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We propose a novel mechanism to generate sterile neutrinos v, in the early Universe, by converting
ordinary neutrinos v, in scattering processes vsvo — VsVs. After initial production by oscillations,
this leads to an exponential growth in the v; abundance. We show that such a production regime
naturally occurs for self-interacting v, and that this opens up significant new parameter space where
vs make up all of the observed dark matter. Our results provide strong motivation to further push
the sensitivity of X-ray line searches, and to improve on constraints from structure formation.

Introduction.— The existence of sterile neutrinos,
putative particles that are uncharged under the stan-
dard model (SM) gauge interactions, is extremely well
motivated. For example, such sterile states provide nat-
ural candidates [IH5] to explain the observed tiny nonzero
neutrino masses [0]. If one of the sterile neutrinos has a
mass in the keV range and is stable on cosmological time
scales, furthermore, it is an excellent candidate for the
dark matter (DM) in our Universe [7]. A smoking-gun
signal for this scenario would be an astrophysical X-ray
line, resulting from DM decaying into an active neutrino
and a photon [§]. Such X-ray signatures are very actively
being searched for, leading to ever more stringent limits
on how much sterile and active neutrinos can mix [9]
(while Refs. [10, 1] report a potential detection).

Sterile neutrinos can be produced by neutrino oscil-
lations in the early Universe, which is known as the
Dodelson-Widrow (DW) mechanism [I2]. However, the
region of parameter space where this mechanism pro-
duces an abundance of sterile neutrinos consistent with
the entirety of the observed DM is excluded [I3]. Alter-
native scenarios that remain viable include resonant pro-
duction in the presence of a large lepton asymmetry [14],
production by the decay of a scalar [I5H20], and DW
production modified by new self-interactions of the SM
neutrinos [21H24] or by interactions between the sterile
neutrinos and a significantly heavier scalar with efficient
number-changing interactions [25].

Recently, some of us proposed a novel DM produc-
tion mechanism [26] that is characterized by DM par-
ticles transforming heat bath particles into more DM,
thereby triggering an era of exponential growth of the
DM abundance (see also Ref. [27]). One possibility to
provide the necessary DM seed population for such a sce-
nario is through an initial freeze-in period, for example

via 2 — 4 processes due to the same operators as the ones
that drive the exponential production phase. In this ar-
ticle, we point out another fascinating realization of this
idea, where the initial seed density is generated through
oscillations like in the DW scenario, and where sterile
neutrinos vs can subsequently transform active neutri-
nos v, through the process vsv, — vsvs. We demon-
strate that such a scenario generically emerges when ster-
ile neutrinos feel the presence of a dark force, and that
this opens up significant portions of parameter space for
sterile neutrino DM that may be detectable with upcom-
ing experiments.

Model setup.— A necessary requirement to realize
DM production via exponential growth is (ov)y, >
(ov)s [26], where (ov)y is the thermally averaged in-
teraction rate for the transmission process, i.e. the con-
version of a heat bath particle to a DM particle, and
(ov)g is the corresponding quantity for the more tradi-
tional freeze-in process [28], where a pair of DM particles
is produced from the collision of heat bath particles. A
simple and generic way to realize this condition is a se-
cluded dark sector [29H32] where DM particles interact
among each other via some mediator ¢, while interact-
ing with the visible sector only through kinetic (or mass)
mixing by an angle 6. In that case, both processes domi-
nantly proceed via the s-channel exchange of ¢, resulting
in (o), o sin? @ and (ow)g o sin® §. We note that such
‘secret interactions’ of sterile neutrinos have been studied
in different cosmological contexts before [33H57].

Motivated by these general considerations, we concen-
trate in the following on a single sterile neutrino v, inter-
acting with a light scalar ¢, both singlets under the SM
gauge group. Assuming Majorana masses for v, and the
active neutrinos, v,, the relevant Lagrangian terms are
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FIG. 1. Relevant diagrams for (a) dark sector thermaliza-
tion, vsvs — ¢*— vsvs, (b) increasing the dark sector number
density after initial DW production, vsvs — ¢¢, and (c¢) ez-
ponential growth of DM, vsva — ¢*— vsvs. Since ¢ is (almost)
on-shell for (a) and (c), it is sufficient to include only the rates
for vsvs <> ¢ and vsv, — ¢. See text for further details.

given by
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where repeated indices o are summed over and v, (vs)
are left- (right-) handed spinors. We will concentrate on
the case of heavy mediators, mg > 2m,, for most of this
article, but later also briefly discuss phenomenological
consequences of lighter mediators. We do not include any
mediator self-interactions; concretely, we will assume a
scalar potential where number changing interactions like
3¢ <> 2¢ and 4¢ <> 2¢ can be neglected compared to the
Hubble expansion.

