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Tritium beta decay with modified neutrino dispersion relations:

KATRIN in the dark sea
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We discuss beta decays in a dark background field, which could be formed by dark
matter, dark energy or a fifth force potential. In such scenarios, the neutrino’s
dispersion relation will be modified by its collective interaction with the dark field,
which can have observable consequences in experiments using tritium beta decays to
determine the absolute neutrino mass. Among the most general interaction forms,
the (pseudo)scalar and (axial-)vector ones are found to have interesting effects on
the spectrum of beta decays. In particular, the vector and axial-vector potentials
can induce distinct signatures by shifting the overall electron energy scale, possibly
beyond the usually defined endpoint. The scalar and pseudoscalar potentials are
able to mimic a neutrino mass beyond the cosmological bounds. We have placed
stringent constraints on the dark potentials based on the available experimental

data of KATRIN, and the sensitivity of future KATRIN runs is also discussed.

I. INTRODUCTION

The Mikheyev-Smirnov-Wolfenstein (MSW) ef-
fect of neutrino oscillations has been well estab-
lished and understood [1-15]. The weak interac-
tions between neutrinos and other fermions (e,
p and n) lead to a modified dispersion relation
when neutrinos traverse matter. Besides this
established phenomenon, there might be three
interesting scenarios in which neutrinos feel a
background of particles in the “dark sea”. In
such scenarios, neutrino kinematics is expected
to be collectively altered by
e a background of ultralight dark matter, dark
radiation or dark energy coupled to neutri-
nos. The ultralight field can be treated as a
classical one, and the neutrino dispersion re-
lation is affected simply by assigning an ex-
pectation value to the dark field in the La-
grangian. Modified neutrino oscillations in
such scenarios have been discussed in detail
in the literature [16-33];
e coherent forward scattering of neutrinos with
light dark matter particles, which could
be scalar or vector, the so-called “dark
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NSI” [34]. In this case, it is the elastic scat-
tering of the neutrino wave function off the
dark matter grid which changes the disper-
sion relation. The form of the dark potential
depends on the type of interaction between
dark matter x and neutrinos. If y is a scalar
particle, the process v 4+ x — v + x can give

rise to a correction to the neutrino mass [34];

e a fifth force sourced by heavy dark mat-
ter [35] or by ordinary matter [36-45]. This
can be regarded as a special case of coherent
forward scattering, as the mass of the scat-
tering mediator is extremely small, such that
the interaction is described by a long-range
force. The fifth force as a classical virtual
field is able to directly modify the neutrino
propagation, similar to the motion of elec-
trons in a Coulomb potential.

An immediate question arises: will these
modified dispersion relations affect S-decay neu-
trino mass searches in which kinematics is used
to determine m,? If yes, how? We will pro-
vide here a systematic analysis with emphasis
on the ongoing KATRIN experiment [46-48],
which has recently set the world-leading model-
independent constraint on the absolute neutrino
mass.

Despite various realizations of the dark po-
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tential, our results will be presented in a form as
model-independent as possible, such that they
can be applied to various scenarios.

II. DARK MSW EFFECT

Regardless of the nature of the underlying inter-
action, the neutrino will feel a “dark potential”
that can only have five different forms [49, 50]:

—L D (9,07v + g, 07750 + gy V, 7V v
(1)

Here 6,;, = 1/2 (1) if neutrinos are Majorana
(Dirac) particles, and ¢, o, V,,, a, and T, rep-
resent real scalar, pseudoscalar, vector, axial-
vector and tensor fields, respectively. The neu-
trino field is composed of v = v, + 1} for Ma-
jorana neutrinos, and v = vy, + vy for Dirac
neutrinos. For Dirac neutrinos, the coupling
constants g,, gy and g, are Hermitian matri-
ces in general, while g, is anti-Hermitian. For
the Majorana case, g, and g, are real symmetric
matrices, while g, and gy, are purely imaginary
symmetric and antisymmetric matrices, respec-
tively.

The fields ¢, ¢, V,, a, and T, do not nec-
essarily correspond to real particles, e.g., they
may represent contributions from coherent for-
ward scattering or virtual fifth forces. Note that
here we assume the field X = ¢,,V,,a,,T,, to
be real, and only the overall sign combined with
“charge” gyX matters for neutrinos.

A well-known example is already given by
the standard MSW effect. For instance, via the
charged-current interaction with electrons in the
Earth, the neutrino will feel a tiny potential of
the form gy, V49,00 = V2Gpn,, where G is the
|
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where £, and p, are the energy and momen-
tum of the neutrino, p denotes the direction
of the momentum, and ¥ = ;7,7 stands for

Fermi constant, n, is the electron number den-
sity, and the isotropic spatial components g,a
are averaged out.

