SCREW DISLOCATIONS IN PERIODIC MEDIA:
VARIATIONAL COARSE GRAINING OF THE DISCRETE ELASTIC
ENERGY
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ABSTRACT. We study the asymptotic behavior, as the lattice spacing € tends to zero, of the dis-
crete elastic energy induced by topological singularities in an inhomogeneous ¢ periodic medium
within a two-dimensional model for screw dislocations in the square lattice. We focus on the
|log e| regime which, as e — 0, allows the emergence of a finite number of limiting topological
singularities. We prove that the I'-limit of the |loge| scaled functionals as € — 0 equals to
the total variation of the so-called “limiting vorticity measure” times a factor depending on the
homogenized energy density of the unscaled functionals.
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INTRODUCTION

This paper deals with the rigorous coarse graining of the discrete elastic energy induced by
topological singularities in an inhomogeneous periodic medium. As a paradigmatic example, we
consider a two-dimensional periodically inhomogeneous model for screw dislocations (see [11]).

Screw dislocations are straight line defects in the periodic structure of the crystal for which the
Burgers vector, which is a vector of the underlying lattice measuring defects of the crystalline order,
is parallel to the dislocation line [19]. In the framework of anti-plane elasticity, a finite distribution
of dislocations is identified by a finite sum of Dirac deltas, representing the positions of the defects,
with integer weights, representing the signed moduli of the Burgers vectors. In this context, screw
dislocations are topological singularities of the vertical displacement u : Q N eZ? — R, namely,
points around which the elastic part of the discrete gradient of w has non trivial circulation (see
Section . Here and in what follows Q2 N eZ? C R? denotes the reference configuration of the
crystal lattice, of lattice spacing € > 0. According to the theories of Nabarro-Peierls and Frenkel-
Kontorova [I8], plastic deformations, corresponding to integer jumps of the displacement u , do not
store elastic energy. As a consequence of that, one can model the energy stored by the deformation
of the crystal introducing periodic potentials, which, in view of the Hooke’s law, are quadratic
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close to the wells. In this respect, the simplest elastic energy can be taken of the form

(0.1) Folwy:= Y [distz(u(z' +eer) — u(i), Z) + dist(u(i + es) — uli), Z)} :
1€QNeZ?2

The energy F. shares the same asymptotic behavior as other functionals describing the emergence
of topological singularities, both in discrete and continuum framework, such as the XY model
for spin systems [4] and the Ginzburg-Landau (GL) functional for superconductors [13]. For
the three models above the picture is nowadays very clear; in the |loge| regime, the discrete
vorticity measures (corresponding to the Jacobians of the order parameter in the Ginzburg-Landau
context) are pre-compact (in an appropriate sense known as flat convergence) and converge, up to
a subsequence, to a finite sum of Dirac deltas with integer weights. Up to a prefactor, the I'-limit of
the family of energies agrees with the total variation of such a limit measure [25], 211 [22] [T}, 23], 4], [T6].
The asymptotic equivalence of the three models at energy regimes | log¢|P for every p > 1 has been
provided in [5] in terms of I'-convergence. Moreover, in [6] (see also 7, [8]) it has been shown that
the next order term in the expansion of the energy is the so-called renormalized energy [25] [13]
governing the interactions among the singularities.

The analysis of a variant of the GL functional in a periodic inhomogeneous medium has been
recently provided in [2]. There, it is considered a GL model that depends on two scales, namely,
the coherence length ¢ (playing the same role as the lattice spacing here) and the periodic inhomo-
geneity scale . . In such a framework, it is shown that the I'-limit combines both homogenization
and concentration effects depending on the ratio ||1ﬁ) ggégl‘.
analysis to the discrete setting, showing that the techniques are robust enough in order to neglect,
at the |loge| regime, further discrete-to-continuum effects. Here we consider a discrete analog of
the problem in [2], focussing on the analysis of energies of the type which includes periodic
inhomogeneities at scale Te for some finite 7' € N. More precisely, we investigate elastic energies
of the form (see Section [1| for details)

Our aim is to extend such a continuum

02) &)= Y [al (f)disﬁ(u(i teer) — u(i), Z) + a? (f)disﬁ(u(i + ees) — uld), Z)} :
1€QNeZ? ¢ ¢

where a',a? : Z2 — [0, +00) are two functions satisfying the following assumptions: for k = 1,2
(P) Periodicity: There exists T' € N such that a”(-) is T-periodic,
(G) Growth: There exist two constants 71,y with 0 < 1 < 75 such that

1 < a*(y) < 42, for every y € Z2.
We aim at determining the asymptotic behavior of & as e — 0 in the |loge| energy regime. In
view of assumption we have that the functionals & are bounded from below by (y; times) the
functional F, and hence they share the same compactness property as F.. As for the I'-limit,

one expects that “far” from the singularities the discrete deformation gradient of the displacement
w is “small”, hence coinciding with its elastic part; therefore, & (u) ~ G.(u), where

G.(a) = 3 [ (é) i + ce1) — u(i)? + o (é) (i + ee3) — ui)?

The asymptotic behavior of the functionals G. has been provided in [3], where it has been shown
that G. T-converge with respect to the strong L2-convergence to the functional

Ghom (u) := /(AhomVu,Vu> dz,

where Ay, is a two-by-two symmetric matrix defined by a suitable homogenization formula in the
discrete setting (see formula ) Since at the |log¢| regime the energy of an isolated singularity
concentrates at any scale between € and 1, by the reasoning above we can deduce that, outside a
“small” region enclosing the singularities, the functional £, behaves as G. which, in turn, can be
approximated by the homogenized energy Ghom - In this framework, we may describe the energy
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around a singularity of degree z by an asymptotic formula of the type (see Remark [3.1])

P(z) = lim min{/B - (ApomVu, Vu)dz : u € SBV*(Bg\ B,),
R s

TR~>+00

e € H'(Bp\ B,) , deg(e*™,0B,) = 2}

1
=—/det Apom 2> ,
2w

from which the T-limit is obtained by locally optimizing the degree (approximating a singularity
of degree z by |z| singularities of degree +1). This heuristics suggests that

€ € 1
(0.3) I- lim Eelue) _ —+/det Apom E |2%],
27 .

e—0 |loge] o

where the z¥’s denote the degrees of the limiting singularities. We prove in our main result,
stated in Theorem

Although the heuristic argument described above looks somehow elementary, making it rigorous
is not an easy task. The proof of the lower bound follows, up to some vanishing discrete-to-
continuum errors, along the lines developed in the continuum setting treated in [2] and recently
exploited in a simplified version in the discrete setting in [I2]. The strategy consists in applying
the ball construction, introduced by Sandier [24] and Jerrard [20] for the GL functional. Such
a technique allows us to prove the existence of a finite (i.e., independent of £) number of balls
outside of which the main energy concentrates. For what concerns the upper bound, we need some
extra care with respect to the continuum case since in the construction of the recovery sequence
we cannot exclude the presence of short dipoles at the discrete level. Nevertheless, the energy
bound shows that there can be at most |loge| such dipoles of length € and that, therefore, they
cannot further contribute to the limit energy (see Propositions and .

