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1. Introduction

Let w be a given nonnegative and integrable weight function on the interval [—1, 1]. Let us denote by p, the monic
polynomial of degree k, which is orthogonal to P,_; (P, denotes the set of polynomials of degree at most k) with respect to
w, i.e.

1
/ Ipw)dx =0, j=0,1,....k—1,
-1

and let us recall that (p;) satisfies a three-term recurrence relation of the form

Prr1(®) = (x — a)pr(x) — bypr-1(x), k=0,1,..., (1.1)
where p_1(x) = 0, po(x) = 1 and the by’s have the property of being positive.
The unique interpolatory quadrature formula with n nodes and the highest possible degree of exactness 2n — 1 is the
Gaussian formula with respect to the weight w,

1 n
f FOWEd = Galf 1+ Ea(), Galf1 = 3" 35F (6€) (n € 1), (12)
-1 j=1
In [1], Laurie introduced quadrature rules that he referred to as anti-Gauss associated with the weight w,
1 n+1
/ W = Apalf] 4 Rest (), Analf1 = 3 22F () (n € ). (13)
1 =
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This is an (n + 1)-point interpolatory formula of degree 2n — 1 which integrates polynomials of degree up to 2n + 1 with
an error equal in magnitude but opposite sign to that of the n-point Gaussian formula (1.2). Its intended application is to
estimate the error incurred in Gaussian integration by halving the difference between the results obtained from the two
formulae. Concerning with this and related problematic there appeared several papers in the last time, see [2-8]. Laurie [1]
showed that an anti-Gaussian quadrature formula has positive weights and that its nodes are in the integration interval
(except that for some weight functions, at most two of the nodes may be outside the integration interval) and are interlaced
by those of the corresponding Gaussian formula. The anti-Gaussian formula is as easy to compute as the (n + 1)-point
Gaussian formula. Finally, the anti-Gaussian quadrature formula (1.3) is based on the zeros of polynomial

TTn41 = Pnt1 — bnpn—l’ (14)

which is orthogonal subject to the linear functional 2 f[-]w(x)dx — Gul-].
In this paper w represents one of four classical Chebyshev weight functions:

1 1 1-—
wl(t)=ﬁ» wy(t) = v 1—1t2, ws(t) =,/ +t w4(t)=‘/1—+§.

In these cases all nodes of the anti-Gauss quadrature formula (1.3), i.e., all zeros of the corresponding polynomial 7,1,
belong to the interval [—1, 1]. They are, in the same time, the Kronrod nodes (see [1]).

2. On the remainder term of anti-Gauss quadrature formulae for analytic functions

Let I be a simple closed curve in the complex plane surrounding the interval [—1, 1] and let D be its interior. If integrand
f is analytic on D and continuous on D, and if all nodes of anti-Gauss quadrature formula belong to the interval [—1, 1], then
the remainder term R,;1 (f) in (1.3) admits the contour integral representation

1
Rir) = 5 § Ko@)z @1
2wi J r
The kernel is given by
Kpn) = 212 o g1, (22)
TTn+1 (Z)
where

wﬁmzf ;“)wm
-1

The modulus of the kernel is symmetric with respect to the real axis, i.e., |[K,+1(z)| = |Kn+(2)|. If the weight function w is
even, the modulus of the kernel is symmetric with respect to both axes, i.e., |K;1+1(—2)| = |Kn+1(2)]| (see [9]).

In many papers error bounds of |E,(f)], i.e., of the modulus of the remainder term in Gauss quadrature formula (1.2),
where f is an analytic function, are considered. Two choices of the contour I" have been widely used:

e acircle C, with a center at the origin and a radiusr (> 1),i.e.,C, ={z | |z| =r},r > 1,and
e an ellipse &, with foci at the points F1 and a sum of semi-axes p > 1,

g, = ze(C|z—1($+§_]) E=pe’ 0<0<2 2.3
= = ,E=pe? 0<O<2m}. (2.3)

When p — 1 the ellipse shrinks to the interval [—1, 1], while with increasing p it becomes more and more circle-like. The
advantage of the elliptical contours, compared to the circular ones, is that such a choice needs the analyticity of f in a smaller
region of the complex plane, especially when p is near 1. In this paper we take I” to be the ellipse &,.