Our results are simplified by imposing the
assumption that the dark field is purely time-
like, i.e., we assume from the cosmological prin-
ciple that the preference of spatial orientation
of the background is not significant or simply
averaged out. Hence, the antisymmetric tensor
field 7, [20] is vanishing in our context.

The equation of motion (EOM) of the neu-
trino wave function given the interactions in
Eq. (1) is described by

[VM(Za,u - gVVu + gaau75)

—(M, + 9P+ 9,07) | v =0, (2)

where the neutrino is written in the mass eigen-
state basis in vacuum, therefore the mass matrix
M, is diagonal. We can assume that three gen-
erations of neutrinos share the same coupling,
ie., gy o< 1 for all coupling constants, which
in particular implies that there is no effect in
neutrino oscillations. Note that for Majorana
neutrinos, the diagonal vector interactions will
be vanishing.

The collective effect of the dark sea is to mod-
ify the dispersion relation of neutrinos, which
can be obtained by multiplying v#(id, — gV, +
9.0,75) + (M, + g,0 — g,p75) to the left of
Eq. (2). For the plane-wave solution we have
i0,v = p,v, such that v o exp(—i E,-t+ip,-x),
where E, is yet to be fixed. Ignoring the cross
terms of the background fields (i.e., we turn on
only one field at a time), we end up with the
following dispersion relation for neutrinos:

(3)

(

the spin operator. Eq. (3) has typically two
energy solutions: the upper one (positive for
most cases) corresponds to the particle v and



the lower one (mostly negative), which is not
bounded from below, should be interpreted as
the antiparticle (7). For the antineutrino, the
direction of the momentum p should be reversed
along with the energy accordingly.

Eq. (3) implies that the scalar and pseu-
doscalar potentials g,¢ and [g,|¢ simply add to
the vacuum mass term. The vector potential
gy 'V, shifts the overall energy of neutrinos. The
axial-vector potential g,a, will lead to helicity-
dependent energies of the states with p-X v(H) =
+1™) for neutrino and —p - T v = £ for
antineutrino, where ‘+’ stands for the right- and
left-helicity states, respectively. This split of en-
ergies is discussgg in Appendix A. In the mass-
less limit, i.e., M, = 0, the difference between
the vector and axial vector interactions vanishes
for the active neutrino v, because the left- and
right-handed fields are decoupled. More details
on the derivation of the dispersion relation and
how the neutrino should be canonically quan-
tized in the dark background are presented in
Appendices A and B.

III. SIGNALS AT KATRIN
Neutrino oscillations in the dark potentials have
been widely discussed in the literature [16-45].
However, the sensitivity of oscillation experi-
ments is limited by the specific setup of the
dark potential. For example, if three genera-
tions of neutrinos couple identically to the dark
field, similar to the neutral Z-exchange in the
Standard Model, the neutrino oscillation is blind
to the potential no matter how the dark fields
behave. Furthermore, if ultralight dark matter
is responsible for the dark potential, and the
dark field is fast oscillating over the baseline
2 O(100 m) (the minimal baseline for which
neutrino oscillations have been observed), neu-
trinos in flight will experience a vanishing aver-
aged effect. Thus, the microscopic nature of the
nuclear beta decay related to electron neutrinos
makes it an excellent complementary probe of
the dark potential.

In the absence of the dark field, the rate of

beta decays, *H — 3He + e~ + 7, reads [51-55]

3
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dry - o(B,)
dx, =T x2

(4)

where Ny is the total target mass of *H, and E,
is the electron energy. The reduced cross section
is given as

M3

_ G% _ _
o(E,) = Q—;IVudIZF(Z, E,) (g3 + 373)

()

where G, = 1.166 x 107° GeV ™2, |V 4| ~ cos 0
with the Cabibbo angle 0, ~ 12.8°, F(Z,E,) =
271 /(1 — e#™) is the ordinary Fermi function
due to the distortion of the electron in the nu-
clear Coulomb potential, n = ZaE,/p, with p,
being the electron momentum and o ~ 1/137,
and g, ~ 1 and g, ~ 1.247 stand for the vec-
tor and axial-vector coupling constants of weak
interactions of tritium, respectively. The kine-
matics of the beta-decay spectrum is contained
in (defining K, = E, — m,)

2 2
XE A/ E2—m?,

e (3
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H(Eyymy) %\ (Kogo = Ko =m? - (6)

where Koo = [(magy —m)2 = midy,] /(2may)
is the endpoint energy in the relativistic theory
assuming a vanishing neutrino mass. The ac-
tual endpoint energy for the neutrino mass m;
is approximately given by

(7)

