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1. Introduction

Let G < SL, be a connected semisimple algebraic group defined over @ and let G := G(R) (or
any subgroup of finite index in G(R)). The character variety Z(I', G) of a finitely generated group
I’ into G is the quotient by G-conjugation of the topological space Hom,q(I', G) of reductive
representations, where the latter is equipped with the topology of pointwise convergence. Our
aim here is to give an overview of our results in [13-15]: we study a compactification of Z(T', G)
with good topological properties giving various interpretations of its ideal points (Section 2) and
we apply our study to the theory of maximal (Section 3) and Hitchin representations (Section 4).

Ideally a compactification of =(T', G) should reflect its homological properties and its ideal
points should reflect ways in which invariants of metric nature associated to reductive represen-
tations of I' into G behave as one moves to infinity. This program can be achieved by using the
real spectrum compactification of Z(I', G) and by relating it to the Weyl chamber length compact-
ification obtained by considering Weyl chamber valued length functions.

If T = m(Z) is the fundamental group of a connected oriented surface X with negative Euler
characteristic, possibly with non-empty boundary, we study the action of the mapping class
group A €%4* (Z) of T on the real spectrum boundary of the components of Sp(2n, R)-valued
maximal representations. As a consequence of the theory outlined above, we obtain for example
that:

(1) all stabilizers for the .4 €%* (Z)-action on the boundary of the components of Sp(2n, R)-
valued maximal representations are virtually Abelian, and
(2) if2n = 4, there is a non-empty open set of discontinuity for the .# €% (Z)-action.

If X~ has no boundary we obtain analogous results concerning the PSL(n, R)-Hitchin compo-
nents. Furthermore, points in the set of discontinuity for the .# €% (Z)-action on the real spec-
trum boundary of a PSL(n, R)-Hitchin component or of a component of maximal representations
give rise to harmonic conformal maps into appropriate buildings.

This introduction is by all means not meant to be exhaustive, but only to titillate the curiosity
of the readers and entice them to read this announcement.

2. The real spectrum compactification

Echoing the work of Brumfiel and inspired by his seminal work in the case of SL(2,R) [8], we
use techniques and concepts from real algebraic geometry in which semialgebraic sets and
semialgebraic maps play a fundamental role. A semialgebraic set in R™ is a finite union of
subsets defined by finitely many polynomial equalities and inequalities where, in this article, the
polynomials have coefficients in the field @r of real algebraic numbers'.

Such a semialgebraic set admits a real spectrum compactification (see [8] and [2, Chapter 7]).
For the sake of the reader we give the definition here, although for the understanding of this
announcement it can be taken as a black box. Let « be a commutative ring with unity. The real
spectrum Spec; & is the set of pairs (p, <) consisting of a prime ideal p in &/ and an ordering <
on the field of fractions of < /p. A point in Spec; </ can also be described as an equivalence class
of pairs (¢,F), where ¢: o/ — [ is a homomorphism in a real closed field [ that is algebraic over
the field of fractions of ¢ (). A subbasis of open sets for the topology of Spec, « is obtained by
declaring open, for each a € </, the set of pairs (p, <) forwhich a mod p is positive. Endowed with
this topology Spec; «f is compact (but not Hausdorff) and its subset of closed points is compact
and Hausdorff.

LStrictly speaking a semialgebraic set defined over @r should be a subset of (@r)”. There is however no harm in our
definition that amounts to considering an “extension” (see p. 442).

C. R. Mathématique — 2021, 359, n° 4, 439-463



M. Burger, A. Iozzi, A. Parreau and M.B. Pozzetti 441

If o = @I[V] is the coordinate ring of an algebraic subset V < R” defined over @r, we let
VESP be the real spectrum of <f; evaluation on points of V gives an injection V — V&SP with
dense image. If W c V is semialgebraic, we let W c VRSP be the corresponding constructible set,
namely the subset of VRSP defined by the same polynomial equalities and inequalities as W. Then
a fundamental theorem [2, Theorem 7.2.3] says that the map W — W isan isomorphism from the
Boolean algebra of semialgebraic sets to the one of constructible sets, preserving the properties
of being open and closed. As a consequence fWcVisa closed semialgebraic subset and WP
is its closure in VFSP then WRSP = W; in add1t1on the set V P of closed points in VEP is compact
Hausdorff and W is open and dense in W .= Wn VRSp the latter being compact Hausdorff.

It is well known (see [3] for an elementary treatment or [30]) that the character variety Z(T’, G)
is homeomorphic to a closed semialgebraic subset of R™ for some m that is defined over @r As
such, it admits a real spectrum compactification =RSp(I" G) whose subset HRSp(l" G) of closed
points is the main object of our study. Notice that a semialgebraic model of = _kSp (T', G) depends
on certain choices, but any two sets of choices lead to models that are related by a canonical
semialgebraic isomorphism, and thus to a canonical real spectrum compactification on which
the action of Out(I") extends continuously (see [10] and [2, Chapter 7]).

Let us list at the outset some topological properties of the real spectrum compactification
applied to our situation:

1) = ”RSP (T, G) is a compact metrizable Out(I')-space;
2) Both injections

—RSp
2,7T,6)

Z2T,6) c
=R (T, G)
have dense image and induce bijections at the level of connected components; moreover
the injection into =_ (F G) is open.

@) If¥V cZT,G) is a contract1ble connected component that is preserved by an element
@ € Out(I'), then ¢ has a fixed point in the real spectrum compactification of 7. This
holds in greater generality if ¢ has a non-vanishing Lefschetz number on 7/, [9, 11].

2.1. A characterization of the boundary of the real spectrum compactification

Our first result gives an interpretation of the points in the “boundary”
"PE(T, G) === (1,6 2T, 6)

in terms of representations of I'. To this end we introduce a few objects and concepts.

Any ordered field has a real closure, which is nothing but the largest algebraic extension to
which the order extends, and which is unique up to order preserving isomorphism. Real closed
fields can be characterized by saying that every positive element is a square and any odd degree
polynomlal has a root. Typical examples are of course @ and R; if F is any real closed field, then
QJ cF, but F < Rif and only if F is Archimedean?.

2Recall that an order > on a field F is Archimedean if for any x, y € F, with x > y > 0, there exists n € N such that ny > x,
in which case F is an Archimedean ordered field.
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Example 1. Let @r(X) be the field of rational fractions. All Archimedean orders on @I(X) come
from injections of @r(X ) in R via evaluation, namely are of the following form:
b: f>,0if f(b)>0forbe R\ Q.
On the other hand, the following classify all non-Archimedean orders on @r(X )E
—o00: f>_x 0ifthereis T >0 such that f(z) >0 for t € (—oo, T);

a_: >, 0Oifthereise>0suchthat f(t)>0forte(a—¢,a),forac @r;

a.: f >4, Oifthereise>0suchthat f(£)>0forte(a,a+e) forace @r;

oo: f > 0ifthereis T > 0 such that f (1) > 0 for ¢ € (T, 00).
Observe that none of these last orders is Archimedean, as for instance

X—a>a+r forallre@r

and ﬁ is thus an “infinitely large” element.
We denote by Q(X )" for a € {b,—00, a_, a.., oo} the corresponding real closures of Q(X).

For any semialgebraic set W < R™ the “extension” Wg < F”* of W to F is well defined assuming
that F is any real closed field, [2, Definition 5.1.2]. This is defined as the semialgebraic subset of
™ defined by the same equalities, inequalities and operations defining W. In particular, since
the group G is a semialgebraic set, we can talk about Gr for any real closed field [F.

Let [F be a real closed field and p: I' — Gr a homomorphism. We say that F is p-minimal if
p is not Gp-conjugate to a representation with values in Gy, where L c [ is a proper real closed
subfield. We establish in [14] that if p : T' — Gf is reductive, then there exists a unique real closed
subfield F,  F such that p is Gg-conjugate to a representation p’: I' — G ,and Fp is p'-minimal.
Finally, if F; and [, are two real closed fields, we say that the representations (p1,F;) and (p2,F»2)
are equivalent if there is an order preserving isomorphism i: F; — F» such that p, and i o p; are
Gr,-conjugate.

