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SUMMARY

The paper considers a network of agents with multiple-integrator internal dynamics, which share partial
information on their states according to an arbitrary topology. For this system, two control problems are
addressed and solved. The first consists in assigning the dominant closed-loop poles. The second consists in
achieving a specified consensus with arbitrarily fast dynamics. In both cases, the regulator is required to be
decentralized and the controlled network has to result tolerant with respect to faults in the communication
apparatuses of the agents. Copyright © 2014 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Networks are systems composed of subsystems, called agents, which share information useful for
control. The relevant literature is very vast, and mainly concentrates on the case where the agents
are identical and have single- or multiple-integrator dynamics. Most of the papers tackle consensus,
synchronization, flocking ans similar coordination problems (see, e.g., [1-27]). Other papers face
stabilization and pole-placement [28—30].

Within this general context, we consider two problems for networks whose agents have a multiple-
integrator dynamics. We assume that: (i) the states available for measure are those corresponding to
one or more of the highest integration levels; (ii) the agents share pieces of information according
to an arbitrary topology; (iii) the regulators are decentralized. Furthermore, we include some fault-
tolerance conditions in the statements.

The first problem concerns the assignment of the closed-loop dynamics. Specifically, we aim at
designing a regulator able to place the dominant poles of the controlled network near prespecified

locations. Moreover, we assume that faults may occur in the agents’ communication apparatuses.
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2 A. LOCATELLI, N. SCHIAVONI

In particular, we consider the possibility that: (i) one or more agents become unable to transmit
information to other agents; (ii) one or more agents become unable to receive information from the
other agents. We require that the dominant poles remain close to the desired positions in all these
events.

We have already faced similar problems in [31-34]. These papers make reference to the
stabilization of continuous-time and discrete-time multiple-integrator networks, and propose the
adoption of low-gain regulators. We dealt with a fault-tolerant dominat-pole-placement problem
for double-integrator networks in [35] and for single-integrator networks in [36]. In this paper,
by following the lead of [30, 35, 36], the solution is attained by means of high-gain regulators.
In [31,32,35], the exchange of information among the agents pertained only to the states relative to
the highest-order integrals of the control variable. On the contrary, the lower-order integrals were
not assumed as available for measure. Here, we remove this assumption, as we did in [33, 34].

We show that the problem outlined above can be solved by means of least-order regulators, whose
dynamics are spread over the network.

The second problem concerns consensus. We remind the reader that the consensus problems are
those where the agents’ states are required to asymptotically converge to a unique motion, which
may be called agreement law, or else consensus function. Typically, this objective has to be reached
by means of a distributed protocol, or, with a terminology more usual in control, by means of
a decentralized regulator, which makes the control variable of each agent to depend only on its
outputs. These outputs are combinations of the differences of the agents’ states, which they share
according to a given topology. See, e.g., [13, 14].

With respect to standard consensus problems, the one considered here has some particularities.
The first one is that the agreement law is given a priori, that is, it is an arbitrarily prespecified
linear combination of the agents’ initial states (see, e.g., [15, 16]). Note that we do not assume the
presence of a leader agent, nor of a model reference (see, e.g., [8, 11, 13,20,37]). As far as the
second specific feature is concerned, we introduce a dominant-pole-placement issue in the problem.
With such a requirement, we assign the network dynamics towards what is called the consensus
manifold, that is, we assign the shape of the transients towards the agreement law. Note that, on
the contrary, only the convergence is usually required, without any particular attention to speed of
response and damping (see, e.g., [7, 10]). Finally, the most qualifying aspect of the present problem
is that we assume that the communication apparatuses of the agents are subject to faults, and include
a fault-tolerance condition. To be more precise, we consider the possibility that one or more couples
of agents become unable to exchange the differences of their states, and require that the controlled
network still reaches the agreement law with the prescribed dynamics in all these events. Many
previous papers deal with what is called switching topology (see, e.g., [9, 15, 17,37]). However,
the invariance with respect to faults of both agreement law and dynamics towards the consensus
manifold are usually not required. We here follow the lead of [38], where the agents can have only
single- and double-integrator dynamics, and of [39], where the agents have a second-order oscillator
dynamics. We propose the use of high-gain regulators even for solving this second problem.

The solution technique for the first problem has its roots in some previous results of ours,
concerning what is called regulator problem in the presence of actuator and sensor faults [40—43].
The second problem is solved by exploiting the results found for the first one.
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TWO FAULT-TOLERANT CONTROL PROBLEMS FOR MULTIPLE-INTEGRATOR NETWORKS 3

The paper is organized as follows. We describe the network and the decentralized regulator in
the next section. Then, we formally state and solve the fault-tolerant pole-placement problem and
the fault-tolerant consensus problem in Section 3 and 4, respectively. Subsequently, we illustrate
our design techniques in Section 5 by means of a couple of examples. Finally, we present some
concluding remarks in Section 6. The proofs are collected in the Appendix.

Notation. Let () denote the empty set, and, for any set &, let x¢ be its cardinality. For any vector ¢,
let [], denote its i-th entry. For any matrix K, let [K]; be its i-th row and k; ; its (7, j) entry. If K
is diagonal, the entries k; ; are denoted by k; for simplicity.

For any matrix K € R?*? and any two sets of integers

§i={&i 1 <& <oand& # &y, Vi#j}
§2i= {&oi |1 <& < oand&y; # &o5, Vi # j }

let
0 ) .7 S €1 ; { 7&.7
K[&,&z] = {k[&,&z]i,j} ) k[&,ﬁz]i,j = 0 ) i €& ) JFi
kij otherwise

It turns out that K¢, ¢,) € R7*7. Of course, K[g g) = K. For any set of integers &, of the same form
as &1 and & above, let K¢ € R(?—#e)x(7=ke) be the matrix obtained from K after removing its
rows and columns with indices in the set £. Analogously, for any vector ¢ € R?, let p(¢) € R(o—re)
be the vector obtained from ¢ after removing its entries with index in £. Conventionally, if £ = ()
nothing is removed. In a similar way, for any scalar variable v, let us adopt the notations K¢, ¢,1(7),
K&y (7), ¢(ey () for a matrix function K () and a vector function ¢().

As usual, let I, € R7*? be the o x ¢ identity matrix and 0 be the zero matrix of any dimensions.
Furthermore, let 1 denote the column vector, of any dimension, with all its entries equal to 1.

A set of negative real and/or pairwise complex conjugate numbers with negative real parts is
called Hurwitz.

Finally, let o(¢) be any function such that lim._,¢ 0(¢)/¢ = 0.

2. NETWORK AND REGULATOR

We consider a network of m > 1 identical agents, whose internal dynamics are constituted by

chaines of n > 1 integrators. As a whole, it is described in the time-domain by

&i(t) = ziy1(t), i € N\ {n} (1a)
an(t) = u(t) (1b)
where N := {1,2,...,n}. Here, u(t) € R™ and z,(t) € R™, j € N, are vectors collecting all the

control variables and the j-th state variables of all the agents, respectively. Of course, x;(t) is the
(n — j + 1)-th integral of wu(t).

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2014)
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4 A. LOCATELLI, N. SCHIAVONI

We assume that only a partial information on the state of the network is available to the
agents. Specifically, each agent has got p, 1 < p < n, scalar outputs. The j-th of them, j € P :=
{1,2,...,p}, is a linear combination of the entries of x;(¢). As a whole, the output of each agent
depends on the p highest-order integrals of «(¢). Finally, the coefficients of these combinations are
the same for all j € P. Thus, the flow of information throughout the network is formally described
by

yi(t) = G;(t), j€P 2)

where y;(t) € R™, j € P,and G € R™*™ is real and referred to as the topology matrix. Of course,
the input of the i-th agent, i € M, is [u(t)], and its outputs are [y;(t)],, j € P.

