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Abstract. In this paper, by using the Bernoulli numbers and the exponential complete Bell polynomials, we
establish four general asymptotic expansions for the hyperfactorial functions szl kkq, which have only
odd power terms or even power terms. We derive the recurrences for the parameter sequences in these four
general expansions and give some special asymptotic expansions by these recurrences.
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1. Introduction

In 1933, Bendersky [2] considered the product [];_, k** for g =0,1,2,... which degenerates into
the classical factorial function 7! and the classical hyperfactorial function H(n) = I1}_, k* when
g takes 0 and 1 respectively. By taking the logarithm of the product, he obtained the result as
follows:

n
In(Ay) = lim In(A4(n)) = lim { kqlnk—Pq(n)} , (0
e 0 k=1
where
q g+1 qa  pa-ip, i
Pq(n):n_lnn+n (lnn,— )+q'z—]+1 ln"+(1—5q,j)z ,
2 q+1 q+1) "3 (G+Dig- ) Zg-1+1

B,, are the Bernoulli numbers, and 6 g,j is the Kronecker delta function.
In 2012, using the Euler-Maclaurin summation formula, Chen [3] obtained the asymptotic

expansion of In A; (n) as follows:
o0

B2 1
In Ay (n) ~In A; - n2k’
nA;(n) ~InA; kgrlgk(zk+ 1)(2k +2) n2k

where A; is the Glaisher-Kinkelin constant, which can be defined by

n— oo,

(27[)%;1”7 - ée*%Jﬂz
A1 = lim y
n—00 G(n+1)
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and G(z) is the Barnes-G function. Then, substituting the values of B, into the above expression
of In A (n) gives

n 2 n,1 n? ]_ 1 1
[Tk"~A1-n7 2% 1ze” T exp - +
=1 720n?  5040n* 1008078
1 691 1
- + - +
9504n8 3603600110 1872n12
Based on this expansion, Chen and Lin [5] established a general asymptotic expansion for the

hyperfactorial function:

, n—oo. (2)

1
2 (& d |’
[Tk~ Ay 8 be 4(2—,’2) , n—oo, 3)
= —o
k=1 k=0
and presented the expression of (c). Wang and Liu [14] obtained two general expansions:

n 2 n 1 n2 & ak r
H ~Aj-nzt2t e 1 Z —, (4)
k=1 k=0 (n+h)
n k n? +04 %Jrq

k¥ ~A;-nzt2zt 12e - , (5)
1L (Z (n+h>k)

as n — oo, and determined the explicit expressions of (a) and (@g).

Furthermore, Choi [7] presented the expression
n

InAg(n) =) k7Ink—-Ug1(m)Inn+ Vg (n), (6)
k=1

where Uy, (n) and V41 (n) are defined by

q+1
nd+tl  pa Uz By, (2151
_ e q+1-2r
Ugn(m) =g <+ + Z e H(q j+1)|n : ()
na+1 [43h )4+ LT By, (221 2r-1 -
v, = 1 qri-ar,
4+1(1) TESTE ; (Zr),{H(q j+ )Z . 7= ]+1}” 8)

He also gave the following general asymptotic expansion:

X By @r—q-2)

InAg(n) ~InAg + (194! :

n q(l’l) n q (=1) qr [qz] l(zr)| n2r—q—1
2

, h—o00, ©)

where the constants A4, which are called the generalized Glaisher-Kinkelin constants, can be
expressed by the derivatives of the Riemann zeta function {(s) and the harmonic numbers
Hy, [1,8]: B H
Ag= exp{% —(’(—q)}-
Besides, Choi’s result degenerates into Stirling’s formula of n! when g = 0.
Most recently, Wang [13] further studied this problem and presented the next two general
asymptotic expansions on the hyperfactorial functions:

1
n o0 h r
I1 k! ~ Ag- nUr M e=Ven(m [ 35 ax(q; ,kr) , 10)
=1 =0 (n+h)
T ek Ugir () a=Vaur () | = Pk(G5 1,1, 5) [
[ 5% ~Ag-ntentWelant| § ==——m—= 1, (1
k=1 k=0 (n+h)k

as n — oo,
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For more results on the asymptotic expansions of hyperfactorial functions and related func-
tions, the readers may refer to, for example, Chen [4], Cheng and Chen [6], Lin [9], Lu and Mor-
tici [10], Mortici [11], Xu and Wang [15], Yang and Tian [16] and Wang [12].