We finally remark that it would be interesting to extend, at least in the |loge| regime, the
variational equivalence between screw dislocations functional, GL model and XY energy from the
homogeneous setting studied in [5] to the periodic inhomogeneous setting considered here. This
requires, in particular, to extend the main result of this paper to the XY model, that amounts to
consider energy as in with dist?(-, Z) replaced by fxy(-) := 1 —cos(27-). We notice that the
potential fxy is still one-periodic and quadratic close to the wells. However, although heuristics
suggests that the only behavior to look at is the one close to the wells, generalization of our
strategy to such a potential seems to be non-trivial. Finally, we remark that in our analysis the
inhomogeneity coefficients a® are T-periodic for some finite T € N. The case where T' = T. — oo
as £ — 0 is also interesting and could be treated using the techniques introduced in [2].

ACKNOWLEDGMENTS: R. Alicandro and L. De Luca are members of the Gruppo Nazionale per
I’Analisi Matematica, la Probabilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale
di Alta Matematica (INAAM). The work of M. Cicalese was supported by the DFG Collaborative
Research Center TRR 109, “Discretization in Geometry and Dynamics”.

1. THE DISCRETE MODEL

In this section we introduce the main objects we deal with and we state our main result.

The discrete setting. Let Q = [0, 1]? be the closed unit square in R? with bottom left corner at
the origin and let 2 C R? be an open bounded set with Lipschitz continuous boundary. For every
€ > 0 we set

OZi={iceZ’ 1 i+eQCQ}, Q.= ] (i+eQ),
1€Q2
QV=Q.nez?, QL ={(i,j) € W x Q% : |i—j|=¢}.
Moreover, we define the e-discrete boundary of Q as 9.Q := Q2 \ Q2.
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Furthermore, we set
D.(Q) == {u: Q) = R}

and for every (i,j) € QL we define the discrete partial derivative of u in the direction % as
du(i, ) := u(j) — u(i) . Denoting by {e1, e} the canonical basis of R?, for every k € {1,2} and
for every u € Z.(Q2) we set

d (i) := du(i,i +eex), for (i,i+cey) € QL.
The energy functional. Let a',a? : Z? — [0, +00) be two functions satisfying assumptions (]ED

and in the introduction. For every e > 0 we define the energy functional &, : 2.(2) — [0, +c0)
as

(1.1) ZZ ( )dlst (A u(i), Z) .
1EQ2k 1

In the following we will adopt also localized versions of the functional &, ; more precisely, for every
open bounded set A C R? with Lipschitz continuous boundary the functional £.(+; A) : Z-(A) —
[0,400) is defined as in with Q replaced by A. Let A C R? be open and bounded. For
every € > 0 and for every u € Z.(A) we denote by II(u) the piecewise affine interpolation of u
on the cells i + Q (with i € A2). Moreover, we set w, = 2™ and we denote by II(w,,) the
piecewise affine interpolation of w,, . The following lemma, whose proof is straightforward, relates
the discrete energy &, defined in with the continuum Dirichlet energy of II(u) and II(w,,).

Lemma 1.1. Let A C R?. There exists a universal constant C > 0 depending only on 1 and o
such that the following facts hold true for € small enough:

(i) for every u € Z.(A)
&) <C [ V)P dr:
(i) for every u € 9.(A) E
(1.2) £.(u; A) < /A IV I(w)|? dar:
moreover, if v € C?(A) and u=vl_AY, then
(1.3) / |V TI(u)|* do < C’/A|Vv|2d:c;

€

(iii) for every u € Z.(A)

42
where XY (-, A) : Z.(A) — [0,+00) is the functional defined by

(1.4 £ A) = LY. i) = 1 [ (9w, de,
A

(1.5) XY (u; A) =Y Z (1 — cos(2mdZ u(i))) .

1€A2 k=1

The discrete topological singularities. In what follows we introduce the notion of discrete
vorticity measure associated to a displacement u € Z.(£2). To this purpose, we let P : R — Z be
the function defined by

P(t) := argmin{|t — s| : s € Z},

with the convention that, if the argmin is not unique, then we choose the smallest one. Let
u € 2.(Q) be fixed. For every i € Q2 we define the vorticity of u at i as

oy (1) == —P(dZ*u(i)) — P(d22u(i 4+ ce1)) + P(dZ u(i + ce2)) + P(d22u(i)) .
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Notice that we can alternatively write
o (i) =(dSu(i) — P(dZu(i))) + (d2u(i + eeq) — P(dSu(i + eey)))

(1.6) — (dSu(i + ee2) — P(dS u(i + eeq))) — (du(i) — P(d2u(q))) .

One can easily check that the vorticity takes values in the set {—1,0,1}. Furthermore, we define
the discrete vorticity measure p(u) as

N(u) = Z O‘U(i)(szﬁr%(eﬁrez) :
1€Q2

For every u € Z.(Q), one can check that if A is an open subset of € such that |II(w,)| > n on
0A. for some n > 0, then

(L.7) (u)(Ae) = deg(I(wy), 0A:) .
Here and below, for every open bounded set E with Lipschitz continuous boundary and for every

h e H%((‘?E;RQ) with |h| > n > 0, deg(h, JF) is the winding number of the map ‘hﬂ :0F — S,
ie.,
1 h 0 he M
deg(h, OF) = 7/ —. 7(7; _7) dH*,
2 Jor [hl 0T \[h|" ||
where 7 is the tangent field to OF and the product in the above formula is understood in the sense
of the duality between Hz and H~2 (see [I4, [15]).

We set
K
X(Q) = {uzzz’f(sﬂ : KeN, 2 ez\ {0}, " eQ},
k=1
XA(Q) = {,u eEX):p= Z a(i)5i+%(el+62) cafi) € {—1,0,1}}, for every € > 0.

1€Q2

The I'-convergence result. The main result proved in this paper is stated in the next theorem
whose statement requires the definition of flat convergence of measures. The latter, together with
the usual weak star convergence of measures, are recalled below for the reader’s convenience.

Let C.(€2) denote the space of continuous functions compactly supported in 2 endowed with
the supremum norm. We say that a family {u.}. of measures converge weakly star in 2 to a

measure j, and we write u. — p if for any ¢ € C.(Q)

(e, ) = (p)  ase—=0.
Let C%1(Q) denote the space of Lipschitz continuous functions on 2 endowed with the norm
9] o = sup l(z)| + sup [b(z) — vl
TE

z,y€Q |z — y|
Ay

)

and let C21(Q) be the subspace of its functions with compact support in Q. The norm in the dual

of C%1(Q) is denoted by || - ||gas and referred to as flat norm, while 8% denotes the convergence
with respect to this norm.

