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1 Introduction and preliminaries
The well-known Banach contraction mapping principle states that if (X, d) is a complete
metric space and f : X — X is a self-mapping such that

d(fx, fy) < rd(x,) 1)

forallx,y € X, where 0 < A <1, then there exists a unique x € X such that fx = x. This point
x is called the fixed point of the mapping f. On the other hand, for mappings f : X — X,
Kannan [1] introduced the contractive condition

d(f.fy) < A[d(x, fx) + d(y, /)] (2)

for all x,y € X, where X € [0, %) is a constant and proved a fixed point theorem using (2)
instead of (1). Conditions (1) and (2) are independent, as it was shown by two examples
in [2].

Reich [3], for mappings f : X — X, generalized Banach and Kannan fixed point theorems
using the contractive condition

d(fx,fy) < ad(x,y) + Bd(x, fx) + yd(y,fy) 3)

for all x,y € X, where «, B, y are nonnegative constants with « + 8 + ¥ <1. An example in
[3] shows that condition (3) is a proper generalization of (1) and (2).

In 1965, Presic [4, 5] extended the Banach contraction mapping principle to mappings
defined on product spaces and proved the following theorem.
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Theorem 1.1 Let (X, d) be a complete metric space, k be a positive integer and f : X¥ — X
be a mapping satisfying the following contractive type condition:

k
d(f(xb X2y ens :xk)rf(er X35.0e ¢xk+1)) = Z qid(xh xi+1) (4')

i=1

foreveryxy,xy,..., %111 € X, where q1, qa, . . ., qx are nonnegative constants such that q, + q, +
-+ + gx < 1. Then there exists a unique point x € X such that f(x,x,...,x) = x. Moreover, if
X1,%2,...,% are arbitrary points in X and for n € N, x4 = f (%0, X415 - - -» Xnsk-1), then the

sequence {x,} is convergent and limx, = f(limx,, limx,, ..., limx,).

Note that condition (4) in the case k = 1 reduces to the well-known Banach contraction
mapping principle. So, Theorem 1.1 is a generalization of the Banach fixed point theorem.
Some generalizations and applications of the Presi¢ theorem can be seen in [4-19].

The existence of a fixed point in partially ordered sets was investigated by Ran and
Reurings [20] and then by Nieto and Lopez [21, 22]. Fixed point results in ordered metric
spaces were obtained by several authors (see, e.g., [6, 18, 23—32]). The following version of

the fixed point theorem was proved, among others, in these papers.

Theorem 1.2 (see [22] and references therein) Let (X, X) be a partially ordered set, and
let d be a metric on X such that (X,d) is a complete metric space. Let f : X — X be a
nondecreasing map with respect to <. Suppose that the following conditions hold:
(i) there exists k € (0,1) such that d(fx,fy) < kd(x,y) for all x,y € X with y < x;
(ii) there exists xo € X such that xo < fxo;
(ili) f is continuous.
Then f has a fixed point x* € X.

Pacurar [10] introduced the Presi¢-Kannan type contraction and proved some common
fixed point theorems for such contractions. Very recently, in [18] (see also [33]) authors
introduced the ordered Presi¢ type contraction and generalized the result of Presi¢ and
proved some fixed point theorems for such mappings. In this paper, we introduce the
ordered Presi¢-Reich type contraction and prove some common fixed point theorems for
such type of mappings in ordered metric spaces. Our results generalize and extend the
results of Presi¢ [4, 5], Pacurar [10], Malhotra et al. [18], Luong and Thuan [33], Nieto and
Lépez [21] and several known results of metric spaces. An example, which illustrates the
case when new results can be applied while old ones cannot, is included.

The following definitions will be needed in the sequel.

Definition 1.3 Let X be a nonempty set, k be a positive integer and f : X* — X be a map-
ping. If f(x,%,...,x) = x, then x € X is called a fixed point of f.

Definition 1.4 (see [13]) Let X be a nonempty set, k be a positive integer, f : X* — X and
g: X — X be mappings.

(a) An element x € X is said to be a coincidence point of f and g if gx = f(x, ..., %).

(b) If w=gx=f(x,...,x), then w is called a point of coincidence of f and g.

