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Abstract. We introduce the notion of a BV-operator A = {A” : V" — V*~11 1 on a homotopy G-algebra V*
such that the Gerstenhaber bracket on H(V*) is determined by A in a manner similar to the BV-formalism.
As an application, we produce a BV-operator on the cochain complex defining the secondary Hochschild
cohomology of a symmetric algebra A over a commutative algebra B. In this case, we also show that the
operator A* corresponds to Connes’ operator.

2020 Mathematics Subject Classification. 16E40.
Funding. AB was partially supported by SERB Matrics fellowship MTR/2017/000112.

Manuscript received 14th October 2020, revised 21st November 2020, accepted 23rd November 2020.

1. Introduction

A Gerstenhaber algebra (see [3]) consists of a graded vector space W* =@, W" equipped with
the following two structures:

(a) A dot product x -y of degree zero making W* into an associative graded commutative

algebra.
(b) Abracket [x, y] of degree —1 making W* into a graded Lie algebra satisfying the compat-
ibility property that
[x,y-2] =[x, y] - 2+ (-1 @eBOIDABW [ x 7],

Gerstenhaber algebra structures appear in a variety of situations, from Hochschild cohomology of
algebras to the exterior algebra of a Lie algebra and the algebra of differential forms on a Poisson
manifold.
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An operator d = {0" : W — W""1},.5o on W* of degree —1 is said to generate the Gerstenhaber
bracket (see Koszul [7, §2] and also [6, Definition 3.2]) if it satisfies

[x, y] = (—1)14e8D=D AW ((x) . y 4 (—1)48W x. 5 (y) — A (x - y))

In particular, a Batalin-Vilkovisky algebra (or BV-algebra) consists of a Gerstenhaber algebra
along with a generator 8 for the bracket such that 6> = 0.

In [4], [5], Gerstenhaber and Voronov introduced the notion of a homotopy G-algebra, which
is a brace algebra equipped with a differential of degree 1 and a dot product of degree 0 satisfying
certain conditions. In particular, the cohomology groups H(V") of a homotopy G-algebra V*
carry the structure of a Gerstenhaber algebra.

In this paper, we introduce the notion of a BV-operator A = {A” : V" — V""!},., on a
homotopy G-algebra V*° such that the Gerstenhaber bracket on H(V*) is determined by A in a
manner similar to the BV-formalism. More explicitly, for classes fe H™(V*)and g€ H™(V"), we
have

[f,8 = DT VMAR g+ DA - A(f- @) € H IV
where f € Z*(V*), g € Z™(V*) are cocycles representing f and g respectively. We note that A
need not be a morphism of cochain complexes and therefore may not induce any operator on
H(V*). As such, A may not descend to a generator for the Gerstenhaber bracket on H(V*).

Our motivation is to introduce a BV-operator on the cochain complex defining the secondary
Hochschild cohomology of a symmetric algebra A over a commutative algebra B. For a datum
(A, B, ¢) consisting of an algebra A, a commutative algebra B and an extension of rings € : B —
A such that €(B) € Z(A), the secondary Hochschild cohomology H*®(A, B,¢) was introduced
by Staic [9] in order to study deformations of algebras A[[f]] having a B-algebra structure.
More generally, Staic [9] introduced the secondary Hochschild complex C*((A, B,€); M) with
coefficients in an A-bimodule M.

In [10], Staic and Stancu showed that the secondary Hochschild complex C°(A,B,¢) :=
C*((A, B, ¢); A) with coefficients in A is a non-symmetric operad with multiplication, giving it the
structure of a homotopy G-algebra. Hence, the secondary cohomology H* (A, B, €) is equipped
with a graded commutative cup product and a Lie bracket which makes it a Gerstenhaber alge-
bra. For more on the secondary cohomology, the reader may see, for instance, [1], Corrigan-Salter
and Staic [2], Laubacher, Staic and Stancu [8].

Let k be a field. It is well known (see Tradler [11]) that the Hochschild cohomology of a finite
dimensional k-algebra A equipped with a symmetric, non-degenerate, invariant bilinear form

(+,7) : Ax A — k carries the structure of a BV-algebra. For the terms C"((4, B, €)) = Hom(A®*" ®
nn-1)

B®7 72, A) in the secondary Hochschild complex, we define the BV-operator A = ;’:11 (=D)inA;:
C"*1(A,B,e) — C™(A, B, ¢) by the condition (see Section 3)
ay b1z b1z ... by
1 a bg,g b2,n
<Alf ® : : : ) an+1>
1 1 ...byan
1 1 ay

ai biiv1 biiva  bip 1 byi b .. bi-yi
1 aj+1 bivyiv2 «-bivin 1 b1iv1 bajiv1 - bi-1,in1

(l.n 1 bl.,n b2.,n bi—.l,n
1 an+1 1 1 ’ 1 (1)
1 1 a b1z ... b1

Il
S
~
®

—
—

C. R. Mathématique, 2020, 358, n° 11-12, 1239-1258



Mamta Balodi, Abhishek Banerjee and Anita Naolekar 1241

We then show that the Gerstenhaber bracket on the secondary Hochschild cohomology of
(A, B,¢) is determined by A in a manner similar to the BV-formalism.

From Tradler [11], we also know that the operator A®* : C*(4,A) — C* 1A, A) on usual
Hochschild cochains inducing the BV-structure on H* (A, A) corresponds to the operator Ns on
duals of Hochschild chains, where N is the “norm operator” and s is the “extra degeneracy”
(see (16)). The isomorphism between the two complexes is induced by the k-module isomor-
phism A* = A determined by the non-degenerate bilinear form (-,-) : Ax A — k. If we pass to
the cohomology and take the normalized Hochschild complex which is a quasi-isomorphic sub-
complex of C*(A4, A), it follows that Tradler’s A* operator corresponds to Connes’ operator on
Hochschild cohomology with coefficients in A.