The integral representation (2.1), for the remainder term in the anti-Gauss quadrature formula (1.3), leads to a general
error estimate, by using Holder's inequality,

IRor1(F)] =

74 Kny1(2)f (2)dz
€p

1
2
1/

1/r
1 /
= o (?g IKn+1(Z)|r|dZ|> (f IF @)1 IdZI) ,
T & &p

1
Ru1 (D1 = ——IKnallr I
4

A

A
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where 1 <r < 400, 1/r+ 1/r' = 1,and

1/r
( lf(Z)I'IdZI) , 1=<r<+oo,
Wl = &

max |f (2)], r = +o0.
Z€€)

The case r = +oo (I’ = 1) gives

1
IRnt1 (O = 7<maX|Kn+l(Z)|)||f||l7
T\ 2€€p

()
[Rnt1 ()] < 5 <max |Kn+1(z)|) <max |f(Z)|>, (2.4)
T z€éy z€&p

where ¢ (8,,) is the length of the ellipse &,, whereas forr = 1 (r' = 4+-00) we have

1
IRnt1 (O = - (yg |Kn+1(2)||dl|) (1 lloo- (2.5)
T &

When w is one of the 4 classical Chebyshev weight functions, the bounds of |E,(f)], i.e., of the modulus of the remainder
term in the Gauss quadrature formula (1.2), of the type (2.5) have been considered in detail in [10]. In that paper and some
other error bounds, based on the an expansion E, (f) in series, are considered. These error estimates of |R,,;1 (f)| for the anti-
Gauss quadrature formula (1.3) are considered in Section 3, whereas the error estimates of the type (2.5) are considered in
Section 4.

When w is one of the 4 classical Chebyshev weight functions, the bounds of |E,,(f)], i.e., of the modulus of the remainder
term in the Gauss quadrature formula (1.2), of the type (2.4) have considered in detail in [11,9]. The error estimates of
|Rn+1(f)]| of the type (2.4) for the anti-Gauss quadrature formula (1.3) are considered in Section 5.

3. Error estimates of |R,,1(f)| based on the expansion R, 1 (f) in series

Following [10], forz ¢ [—1, 1] and 7,41 (2) = 1_["“ (z — x') in (1.4), we first have

(z—x *=zZU,< JEKT j=12,...n+1,

where Uy, is a Chebyshev polynomial of the second kind (cf. [11, Section 5]), £ is defined in (2.3), and then, on multiplying
these expansions forj = 1,2, ..., n+ 1, we get

n—1— k
— (z) = Zﬁks

with
n+1
=212 [ s (x).
© j=1
the summation being over all (n+1)-tuples (¢) = (I1, I, . . ., I,+-1) of non-negative integers for which l; + L +- - - +1,11 = k.
Bk is a homogeneous symmetric function of degree k in x}, x5, ..., x4, ;. If w is an even function, these points are
symmetrically distributed about 0. So 8, = 0 if k is odd.
Further,

1
Ons1(2) = / ”"*—‘() w(x)dx

= 2&7 / Z W (X)Ty11 (X)Uk(x)‘i:ikdx
1 k=

Z k%.—n I<

k=0
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where

1
Ve = 2/ WX Ty (X)) Ugpn—1(x)dx, k=0,1,2,....
-1

If w is an even function and k is odd, then y;, = 0.

Now,
0n+1(2) c —n—1—k A o —k—2n—1
= Brg™" ETT ) =) wé ,
Tn1(2) (,; ]; ] ;
where

k
Wk = Z BiVi—j-
j=0

As f is analytic in the interior of §,, then it has the expansion

f@ =) 'uT@).
k=0
where
1
a= [ =) o
T J

which converges for all z in the interior of &,. Here, T is a Chebyshev polynomial of the first kind, which is given by the

equation Ty (z) = %(S k 4+ £k, The prime on the summation indicates that the first term is halved.
In general, the Chebyshev coefficients o} are unknown. However, Elliott [12] describes a number of ways of estimating
or bounding them. In particular, under our assumptions,

2 (g;gf If () I>

jou| < - (3.1)
0
Finally, (2.1) is reduced to
-1 oo oo/
Roy1() ==— > Z(ijk% Ti(2)& " dz,
2735 = &
i.e., by applying [10, Lemma 5],
o0
Rota1(f) = Z‘XZn—o—kSk» (32)
k=0
where
1
&= —w
0= 4@
1
& =-w
1= L
1
& = Z(wk —wr2), k=2.
If w is an even function and k is odd it follows that w, = 0 and hence g, = 0.
The quantities ¢ can be determined and by
n+1
&k = Rnt1(Tantk) = O2nskc — Z Mo ()
j=1
where
1
o = / wx)T(x)dx, k=0,1,2,....
-1
Putting k = 0, 1 in the last formula, on the basis [1, Eq. (5)], it follows &, = —¢} (k = 0, 1), and therefore wy, = —wy (k =

0, 1), where g, wy (k = 0, 1) are the corresponding values for the Gauss quadrature formula (1.2).
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3.1. The case w(x) = wy(x) = (1 —x?)~1/?

