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Further Results on Finite-Time Stability of Neutral Nonlinear
Multi-Term Fractional Order Time-Varying Delay Systems

Darko Radojevié?, Mihailo P. Lazarevié?

?Faculty of Mechanical Engineering, University of Belgrade, Kraljice Marije 16,11120 Belgrade 35

Abstract. In this paper, the finite-time stability for nonlinear neutral multi-term fractional order systems
with time-varying input and state delays is investigated. By use of the generalized Gronwall inequality
and extended form of the generalized Gronwall inequality, new sufficient conditions for finite-time stability
of such systems are obtained. Finally, numerical examples are given to illustrate the effectiveness and
applicability of the proposed theoretical results.

1. Introduction

In this contribution, we consider system stability in the non-Lyapunov sense-finite-time stability (FTS)
because the boundedness properties of system responses are very important from the engineering point
of view, [1]. In the past decades, there has been a growing research interest in the field of stability and
stabilization of time-delay systems which often leads to poor performance or even instability, [2-4]. Also, in
the past four decades, applications of fractional (non-integer) calculus have attracted increasing attention
of experts worldwide since they provide an excellent tool in modeling the complex dynamics, (for the
description of memory and hereditary properties of various materials and processes), [5,6] and a lot of
significant contributions have been made in non-integer (fractional) order control theory, [7,8]. In recent
decades, stability problems of the non-integer time-delay systems (NITDS) have extensively been studied by
using methods of the (generalized) Gronwall inequality, linear matrix inequalities, the Lyapunov method,
the Holder inequality, the comparison principles, [9-13].

Here, we are interested in FTS where FTS analysis of NITDS is initially investigated and presented in
[14,15] using (generalized) Gronwall inequality. In this context, several researchers have investigated FTS
of NITDS, and presented their results, see [9,10,16-20].

Particularly, some authors have devoted attention to stability and control issues of the neutral TDS
(NTDS) integer and fractional order [21-30]. Integer order NTDS in mechanical problems were presented
in [21,22]; the stability chart of an elastic beam was obtained in [21] and the problem of ship rolling with
control based on values of delayed acceleration was considered in [22]. Also, in [23] the delayed acceleration
feedback control has been applied for chatter suppression in turning machines. The human self-balancing
models have been modeled as integer order neutral TDS due to stabilizing time-delayed feedback control
which depends on position, velocity and acceleration [24-26]. Moreover, the generalized Scot-Blair model
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has been studied [27], which can be modeled as neutral NITDS where a viscoelastic material is used as
damping in vibration systems, on the assumption that the damping is proportional to a fractional rder
derivative of the displacement variable with the non-integer order of derivative 0 < a < 1.

Recently, a few results have been obtained for the neutral NITDS with different fractional orders, [31].
In [32] authors studied FTS of linear neutral NITDS by using the method of steps. Also, in [33] FTS analysis
of homogeneous NITDS with nonlinear perturbation based on generalized Bellman-Gronwall inequality
have been investigated. In [34] the authors obtained sufficient conditions for FTS of the neutral NITDS
two-term fractional order 0 < p < A < 1 with Lipschitz nonlinearities using the method of steps and the
more generalized Gronwall inequality. Additionally, in [35] authors considered FTS of generalized neutral
NITDS with fractional orders 0 < § < a < 1. Also, we have obtained a new criterion which is related to
robust FTIS of uncertain neutral nonhomogeneous NITDS 0 < < @ < 1 with time-varying input and state
delay, [36]. In the meantime, the FTS of a class multiterm nonlinear fractional system with multistate time
delay and 0 < a3 <1 < a; <2 have been studied in [37,38].

Based on the above motivations and discussions, first time in this paper we shall address the FTS
problem of nonlinear neutral NITDS with time-varying input and state delay and multi-term fractional
order 0 < ¥y <1 < B < a < 2 using the generalized Gronwall inequality and extended form of the
generalized Gronwall inequality. The main contributions and features of this paper can be stated as follows.