The model (1), (2), where both n and p are arbitrary, has already appeared in [33]. It generalizes
those frequently adopted in the literature. See, for instance, [30,35], where n = 2and p = 1, [31,32],
where n is arbitrary and p = 1, [12, 17], where n is arbitrary and p = n.

In the complex variable domain, our model can be given the form

1
Yj(S)ZW

GU(s), jeP 3)
where Yj(s) and U(s) are the Laplace transforms of y;(¢) and u(t).

Our goal is controlling the above network. Specifically, we aim at adopting decentralized linear
time-invariant regulators composed of m local elements, the i-th of which is applied to the i-th

agent. Such regulators can be described by

Us) =D Ry(s)Yi(s) (4a)
jeP
Rj(s) :== D(s)"'Nj(s), j € P (4b)
N;(s) :=diag {n;i(s),n2(s),...,njm(s)}, j€P (4¢)
D(s) := diag {d1(s),da2(s),...,dmn(s)} (4d)
where R;(s), j € P, is proper, the 1 4+ p polynomials d,(s), n1;(s), n2;(s), . .. , npi(s) do not have
common factors, and the d;(s)s are monic polynomials of degree p;, i € M := {1,2,...,m}.
Moreover, let
R(s):=| Ri(s) Ra(s) -+ Rp(s) ] &)

The particular control problems addressed in this paper are stated and solved in the following two
sections. The qualifying feature of both of them is that they incorporate tolerance requirements with
respect to classes of faults in the communication apparatuses. Such classes of faults will be specified
later on.

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2014)
Prepared using rncauth.cls DOI: 10.1002/rnc
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3. FAULT-TOLERANT DOMINANT-POLE-PLACEMENT

This section is devoted to present a fault-tolerant dominant-pole-placement problem for the
previously introduced multiple-integrator network. The problem is stated in the next subsection
and solved in the following one.

3.1. Problem statement

As already mentioned, our network is subject to faults in the communication apparatuses of one or
more agents. Specifically, in this section we assume that the agents with indices in any set fr C M
become unable to transmit information on their states to other agents, and similarly that the agents
with indices in any set fr C M become unable to receive information on the states of other agents.
Hence, all the operating conditions of the network are described by the pair (fr, fr) C M x M.
Of course, (fr, fr) = (0,0) represents the nominal condition.

Equations (1), (2) and (3) describe the network in nominal condition, whereas we are interested
in describing also the situations where the above faults occur. Nominal and faulty conditions can be
considered at once by substituting (2) with

Yi(t) = G pxi (), (fr,frR) S M XM, jEP (6)
and (3) with
1 .
}/}(8) = WG[fT,fR]U(S)v (fTafR) g M x Ma J € P (7)

Now, notice that the loop transfer function of the positive feedback system (3), (4a), (4b), obtained
by cutting the loop at U(s), is

E(s) = 3 Ri(9) e G = Diuls) R (s) ®)
JjEP
where
Ni(s) = s 'N;(s)G, Dp(s) :=s"D(s) 9)
JjEP
Then, by letting
Q(s) := Dp(s) — Ni(s) (10)

for any (fr, fr) € M x M, the characteristic equation of the positive feedback system (4a), (4b),
(7)is

det (Q(sr,fx1(5)) =0 (11)
We observe that, for any couple (fr, fr) C M x M,
det (Q[fT,fR](S)) = X(Sv fTv fR) H wi(s) (12)

i€frUfr

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2014)
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6 A. LOCATELLI, N. SCHIAVONI

where

., det (Q(fTUfR)(S)) , frufprCcM
X(s, fr, fr) == { 1 U fam M (13a)
wi(s) = Qa\fiy) (8) = s"di(s) — Z sjflnji(s)gi,i, 1€ frUfr (13b)

JEP

Equations (12), (13) can easily be proved by recalling (4c) (4d), (9), (10) and the zero-non-zero
pattern of G, r,,- Hence, the characteristic equation (11) of system (4), (7) is equivalent to the set

of equations

x(s, fr, fr) =0, fruU frCc M (14a)
wl(s) =0,7i€ frUfr (14b)

Equation (14a) is the characteristic equation of the controlled subnetwork composed of the agents
not involved in faults. On the other hand, (14b) are the characteristic equations of the single
controlled agents whose transmitting and/or receiving apparatuses are faulty.

Then, we are in the right position to state our problem.

Problem 3.1

Let m Hurwitz sets £; := {5\ij|j eN\ {n}}, i € M, and two positive scalars « and S be given.
Find a regulator with transfer function R(s) of the form (4b)-(4d), (5) such that, for all (fr, fr) C
M x M, the conditions specified in the following points are satisfied.

1. Equation (14a) possesses (n — 1)(m — Kf,ufy ) TOOts \;; with

Re (A} <0, |22 <a, i€ MA (frU fa), 5 € N\ {n) (15)
i

and m — Kppufe + D ie M\ (frufn) Pi TOOLS Vip, With

Re{vip,} < =B, mi=1,2,....,p;+1, i € M\ (fr U fr) (16)

2. Each one of (14b) possesses n — 1 roots \;; with

Aij — Aij , .
Re{X\;;} <0, % <a,i€ frUfr, jEN\{n} (17)
]
and 1 + p; roots v;,, with
Re{l’im}<7ﬁv ri:1a27"'api+]—vi€fTUfR (18)

O

This problem can be interpreted as the formal statement of a dominant-pole-placement issue
raised in both nominal and faulty conditions. The elements S\ij of the [Iis are the desired dominant
poles, whereas a and [ are design parameters. More precisely, Problem 3.1 requires that the

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2014)
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TWO FAULT-TOLERANT CONTROL PROBLEMS FOR MULTIPLE-INTEGRATOR NETWORKS 7

controlled network possesses (n — 1)m eigenvalues \;; located close to the j\ijs. The parameter
« specifies how close they have to be (see (15), (17)). Of course, it is reasonable that « is
small. Furthermore, the location of the m 4 ) ., p; remaining eigenvalues is constrained by (16)
and (18). If 8> max;c g jen\{n} |Re(5\ij)|, then the \;;s can legitimately be interpreted as the
dominant poles of the controlled network. Since the 5\,-js are arbitrary, the initial condition response
of the overall control system can be made as fast as desired. We stress that the above must be true

not only in nominal, but also in all possible faulty conditions.

3.2. Problem solution

An obvious necessary condition for Problem 3.1 solvability is that matrix G is nonsingular, since,
otherwise, the network is not observable in nominal condition. Furthermore, the results in [44,45]
guarantee that appropriate pole-placement problems can be solved for any fault (fr, fr) € M x M
by means of decentralized regulators tuned to (fr, fr) if and only if G4, . is nonsingular. Indeed,
this condition means that the faulty network has no fixed modes (at s = 0). However, the regulator
transfer function (4b)-(4d), (5) is independent of the network operating condition. Put in a different
way, Problem 3.1 calls for the existence of a single decentralized regulator able to solve at once
all the dominant-pole-placement problems corresponding to all the possible (nominal and faulty)
network operating conditions. Hence, without loss of generality, we assume

det (G[fvaR]) #0, (fr, fr) S M x M (19)

and expect a solvability condition tighter than (19).

In this subsection, our line of reasoning, aimed at solving Problem 3.1, is the following. First,
we state the new Problem 3.2 and prove its equivalence with Problem 3.1 (Lemma 3.1). Then, we
study the solvability of Problem 3.2 (Lemmas 3.2-3.4). Finally, we actually give the necessary and
sufficient condition for the solvability of Problem 3.1 and supply explicit formulas for the regulator
(Theorem 3.1).

