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Abstract The neutrino fast flavor instability (FFI) can change neutrino flavor on
time scales of nanoseconds and length scales of centimeters. It is expected to be
ubiquitous in core-collapse supernovae and neutron star mergers, potentially modi-
fying the neutrino signal we see, how matter is ejected from these explosions, and
the types of heavy elements that form in the ejecta and enrich the universe. There
has been a great deal of recent interest in understanding the role the FFI plays in
supernovae and mergers, but the short length and time scales and the strong non-
linearity have prevented the FFI from being included consistently in these models.
We review the theoretical nature of the FFI starting with the quantum kinetic equa-
tions, where the instability exists in neutron star mergers and supernovae, and how
the instability behaves after saturation in simplified simulations. We review the pro-
posed methods to test for instability in moment-based calculations where the full
distribution is not available and describe the numerical methods used to simulate
the instability directly. Finally, we close by outlining the trajectory toward realistic,
self-consistent models that will allow a more complete understanding of the impact
of the FFI in supernovae and mergers.
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Introduction

Core-collapse supernovae (CCSNe) and neutron star mergers (NSMs) are the only
sites in the universe after the big bang where neutrinos are generated at sufficiently
high densities that they are not only temporarily trapped by dense matter, but they
interact and scatter with themselves in a way that drives a rich variety of strongly
nonlinear effects. Prior to the start of the millenium, it was widely believed that
the major channel of flavor conversions in a CCSN was due to resonant flavor
conversions caused by the Mikheyev-Smirnov-Wolfenstein (MSW) effect (Wolfen-
stein, 1978; Mikheyev and Smirnov, 1989; Dighe and Smirnov, 2000). However,
this picture neglects the effect of the neutrino self-interactions, which was shown
to be absolutely crucial for neutrino flavor evolution in a dense media (Kostelecký
and Samuel, 1995; Samuel, 1996; Duan et al., 2006a,b,c). These self-interactions
manifest as a forward-scattering potential ∝

√
2GF nν for a background neutrino

density nν (Pantaleone, 1992). Neutral current interactions between neutrinos of
different flavors, being flavor-blind, cause this forward-scattering potential to have
off-diagonal components as well (Duan et al., 2006a). As a result, a dense ensemble
of neutrinos undergo collective flavor transformation, exhibiting a rich phenomenol-
ogy.

Until the middle of the last decade, it was widely believed that these collective
oscillations would lead to bipolar flavor conversions growing with a rate, roughly
proportional to

√
(∆m2)nν , where ∆m2 is the neutrino mass splitting. Simple toy

model analyses predicted these flavor conversions to take place close to the stalled
shockwave at a radius of O(200)km, thereby hinting at their possible role in aid-
ing a shockwave-driven explosion. While most of the initial numerical studies were
performed using a single-angle approximation, where neutrinos of all flavors were
emitted with the same angle from a certain neutrinosphere, later studies showed
that relaxing these approximations can lead to flavor synchronization, bipolar oscil-
lations, spectral splits, and other instabilities, though at radii to large to affect the
CCSN explosion mechanism (Fogli et al., 2007; Esteban-Pretel et al., 2008; Sawyer,
2009; Chakraborty et al., 2011; Duan and Friedland, 2011; Dasgupta et al., 2012).
We are still far from having a complete analytic picture of collective oscillations,
but one can get an understanding of the onset of these instabilities using a linearized
stability analysis (Banerjee et al., 2011; Raffelt et al., 2013; Chakraborty et al.,
2016a).

More recently, the different directional structures of neutrino distributions of dif-
ferent flavors has been recognized to cause an entirely different ”fast” flavor insta-
bility (FFI), the subject of this review, that can occur in deep regions of CCSNe
and NSMs not accessible to other flavor transformation mechanisms. Small pertur-
bations can grow with a rate proportional to nν (Sawyer, 2005) and can occur even
for massless neutrinos, thereby being independent of the neutrino masses and mass
hierarchy. These results were further confirmed in Sawyer (2009), although they
were derived using discretized neutrino angular distributions, which can give rise to
spurious instabilities (Sarikas et al., 2012a). The FFI was further substantiated by
Sawyer (2016) by employing larger number of angular modes, in Chakraborty et al.
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(2016b) using simple toy models, and in Dasgupta et al. (2017) realistic SN neutrino
spectra. Since then, the FFI has inspired a great deal of work in order to understand
the instability from an analytic point of view, simulate its nonlinear nature, discover
where it is realized in nature, and determine its effects in astrophysical explosions.

