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1. Introduction

The localization of radiant sources based on a spatial distribution of sensors has been an
important research topic for the past two decades, particularly in the area of space—time audio
processing. Among the many solutions that are available in the literature, those based on the
time differences of arrival (TDOA) between distinct sensors of a signal emitted by the source
are the most widespread and popular. Such solutions, in fact, are characterized by a certain
flexibility, a reasonably modest computational cost with respect to other solutions and a certain
robustness against noise. Popular TDOA-based solutions are found in [2, 7, 10, 24, 26, 27,
31-33, 40, 43, 45, 47, 48, 51, 53, 54].

Let us consider the problem of planar source localization in a homogeneous medium with
negligible reverberation. From elementary geometry, the locus of putative source locations
that are compatible with a TDOA measurement between two sensors in positions m; and m; is
one branch of a hyperbola of foci m; and m;, whose aperture depends on the range difference
(TDOA x speed of sound). A single TDOA measurement is, therefore, not sufficient for
localizing a source, but narrows down the set of locations that are compatible with that
measurement by reducing its dimensionality.

Multiple measurements do enable localization but measurement errors cause the
corresponding hyperbola branches to not meet at a single point, thus ruling out simple
geometric intersection as a solution to the localization problem [14]. This is why research has
focused on techniques that are aimed at overcoming this problem while achieving robustness.
Examples are maximum likelihood (ML) [16, 26, 52]; least squares [2]; and constrained least
squares [47], which offer accurate results for the most common configurations of sensors.



There are many situations, however, in which it is necessary to minimize the number of
sensors in use, due to specific sensor placement constraints, or cost limitations. In these cases
it becomes important to assess how the solutions to the localization problem ‘behave’ (and
how many there are) as the measurements or the sensor geometry vary. This problem has
been partially addressed in the case of the localization of a radio-beacon receiver in LORAN
navigation systems [48] and in the context of the global positioning system (GPS), where
measurements are of time of arrivals (TOAs) instead of TDOAs (see [1, 8, 9, 15, 18, 19, 28,
30, 36, 37]). In particular, these studies provide the solution for the case of planar (2D) source
localization with three receivers (i.e. with two TDOAs) and they recognize the possibility of
dual solutions in some instances, as two different source positions could correspond to the
same pair of TDOA measurements.

Recently, in [50] the author focused on the assessment of the ill-posedness of the
localization problem in the case of 2D minimal sensor configurations, i.e. to quantify how
changes in the measurements propagate onto changes in the estimated source location. In
particular, in the same quoted paper the space of TDOA measurements has been introduced
and it has been shown that in this space there exist small regions associated with dual solutions
corresponding to large regions in physical space. This assessment, however, is performed in a
simulative fashion and for one specific sensor geometry, and it would be important to extend
its generality further.

What we propose in this paper is a generalization of the discussion contained in [50] based
on a fully analytical and mathematically rigorous approach. We encode the TDOA localization
problem into a map, called the TDOA map, from the space of source locations to the space
of TDOA measurements and we offer a complete characterization of such a map. Not only
is it our goal to analytically derive results shown in [50] (irrespective of the geometry of the
acquisition system), but also to complete the characterization of the TDOA map by analyzing
the properties of its image and preimage, finding closed-form expressions for the boundaries
of the regions of interest. We observe that this approach to the problem fits into the research of
structural identifiability of complex systems (see for example [11, 39]), where one is interested
in studying whether the parameters of a model (in our case, the coordinates of the source) can
be fully retrieved from the experimental data. A similar analysis of the source localization
problem has also been proposed and investigated very recently in [5, 17], the latter in the
context of the TOA-based target tracking.

We believe that characterizing the TDOA map to its fullest extent, even in the simplest
case of three calibrated and synchronous sensors, is a necessary step for developing new
mathematical tools for a wide range of more general problems. One immediate consequence
of this gained knowledge is the possibility to study how to optimize sensor placement in
terms of robustness against noise or measuring errors. More importantly, this study paves
the way to new areas of research. For example, it enables the statistical analysis of error
propagation in TDOA-based localization problems; and it allows us to approach more complex
scenarios where the uncertainty lies with sensor synchronization or spatial sensor placement.
This prospective investigation, in fact, is in line with the recently revamped interest of the
research community in self-calibrating and self-synchronizing spatial distributions of sensors
[16, 44, 46].