(1) There are a few works of FTS for multi-term fractional order nonlinear systems. It is more essential
to study the FTS of NITDS with damping behavior and time delay effects. Thus, a novel generalized
neutral NITDS with three different fractional orders 0 < y <1 < < a < 2 with time-varying input
and state delays is studied, where for the first time we consider a case of multi-term neutral NITDS
which includes delay terms CD’? x(t — N1 (D)), "Dtyx(t — Tyn2(t)) at the same time, 0 <y <1 <f<a <2

(2) Three novel criteria of FTS of neutral NITDS with multi-term fractional order 0 < y <1 <f<a <2
with time-varying input and state delays are obtained by use of the generalized Gronwall inequality
and extended form of the generalized Gronwall inequality.

(3) There are delay terms in the obtained novel FTS criteria of neutral NITDS with multi-term different
fractional orders. Therefore, the proposed criteria in this paper are more general.

(4) Two numerical examples are presented to illustrate the correctness of the obtained results.

The rest of the paper is arranged as follows. Some basic concepts with properties of fractional calculus
and problem descriptions are presented in Section 2. In Section 3, sufficient conditions ensuring the FTS of
neutral NITDS are obtained and new criteria for FTS of NITDS with multi-term fractional order 0 < y <
1 < B < a < 2 are given. In Section 4, two examples are provided to illustrate the validity of the obtained
results. In Section 5, some conclusions are drawn.

2. Preliminaries and problem description

2.1. Preliminaries

In this subsection, some basic notations and definitions including the definition of Caputo fractional
derivative are given. In this paper, the norm [|(-)|| will denote any vector norm, i.e. [|(-)ll1, [I(-)ll2, or [I(-)lle OF
the corresponding matrix norm induced by the equivalent vector norm, i.e. 1—, =2, or co—norm, respectively.
Throughtout this paper, SD¢f(t) or ,D? f(t) denote Caputo’s derivative of fractional order a with the lower
limit a for function f(-), ffLDt’“ f(t) or ,If f(t) denote an integral of order & with the lower limit a for function

fC).
Definition 2.1. The gamma function I'(-) known as Euler’s gamma function is defined as
T'(a) = fe_tt“_l dt, T(@+1)=al(a), acC (1)
0
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where C is the set of complex numbers. The Caputo fractional derivative is defined for a function f(-) : [a,b] — C
that belongs to the space of absolutely continuous functions:

f(t) € AC"[a,b] = {f(t) : A" f(B)/dt" "}, neN

Definition 2.2. The Caputo fractional derivative of order o, a € C, Re(a) > 0, for any function f(t) € AC"[a,b] is
defined as [39]:

t
o JE =9 f(s)ds, a# Ny, n=[Re(@]+1, neN,

OB A @
FO(t) = ddj;t), a =mneNj.

Definition 2.3. Let f(t) be a continuous function on [a, b] The Riemann—Liouville (RL) fractional integral of order
ais [39]:

RLDraf(t) = JI9f(t) = ﬁ f (t—s)*'f(s)ds, telab], aeC, t>0Re(@)>0. (3)

Definition 2.4. The Mittag-Leffler function with one parameter is given as [39]:

(o)

Eu(z) = Z /T(ka +1) where a>0,z¢€C (4)
k=0

and the two-parameter Mittag-Leffler function is presented as

00

Enp(z) = sz/r(ka +pB) where a>0,>0,z€C. (5)
k=0

Remark 2.1. When =1 we have E1(z) = E(2), especially E1(z) = ¢

The following lemmas are introduced and help prove our main stability criterion.

t
Lemma 2.1. [35] Assume x(t) € C'([0, +0), R), %(t) > 0and a > 0. Then, f ((t—s)*"1/T(av)) x(s) ds is monotonically
0
increasing with respect to t.

Lemma 2.2. [39]

-1
olf (CD“x(t) =x(t) - Z —x(k)(O n-1<a<mn, t>0. (6)
k=0

Here, when 1 < a < 2, it follows
of¥ (“DEx() = x(t) - x(0) — £'(0), > 0. -

Lemma 2.3. Leta > f>0,n-1<f <nand x(t) € AC"[a,b]. Then

of¢ (‘Dfx(1) = oI} Px(t) - Y x®(0). (8)

Z tk+0¢*ﬁ
HT(a-p+k+1)
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Proof: From the definition 2.2, we have

DPx(t) = o, PeDix(t). 9)

