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Abstract

Creep stresses have been obtained for thick-walled cir-
cular cylinder of compressibility varying radially under
external pressure with the help of transition theory using
the concept of generalized principal strain measure. This
theory simplifies the constitutive equations by prescribing a
priory the order of the measure of deformation. Results
have been analysed and discussed numerically as well as
graphically. From the numerical results, it has been
observed that homogeneous material is on the safer side of
the design and also highly compressible cylinder made of
either homogeneous or non-homogeneous material is also
on the safer side of the design.

INTRODUCTION

Thick-walled cylinders are widely used in chemical,
petroleum, military industries as well as in nuclear power
plants. They are usually subjected to high pressures and
temperatures which may be constant or cycling. Creep
analysis of thick-walled cylinders is an active topic, which
attracts a lot of research attention. Cylinders play an im-
portant role in mechanical engineering problems. Some
degree of non-homogeneity is present in wide class of
materials such as hot rolled metals, aluminium and magne-
sium alloys. Also, this non-homogeneity can be generated
by certain external fields, i.e. by thermal field, as the elastic
modules of the material vary with temperature or co-ordi-
nates etc. (Sokolinokoff, /1/; Lubahn and Felger, /2/;
Odquist, /3/; Boyle and Spence, /4/). Rimrott /5/ has used
assumptions of constant density, zero axial strain and
distortion energy law and derived equation for creep rates,
strains and stresses of a thick-walled, closed end, circular
hollow cylinder made of an isotropic homogeneous material
under internal pressure. The strains are considered large,
and the finite strain theory has been used. A known creep
rate versus stress relation is then used to solve a specific
problem. Rimrott and Luke /6/ have presented creep analy-
sis of rotating isotropic cylinder considering finite strain
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Izvod

Izracunati su naponi puzanja u debelozidom kruznom
cilindru radijalno promenljive stisljivosti, izlozenom spolj-
nom pritisku, primenom teorije prelaznih napona, zasno-
vane na konceptu generalisane mere glavne deformacije.
Ova teorija pojednostavijuje konstitutivne jednacine tako
Sto a priori definise red velicine mere deformacije. Rezulta-
ti su analizirani i razmatrani numericki i graficki. Na osno-
vu numerickih rezultata je uoceno da je homogeni materijal
na strani sigurnosti, kao i da je izrazito stisljiv cilindar na
strani sigurnosti, bez obzira da li je homogen ili nehomo-
gen.

theory. The appropriate solution has been obtained for large
strain. Creep analysis of thick-walled orthotropic cylinder
made of isotropic monolithic material and subjected to
internal pressure has been presented by Weir /7/; King and
Mackie /8/, and in all these analyses, it was assumed that
the strains are infinitesimal and the deformation is referred
with respect to original dimensions of the cylinder. Assum-
ing the plain strain condition, Bhatnagar et al. /9/ obtained
stresses for an internally pressurized, homogeneous, ortho-
tropic rotating cylinder subjected to steady state creep
condition. Sharma and Yadav /10/ investigated plastic
stresses using finite difference method. All these authors
used the assumptions of incompressibility, yield condition,
jump continuity. Seth /11, 12/, has defined that transition
theory does not require these assumptions which have been
applied by many authors, i.e. Gupta et. al. /13/ derived
creep stresses in transversely isotropic rotating hollow and
solid circular cylinders under internal pressure. Gupta and
Sharma /14/ have obtained thermo creep stresses and strains
in a pressurized non-homogeneous thick hollow cylinder
under internal pressure, while Sharma /15/ obtained the
thermal creep stresses, strain rate in a non-homogeneous
thick-walled rotating cylinder using transition theory.
Sharma et al. /16/ investigated elastic-plastic stresses for
cylinder made up of transversely isotropic material using
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Seth’s transition theory. Also, this theory has been applied
to determine thermal creep stresses in functionally graded
rotating spherical shell (Sharma and Panchal, /17/).

In this paper, we present an approach of transition theory
(Seth, /12/) to determine the creep stresses for non- homo-
geneous thick-walled cylinder under external pressure.
Taking the non-homogeneity as the compressibility of the
material in the cylinder as,

C:COI’_k, (1)

where: a < r < b; Cy and k are constants.

