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Abstract. We derive and analyze high order discontinuous Galerkin methods for second order
elliptic problems on implicitly defined surfaces in R3. This is done by carefully adapting the uni-
fied discontinuous Galerkin framework of [D. N. Arnold et al., STAM J. Numer. Anal., 39 (2002),
pp. 1749-1779] on a triangulated surface approximating the smooth surface. We prove optimal er-
ror estimates in both a (mesh dependent) energy and L? norms. Numerical results validating our
theoretical estimates are also presented.
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1. Introduction. Partial differential equations (PDEs) on manifolds have be-
come an active area of research in recent years due to the fact that, in many applica-
tions, mathematical models have to be formulated not on a flat Euclidean domain but
on a curved surface. For example, they arise naturally in fluid dynamics (e.g., sur-
face active agents on the interface between two fluids [32, 30]) and material science
(e.g., diffusion of species along grain boundaries [16]) but have also emerged in other
areas such as image processing (e.g., texture mapping and surface reconstruction
[38, 42]) and cell biology (e.g., cell motility involving processes on the cell membrane
[39, 1, 29] or phase separation on biomembranes [28]).

Finite element methods (FEMs) for elliptic problems and their error analysis have
been successfully applied to problems on surfaces via the intrinsic approach in [24].
This approach has subsequently been extended to parabolic problems [26] as well as
evolving surfaces [25]. The literature on the application of FEMs to various surface
PDEs is now quite extensive, a review of which can be found in [27]. High order
error estimates, which require high order surface approximations, have been derived
in [21] for the Laplace-Beltrami operator. However, there are a number of situations
where conforming FEMs may not be the appropriate numerical method, for instance,
problems which lead to steep gradients or even discontinuities in the solution. Such
issues can arise for problems posed on surfaces, as in [43] where the authors analyze a
model for bacteria/cell aggregation. Without an appropriate stabilization mechanism
artificially added to the surface FEM scheme, the solution can exhibit a spurious
oscillatory behavior which, in the context of the above problem, leads to negative
densities of on-surface living cells.
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Given the ease with which one can perform hp-adaptivity using high order discon-
tinuous Galerkin (DG) methods and its in-built stabilization mechanisms for dealing
with advection dominated problems and solution blowups, it is natural to extend the
DG framework for PDEs posed on surfaces. DG methods have first been extended to
surfaces in [20], where an interior penalty (IP) method for a linear second-order ellip-
tic problem was introduced and optimal a priori error estimates in the L? and energy
norms for piecewise linear ansatz functions and surface approximations were derived.
A posteriori error estimates have then been derived for this surface IP method in [17],
and extensions of the analysis to the advection-diffusion setting have recently been
discussed in [18] and [37]. A continuous/discontinuous Galerkin method for a fourth
order elliptic PDE on surfaces is considered in [35] and an isogeometric analysis of a
DG method for elliptic PDEs on surfaces has been considered in [34, 33, 36, 31] have
also derived a priori error bounds for finite volume methods on (evolving) surfaces via
the intrinsic approach.

In this paper, we consider a second order elliptic equation on a compact smooth,
connected, and oriented surface I' C R? and, following the unified framework of [4]
based on the so-called flux formulation and extending to the nonconforming framework
the high order surface approximation approach considered in [21], derive the high order
DG formulation on a piecewise polynomial approximation I‘Z of I, where k > 1 is
the polynomial order of the approximation. Then, by choosing the numerical fluxes
appropriately, we derive “surface” counterparts of the various planar DG bilinear
forms discussed in [4].

We then perform a unified a priori error analysis of the surface DG methods and
derive estimates in the L2 and energy norms by relating Fﬁ to I' via the surface lifting
operator introduced in [24]. The estimates are a generalization of the a priori error
estimates derived in [20] for the surface IP method, which restricted the analysis to
the linear case. The geometric error terms arising when approximating the surface
involve those present for the surface FEM method given in [21] as well as additional
terms arising from the DG methods. The latter are shown to scale with the same
order as the former and hence we obtain optimal convergence rates as long as the
surface approximation order and the DG space order coincide.

The paper is organized in the following way. Section 2 presents the model problem
which we investigate, following the approach taken in [24]. In section 3 we present
a unified framework for high order DG methods on surfaces and derive the bilinear
forms corresponding to each of the classical DG methods outlined in [4]. In section 4
we describe the technical estimates needed to prove the convergence of the surface
DG methods, which is then reported in section 5. Section 6 presents some numerical
results. Finally, Appendix A contains the proof of a technical result needed in our
analysis.

2. Model problem. The notation in this section closely follows that used in [24].
Let ' be a compact, oriented, C'°°, two dimensional surface without boundary which
is embedded in R, and let d(-) denote the signed distance function to I' which we
assume to be well-defined in a sufficiently thin open tube U around I'. The orientation
of T is set by taking the normal v of T' to be in the direction of increasing d(-), i.e.,

v(&) = Vd(§), EeT.

We denote by 7(-) the projection onto I, i.e., m : U — T is given by

(2.1) m(x) =z —d(z)v(z), where v(z)=rv(n(z)).
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In the following, we assume that there is a one-to-one relation between points x € U
and points £ = 7(x) € I'. In particular, (2.1) is invertible in U. We denote by

PE)=T-v(§)ov(), (€T,

the projection onto the tangent space T¢I' on I' at a point £ € I', where ® denotes
the usual tensor product.
Remark 2.1. It is easy to see that

(2.2) Vr =P — dH,

where H = V?2d [24, Lemma 3].
For any function 7 defined in an open subset of U containing I' we define its
tangential gradient on I' by

Vrn=Vn—(Vn-v)v = PVn,
and the Laplace—Beltrami operator by
Arn = Vr - (Vrn).

For an integer m > 0, we define the surface Sobolev space H™(I') =
{u € L*T) : D*u € L*T) V|a|] < m}. We endow the Sobolev space with the
standard seminorm and norm

1/2

m 1/2
[ulgm(ry = Z ||Dau|\%2(r) o Nullm ey = <Z |U|12Hk(r)> )

|a]=m k=0

respectively; cf [44]. Throughout the paper, we write 2 < y to signify z < Cy, where
C' is a generic positive constant whose value, possibly different at any occurrence,
does not depend on the mesh size. Moreover, we use x ~ y to state the equivalence
between z and y, i.e., C1y < z < Chy, for C1, Cs independent of the mesh size.

Let f € L") be a given function, we consider the following model problem:
Find v € H*(T) such that

(2.3) / Vru-Vrv +uv dA = / fv dA Vv € HY(T).
r r

We denote by, respectively, dA and ds the two and one dimensional surface measures
over I'. " Throughout the paper, we assume that v € H*(I'), s > 2. Existence,
uniqueness, and regularity of such a solution are shown in [5].