Applying fractional operator ([ and taking into account the commutative property of RL integral, we
obtain

o[ Dhe(t) = ool PDpx(t) = oI} (oL Dix(t)). (10)
Actually from Lemma 2.2 we note that

v #x0(0)

oIIDPx(b) = x(t) - kz:;‘ X (11)
Then, we have
3 k(0
o ky
oI2DEx(t) = o0 7* (x(t) Z T 1))]
. - tx®(0
= o' Px(t) = oI ﬁ[ T +(1;] = (12)
k=0
k+a—p
= () — ®(0).
ofy “x() ;; fa—prkrn. O
The proof is complete.
Property 2.2. Assumethat 0 <y <1 <a <2. Then
o e ae x(0)- t*77
off (Dyx) =ol30) - o oy 02 o

Property 2.3. Assume that 0 < 8 < a < 2. Then

R R I 1) A )
ol; ( Dox(t)) =ol; "x(t) Ta-p+1) T(a-p+ 2)’ t>0. (14)

Lemma 2.4. [40] (generalized Gronwall inequality) Suppose x(t), a(t) are nonnegative and local integrable on
0 <t <T T < +oo0and g(t) is a nonnegative, nondecreasing continuous function defined on 0 < t < T,
g(t) < M = const, @ > 0 with

t
x(t) < a(t) + g(t) f(t —5)%x(s)ds (15)
0
on this interval. Then
x(t) <a(t) + f[z (g(li)(l;l( )))n( —s5)"g(s)|ds, 0<t<T. (16)

Corollary 2.4. Under the hypothesis of Lemma 2.4, let a(t) be a nondecreasing function on [0, T]. Then it holds:
x(t) < a(t)En(g(H)T(a)t?) (17)

where E,(z) is the one-parameter Mittag-Leffler function (4).
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Lemma 2.5. (extended form of the generalized Gronwall inequality), [41] Suppose non-integer orders a > 0, > 0,
a(t) is a nonnegative function locally integrable on [0, T], g1(t) and g,(t) are nonnegative, nondecreasing, continuous
functions defined on [0,T); gi1(t) < N1, g2(t) < Np, (N1, N2 = const). Suppose x(t) is nonnegative and locally
integrable on [0, T) with

t t
x(t) <a(t) + g1(t) f(t —5)* x(s)ds + g2(t) f(t —s)flx(s)ds, tel0,T). (18)
0 0
Then,
T o L 14(2) RN
x(t) <a(t) + f s [g()] ; T((7 = D + kp) (t—ys) F=las)ds, te[0,T) (19)

0 n
where g(t) = g1(t) + go(t) and Ck = n(n = 1)(n = 2) -+~ (n — k + 1) /k..
Corollary 2.5. Under the hypothesis of Lemma 2.5, let a(t) be a nondecreasing function on [0, T). Then
x() < a(t)Ec[g() (C@)t* +TB)¥F)], « = min(a,p) (20)

2.2. Problem description

Consider the following neutral multi-term fractional order system with time-varying input and state
delay with nonlinear perturbation and disturbance, presented by the following equation:

DIx(t) = Agx(t) + Arx(t — To(1)) + An, DEX(E = T, (8)) + An, DY X(E = Ty (£)+

21
+ Bou(t) + Biu(t — 7,(t)) + f(t, x(t)) + Cw(t.) @
with associated continuous functions of initial state and input (control):
x(t) = Wi(f), t € [-Tum, 0], X'(1) = @x(t), t € [-Tum, 0], u(t) = Wy(t), t € [-Tum, 0] (22)

where 7,(t) is the time varying state delay, Txn(,)(t) is the neutral time varying delay, 7,(f) is the time varying
input delay and they are continuous functions satisfying (13):

0< Tx(t) <t 0Z TxM(t) <1ty Vie]= [to, to + T], treR, T>0,

0 < 7,(t) < Tupm- (23)

For the sake of simplicity T,n(t) = Txn, (£) = Tan, (f), of system (21) is assumed in this contribution, where
Tem, Txn and T,y are constants; T,,, is defined to be max(t,u, Txn) and £ is the initial time of observation
of the system. CD?, CDf , CD? denote Caputo fractional derivatives of order o, f, 7, 0 < y <1 <f <a < 2;
x(t) € R" is the state vector and u(t) € R™ is the control input; Ao, A1, An,, Bo, B1 and C are constant matrices
with appropriate dimensions; w(t) € R" is the disturbance vector, which has the upper bound as follows:
llw®Il < Nw, Nw = const > 0Vt € J. Wi(t) € C([—Tym,0],R") is the initial function of x(t) with the norm
IWille = sup_,go IWx(O)ll, and @x(t) € C([~Txm, 0], R") is the initial function of x'(t) = dx(t)/dt with the
norm [[psllc = Sup_, g llpx (Ol