However, in the case of secondary cohomology, we have mentioned that the operator A*
defined in (1) is not a morphism of complexes and we cannot pass to cohomology. Accordingly,
we show that the operator A* defined in (1) fits into a commutative diagram (see Theorem 10)

6. (A)BYE) L 5._1(A,B,£)

l l ®)

C* (A, B,); A) —2> C*"1((A, B,&); A)

where B is Connes’ operator. Here, C* (A, B, ¢) is the normalization of the co-simplicial module
C*(A, B,¢) introduced by Laubacher, Staic and Stancu [8], which is used to compute the sec-
ondary Hochschild cohomology associated to the triple (4, B, €). It should be noted (see [8, Re-
mark 4.7]) that despite similar names, the complex C* (A, B, €) cannot be expressed as a secondary
Hochschild complex with coefficients in some A-bimodule. The vertical morphisms in (2) are in-
duced by composing the canonical morphisms (A® B®")* — A* for each n = 0, the isomorphism

A* = A as well as the inclusion of the quasi-isomorphic subcomplex C*(A,B,e) — C*(A, B,¢).

2. Main Result: BV-operator on homotopy G-algebra

We begin by recalling the notion of a homotopy G-algebra from [5]. A brace algebra (see [5,
Definition 1]) is a graded vector space V = @,,5¢ V" with a collection of multilinear operators
(braces) x{xi,..., x,} satisfying the following conditions (with x{} understood to be x):

(1) deg(xixi,..., x,}) =deg(x) + X1 deg(x;) —n

(2) For homogeneous elements x, x1,..., Xm, Y1,---,Yn, We have

x{xlyn-;xm}{J/l;---;J/n}

= Z (_l)ex{ylr---yyl'l)xl{yilJrl)---vyjl})yler]!---ryimr

Osilsjlsizs---simsjmsn
xm{}’im+1,---,J’jm};yjm+1,---,J’n}

m

wheree=Y7" Ix,,l(Z;"’:1 lygl) and |x| := deg(x) — 1.

Definition 1 (see [5, Definition 2]). A homotopy G-algebra consists of the following data:

(1) AbracealgebraV =@,5qV".
(2) Adot product of degree zero

VeVt —ym™t xe@y—x-y

forallm,n=0.
(3) Adifferentiald: V* — V**! of degree one making V into a DG-algebra with respect to the
dot product.

C. R. Mathématique, 2020, 358, n° 11-12, 1239-1258
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(4) The dot product satisfies the following compatibility conditions
n
(X1 X)W1 Ynb = 2 DR @Y YiD) - (2 {Vies 150 Y
k=0

whereey = | xz| Zﬁ:l lypl and

n+1
Ax1, ey Xpe1)) = (AX) X1, ooy Xpa1} — (DY ()il d g, X )
i=1

= (=D (o, . Xt + (D
n
Z(—1)|x‘H"'Hx"’llJC{xb--.,xi “Xitly-er Xn1} — X{X1, .., Xnt - Xp1
i=1
In particular, a homotopy G-algebra is equipped with a graded Lie bracket which descends to
the cohomology of the corresponding cochain complex (V*, d) (see [5])
[ ]: H"(V) e H*(V*) — H™ " (V") 3)

The dot product also descends to the cohomology and the bracket with an element becomes
a graded derivation for the induced dot product on H(V*) = @,0 H"(V*). In other words,
the cohomology (H(V*),[,-],-) of a homotopy G-algebra V* is canonically equipped with the
structure of a Gerstenhaber algebra.

We now introduce the notion of a BV-operator on a homotopy G-algebra.

Definition2. LetV* =@,,5o V" be a homotopy G-algebra, letd : V* — V**1 be its differential and
let[-,-]: V"® V™ — V™ =1 be jts Lie bracket. We will say that a family A = {A" : V" — V11,4
is a BV-operator on V* if it satisfies

[f,8l— (—1)(”71)”’(A(f)-g+ =D"f-A(g)-A(f-8) € d(Vm+n—2)
forany cocycles f € Z"(V*), ge Z™(V*).

If V* is a homotopy G-algebra equipped with a BV-operator A, we now show that the bracket
on the Gerstenhaber algebra H(V*) is determined by A in a manner similar to the BV-formalism.

Theorem 3. Let V* = @,>( V" be a homotopy G-algebra equipped with a BV-operator A = {A" :
V" — V" 1,.0. Consider f € H"(V*) and g € H"™(V*) and choose cocycles f € Z"(V*) and
g € Z™(V*) corresponding respectively to f and g. Then, we have

A(f)-g+(=D"f-A(Q —A(f-g) e 2™ (V")
The Gerstenhaber bracket on the cohomology of V* is now determined by
[f,81= DDA g+ (D AR -Af- @) e HM (V)

In particular, the right hand side does not depend on the choice of representatives f and g.

Proof. We know that f € Z"(V*) and g € Z™(V"). Since the bracket [-,-] : V'@ V" — ym+n-l
descends to a bracket on the cohomology, it follows that [f,g] € Z™*"1(V*). Since A = {A" :
vt yntly gisa BV-operator, it follows from Definition 2 that

[f, gl - DDA - g+ (=D f-A(g) - A(f-g) ed(V™72) (4)

Let us put z; = [f,g] and z; = (1) V"A(f) - g+ (-1)"f-A(g) = A(f - g)). Since z; — 2, €
d(V™"2) we must have z; — zp € Z™*""1(V*). We have already seen that z; € Z""*"1(V*),
Hence, z, € Z™Mn=1(v*). By (4), we know that z; — zy is a coboundary and hence the cohomology
classes z; = z». The result is now clear. O
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3. Application : BV-operator on secondary Hochschild cohomology

Let k be a field and A be an algebra over k. Let B be a commutative k-algebra and € : B — A be
a morphism of k-algebras such that e(B) < Z(A), where Z(A) denotes the center of A. Let M be
an A-bimodule such that e(b)m = me(b) for all b € B and m € M. Following [9, §4.2], we consider
the complex (C*((A4, B, €); M),6°) whose terms are given by

C" (A, B, &); M) = Homk(A®" ® B ,M)

. nn=1 .
An elementin A®" ® B®~ 2 will be expressed as a “tensor matrix” of the form

ay bip b3 ... bip-1 bip
1 ax b3 ... ban-1 bop
1 1 as ... b3,n—1 b3,n

11 1 o ans ban
1 1 1 ... 1 a,
where a; € Aand b;,; € B. The differentials
8": C"((A B,e); M) — C™*1((A, B, e); M)
may be described as follows

ay bio b13 ... byp—1 b1,y b1n+1

1 ay bas ... bou—1 boy bops1

1 a ... b?,ynfl b3,n b3,n+1
§"H| Q| .