(c) Iifx =gx=f(x,...,x), then x is called a common fixed point of f and g.
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(d) Mappings f and g are said to be commuting if g(f(x, ..., x)) = f(gx, ..., gx) for all
xeX.
(e) Mappings f and g are said to be weakly compatible if they commute at their

coincidence points.

Remark that the above definition in the case k = 1 reduces to the usual definitions of
commuting and weakly compatible mappings in the sense of [34] (for details, see the In-
troduction from [34]).

Definition 1.5 (see [18]) Let a nonempty set X be equipped with a partial order ‘<’ such
that (X, d) is a metric space, then (X, <, d) is called an ordered metric space. A sequence
{x,} in X is said to be nondecreasing with respect to ‘<" if x; <xp <--- <x, <--- . Letk
be a positive integer and f : X¥ — X be a mapping, then f is said to be nondecreasing with
respect to ‘<’ if for any finite nondecreasing sequence {x,}**1 we have f(x1,x,..., %) <

f(x2,%3,...,%%,1). Let g : X — X be a mapping. f is said to be g-nondecreasing with re-

k+1

spect to ‘<’ if for any finite nondecreasing sequence {gx,},"

f(xZ)x?n e ;xk+1)'

we have f(x1,%;,...,2¢) <

Remark 1.6 For k =1, the above definitions reduce to usual definitions of fixed point and

nondecreasing mapping in a metric space.

Definition 1.7 Let X be a nonempty set equipped with partial order ‘<, andletg: X — X
be a mapping. A nonempty subset .4 of X is said to be well ordered if every two elements of
A are comparable. Elements a, b € A are called g-comparable if ga and gb are comparable.
A is called g-well ordered if for all a,b € A, a and b are g-comparable, i.e., ga and gb are

comparable.

Example 1.8 Let X = {0,1,2,3}, ‘<’ be a partial order relation on X defined by <=
{(0,0),(1,1),(2,2),(3,3),(1,2),(2,3),(1,3)}. Let A ={0,1,3} and g : X — X be defined by
g0=1,g1=2,g2=3, g3 =3. Then it is clear that A is not well ordered but it is g-well
ordered.

Let (X, <,d) be an ordered metric space. Let k be a positive integer and f : X* — X be a

mapping. f is said to be an ordered Presi¢ type contraction if

k
d(f(xl:xb ceer ki), f (2, %3, ~ka+1)) = Zaid(xi,xm) (5)

i=1

for all xy,%5,...,%k41 € X with 21 < xy < --+ < x4,1, where «; are nonnegative constants
such that Zle a; < 1. If (5) is satisfied for all x;, %3, ...,%k,1 € X, then f is called a Presi¢
type contraction.

f issaid to be an ordered Pres$i¢-Kannan type contraction (see [10] for details) if f satisfies

following condition:

k+1

d(f(xlxe: e :xk)rf(erxS: v rxk+l)) < /3 Zd(xi:f(xi;xi; e !xi)) (6)

i=1
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for all x1, x5, ...,%%,1 € X withx; <xp < -+ <xy,1, where 0 < Bk(k +1) < 1. If (6) is satisfied
for all %1, %5, ...,%k41 € X, then f is called a Presi¢-Kannan type contraction.

f is said to be an ordered Presi¢-Reich type contraction (see also [16]) if f satisfies the
following condition:

k
d(f(xler:««-;xk)rf(erxS:'-'rxk+l)) = Zaid(xi:xiﬂ)

i=1
k+1

+ Zﬂid(xi,f(xi,xi,...,xi)) (7)

i=1

for all %, %5, ..., %% € X with 41 <%y < -+ < 4,1, where «;, §; are nonnegative constants
such that Zf;l o+ k Zf:’ll Bi < 1.1f (7) is satisfied for all x;, x5, ..., x%41 € X, then f is called
a Presi¢-Reich type contraction.

Note that the Presi¢-Reich type contraction is a generalization of Presi¢ type and Presic-
Kannan type contractions. Indeed, for §; = 0,1 <i < k +1, a Pre$i¢-Reich type contraction
reduces into a Presic¢ type contraction and foro; = 0,1 <i<k,and ;= 8,1 <i <k +1,
a Presi¢-Reich type contraction reduces into a Presi¢-Kannan type contraction. Also, for
k =1, a Presi¢-Reich type contraction reduces into a Reich contraction, so it generalizes
the Banach and Kannan contractions.