Here, it is assumed that the nonlinear perturbation f : [0, T] X R” X R" — R" is Lipschitz continuous on
[0, T] and there exists a continuous function /(t) such that

I1f(E, x(EDI < L)Xl (24)

for any ¥t € [0, T] and f(t,0) = (0,0)’. Before proceeding further, the definitions of FTS will be given for
nonhomogeneous system (21) with associated initial functions (22).
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Definition 2.5. [9,42]: The fractional neutral time-delay system given by nonhomogeneous state equation (21)
satisfying initial conditions (22) is finite-time stable w.r.t. {6, €, u, Mo, to, J, 1(-)II}, 6 < € if and only if:

p < 6/ ”‘pu”C < Mo,

u@llc <., Ve ],} =IOl <e, Vie] o

where p = max {||Wllc, llpllc} and 6, €, 1m0, nu are positive constants.

Definition 2.6. [9,42]: The fractional neutral time-delay system given by nonhomogeneous state equation (21),
(u(t — t,(t)) = 0) satisfying initial conditions (22) is finite-time stable w.r.t. {0, &, Ny, to, I Il}, 6 < € if and only if:

p<96, lu@l<n, Vie]=l|x@tl<e Vte], (26)
where p = max {|[Wllc, lpllc} and 6, €, n., no are positive constants.

Definition 2.7. [9,40]: The fractional neutral time-delay system given by homogeneous state equation (21), (u(t —
7,(t)) = 0, u(t) = 0) satisfying initial conditions (22) is finite-time stable w.r.t. {5, €, o, J1I(-)II}, 6 < € if and only if:

p<o Vte]=|x®l<e Vte] (27)

where p = max {||W¥|lc, llpllc} and 6, € are positive constants.

3. Main Results

In this section, using generalized Gronwall inequality including an extended form, new criteria for FTS
of NITDS are derived.

Theorem 3.1. The nonhomogeneous nonlinear neutral multi-term fractional order time varying delay system (21)
satisfying initial conditions (22) is finite-time stable w.r.t. {6, €, M, Mo, to, J, I(-)Il}, & < e if the following condition
holds:

an1|t|f1_ﬁ anlltla_ﬁ+1 an2|t|a_7 — —
1+t + + + +|-E[g()(T(a — )P + T(a — ») " ) Eu(uy %)+
=) oD Tamyeny| POOTe A e et
u ta Ta u t— U @ w ta
Noult®| No1Ty Nt — Tuml Nowlt| - f, vie s,

IMNa+1) T(a+1) T'(a+1) I'a+1) 6

where: || Aoll = ao, |A1ll = a1, [|AN, | = an,, [IAN, | = an,, [1Boll = bo, lIBall = by, lIClI = ¢,

sup (ao +I(t)) = po, a1 =1, Wz = o+ 1,
te[0,T] (29)

Nou = boflu/@ Now = an/éz No1 = blﬂo/5, Mu = blnu/é-

Proof: Following the property of the non-integer order 0 < y <1 < < @ < 2 and applying the fractional
integral I on the system (21), we have

off (“DEx(t) — An,“Dix(t — Tan, (1)) = An, D) X(t = Tan, (1)) =

30
= olf (Aox(t) + Arx(t — T4(t)) + Bou(t) + Byu(t — 7u(1)) + f(t, x(1)) + Cuw(t)) 0

Using Lemma 2.2 and Lemma 2.3, we can obtain solution for (30) in the form of the equivalent Volterra
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integral equation, where ty = 0 as:

a=y

Ta—y+1) I

t
x(t) = Y3(0) + 192(0) — Any Ys(~Tun) — > f (F =97 Anyx(s = Tan(s) ds—

Yr(—Tom)- 7P Px(=Tum)- 1271
“Ta-p+n N T@-p+2) T@-p

f(t s) P 1Ale(s— TN (S)) ds+ (31)

’ ﬁ Of (t=9)"" [Aox(s) + Arx(t = To(5)) + Bou(s) + Bru(s = 7u(s)) + f(t,x(s)) + Cuw(s)] ds