As mentioned above, the scalar and pseu-
doscalar potentials merely add an effective mass
term to neutrinos, which is kinetically indistin-
guishable from the vacuum mass. In fact, in
some scenarios they are even postulated to be
the origin of small neutrino masses [35]. How-
ever, we need to emphasize that since the cur-
rent dark potential is expected to be different
from that in the early Universe, the model-
dependent cosmological bounds on the absolute
neutrino mass, e.g. ¥ < 0.12 eV [56], can be
evaded or weakened. This will possibly lead to
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Electron spectrum at KATRIN
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FIG. 1. The integrated beta-decay spectra at KA-
TRIN in various types of dark seas: vector poten-
tials with g,V = £5 eV (solid red curves) and
gy'Vo = £2 eV (dashed red curves) as well as axial-
vector potentials with g,aq = %5 eV (solid blue
curves) and g,a, = £2 eV (dashed blue curves).
For these curves, the neutrino mass has been fixed
to m; = 0.1 eV. Contributions from ¢ and ¢
which mimic a neutrino mass exceeding cosmologi-
cal bounds are shown as the dashed black curve.

large signals in future KATRIN runs, which ex-
pect no visible effect of neutrino masses if the
stringent cosmological bounds are adopted.

The vector potential has a profound effect on
the beta-decay spectrum. To clearly see that, we
pick out from Eq. (3) the vector contribution to
the neutrino energy

E, =+\/p+mi+ g,V (8)

For the antineutrino mode, the resulting energy
is not bounded from below, which should be re-
versed by redefining the creation and annihila-
tion operators as in standard textbooks. This

gives £, = \/p2 +m? — g,/V, for the antipar-
ticle, indicating that the neutrino and antineu-
trino excitations feel opposite vector potentials,
which is to be expected. This implies that neu-
trino mass experiments using electron capture
such as ECHo [57], will see an opposite effect
compared to KATRIN, providing a way to in-
dependently test the effect?.

An astonishing implication of Eq. (8) is that
the antineutrino energy of beta decays in the
vector background can run into the negative
(but bounded), when g,V > /p2+ m?. The
beta-decay spectrum can hence extend beyond
the normal kinematic limit K, ,. This is not
a surprise as the process which is not kinemat-
ically allowed in vacuum can take place if the
medium modifies the dispersion relations [9], a
phenomenon familiar in, e.g., plasmon decay.
As a consequence, the electron endpoint energy
in Eq. (7) will be shifted towards

K= (m3H —m, + gvvo>2 - (m3He + mi)2
nd 2(m3H + QVVO)

€
~ Kepao —m; + vy -

(9)

With a straightforward derivation, we find that
the spectral function in the case of a dark vector
field is well described by

H(E,,m;) ~ \/(Kend,o — K, + gy Vp)? —m}
X (Kend,O - Ke + gV‘/O) ’ (10)

which should be compared to the vacuum case in
Eq. (6), while the other terms in Eq. (4) remain
unchanged.

Since the axial-vector interaction distin-
guishes two helicity states, in order to exactly
calculate the spectrum we have to perform the
integration over the unsummed helicity ampli-
tudes. More detailed steps to obtain the spec-
trum with the modified neutrino dispersion re-
lation are presented in Appendices A, B and C.

L 'We also note that if neutrinos are Majorana particles
and lepton-number-violating interactions are present,

an enhanced rate of Ov33 decay will also be expected.



In the relativistic limit (i.e., away from the end-
point), only the outgoing right-helicity antineu-
trino is active, and the vector and axial-vector
cases should converge to each other. Note that
also for the axial-vector case electron capture
experiments will see an opposite effect compared
to beta decay experiments.

In Fig. 1, we have illustrated the distortions
of the beta-decay spectrum in various dark seas
at KATRIN. The vector potential (red curves)
shifts the whole spectrum to lower or higher
endpoints, without changing the spectral shape.
The kinematically forbidden region of the spec-
trum is reachable in the case of a dark vector
potential, as we discussed previously. In com-
parison, the axial-vector potential (blue curves)
induces a non-trivial distortion to the spectrum
near the endpoint, but it indeed converges to the
vector case away from the endpoint. The rapid
rise of the event rate near the endpoint for the
axial-vector case is due to a volume effect when
we integrate over the phase space. At the mini-
mum neutrino energy the neutrino phase space
is non-vanishing in the presence of a,, in con-
trast to the vacuum case, see Appendix C. On
the other hand, the scalar potentials ¢ and ¢
mimic the effect of the neutrino mass, shown as
dashed black curves. They can induce an ef-
fective neutrino mass beyond the cosmological
limit.

As long as the neutrino mass is not vanish-
ingly small, the difference near the endpoint be-
tween the vector and axial-vector cases is as ap-
parent as in Fig. 1. Only when the neutrino
mass is comparable to time-scale of the back-
ground field formation (typically ~ 1 Gyr corre-
sponding to 10732 eV), the axial-vector scenario
starts to approach the vector case. For further
discussions, see Appendix D.