Inspired by these works, in this paper, we establish the following four general asymptotic
expansions on hyperfactorial functions:

1
7

R U v e A
[TK5 ~Ag-nYenrWeVan | 5" —— |, (12
k] k=0 (n+ ug)
1
n & a '
K~ Ag-nPenWe Vo @y ) L1 (13)
P j=o0 (n+ ug)**
Lis
n (e 0]
1—[ kkq - Aq . anJrl (n)e—Vq+1(n) sz , (14)
ool =0 (n+vg)
i - _ Lys
kkq ~ A, - pUan (M g=Van () | # , (15)
q
1L prr (n+ Uk)2k+l

as n — oo, where the polynomials Ug;41(n) and Vg.1(n) are the same as (7) and (8). By using
the exponential complete Bell polynomials, we obtain the recurrences and explicit expressions
for the parameter sequences in the series, and discuss further some special cases of these four
general expansions.

This paper is organized as follows. In Section 2, we give the first two general asymptotic
expansions. It can be found that the general asymptotic expansion (12) holds for odd integer g,
and in this case uy = 0 and ay = Y/ (2k)!, and (13) holds for even integer g. In Section 3, we give
the last two general asymptotic expansions. Similarly, (14) holds when q is even and (15) holds
when g is odd. We establish the recurrences for these parameter sequences, and present many
special asymptotic expansions by specifying the values of r, g and s.

2. The first two general asymptotic expansions

The exponential complete Bell polynomials Y}, can be defined by

m n

(f L ) f Ya( )L (16)
exp Xm— | = X1, X2y, Xn)—,
m=1 mm! n=0 " " n!

then we obtain Yy =1 and
n! X1\€1 ([ X2)\C2 Xp\Cn
Y, (x1,%2,...,X5) = —(—) (—) (_) . 17
n(X) 2. Xn) Cl+2€2;+ncn:n ale-ct\ 1) 2 n! an
Moreover, the polynomials Y, satisfy the recurrence
n-1 n-1
Yu(x1,X2,...,Xp) = Z i Xn-jYj(x1,%2,...,x5), n=1. (18)
j=0
From (17) or (18), the sequence (Y,);>1 can be determined immediately. Then, using the defi-
nition and recurrence of the Bell polynomials, we can obtain the following general asymptotic
expansions which have only odd power terms or even power terms.

Theorem 1. Letr # 0 be a real number and q be an odd integer. Define the sequence (By) k=1 by

-1
k+q B+ g+1
—(—1\9 _ T
Br=(=1rk 1)!( ‘ ) Frarl (19)
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Then the following asymptotic expansion on the hyperfactorial functions holds:

k=1 j=o n?*
as n — oo, where (ay) k=0 is determined by ai. = yo1/(2k)!, k = 0, and the sequence (yi) k=0 can be
determined by

l_[ kk _ A an+1(n) —Vg+1(n) (Z ﬂ) ' , (20)

k=1(2k -1
Yo=1, J’Zk—z 2 Bok—2jY2j» YVeks1=0, k=0. (21)
j=0

Proof. Define the falling factorials x” by N=1andx2=x(x-1)---(x—n+1) forn=1,2,...,and
the sequence yi = Y (B1, B2, ..., Br). Itis known that By, =0 for k =1,2,..., then we can rewrite
the asymptotic expansion (9) as follows:

n x (-1)9g'B 1
H K<~ Ag- nYa+1(0 o=V () exp —q k+q++21 — (> n—oo. (22)
k=1 =1 (k+q+1)T= n
Which, togather with (16) and (19), gives
I, & ' % (-1)9rk!q!Brsgir (2)F
~ €X]
Aq . an+1(n)e*V¢i+l(n) b =1 (k+ q + 1)l]+2 k!