Now we can state our main results.

2 Main results

Theorem 2.1 Let (X, <,d) be an ordered complete metric space. Let k be a positive integer,
f:X*— X and g: X — X be two mappings such that f(X*) C g(X), g(X) is a closed subset
of X and

k
d(f(xl,xz,---,xk),f(xmxs,uquﬂ)) =< Zaid(gxi,gxm)

i=1
k+1

+ Z Bid (gxir f (%1, %is .. %7)) (8)

i=1

for all x1,%5,..., %101 € X with gx; < gxy < -+ < gxiy1, Where a;, ; are nonnegative con-
stants such that

k+1

k
Zai+k2ﬁi<1. 9)
i=1 i=1

Suppose that the following conditions hold:
(I) there exists xg € X such that gxo < f(%0,%0,--.,%0);
(1) f is g-nondecreasing;
(III) if a nondecreasing sequence {gx,} converges to gu € X, then gx, < gu foralln e N
and gu < ggu.

Then f and g have a point of coincidence. If, in addition, f and g are weakly compatible,
then f and g have a common fixed point v € X. Moreover, the set of common fixed points of
f and g is g-well ordered if and only if f and g have a unique common fixed point.
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Proof Starting with given xy € X, we define a sequence {y,} as follows: let yo = gxo,
Y1 = f(%0,%0, ..., %0). As f(X¥) C g(X), there exists x; € X such that f(xo,Xo,...,%0) = gx1.
Therefore y; = gx1 = f(x0,%0,...,%0) as gxo < f(x0,%0,...,%0), we have gxy < gx;, that
is, yo < y. Again, as f is g-nondecreasing and gxo < gx;, we have f(xg,%o,...,%) =<
fxo,...,%0,%1) < f(x0,...,%0,%1,%1) < -+ < f(x1,%1,...,%1). Choose x; € X such that y, =
g%y = f(x1,%1,...,%1) (which is possible since f(X*) C g(X)). So, gxo < gx1 < gxo, that is,

yo =¥ < ;. Continuing this process, we obtain

gXo fgxl <. fgxn fgxwrl Xy,

that is,

YoSINZP2 =2V Y1 =0

and y, = gx, = f(Xy-1,%n-1,...,%4-1) for n =1,2,.... Thus, {y,} = {gx,} is nondecreasing
with respect to ‘<] that is, {x,} is g-nondecreasing with respect to ‘<’ We shall show that

{yu} = {gx,} is a Cauchy sequence in g(X). If y, = y,,,1 for any n, then

d()’n+17yn+2) = d(f(xnwu;xn)rf(xnﬂ; -~~’xn+1))

< d(f(x,,,...,x,,),f(x,,,...,xn,x,,+1))

+ d(f(xm ce s Xy Xni1) f oy - ;xn:xnﬂ’xnﬂ)) L

+ d(f(xn;xm-h e :xn+1)¢f(xn+1v e :xn+1))'

As gx,, < gxyi1, using (8), the above inequality implies that

AWni1s Yn2) < (@, @ni1) + Brd (@ f Ks o %)) + -+

that is,

+ B (g%, f Ky ... %))

4 Bead(@na1of Gorrts - 1))

+ 1A (g%, @%n1) + Pra (@ f Ky, %)) + -
+ Brrd(@nsf G - %)

+ Brd(@nrt,fnsts -y 5ni1))

+ B (@xns1nf nsts s Xons1)) + -+

+001d(gXn, @%ni1) + PrA (g f Ks - ., %))

+ Bod(@hni1 f Fnsty s X)) + -+

+ B d(@ni1 f Enats - Xmi1))

i=1

k
d(yn+17yn+2) = |:Z c(ij| d(y;'nynﬂ) + ,Bld(yn:yrﬁl) +--t ﬁkd(yn;ynﬂ)

+ /3k+1d(yn+l:yn+2) + ,Bld(yrn_ynﬂ) te+ ,Bk—ld(yn:yrﬁl)

Page 5 of 14
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+ ﬂkd(ynﬂ;ynﬂ) + ,Bk+1d(y;1+l»yn+2) t- 4+ ,Bld(yn;yml)
+ ﬁ2d(yn+lxyn+2) L ,3k+1d()/n+1yyn+2)
< [kﬂk+1 + (k - 1)/3/( +eoeet ﬂZ]d(yrHl:yrHZ)
since y, = yu41. In view of (9), we have kB + (k= 1)Bx + -+ + P2 = Zf:zl i—1)B; <

k Zitzl Bi < 1, therefore it follows from the above inequality that d(y,.1,V442) = 0, that is,
Yu+l = Yus2. Similarly, it can be shown that

Y =Ynel =VYn+2 =Yns3 ="+ .

