies semigroup proreties:

(G) G(0,z) =z, G(t+s,z) CG(t,G(s,x)), YV € X, Vt, s > 0.

Moreover,

o(t+s) € G(t,p(s)), Vo€ K, Vt,s>0.

Additionally, if we assume that
(K3) V1, ¢2 € K such that ¢2(0) = ¢1(s) the function

(1), 0<t<s,
w(t) = {Zg;(t—s),t > s

belongs to K, then G is strict, i.e.,
G(t+s,x)=G(t,G(s,x)).

The last equality allows us to state existence of invariant global attractor.
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Lemma 3.1. [25] Assume that (K1)—(K3) hold and

(G1) exists bounded By C X such that for all bounded B C X 3T = T(B) Vt >
T G(t,B) C By (dissipativity),

(G2) Vt,, A oo, for all bounded B C X, V&, € G(tn, B) the sequence {&,} is
precompact (asymptotic compactness),

(G3) Vt > 0, Vx,, — xo, Y&, € G(t,zp), & — & we have: & € G(t,xg)
(closed graph).

Then m-semiflow G possesses invariant global attractor O, i.e.,

0 = G(t,0) ¥t > 0.

Moreover, if

(G4) Vt, — to > 0, Vx, = x0, V& € G(tn,xy) up to sequence &, — & €
G(to, xo)

holds, then © is stable in the sense of (2.2).

Now assume that our evolutionary system undergoes disturbances v € U,
where the set U satisfies (U). Denote by K C C([r, +00); X) the family of maps
satisfying the following properties:

Sl)Vze X, Vr >0, VueU Jpe K] : ¢(1) ==,

(S2) <,0|[5’+Oo) e K} Voe K, Vs>,

(S3) (- +h) € K )y, Vo € KI*th Wh > 0.

Let us put

Sult, T x) :=A{et)] ¢ € K, o(1) =z} (3.1)

Then [26] {S,}uev generates the family of m-semiprocesses, i.e., Vu € U, Vt >
s>7>0,Vee X, Vh>0

Su(t,T,2) =z,
Su(t,T,x2) C Syu(t,s, Su(s,T,x)),
Su(t+h, 7+ h,x) CSyqn)(t,7,7).

It is easy to verify that {S, }ueu satisfies cocycle property:
Su(t+h,0,2) C Su(t+ h,h,Su(h,0,2)) C Sy.1n)(t,0,Su(h,0,2)),

and Vo € K
p(t) € Sult, s, o(s)).
In particular, Vo € KS, Vt,h >0

p(t+h) € Su(t+ h,h,p(h)) C Sy (t,0,0(h)). (3-2)
(S4) Moreover, if Vs > 7, Vi) € K, Yo € K with ¥(s) = ¢(s) the function

_ [ (), p € lrs],
@<p)_{<p(p)7pzs
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belongs to K7, then inclusion S, (¢, 7,x) C Syu(t, s, Su(s, T, z)) takes place.

(S5) If Vh > 0, Vo € K,y we have that ¢(- — h) € KI*" then inclusion
Su(t+h, 7+ h,x) C Syqn)(t, 7,7) takes place.

So, under condltlons (U), (S1)—(S5) for the semiprocess family {S,}ucy we
have that {Sy }uer is strict, i.e.,

Su(t, T, 2) = Sy(t, s, Su(s,7,x)),
Su(t +h, 7+ h, 1‘) = Su(~+h)(t7 T, .’IJ),
Sult 4 h,0,2) = Suany (8.0, Su(h,0, ).

In particular, in the undisturbed case (u = 0)
So(t + h,0,x) = Sy(t,0,S0(h,0,z)),

so Sy is a strict m-semiflow.
In the next section we investigate stability property of {Sy }yer with respect
to the global attractor © of m-semiflow G of the undisturbed system, i.e.,

G(t,x) := So(t,0,x).
4. Stability of global attractors

Lemma 4.1. Assume that G : Ry x X — 2% is a strict m-semiflow, which has
an invariant stable global attractor ©. Also, assume that

for all bounded B C X the set U G(t, B) is bounded. (4.1)

>0
Then 30 € KL Vx € X, Vt >0
1G(t,z)]le < B([z]le,t). (4.2)
Proof. First let us show that dJa € K, such that
Ve e X, Vt >0 ||G(t,z)|le < allz]e). (4.3)

Using (2.2), let us denote

5(5) L O, g = 0,
" | supd, (g,0) satisfies (2.2).