Here in fact, 7,4 1(z) = (Ty11(2) — Th—1(2)) /2", where T, (z) = %(5” +&~"). From here on, we take 7w, 1 = kp7Tpy1 (kn >
0), where «,, is a suitable chosen coefficient, in order to simplify our computation, since the obtained results performed above

remain the same (cf. (2.2)). Definitely, we take ,1(z) = Ty41(2) — Th—1(2).

First, we have
1 1 2

1@ Tap1@) —Tu1(z)  ET—EME—E1)

from which we conclude

By =2k+1), nk<j<nk+1)-1,k=0,12,...,

Brr1=0, j=0,1,2,....
Using (see [13, Eq. 3.613.1], or [11, p. 1176])

T 2
[ B0 e 2
1Z—X §"E—-&71)
we have
@) = /1 Tnp1(x) — Thq1 (%) dx
On+1 = » 7 —x T
2 2
= 1 i 1 gn-1 i W= —2mE
gl —&-h) &l —-§&7D)
Therefore,
_)—2n, ifk=0,
Y=o, otherwise.
The kernel in this case is given by
—4r
(1)
K/ (z) = .
m EnE —ENH(E-&
Further, w,; = —2m B, and

Eo =& = —T 0:111,121,2,...).

Now, (3.2) obtains the form

o0
Rop1 () = =7 ) Conirn)s
k=0

from which, on the basis of (3.1), we obtain the error bound

o 2 (g;gx U”(Z)|>
Rt )] < > — i

k=0

2 (mgx [f(z)|)
Ror ()l < —— 2~
pt—1

)

2 1 1 _ 2 & & 1
%‘"H 1— é_——Zn 1— ‘,;_-—2 - gnﬂ kX(; Z.: gz(nkﬂ‘) ’
=1 j:

(3.3)

which is the same as the error bound of this type for the corresponding Gauss quadrature formula (1.2) (cf. [10, Eq. (4.4)]).

3.2. The case w(x) = wy(x) = (1 —x*)1/?

Here 7y1(2) = Up11(2) — Up—1(2), where Up(z) = ("' — 7" 1) /(6 — &7).
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First, we have
1 1 1

= _ = n+2_g—n-2 n_g—n
11 @ U@ = Upa(a) ST

00
— Z(_l)k%.—(ZkJr])(zﬂ»l)
k=0

2
= EnH1(] 4 g-2n-2)
from which we conclude

B, = (=1Y, ifk=2j(n+1),
¢ 0, otherwise.

Using (see [13, Eq. 3.613.3], or [11, p. 1177])
1
/ Ma _ xz)l/zdx —

1Z2—X gnt1’
we have
1
Unt1(®) — Up1 (%) > 7T 7T
ont1(2) = /;1 TVl —x?dx = %—n+2 - g
Therefore,
—m, ifk=0,
Ve =17, ifk =2,
0, otherwise.

The kernel in this case is given by

—nE-§7

2) —
KnH(Z) - gntl(gn+l 4 g—(n+D)y’ (34)
Further, in the casen > 2,i.e,n+ 1 > 3, we obtain
wajnsny = (=1, Wymins2 = (1 (7=0,1,2,..)),
and
(=1y*'z (-m
Eajtnt1) = E2jntba = T 22 = (G=0,1,2,..).
Now, (3.2) obtains the form
o0
Rip1(f) = Z‘XZn—o—kgln
k=0
oo
= Z (012n+2j(n+1)82j(n+1) + Cant2iin+1)+282i(n+1)+2 T a2n+21(n+1)+482j(n+1)+4) s
k=0
from which, on the basis of (3.1), we obtain the error bound
max |f (z
n <8X It )|> . . 5 .
[Rop1 (DI < > Z SR + 2D +2 + o224 |
j=0
ie,
m (rzggx If(Z)|> (p+p71?
0
[Rnt1(F)] < , (35)

