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Prediction of natural frequencies of laminated
curved panels using refined 2-D theories in the
spectral collocation method
Abstract:This paper presents a versatile and efficientmod-
eling and solution framework for free vibration analysis
of composite laminated cylindrical and spherical panels
modeled according to two-dimensional equivalent single-
layer and layerwise theories of variable order. Aunified for-
mulation of the equations of motion is adopted which can
be used for both thin and thick structures. The discretiza-
tion procedure is based on the spectral collocationmethod
and is presented in a compact matrix form which can be
directly and easily implemented. The convergence and ac-
curacy of the proposed approach is evaluated for panels
having different boundary conditions, thickness and shal-
lowness ratios, and lamination layups.
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1 Introduction
Accurate yet efficient modeling and solution of shell struc-
tures can be considered a classical problem in structural
mechanics [1–4]. Over the last 50 years, researchers pro-
posed many different approaches to face this problem [5–
7], urged by the increasing adoption of curved panels as
structural elements in a large variety of engineering ap-
plications. For example, cylindrical and spherical panels
are important components of built-up aircraft and space-
craft structures. Shell structures are also widely applied in
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automotive, marine and civil engineering disciplines. In
the last three decades, the design of shell structures has
knownnewexciting opportunities by theusage of compos-
itematerials [8, 9]. Composite laminated shells offerhigher
stiffness/strength to weight ratios than most metallic con-
structions and today they are fairly common in advanced
engineering applications such as aerospace systems.

In service, such curved laminated panels are typically
subjected to various dynamic loads, and it is crucial that
their dynamic response is well predicted from the design
stage onwards in order to assure their integrity and stabil-
ity. One of the most important purpose in any linear dy-
namic analysis is the accurate computation of the natu-
ral frequencies of the system [10, 11]. Broadly speaking,
the accuracy of free vibration analysis of laminated shells
mainly relies on two aspects. The first issue is related to
the assumptions and simplifications adopted in the math-
ematical model of the structural component. The second
aspect involves the method selected to solve the govern-
ing equations of the problem. A brief discussion of both
aspects follows.

Models of curved panels based upon the three dimen-
sional (3-D) theory of elasticity can be considered as the
most accurate, since no overly simplified assumptions are
introduced in describing the kinematics of deformations
[12–15]. As such, 3-D models are suitable for shells of any
thickness ratio (defined as the ratio between the thickness
of the panel to the shortest of the span lengths or radii of
curvature) and any shallowness ratio (defined as the ra-
tio of the shortest span length to one of the radii of cur-
vature), ranging from thin and shallow to thick and deep
shells vibrating at low to high frequency. However, a full
3-D dynamic analysis, especially for composite shells, is
rather complicated and time consuming. Therefore, so-
called shell theories aimed at reducing the problem from
three to two dimensions have been introduced by employ-
ing appropriate assumptions on the displacement behav-
ior in the thickness direction.

Many different displacement-based two-dimensional
(2-D) theories for laminated curved panels are available
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and a review of the extensive literature on this topic is be-
yond the scopeof thepresentwork [9]. Generally speaking,
we can distinguish between equivalent single-layer (ESL)
and layerwise (LW) theories [16], including or not shear
deformation, rotary inertia and thickness stretching fac-
tors. ESL approaches assume a proper overall kinematic
field throughout the thickness of the laminated structure,
whereas an independent displacement field is postulated
for each layer in a LW framework and appropriate conti-
nuity conditions are imposed at each layer interface. Typ-
ically, both ESL and LW kinematic fields are expressed as
complete polynomial series expansion of the thickness co-
ordinate and the highest power of the assumed polyno-
mial set is generally referred to as the order of the theory.
Owing to their intrinsic simplifications, 2-D theories pro-
vide reliablemodels for a limited range of thickness ratios,
frequency values and through-the-thickness variation of
material properties. The accuracy usually degrades as the
wavelength of the vibration mode is of the order of magni-
tudeof thepanel thickness andas the variationofmechan-
ical properties through the thickness direction increases
like the case of sandwich panels. This loss of accuracy can
be successfully compensated by using theories of higher
order and/or relying on a LW approach, with the price of
increasing the complexity and computational cost of the
resultingmodels. Frequently, the knowledge in advance of
the correct shell theory balancing the accuracy and com-
putational burden for the specific problem under investi-
gation can be a hard task. A unified modeling framework
capable of tailoring the order and typology of the shell the-
ory without the need of a new modeling effort each time
would be highly desirable.

The other important aspect related to the computa-
tion of natural frequencies of laminated curved panels is
the method adopted to solve the equations governing the
dynamic problem. Again, many different approaches are
available in the literature [9]. Exact solutions satisfying
both the differential equations and the boundary condi-
tions are possible only for a limited set of shell geome-
tries, boundary conditions and lamination sequences. In
most practical situations, one must rely on approximate
methods. The most common and traditional approaches
include the Ritz method and the finite element method
(FEM). For simple structures, the Ritz method shows bet-
ter convergence and less computational need than FEM.
However, the FEM overcomes the limitations of the Ritz
method in dealing with complicated boundary conditions
and complex shapes. More recently, new emerging mesh-
less methods are increasingly applied to the analysis of
shell problems with the aim of eliminating some difficul-
ties existing in FEM such as mesh distortion and remesh-

ing [17]. Among recent solution methods, the generalized
differential quadrature (GDQ) is also attracting more and
more interest due to its simplicity and versatility [18–20].

The scope of this work is to present an advancedmod-
eling and solution framework for the free vibration anal-
ysis of both thin and thick, deep and shallow laminated
cylindrical and spherical panels with different combina-
tions of boundary conditions. The range of applicability
of the resulting tool is similar to a fully 3-D analysis, with
also the possibility of using economical low-order theo-
rieswhenmore refinedmodels are not required. Therefore,
the balance between accuracy and computational savings
can be tailored on the specific application under study.
The modeling aspect exploits the power and versatility of
the unified formulation proposed by Carrera [21], which
provides a smart way of handling arbitrary refinements of
classical shell theories. The discretization of the problem
to obtain an approximate solution of the natural frequen-
cies is performed by the spectral collocation method, also
called pseudospectral method [22, 23], which is known to
exhibit high rate of convergence and accuracy for differen-
tial problems without singularities. In so doing, relatively
light discretized models are obtained which can be prof-
itably used in extensive optimization and parametric stud-
ies.