As a first step, for any given f C M, we define the equation

det (Qp)(s)) =0 (20)
Then, we state the following problem.

Problem 3.2

Let m Hurwitz sets £; := {5\ij|j e N\ {n}}, i € M, and two positive scalars « and 3 be given.
Find a regulator with transfer function R(s) of the form (4b)-(4d), (5) such that, for all f C M, (20)
possesses (n — 1)(m — ky) roots \;; with

Re{\y} <0, |2 22| oo ie M\ f, j e N\ {n} @1

ij

andm — ks + ZieM\f pi TOOtS v, With

Re{l’im}<7ﬁv ri:172a"'api+]—vi€M\f (22)
g
Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2014)
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8 A. LOCATELLI, N. SCHIAVONI

The relationship between Problem 3.1 and Problem 3.2 is enlightened by the following result.

Lemma 3.1
Problem 3.1 admits a solution if and only if Problem 3.2 admits a solution.

Furthermore, a regulator R(s) of the form (4b)-(4d), (5) solves Problem 3.1 if and only if it solves
Problem 3.2. ]

The rationale behind Problem 3.2 and Lemma 3.1 is fairly easy to understand. We have already
observed that, when a fault (fr, fgr) occurs, the characteristic equation of the network breaks
down into the equations (14). Then, even the dominant-pole-placement problem breaks down
into subproblems relative to the single factors of the overall characteristic polynomial. Moreover,
considering all the f C M in Problem 3.2 means that all the (fr, fr) € M x M in Problem 3.1
are considered. The details are in the proof.

Now, we state a necessary condition for the solvability of Problem 3.2. It makes reference to the

matrix

=~ . gi,1 92,2 Im,m
G::dlag{ T =T : } (23)
911" [g2,2] |gm,m|

which is well defined, since (19) implies g; ; # 0, i € M.

Lemma 3.2
Problem 3.2 admits a solution only if

det (G(f)) det (é(f)) >0, VfCcM (24)

O

A moment reflection allows us to realize that condition (24) includes (19), for all (fr, fr) C
M x M, and is actually tighter than it, as expected.
Let us move now towards a sufficient solvability condition for Problem 3.2, by first defining the

scalars é;; through the identity

Stz I (s-Aa) ieM (25)

JEN JEN\{n}
Furthermore, let
E; = diag {é1;,65,...,6m;} € R™™, jEN (26a)
Es=| B B, - By 0]crmom (26b)
~ 00 --- 0 nOR.gip
Bp = l , 2= B € RmxPm (26¢)
p—1 mxm blocks

Note that é;,, = 1, i € M, so that LA?,L =I,.
Then, for any px # 0, € # 0 and Ve R™>™ consider the regulator

. 1 N
R(s) = uV {ES + WED(S)} (27)

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2014)
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It is easy to check that such regulator is characterized by p; = n — p, i € M, and can be given the

realization

e2i(t) = —2i(t) + Zena(8) + HiVy,(t), i=1,2,...,n—p—1 (28a)

in_p(t) = —2n_p(t) + Hu V() (28b)

ut) =p > EiVyt)+e TPV, t) — e P4 (1) (28¢)
JEP\{p}

where z;(t) € R™, i =1,2,...,n — p, whereas the coefficients H,eR™™, i=1,2,....n—p,
are uniquely defined through the identity

(14+es)" P — Z 1—}—53"”’—8””ZESJP (29)

=1 Jj=p
Hence, for any f C M, (20) is the characteristic equation of the controlled subnetwork described in
the time-domain by

i) (t) = viga(p)(t), i € N\ {n} (30a)

Ean®) =1 D> EynVinGmin®) + e "PVip G ipap () — e TP 24 (1)

JEP\{p}
(30b)
Eéi(f)(t) = 7éi(f)(t) + 2i+1(f)(t) + Hi(f)‘/(f)G(f):Cp(f)(t), 1= 1, 2, e, —p— 1 (300)
En—p(n)(t) = =Zn—p()(t) + Haep(n) Vi) G @) (1) (30d)

We are now ready to state a first sufficient condition for the solvability of Problem 3.2.

Lemma 3.3
If there exists a diagonal matrix V such that, for all f C M, the matrices 17( Gy are Hurwitz, then
Problem 3.2 admits a solution.

Furthermore, there exist 4 > 0 and &(-) > 0 such that, for all x> i and € € (0,£(n)), the
regulator (25)-(29) solves Problem 3.2. O

Thus, whenever matrix V there exists, the regulator (25)-(29) with pu sufficiently large and ¢
sufficiently small, is able to place the eigenvalues of systems (30) so that they satisfy conditionts
(21), (22) of Problem 3.2 for all f C M.

A first remark on Lemma 3.3 concerns the rationale behind it, which is the following. For
any f C M, (20) is the characteristic equation of the positive feedback system with loop transfer
function E(f)(s), where E(s) is given by (8). In view of (5), (8), (25)-(27), it turns out that

~ H = fa i1 1 - j—1
Lip(s) = Vin | Do Eips' '+ ATy > Eins’™ | G 3D
JeP\{p} j=p
Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2014)
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10 A. LOCATELLI, N. SCHIAVONI

If we first set € =0 in (27), the regulator turns out to be nondynamic and to contain multiple
derivative actions. In this situation, when p — +o0, the closed-loop system has (n — 1)(m — k)
eigenvalues satisfying (21). This is due to the fact that the regulator introduces (n — 1)(m — k)
transmission zeros in the locations where the dominant poles have to be placed, as it is apparent
from (31). Furthermore, the remaining m — s eigenvalues satisfy (22). Indeed, (27) shows that
they tend to the eigenvalues of MA/( 7)G(f)» which is Hurwitz. Then, by letting € be positive and
sufficiently small, the previously mentioned eigenvalues still satisfy their respective conditions, the
regulator becomes proper, and (n — p)(m — ky) new eigenvalues appear, which satisfy (22). The
details are in the proof.

Furthermore, the regulator of Lemma 3.3 has got a number of interesting features. First of all,
it is indeed decentralized, since the matrices V and Ej, j € N, are actually diagonal. Secondly, it
is high-gain, in the sense that its d.c. gain goes to infinity together with . However, what is most
important is that its order (n — p)m is the least possible one. In fact, consider the case f = M \ {i}.
Then, (20) becomes w;(s) = 0, that is,

s"d;(s) — Z s’ 'nji(s)gii =0
JEP
A necessary condition for this equation to have all the roots lying in the open left-half of the complex
plane is that the coefficient of s”~! in w;(s) is different from zero. This implies that the degree of
some nj;(s) is at least n — p, which, at its own turn, implies that the degree of d;(s) is not less than
n — p, since the regulator (4b)-(4d) is assumed as proper. Hence, the order of the regulator (4b)-(4d)
cannot be less than (n — p)m, which is the order of the regulator of Lemma 3.3.

Moreover, observe that all the dynamics are concentrated in the regulator transfer function
between y,(t) and u(t), whereas the transfer functions between y;(t), i € P \ {p}, and u(t) are
nondynamic. Coherently, when p = n (all network state variables are available for measure), it turns
out

R(s):uf/{ﬁl By - En}

and, when p = 1 (only 1 (¢) is available for measure), it turns out

R(s)=—2L 7N Es!
(s) (14 es)n—1 ]EZ./\/ J
Lemma 3.3 gives a sufficient solvability condition not expressed in terms of Problem 3.2 data and,
as such, cannot be said completely satisfactory. On the contrary, it raises the subproblem of the
existence of V. Fortunately enough, we can give a complete solution to this subproblem in the
following lemma, which is based on a general algebraic result of ours [46].