Now, using the norm ||(-)|| on equation (30), we can obtain an estimate of the solution

L R N e
e

fl(t T THIANIx(s = T ()l ds + AN I 12 (= T Ta—-p+1)"

F(a )

|t|“ p+1 (32)

Ta-p+2)

+ AN, [l (=Tom)l 1 ) fl(i‘—S)l‘“‘ﬁ‘1 AN, [Hlx(s = Tan(s))l ds+
0

+ fl(t - s)|"“1 [Aox(s) + A1x(t — T+(5)) + Bou(s) + Biu(s — 7,(s)) + f(s, x(s)) + Cw(s)] ds
Also, we can obtain:

[[Aox(s) + A1x(t — 7x(5)) + Bou(s) + Bru(s — 7u(s)) + £(s,x(s)) + Cw(s)|| <

< ag Xl + aq [Ix(t = T ()l + bo [[a(®)l] + by [[ult — T + cllw (O + || f(E, x(E)I] <
< (ao + I(t)) Il + a1 |Ix(t — T(E)I + bo llu(®)l| + b1 [[a(t — T, ()] + c|lw(t)]| =

= o @I + pa [Ix(t = T (D) + bo [[w()]| + b1 [[a(t — T, ()] + c [[w(H)]].

Lety(t) = sup |[Ix(0)ll, [18]. For Vt* € [0, t] the following conditions satisfy
O€[~Tum t]

(33)

[t =) < e s swp ] xe< v (34)

€[t—Tum,t]
Applying this inequality, expression (32) can be rewritten as follows:

|t|a p+1 ]
( ~p+2)

el el ]
Ta—y+1)  Ta-p+1)| e

It +

IX(OI < [lihxllc [1 +

a—p-1 _ o\|a— 1
F(oc ﬂ fl(t s)| y(s)ds+ )flt S)¥V 7 y(s) ds+ (35)

+ o f (=9 [0 + )y(e) + bo @] + by s = (o)l + o) ds
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In view of the [lu(s)|| < 1, conditions for |[w(s)|| < 1, one may rewrite the above inequality as

a.. |HEr a. |Hap Ha—p+1
IXBIF < llxlle [1 4 el lf ol

Fl@-y+1) * a—ﬁ+1)] * ligxlle [ltl (—52)

a—p-1 ayl
F(a ﬁ fl(t s)| y(s)ds+ )fl s)| (s)ds+

36
f (£ = s y(s) s+ S D0 Ty ol w0
r( ) YOS+ 07D T Tar1) T+l
+ T f |t = 97| llus - Tl ds,
TuM
or
11277 a, |H2P 1y, 17
XA < [[xllc [1 + F(a ) + Ta—p+ 1)] + lpxllc [Itl 5 +2)
a—f-1 _ oyja—y-1
—3)| y(s)ds+ )flt s)| y(s)ds+ (37)
a—1 Orlu [t b 7o TzM CNw [t blnu It — Tuml
r( ) f'“ MV E+ T Y Tax) " Ta+D T T@xD)
For VO € [0, t] we have
0|01 " g|e-p . gle—p+1
IOl < gl |1+ 2l O 4 e o 2l
IlNa-y+1) TI(a-p+1) IFNa-p+2)
7]
a
+ P10 —s)ds + =—= f 71y — ) ds+
@-p flsl y(6 - s)ds @7 J IsI"7" y(6 = s)ds (38)

0
bO Tu |O]* by 7o TgM CNw El blnu |0 — Tuml®

¢ a-
r—fsl 13/(9—5)015"‘1~(0(+1)+1*(p¢+1) T(a+1) Ia+1)
0

t
Taking into account that the nonnegative function y(t) is increasing, then functions f Is|*71y(t — s) ds.