As a final remark, it is noted that recent papers with
some similarities with the present approach are available
in the literature. In particular, worth mentioning are the
works of [20], [24] and [25]. The first reference contains
a comprehensive study of free vibrations of eight differ-
ent shell structures using the GDQ method. The work is
highly insightful but it is limited to models based on ESL
theories. The paper by [24] applies a radial basis func-
tions collocationmethod to performa static and free vibra-
tion analysis of cylindrical and spherical laminated pan-
els. Although the approximation of the problem is differ-
ent, the discretization procedure is quite similar to what
presented here. However, the analysis has the limitation
of considering onlymodels based on afirst-order layerwise
theory. Finally, the work reported in [25] uses a hierarchi-
cal trigonometric Ritz method to compute the natural fre-
quencies of laminated shells. The approach is similar to
that provided by [26–28] and can rely on both ESL and
LW models of variable order. However, the analysis in the
paper by [25] considers only panels having fully simply-
supported edges. This work aims at overcoming the limi-
tations of the above references by considering a compre-
hensive set of both ESL and LW shell theories of different
orders and studying laminated panels with various combi-
nations of classical boundary conditions.
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Figure 1: Geometry of the multilayered cylindrical and spherical panels considered in this work and details of the lamination lay-up.

2 Modeling framework
Let’s consider the cylindrical and spherical laminatedpan-
els in Figure 1, which are composed of Nℓ layers of homo-
geneous orthotropic material. Each layer k has thickness
hk and is numbered sequentially from bottom (k = 1) to
top (k = Nℓ) of the panel. The total thickness of the panel
is h =

∑︀Nℓ

k=1 hk. The undeformedmiddle surfaceΩk of each
layer is describedby the twoorthogonal curvilinear coordi-
nates α and β. Let zk denote the rectilinear local thickness
coordinate in the normal direction with respect to Ωk. The
components of the displacement field of layer k are indi-
cated as ukα, ukβ and ukz in the α, β and z directions, respec-
tively.

According to 3-D elasticity and considering curved
panels with constant curvature, the in-plane strains εkp ={︁
εkαα εkββ 𝛾kαβ

}︁T
of the layer k can be expressed

as a function of the displacement components uk ={︁
ukα ukβ ukz

}︁T
by the following relation:

εkp =
(︁
Dk

p +Ak
p

)︁
uk (1)

where

Dk
p =

⎡⎢⎢⎣
1
Hkα

∂
∂α 0 0
0 1

Hkβ
∂
∂β 0

1
Hkβ

∂
∂β

1
Hkα

∂
∂α 0

⎤⎥⎥⎦ Ak
p =

⎡⎢⎢⎣
0 0 1

HkαRkα
0 0 1

HkβR
k
β

0 0 0

⎤⎥⎥⎦
(2)

Rkα and Rkβ are the curvature radii of the α and β coordinate
curves, respectively, at the generic point of themiddle sur-
face Ωk of the layer, and

Hkα = 1 + zk
Rkα

Hkβ = 1 + zk
Rkβ

(3)

It is noted that Hkα = 1 for cylindrical panels since Rkα = ∞
and Hkα = Hkβ for spherical panels since Rkα = Rkβ. Note also

that when 1/Rkα = 1/Rkβ = 0, the above relations degener-
ate to those for plates.

Similarly, the normal strain components εkn ={︁
𝛾kαz 𝛾kβz εkzz

}︁T
can be expressed as follows

εkn =
(︁
Dk

n −Ak
n +Dk

z

)︁
uk (4)

where

Dk
n =

⎡⎢⎢⎣
0 0 1

Hkα
∂
∂α

0 0 1
Hkβ

∂
∂β

0 0 0

⎤⎥⎥⎦ Ak
n =

⎡⎢⎢⎣
1

HkαRkα
0 0

0 1
HkβR

k
β

0

0 0 0

⎤⎥⎥⎦
(5)

andDk
z = ∂

∂z I3.
Assuming a linearly elastic orthotropic material, the

constitutive equations of the kth layer in the laminate ref-
erence coordinate system are written as

σkp = C̃kppεkp + C̃kpnεkn

σkn = C̃k
T

pnεkp + C̃knnεkn
(6)

where σkp =
{︁
σkαα σkββ τkαβ

}︁T
is the vector of in-plane

stresses, σkn =
{︁
τkαz τkβz σkzz

}︁T
is the vector of normal

stresses, and the matrices of stiffness coefficients given by

C̃kpp =

⎡⎢⎣ C̃k11 C̃k12 C̃k16
C̃k12 C̃k22 C̃k26
C̃k16 C̃k26 C̃k66

⎤⎥⎦ C̃kpn =

⎡⎢⎣ 0 0 C̃k13
0 0 C̃k23
0 0 C̃k36

⎤⎥⎦
(7)

C̃knn =

⎡⎢⎣ C̃k55 C̃k45 0
C̃k45 C̃k44 0
0 0 C̃k33

⎤⎥⎦ (8)

are derived from those expressed in the layer reference sys-
tem through a proper coordinate transformation [29].
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Within the modeling framework proposed by Carrera [21], an entire class of 2-D shell theories can be employed by
expressing the displacement vector uk through the Einstein notation as follows

uk(α, β, ζk , t) = Fτ(ζk)ukτ(α, β, t) (9)

where ζk = 2zk/hk is the dimensionless thickness coordinate of the layer (−1 ≤ ζk ≤ 1), τ is the theory-related index,
Fτ(ζk) are appropriate thickness functions defined locally for each layer, and

ukτ(α, β, t) =

⎧⎪⎨⎪⎩
ukατ(α, β, t)
ukβτ(α, β, t)
ukzτ(α, β, t)

⎫⎪⎬⎪⎭ (10)

is the vector of generalized kinematic coordinates in the assumeddisplacementmodel corresponding to index τ. Various
ESL and LW theories of different order, which is a free parameter of the formulation, can be obtained by choosing the
type of thickness functions and the range values of τ in Eq. (9). Both a class of LW theories and a class of ESL theories
are implemented in this work. They are briefly presented in the following.

A family of LW theories of variable order N is considered by assuming τ = t, b, r (r = 2, . . . , N) and selecting

Ft(ζk) =
1 + ζk
2

Fb(ζk) =
1 − ζk
2

Fr(ζk) = Pr(ζk) − Pr−2(ζk)

(11)

where Pr(ζk) is the Legendre polynomial of rth order. In so doing, the displacement variables ukb and ukt are the actual
values at the bottom and top surfaces of layer k, respectively, and the interlaminar displacement continuity can be
easily imposed as ukt = uk+1b . Following the nomenclature suggested by Carrera [21], each member of this family is
here denoted by the acronym LDN, which stands for (L)ayerwise (D)isplacement-based theory of order N. Note that the
number of degrees of freedom for a LDN theory depends on the number of layers of the laminated panel and is given by
3(N + 1)Nℓ − 3(Nℓ − 1).

