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Totally magic d-lucky number of graphs
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Abstract

In this paper we introduce a new labeling named as, totally magic d-lucky labeling, find
the totally magic d-lucky number of some standard graphs like wheel, cycle, bigraph
etc. and find the totally magic d-lucky number of some zero divisor graphs. A totally
magic d-lucky labeling t: V — {1,2, ..., p} of a graph G = (V, E) is a labeling of vertices
and label the graph's edges using the total label of its incident vertices in such a way that
for any two different incident vertices u and v, their colors di(u) = Xyenq) t(v) +
dgu, dtv= ueNvtu+ dg v are distinct and for any different edges in a graph, their
weights t(u) + t(v) + t(uv) = 0 (mod 2) are same Where dg(u) represents the degree
of u in a graph and N(u) represents the open neighbourhood of u in a graph.
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1. Introduction

In [2], The idea of lucky labeling was first proposed by Czerwinski, Grytczuk, and
Zelezny. In [1], The idea of "d-lucky labeling” was developed by Indira Rajasingh, D.
Ahima Emilet, and D. Azhubha Jemilet. [1] Let |: V(G) — N is a vertex labeling. If for
each pair of incident vertices of u and v, c(u) # c(v) holds where c(u) = dg(u) +
Yvenw) L(V) , ¢(V) = dg(u) + Xyenw) L(u), dg(u) represents the degree of u and N(u)
represents the open neighbourhood of the vertex u in a graph, then the labeling | is a d-
lucky labeling. A graph's d-lucky number is the smallest value of labeling required to
label the graph. Motivated by this labeling, we introduce Totally magic d-lucky
labeling. A graph's total labeling is a mapping from the union of the vertex set and the
edge set to positive integers. If the sum of the edge label and the label of the edge's end
points has the same constant, the total labeling is said to be totally magic labeling. In
[5,] we learned about the totally magic labeling. A totally magic d-lucky labeling
t:V - {1,2,..,p} of agraph G = (V, E) is a labeling of vertices and label the edges of
the graph by the sum of the labels of its incident vertices in such a way that for any two
different incident vertices u and v, their colors d¢(u) = Xyen t(v) + dg(w),
d¢(v) = Yuenw) t(w) + dg (v) are distinct and for any different edges in a graph, their
weights t(u) + t(v) + t(uv) = 0 (mod 2) are same Where dg(u) represents the degree
of u in a graph and N(u) represents the open neighborhood of u in a graph.

2. Totally magic d-lucky labeling

In this section we introduce a new labeling named as the totally magic d-lucky
labeling and apply it on the cycle, path, complete graph, bigraph, and wheel.

Definition 2.1 Define t: V(G) — {1, 2, ..., p}and label the edges of E(G) as the label of
the edge's incident vertices added together. The labeling is said to be Totally magic d-
lucky labeling if d.(u) # d.(v) and t(u) + t(v) + t(uv) = 0 (mod 2) where u, v € V(G)
de(w) = Xvenq t(v) + dg(w) and de(v) = Xuenw) t(w) + dg(v).
The totally magic d-lucky number of G, tdIn(G) is defined as the lowest value of p for
which the graph G has totally magic d-lucky labeling.

n if nisodd

Theorem 2.2. For a cycle graph C,, tdIn (C,,) = { 2 otherwise

Proof. Let G be the cycle graph.

Let V(G) = {vi: 1<i<n} and E(G) = {vij Vis1: 11 <n-1} u {v,vi}
Case. (i).

Whenn = 1 (mod 2).

Lett: V(Cn)—{1,2.....p}defined by for 1<i<n-1

t(vi)=i for 1<i<n

Then the induced edge labelling is,

t(vivi+1) =2i+1 for 1<i<n-1

317



Totally magic d-lucky number of graphs

t(vavi) = n+l
We observe that,

di(v1) = n+4
di(vi) = 2i+2, for 2<i<n-1
di(vn) = n+2

di(vi) # di(vi+1) and di(v1) # d(vn)
t(vi)+ t(Vis1) + t(Vivis )=4i+2 = 0 (mod 2) for 2< i< n-1 and
t(vy)+ t(vy)+t(vivn) =2n+2=0(mod2)
case (ii).
When n= 0 (mod 2)
Define t: V(C,) — {1,2, ..., p}as follows,
for1<i<n
(1,1 =1 (mod 2)
tvi) = {2 ,i =0 (mod 2)
Then the induced edge labelling is,
t(vivis)) =3for2<i<n-1
t(vavy) =3
we observe that,
di(vi) = 6 if iis odd
di(vi) =4 ifiiseven
di(vi) #di(Vi+1)
and t(v;)+ t(Vi+1) + t(vivi+1)= 6 = 0 (mod 2)
It can be easily verified that weights of the incident vertices are pair wise distinct and
have the common totally magic d-lucky constant for its edges. Thus, the totally magic
d-lucky number of cycle graph is 2. [