Then 6(g) > 0, € > 0, §(0) = 0, 4 is increasing, but not necessary continuous.
So, we put for k € (0,1)

s)ds, € € [0,1],

s)ds,e > 1.

o

™=
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Then ¢ € K and Ve > 0 £(e) < ké(e) < d(g). Let us prove that & € K. It is
sufficient to show that d(¢) — oo as € — oo, i.e.,

VR >0 3r Ve >r 6(c) > R.
Suppose the contrary:
JRo >0 Vr Je >7r: () < Ry. (4.4)
Due to assumption (4.1) Irg Ve > ro
YVt >0 G(t,0Rr,+1(0)) C O:(0),

so, 0(g) > Ry + 1, which contradicts (4.4). Now let us put

Then Vz € X we put in (2.2) ¢ = a(||z]|e). Therefore, ||z|o < é(¢) and V¢t > 0
IG(E,2)lle <e=a(|zlle)
According to (©2) Vr >0, Vo € X : ||z]le <7 and Vn > 0
AT =T(n,r)>0Vt>T ||G(t,z)|le <n. (4.5)
We introduce functions

T(n,r) =infT(n,r), (n,r) satisfies (4.5),

r [ _ r
WT(T/) = - T(s,r)ds + R

nJn

U, =W,

U(r,5) = min{a(r), inf U(s)}.

After that we can repeat without any changes arguments from [24, p. 665] and
obtain (4.2) with

r

r+1
B(r,s):/r YO A+

Statement of this lemma allows us to prove the main result of the paper.

Theorem 4.1. Assume that m-semiflow Sy is generated by family of maps K
satisfying (K1), (K2), So is strict, has compact values, and possesses invariant
stable global attractor ©.
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Additionally, exists locally bounded function ¢ : Ry — Ry such that Vr >
0, Vi >0

|1 <7, Jlzoll < v = dist(So(t,0,21), So(t,0,22)) < e“M|z1 — 2o (4.6)

Assume that {Sy}ucy is the family of m-semiprocesses satisfying (U), (S1)-
(S3), where u € U is disturbances of the initial system Sy.
Assume that o € K, exists continuous function d : R%— — Ry such that

Yr >0 lim @<oo, and vVt >0
t—0+
lulloo <7, ||lz|| <7 = dist(Sy(t,0,x),S0(t,0,2)) < d(r,t)o(||ulls). (4.7)

Assume, that

Vr > 0 the set U U U Su(t,0,2) is bouded. (4.8)

20 [Jul oo <r ||z||<r
Then {Sy}uev is local 1SS w.r.t. ©, i.e., inequality (2.4) holds.

Proof. First let us prove that Vr > 0 3¢, 1, o € K, exists Lipschitz continuous
function V' with Lipschitz constatnt equals 1, such that

Y(lzlle) < V(z) < ¥(zlle) Vlzle <, (4.9)
Vo() = Jim %dist(V(So(t,O,x)%V@)) < —a(|lzlle) Vlzlle <, (4.10)
where here and after for A C X, V(A) = U V(a).

acA
For this purpose we choose function 3 from (4.2), fix 7o > 0 and Ve > 0 let

T =T(rg,e) be such that
B(ro,t) <e Vt>T. (4.11)

We put

VE(z) = e (0rIT igg(edm(HSo(t,O,LU)H@)% zlle < ro,
where ¢g = ¢(rg) is taken from (4.6), ¢ > 0 will be fixed throughout the proof,
Ne(r) := max{0,r — e}. Due to (4.11)

Ve(x) = e T sup (ene(||So(t,0,2)le)).
te[0,T]

Using elementary properties of 7.:
ne(r) <, |ne(r1) = ne(r2)| < lr1 —raf,
we get the following properties of V:

Ve(x) < e s[upﬂ n=([50(¢,0,z)[le) < B([zlle,0), V|zle <o
telo,



56 O.V. Kapustyan, V.V. Sobchuk, T.V. Yusypiv, A.V. Pankov

and

VE(x) = VE(y)] < e (oot
x sup |e“ne(]|So(t,0,2)]le) — e“n=([[So(t, 0,)]le)]

t€[0,7)
< e_COT sup ’HSO(t,O7x)H®) - HSO(tuouy”’@)‘
te[0,T]
< e T sup dist (So(t, 0,2), So(t,0,y))
te[0,T]

< T e g —y|

=llz—yll, Vizle <ro, Vlylle <ro.
Here, we utilized the inequality
dist (A, B) < dist (4, C) + dist (C, B)

with A = Sy(¢,0,2), B=0, C = S5y(t,0,y).
Due to compactness of © we have that V||z|le < ro

lello = int I - &l = llo — &l & € ©.
Then due to (4.6)
dist (So(,0,2), So(t,0,&)) < ||z — &
Invariance of © implies the inclusion
So(t,0,&) C O.

Therefore,
dist (So(t, 0, ), So(t,0,&)) > [|So(t,0,z)|e.

So, from the sctrict inequality |z|je < ro we derive that for sufficiently small
T>0
150(7, 0, 2)[| < ro.

Then Vyp € K : ¢(0) = z, we get from the strictness of Sy
VE(p(r)) = e~ (tIT Stgg(GCtna(!\So(ta 0, (7)lle))

< e (eotaT sgg(eCtng(HSo(t +7,0,2)[l0))
t=>

< e “TV¥(x) for sufficiently small 7 > 0.