The class of ESL theories considered here involves global thickness function as increasing power of the global
thickness coordinate z, which is measured from the middle surface of the curved panel. Since the kinematics is layer-
independent, the k index in Eq. (9) is dropped. Accordingly, t = 0, b = 1, and

F0 = 1
F1 = z
Fr = zr (r = 2, . . . , N)

(12)

The related N-order member of the ESL family is indicated by EDN, which stands for (E)quivalent single-layer
(D)isplacement-based theory of order N.

Using Eq. (9), the geometric relations and constitutive equations of each layer of the curved panel are written, re-
spectively, as

εkp =
(︁
Dk

p +Ak
p

)︁
Fτukτ εkn =

(︁
Dk

n −Ak
n +Dk

z

)︁
Fτukτ (13)

and

σkp = C̃kpp
(︁
Dk

p +Ak
p

)︁
Fsuks + C̃kpn

(︁
Dk

n −Ak
n +Dk

z

)︁
Fsuks

σkn = C̃k
T

pn

(︁
Dk

p +Ak
p

)︁
Fsuks + C̃knn

(︁
Dk

n −Ak
n +Dk

z

)︁
Fsuks

(14)

where the index s for the thickness functions in Eq. (14) has the same role of the index τ.
The equations of motion are here derived from the principle of virtual displacements (PVD), which, in absence of

any external body and surface force, can be expressed as follows

Nℓ∑︁
k=1

∫︁
Ωk

∫︁
Zk

δuk
T
ρk ∂

2uk
∂t2 H

k
αHkβ dz dα dβ +

Nℓ∑︁
k=1

∫︁
Ωk

∫︁
Zk

[︁
δεkp

T
σkp + δεkn

T
σkn
]︁
HkαHkβ dz dα dβ = 0 (15)
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where Zk is the layer domain in the thickness direction. Using Eq. (9) and the geometric relations of Eqs. (13) into the
above PVD statement, the dynamic equilibrium is expressed in weak form by the following equation

Nℓ∑︁
k=1

∫︁
Ωk

δukτ
T
ρkJkτsαβ

∂2uks
∂t2 dα dβ +

Nℓ∑︁
k=1

∫︁
Ωk

∫︁
Zk

[︂(︁
Dk

pδukτ
)︁T
σkpFτ +

(︁
Dk

nδukτ
)︁T
σknFτ

]︂
HkαHkβ dz dα dβ

+
Nℓ∑︁
k=1

∫︁
Ωk

∫︁
Zk

[︁
δukτ

T
Ak

p
T
σkpFτ − δukτ

T
Ak

n
T
σknFτ

]︁
HkαHkβ dz dα dβ +

Nℓ∑︁
k=1

∫︁
Ωk

∫︁
Zk

δukτ
T
Dk
z
T
σknFτHkαHkβ dz dα dβ = 0

(16)

where
Jkτsαβ =

∫︁
Zk

FτFsHkαHkβ dz (17)

is a thickness integral over the kth layer involving the product of thickness functions Fτ and Fs.
After integrating by parts the second term in Eq. (16), using the constitutive relations (14), and exploiting the arbi-

trariness of the virtual variation of each kinematic variable δukτ over Ωk, the following set of differential equations in
compact indicial notation is obtained:

Lkτsuks = Mkτs ∂2uks
∂t2 (18)

whereLkτs andMkτs are 3 × 3matrices of differential operators expressed as

Lkτs =
∫︁
Zk

{︂(︁
−Dk

p +Ak
p

)︁T
C̃kpp

(︁
Dk

p +Ak
p

)︁
+
(︁
−Dk

p +Ak
p

)︁T
C̃kpn

(︁
Dk

n −Ak
n +Dk

z

)︁

+
(︁
−Dk

n −Ak
n +Dk

z

)︁T
C̃k

T

pn

(︁
Dk

p +Ak
p

)︁
+
(︁
−Dk

n −Ak
n +Dk

z

)︁T
C̃knn

(︁
Dk

n −Ak
n +Dk

z

)︁}︂
FτFsHkαHkβ dz

(19)

and
Mkτs = diag

(︁
ρkJkτsαβ

)︁
(20)

It is noted that Eq. (18) is valid for any index τ and any layer k, and the summation for repeated index s is implied.
Therefore, according to the order of the assumed shell theory and thenumber of layers of the curvedpanel, the expanded
set of governing equations can be derived from Eq. (18) for each specific case under investigation. However, this set is
not written in explicit form, since, according to Carrera’s formulation,Lkτs andMkτs are profitably viewed as invariant
entities, which are directly expanded and assembled to build in a hierarchical and automatic manner the discretized
stiffness and mass matrices of the free vibration problem, as explained later. For this reason,Lkτs andMkτs are called
the fundamental nuclei of the formulation [21].

Similarly, the arbitrariness of the virtual variation δukτ over the boundary of the panel yields the following set of
boundary conditions

Bkτsuks = 0 (21)

whereBkτs is another invariant3×3matrix of differential operators called fundamental nucleus related to the boundary
conditions. It is given for Neumann-type boundary conditions by

Bkτs =
∫︁
Zk

{︁
Nk

p
T
C̃kpp

(︁
Dk

p +Ak
p

)︁
+Nk

p
T
C̃kpn

(︁
Dk

n −Ak
n +Dk

z

)︁
+Nk

n
T
C̃k

T

pn

(︁
Dk

p +Ak
p

)︁
+Nk

n
T
C̃knn

(︁
Dk

n −Ak
n +Dk

z

)︁}︁
FτFsHkαHkβ dz

(22)

where Nk
p and Nk

n are matrices containing the components nα and nβ of the unit normal vector to the boundary as
follows

Nk
p =

⎡⎢⎢⎣
nα
Hkα

0 0
0 nβ

Hkβ
0

nβ
Hkβ

nα
Hkα

0

⎤⎥⎥⎦ Nk
n =

⎡⎢⎢⎣
0 0 nα

Hkα
0 0 nβ

Hkβ
0 0 0

⎤⎥⎥⎦ (23)
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Since we are interested in the computation of the natural frequencies of the panel, a harmonic solution uks = ûks ejωt

is assumed. The corresponding differential eigenvalue problem is expressed by the equations

Lkτsûks = −ω2Mkτsûks (24)

and
Bkτsûks = 0 (25)