Results obtained have been discussed numerically and
depicted graphically.

The generalized principal strain measure (Seth, /11/) is
defined as

n n

A
Cij —1 1 -

e = J1-2612 def =—1-(1-2¢)2 | (2)
0

OBJECTIVE OF THE STUDY

In order to explain the transition from elastic to creep,
firstly, we need to recognize transition state as an asymp-
totic one and in this present study, it is our main aim to
eliminate the need for yield condition, creep stress-strain
laws, semi-empirical laws and jump conditions etc. The
objective of this paper is to show that not only the stresses
and strains may be obtained in transition and creep states
but also the constitutive equation could be obtained in tran-
sition state. The general yield condition of transition is
identified from the vanishing of the Jacobian of transfor-
mation. Creep transition of thick-walled cylinder is dis-
cussed to justify the complete theoretical approach.

MATHEMATICAL FORMULATION

Consider a non-homogeneous thick-walled circular cyl-
inder of internal and external radii @ and b respectively,
subjected to external pressure p. The non-homogeneity in
the cylinder is due to variation of compressibility C. The
cylinder is taken so large that plane transverse sections
remain plane during the expansion, and hence the longitudi-
nal strain is the same for all elements at each stage of the
expansion. In cylindrical polar co-ordinates the displace-
ments are given by Gupta and Dharmani /13/, Gupta and
Sharma /14/; Sharma /15/.

u=r(l1-p); v=0, and w=dz, 3)
where: S1is a function of r = \/xz + y2 and d is a constant.

The generalized components of strain are (Gupta et al.
/13/),

1 , 1
€ 22[1—(’% +B)"1. epo =;[1—ﬂn] )
X “)
€z =;[1_(1—d)”]’ €9 =¢p; =€; =0,
where: n is the measure and S’ = cfl—ﬂ .
¥

The stress-strain relation for isotropic material by
Hooke’s Law is
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where: | = ew; T}, e; are stress and strain tensors, respec-
tively; &= a(34+ 2u); A, u are Lame’s constants; Jj is the
Kronecker delta.
Equations of equilibrium are all satisfied except
gy I =loo)
dr r

IDENTIFICATION OF TRANSITION POINTS

(6)

When a deformable solid is subjected to an external
loading system, it has been observed that the solid first
deforms elastically. If the loading is continued, plastic flow
may set in, and if continued further it gives rise to time
independent continuous deformation known as the creep
deformation. It may be possible that a number of transition
states may occur at some critical point, then the transition
function will have different asymptotic values, and the
point will be a multiple one, each branch of which will then
correspond to a different state.

Using Eq.(5) in Eq.(6), and differentiating with respect
to r, one gets a nonlinear equation in £ as

nPB(P+1)"! j_; - r(%-%)[{@-zo-(l ~O)x

x(l—d)"}#—(l—C)—(P+l)”:|+C[l—(P+l)"]+ (7

+r C'{l-{2-(1-d)"}#}np[(l—cn(mn"],

L A
B A+2u
From Eq.(7) we see that the possible transition points are
P — —1 and P — too.

where: P =

’

When P — -1, then aa—r—>0 and so P— —1 corre-
v

sponds to infinite extension. Similarly, when P — Fo cor-
responds to infinite contraction. The strain ellipsoid reveals
that both above mentioned points are transition points.

The boundary conditions are

T,=0 at r=a; T,,=-p at r=>. ()
The resultant axial force in the cylinder is given by

b
L=2x[rT, dr. )

a

METHOD OF APPROACH

The asymptotic solution at each transition point gives the
solution for the transition state of a particular configuration
of the problem. We observe that the material from elastic
state can go over into creep state or plastic state or first to
plastic and then to creep or vice versa under external load-
ing system. All these final states are reached through a tran-
sition state. As only principal stresses are considered, there-
fore, the transition can take place either through the princi-
pal stresses 7, or Tep becoming critical, or through 75, — Tee
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becoming critical. It has been shown that /13-19/ transition
through 7,.— Toe leads to the creep state for the critical
point P — —1. Then transition function R is defined as

2‘;ﬁn [1—(P+l)"] (10)

Taking logarithmic differentiation of the Eq.(10) with
respect to 7 and taking asymptotic value of fas P — —1 and
integrating, one gets

R=T, —Tyo =

2

Y7
—expf (11)

Cr

R=4

where: A4 is constant of integration.