Theorem 1.2. Let Apom be the two-by-two symmetric matriz defined in formula (2.2)) below. The
following T'-convergence result holds true.

(i) (T-liminf inequality) For any family {uc}e with ue € Z:(Q) such that p(ue) Ha W with
w e X(9Q), we have

tim inf 20%) > L /qet Anom|p|().

=0 |loge| — 2w
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(ii) (T-limsup inequality) For every p € X (), there exists a sequence {ue}. with u. € Z.(Q)
such that p(ue) Aag w and

(1.8) lim sup £e(

\/ det A
N |1og5| - 2 nom|#(€2

The I'-convergence result above is complemented by the following compactness statement that,
in view of (1.4)), is a corollary of [6, Theorem 3.1].

Theorem 1.3. Let {uc}e with u. € Z.(Q) be such that E(us) < C|loge|. Then, up to a
flat
subsequence, u(u:) = p for some u € X(Q).

2. PERIODIC HOMOGENIZATION OF DISCRETE ENERGIES

In this section we specialize to our case a homogenization result in the framework of discrete-
to-continuum limits that has been proven in [3]. We first introduce some notation. For every open
bounded set A C R? and for every § > 0 we define the functional Gs : Zs(A) — [0, +00) as

(2.1) ZZ () @5 u)?,

i€ A2 k=1

where a' and a? satisfy properties (]ED and . With a little abuse of notation, we say that a
family of discrete functions {us}s with us € Z5(A) for every § > 0 converge in L?(A) to a function
u € L%(A) if the family of its piecewise affine interpolations {II(us)}s extended to 0 outside As
converge in L?(A) to the function u. Furthermore, for every ¢ € R? and for every 6 > 0 we define
the set
25(A) = {u € D5(A) : u(i) =& i for every i € 95A},

where - denotes the standard scalar product in R?. The following result is an immediate conse-
quence of [3, Theorem 4.1 & Remark 5.2].

Theorem 2.1. The functional Gs(-; A) T'-converge as § — 0 with respect to the strong convergence
in L2(A) to the functional Guom(:; A) : L2(A) — [0, +00) defined as

/ (ApomVu,Vu)dz if u € H(A)
A

400 elsewhere,,

ghom(u; A) =
where Apom 18 the two-by-two symmetric matriz deﬁned by the following homogenization formula

(2.2) (Apom&, &) = t£$1 - mm{ Z Za )(dS§Fu(i)? :u e .@f(A)} :
i€(tQ)) k=1
For every ¢ € C%1(R?) we define the functionals
GZ(u; A) if u(i) = (i) for every i € 95A
PLolo. — § ) )
Gy (u; 4) := { +00 otherwise ,

and GP (u;A) it 1(4)
k4 . — hom u; if u— ¥ € HO ’
ghom(u’ A) T { 400 otherwise .

Proposition 2.2. The functionals G{(-; A) T'-converge as § — 0 with respect to the strong con-
vergence in L*(A) to the functional GZ, (- A).

Remark 2.3. Notice that, in view of properties (]ED and , the matrix Apom defined in (2.2)
satisfies

1| M)? < (ApomM, M) < 7yo|M|*>  for every M € R?.
In the following, with a little abuse of notations, we extend the functional G, by setting

/ (ApomVu, Vu)dz  if u € SBV?2(A)
A

400 elsewhere ,

(2.3) Ghom (u; A) :=
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where Vu denotes the absolutely continuous part of the measure derivative Du with respect to
the Lebesgue measure in R?.

3. ASYMPTOTIC ANALYSIS ON ANNULI

In this section we prove some auxiliary results on the asymptotic behavior of the minimal energy
&. on annuli, showing that it converges in a suitable sense to the minimal energy of the functional
Ghom defined in ([2.3)). We start by introducing some notations. For every 0 < r < R and for every
z € R? we set A, gr(z) :== Br(z) \ B,(z) and A, g := A, r(0). Moreover, we set
A p(2) = {u€ SBV*(A, ) : w=e"""c H'(A, r;S"), deg(w,dB,) = z}.
Remark 3.1. Let z € Z\ {0} and let v/Apom be the unique two-by-two positive definite symmetric

matrix such that vApomvAnom = Anom , where Ao is defined in (2.2). For every 0 < 1’ < R’
we set

ﬂé}jﬁﬂ, (2) :={u € SBV?(/Anom(Ar 1)) + w= " € H' (\/Apom(Ar r);S')
deg (w, 8(\/Ahom(B;))) =z}.

By a change of variable for every 0 < 7' < R’ and for every u € & f/h‘ﬁ? () we have

ghom ('L“ V Ahom(Ar’,R’)) = | \V4 AhomVu|2 dz
2
V(U SV, Ahom)‘

/ VErom (A pr)

dx

/mw,m

(3.1)
>det v/ Apom min / |Vv|2 dy
ve ' R/ (2) A,,J,RI
2 2 1 2 R
=+/det Apom 2 [VO|* dz = ?\/detAhomz log —-,
At g u r

where § € SBV2(R? \ {0}) is the function defined by

arctan i—f + %77 if z1 <0

1 ™ ifzy =0and 2 >0
(32) O(x) = or | arctan ;—f +5 ifz;1 >0
2 if x4 =0 and x5 <0.

By (3.1) we have, in particular, that the function

(3.3) 204, =200 (\/Ahom)_l

is a minimizer of Gy, in &7 ‘f}:‘ﬁ,‘ (z) . Denoting by A and A the minimal and the maximal eigenvalue

of v/ Apom , respectively, we have that 0 < A < A and A, p C VAhom(Ar,r) C AA, r. It follows
that, there exists a constant Cy, . > 0 depending only on Ayem and z (and independent of r
and R) and a function f(r, R, Anom, 2) With |f(r, R, Ahom, 2)| < Ca,,,.,» such that
min ghom(u; AT,R) :ghom(zeAhom; V Ahom (AnR)) + f(’l", R7 A&homz Z)
uEJZ{T,R(z)
1 9 R

=—+/det Apom 2% log — + f(r, R, Anom, 2)

2w T
whence we deduce that

(3.4)

1
min - Gnom(u; Ar,r) = =—v/detApom 22,

im ——
Etoo log Tt ued , n(2) 2m
Note that the same argument above shows also that

min ghom (’LL, AT,R) Sghom(zaAhom; AT,R) + Cll&hom,z
ue.!Z{,.,R(z)
(3.5)

1 R
<—v/det Apom 2% log — +C}
27.[- r hom
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for some constant Cfl&hom,z depending only on Ayoy and z.