3 Spectral collocation solution
A spectral collocation solution of the eigenvalue problem described by Eqs. (24) and (25) is sought. First, a grid of
Chebyshev-Gauss-Lobatto (CGL) points (αi , βj), i, j = 0, . . . , NCGL, over Ωk is introduced [23]. The discrete solution of
the problem is assumed in the form of tensor product of one-dimensional expansions as follows⎧⎪⎨⎪⎩

ûkαs
ûkβs
ûkzs

⎫⎪⎬⎪⎭ =
NCGL∑︁
m=0

NCGL∑︁
n=0

⎧⎪⎨⎪⎩
ûkαsmn
ûkβsmn
ûkzsmn

⎫⎪⎬⎪⎭ψm(α)ψn(β) (26)

where ûkαsmn, ûkβsmn and ûkzsmn are the unknown values of the kinematic quantities at the grid points, i.e., ûkαsmn =
ûkαs(αm , βn), ûkβsmn = ûkβs(αm , βn) and ûkzsmn = ûkzs(αm , βn), and ψl (l = 0, . . . , NCGL) denotes the Lagrange interpolat-
ing polynomial relative to the given set of CGL nodes, so that ψm(αi) = δmi and ψn(βj) = δnj for i, j = 0, . . . , N. The
approximation (ûkαs , ûkβs , ûkzs) is found by collocation; that is, (ûkαs , ûkβs , ûkzs) is required to satisfy the differential prob-
lem Eq. (24) along with the boundary conditions Eq. (25) at the CGL nodes. The derivatives in the differential operators
Lkτs andBkτs are approximated through the interpolationderivatives, corresponding to the evaluation at the grid points
of the first- and second-order derivatives of the interpolants in Eq. (26) as shown below.

In order to simplify the writing and the coding process, the collocation equations are written in a matrix form. To
this aim, the vectors Ukαs ,Ukβs ,Ukzs ∈ R(NCGL+1)2 of values ûkαsmn, ûkβsmn and ûkzsmn of the kinematic quantities at the CGL
nodes are introduced as follows

Ukαs =
{︁
ûαs00 ûαs01 . . . ûαs0NCGL . . . ûαsNCGLNCGL

}︁T
Ukβs =

{︁
ûβs00 ûβs01 . . . ûβs0NCGL . . . ûβsNCGLNCGL

}︁T
Ukzs =

{︁
ûzs00 ûzs01 . . . ûzs0NCGL . . . ûzsNCGLNCGL

}︁T (27)

They are sorted so that increasing values of the coordinate α (β) of the curved panel correspond to increasing values of
the index i (j). The values of the derivatives at the CGL points are also collected into vectors and are expressed in terms
of the quantities in Eq. (27) by using the differentiation matrices D1 and D2 which contain the first- and second-order
derivatives, respectively, of the interpolants evaluated at the CGL nodes [30]. We have D2 = D2

1 and the entries of D1 are
reported in [30]. For example, the evaluation of ∂ûkαs/∂α at the collocation points is expressed as (D1 ⊗ I)Ukαs, where I
is the (NCGL + 1) × (NCGL + 1) identity matrix and⊗ is the Kronecker product. Similarly, ∂2ûkzs/∂β2 evaluated at the CGL
nodes is given by (I⊗ D2)Ukzs, and so on.

By using the above notation, the following collocated equations expressed in the same indicial and invariant form
of the original differential equations are obtained⎡⎢⎣ Kkτs11 Kkτs12 Kkτs13

Kkτs21 Kkτs22 Kkτs23
Kkτs31 Kkτs32 Kkτs33

⎤⎥⎦
⎧⎪⎨⎪⎩

Ukαs
Ukβs
Ukzs

⎫⎪⎬⎪⎭ = ω2

⎡⎢⎣ Mkτs
11 0 0
0 Mkτs

22 0
0 0 Mkτs

33

⎤⎥⎦
⎧⎪⎨⎪⎩

Ukαs
Ukβs
Ukzs

⎫⎪⎬⎪⎭ (28)

or, more compactly,
KkτsUks = ω2MkτsUks (29)
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where

Kkτs11 = C̃k55

(︃
Jkτzszαβ + 1

Rkα
2 J

kτs
β/α −

1
Rkα
Jkτzsβ − 1

Rkα
Jkτszβ

)︃
(I⊗ I) − C̃k11Jkτsβ/α (D2 ⊗ I) − 2C̃k16Jkτs (D1 ⊗ D1) − C̃k66Jkτsα/β (I⊗ D2)

Kkτs12 = C̃k45

(︃
Jkτzszαβ + 1

RkαRkβ
Jkτs − 1

Rkα
Jkτszβ − 1

Rkβ
Jkτzsα

)︃
(I⊗ I) − (C̃k12 + C̃k66)Jkτs (D1 ⊗ D1) − C̃k16Jkτsβ/α (D2 ⊗ I) − C̃k26Jkτsα/β (I⊗ D2)

Kkτs13 =
[︃
C̃k55
(︂
Jkτzsβ − 1

Rkα
Jkτsβ/α

)︂
− C̃k11

1
Rkα
Jkτsβ/α − C̃

k
12

1
Rkβ
Jkτs −C̃k13Jkτszβ

]︁
(D1 ⊗ I) +

[︂
C̃k45
(︂
Jkτzsα − 1

Rkα
Jkτs
)︂
− C̃k16

1
Rkα
Jkτs

−C̃k26
1
Rkβ
Jkτsα/β − C̃

k
36Jkτszα

]︃
(I⊗ D1)

Kkτs21 = C̃k45

(︃
Jkτzszαβ + 1

RkαRkβ
Jkτs − 1

Rkα
Jkτzsβ − 1

Rkβ
Jkτszα

)︃
(I⊗ I) − (C̃k12 + C̃k66)Jkτs (D1 ⊗ D1) − C̃k16Jkτsβ/α (D2 ⊗ I) − C̃k26Jkτsα/β (I⊗ D2)

Kkτs22 = C̃k44

⎛⎝Jkτzszαβ + 1
Rkβ

2 J
kτs
α/β −

1
Rkβ
Jkτzsα − 1

Rkβ
Jkτszα

⎞⎠ (I⊗ I) − C̃k22Jkτsα/β (I⊗ D2) − 2C̃k26Jkτs (D1 ⊗ D1) − C̃k66Jkτsβ/α (D2 ⊗ I)