Theorem 2.3 Every path P,has tdIn(P,)=2

Proof Let P,be the path graph, V(P,)={vi: 1 <i <n } and

E(Py) ={vivisiifor1 <i<n}

Define t: V(P,) — {1,2,...,p}as follows:
_(1,i =1 (mod 2)

tvi) = {2 ,i =0 (mod 2)

Then the induced edge labelling is,

t(vi vi«1) =3 for all edges in P,

we observe that,

when n is even,

di(vi) =3

di(vi) = 4 if i =0(mod 2)

di(vi) = 6 if i =1(mod 2)

dt(Vn) =2

di(vi) # di(vi+1) for all i

and t(v;) + t(vi1) + t(vivis1) = 6 =0(mod 2).

When n is odd

dt(V]_) =3= dt(Vn)
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di(vi) = 4 if i=0(mod 2)

di(vi) = 6ifi=1 (mod 2)

di(vi) # di(vi+1) forall i

and t(v;) + t(vis1) + t(vivi«1)) =6 =0 (mod 2).

Hence tdIn (P,) = 2. [

Theorem 2.4 For a complete graph ki, tdin (k,) =n

Proof In complete graph K,, Each and every pair of vertices are close together.
Define t:V(K,)—{1,2,...,p}as follows:

tvi)y=i:1<i<n

Then the induced edge labelling is,

t(viv;) = i+] for all edges in P,

we observe that,

forl1<i<n

d(vi) = (n?43n-2i-2)

2
de(Vi) # de(v;)
and t(vi) + t(v;) + t(viv;) = 2(i+j) = 0(mod 2).
tdin (K,) = n. It is simple to confirm that the colors of the pair wise incident vertices are
distinct and that the sum of the labels for each edge and the incident vertices of its edges
is even. n

Theorem 2.5 For a bigraph K, y, tdln (Km, n) = 1.

Proof A bigraph's vertices can be divided into two separate subsets, V; and V, and
each edge of the bigraph connects a point on each subset. Ky, , indicates a bigraph.
Let V (Kn n) = ViUV, where Vi = {u,uy,...,un} and Vy = {vq4,v,,...,v,} and
E(Kmn) ={ujyvjiu; EV;v; €V, 1 <i<m,1<j<n}

Define t: V (Km,n) — {1, 2, ..., p} as follows: t(u;) = 1, t(v;) =1

Then the induced edge labeling is

t(uiv;) = 2 for all edges in Ky,

We observe that,

d¢(u;) = 2n,

dt(vj) = 2m,

t(ui) + t(v)) + t(uiv) =2(i+j) =0 (mod 2).

It is obvious that all incident vertices have pair wise different colors and that all of the
edges in the Ky, ,, graph have the same totally magic d-lucky constant.

Hence tdin (K, n) =1. [

Theorem 2.6 For a wheel graph W,,, tdin (W,) = {rrll_ 1 ;ftﬁeiiv(;?si.

Proof A wheel graph is obtained by joining a vertex to all the vertices of a cycle graph.
It is denoted by W, for n>3, where n is the number of vertices in the graph.
Let V(Wn) = {ui: 1<i< n} and E(Wn) = {ului: 2<ic< n}U {uiui+1: 2<i< n}
Case(i) When n=1(mod2)
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Define a labeling t:V(W,) — {1,2,...,p}as follows:
t(u;) =1, t(yy) =i-1for2<i<n
Then the induced edge labelling is

t(uyuy) =ifor2<i<n

We observe that,

di(ur) = n2+2n—2

di(uz) = n+5

di(u;) = 2i+2 for 3<i <n-1
di(un) =n+3

di(uy)) #di(u) for2<i<n

di(ui)) #di(uis) for2<i<n-1

di(un) # d(uz)

t(ug)+t(ui)+t(uiu;) = 2i =0 (mod 2);
t(u;j)+t(Ui+1) +t(Uilis) = 4i-2 =0 (mod 2), for 2<i <n-1,
t(up)+t(un)+t(u,) = 2n = 0(mod 2)

Hence tdIn (W,) =n-1

Case (i) Whenn =0 (mod 2)

Define t:V(W,)—{1,2,...,n} as follows:
tu)= ifor1 <i<n

Then the induced edge labelling is
t(uu;)) = 141 for2<i<n;
t(ujujpq) =2itlfor2 <i<n-1
t(upuz)=n+2

we observe that,

di(uy) = n2+zn—4

di(uz) = n+7

di(uj) = 2i+4  for3<i<n-1
di(uy) =n+5

di(u;) #d(u)) for2<i<n

di(uj) #di(uisg) for 2<i<n

di(un) # di(u4)

for 2<i<n

t(uy) + t(Uir) + t(uyUier ) = 2i+2 =0 (mod 2),

t(U;) + t(Ui+1) + t(UiUi+1) = 4i+2 =0 (mod 2),

t(u,) + t(uy) + t(upuy) = 2n+4 =0 (mod 2).

