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Abstract. In this paper, by using the Bernoulli numbers and the exponential complete Bell polynomials, we
establish four general asymptotic expansions for the hyperfactorial functions

∏n
k=1 kkq
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odd power terms or even power terms. We derive the recurrences for the parameter sequences in these four
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1. Introduction

In 1933, Bendersky [2] considered the product
∏n

k=1 kkq
for q = 0,1,2, . . . which degenerates into

the classical factorial function n! and the classical hyperfactorial function H(n) = ∏n
k=1 kk when

q takes 0 and 1 respectively. By taking the logarithm of the product, he obtained the result as
follows:

ln(Aq ) = lim
n→∞ ln(Aq (n)) = lim

n→∞

{
n∑

k=1
kq lnk −Pq (n)

}
, (1)

where

Pq (n) = nq

2
lnn + nq+1

q +1

(
lnn − 1

q +1

)
+q !

q∑
j=1

nq− j B j+1

( j +1)!(q − j )!

{
lnn + (1−δq, j )

j∑
l=1

1

q − l +1

}
,

Bn are the Bernoulli numbers, and δq, j is the Kronecker delta function.
In 2012, using the Euler–Maclaurin summation formula, Chen [3] obtained the asymptotic

expansion of ln A1(n) as follows:

ln A1(n) ∼ ln A1 −
∞∑

k=1

B2k+2

2k(2k +1)(2k +2)

1

n2k
, n →∞ ,

where A1 is the Glaisher–Kinkelin constant, which can be defined by

A1 = lim
n→∞

(2π)
n
2 n

n2
2 − 1

12 e−
3n2

4 + 1
12

G(n +1)
,
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and G(z) is the Barnes-G function. Then, substituting the values of Bn into the above expression
of ln A1(n) gives

n∏
k=1

kk ∼ A1 ·n
n2
2 + n

2 + 1
12 e−

n2
4 exp

(
1

720n2 − 1

5040n4 + 1

10080n6

− 1

9504n8 + 691

3603600n10 − 1

1872n12 +·· ·
)

, n →∞ . (2)

Based on this expansion, Chen and Lin [5] established a general asymptotic expansion for the
hyperfactorial function:

n∏
k=1

kk ∼ A1 ·n
n2
2 + n

2 + 1
12 e−

n2
4

( ∞∑
k=0

α̌k

nk

) 1
r

, n →∞ , (3)

and presented the expression of (α̌k ). Wang and Liu [14] obtained two general expansions:

n∏
k=1

kk ∼ A1 ·n
n2
2 + n

2 + 1
12 e−

n2
4

( ∞∑
k=0

αk

(n +h)k

) 1
r

, (4)

n∏
k=1

kk ∼ A1 ·n
n2
2 + n

2 + 1
12 e−

n2
4

( ∞∑
k=0

ϕk

(n +h)k

) n
r +q

, (5)

as n →∞, and determined the explicit expressions of (αk ) and (ϕk ).
Furthermore, Choi [7] presented the expression

ln Aq (n) =
n∑

k=1
kq lnk −Uq+1(n) lnn +Vq+1(n) , (6)

where Uq+1(n) and Vq+1(n) are defined by

Uq+1(n) =
nq+1

q +1
+ nq

2
+

[ q+1
2 ]∑

r=1

B2r

(2r )!

(
2r−1∏
j=1

(q − j +1)

)
nq+1−2r

 , (7)

Vq+1(n) = nq+1

(q +1)2 −
[ q+1

2 ]+ (−1)q−1
2∑

r=1

B2r

(2r )!

{
2r−1∏
j=1

(q − j +1)
2r−1∑
j=1

1

q − j +1

}
nq+1−2r . (8)

He also gave the following general asymptotic expansion:

ln Aq (n) ∼ ln Aq + (−1)q q !
∞∑

r=[ q+1
2 ]+1

B2r

(2r )!
· (2r −q −2)!

n2r−q−1 , n →∞ , (9)

where the constants Aq , which are called the generalized Glaisher–Kinkelin constants, can be
expressed by the derivatives of the Riemann zeta function ζ(s) and the harmonic numbers
Hn [1, 8]:

Aq = exp

{
Bq+1Hq

q +1
−ζ′(−q)

}
.