Due to compactness of Sy(t,0,z) we deduce: for every small 7 > 0 Jp €
K, ¢(0) = z such that

dist (VE(So(,0,2)), VE(2)) = VE(o(7)) — VE(z) < (e — )VE(z).  (4.12)
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Therefore,
. — 1
Vi (z) == tlir51+ ;dist(Va(So(t, 0,2)),Ve(z)) < —cV:(x), ||z]le <710. (4.13)
—

Now, for every ||z|le < rg, we put

V(z) = Z 2_kV%(l').
k=1

Then from the previous arguments, we get

V(z) < B(|lz]le,0), [lz]le < ro, (4.14)
V(@) =Vl <llz—yl, lzlle <ro, llylle <ro, (4.15)

Vo € K, ¢(0) = x for sufficiently small 7 > 0
V(e(r)) < e “V(x), and therefore,

dist (V(So(7,0,2)), V(z)) < (e~ — 1)V (z).

So,
W(z) < —cV(z), ||z|le < To. (4.16)

Moreover, inequality

ct
pics (e (150(t,0,2)]16)) = m1 (ll2lle)
implies
V(x) > Z2_ke_(co+c)T(%)77%(Hl’”@), Iz]le < ro. (4.17)

k=1
Finally, denoting

@(T) = IB(TJ 0) + r,

Q(T) = Z 2—ke—(co+c)T(%)n% (7"),

k=1
a(r) = eb(r),

we obtain (4.9),(4.10).
Then for V||z]le < 1, Yu € U : |ulloo < 1, Vo € KU : ©(0) = z, let us
consider for ¢ > 0 the upper right-hand Dini derivative [27]

According to property (3.2)

ot +7) € Sult+7,0,7) C Sy(ye)(7,0,0(t)).
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From (4.8), for some rg > 0, ||¢(t)|| < ro V&t > 0. We fix such rg in all previous
arguments. So, in view of (4.7), we can write

Vgt + 7)) = V(e(t) < dist (V(Sy1) (7,0, (1)), V(0(2)))
< dist (V(Su(r)(750,0(4))), V(So (7, 0, V(Su(.44) (7,0, (1))
+ dist (V(So(7, 0, V(Su(44) (7:0,(1))))), V((1)))
< d(ro, T)o([|ulleo) + (e7T = D)V ((2)). (4.18)

It means that

DV (p(t)) < —cV(p(t) +do(|ullc), ¥t >0, (4.19)

where d = Tim 2on)
T—=0+

Due to the properties of upper limit, we get from (4.19):

D" (V(g(t)e) < -D* <_da<HuHoo>> |

c

E-‘r <V((,0(t))ed _ do-(Hu”oo)eCt> <0. (420)

C

Then inequality (4.20) implies that (see [27])

V(g@(t)) ct dg(||:’|00) ct < V(x) da(":||00)’ YVt >0
So, B
Vip(t) < Ve + Lollul). Vi >0 (1.21)
Finally,
Blllp(t)lo) < Bllallole™ + So(lhul),
lello < v @llello)e™ + o (lull))
< o @(lelore ) + 307 (Botul)). (22)
If we denot

8(r,5) 1= 50 (20(lallo)e™),
1

1) = g0 (Botn).

Cc

then inequality (4.22) implies the required local ISS property (2.4).
Theorem is proved. ]
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5. Application to reaction-diffusion equation

We consider the following problem

(5.1)

{gg = Ay +g(y) + h(y)u(t),
Yloo =0,

where @ C R? is a bounded domain, g € C'(R),h € C(R), Jay,as, k,c,\ €
(0,+00), p > 2 such that, Vr € R,

g'r) <A (5.2)
<

Conditions (5.2) allow us to claim that V7 > 0, Yu € L*®(7,+0), Yy, € X =
L?(€2) there exists at least one (but not necessary unique) weak solution y = y(t, )
of (5.1), defined on (7,400), such that y|;—r = y, [3,9]. It is known [26] that all
weak solutions of (5.1) generate the family of maps {K] } which satisfies (S1)-
(S3), where we choose U = L*°(0,400). Moreover, every weak solutions of (5.1)
belongs to the class of absolutely continuous functions from |7, 7] to X for every
T >r7,and for a.a. t > 7

d
MO +vlly®1* < 1+ eallull%.

So,
2 2 —v(t—T) 1
ly@I" < lly(r)]]%e +o(a+ellullo), Yt (5.3)
In particular, property (4.8) holds.
For u = 0 the problem (5.1) is uniquelly resolvable in the phase space X [4],

and results from [5| guarantee the existence of invariant stable global attractor ©
of the corresponding semiflow Sy. Moreover, from [21] we deduce that

150(£, 0, 58) = So(t,0, 45 < X ls” — w211, Vi ol € X, v >0, (5.4)
y(0) =yo, Vyo€ X, VueU, Vye KS,
() = So(t, 0, 90)|| < 262 () |uflct, Vi > 0. (5.5)

Inequalities (5.3)-(5.5) imply conditions (4.6)-(4.8) of the Theorem 4.1. It
means, that the family of m-semiprocess, generated by weak solution of (5.1) is
local ISS with respect to the global attractor © of the undisturbed system Sj.
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