Hence tdIn (W,)=n

It is simple to confirm that all incident vertices' colors are pairwise different and
preserve the totally magic d-lucky constant for all of the graph'’s edges W,. [
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3. Totally magic d-lucky number of some zero divisor
graphs

In this part, the totally magic d-lucky number of some zero divisor graphs is
examined.

Theorem. 3.1 For R = Z,, k =mn, m=2,3 and n>3 be a prime number, tdIn(I'(R)) = 1
Proof Consider Go=I"(R) where R=Zy, k=mn

Case(i)

when m=2,n >3be a prime. By the definition of zero divisor graph,

Assume V(Gop) = {2, 4... 2 (n-1), n} = {vi: 1 <i<n}, E(Go) = {ViVn: ViE V (I (R))-{Vn}}.
We have dg(vi) = m-1, dg(vn) =n-1, 1 <i<2(n-1)

Define t:V(Gg)—{1,2,...,p} as follows:

t(vi) = 1for 1<i<n

Then the induced edge labeling is,

t(e) = 2 for all edges e in G

we observe that,

dt(Vi) =2m-2,

di(vn) = 2n-2

di(vi)# di(vn) for 1 <i<n-—1and

t(vi)+ t(vn) + t(vivy) =4 =0 (mod 2)

Hence tdIn(Go)= 1

Case(ii)

when m=3, n>3 bea prime.

In this graph, we have V(Go) = V1(Go) UV2(Go) where V1(Go) = {n,2n},

V7(Go) = {3i: 1<i<n-1} and E(Gy) = {uv: ue V1(Go), V€ V2(Go)}.

Hence dq(u) = n-1 for all ue V1(Go), dg(v) = m-1, for all ve V2(Go) and |E(Go)| = 2n-2
Define alabeling t: V(Go)—{1,2,...,p} as follows:

t(u) = 1 for all ue V1(Go)

t(v) = 1 for all ve V(Go)

Then the induced edge labeling is,

t(uv) = 2 for all uv € E(Gy)

We observe that,

di(u) = 2n-2,

di(v) = 2m-2

di(u) # di(v) forallu e V,, forallv e V;and

t(u) + t(v) + t(uvi) =4 = 0(mod 2) for all uv € E(Gy)

Hence tdIn(Gy) = 1. [

Theorem 3.2 ForR=Z, k=m?n,n>3 be a prime number,

_(1whenm =2
tin(r(R)) = {2 whenm = 3
Proof Assume Go = TI'(R)
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Case(i) When m=2, In this case(Go) has partitioned into two sets V1(Go),V2(Go). V1(Go)
contains the multiples of n in Zy, V,(Gg) contains the multiples of m excluding 2n in Z.
Let V1(Gp) = {ry, 1y, r3} and V2(Go) = {S1,S2, -++»Sn—1,Sn+1s =+»S2n—-1}
IV(Go)| =2n+1

E(Gy) = {risj:i € {1,3},s; = {4,8,...,(4m — 4)}} U {rzsj: foralls; € V, (GO)}.
E(Go)| = 4n-4

Hence dy(ri) =n-1, for ie{1,3};

dy(r2) = 2n-2;

dg(sj) = m+1, si€ {4,8, ...,4n — 4};

dg(s)) = m-1, s;€ V2o(Go) — {4, 8, ..., 4n-4}

Define a labeling t: V(Go) — {1, 2, ..., p} as follows:
t(r)=1for1<i<3;

t(sj) =1for1<j<2n-2,

Then the induced edge labelling is,

t(ris;) = 2 for all ris; € E(Go)

We observe that,

di(ri) = 2n-2, ie{1,3},

di(r;) = 4n-4,

di(sj) = 2m-2, sie V(I'(R))-{4.8,...,4n-4},

di(sj) = 2m+2, si€ {4.8,...,4n-4}

di(r;) # di(s;) for allr; € V1(Go) , s;€V2(Go) and

t(ri) + t(s;) + t (ris;) =4 = 0 (mod 2) for all edges in Go

Hence tdIn(Gp)=1.