3. High order DG approximation. We now follow the high order surface
approximation framework introduced in [21]. We begin by approximating the smooth

surface I' by a polyhedral surface I'y, C U composed of planar triangles K n whose
vertices lie on I', and denote by 75, the associated regular, conforming triangulation
of Fh, i.e., Fh = Ukhe%h Kh.

We next describe a family I‘Z of polynomial approximations to I' of degree k > 1
(with the convention that I'} = I',). For a given element K € ﬁ, let {(bf}lgignk
be the Lagrange basis functions of degree k defined on Ky, corresponding to a set of
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Fic. 1. Example of two elements in '7A'h and their respective conormals on the common edge €}, .

nodal points z1,...,x,,. For x € I~(h, we define the discrete projection 7y : I'y — U
as

)= m(a;)éh (@)
j=1

By constructing 7, elementwise we obtain a continuous piecewise polynomial map
on I',. We then define the corresponding discrete surface I'f = {m(z) : z € ')}

and the corresponding regular, conforming triangulation ﬁ = {7rk(1~( n)} RueTy: We
denote by Eh the set of all (codlmensmn one) intersections €j, of elements in 771, ie.,
en = K NnK; 5 » for some elements K S E Furthermore, we denote by hg, the
length of the edge €, € Sh. For any €, € €h, the conormal n;{ to a point = € ¢, is
the unique unit vector that belongs to TEIA(,J[ and that satisfies

nf(z) - (x—y)>0 Vye IA(,J[ N Be(x),

where B.(z) is the ball centered in = with (small enough) radius € > 0. Analogously,
one can define the conormal n, on €, by exchanging K,J[ with K, . It is important
to notice that, with the above definition,

nz # —n,

in general and independently of the surface approximation k (see Figure 1). Finally,
we denote by v the outward unit normal to I‘k and define for each K € 771 the
discrete projection Pj, onto the tangential space of I'¥ by

Pu(z) = I —vp(z) @ (), € K,
so that, for v;, defined on l"fl,
Vpﬁ’l}h = thvh.

Let K C R? be the (flat) reference element and let FA = 7TkOF~ K — Kh CcR3
for Kh S E, where F~ K — Kh is the classical afﬁne map from the reference

element K to K, n. We deﬁne the isoperimetric DG space associated with I‘Z by

S = {)A(e LA(TF) Xz, = XoFf;1 for some y € P*(K) VK, € ﬁ}
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For v, € Shk we adopt the conventlon that vh is the trace of vy, on €;, = K N K*
taken within the interior of K;* 5 » respectively. In addition, we define the vector valued
function space

S {? € [LATHP : 7lg, = VFZT (T o Fg) for some 7 € [PK(K)]2 VK € Th}.
Here, VFI%1 refers to the (left) pseudoinverse of VF% . ie.,
h
—1
-1 _ T R T
VFZ! = (VFL VFg, ) VFL.

Note that PhVFIA;T = VFIA;T, ie., T € Sup = T € T,T'% almost everywhere. This
h h
result straightforwardly implies that n € Sy, = Vpﬁn € Ypi. Indeed, by the definition
of Sy there exists y € P*(K) such that n = x o Flgl and it holds
h

(81)  Vegn =PV (xo Fg') = BVFLT (Vo Fgl) = VFZT (Vxo Fgl).

Then, the result follows by taking 7 = Vy in (3.1).

3.1. Primal formulation. Rewriting (2.3) as a first order system of equations
and following the lines of [4], we wish to find (up, o) € Shi X Spi such that

ﬂ Op * Wh dAth—‘/A uhVF;c - W dAhk—l—/A a’wh-n}?h dspk,
Kh Kh, ' aKh

/A on - Vrvp +upvp, dApg = /A fron dApk + /A o - ng, Vh dsphk
K " Kn oKy,

for all wy, € f]hk, vp € §hk, where dAyi and dspi denote the two and one dimensional
surface measures over I‘Z, respectively, and the discrete right-hand side f, € L*(T ﬁ)
will be related to f in section 4.1. Here @ = @(up) and = & (up, op(up)) are the so-
called numerical fluxes which determine the interelement behavior of the solution and
will be prescribed later on. In order to deal with these terms, we need to introduce
the following discrete surface trace operators.

DEFINITION 3.1. Suppose there is an element numbering for all Ky € Th. For

q€ HKheT L2(6Kh) {(1} and[ ] are given by

{q} = (q +q7), ld=qt —q onen€é
For ¢,n € [theﬁLZ(aKh)]S, {#;n} and [¢;n] are given by
1 L
(3.2)  A{¢;n}:= §(¢+ At —¢7 a7, (Rl i=¢T At +¢" AT oneé, € En
We now state a useful formula which holds for functions in
H'(Ta) = {vlz, € H'(Ry) + VR €T},

Its proof is straighforward and therefore is omitted.
LEMMA 3.2. Let ¢ € [HY(T3)]® and v € H(Ty). Then we have that

f(%:%h /af(h 1/’¢-nf(h dspi, = Z /A [0; nn) {0} + {b;nn } ] dspp.

= Je
eneEly h
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We then prooced as in [4] and integrate again by parts the first equation, sum
over all elements, and apply Lemma 3.2. We then obtain

Oh - Wh dAhk

I?he?h Kn
= Z ﬁ Vpﬁuh-wh dAhk
f(he?h h
(3.3) + Z [ u —upl{wn;nn} + {U — upt{wp;ng) dsux,
ehegh h
Z ﬁ O'h'vFIZUh—FUh’Uh dAnx
IA(hG%h Kn
= /A Jron dAnk
f(heﬁ K
(3.4) + ) / {G; ni }ow] + 6 nh]{vh}) dspx
encén

for every wy, € ihk and vy, € §hk. ~
We now introduce the local DG lifting operators rg, : L2?(€,) — Y, and

ls, : L2(€n) — Spi which satisfy
/k e, (@) - Th dAnk = —/ {mninn} dspe V7 € S,
Fh Eh

le, (q) - T dApk = —/ q[th;ne] dswx V7 € Shk-

k ~
Fh €p

The existence of such operators follows from standard arguments. Moreover, notice
that for any edge e, the support of the operators rg, (-) and lg, (-) is confined to the
two neighboring elements sharing the edge €;,. We then set 7y, : L2(5h) — Ehk and
Iy : L2(gh) — ihka given by

(@)=Y ra(0),  (®)= > I5(9)
enekn enekn

Using these, we can write oy solely in terms of uy. Indeed, on each element K n € ’?h
we obtain from (3.3) that

(3.5) on = on(un) = Vpsun — ra([U(un) — un]) — I({(un) — un}).