1 an bpnt1
1 ... 1 1 ap+

az bys ... bay bo et
1 as ... b3 b3+l

=ae(bi2b1z... b)) f| Q)| ¢

1 1 ... Qap bn,n+1
1 1 ... 1 apa
ay bip ... biibyisi ... big b1 1

1 ap ... byibziv1 ... Dbag b2 n+1

+Y DI 1 1 ... ebiii)aiais ... binbicin binc1bivine
i=1 .o ) )

1 1 an bn,n+1
11 .. B s
a b1y ... byy-1 bin
1 ay ... bz,n—l bz,n

+-D"FIR® : : (b1, n+1b2,n+1 - bnn+1) nl
1 1 ... an—1 bn—l,n
1 1 ... 1 ay

C. R. Mathématique, 2020, 358, n° 11-12, 1239-1258
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for f € C"((A, B,€); M), a; € A, b;,j € B. The cohomology groups of (C*((4, B, £); M), ") are known
as the secondary Hochschild cohomologies H"((A, B, €); M) of the triple (A, B, €) with coefficients
in M (see [9]).

From [10, Proposition 3.1], we know that the secondary Hochschild complex C*(A, B,¢) :=
C*((A, B,¢); A) carries the structure of a homotopy G-algebra. This induces a graded Lie bracket

[-,-]: H™(A,B,e)® H"(A,B,&) — H"™*""'(A,B,¢) )

on the secondary cohomology. It follows (see [10, Corollary 3.2]) that the secondary cohomology
H* (A, B,¢) carries the structure of a Gerstenhaber algebra in the sense of [3].

From now onwards, we always let A be a finite dimensional k-algebra equipped with a
symmetric, non-degenerate, invariant bilinear form (:,-) : Ax A — k. In particular, (a;, a») =
(ap, a1), {(aray,as) = {ay, axas) for any ay,ay,as € A. For i € {1,...,n+ 1}, we define the maps
A;:C"1(A, B,e) — C"(A, B,¢) as follows:

ay b1p b3 ... bin
1 a b2,3... bg,n

<Aif I ,an+1>
1 1 1 ...by1n
1 1 1 ... ayu

ai bijy1 bijv2  ...bin 1 b1 by ... bi-i
1 aj+1 bivriv2 ---bivin 1 briv bojiv1 ... bi1i41
_ f ® 1 1 an 1 bl,n bg]n bi—l,n 1
1 1 1 anp+1 1 1
1 1 1 1 ay b1,2 bl,i*l
1 1 ai-1

To clarify the above operator, let us express

a) bl’g blyg bl,n
1 ap b2,3... bz,n

X

(UG-1) X
I 1 Um-i-1
1 1 1 ...byan

1 1 1 ... ay
where U (k) is a square matrix of dimension k. Then, we have

Un-i-1) 1 X/,

<Alf(U(ll_ 1) U(n)ili—l))’an+l>: <f( 1 al’H—l 1 ),1>
1 1 U®G)

where X/, denotes the transpose of Xi,. The operator A : C™1(A,B,e) — C"(A,B,¢) is then
defined as
n+1 X
A=) (-1)"A;.
i=1
Following [10, §3], we know that the complex C* (A, B, ) carries a dot product of degree 0, i.e., for
feC"(A,B,¢), ge C™(A,B,e), we have f-ge C"™*"(A, B,&). We also consider the operations

0;:C"(A,B,e)® C™(A,B,e) — C™*""1(A,B,¢)

C. R. Mathématique, 2020, 358, n° 11-12, 1239-1258
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andset fog:=Y" (-1 D"V fo; gasin[10, §3]. We also set

o, p?: C"(A,B,e)® C"™(A,B,e) — C"""71(4,B,¢)

m ) m+n .
plfeg) = (D" IA(f-g)  pP(feg)i= Y DTTVANS - g)
i=1 i=m+1

for f € C"(A,B,¢), g € C™(A,B,¢). Itis clear that p' (f® g) + p*(f ® g) = A(f - 8).
Lemma4. p'(feg)=(-1)""p%(ge f) forall f € C"(A,B,¢) and g € C"™(A, B,¢).
Proof. This may be verified by direct computation. g

Lemma5. Letfe Z"(A, B,¢), g€ Z™(A,B,¢). Then fog—(~1) "D MA(f).g+(-1)"" V" p2(fe g)
is a coboundary. In fact, if we define H

H= Z (_1)(j—l)(m—1)+i(n+m)+lAi(fOj g)'

i,jzli+jsn
then,
SH=fog—(-D" VMA(f)- g+ (D" V"% (fog).
Proof. We set, for k=0, p=0:

Af+1 --- hk+1,k+p
k _
Tk+p - ®

1 o Grsp

We see that
ay b12 b1z ...  brprm-1
1 a bys... Dbapim-1
<5(Ai(f°j )| e ;an+m>
11 I ... bn+m—2,n+m—1
1 ... An+m—1
is1 oo bigrivjor TIPS bt iejsk 1 bait1 - bi-1,i+1
1o aivjor TS bisjovivjok 1 boisj-1...  bi-1isj-1
.. 1 g(T,-l:ﬁm,l) HL":_OI bisjskivjem 1 o .o HZ’:—OI bi-1,i+j+k
=(f| : : : : : : ,1
1 1 1 a 1 1
1 1 1 1 1 a by
1 1 1 1 11 a;
i+ - T Dist,iejok 1 by,is1 bpi+1ba+1,i41 bji+1
T § (i bii++_j‘:ll,i+j+k 1 byisj-1 bpivj-1basyivj1 biivj1
.. g(T,-,,]!,,m_l) M0 i jakivjom o T Drivjek TIPS baisjekbasnivjok TG biivjek
i-1 1 F : : 1 : : :
+) (-1 <f 11 Gnem 1 1 ,1>
A=1 11 1 a by
11 .. 1 1 1 1 B bibaeni
11 .. 1 1 1 1 1 a;

C. R. Mathématique, 2020, 358, n° 11-12, 1239-1258
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a;i bijis1 biabia+ 1770 biie jok 1 by, bi-1,i
1 aiv1 bivi,abisian 7 bivvivjok 1 biin bi-1,i+1
11 : : : :
.. Ba 17 baie jekPasLinjk 1 bia bi_12
1 : : : :
+ Z (=D <f 1 1720 D jov,iv jok L buisj- bi-yixj-1
—. i+i—1 _ _
A=i 1 g[T;:j!+m,]) 75 i jekyivjam 1 o I bicvivjik
1 1 1 Am+n 1 1
1 1 1 1 ay bl,i—l
1 . 1 1 1 ai
ai ... M2 by ek 1 by bi-1,i
1 aigjoo TITS2 Divjivjek .. 1 Dbiitjo2 ... bi-1,i+j-2
. Sivje2 » ,«
i+j+m—2 N 1 1 g(T;:§+m,2) 2 bisjskivjim1 1 S | iy I
Y P . 1)
A=i+j-1 11 1 apem 11 1
1 1 1 1 ay hl_z -~h1,i—1
: 1
1 1 1 1 a;—1
a; biji+1 ... Dbiivj-2 1722 Biisjok I B bi-1,i
. : . .
1 o oo Gisj2 172 bivjayivjrk 1 bi1,i+j-2
i+j-2 v _
I 1 .. . g(Til:;er,z) 172 bivjekyivjemet - 1 W2 bicyie ek
A 1 ... .. 1 1 Br 1 bi—1,bi-1,2+1
+ 2 (—1)<f... . . . . 1
A=i+j+m—1 oo : : R
1 ... ap+m 1... 1
1 1 1 @ coobic
11 1 1 @i
a;i bijiv1 ... Dij+j2 {2 by ek 1. bi-1,i
: : 1 :
| Ty 172 bt joaivjrk 1 ...  Dbiyivj2
i+j-2 3 2
) 1 g(T,'+;+m_2) IS bivjrkivjem—t - 1o TIEEE Dic1ivjek
n+m—
+(=1) <f : 1 : ’1>
1 vy 1 1
1 . ay ~~b1,i71
1 1 ai-1

Mamta Balodi, Abhishek Banerjee and Anita Naolekar

(6)

where a = €(b12...01 pem-1)nrma@, ¥ = €01, nem-1---bnsm-2,n+m-1)@nsmnim-1, Pp =
ebpa+)arap forl=sA<sn+m-2and

mitj-2
i+j+m-2

Aj+j-1 bivj-1,i+j - Divj-11Di+j-1,2+1

1 Aiyj biyjabiyja
1 1 .
1 . Ebpas)arans

C. R. Mathématique, 2020, 358, n° 11-12, 1239-1258
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We write the entire expression of (6) as

ay b1p b13 ...  brpim-1
1 a bys... Dbopim-1

1247

<5(Ai(f°jg)) e : ;an+m>=E1+E2+E3+E4+E5+E6r

1 I ... bn+m—2,n+m—1

]. e an+m_1

where Ej denotes the k-th term in the expression.
Wesetfori, j=landi+j<n,

iv1 oo bigrivjor TIPS bistisjsk ... bi-1,i+1
: : : 1 :
oo aivjor TIPS bisjovivjek ... bi-1,i+j-1
i+j—1 — —
1/ 1 ... g(T;:}+m_1) M bivjekyivjom - 1 oo T bit i ek
—— 1
Apj=EDTaf s z z L : 1
1o Apim 1 1
1 1 a byi-1
1 1 1 ai-1
ai ... biisjo TIE2 Diivjek | S bj-1,i
Do : : 1 :
Lo ijoa TI07% bivjogivjek | bi-1i+j-2
o U] 75 bisjekiejom - 1 oo 170 biivjek
+E3+(—1)””1<f S : : o : ,1>
An+m 1 1
11 1 ay bl,i*l
111 @i
where a; = a;e(bj i+1...bintm-1b1,i...bi-1,1),. We also set
ai ... biivja  TI072 biiejek ... bj-1,i
Do : : 1 :
1. aivjo TI053 bivjosjivjek ... bi-1,i+j-2
¢ 772 b jukivjomt - 1 oo 172 bic, i sk
—— i+j+m-2 .o . . . . .
Bi,j-_ GV <f Do : : : o1 . : ’1>
CQpem 1 ... 1
11 1 a b]_,;l
11 1 ai-1
+E5 + Eg

where

_ i+j-1
77—ai+j—1£(bi+j—1,i+j---bi+j—1,n+m—1)g(Ti+j+m_1)
i+j-2 m-2
C:g(Ti+j+m_2)£ l_[ bi+j+k,i+j+m—1 ,
k=-1
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and
Qisy o bigvicjo1 TIPS bivt,iejrk .. bi_1,i+1
: : : 1 :
L m—1 L
1 ... Ai+j-1 Hk:() bi+j—1,i+j+k 1 .. bt—l,H]—l
i+j-1 - -
. ... . g(T;+}+m_1) P bisjakivjom - 1 oo T bicy ik
— i /
Cij=(=1) <f S : : 1 : aw1>
Anym 1 1
1 1 .o ay bl,i*l
1 1 Lo 1 a1