2(p?2 = 1)

which is the same as the error bound of this type for the corresponding Gauss quadrature formula (1.2) (cf. [10, Eq. (4.8)]).
Inthe casen = 1,i.e.,,n + 1 = 2, the obtained results

T fk=o,
4 T
& = (—1)15, ifk=2j+2 (0,1,2,...),
0, otherwise,

leadto the error bound (3.5) forn = 1.
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3.3. The case w(x) = w3(x) = /(1 +x)/(1 —X)

Let

2
A=An=7g i . (3.6)
n?—1/4
Here 77;11(2) = AnPy11(2) — pu—1(2), where (see [11, p. 1178]) pa(2) = ("' +&7")/(5 + 1).
Since A, — 1, when n — oo, we shall in this and Section 4 consider error estimates by putting A = A, = 1 which are
useful for larger values of n. In the general case (3.6) these two kinds of error bounds are very complicated to perform.
First, we have

1 1 1

~

T z = z) — _1(z = §n+2+é—n—1 _ En+§—n+1
n+1(2) Pn+1(2) — pu-1(2) T ]
1

(EV2 4 £-1/2)(En+1/2 — g—n=1/2)

1 1 1 1
gt + gt 12 £2 1 — g1
from which, by expanding the last express, we conclude
Bi=k+1, k@n+1)<j<*k+1D2n+1)—-1k=0,1,2,...).
Using ([11, p. 1178])
/1 P [1+x, 2G4+ 1)
az=xV1-x gmIE -]

we have
1
n - Pn— 1
onn (@) = / Pny1(X) — pn_1(x) +de
_ zZ—X 1—x
2
_ @&+ 2nE+D —2n(E + 1E
Emt2E —g71)  EME—ET
Therefore,
_ |27, ifk=0,1,
Ye=1o, otherwise.
The kernel in this case (A = 1) is given by
—@3) —27(§ + 1)° ~ 3
K. ()= e — £y E ET) (: K, 1(2), for large n) , (3.7)

whereas in the general case (3.6) the kernel is given by

2r(E + DA = §)

k% (@) =
w1 @) EMHI(E — ) [EM1(AE — ) + £ (AETT — )]
_2mEPreT Al —§ (3.8)
COENEV -T2 EMIAE —ET) HETAET - 8) '
Further,

Wren1) = —2m 2k + D,
wj= —an(k+1), @n+Dk<j<(k+D@n+1) -1,
fork=0,1,2,...,and

T

Ej2n+1) = Ej@n++2 = )

Now, on the basis of (3.2), we obtain the error estimate

o0
E ®2on4k€k
k=0

ol 1 2 1
7 f;;gjf If @I — 2T +p2n+j(2n+1)+1 +p2n+j(2n+1)+2 ’

, gionrn+r1=—7 ((=0,1,2,...).

12

IRn1(F)I

IA
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(pV2 + p=112)2
Za2n+k8k =7 (max |f(Z)|> T—l’

which is the same as the error bound of this type for the corresponding Gauss quadrature formula (1.2) (cf. [10, Eq. (4.13)]).

IRnt1(HI =

4. Error estimates of the type (2.5)

From here on, we use the usual notation (see for example [11])

1 i .
a]=5(lol+p])7 JEN'

4.1. The case w(x) = wy(x) = (1 — x*)~1/2

Using
€ F &7 = V2(ax F cos2n0) (k€ R)
and (2.2), we obtain

Ko = - (41)
Kni p"(ay — cos 20)V2(ay, — cos2nf)1/2’ ’
By using this formula and |dz| = 2+4/a; — cos 20d#, (2.5) obtains the form
1 2 do
R o
IRn+1(F)| < 2 /0 (don — cos 2n0)172
i.e.
-1
[Rop1(H)] < WK(% ), (4.2)
where

/2
1<(/<):/ (1=«2sin?6)712d0 (k| < 1)
0

is the complete elliptic integral of the first kind.
The error bound (4.2) is the same as the error bound of this type for the corresponding Gauss quadrature formula (1.2)
(cf.[10, Eq. (5.7)]).