3.1. Lower bound. We show that the asymptotical minimal energy &. induced by a singularity
at € with weight z € Z\ {0} in an annulus A, g(£) is bounded from below by - +/det Ao, 2% log £ .
We prove that this bound holds true also when the radii are powers of €. To this purpose, for
every z € Z\ {0}, for every 0 < r < R and for every 6 > 0, we define

o v ro(2) ={u € Z5(ArRr) : #(U)(BH.\/Z;) =z and p(u)(i+dQ) = 0 for every ¢ € (AT,R)g}.

Furthermore, we say that a family of bonds J := {(jm—1,Jm) }m=1....m C (A, r)}! is a simple and
closed path if j,, # j, for every pair (m;n) € {0,1,..., M}?\ {(0; M), (M;0)} with m # n and
jo = jm; we denote by Aj the finite subset of (A, r)? enclosed by the union of the segments
[jmflvjm} as m = 17" '7M'

Proposition 3.2. Let z € Z\ {0} and let 0 < r < R. Let & be the functional defined in (1.1))
for e = & with a* satisfying (]ED and . Then,

(3.6) liminf min  &(w; Ay r) > min Ghom(u; Ay Rr) .
020 wedl, rs(2) ue , r(z)

Proof. We set
(37) S = {(0,‘%2) DX < 0}

For every 6 > 0 let us be a minimizer of &(-; A, g) in &7, rs(2). We aim at constructing a
function s, which in an open set U compactly supported in A, g\ S satisfies

Gs(us; U) = Es(us; U) .
Since us € <, r.5(2), using a Poincaré lemma type argument, we can construct a function 45 €
Ps5(Ar r) such that
(3.8) diis (i, §) = dus(i, j) — P(dus(5, 7)) for every (i,j) € (Anp)}b\ 1,
where S} := {(i,i +dey) : i € SN (A, r)3}. By we have that
diis (i, j) — P(das(i, §)) = das(i,j)  for every (i,5) € (A.r)s \ Si;
moreover, we claim that
(3.9 d§tiis (i) + 2 = d§'us (i) — P(d§ us(i)) for every (i,i + deq) € S ,
whence we deduce that
P(das(i,i+ deq)) = —= for every (i,i+ dey) € Sj .
To prove we fix (i,i+de1) € S} and we consider a generic family of bonds {(jim—1, jm) tm=1,...m C
(A, r)}\ S5 such that jo =i+ der, ju =i, and such that {(jm—1,Jm) bm=1,..m U (i,i + dey) is
a simple and closed counterclockwise oriented path in A, r. Since, by ,
M
Z (dué(jm—lvjm) - P(dué(jm—lajm))) + d?“&(i) - P(d?u(s(i)) =2z,
m=1
by , using that us € &, ps(z), we get

M M
(3.10) d§' s (i) = — Z ds(fm—1,Jm) = — Z(du(;(jm_l,jm) — P(dus(Jm—1,5m)))

m=1
=—z+d§'us(i) — P(d§ us(4)),
ie., (3.9). We set B
55 = {SC S (AryR)g : $=y+t€1 Y S Sa te [075)}7
and we define 85 : S5 — R? as Bs5(z) = d§'1s(i) + 2 for every x € i + 0Q with i € SN (A, r)%.
Moreover, we define vs : (A, r)s — R as
(@ if z € (ArRr)s \ Ss

5) ()
(3.11) va() = vg(y)—l—/o Bs(y+ser)ds ifx=y+te;,yeS,tel0,0].
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By construction, vs € SBV2((AyRr)s), Sv; C S+ ey and [v;r —wvy | = —z. Furthermore, by (3.8),
(3-9) and (3.11)), for every r < 7' < R’ < R and for § small enough, we have

/ |VU5|2d:,C < Sg(u(;;AnR) <C.
A ’ R/

Therefore, we can apply Ambrosio compactness result [10] to deduce that, up to a (not relabeled)
subsequence vs — v in L?( A,/ /) for some function v € SBV?(A, /) ; notice that, by [2, Theorem
1.5], v € &, p/(2). Now, for every n > 0, we get that I1(is) = vs — v in L2(A g \ I"), where
we have set
I :={(z1,22) : -n<x1 <1, —R<29< —1};
we can thus apply Theorem to deduce that for every r <1’ < R' < R
ghom(v; Ar’,R’) - CLJ(T]) S ghom(v; AW,R’ \ ]’77) S h?l}(l)lf g5 (ﬁéa Ar’,R/ \ ]’77)
=liminf & (us; Apr g \ I") < liminf Es(us; Ar.r)
6—0 6—0

for some w(n) tending to 0 as n — 0, where the equality above is a consequence of (3.8]); therefore,
sending " — r and R" — R we get (3.6). O

Proposition 3.3. Let £ be the functional defined in (1.1)) with a* satisfying (]ED and and
let Apom be the matrix defined in (2.2). Then for any 0 < s1 < s9 < 1 we have

1 1
(3.12) liminf ———— inf Ee(u; Agsa go1) > 2*(82 — 51)v/detApom 22 .
™

e=0 |loge| ueds oy oy . (2)
Proof. The proof follows along the lines of the one of [2, Proposition 3.2]. We fix R > 1, set K, g =
KE,R
[(s2 — s1) |1100ggélj, and note that Agss o1 D U ARi-1gss ghess. Let moreover u. € & coo co1 ()
k=1

be such that

(3.13) Ec(e; Agsz g51) < inf Ec(u; Acsa 51 ) + C,
ue%ssg eS1 ?E(Z)

for some constant C (independent of ¢) and let k = k. z € {1,..., K. g} be such that

Ee(te; Apr-igss gicss) < Ec(Ue; ARrk—1co2 Riesa) foral k=1,...,K. r.
Therefore
KE,R
(314) 55 (us; AESQ,ESI ) > 55 (us; Akalssz,RkESZ) > KE,R 55 (U/E; AR’Q*15527R7€552) .
k=1
By the change of variable y = R'"Fe=52z o/ Lily) = ue(RF~1e%2y) | we have
(315) EE(UE;ARk lgs2 Rke 52) SRl kgl— 52( ;,E;ALR)'

Therefore, by using (3.13)), (3.14), (3.15), and Theorem we deduce that

1
liminf —— inf Ec(u; Agsz es1)
50 |1og€| wed sz o1 o(2)

1
> liminf ———& (ue; Acsz co1)

e=0 |loge|
> liminf 2R i (3 ALR) : 4 € g g g (2)}
= c50 ‘ ogs| Rl—kgl—sa 5 1,R 1,R,R1 kgl—sg
> lim <52—31 ! )hmmfmf{é' 1kgt-sy (WAL R) U € S Ckass (2)}
“e>0\ logR |loge| R = LR LR Ri~kel=e2
sy — 81

min - Ghom(u; A1,R) -
log R wed 1 r(z) " ( IR)

Formula ((3.12)) follows from the estimate above as R — 400 thanks to (3.4). O
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3.2. Upper bound. The analysis carried out in this subsection will be crucial for the proof of
the I'-limsup inequality in Theorem ii).