Lemma 3.4
A diagonal matrix V there exists such that, for all f C M, the matrices ‘7( f)G( f) are Hurwitz if and
only if (24) holds.

Furthermore, if (24) holds, then there exists 7 > 0 such that, for all f C M and for all 7 € (0, 7),
the matrices —é(f)T(f)G(f), where

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2014)
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TWO FAULT-TOLERANT CONTROL PROBLEMS FOR MULTIPLE-INTEGRATOR NETWORKS 11

T:= diag{T,TQ,...,Tm} (32)
have distinct negative real eigenvalues. O

Hence, it is clear that, for any 7 € (0, 7), the matrix

V= -GT(7) (33)

has the property required in Lemma 3.3.

As a consequence, the necessary condition (24) is also sufficient for the existence of a solution to
Problem 3.2. Thus, the combination of Lemmas 3.1-3.4 supplies the proof of the main result of this
section, stated in the following theorem.

Theorem 3.1
Problem 3.1 admits a solution if and only if (24) holds.

Furthermore, there exist 7 > 0, fi(-) > 0 and £(-) > 0 such that, forall 7 € (0, 7), forall > fi(7)
and for all € € (0,£(u)), the regulator (23), (25)-(29), (32), (33) solves Problem 3.1. O

It is worth noticing that the necessary and sufficient solvability condition (24) depends only on
the topology matrix G. On the contrary, it is independent of n and p. Condition (24) has already
appeared in the literature, though in the equivalent form det (G( f)) e Mg iii >0, f e M. For
instance, it was expedient in [35] and [36] to solve Problem 3.1 for the particular casesn = 2,p =1
and n = p = 1, respectively. Quite unexpectedly, the same condition was found to be necessary and
sufficient to solve the less demanding fault-tolerant stabilization problem dealt with in [31] for n
arbitrary, p = 1, and in [33] for n and p arbitrary. Finally, it coincides as well with the solvability
condition for the fault-tolerant stabilization problem stated for discrete-time chaines of integrators
in [32], where n is arbitrary and p = 1, and in [34], where n and p are arbitrary. On the other hand,
the regulator (23), (25)-(29), (32), (33) does depend on n and p, and, as already noticed, its order is
the least possible one for any n and p.

One may wonder whether condition (24) can be given any interpretation in terms of the existence
of some special paths (e.g., trees) in the graph of the network, which is the graph having a node
for each agent and an edge from node i to node j if the output of agent j depends on the state of
agent :. Quite differently from what happens in consensus problems (see, e.g., the next section of
this paper), the answer is negative. This claim is immediately proved by considering the limit case
of a diagonal G, with any nonzero diagonal entries, where condition (24) always holds. However,
the fulfilment of condition (24) depends in general on the specific values of the entries of G, not
only on its zero-non-zero pattern. For instance, when m = 2, condition (24) takes on the form
91.192,2(91,192,2 — 91,292.1) > 0.

We also point out that the regulator (23), (25)-(29), (32), (33) solving Problem 3.1 can be designed
according to the following three-step procedure: (i) find a sufficiently small positive 7 such that the
matrices —é( nTnGepy, f T M, are Hurwitz; (ii) set € = 0 and find a sufficiently large p such
that (15)-(18) are satisfied; (iii) find a sufficiently small positive ¢ such that (15)-(18) still hold. The
possibility of successfully performing step (i) is guaranteed by Lemma 3.4. As far as steps (ii) and
(iii) are concerned, their feasibility is guaranteed by Lemma 3.3, as a consequence of its already
illustrated rationale.

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2014)
Prepared using rncauth.cls DOI: 10.1002/rnc



12 A. LOCATELLI, N. SCHIAVONI

Finally, it is worth noticing that our solution to Problem 3.1 supplies the controlled network with

a nice robustness property. Specifically, let

Ay = diag {011,012, - . -, Ot } (34a)
A.,- = dlag {(5,«1, (57«2, ceey 67m} (34b)
0 <8 <oy 01 >1,0< 8, <0y 05> 1, i€ M (34c)

and consider a matrix G which takes on the form

G = AGLA, (35)

where G, can be thought of as the known nominal topology matrix.

Then, we consider Problem 3.1, where the conditions in points 1 and 2 have to be satisfied for G
asin (35) and all A; and A, specified by (34).

This modified problem seems interesting, since matrices A; and A,. allow us to take into account
possible uncertainties on the gains of the communication apparatuses. For instance, assuming that
61 = 1 (6,; = 1) means that the gain of the receiving (transmitting) apparatus of the ¢-th agent may
undergo any unknown reduction d;; (J,;) with respect to the gain specified by G, (see (2)).

Now, we observe that, in view of (35), (34),

det (G(p)) det (Giy) ) = det (Aup)) det () det (Ayp)) det (G )

where

én — diag{ gni1 : gn2,2 . Inm,m }
|g"171| |gn2,2| |gnm,m|

Since det (A;(5)) > 0, det (A,(4)) > 0, we concludes that the necessary and sufficient solvability
condition (24) becomes

det (G py) det (én( f)) >0, fc M
which is independent of A; and A,. Consequently, this new problem is solvable if and only if
Problem 3.1 is solvable with G = G,,. Moreover, the regulator (23), (25)-(29), (32), (33), with
G = G, solves also our new problem. Of course, tuning the parameters 7, p and € is now somehow
more cumbersome.

4. FAULT-TOLERANT CONSENSUS

Stabilization problems, as the one dealt with in the preceding section, can by no means be solved
when matrix G is singular. On the contrary, a different and meaningful class of problems can be
faced in this case, provided that G is endowed with some special features. Here, reference is made
to what are called consensus problems, which consist in finding regulators such that, for each j € N,
all the components of x; () asymptoticallly converge to the same function of time.

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2014)
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This section is devoted to present a particular fault-tolerant consensus problem for the previously
introduced multiple-integrator network. The problem is stated in the next subsection and solved in
the following one.

4.1. Problem statement

We consider networks (1), (2) and (3) where, for any j € P, the output [y;(t)], of agent k is a
nonnegative linear combination of the differences between [z;(t)], and [z;(t)],, i # k. Moreover,
we assume that the coefficients of the above combinations are independent of j and symmetric.
More precisely, let

il = D> Ui ([0 = [250)],), k€M, j€P (36a)
e M\{k}

b = lik > 0, (ki) € M X M, k # i (36b)

The meaning of the symmetry condition (36b) is twofold. First, the communication channel between
any two agents is bidirectional, if it there exists. Second, the weight [; of the difference [x;(t)], —
[z;(t)]; in the output [y;(%)], is the same as the weight I;; of the difference [x;(t)], — [x;(t)], in the
output [y;(t)]..

Thus, the topology matrix G of (2) and (3) takes on the form

G = {gri}, gri = { F 7“, , (ki) e M x M (37)
Zie/\/l\{k} ki k=1

and, in view of (36), satisfies the following assumption.

Assumption 4.1
The topology matrix G is such that

gk,igoa (k,i)EMXM, k#l (383—)
> gri=0keM (38b)
ieM

G =G (38¢)
0

Equations (38a), (38b) define what is usually called a Laplacian matrix. Note that G is singular
and G1 = 0, as a consequence of (38b). Of course, 1'G = 0 too, because of (38c).