+E1+ E»

The first term of A; ; and that of C; ; are the same modulo a sign. Using the fact that 6g = 0,
the third term of A; ; and the first term of B; ; add up to give E4. Thus, we have

a1 bip b3 ... binem-1
1 a; br3... b2pim-1
<6(Ai(f°j ilel: oo : ’“n+m> = Ajj+Bij+Cij @)

1 I .. bn+m—2,n+m—1
1 1 an+m_1

It may be verified that

(D™ A; o1+ (DB + (DTCy

a1 b1 b13 ... bypym-1
1 ax bas ... b2 nim—1

=<Ai((6f>ojg)) ® ,an+m>:0 ®)

1 1 1 ... amen-1

for2<i<n,2<j<n-1andi+ j<n.Thesecond equality in (8) uses the fact that § f = 0.
Fori,je{l,...,n+1}, we define

Ai+m bi+m,i+m+l -~-bi+m,n+m—1 1 bl,i+m b2,i+m--- bi—l,i+m

1 Aivm+1 -Dirmilnrm-1 1 b2iem+1 b2ivme1-- Dic1ivm+1
- - : : : : : : :
Ajp:= (—1)” <g(Til+m—1)f 1 1 An+m 1 1 ,1>,
1 1 1 ay bl'g bl i-1
1 1 aij-1
-1
ay ... byj-1 TIRS) b1k byj+m b1 n+m-1

-1
1 ... aj1 IS bj—vj+k bj-1j+m - Dj—Lntm-1
— j=1 -1 -1
CO,j = <f 1. 1 g(Tj+m—1) H?:O bj+k,j+m HIT:O bj+k,n+m—1 an+m,1>,
1 ... 1 1 Ajrm bj+m,n+m—1

An+m-1
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and for i€ {1,...,n}, define

aj ... bin-1 TI{L bin-1+k by, bi_y,i

L ... ap1 TIL -y £ bp-1,n-1+k bln 1 - biipn
Bin-i+1:=(= l)n+m+l<f ... 1 g1} +m D nim Hk 0 bl n+k - H;Cn:_ol bi-1,n+k ,l>

1 ... 1 1 a) bl,i—l

1 ... .. a;—1

Thus, A;j, B j+1, Ci-1,;j are defined for all the values of i,j with i,j 2l and i+j<n+1.
Moreover, it may be verified that

Ay jo+ (D™ 1By + (D" Gy

byjor TI7S bjek byj+m b1 n+m-1 1
: : : : : 1
1... aj—1 Hk 0 ] 1,j+k bj 1,j+m bj 1,n+m-1 1
j-
=<(5f) L. 1 g(T+m 1) H ]+k]+m-- H ]+kn+m 1 1 ,1>:O

]. e 1 1 a]+m e h]+m,n+m—1 1
1
]. e e e e e an+m_1 1

1 ... 1 1 1 1 1 An+m

We also have

D™ Ao+ (DB + (1) Cioy

8T/ ) TG biskiem - TG biskonem— 1 Hk’":}}hlm [175) biv,ivk
1 Aj+m bi+mn+m-1 1 by,i+m H bz 1,i+m
- 1 b -1 ... bj_ -
={( An+m-1 1,n+m-1 i-1,n+m-1 1)=0
<( P 1 An+m 1 1
1 1 ay by,i-1
1 1 1 a1

and

D™ A i+ DB i + (D Cily i

a ... ... bip_1 Hkm:_ol bi n+k 1 by, . bi-1,i

1 aiv1 ... bivino1 175 Bivinek 1 bri+1 ... bi-1in

: : : 1 S

1 an—1 15 bn Lotk 1 e bis1p
=<(6f) 1 grit 1 T bunek - IS bicynak ,1>

1o e ) Ansm 1 1

1 1 ... a bl,i—l

1 1 ... a;—1
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Thus, we obtain
0= y (=1)U=DOn=D+inm=1) ((_1)i+1Ai,j—1 +(_1)i+mBi,j +(_1)i+nci_l,j) )
l<isnl<j<n-l,i+j<n+1
Rearranging the terms in the above sum, and using equation (7), we get,
0= y (_1)(j—1)(m—1)+i(n+m)+1(Ai’j +B;;j+Cyj)

l<isnl<jsn,i+j<n

n . n . n .
_ Z(_l)m_1+l(n+m)Ai,O _ Z (_l)n(m+1)+l(n+l)Bi,nfi+1 _ Z (_1)(]_1)(m_1)C0,j

i=1 i=1 i
ay bip b13 ...  bipem-1
1 ay b3 ... b, n+m-1
“(ounl s s i )
11 L. bn+m—2,n+m—1
L1 .. An+m-1
ay bl,Z bl,g bl,n+m—1
1 ay bys ... b2 nem-1
_(—1)m(n+1)<(p2(f®g)) Do Do : ,an+m>
1 .. bn+m—2,n+m—1
L1 1. An+m-1
ar bip b1z ...  Dbipim-1
1 a; bys ... b2 n+m-1
S I (N P R ) I S oy
11 L .. bn+m—2,n+m—l
L1 1 .. An+m-1
ay bl,Z b1,3 bl,n+m—l
1 ay bys ... by nym—1
—<(fog) van+m>- O
11 I .. bn+m—2,n+m—1
1 1 1 ... An+m—1

Proposition 6. The family A = {A°: C*(A, B, &) — C*"Y(A, B, )} determines a BV-operator on the
homotopy G-algebra C* (A, B, €).