Note that (3.5) does in fact imply that o}, € ihk as Vpﬁuh € ihk and rp, [, € f]hk by
construction. Taking wy, = Vprvp in (3.3), substituting the resulting expression into

(3.4), and using (3.5), we obtain the primal formulation: Find (up, o) € Shi X Shi
such that

(3.6) AZ(uh,vh) = Z ﬁ fhvh dAhk V’Uh (S S’\hk,

~ ~ JK
KreTh h
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where
Aﬁ(uh, ’Uh) = Z /A Vpﬁuh . VF;cl’Uh + upvp dApk
f{heﬁ h
+ Z / u — Up {Vrk’l}h7nh} {U nh}[vh]) dshk
enecé,
(3.7) S / @ — unH ¥ oroni ] — [l {on}) s
ehegh

3.2. Examples of surface DG methods. For the following methods we intro-
duce the penalization coefficients 75, and /5, defined as

(3.8) e, =, fa, = ak®h;',
where v > 0 is a parameter at our disposal.

3.2.1. Surface Bassi—-Rebay method. To derive the surface Bassi-Rebay
method, based on [7], we choose

ut = {un}, u” ={un},
ot = {0h7nh}nh, o = —{oh;nh}n;.

y (3.5) we obtain o, = Vprup + 75 ([us]). From the definition (3.2) we have

{@inn} = {on;nn} = {Vrgun;na}t + {ra([un]); nat,

which implies

3 /A (65 nn }on] dsie

s Je
eneén "

= Z /{Vrkuh,nh}[vh] dspk + Z / {rn([un]); ne}on] dsnk

enedy " © ened, "
Z / {Vpk uh,nh} ’Uh dshk — Z / h([vh]) dAhk.
en egh

Therefore, making use of the fact that {u—un} = 0, [t —up] = [up], and [0;np] =
0, we have that

Aﬁ(uh,vh Z Ah <kaUh ka’Uh —|—uhvh —l—rh([uh]) Th([vh])> dAhk

K;lGTh
(3.9) - Z {V kURS nh}[vh] + {V K Uhj nh}[uh] dshi-
eheé'h/ ( F ' >

3.2.2. Surface Brezzi et al. method. For the surface Brezzi et al. method,
based on [12], we choose

ut = {un}, u” = {un},

= {on +na, e, ([un]);nnynt, 0~ = —{on +ne, 72, ([un]); natny, -
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The method is similar to that of Bassi-Rebay, but with an additional term. In-
deed,

3 /A (6 [on] dsu

€h

/Ehéé\h
=y /A{Uh+77aﬂ“8h([uh]);nh}[vh] dsn
eneés en
= Z /A{szuh;nh}[vh] dShk
Ehegh e
+ 30 trntlnl) + e (s ] v
ehegh
=y /A{Vrguh;nh}[vh] dspc — Y /A h([un]) - ra([vn]) dAnk
€hefh eh I?he?h Kn
= 3 [ wera () v o) dAe
I?he?-h Kh
Then
Aﬁ(uh,vh)z Z /A Vpﬁuh-vrzvh+uhvh dApx
f(heﬁ h
— Z [{Vpxzuh;nh}[vh]—|—{Vpﬁvh;nh}[uh] dspk
ehegh ch
(3.10) + > /A rn([un]) - ra([vn]) + ne, e, ([un]) - re, ([vn]) dAnk.
S JR,
KneTn

3.2.3. Surface IP method. To derive the surface IP method, based on [23, 6,
3], we choose the numerical fluxes @ and @ as follows:

T = {un}, u = {un},
o= <{Vr;guh; nn} = Pa, [Uh]>nﬁa 0 =- ({Vrguh; nn} — Be, [Uh]>nh
Substituting them into (3.7), we obtain

Aﬁ(uh,vh)z Z ‘/A Vrzuh-vpﬁvh—kuhvh dApx + Z /A th[uh][vh] dshk

€h

I?he?h h ”éhef‘h
(3.11) — Z / uh {ka’Uh, Tlh} + [vh]{Vpkuh,nh}) dspx
ehegh

which is exactly the surface IP method considered in [20].

3.2.4. Surface nonsymmetric IP Galerkin (NIPG) method. For the sur-
face NIPG method, based on [41] (or equivalently the Baumann—Oden method in [10]
with Bz, = 0), we choose

T = {up} + [uh], u = {un} — [Uh],
ot = <{Vp§umnh} - Ba [uh]>nﬁ, o= ({Vrﬁuh;”h} — Bes [uh]>”;:-
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We may derive the surface NIPG bilinear form in a similar way as for the surface IP
method.

3.2.5. Surface incomplete IPG (ITPG) method. For the surface ITPG method,
based on [15], we choose the numerical fluxes u and & as follows:

ut =u;, u =uy,

ot = <{Vr§umnh} — Ba [?M)"Za g == ({Vf’zuh;"h} ch Wh])"’:'

Here again, we may derive the surface ITPG bilinear form in a similar way as for the
surface IP method.

3.2.6. Surface Bassi et al. method. For the surface Bassi et al. method, based
on [8], we choose

ut = {un}, u” = {un},

ot = <{Vr;guh + e, e, ([unl); nh}>nﬁa 0 =- ({Vrguh + 1,7, ([unl); "h}) ny, -

The resulting bilinear surface form can be easily obtained using the contributes of the
surface IP and surface Brezzi et al. bilinear forms.

3.2.7. Surface local DG (LDG) method. Finally for the surface LDG method,
based on [14], the numerical fluxes are chosen as follows:

ut ={up} —0- n,‘f[uh], u ={upt—06- n,‘f[uh],

ot = <{0h;nh} — B, [un] + 0 - nZ[Uhmh])”Za
o =— ({ah;nh} — B, [un] +0 - TL,T[‘M;”H)”;}

where 6 is a (possibly null) uniformly bounded vector of R? that does not depend on
the discretization parameters. We see that {t—up} = —0-n} [up] and [a—up] = —[us).
So, from (3.5), we obtain

GRS ({Vrguh; 4 {ra([un]);nn} + {0 - nf In([un]); na} — Be, [un]
0w ((Zgusm] + ond) o] + 0wt o))
and in a similar way o~. Then

3 [ (55 Y on] s

—~ ry €h
ehégﬁ

= Z ‘/A ({Vrﬁuh;nh}[vh] + [Vrzuh; np)0 - n; [vn] — Ba, [Uh][Uh]) st

é\heg}]:

_ Z /f( (Th([uh])—F@-n:lh([Uh])) . (rh([vh])+0.ntlh([vh])) dAnk,
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and the surface LDG form can be written as
A (un, vp)

= Z ﬁ VFI:LUh . Vpﬁvh + upvp dApk
I?he?-h h
- Z / Up {VFM}}“ nh} {Vrk Up, nh}[vh] dShk

eneén

+ Z/ < Vpkuh,nh]H TL}JLF[’U}I]
€h

enesn

— 0 nf [up] [VPQUM ny] + Bz, [un) [vh]) dshi

(312)  + > /A (rh([uh])w.n;zh([uh]))-(rh([vh])w.n;zh([vh])) dAn.
Ryem " Kn

Remark 3.3. In the flat case, for which we have nz = —n, , all of the surface DG

methods yield the corresponding ones found in [4].