This one of several recent reviews in the area of collective neutrino flavor trans-
formations. Duan et al. (2010) reviews slow collective neutrino oscillation simu-
lations and implications for supernovae. Bellini et al. (2014) reviews neutrino os-
cillations applied to neutrino detectors, while Mirizzi et al. (2016); Horiuchi and
Kneller (2018) additionally review how detections of neutrinos from a supernova
might inform astrophysics and fundamental physics. Tamborra and Shalgar (2021)
review a few phenomena associated with the FFI and Capozzi and Saviano (2022)
review much of the recent work on the FFI and anticipated effects in CCSNe and
NSMs. In this short review, we attempt a comprehensive overview of only recent
developments related to the FFI, both on the numerical and analytical fronts, paying
special attention to the methods used to find where the FFI occurs in nature and
to probe the nature of the FFI once it takes hold. We do not discuss many-body
effects (Pehlivan et al., 2011; Cervia et al., 2019; Rrapaj, 2020; Xiong, 2022; Rog-
gero, 2021a; Patwardhan et al., 2021; Roggero, 2021b; Martin et al., 2022; Roggero
et al., 2022), the exciting possibility of simulating neutrinos with quantum com-
puters (Hall et al., 2021; Yeter-Aydeniz et al., 2022; Molewski and Jones, 2022;
Argüelles and Jones, 2019), non-standard interactions (Esteban-Pretel et al., 2007;
Blennow et al., 2008; Das et al., 2017; Dighe and Sen, 2018), helicity coherence
and sterile neutrinos (Volpe et al., 2013; Väänänen and Volpe, 2013; Serreau and
Volpe, 2014; Kartavtsev et al., 2015; Chatelain and Volpe, 2017), or wave packet
separation (Giunti, 2004; Akhmedov et al., 2017; Chatelain and Volpe, 2020). We
hope this document helps to collect and structure work from the rapidly evolving
field of neutrino fast flavor transformations, which bears relevance in so many areas
of fundamental physics and astrophysics.

Quantum Kinetic Equations

A mean-field treatment of neutrino flavor conversions may be modeled using the oc-
cupation number matrix formalism, which can account for mixed states and possible
loss of coherence due to collisions (Sigl and Raffelt, 1993; Dolgov, 1981; Raffelt
et al., 1992; Strack and Burrows, 2005; Giunti and Kim, 2007; Vlasenko et al.,
2014; Volpe, 2015; Blaschke and Cirigliano, 2016). The distribution of neutrinos
is described by the Hermitian matrix-valued occupation number matrix f ab(x,p),
where a and b are flavor indices and the spacetime position x and momentum p are
four-vectors. Throughout this work, we assume that neutrinos are hyper-relativistic,
so their momenta are null (pα pα = −m2 ≈ 0). With this restriction, the distribu-
tion is a seven-dimensional quantity. Throughout this work we take care to indi-
cate the structure of each quantity (matrix/tensor indices and spatial/momentum de-
pendence) in the definition of each quantity, but suppress the additional markup
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elsewhere. The diagonal entries of this matrix are the occupation numbers for the
corresponding neutrino species, while the off-diagonal elements encode quantum
coherence between flavor states. Neglecting wave packet separation (valid on the
short length/time scales of flavor instabilities; Akhmedov et al. 2017), the dynamics
of the occupation number matrices are dictated by the quantum kinetic equation

pα ∂ f
∂xα

+
d pα

dλ

∂ f
∂ pα

= ε (C − i [H , f ]) . (1)

Here, dλ is a differential unit of time in the frame comoving with the fluid and
pα := dxα/dλ . Factoring out the comoving-frame neutrino energy ε := pα uα al-
lows the part of the right hand side within the parentheses to be evaluated com-
pletely in a frame comoving with the background fluid defined by a four velocity
uα . Throughout this work, we assume a (+,−,−,−) metric convention, a and b are
flavor indices, and α , β , and γ are spacetime indices. The Hamiltonian matrix H is
composed of three terms, as

H ab(x,p) := Hvac(ε)+Hmatter(x)+Hνν(x,v) . (2)

Hvac represents the contribution of the neutrino mass to its energy, which can be
written in the flavor basis assuming hyper-relativistic neutrinos as

H ab
vac(ε) :=U

M2

2ε
U† (3)

where Uab is the PMNS mixing matrix describing the rotation between the mass
to flavor basis (see Group (2020) for values). (M2)ab := diag(m2

1, m2
2, m2

3) is the
squared neutrino mass matrix.