We further assume, for simplicity and concreteness,
that v, dominantly mixes only with the active neutrino
species v, and that m, > m,. Expressed in terms of
mass eigenstates, which for ease of notation we denote by
the same symbols as flavor eigenstates, the interactions
of the mediator then take the form

dzﬁ = %(b (COSZQEVS — sin(20) v + sinzﬁﬁyg) + h.c.

(1)
with sinf ~ m,s/ms; < 1. The unsuppressed couplings
among ¢ and v, turn out to be sufficiently strong to
equilibrate the dark sector during the new exponential
production phase that we consider below. On the other
hand, mass-mixing-induced interactions between v and
electroweak gauge bosons are suppressed by the Fermi
constant, G, and will only be relevant in setting the
initial sterile neutrino abundance.

FEvolution of vs number density.— For an initially
vanishing abundance, in particular, the interactions in
Eq. only allow freeze-in production of vs,. While
the corresponding rate scales as o sin? 0, active-sterile
neutrino oscillations at temperatures above and around
Agep ~ 150MeV, in combination with neutral and
charged current interactions with the SM plasma, lead
to a production rate scaling as o sin?(26) [12]. Adopting
results from Ref. [58], we use the v; number density, ns,
and energy density, ps ~ (p)ns, that result from this DW
mechanism. Once DW production is completed, and in
the absence of dark sector interactions, the expansion of
the Universe will decrease these quantities as ng oc ™3
and p, o< a~%, respectively, where a is the scale factor.

| ms | mg | sin’(20) | Y
BP1{|12keV|36keV|2.5 x 10713[1.905 x 10~
BP2||20keV|60keV 3.0 x 10715(1.602 x 1073

TABLE 1. Parameter values for the two benchmark points
considered in Fig. 2]

Some time later, various decay and scattering processes
(cf. Fig. [1)) become relevant due to the new interactions
appearing in Eq. and, for the parameter space we are
interested in here, eventually thermalize the dark sec-
tor via the (inverse) decays vsvs <> ¢. From that point
on, the phase-space densities of v, and ¢ follow Fermi-
Dirac and Bose-Einstein distributions, respectively, that
are described by a common dark-sector temperature Ty
as well as chemical potentials ps and pe. Similar to the
situation of freeze-out in a dark sector [59], the evolution
of these quantities is determined by a set of Boltzmann
equations for the number densities ns, and total dark
sector energy density p = pg + ps:

ns +3Hns =Cy,, (2)
ng +3Hng = Ch, , (3)
b 3H(p 4 P) =, (4)

where H = a/a is the Hubble rate, P = P, + P, is
the total dark sector pressure, and C; are the various
collision operators (see Appendix for details). With ¢ <
vsVs in equilibrium, the chemical potentials are related
by 24, = 14, allowing us to replace the first two of the
above equations with a single differential equation for
n = ns + 2nes. Noting that p o« a™* and 7 x a3,
both right before and after ¢ <+ v v starts to dominate
over the Hubble rate, the initial conditions to the coupled
differential equations for 72 and p can then be determined
at the end of DW production.

In order to illustrate the subsequent evolution of the
system, let us consider two concrete benchmark points,
cf. Tab. [[} for which the sterile neutrinos obtain a relic
density that matches the observed DM abundance of
QOpwmh? ~ 0.12 [60], with a mixing angle too small to
achieve this with standard DW production. As demon-
strated in Fig. with solid (dashed) lines for BPI
(BP2), this leads to qualitatively different behaviors:

BP1 Here the only additional process (beyond ¢ <>
vsvs) where the rate becomes comparable to H,
at my/T, ~ 0.2 with T, the active neutrino tem-
perature, is v, — ¢ (left panel, blue). This trig-
gers exponential growth in the abundance for both
vs and ¢ (right panel, green and orange) through
VsV — @* — Vg, with ¢ being (almost) on shell,
cf. Fig. [1] (¢). Once T, < my the transmission
process becomes inefficient and the final v, abun-
dance is obtained. Afterwards, since both ¢ and
Vs are non-relativistic, the dark sector temperature