4.2. The case w(x) = wy(x) = (1 — x?)1/?

We have
@ )‘ (a; — cos26)1/? (43)
+ P (agn42 + cos2(n + 1)6)1/2° ’
(2.5) obtains the form
1 2 1 1 . (" cos 26
|Rn+1(f)|< p f 2 ) 12d9_710 " 1/ 2 ) 12d97
8 o (a,, —sin*(n+ 1))V 8 o (a;,, —sin“(n+4 1)O)Y
i.e., since the second integral is equal to zero (see below),
a
IRnt1(F)| =< WK(GHH) (4.4)

The error bound (4.4) is the same as the error bound of this type for the corresponding Gauss quadrature formula (1.2)
(cf.[10, Eq. (5.8)]).
We finish this subsection by proving that

2 cos 260
. — do =0
o (aj,, —sin®(n+4 1)6)1/2
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The last integral is equal to a2, ,I, where

n+1°

2 c0s 260 ™ cos 26 2 cos 260
1= s do = s do + et do,
o (1 —«k2sin*moH)1/2 o (1 —«k2sin*mo)1/2 = (1 —«k2sin*mo)1/2

withm =n+ 1 (> 2) and « = 2/a,1. Substituting 8 := 7 + 6 in the last integral, we obtain I = 2I;, where

” cos 26 /2 cos 26 ” cos 260
I = = do = = do + = do
o (1 —«k2sin“mo)1/2 o (1 —«2sin*m0)1/2 x/2 (1 — Kk?sin® mo)1/2

In a similar way, we have I; = 2I,, where

/2 cos 20 /2 c0s 26
b= " do = do.
o (1 —«k2sin*mo)1/2 o (1 —«2(1—cos2mb)/2)1/2

Substituting 6 := 7 /2 — 6 in the last integral, we obtain

/2 cos 20 /2 cos 26
L =— — do = dé.
o (1 —«2sin*m0)1/2 o (1—k2(1—(=1)"cos2md)/2)1/2
If mis even, thenl, = —I,,i.e. I, = 0, whereas if m is odd, then (cf. [10, p. 78])

/2 260 1 [ 26
12:_/' cos d@:——/ cos 40 =0
o (1 —«2cos?mf)'/2 2 Jo (1 —k2cos?2mf)!/2

The assertion follows.

4.3. The case w(x) = w3(x) = /(1 4+x)/(1 —x)

On the basis of (3.7), we have
2r

(3) ‘
2)| = s 4.5
n1(@) P 2(ay — cos20)1/2(ayay1 — cos(2n + 1)0)1/2 (4.5)
whereas on the basis of (3.8), we have
27 (a; + cos6)'/? _
(€)] 2 -2 2 1/2
K, z‘_—~7-A — 2A cos 20
1@ o (@ — cos0)12 AP +p )
x [A2p2n+4 + p2n +A2,0_2n_2 + p—2n+2 _ 2A(p2"+2 + p—Zn) cos 29
+2A%p cos(2n + 3)0 + 2p cos(2n — 1)0 — 2A(p> + p~1) cos(2n + 1)1 V2. (4.6)
Let
= 1 —(3)
Ro1(f) = ﬁ?g K, 1 (2)f (2)dz,
then (2.5) obtains the form
12 2m 1
R = |R =g / do,
| n+1 (f)| | n+1(f)| = 16 1 ) (ai+1/2 — COSZ(TI T 1/2)9)1/2
2
cos6
+ 7p—n 1 / d@7
16 0 (aﬁH/2 — cos?(n+ 1/2)0)1/2
i.e., since the second integral is equal to zero (it can be proved in a similar way as in the previous subsection),
4a,
IRnp1 ()] = [Rua(H)] < TK(aW) (47)

+1

The error estimate (4.7) is the same as the error bound of this type for the corresponding Gauss quadrature formula (1.2)
(cf.[10, Eq. (5.9)]).

5. Error bounds of the type (2.4)

The location on the elliptic contours where the modulus of the kernel attains its maximum value is investigated. This
leads to effective error bounds of the corresponding anti-Gauss quadratures.
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The derivation of adequate bounds for [Ry;1(f)| on the basis of (2.4) is possible only if good estimates for max,cg,
|[Knt+1(2)| are available, especially if we know the location of the extremal point € &, at which |K;,1| attains its maximum.
In such a case, instead of looking for upper bounds for max;c¢, |Kn+1(2)| one can simply try to calculate |Ky41(n, w)l. In
general, this may not be an easy task, but in the case of the Gauss-type quadrature formula (1.2) there exist effective
algorithms for calculation of the kernel at any point z outside [—1, 1] (see [11]).