Theorem 2 (cf. [14]). Points in d*PZ(T',G) are in bijective correspondence with equivalence
classes of pairs (p,F,), where p: T — G[Fp is reductive, and [, is real closed p-minimal and non-

; . ; —r . . .
Archimedean. Moreover F, is of finite transcendence degree over Q , in particularF, is countable.

(Compare with [8, Proposition 6.2].)
The property that (p,F,) represents a point in the boundary of ZRP(T, G) is reflected in the
=T . . . . . . . —r
fact thatF, > Q is non-Archimedean: it contains elements that are infinitely large relative to Q .
In addition to the above, the closed points in A®SPE (T, G) can be further characterized in terms
of actions on appropriate buildings. To this end, we will need an explicit construction, inspired
by [8,22], of a building associated to Gy, where F is a non-Archimedean real closed field endowed
with a non-trivial order-compatible valuation v: F — R U {oo}.

Remark 3. While not all real closed fields admit such a valuation, the existence in the case of a
minimal field as in Theorem 2 is guaranteed by its finite transcendence degree over @r (see [8, §5]
or [6, Chapter VI, §10.3, Theorem 1]). If such an order compatible valuation exists, it is unique up
to multiplication by a positive real.

Without loss of generality, we can assume that the group G is invariant under transposition.
For an example of the concepts to follow, see Section 3.4. If we regard the set

P(n):={Se M« ([R): Sis symmetric, det(S) = 1, S is positive definite}

of positive definite matrices of determinant one as the symmetric space associated to SL(n,R),

the G-orbit & := G-1d of Id € 22! (n) is the symmetric space associated to G, which is thus a

—T

semialgebraic closed subset of 22!(n). Let A < G be a maximal R-split torus defined over @,
. .. . . —+

which we may assume consisting of symmetric matrices, let A := A(R)° and A < A a closed
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(multiplicative) Weyl chamber. Then we have the Cartan decomposition G = KZ+K, where
K = GnO(n), by which we define the A" -distance function

5: XXX —A
as the unique element in 6(x, y) € A", for x, y €%, such that
gx=Id and gy=6(x,y)Id 1)

for some (not unique) g€ G.
We say that
N: A—Rs;

is a multiplicative norm if N is

(N1) continuous and semialgebraic, invariant under the action of the Weyl group and
(N2) satisfies the properties that
(@) N(gh)<N(g)N(h)forallg, he A,
(b) N(g)=1ifandonlyif g=e, and
(c) N(g™ = N(g)'m| forall me Z and all g € A.
All objects involved being semialgebraic, we obtain for every real closed field an Z; -valued
distance function
85: % x Xy — Ay @)
defined by the same formula as in (1) and an extension Nj: Af — F>; of N, which satisfies
properties (N1) and (N2) as well, [2, Chapter 5].
Let now v: F — R U {oo} be a non-trivial valuation with value group A := v(F*). We define
ang : Zr x ZF — Rxo by
dng (X, y) := =v(NF (6F (x, 1)) . 3)

Example 4. IfF =R we can take v = —In.

If the field F is Archimedean, for example in the case of the reals, then dp; is a distance on
ZF, [29]. This is however never the case if F is non-Archimedean, which is the case of interest to
us for representations in the boundary of the real spectrum compactification. In this case, dp; is
a pseudodistance and echoing [22] (see also [8] for G = SL(2,R) and [7] for G = SO(n, 1)), we define
B, as the quotient %Bg, := Xf/~, where x ~ y if and only if dp; (x, y) = 0. Then %g; is a metric
space with quotient distance still denoted by

dng 1 By x Bz — A.

It is readily verified that different multiplicative norms define equivalent distances. As a result
the metric completion %g; is well defined. We will use later in our application to the existence
of harmonic maps that %8, can be endowed also with a Gr-invariant CAT(0) distance. Notice,
although we will not use it in this paper, that %, can be endowed with a structure of A-building
in the sense of Bennett (see [22] for an announcement and [1] for details).

The upshot of the above discussion is that if (p, F) represents a point in *PZ (T, G), there is a
canonically associated building %8¢,, and I' acts isometrically both on %, and on its completion
B -

Theorem 5 (cf. [14]). LetS = S~! be a finite generating set of T and let E := $2"~1 T be the set of
elements of word length at most 2" — 1. The following assertions are equivalent:

(1) The representation (p,F) represents a closed point in 0*PZ(T, G);
(2) TheT -action on %Bg, does not have a fixed point;
(3) Thereexistsn € E such that p(n) has positive translation length on % .

C. R. Mathématique — 2021, 359, n° 4, 439-463
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We discuss briefly here the concept of translation length on Gy, which relies on the Jordan
projection, both of which will be used in Section 2.2.

Let a be the Lie algebra of Aand leta” := In(A") be the model Weyl chamber of G. Then every
g € G is in a unique way a product g = eghglg, where eg, hy and ug pairwise commute, eg is
conjugate into the maximal compact K < G, u, is unipotent and h, is the conjugate of a unique
element exp(Xg) with X, € a*. The Jordan projection J: G — a" is then defined as J(g) := Xg.
Given a real closed field F endowed with an order preserving valuation v: F — R U {oo}, one can
define a Jordan projection Jf: G — a" taking also values in a*. Then the translation length

gt GF — Rxo
is defined as usual as
ZNF(g)::inf{dN[F(gx,x): xE%} 4
and one can prove that
On:(8) = 1JF(QIN, (5)

where || - | 5: @ — Ry is the norm on the R-vector space a defined by

I X1l n == In(N(exp(X))).

2.2. The real spectrum and the Weyl chamber length compactification

We now turn to the relation between the real spectrum compactification, or rather the subset of
its closed points, and the Weyl chamber length compactification.

Given a representation p: I' — Gr, one obtains by composition with the Jordan projection Jrop
a Weyl chamber valued “length function” on I'. If F = R such length functions are used by the
third author to define a compactification =ZWL(T,G) of Z(T,G) such that the character variety
Z(T, G) injects into =ZWL(T,G) as an open dense set and whose boundary point are elements
of I]3>(6+r), [28]. Using Theorem 5(3) we see from (5) that if (p,F) represents a closed point in
A"PE(T, G), the a* -valued function y — Jr(p(y)) is not identically zero and hence defines a point
inP@*").
Theorem 6 (cf. [14]). The above defined map

ERP(T,6) — VM, G)

is continuous, Out(I') -equivariant and surjective.
(Compare with [8, Propositions 5.3 and 7.2].)

Remark 7. If instead of the Jordan projection we take g — In((tr(g))? + 2) we obtain a compact-
ification which, in the case G = SO(n, 1), is the Morgan-Shalen compactification of Z(I', G) in
P(Rgo). The exact analogue of Theorem 6 holds in this context and this generalizes [27, Theo-
rem 17] to all semisimple groups.

The boundary
M=, 6 =T, \E(T,G)
consists of projective classes [L] € P(E*r) of length functions such that there exists a sequence
([pxlk=1) that diverges in Z(I',G) and such that [J o py] converges to [L]. To study divergent

sequences in =(T', G) one associates to a symmetric finite generating set S and a homomorphism
po: I — G its displacement function

Ds(p)(x) :=maxd(p(y)x, x), (6)
YES
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where x € &. This is a convex function with respect to x and if p is reductive it achieves its
minimum
As(p) :==min Dr(p)(x). )
XeX

Then As: Z(',G) — [0,00) is a proper function [28]. Let ((px,R))x>1 be a sequence with
limy_.o, As(px) = oo and normalized in such a way that

As(pk) = Dr(pr)(d). 8)

We call centered a representation that satisfies (8). Let w be a non-principal ultrafilter on N and
let [le" be the Robinson field associated to w and to the sequence A = (As(pk))k>1- Then [Ri’ isa
non-Archimedean real closed field endowed with an order-compatible valuation v: R;’ — RuU{oo}
that is surjective. By (28] the sequence (pk) k=1 gives rise to a homomorphism p%': ' — GR/H{. In the
same paper it is proven that the ultralimit of the projectivized length functions [L,,] is [Lpij], and

Theorem 6 suggests that the ultralimit p§ should define a pointin ESISP (T, G). Notice however that
the Robinson field Ry has uncountable transcendence degree over R and hence, by Theorem 2,
it cannot be the minimal pj‘{-ﬁeld and the representation (p;‘{,R;‘l’) cannot represent a point in
0"SPE(T, G). Nevertheless we can prove that (p%,RY) is in the real spectrum compactification in

RSp —

an appropriate sense and, in fact, completely characterize the closed points in 4" Z(T',G) in

terms of ultralimits, as follows:

Theorem 8 (cf. [14]). Let w be a non-principal ultrafilter on N, let ((p,R)) =1 be a divergent
sequence of centered representations, and let (pi’, [R%) be its (w, A) -limit. Then:

(1) pf is reductive, and

) if[Fpti) is the p%—mim’mal field, and (pf{,lR‘i’) is GR%—conjugate to (n,le%), then (”’[FP‘;‘{)

represents a closed point in ARSPE(T, G).
Conversely, any (p,F) representing a point in GCRISPE(F ,G) arises in this way. In other words there
exists a sequence of centered homomorphisms ((px,R)) k=1 as above, a non-principal ultrafilter w
and an order preserving field injection
i:F—RY 9)

such thatiop and pf are GR% -conjugate.