1078 prreee

oy
o)
E 4

10—10
10—12
10—14

10—16

Dark

Thermalization +

Rate [keV

1020
1072
10—24

10726
PO — VsV

—_
(=)
|
—
%
B e e e B s e R A A B R I A R B

oo ol vl Lo vl vl vl o sl ol ol sl vl ol o o o o Gl

TP RPN ST, L. SV ST P
102 107t 100 10t
mg/T,

10-28 Bt il
0 1074 1073

Dark
Thermalization 3

B m e R e R e

FIG. 2. Cosmological evolution for the benchmark points BPI (solid lines) and BP2 (dashed lines) specified in Tab. [l as
function of the inverse active neutrino temperature. Left: Comparison of Hubble rate H (red) with the contribution of the
indicated processes to |Ch,|/ns (blue lines), see Appendix for details. Right: Corresponding evolution of v, (green) and ¢
(orange) abundances, and temperature ratio (black, bottom panel). The dash-dotted gray line indicates the observed DM

abundance [60].

decreases with Ty o a~2 both before and after ki-
netic decoupling (right panel, black).

BP2 In this case the larger coupling y (needed to com-
pensate for the smaller 0) leads to another process
impacting the evolution of the system: at mg/T, ~
0.01, the rate for vsvs — ¢¢ (left panel, cyan, and
Fig. |1 (b) starts to be comparable to H. As ¢ pre-
dominantly decays into vsvs (left panel, blue), this
effectively transforms kinetic energy to rest mass by
turning 2v, to 4vs — very similar to the reproductive
freeze-in mechanism described by Refs. |25}, [61], 62].
As expected, this leads to a significant drop in the
temperature Ty (right panel, black). This process
becomes inefficient for Ty < my, due to the Boltz-
mann suppression of ¢. Subsequently, the rate for
vsVo — ¢ (left panel, red) becomes comparable to
H, leading to a phase of exponential growth in the
same way as for BP1.

Observational constraints.— Due to the mixing with
active neutrinos, v, is not completely stable and subject
to the same decays as in the standard scenario for keV-
mass sterile neutrino DM. The strongest constraints on
these decays come from a variety of X-ray line searches.
We take the compilation of limits from Ref. [9], but
only consider the overall envelope of constraints from
Refs. [63H68]. Furthermore, we consider projections for
eROSITA [69], Athena [70], and eXTP [71].

Observations of the Lyman-« forest using light from
distant quasars place stringent limits on a potential

cutoff in the matter-power spectrum at small scales,
where the scale of this cutoff is related to the time
of kinetic decoupling, txq. In our scenario, this is de-
termined by DM self-interactions and we estimate tiq
from Hny, = Cyp. .0, [[2], where the collision term
Cy.v.—v.v. 18 stated in the Appendix. A full evaluation
of Lyman-« limits would require evolving cosmological
perturbations into the non-linear regime, which is be-
yond the scope of this work. Instead, we recast existing
limits on the two main mechanisms that generate such
a cutoff. At times t < tiq, DM self-scatterings prevent
overdensities to grow on scales below the sound horizon
ry = fotkd dt cs/a, where ¢ = \/dP/dp is the speed of
sound in the dark sector [73]. We use the results from
Ref. [74] for cold DM in kinetic equilibrium with dark ra-
diation (with ¢; = 1/v/3) to recast the current Lyman-a
constraint on the mass of a warm DM (WDM) thermal
relic mwpm > 1.9keV [75] to the bound ry < 0.34 Mpe.
Overdensities are also washed out by the free streaming
of DM after decoupling. We evaluate the free-streaming
length as A\, = [, dt (v)/a, where (v) = (p/E) is the
thermally averaged DM velocity and we integrate up to
times ¢, where structure formation becomes relevant at
redshifts of roughly z ~ 50. We translate the WDM con-
straint of mwpwm > 1.9keV to Mg < 0.24 Mpc, which we
will apply in the following to our scenario. We note that
the WDM bounds from Ref. [76] are based on marginal-
izing over different reionization histories. Fixed reion-
ization models tend to produce less conservative con-
straints, which however illustrate the future potential
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FIG. 3. Available parameter space in the sin®(26) —m plane,
for mg = 3ms. The Yukawa coupling y (green lines) is chosen
such that the correct DM relic abundance is achieved every-
where below the DW line. Present and projected bounds from
X-rays (filled gray and black lines), Lyman-« (orange), and
DM self-interactions (violet) are evaluated as described in the
text. The two benchmark points BP! and BP2 from Tab. [}
see also Fig. [2] are indicated as red stars.

of Lyman-a probes once systematic errors are further
reduced (mwpm > 5.3keV [70], e.g., corresponds to
rs < 0.09Mpc and g < 0.07 Mpc, respectively).