Neutrinos can interact with background matter (leptons, nucleons, other neutri-
nos) in a way that does not change the neutrino momentum (i.e., forward scattering).
The leading order interactions with background leptons and nucleons result in

H ab
matter(x) :=

√
2GFΛ

ab(x) , (4)

where GF is the Fermi coupling constant, Λ ab(x) = δ ab(na − nā), and na(x) are
lepton number densities in the fluid rest frame. Note that in astrophysical environ-
ments where there are no muon or tauon neutrinos, an additional radiative correc-
tion can provide the leading order contribution distinguishing the νµ and ντ flavor
states (Dighe and Smirnov, 2000). The neutral current contributions from protons
and electrons cancel. The contribution from neutrons is proportional to the identity
matrix and as a result does not contribute to dynamics unless considering helicity or
pair coherence. Because of this, they are usually neglected.

The Hamiltonian contribution due to forward scattering off of other neutrinos
(somewhat confusingly dubbed self-interaction) is given by (Pantaleone, 1992)

H ab
νν (x,v) :=

√
2GF vα Iab

1,α(x) , (5)
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where the angular moments of the neutrino lepton number density distribution are
given by

Iab
0 (x) :=

∫ d2v
4π

G(x,v)

Iab
1,α(x) :=

∫ d2v
4π

G(x,v)vα

Iab
2,αβ

(x) :=
∫ d2v

4π
G(x,v)vα vβ

(6)

and so on. The null direction vector of the neutrino in an orthonormal tetrad co-
moving with the fluid is defined as vβ = pα x̂(β )α /ε , where x̂(β )α are the basis vectors
defining the orthonormal tetrad. The differential neutrino lepton number distribution
for each direction v is

Gab(x,v) :=
∫

ε2dε

2π2

[
f (x,ε,v)− f̄ ∗(x,ε,v)

]
, (7)

The evolution equations for antineutrinos is analogous; one must simply put bars
over f , H , and C in Equation 1. In this case, H̄ = H̄vac + H̄matter + H̄νν , where
H̄vac = H ∗

vac, H̄matter = −H ∗
matter, and H̄νν = −H ∗

νν . Some works express the
antineutrino evolution equations for a different quantity f̄ ′ :=− f̄ ∗. This causes the
integrand in Equations 7 to be proportional to ( f + f̄ ′) and allows the antineutrino
Hamiltonians to be written as H̄ ′

vac =−Hvac, H̄ ′
matter = Hmatter, and H̄ ′

νν = Hνν .
Detailed collisional interaction rates for a single neutrino species have been de-

veloped and extensively used in CCSN and NSM simulations (e.g., Bruenn 1985;
Burrows et al. 2006). The two most simple interaction types can be general-
ized to matrix-valued QKE collision terms by defining an opacity matrix 〈κ〉ab =
(κνa +κνb)/2, where κνa(x,ε) are single-species opacities (and similarly for emis-
sivity η(x,ε); Vlasenko et al. 2014; Volpe 2015; Blaschke and Cirigliano 2016;
Richers et al. 2019). Absorption and emission are modeled by

C ab
abs/emit(x,p) = 〈η〉ab(δ ab− f ab)−〈κ〉ab

abs f ab . (8)

Elastic, isotropic scattering is given by

C ab
elastic scat(x,p) = 〈κ〉ab

scat

∫ d2v′

4π

[
f ab(x,ε,v′)− f ab(x,ε,v)

]
. (9)

A similar description of a more complete set of interactions is given in Richers et al.
(2019).

Many calculations assume that there are only two flavors of neutrinos for sim-
plicity, to turn each 3×3 matrix into a 2×2 matrix. This is often motivated by the
fact that the distributions of νµ and ντ are very similar in CCSNe and NSMs. This
reduces the computational cost of a calculation, makes the results visualizable us-
ing a Bloch vector (i.e., a point on the surface of a two-sphere), and in many cases
produces qualitatively similar results as a three-flavor calculation. However, quan-
titative predictions of the net content of each flavor are not generally reliable and
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in certain cases phenomena arise with three flavors that do not occur with two fla-
vors (Capozzi and Saviano, 2022; Dasgupta and Dighe, 2008; Dasgupta et al., 2008;
Chakraborty and Chakraborty, 2020; Capozzi et al., 2020; Shalgar and Tamborra,
2021a).