From Eqgs.(10) and (11), it is found that
2

T expf (12)

Tgo from Eq.(12) in Eq.(6)

TW—TQQ ZAI’F, F =

Substituting the value of T, —
and integrating, we get

T,.=B—A[Fdr, (13)
where: B is a constant of integration.
Constants 4 and B are obtained by using the boundary
conditions Eq.(8) as
__ P  L,__ D
A=+—; B=- UFdr]r:b—
| Fdr | Fdr

a a

As the non-homogeneity in the cylinder is due to varia-
ble compressibility C given by Eq.(1), the creep stresses in
a non-homogeneous cylinder under external pressure have
been obtained as

b b
T,, =—p+ 4 [FRdr, Ty =—P+A2{JFld”—"Fl},
r r

l—Corik a
T, =| —2— || 2p+24, | Fdr—r,F |+ (14)
2-Cyr~ -
Acor"‘a 2Cor )
(1 Cor ™y2-Cor™) ™
1
i I 7’/( Coi" ) [T + T99 ]d}"
2z 2—C07'
where: e, = - 2

rCor ¥ (3-2Cyr %)
Af —~ ——dr
a(1=Cor ")2-Cor ™)
rk—2n—1E2 (2 _ Col’_k )2

F= exp f1,
4Cy(3-2Cyr)?
—k
p (n=1) , _p 2kCyr"
A2=b ,j{]:— X COI" ——Dno i +
Iﬂdr (n—k)

a
—k— —k
kG J‘r” 13-2Cyr™)
D" 1-Cyr*

Equation (14) gives creep stresses for a thick-walled
circular cylinder having variable compressibility.

dr+log(1-Cor ™) .
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Let us now introduce the following non-dimensional
components as

T T, T,
Ro:ﬂ, Rzi, o, =, O-Hzﬁ, o, =% P_
b b E(lO) E E’ E
Equation (14) in non-dimensional form can be written as
1
IFZ dr
_ R
o,=—P+P 1 S
I F2 dr
Ry
1
‘[Fz dr—RF2
oy =—P+PR1—O'r , (15)
J. del”
RO
1-CyR™*b~
: :—0 ~(og+o,)te.,
—k
2-CyR bk
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where: e,, = 0 ;
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—ki—k
—2CyR
xj3 GoR 7b R 17k aR 110g(1-CoR7*b7F),

1-CoR*b7*
STRAIN RATES

When the creep sets in, the strain should be replaced by
strain rates. The stress-strain relation (5) can be written as

. 1+v 1%
where: ¢; is the strain rate tensor with respect to flow
1-C .
parameter ¢ and @ = Ty + T+ T33 and v= is the
Poisson ratio.
Differentiating Eq.(4) with respect to ¢, we get
. -1,
eop=-B""B. (17)
For Swainger measure (n = 1)
coo =P, (18)

where: &gy is Swainger strain measure.

The transition value of Eq.(10) as P — —1 gives
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Using Eqgs.(17), (18) and (19) in Eq.(16), we have
1

—1
. n no | 1+v v .
E00 :|:Z(Trr —ng):| |:TT;/ —Eé‘lj@:l , 1.C.

1

~Tgp)" . (19)

N-1
| 3-2c N 1=C
8W_|:N(2—C)i| (O-r 69) |:Ur 2_C(O-Z+O-9):|’(20)
N-1
. 3-2C - 1-C
89'9:{]\7(2——6‘)} (o, -cp)" {00 _ﬁ(o_r +O_z):|5 2
and
N-1

_| 32 oV o o 12C —
{N(z—C)} (or=0) {GZ 2—0(0’”9)} f0-(22)

These are the constitutive equations for finding the creep
strains for N = 1/n.

NUMERICAL DISCUSSION

In order to explain the effect of pressure and compressi-
bility on cylinders made up of homogeneous and non-
homogeneous materials, curves have been drawn in Figs. 1
to 3 between stresses and radii ratios Ro = 0.1:0.1:1.