Proposition 3.4. Let & be the functional defined in with a¥ satisfying (P)) and .
Let moreover Apom be the matrix defined in and Opom be the function in (3.3). Then, for
every p > 0 and for every 0 < s < 1, there exists a family {ucs}. with u. ¢ € Pe(Aes ) and
Ue,s(*) = 20nom () on 0:-Ags , and a constant C independent of € such that

(3.16) [[1e(tte,s) L Aes pllaat < Celloge]
and
S
3.17 li & (Ue 53 Acs ) < —/detApom 22 .
(317) PSP Tloge] Se Ui Aete) = g VAt hom 2

The proof of Proposition [3.4] needs some auxiliary results. The next lemma shows that, if
{us}s is a family of functions with uniformly bounded energy &s which satisfies suitable boundary
conditions, then the measures u(us) can have at most a finite number K of dipoles of size §, with
K independent of ¢ .

Lemma 3.5. Let A, A’ C R? be open and bounded with A CC A’. For every § > 0, let Gs(-; A)
be the functional defined in for e = § with a* satisfying (]E[) and . Let {us}s be such
that, for every § >0, us € Zs(A) and us = @ on 9sA for some u € C*(A"). If

(3.18) sup &s(us; A) < C,
6>0

for some constant C > 0 (independent of 0), then there exist K = K(C) and L = L(C') in N such
that:
(a) #supp p(us) < K,
(b) p(us)(BLs(€)) = 0 for every & € supp p(us) -
Proof. For every § > 0 let us € Z5(A’) be the function defined by
~ N U5(Z) ifiGAg
s (i) = { u(i) ifie (A)9\ A9,
Since @ € C*°(A’), by (3.18) we have

(3.19) sup & (us; A') < C.
>0

For every § > 0 we set

By = {(i, ) € (AN : dist(das(i, 5), Z) >

}

| =

and we notice that, by construction, for 4 small enough
_ 1
Bs = {(i,j) € A} : dist(dus(i.4),2) > <}
By property and by (3.18)), we have that

_ 4
(3.20) fsupp p(us) < §E5 < ,67107

——

hence (a).
In order to prove (b), we fix i° € A% such that p(us)(2° + 0Q) # 0 and we set

L :=sup {l_e N : Bys(i®) € A" and p(ts)(Bais(i°)) # 0 for every | =1, .. .,l_} .

In view of it is enough to show that L is bounded by a constant depending only on C'. To
this purpose, we define Ly,,q as the set of indices [ = 1,..., L such that the annulus A2;_157215(i‘5)
contains at least one bond in Ej. Notice that, if I & Luaq, then u(is)(B,(2%)) = u(ts)(Ba-15(i°))
for every 2!716 < p < 2!5. In view of , we have that §Lpq < K. If L < K 4 3, the claim is
proven. Otherwise, noticing that there exists a universal constant n > 0 such that

min II(wg,)| > n for every | ¢ Lpad ,
A@-14vE)s, 2l - v2)s



SCREW DISLOCATIONS IN PERIODIC MEDIA: VARIATIONAL COARSE-GRAINING 11

by (1.4) and by (1.7)), for 6 small enough, we get
Es(ts, A') 2E5(Us; A p25(1%))

L
> > (s Apmrss(2%))
=1
I¢Lvaa
L
> / \VII(wa, )|? dz
A5 S S s v ()
¢ Lbaa
L
S / VTT(wa, )(62)|? da
T =3 A(2l*1+ﬁ),(2l—\/§)(ia)
I¢Lbaa

Y1 2
>—n“log2(L -3 - K
251 log 2( )
which, in view of (3.19)), implies the claim. O

~K,L
For every A C R? open and for every § > 0, let 7/ 4 5 be the set of the functions u € Z5(A)
satisfying properties (a) and (b) of Lemma for some K, L € N and such that

(3.21) u=z04, . on 054,
where 6y, . is defined in (3.3)).

Theorem 3.6. For every § > 0 let £ be the functional defined in (I.1)) for e = § with a® satisfying
[P) and . Then, for every z € Z\ {0} and for every 0 < r < R, there exist K = K, p , and

—K,L
L=0L,g. N and a family {us}s C ”Q{AT,R,tS(Z) such that

1 R
(3.22) limsup &5 (us; Ar r) < 7=V det Apom 22 log = + Chpom,z s
5—0 u

for some constant Cl, . . depending only on Anom and z .

Proof. By (3.5)), we have that
min gh()m (u; AT‘,R) S ghom(zeAhom; ATVR) + Cf/&homvz ;
uGJZ{r,R(Z)

K,L

therefore, it is enough to construct a family {us}s with us € o 4. . s(z) for every § > 0, such that

R0

limsup &5 (us; Ar r) < Ghom (208403 Ar,r) + C,
§—0

for some constant depending only on A,y and z.
By the very definition of 6 in (3.2) we have that § € C®(R?\ Sp), VO € L®(R*\0), Sp = S
with S defined in (3.7) and

(3.23) 6t -6~ =1 onS;

therefore, all the properties above are inherited by 0y, . , up to replacing S with v/Apom(S) .
For every n > 0, we set

(3.24) I":={z € R? : dist(z, /Apom(5)) < n}.

—~K,L
We claim that for every n > 0, there exists a family {u]] }5 C < A,.n,0 for every § > 0 and for some
K, L € N depending only on r, R and z, such that

(325) lim sup 55 (ﬁg7 AT,R) < ghOm(ZeAhom; AT,R) + W(n) :
6—0

with w(n) — 0 as  — 0. Notice that, suitably choosing n = 7n(6) — 0 as § — 0, by the claim

above, we have that the sequence {us}s with us = ﬂg(é) , satisfies the statement of the theorem.
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It remains to prove the claim. For any n > 0, by Proposition , there exists {u]}s C
P5(Ar,r \ I") such that ul = 20, on 951" and
limsup &5 (ug; Ar,r \ I") <limsup Gs(ug; Ar,r \ I") < Ghom(20a,05 Arr \ I7)
(3.26) 6—0 6—0
S ghom(zeAhom; AT,R) 5

where the first inequality follows by the very definitions of & and Gs. We define the map u €
PDs5(Ar ) as
ul (i) ifie(A-r
(3.27) ul(i) == 20a,,., (1) if i€ (I"\ VApom(S)) N (
205 (i) ifi € (VAnom(S)) N (Arr)S.
It holds that

(3.28) hrglsgp&;(ué, (I"+ B z35) N Arr) = w(n),
—

for some w(n) — 0 as n — 0. By (3.26) and (3.28)), (3.25]) follows.