DM self-interactions are also constrained by a variety
of astrophysical observations at late times [77]. We adopt
or/ms < 1em?/g as a rather conservative limit, where
or is the momentum transfer cross-section as defined in
Ref. [78]. Far away from the s-channel resonance, we find
or/ms =~ y4ms/(4ﬂ'm;ﬁ) + O(v?), largely independent of
the DM velocity v. For such cross sections cluster obser-
vations [79, [80], or the combination of halo surface den-
sities over a large mass range [81], can be (at least) one
order of magnitude more competitive than our reference
limit of o7/ms < 1cm?/g.

Viable parameter space for sterile neutrino DM.— In
Fig. [3] we show a slice of the overall available parameter
space for our setup in the sin?(26) —m, plane, for a fixed
mediator to DM mass ratio of my/m, = 3. For every
point in parameter space, the dark sector Yukawa cou-
pling y is chosen such that the sterile neutrinos v, make
up all of DM after the era of exponential growth. In
the yellow region, DW production can give the correct
relic abundance, including QCD and lepton flavor un-
certainties [58]; the dashed gray line corresponds to the
central prediction, which is the basis for our choice of ini-
tial conditions for number and energy densities of vs. In
the blue region DM will be overproduced, Q,h% > 0.12,

while the filled regions are excluded by bounds from X-
rays (gray), Lyman-« (orange), and DM self-interactions
(violet). The white region corresponds to the presently
allowed parameter space.

It is worth noting that, unlike in standard freeze-out
scenarios [82], later kinetic decoupling implies a shorter
free-streaming length in our case because the dark sector
temperature scales as Ty o< T2 already before that point.
At the same time, the sound horizon increases for later
kinetic decoupling. The shape of the Lyman-« exclusion
lines reflects this, as kinetic decoupling occurs later for
larger values of y.

In Fig. 3] we also show the projected sensitivities of
the future X-ray experiments eROSITA [69], Athena [70],
and eXTP [71I], which will probe smaller values of
sin?(20). Similarly, observables related to structure for-
mation will likely result in improved future bounds, or
in fact reveal anomalies that are not easily reconcil-
able with a standard non-interacting cold DM scenario.
While the precise reach is less clear here, we indicate
with dashed orange and violet lines, respectively, the im-
pact of choosing Ag < 0.12Mpe, s < 0.15Mpc, and
or/m < 0.1cm?/g rather than the corresponding lim-
its described further up. Overall, prospects to probe a
sizable region of the presently allowed parameter space
appear very promising.

Discussion.— While an X-ray line would be the
cleanest signature to claim DM discovery of the scenario
suggested here, let us briefly mention other possible di-
rections. For example, the power-spectrum of DM den-
sity perturbations at small, but only mildly non-linear,
scales may be affected in a way that could be discrimi-
nated from alternative DM production scenarios by 21 cm
and high-z Lyman-« observations [83H86]. Another pos-
sibility would be to search for a suppression of intense
astrophysical neutrino fluxes due to ¢ production on v,
DM at rest. We leave an investigation of these interesting
avenues for future work.

We stress that the parameter space is larger than the
me/ms = 3 slice shown in Fig. Larger mass ratios,
in particular, have the effect of tightening (weakening)
bounds on Ag (rg), because kinetic decoupling happens
earlier, and weakening self-interaction constraints; this
moves the viable parameter space shown in Fig. [§] to
smaller mixing angles and allows for a larger range of mg
(cf. Fig. |p| in the Appendix). Changing the interaction
structure in the dark sector, e.g. by charging the sterile
neutrinos under a gauge symmetry, is a further route for
model building that will not qualitatively change the new
production scenario suggested here.