As already announced, we assume that faults may occur in the communication apparatuses of the
agents. Differently from what has been done in Section 3, we here suppose that one or more couples
(k,1), k # i, of agents may become unable to share the information concerning their states, that is,
l; = l;; may vanish. The consequence of such a fault on the topology matrix is that the entries
(k,4) and (4, k) have to be set to zero. Furthermore, the k-th and i-th diagonal entries have to be
recalculated. From a technical point of view, a fault is defined as any couple § C O, where

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2014)
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© 1= {(k,4)|(k,i) € M x M,i >k}

Then, when a fault 6 occurs, matrix GG has to be substituted with

Goy = Gloy = {90y }

- (ZjeMmk,j)ée,(j,k)gée g’w‘) ’ k=i
9o)k.i ‘= 0 . (kyi)ed SkeM k<i<m
ki , (k,i)eo©\0

We observe that GGy is Laplacian and symmetric whenever G satisfies Assumption 4.1. Moreover,
G gy = G. As aconsequence, we can deal with nominal and faulty conditions at once by substituting
G (p) to G whenever it occurs. Specifically, we substitute (2) with

yi(t) = Gyz;(t), 0 CO, jEP (39)
and (3) with
1 .
Yjs) = o5 GoU(s), 0O, jeP (40)

The loop transfer function of the positive feedback system (4a), (4b), (40), obtained by cutting the
loop at U(s), is

_ 1 L
L(s,0) := ZRj(S)WG<9> =Dp(s) 'Ny(s,0)
jEP

where

Ni(s,0) =Y s/ ' Nj(s)Gy)
jeP
and Dy, (s) is given by (9).
Then, for any # C ©, the characteristic equation of the positive feedback system (4a), (4b), (40)
is

det (Dp(s) = Np(s,0)) =0 41)

We remark that, whichever the regulator may be, this equation has at least n roots equal to 0. Indeed,
all the eigenvalues of the network (1), (39) are zero, and straightforward calculations show that the
dimension of its unobservability subspace is at least n.

Now, we are ready to introduce our fault-tolerant consensus problem with arbitrary assignment
of both the agreement law and the dominant dynamics. In its statement, we make reference to the

vector

I
C::[Cl oy e cm},ci>0,i€/\/l,c'1=1 (42)

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2014)
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Problem 4.1
Let G satisfy Assumption 4.1. Furtermore, let an Hurwitz set £ := {);[j € A"\ {n}}, and two
positive scalars o and 3 be given. Finally, let © be a given proper subset of the power set of ©, with
0eo.

Find a regulator with transfer function R(s) of the form (4b)-(4b), (5) and set its initial state so
that, for all # € ©, the conditions specified in the following points are satisfied.

1. For any given c as in (42) and for all z;(0), 7 € N,

n ;
tk—z
: ) TP _ .
t_l:gloo (x,(t) 1c 2= Z‘)!ac;€(0)> 0,ieN (43)
2. Equation (41) possesses (n — 1)(m — 1) roots \;; with
)\ij — j\ij . .
Re{\} <0, | —=/—| <a,ie M\ {m}, j e N\ {n} (44)
j
andm — 1+, pi roots v; with
Re{vi} < -8, i=12....m-14+> p (45)
ieM
U

Point 1 of Problem 4.1 calls for the controlled network to reach a consensus and specifies the
desired agreement law. For any i € A/, such agreement law is a polynomial function of ¢ whose
coefficients are linear combinations of the network initial states x(0), ¢ < k < n. The weights of the
entries of the 21 (0)s in these combinations are the entries of ¢ divided by (k — ¢)!. One may wonder
whether the agreement law (43) is the only achievable one. The answer is negative. Indeed, it is
easily shown that, since G is singular, the uncontrolled network has got (at least) n fixed modes [45]
at s = 0. Furthermore, the controlled system contains (at least) a chain of n unobservable integrators.
Hence, the agreement law must be a polynomial function of ¢, and, in general, its coefficients depend
on the initial state of both the network and the regulator (see, e.g., [16]). However, the case where
the agreement law does not depend on the regulator initial state is of obvious particular interest.
Simple computations show that imposing such property implies that the agreement law must have
the form in (43). Finally, it is plainly reasonable that the coefficients of t*~¢/(k —4)! in (43) are
positive convex combinations of all the entries of x(0). This is precisely what the definition of ¢ in
(42) states.

Point 2 concerns only n(m — 1) 4+ .., pi eigenvalues out of nm + >, p; total ones. As
a matter of fact, nothing could be required on the remaining n eigenvalues, since they are anyhow
located at s = 0. Moreover, such condition is entirely equivalent to points 1, 2 of Problem 3.1, so
that the comment reported just after Problem 3.1 applies also to Problem 4.1. Hence, (44), (45) can
legitimately be interpreted as stating a dominant-pole-placement issue for the dynamics towards the
consensus manifold. However, we note that in Problem 3.1 the desired locations of the dominant
poles are independent one from each other. Indeed, they are the elements of Li,i € M. On the other
hand, in Problem 4.1 the desired locations of the dominant poles is somehow constrained, since they
are the elements of £ repeated m times.

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2014)
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We stress that all the above must be true not only in nominal condition, but also in all the possible
considered faulty conditions, as specified by the set ©.

4.2. Problem solution

In order to introduce our necessary and sufficient solvability condition for Problem 4.1, we first
define the scalars e; through the identity

Zéjsj_lz H (S—S\j)

(46)
JEN JEN\{n}
Furthermore, let
Ej:=¢;jl, eR™™ jeN (47a)
Es:= | By E2 o By 0 |ermm (47b)
— 00 -~ 0 " EsiTP
Ep(s):= { \ , 2= P € R (47¢)
p—1 mxm blocks
Note that €;, = 1,7 € M, so that E,, = I,,,.
Then, for any p # 0 and € # 0, consider the regulator
S 1 —
R(s)=puV<FE ——F 48
(5) = n { s+ (1+es)n—r D(S)} (48a)
V= —diag{ci ", 5", ..., (48b)

It is easy to check that such regulator is characterized by p; = n — p, i« € M, and can be given the
realization

ezi(t) = —z;(t) + Zia(t) + hiVy(t), i=1,2,...,.n—p—1 (49a)

Eévb—p(t) = _En—p(t) + Bn—pvyp(t) (49b)

w)=pud S &GVy)+e IV, (t) — e Pz (1)

(49¢)
JEP\{p}

where z;(t) e R™, i=1,2,..

.,n — p, whereas the scalars h;, i = 1,2
defined through the identity

.,m — p, are uniquely

n—p

(I+es)” Z 1+5s"p1

=P Z éjsjfp (50)

Jj=p
Then, the solution of our fault-tolerant consensus problem is given in the following theorem

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2014)
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Theorem 4.1
Problem 4.1 admits a solution if and only if the set © is such that all the matrices G 0, 0 € O, have
only one zero eigenvalue.

Furthermore, there exist 7 > 0 and £(-) > 0 such that, for all x> i and for all € € (0,&(u)), the
regulator (42), (46)-(50), with initial state such that

dz(0)=0,i=1,2,....,n—p (51)

solves the problem. O

Notice that the solvability condition above does not depend on n and p, and is the same as that
presented in [39] for oscillators networks.

Contrary to what has been claimed about condition (24) of Problem 3.1, the necessary and
sufficient solvability condition of Problem 4.1 can be given a nice interpretation in terms of the
graph of the network (1), (2) and (3). Indeed, it is well known that a topology matrix has got one
and only one zero eigenvalue if and only if the corresponding graph is connected (see, e.g., [20]).
On the other hand, it is apparent that no consensus problem at all can be solved for networks with
unconnected graphs, since the information about the agents’ initial conditions cannot be shared
over the whole network itself. Consequently, the solvability of Problem 4.1 does not depend on the
request of getting a particular agreement function and a particular location of the dominant poles.
Put in a different way, Problem 4.1 can be solved if and only if any general consensus problem
(without special requirements on the agreement function and on the dominant dynamics) can be
solved. In particular, notice that problem solvability is independent of n and p.