—~K,L
Now we show that there exists K = K, g, and L = L, g, in N such that ﬂg S ﬂT7R75 for every
d > 0. By construction u} satisfy (3.21)) for every d,n7 > 0. Moreover, by the very definition of

u! in (3.27) we have that
p(ul)(i+0Q)=0 for every i € (A, g N (I + Bﬁ(;))?

Notice that the functions obtained extending @ to the larger annuli A,/ @ O A, g by setting
ﬂ" = 204, still have equi-bounded energy. Therefore, in view of -, we can apply Lemma
to the sets A = A, g\ I" and A’ = A,s g/ \ I? to deduce that there exist K, L € N depending

only on 7, R and z such that fsupp p(u)) < K and p(uy)(Brs(§)) = 0 for every & € supp p(a}) ;

~K,L
this proves that uj € &/ 4 . 5 and concludes the proof.

O
Proof of Proposition[3.4} Let R > 1 and set M, p := [%%] for every € > 0. Moreover,
for every m = 1,..., M, g we set ¢, := e "*R!™™ and we notice that 6., < 5.1 =¢e!7% =0 as

e —=0forallm=1,..., M, r. We define the function u. s € @E(Ass,p) as

[ v () i€ (Apnreones)’ for some m =L, Mo
’U’Eys(l) = : € ) ) o £
208100 (1) elsewhere in (Aes 1),

where {us}s is the family provided by Theorem By (3.22)) and by change of variable, for every
m=1,..., M. r we have that

Ee (Ue,s§ ARm—les,Rmss) = gég,m (u65 m s Ay R)

1
(3.29) 2 det Ahom z log R + C’Ahom z + w(55 TYL)
det Apom 22 log R+ Ca,»+  max  w(de,m),
m=1,....,Mc r
where max,,—1,... m. n W(0em) — 0 as e = 0. Since
Ma R
Y e () e 0.2
m=1 1€0: Bym—1.s k=1
"R Rmeles 4 \foe = R
2 2 1-m _1-—s __ 2 _1—s
<Chnom? Z: log R e — e < Cupn?® Y R =Cy,, "ol

m=1

by summing (3.29)) for every m =1,..., M, p we get

S S
li —& siAes ) < —/det Apom 22 + C 2=
P gz (Vi Aens) S g VAo Ao 24 Covns o
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whence (3.17)) follows by taking the limit as R — +oo. Therefore, by Theorem we have that,
~K,L
S dAl,RJS

on R and z, whence we deduce that #supp (u(ue s) L(Agm-1.: gmes)) < K and

for every M =1,..., M, g, the function us  for some K, L € N depending only

e,m &,m

)

plue,s)(Bre(§)) =0 for every § € supp p(ug) .
It follows that
llpe(ue,s )L Agm—1.s gmes||gar < K Le for every m =1,..., M. g,
which summed over m =1,..., M, g, yields , and concludes the proof. O

Remark 3.7. We notice that Propositions [3.3] and [3.4 hold true also if the center of the annulus
is a point &, depending on ¢, since all the estimates in the previous proofs do not depend on the
center of the annulus. As for the lower bound in Proposition @ the set .7, g . should be replaced
by the set

%T,R,s(z;fs) ::{u € QE(AT’,R(gE)) : :U'(u)(Br-',-\/ﬁa(g&)) =z
and p(u)(i +£Q) = 0 for every i € (A, r(&))2},

and hence the statement becomes

1 1
lim inf —— min E(uy Acsa o1 (&2)) > 2—(82 — 51)v/det Apom 22
™

e—0 ‘10g5| UGM552‘551’5(2§EE)

Analogously, the upper bound in Proposition [3.4] reads as follows: For every p > 0, for every
0 < s < 1 and for every {¢.}. C R?, there exists a family {ugfs}s C Z-(Acs p(&2)) and ubs (-) =
ZaAhom(' — &) on 5’sAes,p(§g) such that

(3.30) lpe(ugzg) L Ace p(E:)llae < Cellogel,
(with C independent of €) and

3.31 lim su
(3:31) o Tloge]

(U A (82)) < % VdetAnom 22 .

4. PROOF OF THE I'-LIMINF INEQUALITY

This section is devoted to the proof of Theorem i). The proof will follow along the lines of
[2, Proposition 5.2], with some differences due to the peculiarities of the discrete setting we work
with in this paper. We start by introducing some notations and preliminary results that have been
proven in [0] and [2] and that will be useful in our analysis.

The next result is [6, Proposition 3.3] (the functional XY, is defined in (L.5)).

Proposition 4.1. There exists a positive constant 5 such that for any € > 0, for any function

u € 2:(Q) and for any i € Q2 such that min;.q [(w,)| < 5, it holds

XY (u;i+eQ+ B z.) > 8.

In what follows, we recall the ball construction procedure introduced by Sandier [24] and Jerrard
[20] in the context of the Ginzburg-Landau functional for providing lower bounds of the Dirichlet
energy in presence of topological singularities. Here we adopt the notation of [2 Section 4] (see
also [17, [9]).

Let B = {B,,(z"),...,B,, (zN)} be a finite family of open balls in R? and let yu = 30| 2"8,n
with 2™ € Z \ {0} . Notice that in [2] it was assumed that the balls have disjoint closures but this
is actually not necessary up to an additional merging procedure (see [2, Section 4]). Let moreover
&(B, ) be the increasing set-function defined on open subsets of R? in the following way: If
A, r(z) is an annulus that does not intersect any B € B, we set

(11) & (B, p, Avn(w)) = (B () o ().
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For every open set A C R? we set

(4.2) E(B, 1, A) :=sup Y _ S(B, p, 4;),
J
where the supremum is taken over all finite families of disjoint annuli A; C A that do not intersect
any B € B. For every ball B C R?, let r(B) denote the radius of the ball B; moreover, for every
family % of balls in R? we set
Rad(#) = > r(B).
Be#
The following result is |2, Proposition 4.2].

Proposition 4.2. There exists a one-parameter family of open balls B(t) with t > 0 such that,
setting U (t) := UBeB(t) B, the following conditions are fulfilled:

(1) B(0) =B;

(2) U(t1) CU(t2) for any 0 <t1 <ta;

(3) the balls in B(t) are pairwise disjoint;

(4) for any 0 < t; <ty and for any open set U C R?,

(4.3) CB,p, UNUE)\T(t) > > |N<B>“°g1%f;
BeB(tz2)
BCU

(5) Rad(B(t)) < (1 +t)Rad(B).
We are now in a position to prove the I-liminf inequality in Theorem [1.2|1).

Proof of Theorem [1.9(i). We can assume without loss of generality that

(4.4) Ee(ue) < Cllogel,

for some constant C' > 0 independent of €. Moreover, by a standard localization argument in
I'-convergence, we can assume that p = 2°8,0 for some 2° € Z\ {0} and 2° € Q.