So far, this approach (cf. (2.4)) was discussed for Gaussian quadrature rules (1.2) with respect to the Chebyshev weight
functions w;, i = 1,2, 3,4 (see [11,9]), and later has been extended by Schira to symmetric weight functions under
restriction of monotonicity type (either w(t)+/1 — t? is increasing on (0, 1) or w(t)/+/1 — t? is decreasing on (0, 1)),
including certain Gegenbauer weight functions (see [14]).

5.1. The case w(x) = w;(x) = (1 — x*>)~1/2

Theorem 5.1. For the anti-Gauss quadrature formula (1.3), n € N, with the weight function w1(x) on (—1, 1), the modulus of

K

1)
the kernel |K,

1(z)’ attains its maximum value on the real axis (6 = 0), i.e.,

1
(1) _ (1) -1
grelg;( K.\ (Z)‘ =K. (5(;0 +p )) .

Proof. The modulus of the kernel

I(,g& (z)‘ is given by (4.1). It is obvious that

1 1
<
(a; — c0s20)(az, — cos2n0) ~ (a; — D(az — 1)’

forall @ € [0, 7 /2] (w; is even weight), all n, with equality holding when 6 = 0. With z = %(peie +ple ) € &, this
gives the desired result. O

5.2. The case w(x) = w,(x) = (1 —x*)/?

Theorem 5.2. For the anti-Gauss quadrature formula (1.3), n € N, n is even, with the weight function w,(x) on (—1, 1), the

K@

modulus of the kernel ‘I et (z)’ attains its maximum value on the imaginary axis (6 = w /2), i.e.,

Kk®

i -1
n+1 E(p - p ) .

K,fg] (z)‘ is given by (4.3). It is obvious that

K@) =

max
zeg),

Proof. The modulus of the kernel

a, — cos 26 - a +1
ony2 +COSQ2N+2)0 ~ apip — 1

forall 6 € [0, /2] (w; is even weight), all n, with equality holding when 6 = 7 /2. Withz = 1 (pe'? + p~Te™) € €, this
gives the desired result. O

The value on the right-hand side of the sign in the last inequality represents and the maximum of the modulus of the
kernel of n-point (n is odd) Gauss quadrature formula (1.2) with respect to the weight w, (see [11, Th. 5.2]).

Theorem 5.3. For each positive integer k (> 2) let p, > 1 be the unique root of

a(p) 1

=— (p>1. (5.1)
a(p) k
Then, if n > 1is odd, we have
i _ .
max 1<,§i>1(z)\ = |K?; (5@ —p 1))‘ if p = put1, (52)
i.e., the maximum of K,Ei)] (z)’,forz € &, and p > pn41, is attained on the imaginary axis. If 1 < p < pu41, then the maximum

in (5.2) is attained at some z = z* = 1 (pe'?” + p~le ") € &, with (nm)/(2(n + 1)) < 6* < 7 /2.

The proof can be performed by using the same arguments as in [9, Th. 1], having in mind that here n is odd, and «,(0) =
(ay — €05 20) /(azni2 +cos(2n+2)0), 6 € [0, w/2]. The roots p; > 10f (5.1) satisfy (2k) /¥ < p, < . forall k > 2, where
i (> 1) is the unique root of pk+1 — k(u? + 1) = 0.
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Fig. 5.1. The function 6 +— \Kf) (2)],z € &,, when p = 1.3 (left) and p = 3.3 (right).

Table 5.1 (cf. [9, p. 220]) displays the roots p; > 1 of (5.1), and now every second value in it definitely obtains the
meaning. Therefore, p, = 2.2966302629 represents the corresponding value of the anti-Gauss quadrature formula (1.3)
with two nodes, whereas p3 = 1.9318516526 is the corresponding value of the Gauss quadrature formula (1.2) with two
nodes, etc.

5.3. The case w(x) = w3 (x) = /(1 +x)/(1 —X)

We consider the general case, where A = A, is given by (3.6) and

k%, (@) ‘ by (4.6).
Numerical results show that |I<n(3+)1 (2)|, z € &, attains its maximum on the real axis for p enough large (n is fixed). The
graphs 6 — |Kn(i)l @), z€ &,,i.e,0 €[0,m],forn =3, p = 1.3 (left) and p = 3.3 (right), are displayed in Fig. 5.1.