We continue with fitting KATRIN data to
our scenarios. The effect of scalar and pseu-
doscalar potentials is identical to being from m?2.
The consequences of vector and axial-vector po-
tentials are the same at energies away from the
endpoint, for which KATRIN collects the most
events. Their major effect is to shift the over-
all energy scale of electrons, which can be rep-

KATRIN constraints and sensitivities
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FIG. 2. The constraints on the dark potentials

gV, g.a, g¢¢ and g,p using the data of KA-
TRIN’s first and second campaigns, shown as the
solid curves. The sensitivities corresponding to the
ultimate KATRIN goal m, < 0.2 eV at 90% level,
i.e., o(m2) = 0.025 eV? [58], along with a reduced
potentlal fluctuation by a factor of three are given
as the dotted lighter curves. The horizontal gray
lines represent Ax? = 1, 4 and 9, respectively. The
maximally allowed values of g,V and g,a, in the
framework of a fifth force sourced by dark matter

are shown as the vertical line.

resented by the endpoint energy, e.g., £, =
Kenao + 9y Vp for vector, at vanishing neutrino
masses in the KATRIN fits. The endpoint
and the squared neutrino mass m? are regarded
as free parameters in the KATRIN fits [46-48].
We perform our own fit of available KATRIN
KNM1 data [46], including however for simplic-
ity only positive m?2 for the vector and axial-
vector cases. Marginalizing over m?, our fit re-
sult on the endpoint will be compared with the
expected value, and this is then used to set a
limit on gy, Vj.

The fit yields E, = 18573.79 £ 0.04 eV,
and technical details can be found in Appendix
E. The actual @)-value is obtained by correct-
ing for molecular recoil (1.72 e¢V) and poten-
tial fluctuations of the tritium source and main
spectrometer (—0.2+ 0.5 eV for KNM1), which
gives () = 18575.31 £ 0.5 eV, slightly smaller
than the expectation of 18575.72 £ 0.07 eV.
For the KNM2 data [48], we directly use the



official results F, = 18573.69 £ 0.03 eV and
m? = 0.26 + 0.34 eV? (which is mostly in the
positive regime) to generate the x? for our dark
potentials. For the (pseudo)scalar potential, we
assume the vacuum mass to be vanishing.

Combining KATRIN’s two campaigns by
adding the x?, the likelihood L = exp (—Ax?/2)
for our dark potentials is given in Fig. 2. The 20
limits corresponding to Ax? < 4read —1.3eV <
(9v Vs 9at) < 0.3 eV and (|g,¢], [9,]) <
0.9 eV. The fact that the limits on [g,¢| and
9,4 are quite close to the official KATRIN lim-
its on neutrino mass, which as discussed above
is indistinguishable from the (pseudo)scalar po-
tential case, implies that our fitting procedure
is correct and trustworthy. For potential values
smaller than O(1) eV, the x? is dominated by
events away from the endpoint, where the ef-
fects of vector and axial-vector become almost
the same. Note that because in KATRIN fits the
endpoint energy FE, is taken to be completely
free without any priors, the vector and axial-
vector potentials will not affect the current neu-
trino mass results.

A slight preference of the (axial-)vector po-
tential gV, = —0.45 eV can be noted. The
current sensitivity of KATRIN is not sufficient
to distinguish the vector and axial-vector cases.
Keeping the best-fit values so far, the future sen-
sitivities to reach the reference KATRIN target
m, < 0.2 eV and by reducing potential fluc-
tuations by a factor of three are shown as the
dotted curves.

IV. A CONCRETE EXAMPLE

Even though we aim to present the results as
model-independent as possible, it is worthwhile
to remark on the phenomenology in a specific
framework.

Suppose that there is a long-range force
9, A XVX + g,A, 77" v between v (by mixing)
and fermionic dark matter y mediated by a neu-
trinophilic dark vector A’ [59] (similar consid-
erations hold for a scalar). After integrating
out the dark matter configurations, one ends
up with an effective potential g, (Af{)77 v [42].

The resulting neutrino potential |g,, ;| is given
by [35, 40]

Py >
m%, +md 0.3 GeV - cm~3

2
y (7 keV) (0.0lgx) (1.95 z() (1)
m, g, T2+ m%, /g2
where m 4, is the mass of the dark vector which
could be generated via the Stiickelberg mecha-
nism [60], p, is the local dark matter density and
mp ~ ¢, is a screening scale set by the Debye
length with T}, being the temperature of ambient
neutrinos. The long-range force parameters can
be set to be very small, e.g., m ,, = 107 ¢V and
g, = 10717, such that no laboratory bounds?
other than beta decays can apply to the con-
cerned parameter space.