We divide the proof into three steps. In Step 1, using the ball construction procedure in
Proposition [£.2] we show that the sequence {y. }. is flat-equivalent to a sequence {p.(p)}. having
uniformly bounded total variation. In Step 2, we show how to modify the functions u. in order to
get rid of the balls containing “short” dipoles far from the limiting singularity. In such a way, we
can bound from below & (u.) with the energy of the modified functions . , up to paying a finite
error. As a consequence, it is sufficient to estimate the energy of . outside a uniformly bounded
family of balls having non-zero measure. This is done in Step 3, where the analysis developed in
Subsection [3.1] is used in order to get the desired lower bound.

We first construct the starting family of balls.

Step 1. For every € > 0 we set w. := €™ and we denote by . := II(w.) its piecewise affine
interpolation. Furthermore, we set u. := p(ue). Let 2. denote the set of e-squares i +eQ C Q.
such that min; ;g @] < % . Since by (1.4)) it holds that

E(ue) > le(UEQQ) )
472
Proposition and by (4.4) implies
(4.5) 49. < Clloge| and |n.|(2) < C|loge] .
In view of (4.5)), there exists a family B, of open balls covering
Q. = {x eN: dist(x, U (i +€Q)> < \/56}

i+eQE2.
such that
(4.6) Rad(B:) < Ce|loge] .
We set Uz := Upep. B-
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Let €' CC Q be such that 2° € Q'. By ([4.4) and by (1.4), for € > 0 small enough we have

o

|10 |

dx

Clloge| > E:(ue) > C |V |2de > C/
(4.7 Q\U. QN\T.

ZCG(BE7u57Q/)a
where the set-function € is defined in (4.1))-(4.2).
For every € > 0, let B.(t) be a time-parametrized family of balls introduced as in Proposition
4.2l starting from B. =: B.(0). For every t > 0, we set R.(t) := Rad(B:(t)), C-(t) := {B €
Be(t) : B C '} and Uc(t) := Upep, (1) B - Moreover, for any 0 < p <1 we set

1
te(p) :== W —1 and pe(p) = Z pe(B)dz
= "(0) BeC.(te(p))

where xp denotes the center of the ball B. By (4.7), applying (4.3)) with U = ', ¢t; = 0 and
tos = te(p), and using (4.6)), we obtain

Clloge| > €(Be, pe, @ N (U(t-(0) \T=(0))) > > |ue(B)|(1 = p)|log Re(0)]
BeC.(t:(p))
= (1= p)|ne(p)|(2)|1og Re(0)] > C(1 = p)|p=(p)|(Y) | log e]

for sufficiently small €. Therefore

(4.8) ke (P)I() < Cp,
for some constant C), > 0 and on p (but independent of €). By Proposition [4.2|(5) and ( .7 we
have that
Re(te(p)) < RE(0) < CePllogel”,
whence, by applying [2, Lemma 4.3] with v1 = u.(p) and vo = ., we deduce that

12 = 1e (D) lfas(ry < ORe(t(p)([1e| + e (P)N(Q) < CeP|loge|™? =0 ase— 0.
Combining this relation with (4.8) and the fact that p. flag 1 yields

pe(p) = = 29,0, forevery 0 <p < 1.

Step 2. Let ¢ > 1 be such that logc < g%. Note that, since |log R-(0)| > C|loge| and
le| () < Clloge|, we are allowed to take the constant ¢ in the previous inequality independent
of . Notice moreover that by the very construction of B.(t) and by (1.7) we have that for every

t>0

pe(B) = deg(we, 0B) = deg ( 83) for every B € B.(t) .

||’
By [2, Lemma 5.3] applied with Q = Q' p; = p and py = £, we have that there exist t.(p) < £ <
2 < t.(B) with (1 +£2) = ¢(1 +£}) such that §B.(t) = #B- (t;) for every ¢ € [t!,#2) and

-2
“do < log ¢ Jon. ‘V%’ dr
T
~ 5llogRe(0)] — log e(|pe| () +1)

< Clog c&.(ug; Q)
~ £(|loge| —log|loge| + C) —logc(C|loge| 4+ 1) —

| |

o

(4.9) /fl/ﬂ(U(fi)\U(t}))

where the second inequality follows from (4.6) and (4.5 whereas the last inequality is a consequence
of ([@4). We classify the balls in C.(!) into two subclasses, namely

co(t! ':{BEC (t) : pe(B) =0},
C7Otl) :={B e C.(t) : p(B) #0} .
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We first consider the balls in C=°(1) . For every ball B € C=(!) we denote by B the only ball in
C=°(2) containing B . Note that the center z of B is the same as the center of B. By (&.9) [@9), we
have that

(4.10) ~/B\B |ws|

BeC=0(f1)

dx<C

Now we construct a function 4. € Z.(£2) such that supp p(d.) C UBec;‘“(fl) B and
(4.11) Ee(ue) > E(tie) — Oy,
for some constant C, independent of ¢.

To this purpose, we consider B = Bg(£) and B = B.g(£) two balls as above. Since p.(B:g(£)) =
pe(Br(£)) = 0, there exists ve : (Ag,cr(£))NeZ? — R such that dv. (i, j) = duc (4, ) — P(duc(i, j))
for every (i,j) € (Ar,cr(€))L. Welet v, denote the average of II(v.) on Ap, CR(g) Let o : [R,cR] —

R be the cut-off function defined by o(p) = We define the function uB B.r(§)NeZ? - R
as

R(c 1)

aB (i) -—{ o(li — EDe(i) + (1 — o(li — &]))v.  if i € Apcr(€) NeZ?,
R W2 if i € Br(€) NeZ?.

By the Poincaré-Wirtinger inequality, using the fundamental theorem of calculus and (4.10]), we
have that there exists a constant C' (independent of €) such that

E-(08; Ber(€)) <72G-(0(] - —€])(ve — 0.); Ber(€))

4 / _ 2 2
S I(ve)(z) — v dx + 2/ |VII(ve )| da
R?(c—1)? Ap_ e or(® | | AR.cr(8)

4 2
+ T [ ) =)@

le(AR V2e, er)2

dx<C’

<C IVII(0.)|2dz < C ]v
AR, cr(E) AR,cr(§)

| |
Therefore, setting
(i) = { ﬁEB(z) ifi e BN ?Zz 1:Jor some B € C=9(12)
u:(1) elsewhere in Q|
we have that holds true.