Theorem 5.4. For the anti-Gauss quadrature formula (1.2), n € N, with the weight function ws(x), there exists a p* €
(1, 400) (p* = py) such that for each p > p* the modulus of the kernel K,Sr)l (z)‘ attains its maximum value on the real
axis (0 = 0), i.e.,
e (1 1
Ko 2(P+/0 )|

Proof. Using (4.6), it is sufficient to prove the following inequality for 6 € [0, 7 ]:

3)
max |K z ‘ =
FAS P ‘ n+1( )

a; + cos6
L . (A2p72
a; —coso
% [A2p2n+4 + pZn +A2p72n72 + p72n+2 _ 2A(,02n+2 + p72n) cos 29
+2A%p cos(2n + 3)8 + 2p cos(2n — 1)6 — 2A(p> + p~1) cos(2n + 1)0] 7!
a + 1
< .
T a; — 1
—2A(0"" T + p 7P + 247 +2p — 2A(0° + p D]
This condition, by putting

+ p? — 2Acos 26)

(p — Ap~1Y2[AZp2H 4 p2n 4 A2 pm2n=2 4 - 2n2

o +ap =a; + coséb,

B+ B1 =a; —cosb,

N+ N; =A*p™% + p? — 2Acos 20,

D+D1 — A2p2n+4+'02n +A2p72n72 +p72n+2 _ZA(p2n+2 _l_prn) cos 26
+2A%p cos(2n + 3)0 + 2p cos(2n — 1)0 — 2A(p> + p~ ") cos(2n + 1)6,

where

o

0
a; +1(>0), —2sin? R

S
|

0
B=a—1(>0), B 2sin2§,
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Fig. 5.2. Typical graph of the function Fs(p) on the interval [1, 2.4].

N=(po—Ap )>(=0), N;=4Asin’6,
D =A2p2n+4 +p2n +A2p—2n—2 +p—2n+2 _ 2A(p2”+2 +p—2n) —|—2A2p+2p _ 2A(p3 +p_]) (> 0),

, 2n+3)0 2n— 16 @n+ 16

D; = 4A(p*"™2 4 p™°") sin’ 0 — 4A%p sin 4p sin? — 4A(p® + p~ 1) sin? —

has the form
(@ +a1)(N + Nyp) - aN
B+ B)D+D1) — BD
The last inequality holds, if

aN(B + B1)(D+ Dy) — BD(a + a1)(N + Ny) > 0,
ie., if
aN(BD; + B1D + B1D1) — BD(aNy + a1N + a1N1) > 0.

The last inequality holds for 6 = 0.
Let & € (0, ]. The last inequality holds, after dividing it by 2sin?(/2) and using the well-known inequality sin?
(¢0)/sin* 6 < ¢? (¢ € R),if

Fu(p) = 0, (5.3)
where

Fn(p) — [A2p2n+4 + pZn +A2p72n72 +p72n+2 _ 2A(p2n+2 _’_prn)
+24%p +2p — 2A(p° + p™ ] [a1(p — Ap™")? — 4A(d — 1)]
—p(ar +D(p —Ap~ ) [2+24% + (a1 — 1) (@n — D* + A’ 2n + 3)?)],

1
Fo(p) = iAzpz”” + 0(p*"®)  (p — 0).

On the basis of the last equality, the assertion of the theorem follows. O

Typical graph of the function F,,(p) (here for n = 5 on the interval [1, 2.4]) is displayed on Fig. 5.2.
The proof of Theorem 5.4 is of practical importance. Namely, we can determine the intervals [p*, +00) on which the
modulus of the kernel K,fr)] attains its maximum value on the positive real axis. For some values of n the values of p;; are
displayed in Table 5.1. Observe that the results become very satisfactory when n increases.

We end this subsection with an example.

Remainder terms for quadrature formulas are traditionally expressed in terms of some high-order derivative of the
involved function. This is a serious disadvantage, if such derivatives are not known, do not exist or are too complicated
to be handled.