One might be concerned about astrophysical
limits from the likes of BBN, CMB, LSS and
supernovae, where the dark matter or neutrino
density is much higher than in the Earth. How-
ever, various arguments attempting to constrain
this type of force are mostly invalid due to the
screening effect in the dense environment; for
relevant details see Refs. [35, 62]. The strongest
bounds we can find, g, < 1077 from CMB free
streaming [35], g, < 4 x 1073 (m, /GeV)¥/4
from dark matter collision [63-65] and m, =
10727 eV from tidal stream bounds [66-68], set
basically no meaningful limit on the dark poten-
tial, i.e., |gy Vy| < 10 TeV. The dark matter dis-
persion relation will also be affected in the halo.
To be consistent with the given p,, we require
the dark matter self-potential to be smaller than
m. /10, which imposes |gy/Vy| < 3 eV in Fig. 2.
Hence, probing this type of model via neutrino
kinematics in beta decays turns out to be the
most sensitive approach.

~ 1.1 eV(

V. OUTLOOK

We have performed a systematic study on the ef-
fects of dark neutrino potentials on beta-decay,

2 If the new force also couples to charged particles, e.g.,
electrons, there will be strong constraints from tests

of the equivalence principle [61].



especially focusing on the ongoing KATRIN
experiment. By collectively interacting with
background fields, neutrinos will have disper-
sion relations different from the ones in vac-
uum, which induces distinct distortions to the
beta-decay spectrum. Observable consequences
include neutrino mass signals beyond the ones
bounded from cosmological constraints, events
beyond the kinematical endpoint of the decay,
and spectral distortions. Limits were obtained
using KATRIN data, which are stronger than
all other limits in simple scenarios.
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Appendix A: Massive neutrinos in an
axial-vector background

The plane-wave solutions to the Dirac equations
in the axial-vector background differ from the
vacuum ones. To see that, we collect the left-
and right-handed fields into v = v + vy (Vg =
vi for Majorana neutrinos), which satisfies the
equation of motion

(i@ + g,a07°y> —m)r =0. (A1)

For the positive and negative frequency modes,
we have

(A2)
. (A3)

(D" + 9a007"7” = m)u(p,s) =0,

(=P " + 94007°7" —m)v(p, s) =0
First of all, the energy eigenvalues should be de-
rived. This can be done by multiplying a matrix

(P " +9,a07°7° +m) from the left to Eq. (A2),
yielding

[pQ - (gaa0>2 + 29aa0p DY m2:| u<p7 8) =0 )

where 3 = ~°¢%~ is simply the spin operator,
and p - /2 represents the helicity with eigen-
value s = +1/2. Different from the vacuum

case, the neutrino energy is split for the two he-
licities by the temporal component of the back-
ground. The energy eigenvalues for both neu-
trino and antineutrino (the same for Majorana
case) read

Es = \/(|p| —2s- g(}LCLO)2 +m?. (A4)

Note that the above equation does not apply to
the massless case with m = 0 eV. By imposing
the orthogonality conditions?,

uT(pJ 3’)u(p, S) - UT<p7 S,) ( ) - 2E5553 )
UT(_pv SI)U(p, S) = UT(_pa ) (pv ) =0 7(A5)

the structure of the spinors v and v is found to
be of the form

P, + 907" +m

u(p,s) = u(0, s) ,
e) V (B, + Eg)? — 4(sp — g,a0)? (0:2)
—p_+ g,a07°Y° +m
o(p,5) = —be S o0,s)
V(B + Eg)? = 4(sp — g,00)°
where E, = 1/(g,a,)? + m? is the neutrino en-
0 a0

ergy at rest. Notice that for the spinor v, we
have the relation p - X v(p,s) = —2sv(p, s), in
comparison to p- X u(p, s) = 2su(p, s). The he-
licity completeness relations of the spinors are

u(p, sJu(p,s) = (p, + g,a07"7" +m)

1 ) -
(122
2
o(p. )7(p.5) = (9, = 907" = m)
1—2sp-%
(A9

It is easy to verify these relations with the help
of the orthogonality conditions, and one recovers
the standard results in the limit of a;, = 0.

Expanding the field operator as v =
[d’p bl/p —I—dTVps) we arrive at

jg:m/m QW:wz\/ [b sulpss)e

b ol %] (AT)

3 One can check that these orthogonality conditions
guarantee the plane wave to be normalized under
the field expansion Eq. (A7), e.g., [d*zv), v, =
(P =)y,



where b, . and d;s should be interpreted as the
particle annihilation and antiparticle creation
operators, respectively, for Dirac neutrinos. For
Majorana neutrinos, the condition v = v°¢ will
force b, ; = d, , i.e., b, ; annihilates simultane-
ously the positive- and negative-frequency exci-
tations. Using the orthogonality conditions, the
canonical quantization rules of v(z) consistently

lead to

{bp/7sl7 b;;,S} = 53(p/ - p)és/s 5
{dP/ﬁ” d;f?ﬁ} = 53(1)/ - p)és/s .
The neutrino Hamiltonian with normal order-

ing can then be expanded as (e.g., for the Dirac
case)