Besides, Choi’s result degenerates into Stirling’s formula of n! when q = 0.
Most recently, Wang [13] further studied this problem and presented the next two general

asymptotic expansions on the hyperfactorial functions:

n∏
k=1

kkq ∼ Aq ·nUq+1(n)e−Vq+1(n)

( ∞∑
k=0

αk (q ;h,r )

(n +h)k

) 1
r

, (10)

n∏
k=1

kkq ∼ Aq ·nUq+1(n)e−Vq+1(n)

( ∞∑
k=0

ϕk (q ;h,r, s)

(n +h)k

) n
r +s

, (11)

as n →∞,
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For more results on the asymptotic expansions of hyperfactorial functions and related func-
tions, the readers may refer to, for example, Chen [4], Cheng and Chen [6], Lin [9], Lu and Mor-
tici [10], Mortici [11], Xu and Wang [15], Yang and Tian [16] and Wang [12].

Inspired by these works, in this paper, we establish the following four general asymptotic
expansions on hyperfactorial functions:

n∏
k=1

kkq ∼ Aq ·nUq+1(n)e−Vq+1(n)

( ∞∑
k=0

αk

(n +uk )2k

) 1
r

, (12)

n∏
k=1

kkq ∼ Aq ·nUq+1(n)e−Vq+1(n)

(
Φ+

∞∑
k=0

αk

(n +uk )2k+1

) 1
r

, (13)

n∏
k=1

kkq ∼ Aq ·nUq+1(n)e−Vq+1(n)

( ∞∑
k=0

ϕk

(n + vk )2k

) n
r +s

, (14)

n∏
k=1

kkq ∼ Aq ·nUq+1(n)e−Vq+1(n)

(
Ψ+

∞∑
k=0

ϕk

(n + vk )2k+1

) n
r +s

, (15)

as n → ∞, where the polynomials Uq+1(n) and Vq+1(n) are the same as (7) and (8). By using
the exponential complete Bell polynomials, we obtain the recurrences and explicit expressions
for the parameter sequences in the series, and discuss further some special cases of these four
general expansions.

This paper is organized as follows. In Section 2, we give the first two general asymptotic
expansions. It can be found that the general asymptotic expansion (12) holds for odd integer q ,
and in this case uk = 0 and αk = Y2k /(2k)!, and (13) holds for even integer q . In Section 3, we give
the last two general asymptotic expansions. Similarly, (14) holds when q is even and (15) holds
when q is odd. We establish the recurrences for these parameter sequences, and present many
special asymptotic expansions by specifying the values of r , q and s.

2. The first two general asymptotic expansions

The exponential complete Bell polynomials Yn can be defined by

exp

( ∞∑
m=1

xm
t m

m!

)
=

∞∑
n=0

Yn(x1, x2, . . . , xn)
t n

n!
, (16)

then we obtain Y0 = 1 and

Yn(x1, x2, . . . , xn) = ∑
c1+2c2+···+ncn=n

n!

c1!c2! · · ·cn !

( x1

1!

)c1
( x2

2!

)c2 · · ·
( xn

n!

)cn
. (17)

Moreover, the polynomials Yn satisfy the recurrence

Yn(x1, x2, . . . , xn) =
n−1∑
j=0

(
n −1

j

)
xn− j Y j (x1, x2, . . . , x j ) , n ≥ 1. (18)

From (17) or (18), the sequence (Yn)n≥1 can be determined immediately. Then, using the defi-
nition and recurrence of the Bell polynomials, we can obtain the following general asymptotic
expansions which have only odd power terms or even power terms.

Theorem 1. Let r 6= 0 be a real number and q be an odd integer. Define the sequence (βk )k≥1 by

βk = (−1)q r (k −1)!