The Fast Flavor Instability

Solving Eq. 1 in its entirety for a realistic astrophysical environments is computa-
tionally intractable. However, it is possible to analytically solve for the evolution of
small perturbations by linearizing the equations assuming all flavor-diagonal com-
ponents are homogeneous. A flavor off-diagonal element of the occupation number
matrix for neutrinos moving in direction v can be decomposed into plane wave so-
lutions

f ab(x,p) =
f aa(p)− f bb(p)

2
Qab(v)e−iKα xα , (10)

with (real) amplitude Qab(v) and (complex) four wave number K = (ω,k). If we
assume that a neutrino distribution is initially very nearly flavor diagonal (i.e., Q�
1), one can plug this into Equation 1, keeping only terms linear in Q and ensuring
that f ab = f ba∗. The resulting equation has solutions that satisfy (Banerjee et al.,
2011; Izaguirre et al., 2017; Capozzi et al., 2017; Morinaga and Yamada, 2018)

det

[
η

αβ +
∫ d2v

4π
G(ab)(v)

vα vβ

K′γ vγ

]
= 0 , (11)

where K′α := Kα −
√

2GF(I
(ab)
1,α +Λ (ab)t̂α) and t̂α = (1,0,0,0) is the timelike basis

vector in the tetrad. We define the difference between two diagonal elements of a
flavor matrix as

A(ab) := Aaa−Abb . (12)

Even though global simulations including neutrino quantum kinetics are not cur-
rently possible, one can probe the potential importance of the FFI in existing sim-
ulation by searching for crossings of the ELN. In data where the full distribution is
available, one can do this explicitly. However, many calculations have limited data,
usually in the form of moments defined in Equation 6. In what follows, we will
omit the flavor superscripts (ab) with the understanding that an instability criterion
applies to any pair of two flavors a and b. When spacetime indices are omitted, the
moment tensors are assumed to be contracted with a unit vector along the axis of
symmetry. We label a method as ”exact” if there is a one-to-one correspondence
between the criterion and instability, ”conservative” if it cannot indicate instability
where it does not exist, and ”approximate” if it is a best-guess procedure. Further-
more, we illustrate the diversity of models that have been searched for instability,
along with the diversity of methods employed, in Table 1.
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Explicit (exact): One can integrate the distribution function to get the differential
lepton number asymmetry. That is, there is a lepton number crossing and hence
instability where maxv(G(ab))minv(G(ab))< 0.

k0 (conservative): Dasgupta et al. (2018) show that there is always some wavenum-
ber k = k0 that simplifies the dispersion relation. In this case, the dispersion relation
takes the form det

(
ηαβ + I(ab)

2,αβ
/ω

)
= 0. A complex value of ω satisfying the dis-

persion relation implies that the mode with wavenumber k0 is unstable. In axisym-
metric distributions, this instability criterion simplifies to (I0 + I2)

2−4(I1)
2 < 0.

α (conservative): Abbar and Volpe (2019); Glas et al. (2020) propose that in
regions of near-equilibrium (i.e. in the PNS or HMNS) and in directions opposite
the LESA, it more practical to just look for locations that satisfy α = nνe/nν̄e = 1
(equivalent to I0 = 0), since if there are equal numbers of all neutrinos, crossings
are inevitable.

Polynomial (conservative): Abbar (2020) appeal to the presence of a crossing
that is not restricted to k = 0. Although the concept works for arbitrary distributions,
it is most simple to express assuming an axisymmetric distribution. One can con-
struct any linear combination of moments IF = a0I0 +a1I1 +anIn + ... such that the
function F (µ) = ∑anµn is strictly positive for µ ∈ [−1,1]. A crossing must exist
and the distribution is thus unstable if I0IF < 0.

Pendulum (conservative): Johns and Nagakura (2021) further indicate instabil-
ity in axisymmetric distributions according to the resonant trajectory test (unstable
if I2

2 < I2
1 ) and the unstable pendulum test (unstable if I2

2 ≤ 4
5 I1(5I3−3I1)).

Distribution Fit (approximate): Nagakura and Johns (2021a,b) propose a com-
bination of a polynomial fits (fitted to a 1D CCSN simulation using Sn transport)
and a ray-tracing calculation to estimate the values of the radially ingoing and out-
going distributions. If ( f ee− f̄ ee)in( f ee− f̄ ee)out ≤ 0 and the heavy lepton neutrino
distributions are equal to each other, there is a ELN crossing and thus instability.