Let us consider numerical calculation of the integral

1 1
1) = f f(x),/—1+xdx, (5.4)
-1 — X
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Table 5.1
The values of p* for somen € N.
n p* n p* n p*
1 5813 2 337 3 2756
4 2452 5 2266 6 2.138
7 2.044 8 1.972 9 1.913
10 1.866 15 1.71 20 1.622

25 1563 30 152 35 1487
40 146 45 1438 50 1419
60  1.389 70  1.366 80  1.347
100 1318 200 1.243 500 1.173

with
e
(@+x)*b+xtc+xm’
wherec <b<a< —-1;ke N, {,m e Ng.
Under the assumption that f is analytic inside &,,,,,, from (2.4) we obtain the error bound

[Ras1(F)| < Faga (), (5.5)

where
K2, (z)\) (mg,x |f(z)|)] ,

- L€

1 (f) = inf [Q (max
P <P <Pmax 2 zeép

and p; is defined by Theorem 5.4. In the case under consideration |a| = %(,omax + ,or;;X).

The length of the ellipse &, can be estimated by (see [15, Eq. (2.2)])

1 3 5
£(&,) < 2may (1 — fa]_2 —4 a_S) ,

fx =

aM T e T 5™

where a; = (p + p~1)/2.
It can be proved (see [16]) that
eez ed1
(a+2)kb+2)tc+2)m

e
B la + ai b + a1]|c + ay|™’

max
z€€)

where the maximum is attained at & = 0. Now, 1,11 (f) (= 71(f)) has the form

0 inf {2 1o tg2 3 3 e e
T, = mn Ta — —=a — —a — —=a
i P <P <pPmax ! 4 1 64 1 256 1 |a+a1|"|b—|—a1|’5|c+al|m
1 (a+1)'? _
(p—Ap~")

X ——
p" (@ — /2

~ [A2p2n+4 —l—p2" _’_Azpfznfz +p72n+2 _ 2A(,02"+2 +p72n) —|—2A2,0 +2p — 2A(p3 +p71)]—1/2 ]

Letc < b < a < —1. This condition means that the function f is analytic inside the elliptical contour &, , where
pmax = 1+ +/2|al. The classical error bound in this case is difficult to determine, since the derivatives of higher order
of the function f are too complicated to be handled. However, we can use the error bound (5.5) based on the results of
Theorem 5.4.

The error bound (5.5) is valid for integrands analytic on a neighborhood of the interval of integration and we compare it
with the same error bounds for the corresponding Gauss quadrature formulae (1.2), i.e., e, (f) (=e,(f) > |E,(f)]) intended
for the same class of integrands. Derivation of e, (f) can be done in a similar way, by using [11, Th. 5.3 with Eq. (5.11)].

Let the integrand f be specialized by k = 1, ¢ =5, m = 10, and

a = —1.202083333333333(+01), b = —1.751428571428572(+01),
¢ = —2.301086956521739(+01),

which means that pp.x = 24.
We have calculated the values of 1,11 (f), e, (f) for the corresponding integral I(f) given by (5.4). For some values of n,
the obtained results are displayed in Table 5.2. (Numbers in parentheses indicate decimal exponents.)
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Table 5.2
The values of e, (f), 1 (f) for some n.
n en(f) ru+1(f) n en(f) rn+1(f)
1 2395(—19) 3.478(—13) 20 3.636(—42) 3.448(—42)
2 5.371(-20) 7.601(—20) 30 4.573(—57) 4.415(—57)
3 8.02(-21) 5.31(-21) 40  9.546(—73) 9.3(—73)
5  9.11(-23) 7.232(—23) 50 5.67(—89) 5.554(—89)
10  1.395(—28) 1.25(—28) 60  1.293(—105) 1.271(—105)
Table 5.3
The values of e, (f), 11 (f) for some n.
n €n (f) Tny1 (f) n €n (f) Tn1 (f)
1 5.112(400) 2.095(+02) 10 9.256(—12) 8.338(—12)
2 5.044(—01) 2.897(—01) 20 2.04(—27) 1.937(—27)
3 3599(—02) 2.509(—02) 30 3.936(—44) 3.801(—44)
5 1.068(—04) 8.642(—05) 40 1.741(—61) 1.697(—61)

At the end, let us consider numerical calculation of the integral (5.4), with
f(t)y =F(t) = e

The function f (z) = e is entire, and it is easy to see that

max ’ecosz’ — ecosh(bl)’
ze€)y

where by = 1(p — p7 ).

And for this case, we have calculated the values of 1,1 (f), e, (f) for the corresponding integral I(f) given by (5.4). For
some values of n, the obtained results are displayed in Table 5.3.
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