Remark 3.4. Notice that for all of our choices of the numerical fluxes u and
o, we have that [u] = 0 and [6;n,] = 0. In addition, they are consistent with the
corresponding fluxes in the flat case given in [4].

4. Technical tools. In this section we introduce the necessary tools and ge-
ometric relations needed to work on discrete domains and prove boundedness and
stability of the bilinear forms, following the framework introduced in [24].

4.1. Surface lifting. For any function w defined on I'¥ we define the surface
lift onto T" by

w'(€) = w(x(§)), €T,

where, thanks to the invertibility of (2.1), x(£) is defined as the unique solution of
z(§) = m(x) + d(z)v(§).

In particular, for every K n € 7A71, there is a unique curved triangle K f; = W(IA( n) CT.
We may then define the regular, conforming triangulation 7,° of T' given by

U &L

KL eTl
K, €T,

The triangulation ’7A7f of I' is thus induced by the triangulation ’771 of Fﬁ via the
surface lift operator. Similarly, we denote by &% = 7(e),) € L the unique curved edge
associated with €;,. The function space for surface lifted functions is chosen to be
given by

S’\,‘;k = {X € L3 (T") : x = X' for some X € §hk}.

We define the discrete right-hand side fj such that fh f- We also denote by
~ € Spy, the inverse surface lift of some function w € Shk satisfying (w=¢)¢ = w.
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As an extension of the results shown in [24, 22|, for vj, defined on I'}, we have
that

(4.1) Vrgvn = Py(I — dH)PVruj,

Furthermore, let 05 be the local area deformation when transforming Kpto K e,
Op dApk = dA,

and let dz, be the local edge deformation when transforming €y, to Qfl, ie.,
0z, dsnk = ds.

Finally, let

1
Ry = = P(I ~ dH)Fy(I — dH)P.
h

As a consequence of (4.1) we have that
(4.2) ‘/pk Vpﬁuh . vl‘ﬁvh + upvp dApk = /FRhVFuﬁ . vai + 5;11;%1),{ dA.
h

4.2. Geometric estimates. We next prove some geometric error estimates re-
lating T to T'}.

LEMMA 4.1. Let T be a compact smooth, connected, and oriented surface in R>
and let Fﬁ be its piecewise Lagrange interpolant of degree k. Furthermore, we denote

by n* the unit (surface) conormals to, respectively, éJth/*. Then, for sufficiently small
h, we have that

(4.3a) ldll ooy < W,
(4.3b) 11 = Onll oo rty S AP,
(4.3¢) [V = vnll e oty S B,

(4.3d) |1P = Rpl oo oy S MY,
(4.3e) 11 =86, [l oo s,y S PEH,
(4.3f) sup [P = Re, || o,y S P

ReTn
(4.3g) In* — PanLoo(gh) S hEH

where Re, = 5—P(I — dH)P,(I — dH).
€h
For the sake of readability, we postpone the proof of Lemma 4.1 to Appendix A.

4.3. Boundedness and stability. We define the space of piecewise polynomial
functions on I'y, as

Sur = {;Z € L*(Th) : Xlg, €PF(Kn) VK, € ﬁ}

We recall the following useful result from [21].
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LEMMA 4.2, Let v € HI(K},), j > 2, and let © = v o m. Then, for h small
enough, we have that

(4.4a) HUZHLz(f(ﬁ) N”UHLz(f(h) ~ ||5HL2(I~(h)7
(4.4b) IVeol gy ~IVEE0ll o,y ~ VDTl 2, .
(4.4¢) IDYvll e,y S D IDF Il Lare),
1<m<y
(4.4d) DL, Bl oy S D I1DEk ol 2,
1<m<y

We will also need the following inverse and trace inequalities. The following result
is adapted from [13, Thm 3.2.6].
LEMMA 4.3. Let [, m be two integers such that 0 <1 < m. Then,

|Uh|Hm(f(h) S hli?_}:nh)hhil(kh) Yo € Shk.

LEMMA 4.4. Let w € H2(I~(h), I~(h € 7~71 Then, for each € € af(h, it holds that

”wH%%Eh) S h71||w||i2(f(h) + h||VFh@||§—I2(I~(h)'

Moreover, combining Lemmas 4.4 and 4.3 we get the following result for polyno-
mial functions. B _
LEMMA 4.5. For each K, € Tp, it holds that

1Tl < A 10020,y Y O € S,

with &, C OK},.
Finally, we prove the following trace inequality.
LEMMA 4.6. For sufficiently small h, we have that

||VF§@h||i2(8}?h) S h71||vl";“l{v\h||iz(}?h) V’&}\h S Shk'

Proof. Defining dz, = ds/ dsy1 and 0z, e, = dshk/ dsni, using (4.3e) and a
Taylor expansion argument, we obtain
dz,
68}1

|1_6Eh4)€h|:‘1_ §h2

g 1+ O(h?)
N 1+ O(h¥k+1)

Now let @), € Spi be such that @), = @p, o 7. From (2.21) and (2.22) in [21] we have
that

(4.5) (Vg @0 (7 (3))| S [V, @3]

for each & € T'y, provided h is sufficiently small. Applying Lemma 4.5 we get

1
o |2 < - O 12 -
/81?h |Vrhwh| dsni ~ h||thwh||L2(Kh)'

Surface lifting the left-hand side to I'f, making use of (4.5), and using (4.4b) for the
right-hand side we have that

L, 1
/f{ Vg 2050, dswie S =1V @2, -
h
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TABLE 1
Stabilization function of the DG methods considered in our unified analysis.