Maximum Entropy (approximate):Assuming the neutrino and antineutrino dis-
tributions follow the maximum entropy angular distribution of of Cernohorsky and
Bludman (1994) (i.e., f (µ)∼ exp(µZ), where µ is the cosine of the angle from the
flux direction), one can obtain the parameter Z for each distribution to give it the
appropriate net flux. The presence of crossings can be determined analytically from
these assumed distributions (Richers, 2022).

Direct Simulation

While linear stability analysis indicates that small perturbations will grow expo-
nentially, what happens when the perturbations are no longer small? There is some
analytical work predicting the nonlinear evolution of the FFI in homogeneous/semi-
isotropic cases (Padilla-Gay and Shalgar, 2021) and crude estimates of post-instability
flavor content (Bhattacharyya and Dasgupta, 2021a, 2022), but numerical simula-
tions are still required to understand more general cases and to validate approx-
imations made in analytical studies. Here we briefly review the numerical tech-
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ee
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Fig. 1 An example simulations of the FFI using Emu. The initial distributions are defined by nνe =
4.89×1032 cm−3, nν̄e = 0.5nνe , and nνµ

= nν̄µ
= nντ

= nν̄τ
= 0. Both the νe and ν̄e distributions

decrease linearly with the cosine of the angle from opposite ends of the z axis, with flux factors of
1/3. Left: exponential growth of the flavor off-diagonal components of the neutrino number density
and saturation of the instability at t ≈ 0.4ns. Right: Evolution of the flavor diagonal components
of the number density. The final abundance of each neutrino flavor depends on the particular initial
conditions and only results in complete mixing in special cases.

niques that have been used to study the fast flavor instability. Differences fall largely
into two categories: discretization scheme and assumed symmetries. Richers et al.
(2022) compare several different methods and show that each has advantages and
weaknesses. We neglect a discussion of methods used to treat other phenomena,
such as slow collective oscillations, the MNR, and the multi-azimuthal-angle insta-
bility.

Discretization Scheme: Although the results of numerically converged simula-
tions should not depend on the discretization scheme, it is important to understand
the approximations and limitations involved. The majority of simulations employ
the Sn scheme, in which phase space is divided into discrete blocks, each of which
contains some amount of radiation. One then uses discrete derivatives to evaluate
the advection term to determine how neutrinos move from block to block (though
there are still many ways to do this in detail; Wu et al. 2021). The approximation lies
in the finite size of the blocks. Zaizen and Morinaga (2021) instead discretize space
into Fourier modes, leaving momentum space discretized as in the Sn scheme. This
makes the spatial derivatives in the advection term easier to evaluate, but the ad-
vection term then couples every Fourier mode to every other Fourier mode, which
can become computationally expensive for large systems. The approximation lies
in the finite size of the blocks in momentum-space and the finite number of spa-
tial Fourier modes. The Particle in cell method discretizes the radiation field into
particles (Richers et al., 2021a). This makes evaluation of the advection term more
simple (the particles simply move in straight lines), but the Hamiltonian becomes
more difficult to treat because one has to interpolate the full radiation field to the
location of every particle. The approximation lies in the finite number of particles
and the finite number of spatial grid cells that are used to evaluate the Hamiltonian.
Finally, Johns et al. (2020) expand momentum space into angular moments. This
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causes the evolution equation for each moment to depend on higher moments, such
that one must approximate the system by cutting of the tower of equations at some
moment order by applying a closure relation. Although it has yet seen use in the FFI
literature, one can also discretize momentum space in terms of spherical harmonics
(e.g., Duan 2013), which is conceptually similar to a moment expansion.