(23)

& VBB B0 1
_exp{Zﬁk '}—Z k(b1 p2 Pr F’ n— oo.
k=1 k!

k=0 k!

On the other hand, expanding the next sum in powers of 1/n yields

Z_(l ])—2] Z Z( ]) ] 24)
(k2] k-1 |1

= -nk ui ¥ — .

Jj=0 nk

o0

2
i= O(n+u]) J

To establish the general asymptotlc expansion (12), it suffices to show that we can determine
the two sequences (a ) j=o and (1) j=o uniquely from (23) and (24). we equate the coefficients of
1/n¥ in (23) and (24). When k = 0, the coefficient of 1/n° in (23) is %o = 1; then we have ay = 1 and
up =0. When k =1, we get @) = y»/2! and u; = 0 by identifying the coeflicients.

For k = 2, we consider the following system

v KA (k=1 ks
o ;)(—1) a](k_zj)u] .
Setting k =2n, n=1,2,..., we have

o (2n-1 Y
@y = yZn' Z JZn 2j 25)
(2n)! = Non- 2j
Setting k=2n+1,n=1,2,..., we have
1 Yon+1 2n-2j+1
ApUp=——4 —— uj . 26
e 2n{(2n+1)' EO (2n 2]+1) ! (26)

According to the values of the Bernoulli numbers and the definition of g, it can be found that
Bor+1 =0 for k =1,2,.... Then by the recurrence (18), we have y,;.; = 0, and we can show that
U, =0 by induction. Thus, a, = y»,/(2n)!, and the asymptotic expansion (20) can be established.

Finally, using (18) as well as the fact y,441 for k=1,2,..., we have

21 2k -1 l(2k-1
Yok = ). ( i Bok-jyi= ). . |Bak—2jy2j, k=1,

j=0 =\ 2J
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which, combined with the expression of a; and the definition of B in (19), gives the recurrence
of (ar) k=0 O

Theorem 2. Let r # 0 be a real number and q be an even integer. Define the sequence (Bi) =1
by (19). Then the following asymptotic expansion on the hyperfactorial functions holds:

1

]ﬁ[kkq Ugs1(n) ,=Vgi1(n) OZo: ag '
~Ag-n e e Var 1+ ) ————1| , 27)
k=1 I o (n+ 1) 2k+1

as n — oo, where the sequence (@) k=9 and (Uy) k=0 can be determined by

= Yoks1 K i 2k-2]

= 28
= Rkt ];0 (Zk 2]) “i 8)

- 1 Yorsz NS 2k+1 | ppagn
= — _— i i ’ 29
Frtl 2k+1{(2k+2)! ].;0“1 2k-2j+1)" @9

and the sequence (yi) k=0 can be determined by
2k-1
y(]:]-» J’k—Z( ] )ﬁZk ]J’], k=1. (30)
j=0

Proof. The asymptotic expansion (9) can be written as the form (22). Expanding the next sum in
powers of 1/n yields

= = \—2j-1

* a > aj u uj
J _ J J /

D+ f—@"'}i (1+n) _<D+§ 2]+1§ ( )

2j+1
j=o (n+ujp= nt

(€29)

(e8]

2]+1
ey k-1 1
D+ DE1g, - 7ok-2j-1 1
Z g’( ) (k—Zj—l)u] nk

To establish the desired general asymptotic expansion, we equate the coefficients of (23)
and (31). Firstly, we have ® = yp = 1. Next, we show that the parameter sequences can be
determined from the system

(52
B L T R
_nk1g. k-2j-1 _ 32
];0( ) CZf(k—zj—l)uf K (52)
Setting k =2n, n=1,2,..., we have
n-1 _ 2n—-1 _ X
_ Z(_l)k—la] n . ujZn—ijl — ﬁ. (33)
=0 2n-2j-1 (2n)!
Setting k=2n+1,n=1,2,..., we have
Yayl, " Japrd = (34)
oo '\2n-2j 2n+1)!