Method Stabilization function S, (-, )
TP 23]
NIPG [41]
1IPG [15]
LDG [14]
Brezzi et al. [12]
Bassi et al. [§]

(4.6a)

(4.6b)

We thus obtain, using (4.3e),

. 1 .
(1 - Oh2)||vfﬁwh”i2(a[?h) SJ EHVF’fLwh”iz(}?h)a
which yields the desired result for h small enough. a
In order to perform a unified analysis of the surface DG methods presented in
section 3.2, we introduce the stabilization function

(4.6a) Z ﬁah/A [un][vn] dsh,

_~ é\ e
Sh(un,vp) = e

(4.6b) > /Fk re, ([un]) - e, ([vn]) dAnk

for up, v, € §hk; cf. also Table 1.
The next result, together with Lax-Milgram, guarantees that there exists a unique
solution uy, € Spi of (3.7) that satisfies the stability estimate

(4.7) lunllpe < [1fallz2 ey,
where the DG norm || - ||pg is given by
(4.8) lunllbe = lunlip + lunlin  Yun € She,
with
funl = 3 Tunl g,
I?hé%h
and

unl? = Sn(un, up),

where Sj(+, ) depends on the method under investigation and is defined as in (4.6a)-
(4.6b).

We will now consider boundedness and stability of the bilinear forms A¥(-,-)
corresponding to the surface DG methods given in Table 1. We first state some
estimates required for the analysis of the surface LDG method.

LEMMA 4.7. For any vy, € Shi,

allra, (0DIaey) S Baullonl e,
allz, () e, S o o,

on each ey, € &y
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Proof. The thesis straighforwally follows using the same arguements as in [2,
Lemma 2.3] and recalling that here the average and jumps operators appearing in the
definition of the local lifting operators are defined in a slightly different way than [2,
Lemma 2.3]. O

LEMMA 4.8. The bilinear forms A (-,-) corresponding to the surface DG methods
given in Table 1 are continuous and coercive in the DG norm (4.8), i.e

A (un,on) S llunllpcllvnllpes  Af (un, un) 2 lunllbe

for every up, vy, € §hk. For the surface IP, Bassi et al., and IIPG methods, coercivity
holds provided the penalty parameter o appearing in the definition of B, or ns, in
(3.8) is chosen sufficiently large.

Proof. For all the methods stabilized with Sp,(-,-) defined as in (4.6a), Lemma 4.6
implies that

Y [ wTrgmind s 3 [, o 52 T
h h
encéh enekn
_1
S Y a Eunlenl Vg onll 2z,
I?he?h
(4.9) S o™ % unleplonllin,

where the hidden constant depends on the degree of the polynomial approximation
but not on the penalty parameters Sz, . Otherwise, if Sp,(-, ) is given as in (4.6b), we
observe that for up, v, € Spr we have that

Z / Up, {ka’Uh,Tlh} dshk— Z / ka'Uh dAhk

ehégh K}lGTh

and, making use of the fact that 75, only has support on K;" |J K, , where 0K;™ 0K,
/e\ha
2

(410) @), = || X (@) S Y @z

e CORy L2(Ky) e, CORKy

where the last step follows recalling that the support of 75, (+) is limited to the two
neighboring elements sharing the edge €,. Hence, applying the Cauchy—Schwarz in-
equality, we obtain

1/2 ~1/2 _1
@1 > P ual)ll ez 15 2 Vs vnll oy S0 2 [unle mllonlln,
I?h €7A’h
where the hidden constant depends on the degree of the polynomial approximation but

not on the penalty parameters 7, . For the surface LDG method, using Lemmas 4.7
and 4.6 and the L>°(T'¥) bound on 6, we obtain

_1
S @ 2 [|Bll poe om) IVrsunll 2,y [vn ] n;

/ [Vrﬁuh; nh]6‘ . nZ[vh] dshk

Eh

‘/A rr([un]) - 1n(0 - n)f [un]) dsnk
Kp

S a7 HIB oo (o) [un ] pl0n 1,1y
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and, in a similar way, the remaining quantities. Continuity then follows from the
Cauchy—Schwarz inequality and the above estimates. We next show coercivity of the
DG bilinear forms. For the surface NIPG method, stability follows straightforwardly
from the Cauchy—Schwarz inequality. For the surface LDG method, we have that

A unsun) = -2 3 [
& h

e
Ehéglf

= 2[| Bl oo () Z [
o €h

é\heg}]:

[uh]{Vpxzuh; nh}‘ dshk

[wn] [V uns ]| s+ unf2

For the other methods involving Sy (+,-) defined as in (4.6a) we obtain

A ) > JunlZ —2 3 /
o €h

é\heg}]:

[Uh]{Vrguh;nh}‘ dsni + Jun? s

otherwise, if Sp(-,-) is given as in (4.6b), we have that

A (unyun) = unlfpn =2 Y

R}lé%}f

_fra(lual) - Vrguh} dAnk + Junl? -
Kh

The result follows by making use of the corresponding boundedness estimates, using
the Cauchy—Schwarz inequality and Young’s inequalities, and choosing the penalty
parameter « sufficiently large. a R

We now define the DG norm for functions in Sﬁ i as follows:

(4.12) Huﬁn%ee = ||Ufz||%h + |Ufz|3h Vuj, € Sy,
with

4 4
lblza = 3 lubl2 )

KteT!
and
lup, 2 5, = Sh(u, up),

where Sf (-, ) is given by

(4.13a) > Bau |, 05! [uillor] ds,
Shpoof) = { 5T g g
(4.13b) > nah/F‘SEl(rah([Uh])) +(ra, ([vn]))” dA
eegh

for uf, vj, € §f;k
LEMMA 4.9. Let uy, € Sy, satisfy (4.7). Then uf, € SF, satisfies

(4.14) lutllpee S 11z

for h small enough.



1160 ANTONIETTI ET AL.

Proof. We first show that for any function vy, € §hk, for sufficiently small h,

(4.15) lvhlIpc.e < llonllpe.

The || - |2 ., component of the DG norm is dealt with in exactly the same way as in
[21]. For the |- |2, component of the DG norm we have that

[ o dsc= [ 05 et s and [ rn(o) P ddw = [ 57 (en))F A,
€h e, ry r

which straightforwardly yields (4.15). Making use of the discrete stability estimate
(4.7) and noting that, by Lemma 4.7, || fu|[2(rs) < I fillz2@y = || fllp2qr), we get the
desired result. O

For each of the surface DG bilinear forms given in Table 1, we define a corre-
sponding bilinear form on I' induced by the surface lifted trlangulatlon Té which is
well-defined for functions w,v € H?(T') + S . For the surface IP bilinear form (3.11),
we define

A(w,v) = Z _ Vriw - Vv +wov dA — Z w{Vrv;n} + v{Vrw;n} ds
KteT!t K ekl
(4.16) + > / 05" Bz, [w][v] ds,
ehec‘)ﬁ

where n™ and n™ are, respectively, the unit surface conormals to I?ffr and IA(f;* on
€t € & . For the Brezzi et al. bilinear form (3.10), we define

Alw,v) = Z / Vrw - Vro + wv dA

KteT!t
s Y [ st () e ()
KieT) ki,
46, ([ ) - (ra ()" dA
(4.17) -y / Wl{Vrv;n} + [p{Vrwsn} — 621z, [w][o] ds
Afegf

For the surface LDG bilinear form (3.12), we define

A(w,v) = Z /Kf Vrw - Vv +wv dA — Z / K{Vrv;n} — {Vrw;n}v] ds
IA(e 7A—}f Aeegz

+ Z/ ( 65 [Vrw;n]f - njy (o]

/\(ege

— 6210t [w][Vrvs ] + 65 B, [u] [v]) ds

3 [t () 0 (o))

RieT!