Symmetries: It is common to simplify calculations by assuming homogeneity
in one or more directions. We use 0D, 1D, 2D, and 3D to describe simulations that
allow for inhomogeneity in no, one, two, or three directions. Allowing for inhomo-
geneity permits the presence of modes with nonzero wavenumber in that direction.
The FFI is fundamentally a multi-direction phenomena, so all FFI simulations al-
low for some degree of anisotropy. Angular distributions generally assume one of
several common symmetries. Beam models assume that neutrinos move along a
small number of discrete beams (0D: Sawyer 2009, 2005, 2004; Dasgupta and Sen
2018; Hansen et al. 2022). Minimally complex models that allows for both inho-
mogeneity and anisotropy in one Cartesian direction are planar geometry and the
neutrino line model, where neutrinos are allowed only to travel with velocity com-
ponents specified by a single angle coordinate (0D:Abbar and Volpe 2019, 1D:Duan
and Shalgar 2015; Mirizzi et al. 2015, 2D:Shalgar et al. 2020; Padilla-Gay et al.
2021). In order to discuss neutrino distributions directly relevant to approximately
spherical core-collapse supernovae, the majority of recent simulations assume axial
symmetry around the radial direction (0D: Dasgupta et al. 2017; Shalgar and Tam-
borra 2021a; Padilla-Gay and Shalgar 2021; Johns et al. 2020; Dasgupta and Sen
2018; Kato et al. 2021; Padilla-Gay et al. 2022; Sasaki and Takiwaki 2021; Shalgar
and Tamborra 2021b; Xiong and Qian 2021; Johns 2021, 1D: Bhattacharyya and
Dasgupta 2021a, 2022; Wu et al. 2021; Zaizen and Morinaga 2021; Martin et al.
2020; Abbar and Capozzi 2021; Duan et al. 2021; Martin et al. 2021; Sigl 2022;
Abbar and Capozzi 2022; Capozzi et al. 2022; Nagakura and Zaizen 2022; George
et al. 2022). Finally, one can allow for general anisotropy (0D:Shalgar and Tam-
borra 2021c,d, 1D:Richers et al. 2021a; Zaizen et al. 2021, 2D:Bhattacharyya and
Dasgupta 2021b, 3D:Richers et al. 2021b).

Other Considerations: First, the vast majority of simulations assume flavor
transformation only between two flavors, and relatively few consider three flavors
(Capozzi et al., 2020; Shalgar and Tamborra, 2021a; Zaizen and Morinaga, 2021;
Richers et al., 2021a; Capozzi et al., 2022; Shalgar and Tamborra, 2021d). Second,
even when simulations allow for inhomogeneity, they generally assume periodic
boundary conditions. This allows modes with k 6= 0 to grow, but does not allow for
gradients associated with dynamics on larger scales (Sigl, 2022). Third, the inter-
pretation of a simulation can be muddied by the form of the perturbations imposed
in the initial conditions (Wu et al., 2021; Martin et al., 2020). Fourth, a full suite
of collisional interactions has only been simulated assuming both isotropy and ho-
mogeneity, such that the FFI cannot arise (Richers et al., 2019). Johns (2021) use
physically motivated initial conditions and interaction rates in a homogeneous two-
moment calculation to demonstrate interactions between collisional instabilities and
the FFI. First steps are also being taken to include toy-model elastic neutral-current
scattering effects in simulations of the FFI (Hansen et al., 2022; Sasaki and Taki-
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waki, 2021; Shalgar and Tamborra, 2021b; Martin et al., 2021). They show that
the isotropizing effect of scattering can keep distributions in an unstable state for
a longer period of time, thus enhancing net flavor transformation, but if the col-
lisions are too strong flavor transformation can be hindered. Finally, determining
whether quantum many-body correlations (i.e., beyond the mean field limit) are im-
portant with macroscopic numbers of neutrinos, Roggero et al. (2022) suggests that
the emergence of significant many-body correlations in distributions unstable to the
FFI depends on the particular distribution.

Core-Collapse Supernovae and Neutron Star Mergers

Given the microscopic nature of the FFI, the question remains: where does the FFI
occur in nature and what does it do? Although there are many reactions that con-
tribute to the neutrino distribution in CCSNe and NSMs (Bruenn, 1985; Burrows
et al., 2006), the charged-current absorption/emission reaction causes the distribu-
tions of electron neutrinos and antineutrinos to be significantly different from other
species:

p+ e−↔ n+νe . (13)

How this and other interactions cause the distributions (and instabilities) to mani-
fest depends on a large number of factors, including turbulent relativistic hydrody-
namics, the properties of matter above nuclear densities, the astrophysics creating
the initial conditions of the event, and non-equilibrium neutrino radiation transport.
Based on state of the art simulations of CCSNe and NSMs, the FFI seems to be ro-
bustly present, but the astrophysical implications are only beginning to be explored.