Step 3. We now focus on the balls in CZ(£!). In view of (48], we have that §C7°(t!) < C,,.
Therefore, up to extracting a subsequence we may assume that §C7°(£1) = L for every ¢ > 0
and for some L € N. For every [ = 1,..., L, let z be the center of the I-th ball B! in CZ0(}).
Up to a further subsequence, we can assume that the points zL converge to some points in the
finite set {€0 = 20,¢,... €X'} € Q, where L' < L. Let p > 0 be such that Bs,(2°) cC ' and
B3, (£9) N By, (€F) = 0 for all j # k. Then z! € B,(¢7) for some j = 1,...,L" and for ¢ small
enough. We set

fle = Z /J'E(Bi)(szls
zL€B,(x0)
By construction, we have that

(4.12) |/26‘(Q/) < |Ma(p)|(Ql) and  ||fie — /J’E(p)”ﬂat(ﬂ’) —0,

which, in view of the properties of p.(p), implies that, up to a subsequence, fi. — p = 2°8,0.
Therefore, for sufficiently small ¢,

(4.13) fie(Bap(2%)) = > pe(BL)=2".
zL €By(x0)

By (4.11)) we thus have
(4.14) E-(ue) > Ec(iie; Byy(a”)) — Cp.
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It remains to prove the lower bound for the right-hand side of . To this end, we take
0 < p' < p such that R.(i}) < &', choose 0 < p < p’ and let g. : [p,p'] = {1,..., L} denote the
function which associates to any ¢ € [p, p'] the number ¢.(q) of connected components of the set
UlL 1 Bea (2 LY. For every € > 0, the function g. is monotonlcally non decreasing so that it can

have at most L < L discontinuities. Let ¢, for j =1,. L denote the discontinuity points of g.
and assume that

p<qgi<...<q <y,

There exists a finite set A = {¢*,¢?,...,¢*} with ¢¢ < ¢'t' and L < L such that, up to a
subsequence, {q¢/}. converge to some point in A, as ¢ — 0 for every j = I: Without
loss of generality we may assume that ¢! = p, and that q~ p'. Let )\ > 0 be such that
4N < min{¢"t! — ¢ : i € {1,2,...,L}} and let € be so small that for every j = 1,. L,
l¢Z — ¢'| < X for some ¢* € A. Then the function g. is constant in the interval [¢° + /\, qlJrl A,
its value being denoted by M_. For every i = 1,..., L — 1 we construct a family of M < L-1
annuli that we let C2™ := B_,i . (y7) \ B_gi+1-» (y™) with ¢y € B,(z") and m = 1,..., M. The
annuli C>™ can be taken pairwise disjoint for all i and m and such that

U BlCUquf—lAys)

zteB,(x)

for all i = 1,...,L — 1. Note that, for ¢ small enough, C*™ C By,(z°) for all i and m. By
we have that |u.(B_,+1_,(y™))| < C for every i = 1,....,L —1 and m = 1,..., M.
Therefore, up to passing to a further subsequence, we can assume that M! = M" and that
fe (B_gi+1 -2 (™)) = zim € Z\ {0}, with M* and z; ,,, independent of . Finally, in view of (4.13)),
we have that

Mi

(4.15) > zim=2".

m=1

We can apply Proposition [3.3] (see also Remark [3.7) with s; = ¢ + A < ¢*T! — X\ = s to get that
for every ¢ and m there exists a modulus of continuity w such that

1 1
o €@ CE™) = o (@™ — ¢' —2X)v/dethnom|zim|” -

[log | ~ 27

for some function r with lim._or(¢) = 0. Summing the previous inequality over m and 4 and

using (4.14) yields

1 .
Tog | < (e; (ng(x )
1 L—-1 M? . ‘
2% (qZ+1 —q' —2X\)y/detApom|zim| — 7(€)
(4.16) =1 m=1
= '
22— (q“r1 —q" - QA)\/detAhom|z0| —r(e)
T
i=1
1
:5(17’717 2 \/detAhom\z | —r(e)

where the second inequality follows from (4.15) and by the fact that z;,, € Z \ {0}. Then, the
claim follows by (4.14) and (4.16) taking the limits ase -0, A —=0,p— 0, and p,p’ 1. O

5. PROOF OF THE I'-LIMSUP INEQUALITY

In this section we prove Theorem [L.2[(ii).
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Proof of Theorem (zz) By standard density arguments, it is enough to prove the claim for
= Zszl 2F5, € X(Q) with |2%| = 1 for every k = 1,..., K. We construct a family of functions
{uc}e with u. € 2.(Q) such that pu(u.) = pas e — 0 and holds true. To this purpose, we
take p > 0 such that Bo,(z%) C Q for every k = 1,..., K, and Ba,(z™) N Ba,(2™) = 0 for every
m,n =1,...,K with m # n. Let {(z},...,2z5)}. be such that 2% = iy + £(e1 + e2) for some
ir € Q2 and |z* — 2¥| < e forevery k =1,..., K. Moreover, let 0 < s < 1.

Forevery k=1,..., K, let {u’és}E be the sequence in Remarkfor ¢ = 2. Let furthermore
o : [p,2p] — [0,1] be the function defined by o(r) := %(r —p) and set O.(-) := Zszl 2P0 (- —
z¥). We define the function u. s € 2.(2) as

2 On 0 (1 — 2F) if i € B.s(x%) N eZ? for some k,
Ue,s(1) = ug (1) if i € (Aes p(2F))? for some k,
=° (1 —o(li — a*]))2*0,.,. (i — 2F) + o(li — 2F)0: (i) if i € Ap2,(xF) NeZ? for some k,
O (1) elsewhere in Q0.

By construction (see ([3.30)), Zszl | 12(ue,s) L(Acs p(@%))]|gar < Celloge| for some universal con-
stant C' > 0, p(ue,s)LQ\ Ule B,(z%) = 0 and p(uc s)(Bes(2F)) = 2%, and hence p(u. ;) ag ]

g

as € — 0 for every 0 < s < 1. Note that, since for every z € R?\ {0}, z € Z \ {0} and for every

1=1,2
‘V(‘aamz%homr) (x)

then, using (|1.2)), for every k =1,..., K we get

1 1
E(2"0p,.. (- — 2F)); Bocs (2F)) <O + C/ ——dz + Cs/ —dx
: " : s An s (o) |7 — ]2 Aupos (ak) [T — 2B

<C(1-s)|loge].

Moreover, by (T.2)) and (T.3)), for every k = 1, ..., K there exists a constant C' = C(vz, p, 2, {z*}1) >
0 such that, for € small enough,

C;

<
= |I|37

(5.1)

K
(5.2) £.(09\ | B,(zh)) < C,
k=1
and
(5.3) E((L—a(| - =af))2"Onyo (- = 28) + o (] —2Z)O:(-); Ag 5, (ak)) < C.

By , , and , we thus get

1 1
(54) @gg(ug,s) < SK% \V det Ahom + 0(1 — S)K + 7'(5) .

Suitably choosing s — 1 as € — 0, we have that the functions u. = u. s, satisfy (L.8).
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