0
t t

Is|* P 1y(t — s)ds, [ |s|* Ty(t — s) ds, are increasing with respect to t > 0,
y Y g p
0 0

Lemma 3.1. Therefore,a >0,a—f>0,a —y >0, 0% <%, ga-B < pa=B ga-ry < -y, it follows

0 ¢
flsl“’y(@—s)dssflsl“’y(t—s)ds, w=@-la-p-1la-y-1) (39)
0 0
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ie.
a—y a—, Ha—p+1
IO < Iy 1+ ot 1)] e [+ e s
flsl"‘ p-1 y(t —s)ds + flsl“ r-1 y(t —s)ds+
r(a ﬁ) -7) (40)

a—1 _ OT]u [£]* blTTO TuM CNw [£]* blnu [t — Tuml®
r( ) f'sl Y= s+ o " Tas1) " Tax1) T T+

Also, we get

y(t) = sup IIx(Q)IISmaX{ sup |lx(O)ll, sup le(9)ll}s

O€[~Tam,t] 0€[~Txm,0] 0€[0,t]

an2|t|a_y an1|t|a_ﬁ n1|t|a p+1
Smax{||¢x||c, Il [1+ e g Fllpdc W+ F e |+
t—g)| Pl sds+ th‘—s‘)‘V1 s) ds+

o ﬁ)fw )y =97 o)

[.1_ a— 1 bOT]u [t bl’?OTgm anltla blnu It — Tuml® _

" T f —IT YO A T F Tar ) T TarD) T Tl [ (41)

0
— 1l L S i TP [ ' i
Prlle |1 )/+1) Ta—p+1y| " Pxle —g+2)| "
t

a anz a—y—
o — ﬁ)f|<t—s| (o) ds + (a_y)ofw—sn 1 y(s) dt

L _ et bomultl® D1t Tay  cmold® byt — Tuml®
T f E= YO ds+ o Y Tar D) " T+ T Ta@xl)
0

Now, we introduce e(t) which is a nondecreasing function on Jo = [0, T]

() = Wl [1+ 2 Oy [ S 2
O =lsle 11+ 55 Y ra—pe | T IPle [+ 5 =g “2)
From Lemma 2.5 we obtain:
y(t) < e(t) Ex [g(t)(T(a = P + T(a = )" 7)] +
bonult®  binoT Wl b It = Tuml® (43)
+#—Zf|(t—s)|“_1y(s)ds+ o1 It 170 Ty cn It 11 | Tuml
I'(a) Ta+1) T(a+1) T(a+1) Ia+1)
0

_ _ anl _ An2 s _ _ .

where g(t) = g1(t) + g2(t), g1 = T@-p) 92= @) and x = min(a —y, a — B). Now, applying Lemma 2.4, we
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have:

() < y(t) < e(ME [gO(T (@ = P + Tla = y))]| Ealus £+
bo MNu [£1* by o TzM by Nu [t — Tuml® CMw [t

F(a + 1) F(a + l) ]"(a + ]) r(a + 1) =
Ay, |t Ay, |ffe-p+1 A, fiio-
<o 1+|t|+1"(a—ﬁ+1) Ta-p+2) TL(a-y+1) ] (44)

Ec[gO(T(@ = Pt + T(a = )t )| Ealps £+

+ bo Nu [t + by o TgM + by Nu [t = Tuml® CNw [t
INa+1) T(a+1) I'a+1) Ta+1)

Finally, using the basic condition of Theorem 3.1, we can obtain the required FIS condition:
Ix(Bll <&, Vte]. (45)
From Theorem 3.1, we obtain the following result.
Theorem 3.2. The homogeneous system given by (21), when u(t) = 0, u(t—7,) = 0Vt € Jo without perturbations and

disturbance f(t, x(t)) = 0, w(t) = 0satisfying function of the initial state (22) is finite-time stable w.r.t. {5, €, Jo, ||(-)II},
0 < ¢, if the following condition is satisfied:

anl |t|l¥—ﬁ + aTll It|a_ﬁ+‘l + an2|t|0(—}/
IlNa-pg+1) T(a-p+2) Tl@a-y+1)

Ex [g()(Ta = B + T(a = )t 7)| Eaux #9) < % vt € Jo.

[1 + |t +
(46)

Proof: The proof immediately follows from the proof of previous Theorem 3.1.
Theorem 3.3. The nonhomogeneous nonlinear neutral two-term fractional order time varying delay system without
term AleD’f X(t — Txn, (), (i.e An, = 0) given by (47) with satisfying function of the initial state (22) is finite-time

stable w.r.t. {5, &,1u, 1m0, to, J, I(-)Il}, 6 < &, if the following condition is satisfied, (48):

D x(t) = Aox(t) + Arx(t = To(D)) + An, DI X(t = Tr—r,y, () +

(47)
+ Bou(t) + By u(t — 7,(f)) + f(t, x(t)) + Cw(t)
PP L P | S - PR e I
Ta-y+1)| “\Ta=y) "T@/ "7 . us)

Mou |t|a 701 T(;M Now |t|a nlult - TuM|a <

£ vt
Ta+D) T@+l) TasD) ' Tazn 5 '€l

where k¥ = min(a -y, a).