PNS Convection: Crossings are found in the PNS convection region in all multi-
dimensional models. Within the protoneutron star, the neutrinos are trapped and the
above reaction is approximately in equilibrium. The electron neutrino chemical po-
tential is then µνe = µp +µe−µn. From a permutation of that reaction, µν̄e =−µνe .
In the region between 10km . r . 20km for the first few hundred milliseconds
after core bounce, the electron fraction is relatively low, so the large µn can ap-
proximately cancel µe to make µνe ≈ µν̄e ≈ 0. That is, there are a similar number
of electron neutrinos and antineutrinos, so the small anisotropies caused by PNS
convection and slightly different opacities between νe and ν̄e can induce crossings
(Abbar et al., 2019). However, given that the chemical potential of all of the other
flavors is also µνµ

≈ µντ
≈ µν̄µ

≈ µν̄τ
≈ 0. All neutrino flavors have approximately

the same distributions anyway, and it is unclear if flavor mixing will have any sig-
nificant effect on the dynamics or the neutrino signal (Glas et al., 2020).

Under the Shock: Whether there are crossings in this region appears to depend
on the details of the radiation transport method (M. D. Azari et al., 2020; Nagakura
et al., 2019). Exploding models seem to have more unstable regions (Capozzi et al.,
2021; Abbar et al., 2021; Nagakura et al., 2021), stellar rotation may help suppress
instability (Harada and Nagakura, 2022), the presence of multidimensional effects
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Progenitor (M�) Transport Search Method Reference Search
11.2 1D 3F VET Explicit Tamborra et al. (2017)
25 1D 3F VET Explicit Tamborra et al. (2017)
15 1D 3F VET Exp., Poly. Capozzi et al. (2021)
18.6 1D 6F VET Polynomial Capozzi et al. (2021)
20 1D 6F VET Polynomial Capozzi et al. (2021)
11.2 2D 3F Snapshot Sn Explicit Abbar et al. (2020)
11.2 3D 3F Snapshot Sn Explicit Abbar et al. (2020)
27 3D 3F Snapshot Sn Explicit Abbar et al. (2020)
11.2 1D 3F Sn Explicit Morinaga et al. (2020)
11.2 2D 3F Sn Explicit M. D. Azari et al. (2019, 2020)
11.2 1D 3F Sn Explicit, Fit Nagakura and Johns (2021b)
11.2 2D 3F Sn Explicit, Fit Nagakura and Johns (2021b)
15 (Rotating) 2D 3F Sn Explicit Harada and Nagakura (2022)
9 3D 3F M1 k0, α , Poly. Abbar et al. (2021)
20 3D 3F M1 k0, α , Poly. Abbar et al. (2021)
9−25 3D 3F M1 Fit Nagakura et al. (2021)
0.3+3 BHD 2D 2F Surface RT Explicit Wu et al. (2017)
1.35+1.35 NSM 2D 2F Surface RT Explicit George et al. (2020)
1.25+1.45 NSM 2D 2F Surface RT Explicit George et al. (2020)
0.07+3 BHD 3D 3F M1 k0 Li and Siegel (2021)
0.3+3 BHD 2D 2F M1 Poly. Just et al. (2022)

Table 1 List of CCSN (above horizontal line) and NSM (below horizontal line) simulations that
have been analyzed for crossings, along with a few details of the analysis method. The first column
shows the mass of the CCSN progenitor, the component masses of the neutron stars in a NSM,
or the disk and black hole mass of a black hole disk (BHD) system that does not simulate the
merger itself. Both BHD calculations employ a black hole with a spin parameter of 0.8. The sec-
ond column shows the transport method used to look for crossings (not necessarily that used in
the simulation). 1D, 2D, and 3D indicate the number of spatial dimensions not approximated by a
symmetry, and [2-6]F indicates the number of neutrino flavors involved in the calculation. Sn indi-
cates the neutrino field is defined along many discrete rays. Snapshot Sn implies that the radiation
field was post-processed on a simulation snapshot rather than evolved real-time in the simulation.
VET means variable Eddington tensor, which also includes the neutrino field along discrete rays.
M1 indicates a two-moment system with analytic closure. Surface RT means the neutrino distribu-
tions at a particular location are determined by tracing rays to a hard emission surface calculated
approximately from the fluid data. The third column describes the search method, all of which
are described in the main text. The final column shows the reference(s) with the most recent or
complete crossing analysis.

encourages crossings (Nagakura and Johns, 2021b) (though crossings can appear in
1D simulations; Capozzi et al. 2021), and the LESA seems to guarantee crossings
in some regions (Abbar, 2020; Abbar et al., 2021).