Therefore {y,} is a Cauchy sequence. If y,, # y,,1 for all #, then for any n > 0, we have

AW Yn1) = A(@Xnr &ni1)
= d(f Knts - %0-1)f Gns . %))
< d(f@ntse e Xpa1)of Koty o5 X1, %))
+ d(f(x,,_l,...,x,,_l,x,,),f(xn_l,...,x,,_l,x,,,xn)) I

+ A (f Kt %ns - s %0)s f Kos 5 %))

As {x,} is g-nondecreasing, using (8), the above inequality implies that

AW Yus1) < hd(@hn-1,8%0) + Prad (g1, f K1y %01)) + -
+ B (@t f oty - r 1))
+ B d (g f o ., 2)
b s d( @1, @) + B (ntsf Gontr o n1)) + -
+ Br1d (gn-1,f (ot s %0-1))
+ Brd (&, f (% -, %))
+ Bread (@ f Ky - X)) + -+
+ 01 (g1, @) + FrA(@Enrf ot Xn )
e Bod (@ f (o)) + -
+ Brnnd (g8, f (s ., %)),

that is,

k
d(ynrym-l) = |:Z aij| d(yn—l:yn)

i=1
+ Brdn-1,90) + -+ - + BedYn-1,Yn) + Bir1d Vs Y1)
+ BrdWn-1,90) + - -+ + Bea1d -1, ¥n) + Bkd s Y1)
+ Bes1dWny Yus1) + - - -
+ B1dYn-1,9n) + Bod Vs yus1) + -+ + Bier1dYms Y1)
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Setting d,, = d(y,,, yu41), We obtain

k
dl’l = [Zai:|dn—l + [kﬁl + (k— l)ﬁz + -+ 2,3](_1 + ,Bk]dn—l

i=1

+[kBroa + (k=1)Bx + -+ + 23 + B2 |dy,
k k+1
dy < [Zal > k+1- i)ﬁl}dﬂ + [Z(i - 1)&}1”,
i=1 i=2

dn<lea,+Zkl (k+1- 'Bdn_b
1- Z+(1_1),31

dy < Ad,_ (say).

Let A = Zl 1%, B= ka“ll Bi, C = Zk+1 —1)B;, then in view of (9) we have A + B < 1.

Therefore

P lal+2k+l(k+1—z)ﬁ, A+B-C

A= k+1 - 1-C
1->6-1)B;

<1.

By repeating this process, we obtain
d, < \'d. (10)
Let m,n € N and m > n, then it follows from (10) that

d(ymym) =< d(ymynﬂ) + d()’n+1:yn+2) + d(,)/n+27yn+3) L d(ym—bym)
Sdn+dn+l+dn+2+"'
<M'dy + )\,n+1d0 + )\n+2d() + .-

=[1+x+A%+--- A"y,
[

n

d(yn;ym) d()-

T 1-A

As A <1, we have do — 0 as n — o0o. Therefore, it follows from the above inequality

that lim,, ,— oo d(y,,, ym) = 0. Therefore {y,} = {gx,} is a Cauchy sequence. As g(X) is closed,
there exist v € g(X), u € X such that

lim y, = hm N gxy = gu = V.

n—00

We shall show that v is a point of coincidence of f and g. For any # € N, we obtain

d(gu,f(u,...,w)) < d(gu,yun1) + (V1o f W, ..., u))
< d(gi,yni) + A(f G, %), f (W, 1))
< d(gu, yui1) + A(f Gns oo %0)s f Gy« X0, 10))
A (f Koy Koy ), f sy oy 1 1)) +
+d(f W thy oy ), f Wy, 1)),