Let us now illustrate the rationale behind Theorem 4.1. As far as the position of the eigenvalues
is concerned, it is quite similar to the one behind Lemma 3.3. First, the fact that G is Laplacian
implies that the controlled network has got n eigenvalues at the origin of the complex plane. Then,
if we set € = 0 in (48a), the regulator turns out to be nondynamic and to contain multiple derivative
actions. In this situation, when y1 — +oc, for any 6 € ©, the closed-loop system has (n — 1)(m — 1)
eigenvalues satisfying (44) and m — 1 eigenvalues satisfying (45). This is due to the fact that the
cascade connection of network and regulator contains (n — 1)(m — 1) transmission zeros in the
locations where the dominant poles have to be placed. Then, by letting ¢ be positive and sufficiently
small, the previously mentioned eigenvalues still satisfy their respective conditions, the regulator
becomes proper, and (n — p)m new eigenvalues appear, which satisfy (45). On the other hand, the
fulfilment of point 1 of Problem 4.1 is guaranteed by the sensible choice (48b) for the matrix V.
The details are in the proof.

Similarly to the regulator (23), (25)-(29), (32), (33) solving Problem 3.1, the regulator (42), (46)-
(50) is actually decentralized, high-gain and with dynamics concentrated in a single transfer function
for any agent. However, it is able to solve Problem 4.1 only if its initial state satisfies (51), since,
otherwise, the agreement law would not take on the form specified in point 1 of Problem 4.1. Of
course, (51) is trivially satisfied by z;(0) = 0,7 = 1,2, ...,n — p. However, it is rather interesting to
notice that the regulator initial state can always be set so that (51) is fulfilled and «(0) = 0. Indeed,
on one hand from (49c¢) it follows that «(0) = 0 if and only if

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2014)
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21(0) =" Y & Vy;(0) + Vy,(0) (52)
JEP\{p}
On the other hand, (51) is actually satisfied in view of (39), (48b) and Assumption 4.1. Thus, a
bumpless control can always be achieved.

We also point out that the regulator (42), (46)-(50) solving Problem 4.1 can be designed according
to the following two-step procedure: (i) set ¢ = 0 and find a sufficiently large p such that (44), (45)
are satisfied; (ii) find a sufficiently small positive ¢ such that (44), (45) still hold. The possibility
of successfully performing the above steps is guaranteed by Theorem 4.1, as a consequence of its
already illustrated rationale.

Finally, it is worth noticing that our solution to Problem 4.1 supplies the controlled network
with a nice robustness property. In order to illustrate it, first let G be the set of all the m x m
symmetric Laplacian matrices with only one zero eigenvalue. Thus, the regulator (42), (46)-(50),
besides solving Problem 4.1, is such that points 1 and 2 in it are also satisfied for all the topology
matrices belonging to any subset G of G. Indeed, the equations describing our regulator do not
depend on the set of considered topology matrices, and the proof of Theorem 4.1 can easily be
extended to cope with the new framework. Of course, tuning the parameters ;. and £ becomes a
cumbersome task if G is an infinite set.

As an example, suppose that G, is a matrix with only one nonzero eigenvalue which satisfies
(36a), (37) for some given ly; = Ij;. Then, all the matrices obtained by substituting az;l; to I,
a;, = ay; , in (36a), (37) constitute a meaningful set G. Indeed, in the light of (36a), it may though
as describing an alteration of the communication apparatuses.

5. ILLUSTRATIVE EXAMPLES

The theory presented in the preceding sections is now illustrated by means of a couple of examples,
referring to fault-tolerant dominant-pole-placement and to fault-tolerant consensus, respectively.

In both cases, we assume that the network is constituted by four agents with the dynamics of
triple integrators, namely, m = 4, n = 3. Furthermore, we consider the two situations where the

scalar outputs available to each agent are either 2 or 3, so that p = 2 or p = 3.

5.1. Example 1: Fault-tolerant Dominant-pole-placement

We assume here that the network topology matrix is

_ o W O

1
2
)
1

S = O =
N W 9o

which satisfies condition (24). Then, we complete the definition of Problem 3.1 by setting L; =
{-0.1,-0.2},i=1,2,3,4, « = 0.4, § = 1. By applying Theorem 3.1 with T = I3, e = 0.2, up =
10, we get a 4-th order regulator which solves the problem for p = 2 and a nondynamic regulator
which solves the problem for p = 3. The maximum relative errors
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Table I. Example 1: Maximum relative errors in the locations of the dominant poles.

p=2 p=3

fr=0,fr=10 0.1432  0.1087
fr = {4}, fr = {4} 03514 0.3306
fr=1{3}, fr = {1} 0.0788 0.0417
fr={4}, fr=1{2} 03514 0.3306

iJ

max;e{1,2,3,4},5€{1,2}

in the locations of the dominant poles are reported in Table I, for the nominal and some faulty
conditions. As far as the nondominant poles are concerned, the one closest to the imaginary axis has
real part —1.3524 in the nominal case and —2.3187 in the faulty cases for p = 2, and —3.7984 in the
nominal case and —1.3544 in the faulty cases for p = 3.

Moreover, some initial condition responses of the two controlled networks are reported in Figure
1. Specifically, we concentrated on the transients of x; (¢) relative to the nominal condition as well as
the faulty condition defined by fr = {4}, fr = {2}. We assumed z;(0) = 1,7 = 1, 2, 3, as network
initial condition, and, when p = 2, 2;(0) = 0 as regulator initial condition. Of course, the drawn
responses confirm that the design objectives have been achieved. For both p = 2 and p = 3, the
transients of [z:], and [z], are not significantly affected by the considered fault. On the contrary,
the fault influences the transients of [z,], and [z],. This influence can be reduced by increasing p
and decreasing €.

5.2. Example 2: Fault-tolerant Consensus

We assume here that the network topology matrix is

3 -1 -1 -1
-1 2 -1 0
-1 -1 5 =3
-1 0 -3 4

G:

which satisfies Assumption 4.1. Then we complete the definition of Problem 4.1 by
letting £ ={-0.1,-0.2}, a=0.05, 3=4, 6 ={0,(1,2),(1,3)U(1,4),(2,3) U(3,4)}, c=
[ 1/2 1/4 1/6 1/12 ]/. Straightforward computations show that G’ and © are such that the
condition of Theorem 4.1 is satisfied.

By applying Theorem 4.1 with € = 0.1, p = 5 we get a regulator which solves the problem. The
maximum relative errors
Aij — Aij

MaXie{1,2,3yje{1,2} |7y
]

in the location of the dominant poles are reported in Table II, where the nominal and the faulty

conditions are considered. As far as the nondominant poles are concerned, the one closest to the
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Figure 1. Example 1: Initial condition responses of the variable z1(¢) of the controlled network (p = 2 and
nominal condition: black solid; p = 2 and faulty condition f = 4, fr = 2: blue dotted; p = 3 and nominal
condition: red dashdot; p = 3 and faulty condition fr = 4, fr = 2: green dashed).

Table II. Example 2: Maximum relative errors in the location of the dominant poles.

p=2 p=3

0="0 0.0277  0.0082
0=(1,2) 0.0407  0.0215
0=(1,3)U(1,4) 0.0481 0.0291
0=(2,3)U(3,4) 0.0366 0.0173

imaginary axis has real part —4.8483 in the nominal case and —4.8465 in the faulty cases for p = 2,
and —48.6312 in the nominal case and —13.8678 in the faulty cases for p = 3.

Moreover, some initial condition responses are reported in Figures 2 and 3 for p = 2, 2,;(0) =

1 2 3 4 ]/ ,i=1,2,3,and z;(0) as in (52), so as to get a bumpless control.