Kkτs23 =
[︃
C̃k45

(︃
Jkτzsβ − 1

Rkβ
Jkτs
)︃
− C̃k16

1
Rkα
Jkτsβ/α − C̃

k
26

1
Rkβ
Jkτs −C̃k36Jkτszβ

]︁
(D1 ⊗ I) +

[︃
C̃k44

(︃
Jkτzsα − 1

Rkβ
Jkτsα/β

)︃
− C̃k12

1
Rkα
Jkτs

−C̃k22
1
Rkβ
Jkτsα/β − C̃

k
23Jkτszα

]︃
(I⊗ D1)

Kkτs31 =
[︃
C̃k11

1
Rkα
Jkτsβ/α + C̃

k
12

1
Rkβ
Jkτs + C̃k55

(︂
1
Rkα
Jkτsβ/α − J

kτsz
β

)︂
+C̃k13Jkτzsβ

]︁
(D1 ⊗ I) +

[︃
C̃k16

1
Rkα
Jkτs + C̃k26

1
Rkβ
Jkτsα/β + C̃

k
36Jkτzsα

+C̃k45
(︂

1
Rkα
Jkτs − Jkτszα

)︂]︂
(I⊗ D1)

Kkτs32 =
[︃
C̃k16
Rkα

Jkτsβ/α +
C̃k26
Rkβ

Jkτs + C̃k45

(︃
1
Rkβ
Jkτs − Jkτszβ

)︃
+C̃k36Jkτzsβ

]︁
(D1 ⊗ I) +

[︃
C̃k12
Rkα

Jkτs + C̃
k
22
Rkβ

Jkτsα/β + C̃
k
23Jkτzsα

+C̃k44

(︃
1
Rkβ
Jkτsα/β − J

kτsz
α

)︃]︃
(I⊗ D1)

Kkτs33 =
[︃
C̃k33Jkτzszαβ + 1

Rkα

(︂
C̃k11
Rkα

Jkτsβ/α + 2
C̃k12
Rkβ

Jkτs + C̃k13Jkτszβ + C̃k13Jkτzsβ

)︂
+ 1
Rkβ

(︃
C̃k22

1
Rkβ
Jkτsα/β + C̃

k
23Jkτszα + C̃k23Jkτzsα

)︃]︃
(I⊗ I)

− C̃k55Jkτsβ/α (D2 ⊗ I) − 2C̃k45Jkτs (D1 ⊗ D1) − C̃k44Jkτsα/β (I⊗ D2)

are the (NCGL +1)2 × (NCGL +1)2 element matrices of the discrete stiffness-related fundamental nucleusKkτs arising from
the spectral collocation process, and

Mkτs
11 = ρkJkτsαβ (I⊗ I)

Mkτs
22 = ρkJkτsαβ (I⊗ I)

Mkτs
33 = ρkJkτsαβ (I⊗ I)

are the (NCGL + 1)2 × (NCGL + 1)2 element matrices of the discrete mass-related fundamental nucleusMkτs. In the above
nuclei, Jkτs , Jkτsα , . . . are thickness integrals defined in Appendix.

Similarly, the discretization of the boundary conditions yields⎡⎢⎣ Bkτs11 Bkτs12 Bkτs13
Bkτs21 Bkτs22 Bkτs23
Bkτs31 Bkτs32 Bkτs33

⎤⎥⎦
⎧⎪⎨⎪⎩

Ukαs
Ukβs
Ukzs

⎫⎪⎬⎪⎭ = 0 (30)
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8 | Amir Hossein Mohazzab and Lorenzo Dozio

or, more compactly,
BkτsUks = 0 (31)

The element matrices Bkτsij of the discrete fundamental nucleus Bkτs related to Neumann-type boundary conditions are
given by

Bkτs11 = nα
[︁
C̃k11Jkτsβ/α

(︁
eTbD1 ⊗ I

)︁
+ C̃k16Jkτs

(︁
eTb ⊗ D1

)︁]︁
+ nβ

[︁
C̃k16Jkτs

(︁
D1 ⊗ eTb

)︁
+ C̃k66Jkτsα/β

(︁
I⊗ eTbD1

)︁]︁
Bkτs12 = nα

[︁
C̃k16Jkτsβ/α

(︁
eTbD1 ⊗ I

)︁
+ C̃k12Jkτs

(︁
eTb ⊗ D1

)︁]︁
+ nβ

[︁
C̃k66Jkτs

(︁
D1 ⊗ eTb

)︁
+ C̃k26Jkτsα/β

(︁
I⊗ eTbD1

)︁]︁
Bkτs13 = nα

[︃
1
Rkα
C̃k11Jkτsβ/α +

1
Rkβ
C̃k12Jkτs + C̃k13Jkτszβ

]︃(︁
eTb ⊗ I

)︁
+ nβ

[︃
1
Rkα
C̃k16Jkτs +

1
Rkβ
C̃k26Jkτsα/β + C̃

k
36Jkτszα

]︃(︁
I⊗ eTb

)︁
Bkτs21 = nα

[︁
C̃k16Jkτsβ/α

(︁
eTbD1 ⊗ I

)︁
+ C̃k66Jkτs

(︁
eTb ⊗ D1

)︁]︁
+ nβ

[︁
C̃k12Jkτs

(︁
D1 ⊗ eTb

)︁
+ C̃k26Jkτsα/β

(︁
I⊗ eTbD1

)︁]︁
Bkτs22 = nα

[︁
C̃k66Jkτsβ/α

(︁
eTbD1 ⊗ I

)︁
+ C̃k26Jkτs

(︁
eTb ⊗ D1

)︁]︁
+ nβ

[︁
C̃k26Jkτs

(︁
D1 ⊗ eTb

)︁
+ C̃k22Jkτsα/β

(︁
I⊗ eTbD1

)︁]︁
Bkτs23 = nα

[︃
1
Rkα
C̃k16Jkτsβ/α +

1
Rkβ
C̃k26Jkτs + C̃k36Jkτszβ

]︃(︁
eTb ⊗ I

)︁
+ nβ

[︃
1
Rkα
C̃k12Jkτs +

1
Rkβ
C̃k22Jkτsα/β + C̃

k
23Jkτszα

]︃(︁
I⊗ eTb

)︁
Bkτs31 = nα

[︂
C̃k55Jkτszβ − 1

Rkα
C̃k55Jkτsβ/α

]︂(︁
eTb ⊗ I

)︁
+ nβ

[︂
C̃k45Jkτszα − 1

Rkα
C̃k45Jkτs

]︂(︁
I⊗ eTb

)︁
Bkτs32 = nα

[︃
C̃k45Jkτszβ − 1

Rkβ
C̃k45Jkτs

]︃(︁
eTb ⊗ I

)︁
+ nβ

[︃
C̃k44Jkτszα − 1

Rkβ
C̃k44Jkτsα/β

]︃(︁
I⊗ eTb

)︁
Bkτs33 = nα

[︁
C̃k55Jkτsβ/α

(︁
eTbD1 ⊗ I

)︁
+ C̃k45Jkτs

(︁
eTb ⊗ D1

)︁]︁
+ nβ

[︁
C̃k45Jkτs

(︁
D1 ⊗ eTb

)︁
+ C̃k44Jkτsα/β

(︁
I⊗ eTbD1

)︁]︁
where eb is a (NCGL + 1)2 boundary unit vector, i.e., a vector having all elements equal to zero except for one element
equal to one corresponding to the panel edge under consideration.