(
k +q

q

)−1
Bk+q+1

k +q +1
. (19)
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974 Jianjun Xu

Then the following asymptotic expansion on the hyperfactorial functions holds:

n∏
k=1

kkq ∼ Aq ·nUq+1(n)e−Vq+1(n)

( ∞∑
k=0

αk

n2k

) 1
r

, (20)

as n →∞, where (αk )k≥0 is determined by αk = y2k /(2k)!, k ≥ 0, and the sequence (yk )k≥0 can be
determined by

y0 = 1, y2k =
k−1∑
j=0

(
2k −1

2 j

)
β2k−2 j y2 j , y2k+1 = 0, k ≥ 0. (21)

Proof. Define the falling factorials xn by x0 = 1 and xn = x(x −1) · · · (x −n +1) for n = 1,2, . . ., and
the sequence yk = Yk (β1,β2, . . . ,βk ). It is known that B2k+1 = 0 for k = 1,2, . . ., then we can rewrite
the asymptotic expansion (9) as follows:

n∏
k=1

kkq ∼ Aq ·nUq+1(n)e−Vq+1(n) exp

{ ∞∑
k=1

(−1)q q !Bk+q+1

(k +q +1)q+2

1

nk

}
, n →∞ . (22)

Which, togather with (16) and (19), gives( ∏n
k=1 kkq

Aq ·nUq+1(n)e−Vq+1(n)

)r

∼ exp

{ ∞∑
k=1

(−1)q r k !q !Bk+q+1

(k +q +1)q+2

( 1
n )k

k !

}

= exp

{ ∞∑
k=1

βk
( 1

n )k

k !

}
=

∞∑
k=0

Yk (β1,β2, . . . ,βk )

k !

1

nk
, n →∞ .

(23)

On the other hand, expanding the next sum in powers of 1/n yields
∞∑

j=0

α j

(n +u j )2 j
=

∞∑
j=0

α j

n2 j
(1+ u j

n
)−2 j =

∞∑
j=0

α j

n2 j

∞∑
i=0

(
−2 j

i

)
u j

i

ni
(24)

=
∞∑

k=0

{
[k/2]∑
j=0

(−1)kα j

(
k −1

k −2 j

)
u j

k−2 j

}
1

nk
.

To establish the general asymptotic expansion (12), it suffices to show that we can determine
the two sequences (α j ) j≥0 and (u j ) j≥0 uniquely from (23) and (24). we equate the coefficients of
1/nk in (23) and (24). When k = 0, the coefficient of 1/n0 in (23) is y0 = 1; then we haveα0 = 1 and
u0 = 0. When k = 1, we get α1 = y2/2! and u1 = 0 by identifying the coefficients.

For k ≥ 2, we consider the following system

yk

k !
=

[k/2]∑
j=0

(−1)kα j

(
k −1

k −2 j

)
u j

k−2 j .

Setting k = 2n, n = 1,2, . . ., we have

αn = y2n

(2n)!
−

n−1∑
j=0

α j

(
2n −1

2n −2 j

)
u j

2n−2 j . (25)

Setting k = 2n +1, n = 1,2, . . ., we have

αnun =− 1

2n

{
y2n+1

(2n +1)!
−

n−1∑
j=0

α j

(
2n

2n −2 j +1

)
u j

2n−2 j+1

}
. (26)

According to the values of the Bernoulli numbers and the definition of q , it can be found that
β2k+1 = 0 for k = 1,2, . . . . Then by the recurrence (18), we have y2k+1 = 0, and we can show that
un = 0 by induction. Thus, αn = y2n/(2n)!, and the asymptotic expansion (20) can be established.

Finally, using (18) as well as the fact y2k+1 for k = 1,2, . . . , we have

y2k =
2k−1∑
j=0

(
2k −1

j

)
β2k− j y j =

k−1∑
j=0

(
2k −1

2 j

)
β2k−2 j y2 j , k ≥ 1,

C. R. Mathématique, 2020, 358, n 9-10, 971-980
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which, combined with the expression of αk and the definition of βk in (19), gives the recurrence
of (αk )k≥0. �

Theorem 2. Let r 6= 0 be a real number and q be an even integer. Define the sequence (βk )k≥1

by (19). Then the following asymptotic expansion on the hyperfactorial functions holds:

n∏
k=1

kkq ∼ Aq ·nUq+1(n)e−Vq+1(n)

(
1+

∞∑
k=0

αk

(n +uk )2k+1

) 1
r

, (27)

as n →∞, where the sequence (αk )k≥0 and (uk )k≥0 can be determined by

αk = y2k+1

(2k +1)!
−

k−1∑
j=0

α j

(
2k

2k −2 j

)
u j

2k−2 j , (28)