Remark 9.

(1) In fact the above theorem says more. If (p;,R)>1 is a sequence of representations in a
closed semialgebraic subset 7 of Z(I', G) with closure 7 *% in ZRSP(T, G), then the (w,A)-
limit of (py) is in ORP¥ := ¥ RSP 7. Conversely in (p,F) represents a point in %P7, then
the sequence (p) k=1 in Theorem 8 can be taken in 7.

Furthermore
Je(p(y) = Jge (03 (1)
forallyeT.
(2) The converse part of Theorem 8 holds also for points in *PZ(I", G) that are not necessar-

ily closed, with the difference that the Robinson field [R;‘j is defined by a sequence p that
grows faster than A = (As(pg))k=1- This accounts for the global fixed point of pl‘f on %,
i

(compare with Theorem 5).

The hypothesis that the sequence ((px,R)) k=1 is centered is essential. There are indeed exam-
ples of sequences of non-centered reductive representations whose ultralimit is not reductive.

Notice that if F;, j = 1,2, are real closed fields with order-compatible valuations v, then any
field injection i: F; — F, compatible with v; and v, induces an embedding

‘%D:l — ‘%Fz

C. R. Mathématique — 2021, 359, n° 4, 439-463
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that is isometric with respect to the distances associated to a multiplicative norm. The building
PBGyo s an affine R-building with a complete CAT(0) metric for which it is isometric to the
A

asymptotic cone of the sequence of metric spaces (5?5 ,1d, AS(LPk)) =1 [28].

Proposition 10 (cf. [14]). The embedding

QBG[F — ‘%Gmi’

coming from the field injection i in (9) identifies B¢, with a subspace of %g,,, that is totally
A
geodesic and complete with respect to the CAT(0) metric on %Bg,, -
A

This theorem allows us to use the geometry of symmetric spaces to study the actions on build-
ings associated to points in the real spectrum boundary. It is particularly useful when applied to
a connected component ¥ < Z(I', G) consisting of representations of geometric interest.

2.3. Harmonic maps into buildings

The above results can be used to show the existence of equivariant harmonic maps.
Let (Y, d) be a general CAT(0) space, p :I' — Iso(Y) a homomorphism and S a symmetric finite
generating set. The isometric I'-action on Y is KS-proper if for every T = 0 the set

{yeY:Ds(p)(y) =T}

is bounded, [21], where Dg is as in (6). This property is independent of the choice of the finite
generating set S c I'. Properness implies the — usually — weaker property that the action is non-
parabolic, that is I' does not fix a point in the visual boundary of Y. If closed balls are compact,
the properties are equivalent.

In our context so far, we say that a representation p : I' — G is non-parabolic if the correspond-
ing I'-action on the associated symmetric space & is non-parabolic.

Using the full strength of Theorem 8 and knowing from Proposition 10 that % is a CAT(0)
space, we can prove the following:

Theorem 11 (cf. [14]). Let7 < E(I', G) be a closed semialgebraic set consisting of non-parabolic
representations. Then for any (p,F) in %PV the corresponding action on %, is KS-proper.

Then applying [21, Theorem 2.1.3] we obtain:

Corollary 12 (cf. [14]). Let I' = m (M), where M is a compact Riemannian manifold and let
V < E(T', G) be a closed semialgebraic set consisting of non-parabolic representations. Then for any
(0,F) € 3PV there exists a ) (M) -equivariant Lipschitz harmonic map M — B, .

Notice that the above result applies also to actions with a global fixed point, in which case the
equivariant harmonic map is obviously constant.

2.4. Accessibility

We turn to another application of the link between the real spectrum and the Weyl chamber
length compactifications in Theorem 6. Recall that already in the case in which X is a compact
surface of genus g = 2, ' = 71(2) and G = PSL(2,R), the topological space ZV'(I, G) is rather
badly behaved as the closure of the connected components of Euler number 1 < e < 2g -3
contain the Thurston boundary as a nowhere dense subset, [33]. However using the real spectrum
compactification and its general algebraic properties allows us to derive some nice topological
properties of the Weyl chamber length compactification.
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Theorem 13 (cf. [14]). Let V < R" be a semialgebraic set, let ®: V — [0,00) be a proper semial-
gebraic continuous function and let a € OESP V be a closed point in the real spectrum boundary of
V. Then there exists a continuous and locally semialgebraic section of ® with endpoint o, namely
there exists T > 0 and

Oq: [T,o0) —V
continuous and locally semialgebraic, such that

(1) ®ooa(t)=1;
(2) lims—ooq(t) =a.

As a consequence we have that, although badly behaved, every connected component of the
Weyl chamber length compactification is pathwise connected.

Theorem 14 (cf. [14]). For every [L] € 0"““Z(T, G) there exists a continuous and locally semialge-
braic path
[lyw) - Homred (rr G)

t—p'
such that
t
lim J(p* (1) L)
t—o00 t
foreveryyeT.

In particular
lim [p'] = [L]
t—o00
and every connected component of the Weyl chamber length compactification is path connected.

Recall that we introduced in (7) the function A5(p), that is the minimal joint displacement of
the generating set S. Another way to measure the displacement of a representation p is, for any
finite set E T, to consider the maximal translation length of an element in E

£p(p) :=max{(p(y)).
YeE

There is the obvious inequality £ (p) < Ag(p). Taking as input the work in [30], we prove:

Theorem 15 (cf. [14]). LetS = S~! be a finite generating set and let E = S?" 1 < T. Then on (T, G)
the functions p — As(p) and p — ¢g(p) are Lipschitz equivalent.

Corollary 16 (cf. [14]). Let[L] € OVLE(T, G) and let(pt) =1 be asin Theorem 14. Then the functions
As(p") and € (p") are Lipschitz equivalent to t.

2.5. Applications to cyclic Higgs bundles

We can give sufficient conditions on a path of representations (p*) guaranteeing convergence to a
unique closed point in the real spectrum compactification in terms of asymptotic expansions of
the functions ¢ — tr(pt(y)). More precisely, assume for the sake of simplicity that 7 < Z(T, G)
is a closed semialgebraic subset such that the representations in 7" are determined by their
character®. Then we have:

3Important examples of components ¥ with the above properties are the Hitchin component if G = SL(7,R) and the
set of maximal representations if G = Sp(2n,R), (see [15] for the latter).
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Theorem 17 (cf. [14]). Let V be as above, t — p' be a continuous path of representations with

image inV and S c T a symmetric finite generating set. Assume that for eachy € S*" = there exists
an asymptotic expansion
y
tr(p’ (1) = Y ay,jt%" + Ry(1), (10)
j=1

where forallke Z, thy(t) is bounded as a function of t = 1. If there exists y with ay 1 >0, then the
path has a unique limit in 0"P¥ as t — oco.

The motivation for this general result arose from conversations with J. Loftin, A. Tamburelli
and M. Wolf in the context in which I' = 7, (X) is the fundamental group of a closed orientable
surface Z of negative Euler characteristic and 7 is the SL(3,R)-Hitchin component. In fact
under the Labourie-Loftin parametrisation of 7 by the bundle 23(Z) of cubic differentials over
Teichmiiller space, the sequence of representations p’ corresponding to s- ¢, where Int = s'/3
and g € 23() should satisfy (10), at least for geodesic paths that avoid the zeroes of q, [24].