Proof. We consider f € Z"(A, B,¢) and g € Z™(A, B, €). By definition (see [10, §3]), we know that
[f,8]= fog— (=D V" Vgo fec™ (A B,e) (10)
Applying Lemma 5, we know that the cochains
ng— (—l)("_l)mA(f) g+ (_1)(n—1)mp2(f®g)
gof— =DM A) f+ (D" "t (ge f)
are coboundaries. From (10), it now follows that
[f,81= DDA - g+ (DM (Fe ) + (DA - f+(-DpP (g ) (D)
is a coboundary. Applying Lemma 4, it follows from (11) that
[f,81= DDA - g+ D"V (Feg)+ (D VA - f+ (-1 Vol (feg)
is a coboundary. Since p' (f ® g) + p?(f ® g) = A(f - g), we get
[f,81= DA - g+ CDMVAS -+ D VAR) - f
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is a coboundary. Using the fact that the dot product is graded commutative, we can put A(g) - f =
(=1)"0m=D £. A(g). The result is now clear. 0

Theorem 7. For secondary cohomology classes f € H" (A, B,€) and g € H™ (A, B, ¢), the Gersten-
haber bracket is determined by

[f,81= DDA g+ (D" f-AQ - A(f-g) € H" " (A, B,e)
Here f and g are any cocycles representing the classes f and g respectively.

Proof. This follows directly by applying Theorem 3 and Proposition 6. g

It is natural to ask whether the BV-operator determined by A = {A*: C*(4, B,¢) — C*1(4,B,e)}
induces a BV-algebra structure on the secondary Hochschild cohomology H* (A, B, €). In the spe-
cial case of B = k, we are reduced to ordinary Hochschild cohomology and hence A determines
a BV-algebra structure on H* (A, A). However, this is not true in general because A* : C* (A, B, €) —
C*1(A, B, ¢) does not commute with the differentials. For instance, we take n = 2 and ask when
the following diagram commutes:

2
C%(A,Be) —= C3(A, B,¢)

Azl l_A3 (12)
1

CY(A B &) —2— C2(A, B,¢)

Forany ay,ay,a3 € A,b1p€Band f € C2%(A, B, ¢), we have

<(—A362f)(a1 b;;),d3>

ay b1p 1 a; 1 byp az 1 1
—<(62f)( ),1 (62f)( az 1 ),1>—<(62f)( a bl,z),1>
a az
p 1 araxe(byp) 1 ay bip ay b
<a1£(b12)f( (,lg)’l ( ag)’1>_<f( azag)’1>+<f( az)a3’1>
3 1 axaz by az bip a 1
<a2£(b1 2)f( al)’l ( a ),1>—<f( agal)’1>+<f( ds) ﬂ18(b1,2),1>
ay b12 asa; blyg as 1 as 1
B B R O RSN L Pttty

Now, using the properties of the inner product (-,-) on A we see that the first term cancels with
the eighth, the fourth term cancels with the ninth, the fifth term cancels with the twelfth. Thus,
the above expression reduces to

<f(a1az€(b1,2) ;3)’1> _<f(a1 :21;123),1> +<f(aza3 b;iz),1> _<f(a2 :31;121)’1>

’ <f(a3&1 b;f)’l> - <f(a3 (1102;(191,2))’1> (13
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On the other hand, we have

<(61A2f) (611 bl,z)’a3>

ap
= (a1€(b1 2) (A% ) (@), as) — (A f)(ay aze(by 2)), as) + (A f)(ay) aze (b 2), az)
= (A f)(a2), azar€(b12)) — (A f) (a1 aze(b1p)), as) + ((A® f)(a1), azaze(by 2))

_ —<f (az asalgl'(bl,z))’l>+ <f(a3a16(b1,2) alz)’l> +<f(d1d2£(b1,z) alg)’l>

_ <f(a3 alaz;(blyz))’w B <f (m azas;(blyz)),w N <f(aza38(b1,2) ;1)’1> (14)

From the expressions in (13) and (14), it is clear that the diagram (12) does not commute in
general, even if we take A to be commutative and B = A.

4. Relation with extra degeneracy and norm operator

We continue with A being a finite dimensional k-algebra equipped with a symmetric, non-
degenerate and invariant bilinear form (-,-) : Ax A — k and B a commutative k-algebra with
a morphism of k-algebras € : B — A such that £(B) € Z(A). In particular, the non-degenerate
pairing on A induces mutually inverse isomorphisms
P AT A oA A (15)
We let C* (A, M) denote the ordinary Hochschild complex of A with coefficients in an A-bimodule
M and its cohomology by H*(A, M). In particular, we may set M = A* equipped with the A-
bimodule structure (a’' fa")(a) := f(a"aad’) for f € A* = Hom(A, k) and a, d/, a’ € A. In that
case, the terms {C"(A, A*)};>0 in the Hochschild complex C®(A, A*) may also be written as
C"(A, A*) = Hom(A®"*! k). We denote by C*(A) the corresponding complex defined by setting
C™(A) := Hom(A®"*, k) for n = 0.
From Tradler [11], we know that the operator A® : C*(A,A) — C*~'(A, A) on Hochschild

cochains inducing the BV-structure on H* (4, A) fits into the following commutative diagram with
the duals of Hochschild chains

i) — &)

C* (A A®) c 14, A% (16)

C'(AA) —2 s 1A, A)

Here, each ¢° : C*(A, A*) — C*(A, A) is the isomorphism induced by ¢ : A* = A, while s and N
respectively are the usual extra degeneracy and norm operators given by
s:C"™A) —CMA)  (sPHar,...,an) = flay,...,an,1)
N:=1 +/",+ e +/ln . C\n(A) i C\n(A) (//i,‘f)(a(),'-.;an) = (_l)nf(anraOr”-yan—l)

If we pass to the normalized Hochschild complex which is a quasi-isomorphic subcomplex of
C* (A, A™), then (16) induces the following commutative diagram

a7

H* (A, A*) =2 g =104, 4%)
d).lz El"’ﬂ (18)
H (A A) —2 = B (4, 4)
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where B*: H* (A, A*) — H*71(A, A*) is the standard Connes operator.