Proof: Similar to the proof of Theorem 3.1 with applying only the extended form of generalized Gronwall
inequality we get the proposed result (48) of Theorem 3.3.

Remark. The system (47) can be reduced to [37], ((9) for case n =1, tn, = 0, An, = B1 =0,C = 0) and
[38], (1) assuming that 7y, = 0, An, = B1 =0,C =0, f = 0. It is easily check that obtained criteria (29), (48)
are more general.
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4. Numerical examples
In this section, to demonstrate the effectiveness of the previously obtained FTS results, a nonhomoge-
neous nonlinear NITDS with disturbance (49) is considered. Here all notation [|(- )|| means the co— norm of

a matrix or a vector.

Example 4.1. Consider the nonlinear neutral NITDS (21) with time-varying input and state delay and multi-term
non-integer order 0 <y <1< f<a <2

‘DY x(t) = Aox(t) + Aix(t — 1(F)) + ANchfx(t — TN, (1) + ANZCDfx(t — T, 1)+

(49)
+ Bou(t) + By u(t — 7,(t)) + f(t, x(t)) + Cw(t)
where
-02 0 -02 0.1 03 0 03 =02
AO_[—O.l 0.3]' Al‘[ 0 —0.1]' ANl‘[—o.os o.z]' ANZ_[O.AL 0.1]'
where (50)

N R e

and tp = 0,a =15 =11,y =05 17 =1, =01, Tany; = Tan, = Tonv = 0.1, Ty = 0.1, with associated
functions: P, = [0.050.05]7; t € [-0.1,0]; ¢(t) = [0.070.07], ¥, = 0.05. The task is to analyze the FTS with
respect to {6 = 0.08, ¢ = 50, 1, = 1}. From the initial functions and given state equation, we have: ||xllc =

hax lYx(Bllee = 0.05, llpxllc = 0.07, p = max{|[{llc, llpllc} = 0.07 < 6 = 0.08, [|Aoll = 04, [lA1]l = 0.3,

AN, | = 0.3, [lAN, |l = 0.5, ||Boll = 0.5, |IC|| = 0.5, I(¥) = 0.01, n, = 1.01, 13, = 1, 1o = 0.06. Applying the condition
of Theorem 3.1, we can obtain the estimated time of the FTS T, ~ 0.8s.

Example 4.2. Consider the following homogeneous neutral NITDS with time-varying state delays multi-term non-
integer order 0 < y <1< f<a <2

‘D x(t) = Aox(t) + Arx(t — T,(1) + AleDfx(t = Tany (B) + AN, DY X(E = Ty, (1)) (51)

where

02 0 01 -03 03 0 0 01
AO_[O 0.2]' Al‘[o.z 0.1]' ANI_[OB 0.2]' ANZ_[—O.Z 0.2] (52)

and o = 175, = 1.5,y = 0.75, 17, = 0.15, Ty = 0.15 Ty, = Tan, = Tanv = 0.15, with associated functions:
Y, = [0.030.03]7, t € [-0.15, 0], ¢x(t) = [0.050.05]". Also, from the initial functions and given state equation, we
calculate: ||Ycllc = 0.03, [locllc = 0.05, p = max{[|cllc, llecllc} = 0.05 < 6 = 0.06. It is obviosly that ||Aoll = 0.2,
lA1ll = 0.4, [|An, Il = 0.5, ||An, |l = 0.4. If we take 6 = 0.06 and ¢ = 100 then condition (48) of Theorem 3.2 holds for
T, ~ 0.328 5 so we can get the estimated time of the FTS.

5. Conclusions

In this paper, FIS analysis for a class of (non)homogeneous nonlinear neutral multi-term fractional
order systems 0 < y < 1 < f < a < 2 with time-varying input and state delays has been investigated. By
use of the extended form of generalized Gronwall inequality, new criteria for the FTS have been developed.
Sufficient conditions for FTS for this class of neutral NITDS have been proposed. Finally, two numerical
examples have been provided to illustrate the effectiveness and the benefit of the proposed novel stability
criterion of FTS.
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