Note that, in view of (43), the value of ¢ and the considered initial condition, the agreement laws
for x;(t), ¢ = 1,2, 3, turn out to be
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t t

Figure 2. Example 2: Initial condition responses of the variables dz;(t) relative to the controlled network in
nominal condition (1 (¢): black solid; dz2(t): blue dotted; dx3(¢): red dashdot).

3 tk71

Taq (t) :=¢ Z

k=1

= 1)!3%(0) = %(1 +t+0.5t2)

3 k—2
ragat) = ¢ 30 Zn(0) = 5 (1+1)

2k —2) 6
3 k—3
ran(t)i= ¢ Y G—n(0) = ¢
k=3

Specifically, Figure 2 refers to the network nominal condition. It shows the differences dx;(t)
between the network state variables and the agreement laws, namely 0x;(t) := x;(t) — 12qg: (%),
i =1, 2, 3. Plainly, the design objectives are fulfilled in this situation.

In order to check that the problem requirements are fulfilled also in the presence of faults, we
show in Figure 3 the differences 6*x;(t) between the state variables of the network in nominal
condition and the state variables of the network in the faulty condition 6* := (2,3) U (3, 4), namely
0 x;(t) == xi(t)|g—g — i(t)|g—e-. Apparently, the design objectives are fulfilled in this situation
too.
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Figure 3. Example 2: Initial condition responses of the variables 6*z;(¢) relative to the controlled network
in nominal condition and in the faulty condition 8 = (2,3) U (3,4) ([0"z;(¢)]1: black solid; [6*z;(¢)]2: blue
dotted; [0 x;(¢)]3: red dashdot; [§*z;(t)]4: green dashed).

6. CONCLUDING REMARKS

This paper presented a couple of problems concerning the decentralized control of multiple-
integrator networks. The first of them is aimed at supplying the controlled network with prespecified
real dominant poles, so as to get any desired speed of response. The goal of the second one is
achieving a preassigned consensus with arbitrary dynamics. The networks agents considered in the
problems are subject to faults of the communication apparatuses, and the regulator must be such that
the closed-loop systems are fault-tolerant, that is, the above mentioned properties are not affected
by the faults.

For both problems, we gave necessary and sufficient solvability conditions together with explicit
formulas for the regulators, which turned out to be high-gain.

The proposed regulators have been shown to be least-order for the first problem. On the contrary,
the minimality issue is still to be assessed for the second problem.

Among the other open topics which deserve attention in future works, we cite the extension of the
presented results to the cases where the agents’ dynamics are not all those of a multiple integrator.
Another interesting point concerns the situations where the models of the faults are more general
than those adopted here.
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APPENDIX: PROOFS

Proof of Lemma 3.1

First assume that fr U fr C M. Equations (14) of Problem 3.1 reduce to (20) of Problem 3.2 for
f=/frUfrand f = M\ {i}, i € fr U fg, respectively. Viceversa, (20) of Problem 3.2 reduces
to (14a) of Problem 3.1 if f U fr = f. Secondly, assume that fr U fr = M. In this case, (14b) of
Problem 3.1 coincides with (20) of Problem 3.2 for f = M\ {i}, ¢ € M. Furthermore, conditions
(15)-(18) coincide with (21), (22). O

Proof of Lemma 3.2
Assume that a regulator R(s) given by (4b)-(4d), (5) solves Problem 3.2. Then, all the roots of (20),

f € M, have negative real part. Hence, the coefficients of the terms with highest and lowest degree
of det (Q(y)(s)) have the same sign. The former originates from det (s"D(s)(s)) and is equal to
one, since the polynomials d;(s), i € M, are monic. Thus, the latter must be positive, that is,
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det (—Nl(f)(O)G(f)) = det (G(f)) Z (—n1,(0)) >0, Vf C M (53)
ie M\ f

Consider now the particular case where f = M\ {i}, i € M. Then, condition (53) becomes

— giin1i(0) > 0, Vi € M (54)

which means that g; ; and n4;(0) have opposite signs. Hence, (53), (54) yield

det (G(p)) > gii>0,YfC M

e M\ f
which obviously supplies (24), in view of (23). ]
Proof of Lemma 3.3
Recall (31). Moreover, let
-1 1 0 0 0 1
o -1 1 -+ 0 0 0
A= . . .| eRrxmR g | | eR"P, 7= | | | €R™TP
o o0 0 -+ -1 1 0

Now, for any f C M, consider the (2n — p)(m — ry)-th order system

Ty () = zipap (1), 1 € N\ {n} (55a)

En(p)(t) = u(p)(t) (55b)

e4ilt) = Az(t) + B ) [Ejm]i VinGuein(t), i€ M\ f (55¢)
J=p

wongip () = [w®)]; = p | Ca) + Y {Ej(f)L‘A/(f)G(f)xj(f)(t) cieM\f o (550)
JEP\{p}

where w(t) € R™.

Simple, though cumbersome, computations show that the transfer function of system (55) from
u(p)(t) to wg(t) is exactly the function E(f) (s) given in (31). Hence, the roots of (20) do coincide
with the eigenvalues of system (55), after setting u(s(t) = w(y)(t). The dynamical matrix of this

system is
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0 L, 0 ]
0 0 0 0
F(f) = : :
(f) 0 0 0 0 Im Kf 0
REV(f)  pEa(f) pEp-1(f) 0 0 uC(f)
L0 0 0 By eTLE,(f) e YA(f)
(56)
where
A(f) := diag { A, A,. } ) :=diag{ B,B,...,By, C(f) :=diag{ C,C,...,C
m—ry blocks m—ry blocks m—ry blocks
Ei(f) = V(f)Eis)Gp) i € P\ {p}

~

Now, remind that the order of each local regulator is p; = n — p. Thus, the number of the eigenvalues
which have to comply with (22) is (1 +n — p)(m — k).

By applying standard singular perturbation theory [47], when & — 0, (n—p)(m — ky)
eigenvalues of (56) tend to the eigenvalues of 5*12( f), which are all at e~1. Hence, if ¢ is positive
and sufficiently small, they satisfy (22).

The remaining n(m — ) eigenvalues of F(f) tend to the eigenvalues of

0 ) S 0
0 0 0
0 0 0 0 ) S
| LEL(f)  uEa(f) pE, 1(f) pEy(f) 1E . (f)

where

Ei(f) = ~C(HAW) T Eilf) = ~C(HAU) BV (HEpGip) =
= ‘A/(f)f? NGy, i=pp+1,....n
since é(f)g(f)_lé(f) = —Ln_r;.

By again applying standard sinAgular perturbation theory, when p — +o0, m — Ky eigenvalues of
(57) tend to the eigenvalues of uEn(f) uV(f n(f VG = /ﬂA/(f)G(f), in view of (25) and (26a).
Since the matrices ‘7( 7 G () are Hurwitz by assumption, for p sufficiently large, these eigenvalues
satisfy (22).

The remaining (n — 1)(m — ry) eigenvalues of F, (f) tend to the eigenvalues of
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O Im—nf
0 0
F\as(f) =
O O I’H’L—Hf
| -Ei(f) —Bu(/) —Eua(f)
whose characteristic polynomial is
N 777,71{f )
det (AI(TL—l)(’H’L—Hf) - Fss(f)) = H (Z éij)\J—1>
i=1 \jeN
Hence, in view of (25), the eigenvalues of ﬁss(f) satisfy (21). ]

Proof of Lemma 3.4

The proof can be performed along the same steps as those of the proof of Theorem 2.1 in [46], after
substituting matrix G p there with matrix G. O
Proof of Theorem 3.1

Necessity follows from Lemmas 3.1 and 3.2. Sufficiency follows from Lemmas 3.1, 3.3 and 3.4. [J

Proof of Theorem 4.1

As for necessity, we assume by contradiction that there exists #* € © such that the (symmetric)
matrix G g~y has more than one zero eigenvalue. Thus, for 6§ = 6*, the network is composed by
(at least) two completely separated subnetworks (see, e.g., [20]). Hence, no agreement law can be
reached, and point 1 of Problem 4.1 is violated.