nucleus

Kk

Kkτs

s = t s = r s = b

τ = t

τ = r

τ = b

(r = 2, . . . , N)

Layer 2

Layer 1

K

K
K2

K1

(EDN)

(LDN)

Figure 2: Graphical representation of the expansion and assembly procedure to transform the discrete fundamental nuclei of the formula-
tion into the final discrete matrices governing the problem. Example of a curved panel with two layers.
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As outlined before, the final set of discretized equa-
tions involving the global stiffness and mass matrices of
the panel and the final set of related boundary conditions
are obtained directly from the discrete fundamental nuclei
Kkτs,Mkτs and Bkτs by a simple expansion and assembly-
like procedure, which is graphically represented in Fig-
ure 2 for the stiffness nucleus Kkτs. The same procedure
is applied to the mass Mkτs and the boundary Bkτs nu-
clei. First, the discrete nuclei are expanded by varying the
theory-related indices τ and s to yield

KkUk = ω2MkUk (32)

and
BkUk = 0 (33)

where

Uk =

⎧⎪⎨⎪⎩
Ukt
Ukr
Ukb

⎫⎪⎬⎪⎭ (34)

Kk =

⎡⎢⎣ Kktt Kktr Kktb

Kkrt Kkrr Kkrb

Kkbt Kkbr Kkbb

⎤⎥⎦ (35)

and Mk and Bk matrices are built in a similar way. After-
wards, themultilayeredmatrices are assembledby varying
the index k. This yields

KU = ω2MU (36)

and
BU = 0 (37)

whereK,M and B are simply summed layer-by-layer in the
case of ESL theories, or they are assembled as shown in
Figure 2 by enforcing the interlaminar continuity condi-
tion in the case of LW theories.

Since the equations of motion must be enforced at the
interior CGL points only and the boundary points must be
explicitly defined in order to connect the differential prob-
lem with the set of boundary conditions, the final step
of the spectral collocation process implies that Eqs. (36)
and (37) are rewritten by partitioning the vector of un-
known degrees of freedom U and the related matrices into
quantities related to domain interior points (I) and quanti-
ties related to boundary points (B). Therefore, the previous
eigenvalue problem can be expressed as

KBUB + KIUI = ω2MIUI (38)

BBUB + BIUI = 0 (39)

From the second equation, we have

UB = −B−1B BIUI (40)

Substituting Eq. (40) into Eq. (38), the natural frequencies
of the curved panel can be obtained by solving the follow-
ing generalized eigenvalue problem(︁

KI − KBB−1B BI
)︁
UI = ω2MIUI (41)

4 Numerical examples
This section presents some illustrative numerical exam-
ples with the aim of showing the convergence proper-
ties, versatility and accuracy of the modeling and solu-
tion framework proposed in this work. The curved panels
have side lengths a and b in the α and β direction, respec-
tively, as shown in Figure 1. In all examples, the bound-
ary conditions of the panel are denoted by a four-letter no-
tation numbered in a counterclockwise direction starting
fromedge α = 0. Both single-layer andmultilayered panels
made of isotropic and orthotropicmaterial are considered.
The properties for orthotropic material are the following:
E1/E2 = 25, G12/E2 = G13/E2 = 0.5, G23/E2 = 0.2, ν12 =
ν13 = ν23 = 0.25. The mass density is taken as a reference
dimensionless value of ρ = 1. For laminated panels, the
layers are assumed to have the same thickness hk.
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a/Rα = 0.2 a/Rα = 0.02

Figure 3: Convergence analysis. Fundamental frequency λ =
ω(a2/h)

√︀
ρ/E2 of a moderately thick (a/h = 10) square simply sup-

ported [0/90/0] spherical panel with a/Rα = 0.2 and a/Rα = 0.02.
Values computed using ED2 theory.

The convergence rate of the spectral collocation solu-
tion is first examined in Figure 3, which reports the log
plot of the absolute value of ∆ = λNCGL − λNCGL−2, where
λNCGL denotes the fundamental nondimensional frequency
parameter ω(a2/h)

√︀
ρ/E2 computed using NCGL colloca-
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10 | Amir Hossein Mohazzab and Lorenzo Dozio

tion points along α and β direction. NCGL is varied in the
analysis from 6 to 20 with a step of 2. The computations
are referred to a moderately thick (a/h = 10) square fully
simply-supported (SSSS) spherical panel having [0/90/0]
layup and two different shallowness ratios, a/Rα = 0.2
(moderately deeppanel) and a/Rα = 0.02 (shallowpanel).
Values are obtained in both cases using the ED2 shell the-
ory. It is shown that the spectral solutions exhibit a very
fast convergence rate with an exponential decrease of ∆ as
the number of CGL points increases. The difference is so
small for NCGL ≥ 14 that it is swamped by the round-off
errors of the numerical computations.
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Figure 4: Convergence analysis. Fundamental frequency λ =
ω(a2/h)

√︀
ρ/E2 of a moderately thick (a/h = 10) square fully

clamped [0/90/0] spherical panel with a/Rα = 0.2 and a/Rα =
0.02. Values computed using ED2 theory.

The same spherical panel of the previous case but
with fully clamped (CCCC) edge conditions is considered
in Figure 4. The fundamental frequency of the problem is
again computed using ED2 theory. It is observed that the
clampedboundaries largely affect the convergence proper-
ties of the solution. Although converged results to five sig-
nificant digits are obtained using a relatively low number
of collocation points, clamped edge conditions slow down
the rate of convergence. Apparently, no further improve-
ment of the approximate solution occurs when NCGL > 14.

The adversing effect of clamped edges on the conver-
gence properties of the present spectral solution is also
found in other cases. For example, Figure 5 shows the dif-
ference between two successive approximations evaluated
increasing by two the number of collocation points for the
first four dimensionless frequencies λi = ωi(a2/h)

√︀
ρ/E2

of a moderately thick (a/h = 10) square fully clamped
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Figure 5: Convergence analysis. First four dimensionless frequen-
cies λi = ωi(a2/h)

√︀
ρ/E2 of a moderately thick (a/h = 10) square

fully clamped [45/ − 45]3 deep cylindrical panel with a/Rβ = 2.
Values computed using LD1 theory.