In the case of secondary Hochschild cohomology, we have shown in Section 3 that A* is not
in general a morphism of complexes, i.e., it does not descend to cohomology. We will now show
that the operator A* on secondary Hochschild cohomology H* (A, B, ¢) fits into a commutative
diagram similar to (18).

In [8], Laubacher, Staic and Stancu have introduced a co-simplicial module C* (A, B, €) which
is used to compute the secondary Hochschild cohomology associated to the triple (A, B,€). The
terms of this co-simplicial module are given by

nn—

C'(A,B,g) := {Hom (A®” ®B®"5" Hom(A® B", k))} (19)

n=0

Itis important to note (see [8, Remark 4.7]) that despite the similar names, the complex C* (4, B, €)
cannot be expressed as the secondary Hochschild complex of (A4, B, €) with coeflicients in some
A-bimodule. This is because the “coefficient module” Hom(A ® B", k) appearing in (19) varies
with 7.

In addition, the cosimplicial module C* (A4, B, ¢) is equipped with a cyclic operator, which can
be used to compute the secondary cyclic cohomology associated to the triple (A, B, ¢). Using the
isomorphisms

n(n-1) ~ n(n+1)
¥":Hom (A% @ B*“%" Hom(A® B", k)| — Hom(A®"*) & B°*% k) (20)
given by
ao bo1 bogz ... bon-1 bon
1 o bl,g bl,n—l bl,n
1 1 a ... bg,n_l bz,n
V') | Q| . :
1 1 1 ... ap-1 bn—l,n
1 1 1 ... 1 an
ap bO,l bo,n—z bo,n—l
1 ar ... byn—2 b
=g|®|: ¢ i |[(aneboasbiassbya,) @D
1 ]. e an—Z bn—Z,n—l
1 1 ... 1 an-1

we first transfer the cyclic operator from [8] to a complex C* (A, B, €) whose terms are given by

{C"(4,B,) := Hom(A®"*) & B i k)}n>0 22)

Lemma 8. For each n = 0, there is an action of the cyclic group Z,+1 = (A) on the k-space
n(n+1)

C"™(A,B,e) =Hom(A®"*V @ B®~2 k) given by

ap bo1 boy ... bon-1 bon an bon brp ... bu—2n bp-1n

1 a1 bip... bip-1 bin 1 ao boy ... bon-2 bon-1

1 1 ay ... bgynfl b2,n 1 1 ay ... bl,nfz bl,nfl
A-NIKR| . . =-D"FIQ] .

1 1 1 ... a1 bnfl,n 1 1 1 ... ap— bnfz,nfl

11 1 ... 1 a 11 1 ... 1 an

forany f € C"(A,B,¢), a; € Aand b; j € B.

Proof. This is clear from the definition in [8, §4.2] and the isomorphisms in (20). O
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The norm operator N : C"(A,B,e) — C"(A, B, ¢) is then defined as N = 1+ A +---+ A" The extra
degeneracy s: C"(A, B,e) — C" (A, B,€) is given by

ag boy bop ... bon—2 bon-1 ap boy boy ... bop-11

1 ay b1,2 bl,nfz bl,nfl 1 ay b1,2 bl,nfl 1
SN = : =& : :

1 1 1 ... ap—o bn—Z,n—l 1 1 1 ... a1 1

1 1 1 ... 1 an-1 1 1 1 ... 1

forany f e C"(A, B,¢), a; € Aand b;;jeB.

For n =0, let a” : (A® B®")* — A* be the map defined by p — p := a”(p), where p(a) :=
pla®lp®---®1p). We denote by a* : C* (A, B,&) — C*((4, B, €); A*) the induced map.

We also let ®° : C*((A, B,¢); A*) — C*((A, B,¢); A) be the map induced by the isomorphism
¢:A* > Aand @ : C*((A, B,¢); A) — C*((A, B,€); A*) be the map induced by (/)’1. It may also be
verified that the inverse ¥/, : Hom(A®"+D g o5t ,k) — Hom (A®” 8 B®"T ,Hom(A® B", k))
of the map in (21) is given by

a ay bis...byu-1 b b
a b1,2 bl,n—l bl,n bn+1 11 1,2 bl,n 1 bl,n bl,n+1
1 a b b 1,n+1 az ... O2,p-1 O2,n 2,n+1
2 ... D2,n-1 D2,n By ni1 o ) ) )
2 0:Y] E R N A 2 (23)
a1 bpi . 1 1 ... ap-1 bu-1,n bp-1,n41
11 .. nl nan,n bp-1,n+1 11 ... 1 an bp,n1

byni1 11 ... 1 1 ann

Proposition 9. Let A be a finite dimensional k-algebra equipped with a symmetric, non-
degenerate and invariant bilinear form (-,-) : Ax A — k and B be a commutative k-algebra with a
morphism of k-algebras € : B— A such that €e(B) € Z(A). Then, the following diagram commutes:

C'(A,B,e) —* ~ C*~1(A,B,¢)

q)-oa-l l@(-—l)oa(-—l) (24)
C*((A,B,¢e); A) A C*"1((A B, e); A)

Proof. We will show that for any n = 0, the following digram is commutative:

Hom(A®("*) @ B2*57 k) N Hom(A®" ® B* "5 k)
w \,I,l/n—l
Hom (A®” ®B®@,(A®B®ﬂ)*) Hom (A®(n—1) & B2 (A®B®(n—l))*)
” ot (25)
o q)nfl
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Since @ ! is an isomorphism, it suffices to check that this diagram is commutative when

. (n=-1)(n-2)
composed with ®~! : Hom (A®(”‘U ®B® 2

Hom(A®("+D) @ p& ™5™

a bip bz ... bypo2

1 ay bgyg bz,n_z
<(Ao®”oa”o‘l””(f)) X :