Case(ii) when m = 3,

In this case, the vertex set of Gq partitioned into two sets V; and V5.
WhereV; = {n, 2n, 3n, 4n, 5n, 6n, 7n, 8n} = {u; Uy, U3 Uy, Us, Ug U7 Ug}and
V,={3,6,9,...,9n-3} - {n, 2n} = {v1 Vo V3, ..., Van1}.

E(Gop) = {uivi: for all ui eVy, v; €{9,18,27,...,.9(n-1)}U {uiv; : u;ie{3n,6n} vie V, }uU
{us,Ue}-

Hence dg(u;) =n-1 for all ui€ Vi-{3n,6n};

dg(u) =3n-2, i={3,6};

dg(Vvi) = 8 for all vi€{9,18,...,9(n-1)};

dg(Vi) =2,Vi€EV,-{9,18,....9(n-1)} .

Define the labelling t: V(Go)— {1,2,...,p} as follows:

t(u)= 1,for 1<i<8,UiEVs;

t(ug) = 2, Us € Vy;

t(vi) = 1, for all vieV..

Then the induced edge labellings are,

t(uivi) = 2 for all ujv; € E(Go)

t(usug) =3

t(ugvi) = 3 for all v; € V,

We observe that,

di(u;) = 2n-2,
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di(uz) = 6n-3,

di(ug) = 6n-4,

di(vi) = 5 for all vie V(Gop)-{9.8,...,9(n-1)}

di(vi) = 17, vie{9.8,...,.9(n-1)}

di(ui) # de(vi),

di(uz) # di(ue) and

t(uj)+t(vi)+t(uivi) =4 =0 (mod 2) for all edges in G

t(uz) + t(ug) + t(ugug) = 6 =0 (mod 2)

t(ug) + t(v;) + t(ugvi) = 3 for all v; € V;

It can be easily verified that weights of all the incident vertices are distinct and all the
edges of the graph have common totally magic d-lucky constant.

Hence tdIn (Go) = 2. [

Theorem 3.3 LetR = Hﬁ;lzmini be a commutative ring with unity. For the zero-divisor
graph I'(R), tdIn(T'(R)) = M-1 where M = (my, my, mg, ..., my), M;’s are distinct prime
numbers, n;’s are positive integers.

Proof Consider Gy = I'(R) be a zero-divisor graph of commutative ring R = ]‘[ﬁ;lzmini
where m;’s are prime numbers and n;’s are positive integers.

The vertex set of Gg consists of different blocks,

V(GO) =U Bxlyxz,...,xk

where (x4,Xz, ..., Xg) # (0, 0..., 0) and (xq,X5, ..., Xx) # (nq, Ny, ..., D).

By, xpxc = 1(Us Uz, ooy Ug): ;=0 if x; = 0y and my*i [ u; and  m %% f oy,

if x; € {0,1,2,...,nj-1}}

All the vertices in By, 4, . are adjacent to all the vertices in B, ,,,
foralli=1,2,....k.

The vertices in By, x,,..x, formaclique in Go if 2x; = n; foralli=1,2,.. k

Hence we have, foreachu € By, x, x .

do(u) = =2 + [T, my™ if By, , . x, IS clique ;

dg(u) = -1+ iy m*t if By x, x, iSNotaclique.

Define a labeling t: V(Go) = {1, 2, ..., p}as follows,

Label the vertices of the block as 1 if the block is not form a clique. If the block is form
a clique, label the vertices of clique ujas 1 <j < (|BX1‘X2__._,Xk| =q),

where |By, x, x| = [Tiz; @ (m™=*0) ,

Then the induced edge labellings are,

if the block is not form a clique,

t(e) = 2 for all edge e in this block

if the block is form a clique,

t(ujuj+) = 2j+1forall 1 <j<q-—1,

t(ugqu1) = g+1

Vi ifxl-+yl- = n;
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Let T = Max (|By, x,...x|) If Bx, x,,...x, form a clique
We observe that, for each U€ By, x,,..x
we have, ,

—1+ 1K, m% + dveN(w) t(V) if By, x,,..x, is notaclique

k’

di(u) = Ko ox : .
=2+ [Ii2y m™ + Xyenq t(V) if By, x,,..x, forms a clique

t(u)+t(v)+t(uv) =0 (mod 2) for all uv € E(Gy)

Hence tdIn(Go) = T= M-1 where M=Max(m,, m,, ..., my ).

It can be easily verified that colors of all the incident vertices are pairwise distinct and
have the common constant for all the edges of the our given graph. u

4. Conclusions

In this paper, we introduced a new labeling, totally magic d-lucky labeling, found
the totally magic d-lucky number of some standard graphs and some zero divisor
graphs. In future, we use this labeling in some other graphs.
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