3. Maximal representations

Let X be a connected compact oriented surface possibly with boundary 6%, and assume that
G := G(R)° is of Hermitian type, that is the associated symmetric space is Hermitian. Then the set
Emax(Z, G) € E(m1(2), G) consisting of G-conjugacy classes of maximal representations is a closed
semialgebraic subset, [16], and if 0% = &, it is a union of connected components of Z(r; (%), G).
Notice that if 0% # &, then m; () is a free group, but the notion of maximality depends heavily on
2 and not only on its fundamental group.

The closure Ef;sfx(i, G) of the character variety Znx(Z,G) of maximal representations in
ERSp(nl(Z),G) is then a compactification of Z¢(Z, G), that is a compact space containing
Zmax(Z,G) as a dense subset. We will now present results that, building on the general theory
outlined in Section 1, show how the geometric and dynamical properties of maximal represen-
tations are reflected in the behavior of the objects associated to points in the real spectrum
boundary

ORPE (2,6) = ERP (5, 6) \ Emax(Z, G) .

Notice that since Zyax(Z, G) is closed in Z(771 (2), G), then
P E ax(Z,G) < PE(m (2), 6).

While our methods apply in full generality, that is for any Lie group of Hermitian type, for the
sake of concreteness we will restrict to the case of G = Sp(2n,R).

3.1. Definition and characterization of maximal representations

Our objective in this section is to establish two characterizations of the points in
EE?;;(Z,Sp(Zn,R)). The first is of cohomological nature. To this purpose, recall that accord-
ing to Theorem 2, points in =ZRSP (77, (), Sp(2n,R)) are represented by p: m;(Z) — Sp(2n,[F), where
[ is p-minimal. We show here that points in Efnsai(z, Sp(2n,R)) are representations of 7 (X) into
Sp(2n,F) that are maximal according to a definition that parallels the one of maximal represen-

tations into Sp(2n,R). Given any ordered field K, we will equip K2” with the standard symplectic
form
X1 (X2 t t
, =X1)Yo— X2)-
<(J’1) (y2)> e N
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Let £ (K?™) be the Grassmannian of Lagrangian subspaces of K?" and let 7: £ (K?"")3 — Z be the
Maslov cocycle, which is defined as the signature of the quadratic form

q2€1X€2X€3—>K

(x1, X2, X3) = (X1, X2) + (X2, X3) + (X3, X1)

for ¢1,0,,05 € 2L (K2"). Since it takes values in [—n, 1], we obtain in a standard way a bounded
cohomology class K[% € sz (Sp(2n,K),R). We use this class to associate to a homomorphism
p: m1(Z) — Sp2n,K) its Toledo invariant T(p) € R, [16, Definition 3.1], which satisfies the
inequality

IT(P) =2nlxE)|.

Definition 18. A representation p: n1(X) — Sp(2n,K) is maximal if

T(p) =2nly()|.

The second characterization will use the concept of maximal framing introduced in [17]. We
say that a triple (¢1,¢2,¢3) € LK of Lagrangians is maximal if T(¢1,¢5,¢3) = n. Endow the
interior 3 of X with a finite area complete hyperbolic structure and identify 7, (£) with a lattice in
PSL(2,R) via the holonomy representation, so that it acts on the hyperbolic plane .2 and on its
circle at infinity 8.%2.

Definition 19. A maximal framing of a homomorphism p: m1(X) — Sp(2n,K) is a pair (X, ¢)
consisting of a non-empty m1(X)-invariant subset X c 0.%° and an equivariant map ¢: X —
L(K?™) such that the image of any positively oriented triple in X° is a maximal triple in £ (K*™)3.

Let Hs c 872 denote the set of fixed points of hyperbolic elements in 7; ().

Theorem 20 (cf. [14]). Letp: n1(X) — Sp(2n,F) be a homomorphism, wheref is a real closed field.
The following are equivalent:

(1) The representation p is maximal;
(2) The representation p admits a maximal framing defined on Hs.

Remark 21. In our applications the central property of maximal representations is the existence
of a maximal framing defined on Hs. However there are cases in which there is an interest in
considering maximal framing defined on appropriate subsets of d.72. For example in [17] the
authors showed that if p‘)‘: :m(2) — Sp2n, [Ri’) is the ultralimit of a sequence (o) k=1 of maximal
representations into Sp(2n, R), then p4 admits a maximal framing defined on the full boundary
.72, At the other end of the spectrum, if F is p-minimal, it is countable and hence one cannot
expect the maximal framing to be defined on the whole of 0.77. Another reason for the need
of flexibility in the definition of a maximal framing is that the Fock-Goncharov coordinates on
the Sp(2n,R)-Hitchin component of a surface £ with boundary lead to maximal framings that
are defined on the subset of 8. consisting of the cusps of 771 (). We proved that an equivalent
condition to those in Theorem 20 is that there exists a 771 (Z)-invariant subset X < 8.2 and an
order preserving field injection i: F — L, where L is real closed, such that i o p admits a maximal
framing defined on X.

Example 22. Let X3 be a pair of pants and let

7m1(Zo,3) ={c1,C2,€3: €3C2C1)
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be a presentation of its fundamental group. Define p : 71 (Z¢ 3) — Sp(4, Q(X)) by

1 4X 0 0
| O L 00
PYU=1 5 4x 1 0
—4X 2 -4X 1
1 1
01 1 -2
- X
ple:=lo 0 1 o
1
00-% 1

Composing p with the group homomorphism induced by the fields embedding Q(X) — W“,

for a € {~o0,a_, a,, o0} (see Example 1) we obtain representations p, such that pg,, po_ and pg,

(both forae @r, a > 0), and po, are maximal. This rests on Theorem 20 (2) and the following facts:

(1) Denoting by p : 71(Zg3) — Sp(4,R) the specialization of p to X = ¢, it follows from the

explicit parametrization of Zax (20 3, Sp(27,R)) in [31] that pt is maximal for every ¢ > 0.

(2) Denoting by ¢;: Hr — £ (R*) the maximal framing associated to p’ by [16], the assign-

ment ¢ — ¢;(¢) is continuous and semialgebraic for every ¢ € Hr. The desired maximality

for po, : m1(Zp3) — Sp(4,mo+) is a consequence of the maximality of p? forall ¢ > 0 and

the identification of Wm with the field of Puiseux series (with @r-coefﬁcients) that are
convergent in some interval (0,¢€), for € > 0.

An analogous argument works for the orders >, >,_and >4, , for a > 0.

3.2. Description of the real spectrum compactification of Zmax(Z,Sp(2n, R))

While in general it is difficult to give a concrete description of the minimal field of a point in the
real spectrum compactification, one of the first applications of Theorem 20 is the determination
of the minimal field F, of definition of a maximal representation p. Observe that if p: 7;(Z) —
Sp(2n,F) is any homomorphism, not necessarily maximal, F contains the field Q(tr(p)) generated
over Q by the set {tr(p(y)) : y € 71 (X)} of all traces.

Theorem 23 (cf. [15]). Let p: m1(X) — Sp(2n,F) be a maximal representation. Then the minimal
field T, of definition of p is the real closure of the field Q(tr(p)) of traces of p.

We do not know whether the same result holds in the generality of the context of Theorem 2.

The next result will ensure that the real spectrum boundary of Z,4« (2, Sp(2n,R)) consists ex-
actly of all maximal representations (p,F) € a"PZ(rr, (X),Sp(2n,R)), where F is the real closure of
Q(tr(p)). In fact, on the one hand one can prove that any representation in ORSP= (3, Sp(2n,R))
admits a maximal framing. On the other, one can see that if (p,F) € ORSP= (71, (2),Sp(2n,R), then
(p,F) is an appropriate limit of a sequence of representations that can be taken to be maximal
if p was. (This follows from a version of Theorem 8 for ultraproducts, of which Theorem 8 is a
consequence.)