(4.18) (™) +9- nfflh([v*é]))g dA.
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The corresponding bilinear forms for the other surface DG methods can be derived

in a similar manner. Since we assume that the weak solution u of (2.3) belongs to
H?(T') they all satisfy

(4.19) Z fv dA Vv e H2(D) + 5%,
67—h

Finally, we require the following stability estimate for A(-,-), which follows by
applying similar arguments to those found in the proof of Lemma 4.8.

LEMMA 4.10. The bilinear forms A(-,-) induced by the surface DG methods given
in Table 1 are coercive in the DG norm (4.12), i.e

(4.20) ||w,‘;||%G£ N A(whawh)

for all wi € §£k if, for the surface IP, Bassi et al., and IIPG methods, the penalty
parameter o appearing in the definition of Bz, or ng, in (3.8) is chosen sufficiently
large.

5. Convergence. We now state the main result of this paper.

THEOREM 5.1. Let u € H*Y(T') and up, € Shi denote the solutions to (2.3) and
(3.6), respectively. Let n = 0 for IIPG, NIPG formulations and let n = 1 otherwise.
Then,

llw = upll 2y + BJu — ub |l pee S AP f ey + lull e ry),

provided the mesh size h is small enough and the penalty parameter a is large enough
for the surface IP, Bassi et al., and IIPG methods. Here the hidden constant depends,
in particular, on the signed-distance function d and its first/second derivatives.

In order to prove Theorem 5.1 we collect some useful technical results.

For @ € HX(T'%), we define the interpolant IF : CO(T'¥) — Spx by

IF = IF (@ o mp),

where I/ ,’f : C%Ty) — §hk is the standard Lagrange interpolant of degree k. We also
define the interpolant If : C°(T') — S}, by

Ifw = ./T\,’f(w o).
LEMMA 5.2. Let w € H™(I') with2 <m < k+1. Then fori=0,1,
|w - I}]fw|Hz‘(f(fL) S hm_i”wHHm(f(fL)-

Proof. The proof follows easily by combining standard estimates for the Lagrange
interpolant on I'j, with Lemma 4.2. See [21] for further details. 0

LEMMA 5.3. Let w € H™(T') with 2 < m < k-+ 1. Then, for sufficiently small h,
we have that

lw = Liwl Tz ey + P2V (w = Tiw)l < P w?

Lz(aKe ~ Hm(Kl)

Proof. Fix an arbitrary element IA(,‘; € ’?,f We then define @ € H™(K},) and
w € H™(Kp) such that w = wWom and w = @ o 7.
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Using Lemma 4.4 on IN(h S 7~71 we get
/ |V, (@ — TE@)|? dsu
aKh
1 o~ o~
< (E | Ve @ - B i+ [ (VR (@ - Do)l dAh1>.
Ky, Ky

Applying a classical interpolation result for the right-hand side (see, for example,
Theorem 6.4 in [11]), we obtain

‘/(;R}L

Then, lifting the left-hand side on I'¥ as in Lemma 4.6 and using (4.4b) with (4.4d)
we have

Vi, (@—Tf@)‘ dsn S B 201 -

(1- Oh2)/a;? A (13 - f;’fﬂ?)‘ dsnic S P27 @[

In the same way, we lift the left-hand side onto I" and use (4.4b) with (4.4d):

Hm (Kh)

(1= ChMH (1 — Cr?)||Vr(w — Tw)|7 S PPl &

L2(8KE) ~ W(RE)

Similarly, using again Lemma 4.4 for @ — I! Fw, we obtain

/af(h

Then, using interpolation estimates on K, we get

/af(h

Finally, doing, as before, the lifting of the left-hand side on I'} and then on I' and
using (4.4a) with (4.4b), we get the claim for h small enough. O

These interpolation estimates allow us to derive the following boundedness esti-
mates for A(-,-).

LEMMA 5.4. Let w € H™(T') and w € H*(T') with 2 < m,n < k+ 1. Then, for

all vf, € §£k, we have that

o |? 1 T~
w —I,’fw‘ dsp1 < <E/“ |w—]}fw|2 dAni +h
Kh

Vr, (a - f,’fw) }2 dAhl) .

Rh

th 1|~|

w — Ihw‘ dsp1 < Hm ()"

(5.1) A(u = Ifu,vp) S ™l g ooy 05 | Dees

(5.2) Al = Tu, w = IEw) S W2 o oy 0] 2o -

Proof. Since u € H™(I') € C°(T") for m > 2 and Ifu € C°(T'), by the continuity

of the inverse surface lift operator, we have [(u — IFu) ‘] = 0 on each &), € &,. Then,
by the definition of r5, and lg, , we obtain
Iras, (1w = Liw) ™Dl Zarsy = e, ([(u = Iyw) D172 gy = 0-

Following the proof of Lemma 4.8, it is easy to obtain (5.1) and (5.2) from Lemmas 5.2
and 5.3. O
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For the first term on the right-hand side of (5.6), we require the following perturbed
Galerkin orthogonality result. R
LEMMA 5.5. Letuw € H%(I"), s > 2, and uj, € Spy denote the solutions to (2.3)

and (3.6), respectively. We define the functional Ey on §f;k by
B (vp) = A(u — uj, vj,)-

Then, for all considered surface DG methods apart from LDG, Ey can be written
as

En(vy) = Z _(Rp — P)Vruy - Vvl + (6,7 —1) uh vl + (1-6,1) fol dA

KieTf ki,

+ Y / [ul] ({VF’Uh,n} {651 ol — dH)Pvah,nh})
eLeEt @

63)  +CX [ ) ((Vrukin} (55} Pu0 — dH)PVrufin} ) ds
ehe“"ﬁ

where Ry, is given as in Lemma 4.1 and

—1 in NIPG and Baumann—Qden cases,
(=40 in IIPG case,
1 otherwise.