As for sufficiency, we assume § € ©. Then, as a first step, we show that the regulator supplies the
controlled network with the required eigenvalues (point 2 of Problem 4.1), and, as a second one, we
show that the asymptotic behavior is the one called for (point 1 of Problem 4.1).

Let us begin by studying point 2, that is, the eigenvalues of the controlled network, described by
(1), (39), (42), (46)-(50).

Let T'(6) € R™*™ be a nonsingular matrix such that

S@) 0
0 0

VG<9> = T(e)_ls(e)T(e), 5(9) = c Rman

where S(6) € R(m=1x(m=1) 5 nonsingular, since G (p) has got exactly one zero eigenvalue and v
is nonsingular. Furthermore, it is Hurwitz, because the nonzero eigenvalues of VG (0y have negative
real parts in view of Assumption 4.1, (42), (48b) and the Gershgorin theorem.

Furthermore, let
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= T(0)z; = [ . T ]/, Fia €R™ Zp€R, i €N (58a)

5 = T(0)7 = [ 2 E ] 5w €R™L Zy€R, i=1,2,... ,n—p (58b)
T A R I A e INC
me=[ 2w Fm - Fw | €R (58d)

mo=|Ew B o B | €RMY (58¢)

Trivial, though cumbersome, computations show that

/

ni=1n né}

! ! ! =/ =/
[% T Ty 21?2

= n—p
where
T(0) := diag { T(0). T(0),.... T(6) 5 € RO"-mImxCropim
2n—p blocks
diag { Ry, Rg, ..., Ra
—_———
R.— 2n—p blocks c R(Qn—p)mx(2n—p)m
diag Rb, Rb, ey Rb
L 2n—p blocks i
R, = [ Im-1 O ] eRMTXM Ry = [ 0 1 ] eR™

Consequently, the controlled network (1), (39), (42), (46)-(50) is also described by the equation

n(t) = 7(9)77(15) (59)
where
F @/ o0 0
F(H) = 0 Fg F23 c R(Qn_P)mx(Qn—p)m (60)
0 0 Fj
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Flz (9) Flzz
Flza:(o) Flz

c R(2n—p)(m—1) X (2n—p)(m—1)

29

(61a)

711(9) =
[ 0 Im—l 0
0 0 0
— : : . . c Rn(mfl)xn(mfl)
0 0 0 0 Imfl
i perS(0)  pexS(0) pep1S(0)  pe=("PIS(6) 0
(61b)
o 0 e lh5(0) 0]
0 0 e 'hyS(0) 0
Fip(0) = | ¢ ¢ : € Rr=p)(m=1pxn(m=1)  (6]c)
0 0 0 e thn_p-15(0) 0
0 0 0 e th,—,S(0) 0
0 0 0 0
Fig. = ; . 5 € RM(m—1)x(n—p)(m—1) 61d)
—pe= P[0 0 0
[ —& Im—l e Im—l 0
0 — o1 e
Fi, = : : e R(n—p)(m—1)x(n—p)(m—1)
0 0 e
0 0 —e .
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0 1o -
00 1
For=1| 1 ¢ 1 1 1| eRv™ (622)
00 0 0
(000 0 0
_ ; .
0 0
Fay = : Do | eRmp) (62b)
0 00 0
I —pe~ (=P 0 0 0 |
[ 1 et 0 1
0 —e1 ¢t
F3:= : : D : c R(n—p)x(n—p) (62¢)
E_l
1

Hence, the eigenvalues of F'(6) are those of F'; (), F» and F'3. The n eigenvalues of F are all at
the origin of the complex plane. As a matter of fact, they are the network fixed modes mentioned
in commenting the statement of Problem 4.1. The n — p eigenvalues of F3 are all at —c~!. As far
as matrix I'1(6) is concerned, notice that it is the dynamical matrix of the (2n — p)(m — 1)-order

system

ZTia(t) = Tit1a(t), i € N\ {n}

Fna(t) = D &S(O0)Fja(t) + e "TIE(0)Zpa(t) — TP Z14(t)
jeP\{p}

Egia(t) = *gia(t) + EiJrla(t) + Big(e)i.pa (t)v i = 17 2; e, =P — 1
Eén—pa(t) = —Zn—pa(t) + ﬁn—pg(e)jpa(t)

where the coefficients h; are defined through the identity (50). This system has the same structure
as the one in (30). Consequently, by following the same line of reasoning as in the proof ol Lemma
3.3, it can be proved that it has: (i) (n — p)(m — 1) eigenvalues that, when ¢ — 0, tend to —c~1;
(ii) m — 1 eigenvalues that, when ;. — o0, tend to the eigenvalues of uS(6); their real parts tend
to —oo since S(#) is Hurwitz; (iii) (n — 1)(m — 1) eigenvalues that, when y — 400, tend to the

eigenvalues of
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Im—1
0
Fos = : : : .
0 0 .. I 1
| —eufm1 —€2lmo1 0 —Enidmo |

whose characteristic polynomial is

m—1
det (M(n—1)(m—-1) — Fss) = (Z éj)\j_1>
JEN
since, in view of (46), e,, = 1.

In conclusion, for ¢ positive and sufficiently small and . sufficiently large, matrix F'(6), besides
having n eigenvalus at s =0, has: (i) m — 1+ (n — p)m eigenvalues which fulfil (45), since
pi=n—np,i € M, (i) (n—1)(m — 1) eigenvalues which fulfil (44). Hence, point 2 is satisfied.

Let us consider now point 1, that is, the asymptotic behavior of the controlled network, described
by (1), (39), (42), (46)-(50).

Notice that the last column of 7'(§)~! can be taken equal to 1. Thus, the last row of T'(6), to be
denoted by ¢/, has to satisfy the conditions

P'1=1, ’lb/VG(g) =0

Hence, by recalling that G4y is symmetric, it turns out that

Yp=c (63)
Consequently, simple computations show that, in view of (58b), (58e), (63), condition (51) is
equivalent to
C/_l (0)
'z2(0)
3 (0) = . =0 (64)
'Zn—p(0)

Thus, in view of (60)-(62), the solution of (59) is given by

m(t) = T @ty (0), t >0 (652)
1 (t) = T2y (0), £ >0 (65b)
n3(t) =0, t>0 (65¢)

Since it has already been proved that F';(6) is Hurwitz, then the solution of (65a) is such that
lim; 4 o 71 () = 0. On the other hand, in view of (62a), the solution of (65b) is
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tF .
@] =Y 5 m(0)] 0, t >0, i €N (66)
Now, observe that, in view of (58a), (58d), (63),

dx1(t)

"o (t
mi - | (©7)

xn(t)

Since n;(t) asymptotically vanishes, then limi o Zia(t) =0, i €N, in view of (58c).
Furthermore, since z;(t) — T'(0) ~*z;(t) = 0, in view of (58a), (58d),

0= lim (z;(t) = T(0)'z;(t)) = lm (z;(t) — 1z (t)) = lm (z;(t) — Ln2(t)],), i €N

t——+o0 t——+oo t——+o0

Finally, in view of (66), (67),

) n—i tk , B ) , n tk—’i B )
t_1}+moo (:c%(t) — IZ ¢ :cZ-Jrk(O)) = t_l}gloo <:c2(t) —1c s i)!:ck(O) =0,ieN

k=0

which coincides with (43), so that point 1 is satisfied.
Thus, the theorem is proved. O
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