Thus, the corresponding recurrences can be established and the asymptotic expansion holds. [

Corollary 3. The coefficient sequence (a}) k= in the asymptotic expansion (20) satisfies the explicit
expression

d [} d
(=rq! )i+t ( Bg+s ) 1( Bg+s ) ’ ( Bg+ok+1 ) ¢
ak = Xeee X | m—m—m—mm@@8@88

d+2dsiikdmk  ARLdl \(g+3)2) | (g+5)72 (g +2k+1)T*2
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Proof. Since aj = y,r/(2k)!, we have

. Yok (_rq!)c1+cz+---+02k Bq+2 “ Bq+3 sz 9 Bq+2k+1 ok
k = ——= oo —_—_— .
(19 Ayt alelcn! |\ (g+272) | (g+3)12 (g+2k+1)12
+2kcop=2k
Using further the fact By, =0 for k=1,2,..., we obtain the result. O
Example 4. In Theorem 1, setting g =1 and r = 1,2 gives
n n? . n n? 1 1433 1550887
[]kk~Ayni”7+ﬁe—f(1+ - +
k=1 720n%  725600n* 1567641600015
365236274341 N 31170363588856607 )
347640201216000018  1626956141690880000007:10 '
n 2. n n? 1 713 386647
]_[kk~A1-nT+§+ﬁe_T (1+ 5 - +
=1 360n 1814400n* 1959552000715
45586354501 N 1946465323055807 ) 2
217275125760000n8  5084237942784000000710 ’
as n — oo.
Example 5. In Theorem 1, setting g =3 and r = 1,2 yields
n A3 2 A2
Hkk ~A3.nT+7+T‘ﬁe‘E+ﬁ (1_ 1 5+ 1513 Z
Pl 5040n2 508032007
127057907 N 7078687551763 )
84495588224000n°%  44289361634918400018 ’
n R R U
[k ~A3-n4+7+7‘ﬁe‘ﬁ+f(1_ 1 S+ 757 .
P 2520n% 127008007
31776959 . 885025670587 ) 2
1056198528000n%  2768085102182400018 ’
as n — oo.

Example 6. In Theorem 2,let g =2 and r = 1,2, we have

n 2 ”3 Vlz n n 1 1
Hkk ~Apn T eeT v - 1, 1036793 13
k=1 360(n+735)  360(n — 7538508000
11923193
; o],

+
9137074752049
282154880000(n — 973504862064000

n 2 n3 2 S ! :
Hkk ,~A2-;’L?Jr7+5677+ﬁ 1- 1 S )
180(n+515)  180(n— 22198

1
2

y

2980793 )
+...
)5

+
176359680000 (r1 — 551359368029

as n — oo. Similarly, we can obtain other special cases of Theorem 1 and 2. In Example 5, the cases
of r =1and g = 1,3 are presented in Wang’s paper [13].
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3. The last two general asymptotic expansions

In this section, we present two other general asymptotic expansions on the hyperfactorial func-
tions.

Theorem 7. Let 1,s,q be real numbers such that r # 0 and q is odd. Define the sequence
(Wm)mzl by

1 1
1( 1)q+m k- m k m k— Q'Bk+q+1

v1=0, =m! , m=2. (35)
' Ym Z (k+q+1)12
Then the following asymptotic expansion on hyperfactorial functions holds:
n o @ Lts
K~ Ay pUrn e Vanm (5 Tk (36)
]!:[1 q kgl) (n+ yk)2k+1
as n — oo, where (1) k=0 and (Vi) >, are determined by
— Yor+1 2k-2j
= ; , 37
Pr= k1! ]ZO (2k 2])”’ G7
_ 1 Yoreo A _ [ 2k+1 2k-2j+1
=- - ; ; : 38
PrOk 2k+1{(2k+2)! ];"’f 2k-2j+1)" 39
and the sequence (Yy) >o can be determined by
k-1
Yo=1, 1=Y,=0, Y;=) j Vi-jYj, k=3. (39)
j=0