Theorem 24 (cf. [15]). There is a bijective correspondence between points in the real spectrum
compatctification EEIS?B((Z,Sp(Zn, R)) and equivalence classes (p,F), where p: m1(Z) — Sp(2n,[F) is
maximal and [ is the real closure of the field Q(tr(p)) of traces of p.

In addition (p,F) represents a closed point if and only if F is Archimedean over the ring Q[tr(p)]
generated by the set of traces of p.

Example 25. (Example 22 continued) Since

tr(p(cy e3)?) = —256X2 +320— 16
P 1 3 - X2 y
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it follows from Theorem 24 that both (p0+,wo+) and (poo, Q(X) ) are closed points in
0" Eax (20,3, Sp(4, R)).

On the other hand, since the ring of traces of p is contained in Q[%, X ], neither of the points
(pa_,waf) or (pa, ,WM) is closed for a > 0. One can show that the unique closed point in
their closure [2, Proposition 7.1.24] is the specialization p%: m;(Zp3) — Sp(4,R) of p at X = a.

3.3. Small stabilizers

We can give information on the stabilizers of the 71 (£)-action on the CAT(0) space %sp2n,F) asso-
ciated to a point (p, F) in the boundary of the real spectrum compactification of Z 4« (2, Sp(2n,R))
(Proposition 10). Namely:

Theorem 26 ([15]). Let (p,F) € 0%PE,,.4(Z,Sp(2n,R)) and let Bspnr) be the associated CAT(0)
space. Then the stabilizer of a germ of a geodesic segment in Bsp2n,F) is an elementary subgroup of
T (2).

The proof uses the following mechanism of independent interest:

Remark 27. (Reduction modulo an order convex subring) Let (p,F) be a point in
ORP =, .x(Z,Sp(2n,R)). Let M c F be an order convex subring, in particular a valuation ring,
and k the residue field (which is real closed as well). Assume that p(;(Z)) < Sp(2n, M) and let
o: m(Z) — Sp(2n, k) be the homomorphism obtained by composing p with the reduction map
Sp(2n, M) — Sp(2n, k). Let (0, k,) denote the corresponding point in Z8P (7 (2),Sp(2n,R)). It
follows directly from the definition of the topology on the real spectrum that the point (o, k)
is in the closure of the point (p,[F); since EQS;;(Z,Sp(Zn,R)) is closed and consists of maximal
representations (Theorem 24), this implies that (o, k) is maximal as well.

For the proof of Theorem 26, we use the converse point of Theorem 8 (see also Remark 9) and,
using Proposition 10, reduce ourselves to the case of an ultralimit p% of centered maximal rep-
resentations. Let 03 be the valuation ring coming from the canonical valuation of the Robinson
field and kf the residue field. To every germ c of geodesic segment starting at the basepoint of
PBspen, ) corresponds a proper parabolic subgroup P <Sp(2n, k), namely

Stabsp(ap,ke) (€) = {g € Sp(2n,0Y) : the image of g in Sp(2n, ky) is in P}.

If the stabilizer I'; of ¢ in m;(X) is non-elementary, we may find a subsurface X; < X with
m1(Z1) <T';. Notice that the characterization in Theorem 20 of maximal representations in terms
of maximal framings defined on Hs implies thatif £; c X is a subsurface and p: 7 (X£) — Sp(2n,[F)
is maximal, its restriction to 1 (X;) is maximal as well. By restricting p:,‘l’ to m1(21) and composing
with the reduction map
Sp(2n,03) — Sp(2n, k)

we obtain a maximal representation with image contained in a parabolic subgroup. But the
characterization of maximal representations in terms of maximal framings implies that the image
of a maximal representation cannot be contained in a proper parabolic subgroup, which is a
contradiction.

3.4. A model for the building

Let F be a real closed field and Sym,, (F) the set of symmetric matrices with coefficients in F. If
F = R, as a model for the symmetric space associated to Sp(2n,R) we take the Siegel upper half
space

F"={Z=X+iY:X,Y €Sym,(R),Y > 0}
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on which Sp(2n,R) acts as
gZ:=(AZ+B)(CZ+D) ™},
where g = (4 8) € Sp(2n,R). In general Sp(2n,F) acts on
H={X+iY:X,Y €Sym,(F),Y > 0}

by the same formula and, since F is real closed, it shares the same transitivity properties with the
Sp(2n,R)-action on F".

As a maximal R-split torus defined over @ we take the subgroup of Sp(2n,C) consisting of
diagonal matrices. We have then

0 D!

and as closed Weyl chamber we choose

— D 0
A;:{(O D_l)eAzalzmzanzl}.

We consider then the following multiplicative norm Nf: Ar — Fx;

D 0 n 1

N[F((O Dl))::i:l_[lmax{ai,ai } (11)

and a non-trivial valuation v: F — RuU{oo}. As in Section 2.1 we consider the Weyl chamber valued
—+

distance function 6 : A" x A" — A defined in (1) and the distance or pseudodistance

ang (Z1, Z3) = —v(Nr (6§ (241, 22))) .

D 0
A[Fz{( ):D=diag(a1,...,an),a,-e[F>0,lsiSn}

For example if F is non-Archimedean, this is not a distance: in fact, since the valuation of a real
number is always zero, then dy; (71, Z») = 0 whenever §¢(Z;, Z,) € A" N4y, since N(A) € Ra1.
As in Section 2.1, we let %Bsp2n,F) denote the quotient of 4 by the dy; = 0 relation. Then, as
in (4) and (5) the translation length of an element g € Sp(2n,F) is given by
n

On: () =) —v(AjD),

j=1
where /11,...,/1,1&;1,...,&1‘1 are the eigenvalues of g counted with multiplicity and ordered in
such a way that

A== Al 2 1.
Here || € F5¢ is the square root of the norm of A € F[i]. If F = R, the same formula holds for the
translation length of g with v replaced by —In.

3.5. The geodesic current associated to a maximal representation

We endow the surface 3 with a complete hyperbolic metric of finite area. We recall that a geodesic
current on X is a flip-invariant ; (£)-invariant positive Radon measure on the space

0.7%)@ = {(x,y) € (07°)%: x # y}

of distinct pairs of points in .7°?. Basic examples are the current

6c:= Z Snty_iya)»
nen1(2)/<y)

where (y_,y.) is the axis of a hyperbolic element y representing a closed geodesic ¢ £, and the
Liouville current £ which is the unique (up to scaling) PSL(2,R)-invariant Radon measure on
07%)? . Let i(u, A) be the Bonahon intersection of two geodesic currents g, A and recall that

l($;6c) ZZ(C),
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ld,a) Itb,0)

Figure 1. The rectangle R € 0.#° x .#°

where ¢(c) is the hyperbolic length of c.

Theorem 28 (cf. [13]). Let p: m1(X) — Sp(2n,F) be a maximal representation, where [ is a real
closed field endowed with a valuation

v:F— RU{oco}
that we assume to be equal to —In if F = R. Then there is a canonical geodesic current i, on by
such that
i(pp,6¢) =N (p(1))
for every closed geodesic c < ¥ and hyperbolic elementy representing c.

Theorem 28 has been shown by [26] if 2 has no boundary and [ = R. Their proof uses crucially
the fact that in this case the maximal framing is defined and continuous on .72, and a classical
construction of Hamenstadt that associates a geodesic current to a continuous crossratio, [19].
In our situation crossratios will only be defined on Hs and we cannot expect any continuity
property. In fact it is only positivity that plays a crucial role and allows us to place ourselves in
an abstract framework that we now describe.