H:/d?’pZE

(AS)

(0] b, +di d,,) . (A9)

D,S°D,S

Appendix B: Dirac neutrinos in a vector
background

The results for the vector background are more
straightforward. Given the EOM

(id — g,V —m)v = (B1)

the plane-wave spinor should satisfy

—m)] ulps) =0, (B2)
—m)]v(p,s) =0. (B3)

(P, — 9 V)"
[(=p, — 9y V. )"

This leads to the energy eigenvalues

E, = \/(p FoyV)2+m?Lg,V,, (B4)

where “£” in £, corresponds to the neutrino
(u) and the antineutrino (v), respectively. Note
again that these results do not apply to Majo-
rana neutrinos. Hence, in principle one can dis-
tinguish Majorana and Dirac neutrinos by the
experimental signature of the vector potential, if
one would know that the interaction is diagonal
in flavor.

The orthogonality conditions as well as the
completeness relations are consistently given by

s)o(p, s) = 2E6,,, ,

u'(p. s")u(p, s) = o' (p,
uT(_pa S/)'U(p, 8) = /UT<_p7 S/)U(p, S) =0 ) (B5)
u(p, $)ilp, ) = (F+ m) 3P
op. $)0(p.5) = (7~ m)* 5P (B0)

where the effect of the dark background is ab-
sorbed into E = /p? +m? = E, F g,/V, with
P =pTg,V,such that E*> — p? = m2. Here,
it is equivalent to replace p - X with v;8, where

$ = (|p|/m, Ep/m). These relations should be
used along with the expansion

Z/ 21 3/2\/7[6 u(p, s)e P+
+d

psv(p7 S)eip_-r} ) (B7)

or equivalently the form

9= [ oy

d3~ —ip-T
2m)32\ 9F [b su(p;s)e”

+d;sv(p, s)elp ﬂ e vV (B8)

Egs. (B5), (B6) and (B8) indicate that one may
think of all the relations with p = {E , P} sim-
ilar as those in the vacuum. The net impact
of the dark background is adding an overall
phase exp(—igy Vyt + g,V - &) to the neutrino
field. Since other fields (e.g., n, p and e) do
not feel this phase, it will enter into the factor
§4(- - -+ g,/V) which imposes energy momentum
conservation.

Ultimately, the Hamiltonian of neutrino field
is found to be

H:/d3pz (B b) b, + E_di d,,). (BI)



Appendix C: The beta-decay rate in the
dark sea

The amplitude for the transition of beta decays
is given by

Q
=

M = —245(p )y (1 — y5)v(p,)

xu(p')y,(gy —

= o

(C1)

ﬁl

gas)v(p)

where the higher order magnetic and pseu-
doscalar form factors of the nucleons are ne-
glected, and p, p/, p, and p, are the momenta of
tritium, helium, electron and neutrino, respec-
tively. Summing over the spins of particles other
than neutrino, we arrive at

GVl [, 4 (1 = 59

> IMP =

SSS

0D, 5,)0(p, 5,7 (1= %))
XTI (¢ + M), (3 — Ga%)

(# + M), (gv (C2)

- §A75)] ;

where for the unsummed spin bilinear of neutri-
nos v(p,,s,)v(p,,s,) under the impact of dark
potentials, Egs. (A6) and (B6) should be taken.

For the vector dark background, we are
ready to sum over the final neutrino spin, i.e.
> u(p,s)v(p,s) = p — m. But for the axial-
vector case, due to the split of energy levels
discussed in Appendix A, the integration over
phase space for two helicity states should be per-
formed separately. This introduces extra com-
plexity.

After the index contraction, the matrix ele-
ment for the outgoing neutrino with p, , in the

axial-vector background is

> M~ 16 GEVal* { By + 30) (0. - 1)
X (P pys) + Gy —30)° e D)@ - D)
+ (33 — g9 )M - M'(p, - p,.)
+ 25, MM’ [(3g% + 3%)E.|p, |
+ (&% — R)E, . pe - B,
— g,aoMM' [(37% + Gv)E.
+ 2s,(gv

—~)p. b, }- (C3)

With a vanishing a,, the result will be reduced
to the standard one, which is consistent with
Ref. [54]. The matrix element in the vector
background has a similar expression, but one
can sum over the neutrino helicity, leading to

> IMy = 32GEVal {9y + 32)%(pe - ¥)

x (p-p,)+ Gy — 32)° (e - 2) (0 - D)

+ (R - GIM- M, 5)}, (€
which is close to the standard results but with
p,, in vacuum replaced by p, = (E,,p,).