Page 7 of 14
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By (III) we have gx, < gu for all n € N, also, as y, = gx, = f(xp, ..., %), Ay = A(gX1, ZX111)
and gu = v. Therefore, using (8) in the above inequality, we obtain
dW.f W, ..., u)) < axd(yn,v) + Brdy + Body + -+ + Brdy,
+ ,Bk+1d(v,f(u, e u))
+ 01 d (Y, V) + Brdu + Bady + - -
+ Brad, + ,Bkd(v,f(u, ey u)) + ﬂk+1d(v,f(u, ey u))
I
+ o1 d (Y, v) + Prdy + Bad (v, f ..., 1)) + -+
+ Bend (v, f (..., 0)) + AV, Y1)

k k
_ [zai}dm,w . [zw - im}dﬂ
i=1

i=1
k+1
+ |:Z(i - 1)ﬂij| d(v,f(u, ey u)) +d(V, Y1),
i=2

that is,

(1 - C)d(V,f(M, LR u)) S Ad(ynr V) + (B - C)d(ynrynH) + d(V>yn+1)r
a- C)d(v,f(u,..., u)) <(A+B-0)dy,v)+1+B-C)dWu1,v).

Aslim, o d(y,v)=0and1-C=1- Zlf:f(i —-1)B; > 0, therefore it follows from the above

5

inequality that
d(v.f(,...,u)) =0, thatis, f(u,...,u)=v=_gu. (11)

Thus, u is a coincidence point and v is a corresponding point of coincidence of f and g.
Suppose, f and g are weakly compatible, then by (11) we have

f,...,v)=f(gu,...,gu) :g(f(u,...,u)) =gv.

Again, by (IlI), gu < ggu = gv; therefore using (8) and a similar process as several times
before, we obtain

A f Wy V) = d(f s .cr i) f ..., V)
< d(fy..r ), f .. 7))
$ AW V), f W 11, V)) 4
S d(f v,V f V)
< Ad(gu,gv) + (B - C)d(gitf (.., )
+Cd(gv,f(v,...,v))
= Ad(v,f(v,...,V)).

Page 8 of 14
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AsA=Y"% a;<1,weobtain
dv,f(v,...,v)) =0, thatis, f(v,...,v)=v=gv.

Thus v is a common fixed point of f and g. Suppose that the set of common fixed points
is g-well ordered. We shall show that the common fixed point is unique. Assume on the
contrary that vy is another common fixed point of f and g, that is, vo =f(vo,..., Vo) = gvo
and v #vy. As v and v, are g-comparable, let for example gv < gvy. From (8), it follows that

A, v0) = A(f(vy..., V), f Vo ..., %))
<d(fv,...,v)f(W,...,v,vp))
+d(f (e v, 0 f Wy v, V0, %)) + -+
+d(F(v,v0,...,v0),f Vo, .., v0))
< Ad(gv,gvo) + (B— C)d(gv,f(v,...,v)) + Cd(gve,f (vo,..., v0))
= Ad(v,vp).

As A = Zle o; < 1, we obtain d(v,vg) = 0, that is, v = vy, a contradiction. Therefore the
common fixed point is unique. For converse, if a common fixed point of f and g is unique,
then the set of common fixed points of f and g is singleton, and thus g-well ordered. [J

Remark 2.2 Let (X, X,d) be an ordered metric space, and let f,g : X — X be two map-
pings. Then f is called an ordered g-weak contraction if

d(fx, fy) < oad(gx, gy) + ad(fx, gx) + asd(fy, gy)

for all x,y € X with x <y, where o, a3, o3 are nonnegative constants such that oy + oy +
a3 < 1. If the above inequality is satisfied for all x,y € X, then f is called a g-weak contrac-
tion (see [35]). For k =1 in Theorem 2.1, we get a fixed point result for an ordered g-weak

contraction in metric spaces.

The following is a fixed point result for ordered Presi¢-Reich type mappings in metric
spaces and can be obtained by taking g = Iy (that is, the identity mapping of X) in Theo-

rem 2.1.