Proof. Using the expansion (22) and the definition of (y,,), we have

Hn_ kkq e
k=1 ~exp

Aq . an+1(n)e_Vq+1(n)

(-1 q'Brig+1 1 }

'\ (k+q+D)T2 nk

[e.°]
Z(__) kg'l (k+q+1)T2 nk
-1 (_1)q+m—k—1rm—ksm—k—lq!Bk+q+lL}

i & (-1)9q'Bsger 1 }

(40)

2 k=1 (k+q+1)q—Jr2 n’
- ex i ()" _ f e v,y 1o
b m:lU’m m! = k! nk’ '

Moreover, we have
k
[} 0 : 00 2
Pj k-1 [ k=1 |- k21| 1
+) ————— -1 vl —.
]Zo(n+v 2T ;{ g : (k 2j-1) nk

Define Yy = Yi(y1,¥2,...,¥). Similarly to Theorem 2.2, we have the system

(54

Y 2 k-1

?’:: ) (—1)"1‘](k 2] 1)17," Jland W =1
j=0

Then by setting k = 2n and k = 2n + 1, we get the unique solution (@) and (vx), which can be
computed by the recurrences (37), (38) and (39). O
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Theorem 8. Letr,s, q be real numbers such that r # 0 and q is even. Define the sequence (W ;) m=1

by (35). Then we have

" .
H k! NAq.an+l(n)e—Vq+1(n) P ’ 1)
k=1 o (n+vp)?k
as n — oo, where () k=0 and (vi) k=1 are determined by
Yo K& [2k-1) 5y
=2 _ ; 2k=2j, 42
= Gion 27| ak 25" “
L] Yorn 2k 2k-2j+1
i , 43
Proe= {(2k+1)' jzo(p](Zk 2j+1)" 43
and the sequence (Yy) r>o can be determined by
k2 (k-1
Yo=1,Y1=0, Ye=) j VY, k=2. (44)
j=0

Proof. Using the expansion (22) and the definition of (v ), we obtain (40). Moreover we have

o w [LE] k-1 1
_ 5T k=2j\ _~
Z (n+1/ )2]+1 ];) ]gb( 1)‘p](k_2j)v] I’lk'

j=0
To prove the theorem, it suffices to show that the parameter sequences can be determined from

the system:
1k
_ ZZ: ) k2]
= k 2] g
Similarly to Theorem 7, setting k = 2n and k = 2n+1, we obtain the recurrences (42), (43) and (44)
O

Then the theorem holds.
In Theorem 7,letg=1,3, r=1and s = 1/(2r), we get

Example 9.
n n n? 1 1
Hk ~Ay;-nz? +%e_7 + T 199
k=1 720(n+1)3  12096(n— 45
n+i
7836601
16117869401 7 - ’

+
65318400000(7 + 573533957000

n k3 n3 nz 1 n4 nz 1 1

Hk ~A3-n Tt Tt T Tme 161z (1 - T+

k=1 5040(n+1)3  75600(n — 523)5

1
19986823 . )'”2
- 460810109397 ’
1126611763200(n + 25081010939,
as n — oo.
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Example 10. In Theorem 8, setting g =2,4, r =1 and s = 1/(2r) gives

n n3 VlZ n n3 n
e Ay n Tt e T |1 ! - 17
2 1 409
k=1 360(n—1)2  453600(n — 433)4
n+i
.\ 31086371 .
9517824000(n + 3868297709)6 '
n n5 n4 n3 n n5 n3 n
I1 KK~ A4.nT+7+?—%e‘ﬁ+ﬁ+§3ﬁ 1+ 1 + 13
k=1 1260(n—1)2  1270080(n — 514
!
13513363343 "
13730580864000(n + 133392389396 ’
as 711 — oo.