αk uk =− 1

2k +1

{
y2k+2

(2k +2)!
+

k−1∑
j=0

α j

(
2k +1

2k −2 j +1

)
u j

2k−2 j+1

}
, (29)

and the sequence (yk )k≥0 can be determined by

y0 = 1, yk =
k−1∑
j=0

(
2k −1

j

)
β2k− j y j , k ≥ 1. (30)

Proof. The asymptotic expansion (9) can be written as the form (22). Expanding the next sum in
powers of 1/n yields

Φ+
∞∑

j=0

α j

(n +u j )2 j+1
=Φ+

∞∑
j=0

α j

n2 j+1

(
1+ u j

n

)−2 j−1

=Φ+
∞∑

j=0

α j

n2 j+1

∞∑
i=0

(
−2 j −1

i

)
u j

i

ni

=Φ+
∞∑

k=1


[ k−1

2 ]∑
j=0

(−1)k−1α j

(
k −1

k −2 j −1

)
u j

k−2 j−1

 1

nk
.

(31)

To establish the desired general asymptotic expansion, we equate the coefficients of (23)
and (31). Firstly, we have Φ = y0 = 1. Next, we show that the parameter sequences can be
determined from the system

[ k−1
2 ]∑

j=0
(−1)k−1α j

(
k −1

k −2 j −1

)
u j

k−2 j−1 = yk

k !
. (32)

Setting k = 2n, n = 1,2, . . ., we have

−
n−1∑
j=0

(−1)k−1α j

(
2n −1

2n −2 j −1

)
u j

2n−2 j−1 = y2n

(2n)!
. (33)

Setting k = 2n +1, n = 1,2, . . ., we have

n∑
j=0

α j

(
2n

2n −2 j

)
u j

2n−2 j = y2n+1

(2n +1)!
. (34)

Thus, the corresponding recurrences can be established and the asymptotic expansion holds. �

Corollary 3. The coefficient sequence (αk )k≥0 in the asymptotic expansion (20) satisfies the explicit
expression

αk = ∑
d1+2d2+···+kdk=k

(−r q !)d1+d1+···+dk

d1!d2! · · ·dk !

(
Bq+3

(q +3)q+2

)d1
(

Bq+5

(q +5)q+2

)d2

×·· ·×
(

Bq+2k+1

(q +2k +1)q+2

)dk

.

C. R. Mathématique, 2020, 358, n 9-10, 971-980
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Proof. Since αk = y2k /(2k)!, we have

αk = y2k

(2k)!
= ∑

c1+2c2+···
+2kc2k=2k

(−r q !)c1+c2+···+c2k

c1!c2! · · ·c2k !

(
Bq+2

(q+2)q+2

)c1
(

Bq+3

(q+3)q+2

)c2

×·· ·×
(

Bq+2k+1

(q+2k+1)q+2

)c2k

.

Using further the fact B2k+1 = 0 for k = 1,2, . . . , we obtain the result. �

Example 4. In Theorem 1, setting q = 1 and r = 1,2 gives

n∏
k=1

kk ∼ A1 ·n
n2
2 + n

2 + 1
12 e−

n2
4

(
1+ 1

720n2 − 1433

725600n4 + 1550887

15676416000n6

− 365236274341

3476402012160000n8 + 31170363588856607

162695614169088000000n10 −·· ·
)

,

n∏
k=1

kk ∼ A1 ·n
n2
2 + n

2 + 1
12 e−

n2
4

(
1+ 1

360n2 − 713

1814400n4 + 386647

1959552000n6

− 45586354501

217275125760000n8 + 1946465323055807

5084237942784000000n10 −·· ·
) 1

2

,

as n →∞.

Example 5. In Theorem 1, setting q = 3 and r = 1,2 yields

n∏
k=1

kk3 ∼ A3 ·n
n4
4 + n3

2 + n2
4 − 1

120 e−
n4
16 + n2

12

(
1− 1

5040n2 + 1513

50803200n4

− 127057907

84495588224000n6 + 7078687551763

442893616349184000n8 −·· ·
)

,

n∏
k=1

kk3 ∼ A3 ·n
n4
4 + n3

2 + n2
4 − 1

120 e−
n4
16 + n2

12

(
1− 1

2520n2 + 757

12700800n4

− 31776959

1056198528000n6 + 885025670587

27680851021824000n8 −·· ·
) 1

2

,

as n →∞.