[45/ − 45]3 deep cylindrical panel with a/Rβ = 2. In this
case, NCGL is varied from 6 to 18, and the results are ob-
tained with a LD1 theory. It is noted that the convergence
rate is similar to the case of a fully clamped spherical panel
and is not significantly affected by the lamination lay-up,
the shallowness ratio and the shell theory. Furthermore,
no notable difference is observed as the number of mode
to be estimated increases.

Similar trends of those shown in the previous figures
have been observed inmany other numerical cases, which
are not presented here for the sake of brevity. It can be ar-
gued that sufficientlywell converged values for the natural
frequencies of the curved panels under study are obtained
with NCGL = 14, which is the number of collocation points
used in the following comparison analysis.
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Table 1: Non-dimensional frequency parameters λ = ω(a2/h)
√︁

ρ
E of isotropic SSSS square cylindrical panels (ν = 0.25).

a/h a/Rβ Theory λ1 λ2 λ3 λ4 λ5
20 0.5 ED2 7.6166 14.650 16.587 23.574 28.664

ED3 7.5523 14.423 16.390 23.206 28.183
[15] 7.5523 14.423 16.390 23.206 28.183

1 ED2 11.046 14.658 21.300 24.700 28.359
ED3 11.017 14.444 21.166 24.369 27.885
[15] 11.017 14.444 21.166 24.368 27.884

2 ED2 14.725 17.905 27.179 28.544 33.468
ED3 14.562 17.945 26.727 28.324 33.455
[15] 14.562 17.945 26.727 28.324 33.455

10 0.5 ED2 6.1750 13.813 14.365 19.483 19.485
ED3 6.0921 13.560 14.125 19.869 19.871
[15] 6.0921 13.560 14.124 19.869 19.871

1 ED2 7.1361 13.555 15.652 19.483 19.491
ED3 7.0810 13.310 15.453 19.869 19.877
[15] 7.0810 13.309 15.452 19.869 19.877

2 ED2 9.5723 12.612 19.483 21.727 24.670
ED3 9.5791 12.398 19.657 21.404 24.136
[15] 9.5791 12.397 19.657 21.401 24.131

The accuracy of the modeling approach proposed in
this paper is now evaluated and discussed by comparing
the present solutions computed onmodels relying on shell
theories of different topology and order with some refer-
ence solutions existing in the literature.

Two cases involving isotropic panels are first consid-
ered. One example deals with a SSSS square (a = b) cylin-
drical panel having two different span-to-thickness ratios
a/h = 20 and a/h = 10 and three shallowness ratios
a/Rβ = 0.5, 1 and 2. Table 1 lists the first five natural fre-
quency parameters λi = ωi(a2/h)

√︀
ρ/E found using the

present approach with ED2 and ED3 theories. Results are
compared against those obtained by [15] using 3-D elas-
ticity from a high-fidelity finite element model. It can be
seen that the third-order shear and normal deformation
theory predicts all five frequencies very close to 3-D re-
sults. Values from ED2 models are quite accurate for the
fundamental mode. However, the accuracy deteriorates as
the vibration mode number increases. The second case
of isotropic panels considered here involves CCCC square
spherical shells with a/Rα = 0.5 and length-to-thickness
ratios a/h = 10 and a/h = 5. Non-dimensional frequency

parameters λi = ωia
√︁

ρ
E computed using a fourth-order

ED4 theory are shown in Table 2 and compared with the
3-D elasticity solutions obtained by [14] from Ritz models.
A good agreement is observed even when a thick panel is
considered.

Fully clamped composite laminated cylindrical panels
are examined in Tables 3 and 4. Both cases are referred to
a square moderately thick deep panel with a/h = 10 and
a/Rβ = 2. Table 3 shows the first five natural frequency pa-
rameters for a cross-ply [0/90]3 cylindrical panel as com-
puted with ESL and LW theories of increasing order. The
same analysis is carried out in Table 4 but for an angle-
ply [45/ − 45]3 panel. Present 2-D results are compared
with those arising from a high-fidelity 3-D finite element
analysis [19], which is assumed to be highly reliable. It
is worth noting that ESL theories are rather inaccurate in
both cases and for all frequencies under study, including
the fundamental one. Increasing the order N of the ESL
theory slightly improves the estimation, but the discrep-
ancy between EDN and 3-D results is still significant even
when N = 6 is adopted. The smallest difference in the re-
sults of EDN theories occurs in the fundamental frequency
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12 | Amir Hossein Mohazzab and Lorenzo Dozio

Table 2: Non-dimensional frequency parameters λ = ωa
√︁

ρ
E of isotropic CCCC square spherical panels with a/Rα = 0.5.

a/h Theory λ1 λ2 λ3 λ4 λ5
10 ED4 1.2047 1.9451 1.9451 2.6956 3.1561

[14] 1.1988 1.9301 1.9340 2.6828 3.1288

5 ED4 1.7625 2.8499 2.8499 3.7794 3.7794
[14] 1.7405 2.8036 2.8091 3.7504 3.7572

Table 3: Non-dimensional frequency parameters λ = ω(a2/h)
√︁

ρ
E2

of a [0/90]3 CCCC cylindrical panel with a/h = 10 and a/Rβ = 2.

Theory λ1 λ2 λ3 λ4 λ5
ED2 29.850 42.105 42.240 50.641 58.556
ED3 27.903 39.462 39.703 47.379 55.217
ED4 27.858 39.401 39.631 47.284 55.106
ED5 27.836 39.361 39.605 47.239 55.067
ED6 27.616 39.039 39.329 46.865 54.665
LD1 26.540 37.497 38.016 45.043 52.921
LD2 26.378 37.254 37.817 44.764 52.644
LD3 26.345 37.190 37.776 44.693 52.579
LD4 26.344 37.190 37.776 44.692 52.578
[19] 26.249 37.072 37.624 44.511 52.327

parameter λ1 for the cross-ply lay-upwherein ED6 predicts
a frequency 5.2% higher than 3-D analysis. A dramatic in-
crease in accuracy is observed when 2-D layerwise theo-
ries are implemented. This is due to the capability by LW
models of correctly predicting the through-the-thickness
zig-zag behavior of the displacements in correspondence
of each layer interface. The accuracy of LD1 is already ac-
ceptable with differences of about 1% with respect to 3-D
models. If an improved accuracy is required, more costly
higher-order LDN theories can be used.