The final beta-decay rate without the sum of
neutrino helicity reads

po_ 1 / d*p'd®*p.d®p,
B 297T5M E/E€EV

xF(Z,E,)8" (p—p —p,

5> ImP

5,8",5,

D) (C5)

Note that the neutrino energy in the phase space
factor is different from the vacuum case, namely
E, for the vector background and F = E for
the axial-vector one, such that the normaliza-
tion and completeness relations of spinors can
appreciate the simple forms as in Egs. (A5),
(A6), (B5) and (B6). In principle, one can take
different normalization conventions, but the fi-
nal result is invariant. The neutrino energy
in the delta function should take the form in
Eq. (A4) or (B4).

The integration should be done in the rest
frame of the tritium, in accordance with the



frame picked out by the dark sea considering
the Earth is non-relativistic. After the trivial
integration over d®*p and decomposing d3p, =
|p.|*dp.d cosb,,d¢,,, we have

ev?

ro_ 1 /Ipe\2d1p6|d0089ey-d3py
B - 287T4M E/EeEV

1 2
X 5 Z |M| F(ZvEe)

x6(E—F —E,—E,). (C6)

Since dcosf,, = E'/(|p.|-|p,|)dE" and the neu-
trino favors no specific direction, the decay rate
is simplified to

ro_ 1! /dEe-lpyld!m
B 96,3 -
203 M E,

1
X i
2

> M) F(ZE). (CT)

s,8',5,

We are left with integrating over the neutrino
momentum in order to obtain the differential
spectrum with respect to the electron energy.
The integration limit can be obtained by requir-
ing that

E,(Ip,) + Ec(Ip.)) + E'(Ip, |, Ipc], cosb,,) = E,

and has a solution of |p, | for any —1 < cosf,, <
1 and m, < E, < EM>. This leads to Eq. (10)
for the vector case in the main text. For the
axial-vector case, we integrate the rate numer-
ically. It is worthwhile to remark that at the
maximal electron energy (i.e., minimal neutrino
energy) in the axial-vector case, |p| = 2sg,a,,
and the phase space factor in Eq. (C7) is not
vanishing as in the standard case. This gives rise
to a finite decay rate at the endpoint of electron
spectrum.

Appendix D: Some remarks on the ground
state in the dark sea

The formation of the background field typically
takes place on cosmological time scales, say 1
Gyr corresponding to ~ 1/(2x 10732 V), which
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FIG. 3. Upper panel: The evolution of neutrino en-
ergy as the dark potential gy, Vj (red curve) or g,a,
(blue curves) adiabatically increases. The neutrino
momentum is taken as p = 0.2 eV. Lower panel:
The dispersion relation with respect to p with g,V
(red curve) or g,a, (blue curves) being 0.2 eV. In
both panels, for the solid curves the neutrino mass
has been set to m = 0.05 eV, while for the dotted
blue one m =0 eV.

is significantly larger than the Compton fre-
quency of neutrinos, i.e., the inverse of mass
1/m, ~ 6.6 x107'° s for m, = 0.1 eV. The neu-
trino modes will therefore always stay in their
energy eigenstates during the adiabatic forma-
tion of the background field, meaning that the
eigenvalues of neutrino energy should change in
a continuous and smooth manner without tran-
sitions.

For the vector and axial-vector cases, let us
investigate in more detail how the energy of
a neutrino mode evolves when the background
field ¢,/ Vj or g,a, gradually changes from zero
to a certain value. Their dispersion relations for
the right-helicity antineutrino (corresponding to



77 in the massless limit) are recast as follows:

E(V>: p2+m2_gv‘/0,
E(a) = \/(p — g,a)* +m?,

where p > 0 represents the magnitude of neu-
trino momentum. As long as m # 0, these are
indeed smooth functions of the potential field.
To be specific, we take the neutrino mass as
m = 0.05 eV and set the neutrino momentum to
be p = 0.2 eV. Then let ¢,V and g,a, adiabat-
ically change from 0 eV to 1 eV. The evolution
of energy is shown in upper panel Fig. 3. In the
lower panel, we fix gV, and g,q, as 0.2 eV and
vary p.

For comparison, in both panels of Fig. 3 we
give the case of axial-vector potential with van-
ishing neutrino mass as dotted curves. Special
care should be taken when the neutrino mass is
vanishing, i.e., m = 0 in Eq. (D2). By taking
the derivative of Eq. (D2), we have

OF _a_E _ 9alo — P
9(94a0) O \/(p— g,a9)%+ m?