Example 6. In Theorem 2, let q = 2 and r = 1,2, we have

n∏
k=1

kk2 ∼ A2 ·n
n3
3 + n2

2 + n
6 e−

n3
9 + n

12

(
1− 1

360(n + 1
720 )

− 1

360(n − 1036793
7838208000 )3

+ 11923193

282154880000(n − 9137074752049
973504862064000 )5

+·· ·
)

,

n∏
k=1

kk2 ∼ A2 ·n
n3
3 + n2

2 + n
6 e−

n3
9 + n

12

(
1− 1

180(n + 1
360 )

− 1

180(n − 259193
979776000 )3

+ 2980793

176359680000(n − 571060368049
60843946716000 )5

+·· ·
) 1

2

,

as n →∞. Similarly, we can obtain other special cases of Theorem 1 and 2. In Example 5, the cases
of r = 1 and q = 1,3 are presented in Wang’s paper [13].

C. R. Mathématique, 2020, 358, n 9-10, 971-980



Jianjun Xu 977

3. The last two general asymptotic expansions

In this section, we present two other general asymptotic expansions on the hyperfactorial func-
tions.

Theorem 7. Let r, s, q be real numbers such that r 6= 0 and q is odd. Define the sequence
(ψm)m≥1 by

ψ1 = 0, ψm = m!
m−1∑
k=1

(−1)q+m−k−1r m−k sm−k−1q !Bk+q+1

(k +q +1)q+2 , m ≥ 2. (35)

Then the following asymptotic expansion on hyperfactorial functions holds:

n∏
k=1

kkq ∼ Aq ·nUq+1(n)e−Vq+1(n)

(
1+

∞∑
k=0

ϕk

(n + vk )2k+1

) n
r +s

, (36)

as n →∞, where (ϕk )k≥0 and (vk )k≥1 are determined by

ϕk = Y2k+1

(2k +1)!
−

k−1∑
j=0

ϕ j

(
2k

2k −2 j

)
v j

2k−2 j , (37)

ϕk vk =− 1

2k +1

{
Y2k+2

(2k +2)!
−

k−1∑
j=0

ϕ j

(
2k +1

2k −2 j +1

)
v j

2k−2 j+1

}
, (38)

and the sequence (Yk )k≥0 can be determined by

Y0 = 1, Y1 = Y2 = 0, Yk =
k−3∑
j=0

(
k −1

j

)
ψk− j Y j , k ≥ 3. (39)

Proof. Using the expansion (22) and the definition of (ψm), we have( ∏n
k=1 kkq

Aq ·nUq+1(n)e−Vq+1(n)

) r
n+r s

∼ exp

{
r

n + r s

∞∑
k=1

(−1)q q !Bk+q+1

(k +q +1)q+2

1

nk

}

= exp

{
r

n

∞∑
j=0

(
− r s

n

) j ∞∑
k=1

(−1)q q !Bk+q+1

(k +q +1)q+2

1

nk

}

= exp

{ ∞∑
m=2

m−1∑
k=1

(−1)q+m−k−1r m−k sm−k−1q !Bk+q+1

(k +q +1)q+2

1

nm

}

= exp

{ ∞∑
m=1

ψm

( 1
n

)m

m!

}
=

∞∑
k=0

Yk (ψ1,ψ2, . . . ,ψk )

k !

1

nk
, n →∞ .

(40)

Moreover, we have

Ψ+
∞∑

j=0

ϕ j

(n + v j )2 j+1
=Ψ+

∞∑
k=1


[ k−1

2 ]∑
j=0

(−1)k−1ϕ j

(
k −1

k −2 j −1

)
v j

k−2 j−1

 1

nk
.

Define Yk = Yk (ψ1,ψ2, . . . ,ψk ). Similarly to Theorem 2.2, we have the system

Yk

k !
=

[ k−1
2 ]∑

j=0
(−1)k−1ϕ j

(
k −1

k −2 j −1

)
v j

k−2 j−1 andΨ= 1.