For completeness, we finally mention that smaller me-
diator masses are yet another, though qualitatively differ-
ent, route worthwhile to explore. For m, < mg < 2my
the mediator would no longer be dominantly produced
on-shell in transmission processes, such that the cross
section for transmission, vsv, — VsVs, scales as y4 rather



than 32 and larger Yukawa couplings are needed in or-
der to obtain the correct relic density. This, in turn,
implies that it may only be possible to satisfy the cor-
respondingly tighter self-interaction and Lyman-a con-
straints by adding a scalar potential for ¢ (because ad-
ditional number-changing interactions would potentially
allow an increase in the v, abundance, similar to what
happens for the dashed green curve in Fig. [2] right
panel, at ms/T, ~ 0.02). For even lighter mediators,
mg < Mg, extremely small Yukawa couplings or mixing
angles would be required to prevent DM from decaying
too early through vs — v,¢ (while the decay vs — 3vq,
present also in the scenario we focus on here, is automat-
ically strongly suppressed as I' oc y* sin®6).

Conclusions.—  Sterile neutrinos constitute an excel-
lent DM candidate. However, X-ray observations rule
out the possibility that these particles, in their simplest
realization, could make up all of the observed DM. On
the other hand, there has been a recent shift in focus
in general DM theory, towards the possibility that DM
may not just be a single, (almost) non-interacting par-
ticle. Indeed, it is perfectly conceivable that DM could
belong to a more complex, secluded dark sector with its
own interactions and, possibly, further particles.

By combining these ideas in the most economic way, a
sterile neutrino coupled to a single additional dark sec-
tor degree of freedom allows for a qualitatively new DM
production mechanism and thereby opens up ample pa-
rameter space where sterile neutrinos could still explain
the entirety of DM. Excitingly, much of this parameter
space is testable in the foreseeable future. In particular,
our results provide a strong motivation for further push-
ing the sensitivity of X-ray line searches, beyond what
would be expected from standard DW production.
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APPENDIX

In this Appendix, we complement the discussion in the
main text, and provide additional technical information.

Chemical potentials.— In the main text, in Fig. 2]
we showed and discussed the evolution of the dark sector
temperature and number densities for the two benchmark
points specified in Tab. [l Here we complement in partic-
ular the discussion of the number densities by directly
showing, in Fig. [4 the evolution of the chemical poten-
tials ps and pg for these benchmark points. In both cases,
DW production leads to an abundance of sterile neutrinos
with average momentum of the same order of magnitude
as the SM temperature at the time of production, but a
highly suppressed number density compared to the SM
density. This leads to a large negative chemical poten-
tial ps = pe/2 < —Tqy after thermalization in the dark
sector. For BP1 (solid lines) this only changes when the
exponential growth of the dark-sector abundance starts.

For BP2 (dashed lines) the process vsvs — ¢¢ be-
comes important around ms/T,, ~ 0.01, which increases
the abundance by effectively converting 2vy — 4v, (see
main text). This transformation of kinetic energy to rest
mass decreases the temperature and very efficiently in-
creases the chemical potential. If equilibrium with the
inverse reaction ¢¢ — vsvs was to be established (enforc-
ing p14 = ps) this would eventually result in a vanishing
chemical potential (since py = 2us is still enforced by
vsvs <> ¢¢). This point is never quite reached for BP2,
however, because ¢ becomes Boltzmann suppressed due
to Tq < mg before that could happen.

— BPI
| === BP2
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FIG. 4. Evolution of the chemical potentials ps and ¢ for the
benchmark points BP1 (solid lines) and BP2 (dashed lines)
discussed in the main text.
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FIG. 5. Same as Fig. [J]in the main text, but for my = 5m.

Other mass ratios.— In the main text, we already
discussed the general impact of changing the mass ratio
of mg/ms = 3 that we chose for defining our bench-
mark points, as well as for illustrating the newly opened
parameter space for sterile neutrino DM in Fig. In
Fig. [5] we further complement this discussion by explic-
itly showing the situation for mg/ms = 5. We note that,
apart from the general strengthening or weakening of con-
straints discussed in the main text, the Lyman-a forest
constraint on the sound horizon first becomes stronger
when increasing from very small mixing angles, against
what would be expected from a later kinetic decoupling
due to a larger Yukawa y. This feature can be explained
by the fact that at larger y also the process v v, — ¢¢ is
more important, which can decrease Ty (after the decays
of ¢) and thereby lower the speed of sound.