From Fig. 1, it is observed that circumferential stresses
are compressible and maximal at the internal surface for
cylinder made of homogeneous and non-homogeneous
material with linear measure (N = 1). Also, it is observed
from Fig. 1 that circumferential stresses are maximal for
highly compressible cylinder as compared to the less com-
pressible cylinder. As measure changes from linear to non-
linear (N = 3), circumferential stresses with compressibility

with external pressure (P=1). As nonlinear measure
increases, behaviour of circumferential stresses remains the
same as that for nonlinear measure (N = 5). Also, with the
external pressure we can observe from Fig. 2 that circum-
ferential stresses are compressible and maximal at internal
surface for cylinder made of homogeneous and non-homo-
geneous material with linear measure (N= 1). Also, as
observed from Fig. 1, the circumferential stresses are maxi-
mal for highly compressible cylinder as compared to less
compressible cylinder. As measure changes from linear to
nonlinear (N = 3), circumferential stresses with compressi-
bility parameter (k = —5, —3) are again maximal at internal
surface while for (k= —1), it becomes maximal at Ro= 0.6
with external pressure (P = 2). As nonlinear measure in-
creases, the behaviour of circumferential stresses remains the
same as that for nonlinear measure (N = 5). We can see that
for linear/nonlinear measure, circumferential stresses increase
significantly but the behaviour of stresses remains the same
as in Fig. 1. Similarly, from Fig. 3, it is observed that circum-
ferential stresses are compressible and maximal at the inter-
nal surface of cylinder made of homogeneous and non-
homogeneous material with linear measure (N = 1). Also, it
is observed from Fig. 1 that circumferential stresses are
maximal for highly compressible cylinder as compared to
the less compressible cylinder. As measure changes from
linear to nonlinear (N = 3), circumferential stresses with
compressibility parameter (k= —5, —3) are again maximum
at the internal surface while for (k= —1), it becomes maxi-
mal at Ro = 0.6 with external pressure (P = 2). As nonlinear
measure increases, the behaviour of circumferential stresses
remains the same as that for non-linear measure (N = 5).
We can see form the figure that as pressure changes, P =2
to P = 3, circumferential stresses increase significantly for
both linear and nonlinear measure, but the behaviour of

stresses remains the same as in Figs. 1 and 2.
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Figure 1. Creep stresses in thick-walled circular cylinder under external pressure (p = 1) for measure N =1, 3, 5 in respect.
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Figure 2. Creep stresses in thick-walled circular cylinder under external pressure (p = 2) for measure N = 1, 3, 5 in respect.
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Figure 3. Creep stresses in thick-walled circular cylinder under external pressure (p = 3) for measure N = 1, 3, 5 in respect.
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Figure 4. Creep strain rates in homogeneous thick-walled circular cylinder under external pressure (p = 1) for measure N = 1, 3, 5 in respect.
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Figure 5. Creep strain rates in thick-walled circular cylinder under external pressure (p = 2) for measure N =1, 3, 5 in respect.
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Figure 6. Creep strain rates in thick-walled circular cylinder under external pressure (p = 3) for measure N = 1, 3, 5 in respect.

From Fig. 4, we can observe that creep strain rates are
maximal at internal surface for homogeneous cylinder and
non-homogeneous cylinder with linear measure. From
Fig. 4, we can see that as measure changes from linear to
nonlinear, creep strain rates decrease significantly for non-
homogeneous cylinder as well as for the homogeneous
cylinder. It can be observed from Figs. 4 and 5 that when
external pressure changes from P =1 to P = 2, creep strain
rates increase significantly but as measure changes from
linear to nonlinear, creep strain rates keep going on
decreasing. Similarly, we can see from Figs. 5 and 6 that as
pressure increases, creep strain rates increase significantly.

CONCLUSION

From the above analysis above we can conclude that
circumferential stresses are lower for non-homogeneous
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cylinder with compressibility parameter (k= —1) under exter-
nal pressure as compared to the homogeneous cylinder and
non-homogencous cylinder with other compressibility para-
meters. Thus, non-homogeneous cylinder with linear meas-
ure is a better choice for the design as compared to the
homogeneous cylinder and non-homogeneous cylinder with
nonlinear measure.
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