It is clear that as long as m # 0, the energy
E is a smooth function of a, and p. However,
when m = 0, the derivative becomes ill-defined
at p = g,a,. A smooth solution to the massless
case in the axial-vector potential should be

(D1)
(D2)

.(D3)

E(a) =p = gaty , (D4)

which becomes identical to the vector scenario
in Eq. (D1). This is exactly what we expect
when the neutrino mass is vanishing, for which
the difference of results between vector and
axial-vector scenarios is supposed to vanish.
The adiabatic evolution of the eigenstates of
neutrinos is schematically shown in Fig. 4 for the
vector and axial-vector cases, respectively. We
explain the figure quantitatively in what follows
and note that we have verified it by numerically
solving the Dirac equation. For the axial vector
case, there is an energy barrier set by the neu-
trino mass which keeps the neutrino state above
the zero-point energy, as g,a, adiabatically in-
creases. In the massless limit, such a barrier
does not exist, and the left-handed field shifts
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FIG. 4. An illustration of the evolution of the neu-
trino energy eigenstates, as the magnitude of dark
potential g,V < 0 (left panel) or g,a, < 0 (right
panel) is adiabatically increasing. The baseline of
E, = 0 is set by the brown line. The state with
an empty circle corresponds to the neutrino, while
that with the filled circle to the antineutrino. The
energy is split for the left-helicity (‘") and right-
helicity (‘r’) states in the axial-vector case. Neutri-
nos are not allowed to stay in the shaded region on
the right.

smoothly down as in the vector case. Because
only the left-handed neutrino field is responsi-
ble for the beta decays (left-helicity for neutrino
and right-helicity for antineutrino in Fig. 4), the
effects of axial-vector and vector dark potentials
on the beta-decay spectrum should be the same
for m, = 0.

For the axial-vector potential, the adiabatic
approximation will break down in the extremely
narrow parameter space 0 < m, < 10732 eV
(for which the background field changes faster
than the neutrino mass), and one may expect
the probability of tunneling crossing the mass
barrier (for the massless case without barrier,
the tunneling probability is equivalently one).
This is very similar to the matter effect of neu-
trino oscillations in varying matter profile [7].
On the resonance, when the adiabaticity param-
eter is large v > O(1), the neutrino will always
stay in one specific mass eigenstate. But for
v < O(1), transition occurs from one neutrino
mass eigenstate to another.

In Fig. 1 of the main text, in the limit of



m,, — 0, the result of the axial-vector case seems
unable to continuously transit to that of the vec-
tor one. This is not a surprise considering that
the cosmological time scale, one billion years
corresponding to 2 x 10732 eV, separates the
massless and sizable massive cases.

Appendix E: Convolution of the response
function and fit to KNM1 data

We assume T, as the only tritium source, and
only the final-state excitations of 3HeT™ need
to be considered. Given the accuracy of KA-
TRIN, we use the Gaussian-averaged final-state
distributions in Ref. [69]. The response func-
tion is dependent on the surplus energy £, —qU,
where qU is the applied electric potential. For
the fit of the first campaign of KATRIN, we
use the response function f, (K, — qU) given
in Fig. 2 of Ref. [46] for a column density
1.11 x 10'" molecules - cm~2. The ring-averaged
event rate as in Fig. 3 of Ref. [46] will be used as
the input of experimental measurements. The
key of the fit is to compare the observed event
rate with the theory prediction

dr’
Rth = ASNT / fres(Ke - qU)ﬁdKe + Rbkg )

where A, is the normalization factor, Ny is the
total tritium number, qU is the applied retard-
ing potential, and Ry, is the background rate.
The variables A, Ry, and m; are taken as free
parameters.
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For the present KATRIN sensitivity, the ma-
jor effects of the vector and axial-vector poten-
tials are to shift the endpoint energy E, of elec-
trons. Hence their effects are entirely ascribed
to the fit of £, at KATRIN. For this purpose,
we vary freely the vacuum neutrino mass over
m?, > 0. In the official fit of KATRIN, the
m?2 < 0 region is kept to account for data fluc-
tuations, but eventually it is removed by proper
statistical interpretations in obtaining the mass
limit. We adopt here a simplified approach with
the main interest being the minimized y?, whose
function for KNM1 is constructed as

i — 1%

2
\A(m2, By, A, Ruy,) — ( ) (E1)

O_éxp
where the uncertainty o, is taken from Fig. 3
of Ref. [46] for each retarding potential qU;.
Note that only the dominant statistical error
is taken into account. The effects of scalar
and pseudoscalar potentials are indistinguish-
able from neutrino mass. We hence assume the
vacuum neutrino mass to be vanishing and vary
other parameters £y, A; and Ry, freely.

We do not attempt to fit the KNM2 results
here, for which the statistical framework should
account for every detector ring and there is not
sufficient information to perform the fit our-
selves. As has been mentioned in the main text,
for KNM2 we take the existing results m2 =
0.2640.34 eV? and E, = 18573.69 £0.03 eV as
our direct inputs with approximations. In this
case, only a small part of the m? < 0 region

v
is included in the x? minimization procedure,

which should be tolerable.
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