Collision operators.— Here, we provide explicit ex-
pressions for the types of collision operators that we used
in our analysis. As discussed in the main text, we can
restrict ourselves to 1 — 2, 2 — 1, and 2 — 2 interac-
tions. We always state the collision operators C,, for the
number density of some particle x € {vs, ¢} from a given
reaction, assuming that y appears only once in the initial
state (for an appearance in the final state the expressions
need to be multiplied by —1). Multiple occurences can
be treated by summation over the corresponding expres-
sions, and the total collision operator is given by the sum
over all possible processes. We do not state explicitly the
collision operators C), for the energy density; these can
be obtained in the same way as the C),, after multiplying
the integrand with the energy E, of x.

We assume CP-conservation for all reactions and de-
note particles by numbers ¢ € {1,2,3,4} (x being one

of the particles i), four-momenta by p;, three-momenta
by p;, absolute values of three-momenta by p;, and ener-
gies by E; = \/m? + p?, where m; is the particle’s mass.
The matrix elements in our expressions are summed over
the initial- and final-state spin degrees of freedom. As
the dark sector is in general not non-relativistic (or satis-
fies p < —Tq), we fully keep spin-statistical factors and
the complete Fermi-Dirac or Bose-Einstein distributions
everywhere. This is particularly important for scenar-
ios where the reaction vsvs — @¢ is relevant (roughly
y 2> 4 x107% in Fig.|3| cf. dashed lines in Fig.[2) and can
lead to a change in the final sterile-neutrino abundance
by more than two orders of magnitude compared to a
simplified treatment assuming Boltzmann distributions
and no Pauli blocking or Bose enhancementﬂ

Starting with inverse decays, 12 — 3, the collision op-
erator for the number density takes the form

Chni12-3 _ / d®p d®py d®ps (27)"*
(27)32E, (27)32E, (27)°2F,
X 5(121 +p2 — p3) frfo(l £ f3)|[Mia_s3]?

= / dF, / dEs
271' Ro

R12—3

X fifa(L % f3)|my=py 4 B. [Mia—3)?, (5)
Ry ={Ey>mg | Ey_ < Ey <Ey.}, (6)
1
Ey+ = m (El [m3 — m3 — mj] (7)

j:pl\/m§+ (m?2—

where the symmetry factor k12,3 = 1/2 if particles 1
and 2 are identical and k15,3 = 1 if not, and the phase-
space distribution functions are denoted by the f; (with
+ denoting Bose enhancement/Pauli suppression if 3 is
a boson/fermion, analogously for other particles hence-
forth). Similarly, for the reverse reaction 3 — 12, we
find

Ch 1 *°
,3—12 _ . / dE1 / dE3
K312 4(2m)3 . Rs
X f3(L£ f2) (L £ fi)lBo=pr+ B2 [ Mizss? . (8)

Turning to 2-to-2 reactions, with particle identifica-
tions 12 — 34, the collision operator for the number den-
sity is given by

Ch12-34 _ / d3py d3ps d®ps d®py

(27)32E; (2m)32E, (27)32F5 (27)32E,

x (2m)*6(p1 + p2 — p3 — pa)
X fifa(L£ f3)(1 £ fa)|Mizozal?, (9)

m3)? — 2m§(m?+m5)> ;

R12—34

1 Due to the exponential dependence on y, this however only
changes the required value of y for the correct DM abundance
by a few percent.



with the symmetry factor k12,34 being 1 if neither the
initial-state nor the final-state particles are identical, 1/2
if either the initial-state or the final-state particles are
identical, and 1/4 if the initial-state and the final-state
particles are identical. We follow a similar approach as
discussed in Ref. [87] for the Boltzmann equation at the
phase-space level. After integrating over p4 using the
spatial part of the J-distribution, we can write the 3-
momenta in spherical coordinates as

P1 =D (Oa 07 1)T ) (10)
p2 = p2(sin 3,0, cos B)T (11)
p3 = p3(sin @ cos ¢, sin O sin ¢, cos H) 7, (12)

where —1 < cos<1,0< ¢ < 27w, and —1 < cosf < 1,
and hence
p: = (P1+Pp2—ps)’
=P} +p5 + P53 + 2p1pa cos f — 2pip3 cos b