Corollary 2.3 Let (X, <,d) be an ordered complete metric space. Let k be a positive integer,
f: X% — X be a mapping such that the following conditions hold:
(I) f is an ordered Presié-Reich type contraction;
(L) there exists xg € X such that xoy < f(x0,%0,-..,%0);

(III) f is nondecreasing (with respect to <’);

(IV) if a nondecreasing sequence {x,} converges to u € X, then x,, < u for all n € N.
Then f has a fixed point. Moreover, the set of fixed points of f is well ordered if and only if
f has a unique fixed point.

The following corollary is a generalization of the result of Presi¢ in an ordered metric
space and can be obtained by taking 8; = 0 for 1 <i <k +1 in Theorem 2.1.
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Corollary 2.4 Let (X, <X, d) be an ordered complete metric space. Let k be a positive integer,
f: XX — X and g : X — X be two mappings such that f(X*) C g(x), g(X) is a closed subset
of X and

k
d(f(xbxz,..‘,xk),f(xzfxs,-kau)) =< Zaid(gxi,gxm) (12)

i=1

forall x1,%5,..., %11 € X With gx; < gwy < -+ < gxk41, where a; are nonnegative constants
such that ZL a; < 1. Suppose that the following conditions hold:
(I) there exists xo € X such that gxo < f(x0,%0,-..,%0);
(II) f is g-nondecreasing;
(III) if a nondecreasing sequence {gx,} converges to gu € X, then gx, < gu foralln e N
and gu < ggu.

Then f and g have a point of coincidence. If, in addition, f and g are weakly compatible,
then f and g have a common fixed point v € X. Moreover, the set of common fixed points of

f and g is g-well ordered if and only if f and g have a unique common fixed point.

The following corollary generalizes the result of Pacurar [10] in ordered metric spaces

and can be obtained by taking «; = 0 for 1 <i < k in Theorem 2.1.

Corollary 2.5 Let (X, <,d) be an ordered complete metric space. Let k be a positive integer,
f:X*— X and g: X — X be two mappings such that f(X*) C g(X), g(X) is a closed subset
of X and

k+1

d(f(xl;xb v ,Xk),f(XQ,xg, v ’xk+l)) < Z ,Bid(gth(xi?xir e :xi)) (13)

i=1

forall x1,%5,...,%1 € X with gx) < gxy < -+ <X gxy,1, where B; are nonnegative constants
such that k Zf:ll Bi < 1. Suppose that the following conditions hold:
(I) there exists xg € X such that gxo < f(%0,%0,-..,%0);
(1) f is g-nondecreasing;
(III) if a nondecreasing sequence {gx,} converges to gu € X, then gx, < gu foralln e N
and gu < ggu.

Then f and g have a point of coincidence. If, in addition, f and g are weakly compati-
ble, then f and g have a common fixed point v € X. Moreover, the set of common fixed
points of f and g is g-well ordered if and only if f and g have a unique common fixed
point.

The following example illustrates that an ordered Presi¢-Reich type contraction may not
be an ordered Presic type or ordered Presi¢-Kannan type or Presi¢-Reich type contraction;
moreover, that the fixed point of an ordered Presi¢-Reich type contraction may not be
unique (when the set of fixed points of f is not well-ordered).

Example 2.6 Let X = [0,2] and order relation ‘<’ be defined by

<= {(x,y):x,ye [0,1] withyfx} U {(x,y):x,ye(l,Z) withyfx} U {(2,2)}
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and let d be the usual metric on X. Then (X, <,d) is an ordered complete metric space
For k = 2, define f : X> — X by

1

3 ifx=y=1,
o= 12 ifx=y=2,
x,y) =
x;y -1 if (%J’) € [0)1) X {2} U {2} S [07 1))
= otherwise.

Then:

(a) f is not an ordered Presic¢ type contraction;
(b) f is not an ordered Presi¢-Kannan type contraction;
(c) f is not a Presi¢-Reich type contraction;

(d) f is an ordered Presi¢-Reich type contraction with o = oy = %, Bi=Pr=p3= %.

Proof (a) For k =2, (5) becomes

d(f (v, %2), f (%2, %3)) < ond(x1,%2) + o2l (32, %3) (14)

for all xy,x5,x3 € X with x; < x5 < x3, where o, &y are nonnegative constants such that

oy + 09 <1. Note that 1 <1 < %, therefore for x; = x5 =1, x3 = =, (14) becomes

10”’
df(ll)f 1, — <apd(1,1) + axd| 1, —
) 2, ,10 f— 1 ’ 2 ’10 ’

But a; + 3 < 1 and therefore the above inequality will never hold. Thus f is not an ordered
Presi¢ type contraction.