Example 11. In Theorems 7 and 8, setting ¢ = 1,2, r =1 and s = 0, we can obtain

n k n2 n 1 n2 1 1
[[k~A-nz 2 e T [1+ 3 - —
k=1 720n 5040(n + m)
. 1728049 )”
103682401 B
17418240000(n + m)7
n 713 nz n 713 n
1_[I€kz~A2-n?+7+€e’TJrﬁ (1— 1 + 247
P 36012 1814400n%
78487 . 6557802299 N )”
195955200016 2172751257600001° ’

as n — oo. Other special cases can be obtained by assigning different values to ¢, r and s. In
Example 9, the case of g =2, r = 1 appears in Wang’s paper [13].

Acknowledgments

The author would like to thank Wang and the anonymous referee for their valuable suggestions
and comments.

References

[1] V. S. Adamchik, “Polygamma functions of negative order”, J. Comput. Appl. Math. 100 (1998), no. 2, p. 191-199.

[2] L.Bendersky, “Sur la fonction gamma généralisée”, Acta Math. 61 (1933), p. 263-322.

[3] C.-P. Chen, “Glaisher-Kinkelin constant”, Integral Transforms Spec. Funct. 23 (2012), no. 11, p. 785-792.

[4] , “Asymptotic expansions for Barnes G-function”, J. Number Theory 135 (2014), p. 36-42.

[5] C.-P. Chen, L. Lin, “Asymptotic expansions related to Glaisher-Kinkelin constant based on the Bell polynomials”, J.
Number Theory 133 (2013), no. 8, p. 2699-2705.

[6] J.-X. Cheng, C.-P. Chen, “Asymptotic expansions of the Glaisher—Kinkelin and Choi-Srivastava constants”, J. Number
Theory 144 (2014), p. 105-110.

[71 J. Choi, “A set of mathematical constants arising naturally in the theory of the multiple gamma functions”, Abstr.
Appl. Anal. 2012 (2012), article ID 121795 (11 pages).

[8] B. K. Choudhury, “The Riemann zeta-function and its derivatives”, Proc. R. Soc. Lond., Ser. A 450 (1995), no. 1940,
p. 477-499.

[9] L. Lin, “Inequalities and asymptotic expansions related to Glaisher-Kinkelin constant”, Math. Inequal. Appl. 17
(2014), no. 4, p. 1343-1352.

C. R. Mathématique, 2020, 358, n° 9-10, 971-980



980 Jianjun Xu

[10] D. Lu, C. Mortici, “Some new quicker approximations of Glaisher-Kinkelin’s and Bendersky-Adamchik’s constants”,
J. Number Theory 144 (2014), p. 340-352.

[11] C. Mortici, “Approximating the constants of Glaisher-Kinkelin type”, J. Number Theory 133 (2013), no. 8, p. 2465-
2469.

[12] W. Wang, “Unified approaches to the approximations of the gamma function”, J. Number Theory 163 (2016), p. 570-
595.

[13] , “Some asymptotic expansions on hyperfactorial functions and generalized Glaisher-Kinkelin constants”,
Ramanujan J. 43 (2017), no. 3, p. 513-533.

[14] W. Wang, H. Liu, “Asymptotic expansions related to hyperfactorial function and Glaisher—Kinkelin constant”, Appl.
Math. Comput. 283 (2016), p. 153-162.

[15] Z.Xu, W. Wang, “More asymptotic expansions for the Barnes G-function”, J. Number Theory 174 (2017), p. 505-517.

[16] Z.Yang, J.-E Tian, “Asymptotic expansions for the gamma function in terms of hyperbolic functions”, J. Math. Anal.

Appl. 478 (2019), no. 1, p. 133-155.

C. R. Mathématique, 2020, 358, n° 9-10, 971-980



	1. Introduction
	2. The first two general asymptotic expansions
	3. The last two general asymptotic expansions
	Acknowledgments
	References