Let I < PSL(2,R) be a torsion free lattice and let Hr < 8.2 be the set of fixed points of
hyperbolic elements in I'. A positive crossratio is a I'-invariant function

[, 1 HY — 10,00)
that is defined on the set H}‘” of positively oriented quadruples in Hr and satisfies the following
properties:
(1) [x1, %2, X3, X4] = [x3, X4, X1, X2], and
(2) [x1,%2, X4, X5] = [x1, X2, X3, X5] + [X1, X3, X4, X5]
whenever defined (see Remark 30). Then if y € T' is a hyperbolic element with fixed points
{y-,y+} < Hr, the period per(y) of y with respect to [-,-,-,] is defined by
per(y) :=[y-, x, 7,7+l
where x € Hr is any point such that (y_, x,yx,y+) € H}‘”. Recall from classical hyperbolic geome-
try that for the standard crossratio the period of a hyperbolic element is its translation length.
Theorem 29 (cf. [13]). Given a positive crossratio [-,-,-,-] on H#], there exists a geodesic current
wonT\A? such that
i(1,6¢) = per(y)
whenever ¢ < T\ A is a closed geodesic andy a hyperbolic element representing c.
Let I(x,y) < 0.7°, respectively I, (x,y1,» denote the open, respectively closed, interval with end-

points x and y. If R = (4 4 x I, is an open rectangle in 0% x 0.7* defined by (a,b,c,d) €
(076%)1*! (see Figure 1) we show in the course of the proof of Theorem 29 that

u(R) =sup @', b, d'): Iia ) % Ty < Rand (', b, ¢, d') € HI}. (12)
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Remark 30. Notice that the properties (1) and (2) of the positive crossratio reflect the fact
respectively that p is flip-invariant and that if x;,..., x5 are positively oriented, the measure of
the rectangle with vertices x1, X2, x4, X5 is related to the sum of the measures of the rectangle with
vertices X1, X2, x3, X5 and the one with vertices x;, x3, X4, X5. See Figure 2.

X4 X4 X4

X1 X2 X1 X2 X1 X2

Figure 2. The additivity property of the crossratio

Notice however that there is no continuity assumption on a positive crossratio, and as a result
the resulting measure can have atoms, which is reflected by the following inequality valid for all
(a,b,c,d) e Hﬁ”:

LU g,q) % Ipe) < la, b, c,d] < pullig,q x Iip,e) - (13)

As a matter of facts, (12) and (13) are equivalent characterizations of the measure g, [13].

The positive crossratio defined above is obtained from an F-valued crossratio on pairwise
transverse quadruples of Lagrangians £ (F>")¥, defined as follows: if (¢}, £2, 3, 4) is a quadruple
of n-dimensional vector subspaces in 2", satisfying the properties that ¢1 th £, and ¢3 h ¢4, we
define the crossratio

CR: £(F*"™ —F,

to be

[ 3p (14

CR(£1V£2’£37[4) = det(pll op[?) |[1))

where pyj is the projection on ¢; parallel to ¢;.

Assume now that we are in the situation of Theorem 28. In particular p: 71 (Z) — Sp(2n,[F) is a
maximal representation. According to Theorem 20 there is an equivariant map

¢: Hy — L")

sending positively oriented triples of points in Hs to maximal triples of Lagrangians. Then the
formula
[X0, X1, X2, X3 p := —V(CR(@(x1), 9 (x2), p(x3), 9(x4)))

defines a positive crossratio on Hg“ with values in v(F*) and one then shows that the geodesic
current g, given by Theorem 29 satisfies the conclusion of Theorem 28.

3.6. Discrete valuations and atomic currents

Since F is real closed with valuation v, its value group v(F*) is a Q-vector subspace of R. Remark-
ably, if v is non-Archimedean the crossratio [-,-,-,-], takes its values in a smaller subgroup.
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Theorem 31 (cf. [15], see also [13, Thm. 6.3]). Letp: n;(X) — Sp(2n,F) be a maximal represen-
tation with F non-Archimedean and v: F — R U {oo} a valuation. Then there exists K € N1, such
that

1
[X1, X2, X3, Xalp € X v(Q(tr(p))™)
for all (x1, xo, X3, X4) € H*.

Together with the explicit relation between the crossratio and our construction of the geodesic
current g, we obtain the following:

Corollary 32. Let p: m1(Z) — Sp(2n,F) be a maximal representation and assume that Q(tr(p))
has discrete valuation. Then the associated current i, is amulticurve, that is a finite sum of Dirac
masses along closed geodesics and geodesics with endpoints in cusps.

Indeed if Q(tr(p)) has discrete valuation, we may assume that, up to scaling, the value group
v(F*) = Z and hence, by Theorem 31, the crossratio takes values in %Z. This implies by (12) that
the current is purely atomic with atoms whose mass is in I%N.

Example 33. (Example 22 continued) There are unique order compatible valuations vo, and v
on Q(X) such that

respectively

Voo(X) =—1.

Thus these valuations extend uniquely to Q(X )0+ and Q(X) , respectively. If p is as in Example 25,
since Q(tr(p)) c Q(X), these valuations are discrete on Q(tr(p)). It follows then from Corollary 32
that the geodesic currents associated to pg, and to p, are both multicurves.

3.7. The cases in which i, is a lamination

We give now a novel argument to deduce that if n = 1 and 0X = &, the length functions in the
Thurston boundary are length functions of measured geodesic laminations, that is of geodesic
currents with vanishing self-intersection (see for example [25, §8.1-8.3] or the original proof
in [4]). We deduce in fact directly from the properties of the crossratio the following:

Proposition 34. LetX be a compact oriented surface with possibly non-empty boundary. Let (p, F)
represent a closed point in 0P Z .4 (Z, SL(2,R)). Then the associated geodesic current i o Tepresents
a measured geodesic lamination.

Indeed, if (¢1,¢2,¢3,¢4) is a positively oriented quadruple in PL(F) and x := CR(¢1,£2,03,04),
then x = 1 and CR(l4,41,05,03) = ﬁ = 1. Using that F is non-Archimedean one sees that
either v(x) = 0 or U(%) = 0. This implies by (13) that given any (xj, X2, X3, X4) € HF], either
oy, x1) X Ixg,x5)) = 0 OF o (I(xg,x4) * I(xy,x2)) = 0. See Figure 3. Thus any two geodesics in the
support of u, are either disjoint or coincide.
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X4 X4

x1 xz x1 xz
Figure 3. On the left the rectangle associated to CR(¢1, €2, ¢3,¢4), and on the right the one
associated to CR(¢y4,01,02,03).

Geodesic laminations also arise non-trivially in higher rank and, when this is the case, we can
find in the building invariant trees that are convex for the distance dy;. Let p: m1(Z) — Sp(2n,[F)
be a maximal representation defining a point in 08PZ .« (X, Sp(2n,R)); in particular F is non-
Archimedean and admits a non-trivial valuation v: F — R, with value group denoted by A :=
v(F*). Let us assume that (p, F) is a closed point and that the geodesic current p associated to p
corresponds to a measured geodesic lamination, which we regard as a 7} (£)-invariant measured
geodesic lamination of /2. Then on the set Iy, of complementary regions of this lamination we
have the distance function dj,, that assigns to two regions the u,-measure of a geodesic segment
connecting two interior points thereof. Then dy,, is a A-valued distance function and J,,, is 0-
hyperbolic, that is embeddable in an R-tree. Under these conditions we have the following:

Theorem 35 (cf. [13]). There is an equivariant embedding
Ty, — Bspenp

of the 0-hyperbolic A-metric space I, into the building Bspn,r), which is isometric with respect
tody ) and the distance dpy; in (3).

This embedding extends to an isometric equivariant embedding of the R-tree dual to y1, (ob-
tained if there are no atoms by completion of the A-tree I,,,) in the completion Bspn,F)-

3.8. From the closed points in the real spectrum compactification to projectivized geodesic
currents

If (p,F) represents a point in E?:fx (&, Sp(2n,R)), according to Theorem 28 there is an associated
geodesic current, once one fixes the valuation on F. While if F is Archimedean we can — and will -
take v = —In, when F is non-Archimedean the choice of the order compatible valuation is unique
only up to positive multiples. Moreover in light of Theorem 5 this current does not vanish. Hence
we obtain a well defined map

=8P (2,Sp2n,R) % P(E(2)

max,c (14)
(p,F) — [upl

into the compact space of projectivized geodesic currents on .

Let 4 €%* (Z) be the orientation preserving mapping class group of Z. The group Out(r; (X))
acts on the character variety =(71(X),Sp(2n,R)) and .#€%*(Z), seen as a subgroup of
Out(1 (X)), leaves Epnax(Z,Sp(2n,R)) invariant. In addition .#£€% ™ (Z) also acts on the space
€ (%) of geodesic currents on >,
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Theorem 36 (cf. [15]). The map in (14)

—RSp
~max,cl

is continuous and M €94™ (X)-equivariant.