Then by setting k = 2n and k = 2n + 1, we get the unique solution (ϕk ) and (vk ), which can be
computed by the recurrences (37), (38) and (39). �
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Theorem 8. Let r, s, q be real numbers such that r 6= 0 and q is even. Define the sequence (ψm)m≥1

by (35). Then we have

n∏
k=1

kkq ∼ Aq ·nUq+1(n)e−Vq+1(n)

( ∞∑
k=0

ϕk

(n + vk )2k

) n
r +s

, (41)

as n →∞, where (ϕk )k≥0 and (vk )k≥1 are determined by

ϕk = Y2k

(2k)!
−

k−1∑
j=0

ϕ j

(
2k −1

2k −2 j

)
v j

2k−2 j , (42)

ϕk vk = 1

2k

{
Y2k+1

(2k +1)!
+

k−1∑
j=0

ϕ j

(
2k

2k −2 j +1

)
v j

2k−2 j+1

}
, (43)

and the sequence (Yk )k≥0 can be determined by

Y0 = 1, Y1 = 0, Yk =
k−2∑
j=0

(
k −1

j

)
ψk− j Y j , k ≥ 2. (44)

Proof. Using the expansion (22) and the definition of (ψm), we obtain (40). Moreover we have

∞∑
j=0

ϕ j

(n + v j )2 j+1
=

∞∑
k=0


[

k
2

]∑
j=0

(−1)ϕ j

(
k −1

k −2 j

)
v j

k−2 j

 1

nk
.

To prove the theorem, it suffices to show that the parameter sequences can be determined from
the system:

Yk

k !
=

[ k
2 ]∑

j=0
ϕ j

(
k −1

k −2 j

)
v j

k−2 j .

Similarly to Theorem 7, setting k = 2n and k = 2n+1, we obtain the recurrences (42), (43) and (44).
Then the theorem holds. �

Example 9. In Theorem 7, let q = 1,3, r = 1 and s = 1/(2r ), we get

n∏
k=1

kk ∼ A1 ·n
n2
2 + n

2 + 1
12 e−

n2
4

(
1+ 1

720(n + 1
6 )3

− 1

12096(n − 199
9000 )5

+ 7836601

65318400000(n + 16117869401
211588227000 )7

−·· ·
)n+ 1

2

,

n∏
k=1

kk3 ∼ A3 ·n
n4
4 + n3

2 + n2
4 − 1

120 e−
n4
16 + n2

12

(
1− 1

5040(n + 1
6 )3

+ 1

75600(n − 23
2016 )5

− 19986823

1126611763200(n + 46081010939
60440157520 )7

+·· ·
)n+ 1

2

,

as n →∞.
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Example 10. In Theorem 8, setting q = 2,4, r = 1 and s = 1/(2r ) gives

n∏
k=1

kk2 ∼ A2 ·n
n3
3 + n2

2 + n
6 e−

n3
9 + n

12

(
1− 1

360(n − 1
4 )2

− 17

453600(n − 409
136 )4

+ 31086371

9517824000(n + 3868297709
3699278149 )6

+·· ·
)n+ 1

2

,

n∏
k=1

kk4 ∼ A4 ·n
n5
5 + n4

2 + n3
3 − n

30 e−
n5
25 + n3

12 + 13n
360

(
1+ 1

1260(n − 1
4 )2

+ 13

1270080(n − 821
260 )4

− 13513363343

13730580864000(n + 770640238939
702694893836 )6

−·· ·
)n+ 1

2

,

as n →∞.

Example 11. In Theorems 7 and 8, setting q = 1,2, r = 1 and s = 0, we can obtain

n∏
k=1

kk ∼ A1 ·n
n2
2 + n

2 + 1
12 e−

n2
4

(
1+ 1

720n3 − 1

5040(n + 7
7200 )5

+ 1728049

17418240000(n + 103682401
261281008800 )7

−·· ·
)n

,

n∏
k=1

kk2 ∼ A2 ·n
n3
3 + n2

2 + n
6 e−

n3
9 + n

12

(
1− 1

360n2 + 247

1814400n4

− 78487

1959552000n6 + 6557802299

217275125760000n6 +·· ·
)n

,

as n → ∞. Other special cases can be obtained by assigning different values to q , r and s. In
Example 9, the case of q = 2, r = 1 appears in Wang’s paper [13].
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