Table 5 shows the same results as in the Table 3 for
a CSCS cylindrical panel. A subset of ESL and LW models
that can be implemented in the present modeling frame-
work is selected. It can be seen again that the accuracy of
EDN theories cannot be significantly improved beyond a
certain limit by increasing the order N. Instead, LDN the-
ories are capable of providing frequency parameters very
close to 3-D values. As before, the degree of accuracy im-
proves by using LWmodels of higher order.

In the last numerical example, a simply-supported
SSSS square spherical panel is considered. It is composed
of three layers oriented at [0/90/0]. The analysis is carried
out for a/h = 10 and a/h = 100 (thin panel) and for differ-
ent values of a/Rα including the plate case when Rα →∞.
The fundamental frequency parameter λ = ω(a2/h)

√︁
ρ
E2

Table 4: Non-dimensional frequency parameters λ = ω(a2/h)
√︁

ρ
E2

of a [45/ − 45]3 CCCC cylindrical panel with a/h = 10 and a/Rβ = 2.

Theory λ1 λ2 λ3 λ4 λ5
ED2 40.729 42.311 48.084 51.606 58.581
ED3 39.111 40.597 46.680 49.298 55.929
ED4 39.034 40.509 46.618 49.198 55.820
ED5 39.020 40.485 46.606 49.170 55.796
ED6 38.842 40.274 46.450 48.928 55.485
LD1 37.746 38.917 45.755 47.841 53.936
LD2 37.596 38.726 45.619 47.656 53.670
LD3 37.583 38.698 45.608 47.631 53.670
LD4 37.583 38.698 45.608 47.631 53.670
[19] 37.562 38.711 45.369 47.324 53.543

Table 5: Non-dimensional frequency parameters λ = ω(a2/h)
√︁

ρ
E2

of a [0/90]3 CSCS cylindrical panel with a/h = 10, a/Rβ = 2.

Theory λ1 λ2 λ3 λ4
ED2 17.449 27.266 34.854 39.118
ED3 16.869 25.570 33.439 36.701
ED4 16.847 25.528 33.390 36.623
LD1 16.465 24.336 32.493 34.961
LD2 16.411 24.181 32.372 34.752
[19] 16.338 24.020 32.222 34.513

is reported in Table 6 for each case. Comparison is pro-
vided with values from [24] where a layerwise approach is
adopted in combination with a multiquadric radial basis
function method. Results are in good agreement for both
thin and thick case. In particular, it is shown that ESLmod-
els give very accurate predictions in the thin case without
the need of relying on costly LWmodels.

5 Conclusions
An advanced modeling and solution framework for the
prediction of natural frequencies of both thin and thick,
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Table 6: Non-dimensional fundamental frequency parameters λ = ω(a2/h)
√︁

ρ
E2

of [0/90/0] SSSS spherical panels.

a/h Theory a/Rα
0.2 0.1 0.05 0.02 0

10 ED2 12.7173 12.5723 12.5356 12.5253 12.5233
ED3 11.9742 11.8112 11.7699 11.7583 11.7560
ED4 11.9734 11.8108 11.7695 11.7580 11.7558
LD1 11.8025 11.6362 11.5940 11.5822 11.5799
LD2 11.6902 11.5214 11.4786 11.4665 11.4642
LD3 11.6835 11.5146 11.4717 11.4597 11.4574
[24] 11.8732 11.7072 11.6651 11.6533 11.6510

100 ED2 30.9955 20.3516 16.6334 15.4305 15.1905
ED3 30.9873 20.3390 16.6180 15.4139 15.1736
ED4 30.9829 20.3371 16.6173 15.4137 15.1736
[24] 31.0402 20.4065 16.6969 15.6714 15.4349

deep and shallow cylindrical and spherical panels with
different boundary conditions and arbitrary lamination
lay-up is presented. The approach combines the capabil-
ity of building hierarchically 2-D shell models based on
equivalent single-layer and layerwise theories of variable
order and the efficiency and simplicity of the spectral col-
location solution method. The formulation is expressed
in a compact matrix form which can be directly and eas-
ily coded in any modern mathematical software package.
It has been shown through comparison with a fully 3-D
analysis that stringent requirements on the accuracy of the
computed frequency values can be satisfied only by 2-D
high-order layerwisemodels, in particular when thick and
deep anisotropic curved panels are considered. However,
the present approach can also allow to build less costly
low-order equivalent single-layer models when a more re-
fined analysis is not required for the specific case under
investigation.

Appendix
The thickness integrals in the fundamental nuclei Kkτsij ,
Mkτs
ij , and Bkτsij of the present formulation are defined as

follows:(︁
Jkτs , Jkτsα , Jkτsβ

)︁
=
∫︁
Zk

FτFs
(︁
1, Hkα , Hkβ

)︁
dz

(︁
Jkτsα/β , J

kτs
β/α , J

kτs
αβ

)︁
=
∫︁
Zk

FτFs

(︃
Hkα
Hkβ

,
Hkβ
Hkα

, HkαHkβ

)︃
dz

(︁
Jkτzs , Jkτzsα , Jkτzsβ

)︁
=
∫︁
Zk

∂Fτ
∂z Fs

(︁
1, Hkα , Hkβ

)︁
dz

(︁
Jkτzsα/β , J

kτzs
β/α , J

kτzs
αβ

)︁
=
∫︁
Zk

∂Fτ
∂z Fs

(︃
Hkα
Hkβ

,
Hkβ
Hkα

, HkαHkβ

)︃
dz

(︁
Jkτsz , Jkτszα , Jkτszβ

)︁
=
∫︁
Zk

Fτ
∂Fs
∂z

(︁
1, Hkα , Hkβ

)︁
dz

(︁
Jkτszα/β , J

kτsz
β/α , J

kτsz
αβ

)︁
=
∫︁
Zk

Fτ
∂Fs
∂z

(︃
Hkα
Hkβ

,
Hkβ
Hkα

, HkαHkβ

)︃
dz

(︁
Jkτzsz , Jkτzszα , Jkτzszβ

)︁
=
∫︁
Zk

∂Fτ
∂z

∂Fs
∂z

(︁
1, Hkα , Hkβ

)︁
dz

(︁
Jkτzszα/β , Jkτzszβ/α , Jkτzszαβ

)︁
=
∫︁
Zk

∂Fτ
∂z

∂Fs
∂z

(︃
Hkα
Hkβ

,
Hkβ
Hkα

, HkαHkβ

)︃
dz
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