(Z,Sp2n,R) ~% P(€ ()

This map is part of a natural diagram that involves the Weyl chamber length compactification.
Let 2V (Z,Sp(2n,R)) be the closure of Zax (2, Sp(2n, R)) in ZVE (711 (2), Sp(2n, R)). Identify a with
R” so that, under this identification, a* corresponds to

(xeR":x1=2---=x,=0}.

The norm on a that corresponds to the multiplicative norm N on A defined in (11) is
n

lxlly =) Ixil

i=1
and this induces a natural map

P(a+n1():)h) 111 P([Rm(Z)h)’

where 7 (X)}, consists of the hyperbolic elements in 7; (X¥), inducing a map

ZWL (2,Sp(2n, R)—> I —PRI™M).

The map in Theorem 6 restricts to a continuous surjective map

—RSp
“max,cl

so that, using Theorem 28 we obtain the following commutative diagram

(Z,5p2n,R) —=WL (2,Sp(2n,R)) (15)

—RSp
“max,cl

b/////

\ )

z
"max(z Sp2n,R)) —— U:D(Rﬂl( )h)’

(%,Sp2n,R) —e— P(€(3))

where i is the map induced by the intersection of a geodesic current in P(€¢ 2)) with a closed
geodesic associated to an element in 7 (X)y,.

In the case of n = 1 and 0% = &, the image of € is the compactification of Teichmidiller space
by geodesic currents as described in Bonahon [4].

3.9. Density of discrete points

Observe that if (p,F) is any representation and F is of transcendence degree one over @r, then
Q(tr(p)) has discrete valuation, so that by Corollary 32 the associated current u, is a multicurve.
We obtain a “density of integral points” a la Thurston combining this observation with the fact
that the set of closed points in the real spectrum compatification of any semialgebraic subset of
R" whose associated field has transcendence degree one over @r is dense, [8, Proposition 4.2]:

Corollary 37. The set of points in OESP ZEmax(Z,Sp(2n,R)) for which the corresponding current is a
multicurve is dense.

This implies the analogous density of discrete points result for the Weyl chamber length
compactification, using the continuous surjective map (15).
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Corollary 38. The set of points in 0"VZ,.x (2, Sp(2n,R)) for which the corresponding current is a
multicurve is dense.

3.10. Towards amenability of the action of M €94™ () on the real spectrum compactifica-
tion

Observe that certain points in the Thurston boundary of Teichmiiller space have large stabilizers
in the mapping class group. For instance the stabilizer of a measured geodesic lamination
supported on a separating closed geodesic contains the product of the mapping class groups
of each component. In contrast with this we have:

Theorem 39 (cf. [15]). The action of MEEGT(Z) on EEIS;;(Z,Sp(Zn,R)) has virtually Abelian
stabilizers.

The theorem is of course interesting only for the .#6%* (Z)-action on the boundary, since it
acts properly discontinuously on E,x (2, Sp(2n, R)).

The results in Theorem 39 and the fact that Hamenstddt proved that the action of the
M E€4T(Z) on the compact metrizable Hausdorff space of complete measured geodesic lami-
nations of X is topologically amenable, except for some elementary surface types, [20], lead to
the following natural question:

Question 40. Does M €%9* (Z) act topologically amenably on the compact metrizable space
—RSp 2
= ,(Z,Sp(2n,R)):

“max,c
Sketch of the proof of Theorem 39. The very general property of the real spectrum of a ring
that every point in EEIS;;(Z,Sp(Zn,R)) contains a unique closed point in its closure [2, Proposi-
tion 7.1.24] leads to a continuous retraction

=RSp =RSp

Emax(Z,Sp2n,R)——=E ° (Z,5p(2n,R)).

Next, it £ < X is a subsurface, it follows from [16] that restricting a homomorphism from 7, (X)
to 71 (X;) induces a polynomial map

Emax (2, Sp(2n,R)) ——Emax(Z1,Sp2n,R)).

that extends continuously to a map

=R (3, Sp(2n, R) —=ER0 (21, Sp(2n, R)

that is equivariant with respect to any subgroup of .#%€%*(Z) that leaves X; invariant. We
caution the reader that however in general this map does not send closed points to closed points.

A subgroup A < MEEGT(Z) s_tabilizing a point [(p,F)] € Eﬁlsfx(Z,Sp(Zn,R)), will stabilize the
corresponding closed point [(p,F)] and hence will projectively stabilize the corresponding geo-
desic current pi via the map ‘6 . Applying the decomposition theorem [12, Theorem 1.2 (2)], there
is a geodesic lamination & < X consisting of simple closed geodesics and such that the restriction
of 5 to a complementary region % < £\ & either vanishes identically or its support fills 2 in a
specific way.

By passing if necessary to a subgroup A’ of A leaving invariant all the components of 3\ &,
it would suffice to show that the projective stabilizer of the current restricted to each of the
complementary regions is virtually Abelian. This is the case for the complementary regions of
the latter kind, as the projective stabilizer of such current is either finite or cyclic infinite. In the
former case this is however not true, as the restriction of g to 2 vanishes. We consider then the
subsurface with boundary 2 and use the restriction map

ZMP (2, Sp(2n, R) —=Eb (%, Sp(2n, R))
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applied to [(p,F)] to produce an element [(7, K)] e Eﬁfg{ (%,Sp(2n,R)) that is fixed by A’. Then the
corresponding closed point [(77,K)] € Eisfx d (%,Sp(2n,R)) is A'-invariant and has an associated
non-vanishing geodesic current. In this way we reduce the complexity of the surface and the

process stops after finitely many steps. d

3.11. A set of discontinuity for M €9* () and harmonic maps

Define the systole of a representation p: 7 (X) — Gf by
t(p):= inf ¢ ,
Syst(p) re ;?(z)h Ne (P (7))

where we recall that 7;(X), are the hyperbolic elements of m;(X). Observe that, in the real
spectrum boundary of the character variety of maximal representations, the positive systole
subset

QP (3,8p(2n,R)) := {(p,[F) €0 PEmax(Z,Sp(2n, R)) : Syst(p) > 0}
is well-defined and independent of the choice of the multiplicative norm N: A — Rs;. Using
the map € from the real spectrum to the projectivized geodesic currents of Theorem 36 and the
analogous result for currents [12] we show:

Corollary41. Forn>1, the set Q&S;;(z, Sp(2n,R)) is a non-empty open set of discontinuity for the
mapping class group action on the real spectrum boundary 61;Sp Emax(Z,Sp2n,R)).

The fact that for n > 1 the set is not empty follows from [12, Corollary 1.10] if 0Z = &; to
establish this fact if X # & we use the Strubel coordinates on Z,,x (%, Sp(2n,R)), [31].

We now turn to an application to harmonic maps and, from this viewpoint, we will consider
the CAT(0) distance on the completion %sp 25, F) induced by the embedding in Proposition 10.

As Eqax(Z,Sp(2n,R)) is a closed semialgebraic set consisting of non-parabolic representations,
[16], Theorem 11 and Corollary 12 can be restated as follows:

Corollary 42. Let (p,F) € OESpEmaX(Z,Sp(Zn,R)). Then the my(Z)-action on the complete CAT(0)
space Bspn,F) is KS-proper. In particular if 0X = @ for any hyperbolic metric h on X there exists a
m1(Z)-equivariant Lipschitz harmonic map

c, ﬁ)—>935p(2n,[ﬂ . (16)

In fact, if (p,F) represents a point in the set Qﬁ{nsa%(i, Sp(2n,R)) of discontinuity of £ €4* (Z)
and 0% = @ much more can be said:

Corollary 43. If0X = @, for every (p,F) € Qﬁi&(i, Sp(2n,R), there exists a hyperbolic metric h on

X for which the n(X)-equivariant Lipschitz harmonic map in (16) is also conformal.

In fact, under the above conditions, it follows from [12, Corollary 1.5(2)] that the action of
71(Z) on Bsp2n,F is displacing in the sense of [18]. This implies by an argument of [23], that the
energy functional E(h) on the Teichmidiller space 9 (%) of Z is proper. Thus the map J (£) — R
defined by h — E(h) is proper and by [32, Corollary 1.3] it has a minimum which is conformal.