(b) For k =2, (6) becomes

d(f(xbxz),f(xz,xs)) = ﬁ[d(xbf(xl,xl)) + d(xzyf(xz,xz))

+ d(xg,f(xg,xg))] (15)

for all x1, x5, x5 € X with x; < x, < x3, where § is a nonnegative constant such that 8 < %.

Note that x < 0 < 0 for all x € (0,1) and therefore for x, =x3 =0, x; = x € (0,1), (15) be-
comes

d(f(x: O)rf(or 0)) =< ,Bld(xrf(x:x)) + ,BZd(O’f(Or 0)) + ,BSd(O’f(O: O)):

d(g,o) < ,31d<x, g) + B>d(0,0) + Bd(0,0),

X _ 8 2x

63"
But 8 < é, and therefore the above inequality will never hold. Thus f is not an ordered
Presi¢-Kannan type contraction.
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(c) For k = 2, (7) becomes

d(f (%1,%2),f (62,%3)) < (1, %2) + o2 (2, %3)
+ 131d(x1,f(x1,x1))
+ ,BZd(xZ,f(x%xZ)) + ﬁ?)d(x&f(x&x?)))r (16)
where a1, a3, 1, B2, B3 are nonnegative constants such that Zle o+ 2 Zil Bi<LIff is

a Presi¢-Reich type contraction, then inequality (16) must be satisfied for all x;,x;,x3 € X.
Note that for x; = x, = 2, x3 = 0, (16) becomes

d(f(2,2),/(2,0)) < 1d(2,2) + 22d(2,0)

+Bid(2.£(2,2)) + B2d(2,£(2,2)) + B3d(0,£(0,0)),
d(2,0) < 2d(2,0) + B1d(2,2) + f2d(2,2) + B3d(0,0),

2 <2a5.

But Y7 o +2Y 2 Bi <1, and therefore the above inequality will never hold. Thus f is
not a Presi¢-Reich type contraction.

(d) Iff is an ordered Presi¢-Reich type contraction, then inequality (16) must be satisfied
for all x1, %9, x3 € X with x; <%y < x3. Indeed, we have to check the validity of (16) only for
X1,%2,%3 € [0,1], x1,%2,x3 € (1,2) and w; =Xy =x3 =2. If x; =x9y =x3 =1 orx; =x, = a3 = 2,
then (16) is satisfied trivially. If x;, %9, %3 € [0,1) or x1, %2, %3 € (1,2) with x; < x5 < x3, that
is, x3 < xy < &1, then (16) becomes

X1+ Xy KXo +X
d( 16 2,2T3> < ayd(x1,%2) + aad(x2,%3)

X X X
+ ﬁ1d<x1, §1> + ﬁzd<x2, §2> + ﬁ3d<x3, gs)

X1 — X3 2x 2x 2x3
- 3 <o (o — %) + oy —x3) + ?lﬁl + ?2/32 + ?,33,

which is valid for o = oy = %, Br=pPr=PB3= %. If any one of x1, x5, x3 is equal to 1, then
with a similar process one can verify the same result. If any two of x1, x,, x3 are equal to 1,
for example, let x; = x; =1, x3 € [0,1), then (16) becomes

11
d( +6x3> < ad(1,1) + apd(1, x3)

E;
1 1 X3
dl 1, — dll, — dl x3, — |,
+ b1 ( 12>+132 < 12)"'/33 <x3 3>
1+ 2x3 11 11 2x3
<ay(l- B =Byt 2B,
B < ay( x3)+1251+12ﬁ2+ 3 B3

which is valid for «; = oty = é, B1=PBr=PB3= %. Similarly, in all possible cases, (16) is satis-
fied for a; = ay = %, Bi=pPr=P3= %. Thus, f is an ordered Presi¢-Reich type contraction.
All the conditions of Corollary 2.3 (except the set of fixed points of f is well ordered) are
satisfied and the set of fixed points of f is F = {0,2}. Note that the set of fixed points of f,
that is F, is not well ordered (as (0, 2), (2,0) ¢ <) and fixed point f is not unique. O
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