— 2paps(cos B cosf + sin Ssin 6 cos @) . (13)
Since the ¢-dependence of the entire integrand is only
through cos ¢, we can simply multiply by 2 and restrict
the integration to 0 < ¢ < 7. In particular, the matrix
element only depends on the Mandelstam variables

s =m7 +mj + 2E1 By — 2pipa cos 3, (14)

t =m? +m3 —2E,F3 + 2p1p3 cosf . (15)

As a result, we can write the remaining §-distribution as

O(Ey + B2 — E3 — Eslp,=p, +p2—ps) =

Evt By~ By 5(cos¢
paps3 sin fsinfy/1 — cos? ¢
1

2 2 2 2
——————[mi+m5+m5 —m
2paps3 s1nﬂsmt9[ ! 2 3 4

+ 2(E1Ey — E1E3 — EsEj)

— 2p1p2 o8 3 + 2p1p3 cos B + 2pops cos [ cos 9]) . (16)

The integration over cosf gets restricted to cosf € Ry
with Rg = {—1<cosf <1]|cp+ <cosb <cg_} and

—b+ Vb2 — dac

Co+ = 2, (17)
a = —4p§[(E1 + E2)2 - S] 3 (18)
2
b= %[s — 2B1(Ey + o) +mi —m3)]
1
X [s — 2E3(Ey + Ey) +m3 —m3], (19)
¢ = —[2B5(Ey + Ey) —mj +mj — s’
2
— p—g(s — 512, )(5 — 5124 ), (20)
V51

S12/34,£ = M3 3 +m3 4 +2B1 /34 + 2p1j3pays, (21)

7

with By = E1+E>—FE3 and py = \/E? — m3. Performing
the integration over ¢ we thus obtain

d3p3 d3p4 4
/ (2m)32E5 (27)32E, (2m)"0(p1 + p2 — p3 — pa)
X (1:|:f3)(1if4)|M12_>34‘2 (22)
RN .
—(2m)2 /0 dngS (1 £ f3)(1 £ f4)0(b" — 4ac)
dcos@
X cos |M12—>34\2, (23)

Ry Vacos2 0 +bcosf + c
where we used 2popzsinfsinfy/1— cos? ¢ =

Vacos20 +bcosf + ¢ and introduced a factor of
0(b* — 4ac) to ensure that cy 4 is real. After variable
transformation from cosf8 to s, cf. Eq. , we thus
finally arrive at

Kia—34 [ OC
Chi2-34 = / dEl/ dE>
- 4(271')6 my max(ma,m3+ms—FE1)

Ei1+E;—my
« / ABs psfi fo(1 £ f3)(1 £ fa)

m3

/ dcos@

X ds

R, Ry Vacos2 +bcosh + c
where Ry = {s € R | max(siz—,s34-) < s <
min(sio 4,834,+)r and the integration over cosf can

equally well be rewritten as over ¢, cf. Eq . We can
also rearrange the integration order to

C 1 34 = 12 / dS/ dEl / dE / dEg
n,12— 1(27)6 2
( 7 ) s my Ro R3

min

|IMiazal?, (24)

x p3fifa(1£ f3)(1 £ fa)
dcost
X M 2
/Rg \/acos20—|—bcosg+c| 1234
(25)
where
Smin = max([m1 + TTL2]2, [m3 + TTL4]2) s (26)
Ry ={Ey>my | Es_ < Ey .}, (27)
Ry ={FE3>mg | E3_ < FE3_}, (28)
1
EQ,j: = TWL% <E1 [S — m% — mg]
£ pyy 57 + (m? — m3)? — 2s(m? + m%)) - (29)
1
Esx =5 <[E1 + BEy)[s +m3 —mi] £ /(B + E2)? — s

+ \/82 + (m3 —m3)? — 2s(m3 + mﬁ)) . (30)

For the matrix elements of interest in this work, see
below, the integration over cosf can be performed