Above the Shock: Crossings are found outside the shock in all models. Infalling
stellar material above the shock is rich with large nuclei before they dissociate upon
passing through the shock front. Neutrinos at energies present in supernovae inter-
act coherently with all of the nucleons in the nucleus, such that the cross section
scales roughly as the square of the number of nuclei and the square of the neutrino
energy. The antineutrinos that escape from a supernova have a higher average en-
ergy, and so scatter more efficiently from these nuclei. Although there are generally
more electron neutrinos than electron antineutrinos moving outward (a consequence
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of the dense matter becoming more neutron rich), it turns out that there are more in-
going (i.e. scattered) electron antineutrinos than electron neutrinos (Morinaga et al.,
2020). Although there are very few ingoing neutrinos of any type, this technically
constitutes a ELN crossing. Given that this crossing is very small, it is yet unclear
if the resulting FFI can cause significant flavor change (Bhattacharyya and Das-
gupta, 2021a; Wu et al., 2021; Richers et al., 2021a; Abbar and Capozzi, 2022).
However, independently from the FFI, this ”halo” of scattered neutrinos could sig-
nificantly modify the distribution of neutrinos observable on Earth (Sawyer, 2016;
Cherry et al., 2012; Sarikas et al., 2012b; Cherry et al., 2013; Cirigliano et al., 2018;
Cherry et al., 2020; Zaizen et al., 2020). Note that Capozzi et al. (2021) show that
these crossings are not actually present at mu=-1, but that there is a double crossing
in the middle. Nagakura and Zaizen (2022) perform the first large-scale models of
the FFI above the shock using imposed boundary conditions.

PNS cooling: Xiong et al. (2020) indicate that, should the FFI occur in the cool-
ing phase of a PNS, it could significantly increase mass loss rates and affect nucle-
osynthesis with more proton-rich conditions.

Neutron Star Mergers Wu et al. (2017); George et al. (2020); Wu and Tamborra
(2017) find unstable regions in a NSM disk by determining the emission surface of
NSM accretion disk and ray-tracing to estimate full neutrino distributions. They
suggest that the flavor transformation is quite ubiquitous, that there is enhancement
of r-process element production for a disk around a black hole, and that there is
little impact on the r-process for a disk around a hypermassive neutron star. Li and
Siegel (2021) simulate a neutron star merger disk around a black hole assuming
flavor equipartition wherever there is instability according to the k0 test, which re-
sults in enhanced production of r-process elements. Just et al. (2022) also simulate a
merger disk, but assume instability above a critical flux factor. They vary the flavor
transformation prescription, disk mass, and MHD treatment, also finding moder-
ately enhanced r-process yields in most cases. Padilla-Gay et al. (2021) simulate
flavor transformation a toy model of a NSM disk that suggests minimal net flavor
transformation even in the presence of instabilities. More work is needed to include
the effects of the FFI self-consistently and in conjunction with collisions.

Future Directions

There has been a great deal of progress since the FFI was proposed and discovered
in models of CCSNe and NSMs, but there is still a lot of work to be done before its
potential astrophysical effects are sorted out. There are a number of significant open
questions: What is the effect of combining flavor transformation and collisional pro-
cesses in a realistic CCSN or NSM? Can instabilities in disparate locations affect
each other? Are effects in simplified simulations as strong when combined with the
immense complexity of physical processes in multidimensional astrophysical ex-
plosions? How can flavor transformation be reliably incorporated into global CCSN
and NSM simulations?
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One approach is to model the FFI as a small-scale phenomenon using a surrogate
or sub-grid model. This work has already begun, and enable known effects to be
included in large-scale simulations, but precludes finding new effects from the un-
derlying instability operating and propagating on larger scales. Another approach is
to simplify, truncate, or approximate the quantum kinetic equations in a way that is
able to maintain the important features of the instability while ignoring unimportant
features of the solution. The moment decomposition of the quantum kinetic equa-
tions is one example of this approach that shows promise for enabling the inclusion
of flavor transformation effects on much larger scales and with a greater amount
of additional physics than would be possible with a direct approach. Alternatively,
one could artificially reduce the separation of scales between collisional and fla-
vor transformation processes by effectively decreasing the interaction potential and
extrapolating back to the full strength (Nagakura, 2022), though this extrapolation
must be carefully checked to avoid large systematic errors. Finally, all of this work
assumes a mean-field treatment of the neutrino quantum states, when in fact neu-
trinos will be entangled with other neutrinos. Increasingly realistic calculations of
many-body neutrino flavor transformation (potentially requiring quantum comput-
ers) will help inform whether many-body effects manifest in supernova and merger
conditions. Although many of these questions seem solvable within the next decade,
neutrino physics never ceases to yield new surprises, and the FFI is but one of many
exciting effects in the incredibly complex environments in supernovae and mergers.
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