Remark 44. A couple ofloose but interesting remarks related to the above considerations:

(1) Since the 71 (X)-action on %BspnF is displacing, by [18] the 1 (Z)-orbit maps in Bsp2n,F)
are quasi-isometric embeddings.

(2) Our approach with working with semialgebraic sets that are defined by polynomials with
coefficients in @r yields that the fields [F involved in the real spectrum are all countable. In
particular the CAT(0) space %Bsp2n,F) Obtained as completion of a countable metric space
is separable and this might be useful to analyse regularity properties of harmonic maps.
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4. Hitchin components and positive representations

In this section we want to describe briefly, in analogy with the case of maximal representa-
tions, certain results concerning the real spectrum compactification of the Hitchin component
Znit(r1 (£), PSL(n, R)), where X is a connected oriented compact surface with negative Euler char-
acteristic; in addition we assume that 0% = &. This restriction will be the main difference with our
treatment of maximal representations.

Recall that the Hitchin component Zy;¢ (71 (Z), PSL(n, R)) is the quotient modulo the PSL(7n, R)-
action of the connected component Homyj (71 (X), PSL(n,R)) of Homyeq(r1 (X), PSL(n,R)) con-
taining 7, o p, where p: m;(2) — PSL(2,R) is any holonomy representation of a hyper-
bolic structure and m, is the irreducible n-dimensional representation of PSL(2,R). Thus
Znic(m1 (2), PSL(n,R)) is a connected component of the PSL(n,R)-character variety of m;(X). As
all of these objects are semialgebraic defined by polynomials with @r—coeﬂicients, we may con-
sider their extension to any real closed field F (see the discussion after Example 1 and [2, Defini-
tion 5.1.2]). Since the operation of extension to [F sends semialgebraically connected components
to semialgebraically connected components, this unambigously leads to an F-connected com-
ponent Homyyj (771 (), PSL(n, F)) € Homyeq (71 (), PSL(n, F)), (see [2, Proposition 5.3.6 (ii)]), whose
quotient Epj; (71 (X), PSL(n,F)) coincides with the corresponding extension Ep;; (771 (X), PSL(#72, R)) g
of the semialgebraic set ZEp;¢ (71 (2), PSL(7n, R)).

It is possible to give a characterization of F-Hitchin representations, that is representations
in Homypye (1 (Z), PSL(n,F)), in terms of positivity. Given any ordered field K, the concept of
positive triple, resp. quadruple, of complete flags in K" can be defined in exactly the same way
as for K = R, since it involves only positivity of triple-ratios, resp. crossratios. As in Section 3, let
Hs < 872 be the set of fixed points of non-trivial elements? in 7; (2) < PSL(2,R) and let & (K")
be the set of complete flags in K".

Definition 45. Arepresentation p: m1(X) — PSL(n,K) ispositive if there exists an equivariant map
¢: Hy — F (K") sending positively oriented triples, resp. quadruples, of points in Hs to positively
oriented triples, resp. quadruples, of complete flags.

In her thesis project X. Flamm is currently working out the analogue of Theorem 20: a
representation p: m (£) — PSL(n,F) is an F-Hitchin representation if and only if it is positive.

The proof of such result uses the Bonahon-Dreyer coordinates, [5] that give an explicit semi-
algebraic description of Zyj; (771 (£), PSL(n, R)), which extends to Ey;¢ (711 (£), PSL(#, F)) for any real
closed field F.
Let Eg?tp (7r1(X),PSL(n,R)) be the closure of Eyj: (1 (X), PSL(n,R)) in the real spectrum com-
pactification =RSp (1 (2),PSL(n,R)) and EEI?ECI(nl(Z),PSL(n,R)) the subset of closed points. We
have then the following analogue of Theorem 24:

Theorem 46. There is a bijective correspondence between points in the real spectrum compactifi-
cation ngf’ (m1(2),PSL(n,R)) and equivalence classes (p,F), where p: m1(X) — PSL(n,F) is positive
andF is the real closure of the field Q(tr(Ad(p))), where Ad is the adjoint representation of PSL(n, F).

In addition (p,F) represents a closed point if and only if F is Archimedean over the ring of traces
Qltr(Ad(p))] of Adop.

Turning to the symmetric space aspect, in analogy with the case of maximal representations,
we will directly describe the extension to F of all relevant geometric objects.

4Since 0 = @ , all elements in 1 (Z) are hyperbolic.
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Let 2! (n)f be as in Section 2.1,

n
A= {D =diagMy,...,An) 1 Ai €Fxg, [[Ai = 1}
i=1
and let
A =(DeAp: Ay == Ay}
be the (multiplicative) closed Weyl chamber. Then the formula in (2) provides us with an Z[: -
valued distance function .
In contrast with the case of the symplectic group, we use the following multiplicative norm

N[FZ A[F _— [le

If F admits a non-trivial order compatible valuation v: F — R U {oo}, which — we recall - is the
case for all fields occurring in the real spectrum of the character variety of 7, (Z), we obtain the
distance (if F = R) or the pseudo-distance (if F is non-Archimedean)

ang (A1, Az) := —v(Nr (6F (A1, A2))),

for A;, Ay € @1 (n)g. If F is non-Archimedean, we let PBpsL2n,F) be the quotient of 2 (n)F by the
dn; = 0 relation. In all cases, that is both if [F is Archimedean or not, the translation length of an
element g € PSL(n,F) is given by
P ( Al )
N (8 =-V )

[Anl
where 14, ..., A, are the eigenvalues in [F[i] of a representative of g, ordered so that|A;| = = |A,].
Echoing the work of Martone and Zhang [26], for F = R, one can define an appropriate
crossratio on & (F"*) and use the abstract framework described in Section 3 to show:

Theorem 47. Let p: m1(Z) — PSL(n,F) be a positive representation, whereF is a real closed field
endowed with a non-trivial valuation v: F — RU {oo}, which we assume to be —In ifF c R. Then
there is a geodesic current i, on X such that
i(fp,0¢) =g (p(Y)
for every closed geodesic c c  and hyperbolic elementy € | (X) representing c.
The explicit relation between the crossratio and the corresponding geodesic current allows
one to obtain the analogue of Theorem 31 and Corollary 32. As a result we also get:

oWtz

Corollary 48. The set of pointsin Enic(m1 (2), PSL(n,F)) for which the corresponding current is

a multicurve is dense.

The above theorem thus gives us a map

—RSp

EfP (11(2), PSL(n, R) —S=P(6 ()

into the projective space of geodesic currents that is .4 €%" (£)-equivariant and which can be
shown to be continuous. As in the case of maximal representations, the set

QPP (1 (), PSL(n, R)) := {(p,[F) € 08P Zpyie(m1 (2), PSL(n, R)) : Syst(p) > o}
is an open set of discontinuity for the action of the mapping class group. It follows from [12] that:
Corollary 49. Forn =3, the setQﬁ?tp (m1(2),PSL(n,R)) is not empty.

Turning to the applications to harmonic maps, we consider the CAT(0) metric on the comple-
tion %Bpsy2n,F) induced by the embedding in Proposition 10. In complete analogy with the case of
maximal representations we have:
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Corollary 50.

1) If (p,F) € 6SISPEHit(n1 (2),PSL(n,R)) the my(Z)-action on the complete CAT(0) space
BpsLnF) is KS-proper. In particular for any hyperbolic metric h on Z there exists amy (Z)-
equivariant Lipschitz harmonic map

(Z, h) — BrsLen) -

(2) For every (p,F) € Q?{?F(”l (%), PSL(n,R)) there exists a hyperbolic metric h on Z for which

the i1 (Z) -equivariant Lipschitz harmonic map in (1) is also conformal.

Remark 51. Here is a couple of loose ends:

(1) The analogue of Theorem 35, namely the question whether in case u, is a geodesic
current its associated tree g'ﬂp embeds into %Bpsr 2 presents new difficulties and is
open in general.

(2) The fact that the action of .#£6%*(X) has elementary stabilizers, that is the analogue
of Theorem 26 and of Theorem 39, requires a flexible enough notion of positivity for
representations of 77 (X) with % # & and is a current topic of investigation.
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