2

. . . 2
analytically after a variable transformation to z = My — My 2
—2arcsin(y/(co,— — cos6)/(co,— — cg,+)). The remaining Torvave = 16wm3 [Movar, |"O(mg —ms) (33)
four integrals we evaluate numerically, using Monte-Carlo N9
. . . 1 2 .. 92 2 (m¢ - ms)
methods with importance sampling. = —y°sin” 0 cos” ) ———=——0O(mgy —m,),
Matriz elements.— For completeness, we finally pro- 8 Mg
vide a full list of all matrix elements that are relevant for
our scenario (summed over the spin degrees of freedom
of all initial- and final-state particles). Note that we can
safely assume C'P-conservation for these. We start with
. (m2 — 4m?2)1/?
the decay width T _ e s M 20 9
p—vsvs — 3271_m§> | P—vsvg (m¢ - ms)
Ls =Tgsvove + Tosvav. + o, (31) 1 (mQ _ 4m2)3/2
: o . : = —yPcostd 2" O(my — 2m,).
of the mediator ¢, implicitly defining the matrix elements 8T mg
via the partial widths (34)
1 2 L oo a
Poposvara = B) (Moosvava|” = =y~ sin"0my, (32) . .
32mmg 8m We note that, typically, I'y ~T'y_,, ., assinf < 1.
J
Turning to 2 — 2 processes, we find
s+ 2t —2m2 —2m2)(—m* —m?* —m,(2m2 — s — 2t) + 2m2t —t(s+ ¢
Mool = 29 cost il i il b AR L LV

(t =m3)?(u —m3)?

for the matrix element of vsvs — ¢¢, and for v1ve — v3vy — with 1, 2, 3, and 4 being s or & — we have

((m1 +mg)? = 5)((m3 + m4)* — 5)

((m1 +m3)* — t)((ma + my)* — 1)

M - |2 = 4?32
viveTvst (s =m3)? +m3l

((m1 +ma)? — u)((mg + m3)* —u)

(t —m32)? +m3I;

(s =m3)(t —m2) +miT7

+ —
(u—m3)? +mil7

(= m2)+m2r2][( -

m2 4 T

x [m3my + m2my(mo + ms + my) + moms(ma + (ma + ms)(ms + mya)) — ma(ma + my)s — (ma(ms +my) + s)t

+ ma(m2ms + my(ma(ms +my) — s) + ma((mz +mag)? — 5) — (m3 + my)t)]

(s— mi)(u - mi) + mifi

— [m%mg + m?mg(mg +mg +my) + m2m4(m§ + (ma + my)(ms + my))

(s — m2)? + m202[(u— m2)? + m27]

— (ma + mg)mas — (ma(ms3 + my) + s)u

+ my(m2my + ma(ms(ms + my) — s) + ma((ms + myg)? — ) — (m3 + mag)u)|

B (t =m3)(u—m3) +miT5 m
[(t — mi)Q + mifi][(u — mi)2 + mil‘i]

3

— m4(m2 + mg)t — (mg(mg + m4) + t)u

+ ml(m‘;’ + m%(mg + myq) + mama(ms + my) — mat + ma2(2mamy — t — u) — myu))

Here the Mandelstam variables s, t, and u follow the stan-
dard definition, and §% = y*cos® # for elastic scattering
VeVs — Vsis, G2 = y* cos? @sin? 0 for the transformation
process Vsvo — Vsls, and §% = y* cos* @sin® 0 for freeze-
in vave — vsvs (which can generally be neglected).

In the main text, we have stressed that dark-sector
thermalization and the phase of exponential growth are

3y + mima(ma 4+ ms 4+ my) + mama(m? + (ma + ms3)(ms + my))

(36)

(

mostly due to the 3-body interactions vsvs <+ ¢ and
vsvq — ¢. These scale as y? and are equal to the on-shell
contribution to the s-channel part of 19 — v3vy, cf. the
first term in Eq. . From the full expression of the ma-
trix element, see also Fig. [1] it is however evident that
there are also contributions from ¢/u-channel diagrams,
as well as s-channel contributions with an off-shell medi-



ator. The processes vs;vys — vsvs and vsv, — VsVs thus
have interaction rates scaling as y* far away from the
s-channel resonance. Since vgv, — ¢ is at most barely
larger than the Hubble rate (cf. left panel of Fig. , the
additional suppression by y? causes the off-shell contri-
bution to vsv, — vsvs to be negligible.

As also discussed in the main text, it is sufficient to
solve the Boltzmann equations for 7 = ny + 2n, and
p = ps + pg since v vs <+ ¢ thermalizes the dark sector.
Self-scatterings vsvs <+ vsvs do not change number or
energy density, i.e. their contribution to the correspond-
ing collision operators is zero. Similarly, vsvs <> ¢ does
not change n or p and does not need to be calculated
for the evolution. Note however that the full process
vsVs — Vgl is relevant for kinetic decoupling, which can
occur after ¢ becomes highly Boltzmann suppressed at
Ty < M-
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