The functional corresponding to the surface LDG method can be written as

Bn(vp) = (53)+ > | 5, Y0 ni T p] ((Vrupsn] — [Pa(I — dH)PVrup;ny)) ds
ehegr
(5.4) + > 5A19 niyup) ((Vrvp;n] — [Po(I — dH)PVrop;ng)) ds.
ehegl

Furthermore, for all surface DG methods it holds

(5:5) |Bn (i)l S R f ey lokll e

Proof. The proof is similar to that of Lemma 4.2 in [20] which considered a
piecewise linear approximation of the surface. The expression for the error functional
E}, is obtained by first noting that the solution u of (2.3) satisfies (4.19) and then
considering the difference between (4.19) and (3.6):

A(u Uh) Ah uh,vh Z / f’l}h dA — Z /A fh’l}h dAhk

= h

KEETh €Th

- / (1 071) fuh dA.
KE

KfeTh

By lifting A (up,vs) onto T in a similar fashion to what has been done in (4.2) and
using the definition of A(-,-) we get, after algebraic manipulations, relation (5.3).
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The estimate (5.5) is then obtained by making use of the geometric estimates in
Lemma 4.1. In particular, following the proof of Lemma 4.2 in [20], we preliminarily
get

l[up, Ipa.ellvhllpe,e
Le=(T")

1
| En(vi)l S 1B = Pl oyllupllpc.ellvhllpe.e + HE -

1
1-— —
+H on

1 £1lz2(r) vk .
Le=(T)

+ max [[n— Pnj || o e 4 p,elvh D6,
etegt t

¢ Y/
+ [|d| Lo (ry [lup]IDa.ellvp Ipa,e-

Then Lemma 4.1 and the stability estimate (4.14) yield the claimed bound. O
Remark 5.6. Note that the error functional Ej in Lemma 5.5 includes all of the
terms present in the high order surface FEM setting (see [21]) as well as additional
terms arising from the surface DG methods.
Proof of Theorem 5.1. The proof will follow an argument similar to the one
outlined in [4]. Using the stability result (4.20), we have that

(5:6) [16h —uhllbe.e S ASh —up, &1 —up) = Alu—up, 8, —up) + Ag), —u, 6 — up),
where ¢ € S%,. Choosing the continuous interpolant ¢! = I*u, using the error
functional estimate (5.5) and the boundedness estimate (5.1), the right-hand side of
(5.6) can be bounded by

1w = upllbe,e S Bn(Thw —up) + A(lu — u, Iju — uj)

S B Fll ey HRw — g Ipe.e + BF[[ull e oy 1 TEw — ug [ pa.es
which implies
15w — upllpg,e S PP fl 2y + ull grs )
Recalling that u — IFu € C°(T'), using Lemma 5.2 we obtain
lu = upllpe.e < llu = Iullpe.e + 115w — uplpe,e £ B fllzay + lull gesr ry).

This concludes the first part of the proof. In the case of = 1, to derive the L2
estimate, we first observe that the solution z € H?(I') to the dual problem

(5.7) ~Arz+z=u—ul
satisfies
(5.8) Izl 20y S = w22 (r)-

Then, using the symmetry of the bilinear form A(-,-), we have that

= w2y = (= uj,u — wp)r = Az, u — up)

(5.9) = A(u—uh,2) = Alu —uh, 2 — IF2) + Ep(IF2).
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Using (5.5), a triangle inequality, and the interpolation estimate in Lemma 5.2, we
obtain

|Eh(filfz)| N thrl||f||L2(F)||If]fz||Hl(F) S hk+1||fHL2(F)||Z||H2(F)-
Hence, using (5.8),
|En(IF2)] S RE P Fllpayllu — uf |l 22 (-

Making use of the continuity of I, ,’fz —zand [ ,’ju — u, the symmetry of the bilinear
form A(-,-), Lemma 5.4, and the stability estimate (5.8) we get

Alu — b,z —IF2) = A(z — IFz,u — ub)

SA(z = IFz, IFu—ul) + Az — IF 2, u — Ifu)

< Bzl g2yl 5w — uj, | pa.e + B*HY|

~

2| 2oy lull e oy
S hllzll g2y (| Tiu — ullpe.e + [Ju — uj | pa.e
+ B2 g2y |l s ooy

< (W full e oy + hllu = uplIpe.e) lu = up | 2 .-
Combining these estimates with (5.9) yields
lu = whlfemy S (Rllw = uplpe.e + B fllzay + lull s @) lu = uillca),

which gives us the desired L? estimate and concludes the proof. In the case of n = 0,
we can trivially obtain the (suboptimal) bound for the error in the L? norm from
bounding it by the error in the DG norm. d

6. Numerical experiments. We show results for the IP method (cf. section
3.2.3), implemented using DUNE-FEM, a discretization module based on the Dis-
tributed and Unified Numerics Environment (DUNE) [9, 19]. For the initial mesh
generation we use the Computational Geometry Algorithms Library (CGAL) (see
[40]). We consider the following test problem

(6.1) —Arutu=f

on the unit sphere I' = {z € R3 : ||z|/;2 = 1}, choosing f so that the exact solution
is u(xy, e, x3) = cos(2mwx) cos(2mxs) cos(2mxs). Figure 2 shows the DG approximate
solutions obtained with £ = 1 and & = 4 DG approximation orders. In Table 2 we
report the computed errors measured in the DG norm (4.12) as well as the com-
puted convergence factors for linear (k = 1), quadratic (k = 2), and quartic (k = 4)
DG /surface approximation orders. The same results obtained measuring the error
in the L? norm are shown in Table 3. The numerical results validate the theoretical
estimates of Theorem 5.1.

Appendix A. This section is devoted to proving Lemma 4.1.

Proof of Lemma 4.1. Proofs of (4.3a)—(4.3d) can be found in [21, Prop. 2.3 and
Prop. 4.1]. The proof of (4.3f) will follow exactly the same lines as (4.3d) once we have
proven (4.3e). See Figure 3 for mappings used in this proof. Let e, K be the reference
segment [0,1] and the (flat) reference element, respectively, and let K, K n, and K ! be
elements in I',, l"fl, and I, respectively, such that 7rk(f~(h) = IA(;L and 71'(.[?}1) = I?f; Let
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F1G. 2. Paraview plots of the linear (right) and quartic (left) DG approzimations of (6.1) on a

mesh consisting of 623 elements.