1 1 1

,A) - Hom(A®(”_l) ®B
,k). Then, for a; € Aand b;,j € B, we have

b1,-1
b2,n—1

)aﬂ>

ap-2 bn—Z,n—l

(n=1)(n-2)
® >

,A*). Let f €

1 1 1 ... 1 an-1
ai bji+v1 bij+2  ...bin-1 1 bi; Db bi_1,i
1 aj+1 biv1iv2 ---biv1n—1 1 briv1 b2iv1 ... bi-1,it1
i o : :
N y(=Di [ an o ngim 1 1 an-1 1 bip-1 b2p-1 .. bic1n-1
"g( D <(D "N 1 a, 1 .. 1 1
1 1 1 1 ay bl‘z bl,i—l
1 1 ai-1
ai bii1 bijr2  ...bin-1 1 bii b bi_,;
1 ajy1 bisiiv2 ..-bisin-1 1 briv1 baiv1 ... bic1in1
i : : Do : :
(n- l)t N 1 1 anp-1 1 byn-1bop-1... bi1n-1
; 2 T Q| 1 oan 1 . ||
1 1 1 1 a1 by by,i-1
1 1 ai—1
ai b1 bijv2  ..bin-1 1 byi by bi_1,
1 ai+1 biv1i+2 ---Div1n-1 1 b1i+1 b2is1 ... bi-1,i+1
. : D :
(n— 1)1 " 11 ap-1 1 byp-1 b2p-1 ... bi—1n-1
; D v | & 11 1 a, 1 .. 1 M
1 1 1 1 a) b1,2 bl,i—l
1 1 ai-1
ai biiv1 bijv2  ...bin-1 1 bii b bi_1,i
1 ajs1 biy1iv2 - bivin-1 1 briv1 b2is1 ... bi—1in1
i : Co :
(n— l)l a'pn 1 1 ap-1 1 bl,n—l bz,n—l bifl,n 1
=2 LR (] P Loa 1 @
1 1 1 a b by,i—1
1 1 ai-1
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a; bijv1 bij+2  ...bin-1 1 byi by bi-1,i
1 aiv1 birviv2 ---bisin-1 1 bris1 b2iv1 ... bic1is1
—-1Di 1 1 an-1 1 b1 n—1 bg n—1 «-- bi—l n-1
=Y D) | Q " ot '
= 1 1 1 an 1 1
1 1 1 1 a) b1,2 bl,i—l
1 1 ai—1
1®1®---®1)
ai biiv1 bijy2  ...bin-1 1 b1 Db bi—1; 1
1 aj+1 bivtive - bisin-1 1 bris1 boiv1 ... bi—1i41 1
n 1 1 an-1 1 bl,n—l b2,n—l bi—l,n—l 1
— (_1)(n—1)zf 1 1 a, 1 1 1
l':Zi ® 1 1 1 1 a) bl‘g bl,i*l 1
11 ai.y 1
1 1 1 1
On the other hand, let g := (INs)(f). Then, we have
ay bip b3 ... byp-2 bin
1 ay byz... bopa bp
@ o¥" ()| Q : (an)
11 1 an-2 bp-2,n-1
11 1 .. 1 apy
ay b1 b3 ... byp2 by
1 az bys... ban-2 b2p-1
=" M| R : (an®l®---®l)
1 1 1 an—2 bp-o2n
11 1 .. 1 ap
ay b2 b3 ... byp2 byp-1 1
1 ay b2'3 bg,n_g bg,n_l 1
= (Ns)(f) S . : :
® 1 1 1 . Aap-2 bn—z,n—l 1
11 1 .. 1  apy 1
11 1 ... 1 1 a,
ai biiv1 bijv2  ...bip-1 1 b1 b bi—1; 1
1 aiv1 bivyiv2 ---bivin-1 1 b1is1 b2ivr ... bic1i41 1
n 1 1 an-1 1 bl,n—l b2,n_1 bi—l,n—l 1
— (_1)(ﬂ—1)lf 1 1 1 a, 1 1 1
i:zl ® 1 1 1 1 a) blyg bl,i—l 1
11 a1
1 1 1 1

This proves the result.
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We now let E (A, B, ¢) denote the normalized complex associated to the cosimplicial module
C* (A, B,¢) given in (19). Again, using the isomorphisms in (20), the complex C*(A, B, &) becomes
isomorphic to the normalized complex C* (4, B, £) whose terms are given by

=n . .on-1
C (A B,e):=Ker|C"(A,B,e) L @ C"(A,B,¢)
j=0

where s; : C™(A,B,e) — C"1(A,B,¢) for 0 < j < n—1is the degeneracy

ay bl,g bl,j 1 bl,j+1 bl,n—l bl,n
1 ay ... bgyj 1 b2,j+1 bZ,n—l bg'n

ap bz ... byp1 b T

1 a ... l’)z,nfl bgyn . Lo a; 1

G L =FA L

1 1 ... ap— b -1,

11 nl nann 1 ajs1 ... bjr1,n-1 bjr1n
1 1 ... ... 1 /7. | bn—l,n
1 1 ... ... 1 ... .. 1 an

Theorem 10. Let A be a finite dimensional k-algebra equipped with a symmetric, non-degenerate
and invariant bilinear form (-,-) : Ax A— k and B be a commutative k-algebra with a morphism
of k-algebras € : B— A such that e(B) € Z(A). Then, the following diagram commutes:

C'(A,B,e) — L2~ C1(A,B,e)

| |

C*(AB,e) —* ~ C*-1(A, B, ¢) (26)
dJ'oa'j L@(-I)Oa(-l)
.

C*((A,B,e); A) —— C*7'((A,B,¢); A)
where B is Connes’ operator.

Proof. The commutativity of the lower square has already been shown in Proposition 9. By
definition, Connes’ operator on the _complex C*(A, B,¢) is given by B = Ns(1 — 1) which reduces
to Ns on the normalized complex C*(A, B, ¢). Hence, it may be directly verified that the upper
diagram commutes. g
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