TABLE 2
Computed errors measured in the DG norm (4.12) and computed convergence factors for the
DG approzimation of (6.1) with linear (k = 1), quadratic (k = 2), and quartic (k = 4) approzimation

orders.
N. elements h k=1 k=2 k=4

632 0.220 5.0766 1.4205 4.7121e-2

2528 0.110 2.6427 0.94 | 3.8696e-1 | 1.88 | 3.2585e-3 | 3.85
10112 0.056 1.3151 1.01 | 9.8648e-2 | 1.97 | 2.0765e-4 | 3.97
40448 0.028 | 6.5361le-1 | 1.01 | 2.4795e-2 | 1.99 | 1.3051e-5 | 4.00
161792 0.014 | 3.2596e-1 | 1.00 | 6.2087e-3 | 2.00 - -
647168 0.007 | 1.6282e-1 | 1.00 - - - -

TABLE 3

Computed errors measured in the L? norm and computed convergence factors for the DG ap-
prozimation of (6.1) with linear (k = 1), quadratic (k = 2), and quartic (k = 4) approzimation

~

Ky

Fi1c. 3. Mappings used in the proof of Lemma 4.1.

orders.
N. elements h k=1 k=2 k=4
632 0.220 | 1.7146e-1 3.6978e-2 7.7900e-4
2528 0.110 | 5.2882e-2 | 1.70 | 4.9040e-3 | 2.91 | 2.6808e-5 | 4.86
10112 0.056 | 1.4605e-2 | 1.86 | 6.1000e-4 | 3.00 | 8.4834e-7 | 4.98
40448 0.028 | 3.7830e-3 | 1.95 | 7.5856e-5 | 3.01 | 2.6582e-8 | 5.00
161792 0.014 | 9.5800e-4 | 1.98 | 9.4598e-6 | 3.00 - -
647168 0.007 | 2.4100e-4 | 1.99 - - - -
— N A A
L, L~ ~ Tk Q0
K Kn Ky

K},

~
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also L. be the inclusion operator that maps e into an edge of K and let Lz (K) = K.
A tangent on an edge €, C Kj, in I'¥ is given by 75, = V(7 0 L, oLe). Analogously,
a tangent on the surface lifted edge €, C K in I is given by 7 = Vr7,. We denote
by 7, and 7, respectively, the unit tangents of €, and €, and let A = ||7|;2. We will

now prove estimate (4.3e). Let dx be the Lebesque measure on the reference interval
e. We then have

dShk =\ dX,

ds = \/||(v7TTh)T . Vﬂ'Th”lz dx = )\\/H(Vﬂ'?h)T . Vﬂ'?hle dx = HVW?hle dshk-
—_——

bz,

Having characterized Jg, , we wish to show that
1 — Ch* < || Va7l < 14 CRFHL
Making use of (2.2) and (4.3a), we have that
(A1) IVeFulle < VrllelFalle < 1P —dHp < 1+ CREL
Next, to provide a lower bound for ||V#T}|;2, we consider
T =14 = (VI — Pp)mn = MV — Pp)Th.
Recalling the definition of the projection matrices P and Py, we have that
Ir = mlle < AP = Pa) = dH [ Fall < ACHP.

Using the reverse triangle inequality, we obtain
(A2) NVETalle = e = mlle = 7 = mlle > AQ - Chb)
and, dividing by A and using (A.1), we obtain the suboptimal estimate
(A.3) 1 — Ch* <||VaTalle <14 ChFHL
The lower bound (A.3) can be improved in an iterative way as follows. We consider
(A.4) AVaTulle = lITlle = [|PTallz = [|P7h — 7.
Then, using again the reverse triangular inequality, we have that
(A5) Pl = MPFallie = A7l — 7 — Prallz) = A1 = |7 — Prae).

Since 7, n, v form an orthonormal basis of R? and recalling that P maps vectors into
the tangential space of I' (hence have a null normal component), we get
A1 = |7 = PThlliz) = A1 = ||1 = (7, PTh)T — (n, PTp)nl)2)
AL = I =77 ))llz = [, 7))
AL =7 =TullE = (%, ) la2).

AVARLY,

Vr
e
T < |V7ﬁh|z2)ﬂ“
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so using (A.3) and a Taylor expansion argument, it is easy to see that
(A7) I7e, —Tet llie S h¥.

To deal with the last term of (A.6) we note that

Vo
(In’th) = (F X Vth) = (Vth XF) = (Vth X #) .
(IV7Th |2

Then, using the suboptimal lower bound (A.3) and a Taylor expansion argument, we
get

VrTh > 1
V,Th X — = — v, T X V1T, 5 v, Thp X VaTp)| .
< ’ VAT h[i2 ||V7TTh||z2( ’ )31 )

Using the definition of P and (2.2), we have that
(A.8) VT, = (P —dH)T, =Tp — (V- Th)v — dHT},.
Now, using (A.8), we can write
(v, x V) = (.7 X (7 = (Fn - 0w = dHT) ) = =(v, 7 X AHT),
Hence,
(A.9) 17l S Nl v, 7 x HEW) e S BE.
Combining (A.9) and (A.7) with (A.6) we obtain that
(A.10) | Prallz > A1 — ||(1 = (7, P7p))T — (n, PTp)nll2) > A(1 — CRFHY),
For the second term in the right-hand side of (A.4), notice that
(A.11) |7 — Pl = |Varh — Prylliz = |[dHTh|l2 < ACRFHE

We are now ready to improve the lower bound in (A.3). By making use of (A.11) and
(A.10) in (A.4), we get

(A.12) |VaTh|lz > 1 — ChFH

which proves (4.3e).
To prove (4.3g), we need to first prove the following auxiliary estimates:

(A.13) (7, mn)| S BFF,
(A.14) 11— (n,n4)| < A2

We start showing (A.13). Using the property of the cross product, we get
(A.15) (Tymn) = (T, vn X Th) = (WVn, Th X T) = (Vp, Th X V7Tp).
Replacing (A.8) in (A.15), we obtain

(?, nh) = [V- (?h —?)](Fh,l/ X I/h) — (Vh,?h X dH?h).



HIGH ORDER DG METHODS ON SURFACES 1169

Taking the absolute value and using (4.3a), (4.3¢), and (A.7), we find
(7, )| < R2EFL £ ORFHL < phtt,
In order to prove (A.14), we start showing that the following holds,
(A.16) |(v,nn)| < h*.
Indeed, using again the properties of the cross and scalar products, we obtain
(v,nn)| = (v, v X Tn)| = [(vn, T X V)| = |(vn, To X (v —vn))| S A5

Since the vector ny, is of unit length, there exist a(x),b(x), c(z) € R satisfying
a? + b2 + ¢ = 1 such that

np = at + bn + cv,

where a = (7,nyp), b = (n,nyp), and ¢ = (v,n;). Hence, using (A.13), (A.16), and a
Taylor expansion argument, we get

b=4V1—a2—c2=41/1+0(h%) = £1 + O(h**).

The inequality (A.14) follows by assuming that the mesh size h of 7, is chosen small
enough so that b = 1+ O(h%*). Finally, writing Pny = (7, Pn,)7T + (n, Pny)n, we
obtain (4.3g), i.e.,

In = Prp|p=@,) = [n = (7, Pnp)T + (n, Prp)n| L=,
< L= (n, Prp)| + | (7, Pra)|
= [1 = (n,na)| +|(F,n)| = O(R**Y). O
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