Our analysis starts from [20], where a different perspective on the localization problem is
offered through the adoption of the space-range differences (SRDs) reference frame, where
the wavefront propagation is described by a (propagation) cone whose vertex lies on the source
location. As range difference measurements (TDOA x propagation speed) are bound to lie
on the surface of the propagation cone, localizing a source in the SRD space corresponds to
finding the vertex of the cone that best fits the measured data. The SRD reference frame is
also
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Figure 1. Organization of the paper.

used in [12] to offer geometric interpretations to the underlying principles behind the most
common TDOA-based localization solutions. Although not explicitly claimed, the localization
problem is described in [12, 20] in terms of null surfaces and planes in the 3D Minkowski
space. This suggests to us that exterior algebra can give us powerful tools for approaching our
problem as well. We therefore begin our analysis by showing how the SRD reference frame can
be better represented within the framework of exterior algebra, and we show how the newly
gained tools allow us to derive a global analytical characterization of the TDOA map. Working
with exterior algebra in the Minkowski space is not unheard of in the literature of space—time
signal processing. In [18, 19], for example, this representation is used for approaching source
localization in the GPS context.

The paper is organized as shown in figure 1. Section 2 introduces the concept of a TDOA
map. Two TDOA maps are defined: t,, where the TDOAs are referred to a common reference
microphone; and 73, which considers the TDOAs between all the pairs of microphones. The
two maps are, in fact, equivalent in the absence of measurement errors. This is why most of
the techniques in the literature work with 7. However, in the presence of measurement noise,

adopting 73 helps gain robustness. For this reason we decided to consider both 7, and 7j.
In order to introduce our mathematical formalisms with some progression, in the first part of

the paper our analysis will concern 7. Section 3 focuses on the local analysis of the TDOA
map T;. In practice, we show what can be accomplished using ‘conventional’ analysis tools
(analysis of the Jacobian matrix). This analysis represents the first step toward the study of
the invertibility of 7. In section 4 we move forward with our representation by defining the
TDOA mapping in the SRD reference frame. This is where we show that the Minkowski
space is the most natural representation for a mapping that ‘lives’ in the SRD reference frame.
Section 5 describes the early properties of 7, with particular emphasis on the fact that its
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Figure 2. A general and a collinear configuration of the microphones m;, i = 0, 1, 2.
Left-hand side: line r;", r; and r? refer to the portions of the line joining the microphones
jand k, j, k#i.

image is contained in a compact polygonal region. Section 6 offers a complete description of
the mapping 7, for the case of non-aligned microphones. In particular, subsection 6.1 shows
that the preimage (inverse image) of 7, can be described in terms of the non-negative roots of
a degree-2 equation, while 6.3 describes Im(7) and the cardinality of the preimage. Finally,
subsection 6.4 shows the preimage regions in 7, and the bifurcation curve E that divides the
region of cardinality 1 from the regions of cardinality O or 2. Similar results are derived for
the case of aligned microphones in section 7. In section 8 we use the previous results on 7, to
describes the image and the preimages of the map 7;. Section 9 discusses the impact of this
work and offers an example aimed at showing that the global analysis on 5 (or 73) gives new
insight on the localization problem, which could not be derived with a local approach. Finally,
section 10 draws some conclusions and describes possible future research directions that can
take advantage of the analysis presented in this paper.

In order to keep the paper as self-contained as possible, in appendix A we give an overview
on exterior algebra on a vector space. For similar reasons, we have also included an introduction
to plane algebraic geometry in appendix B. These two sections, of course, can be skipped by
readers who are already familiar with these topics. Finally, in appendix C we have included
the code for computing the Cartesian equation of the bifurcation curve E.

2. From the physical model to its mathematical description

As mentioned above, we focus on the case of a coplanar source and receivers, with synchronized
receivers in known locations and with anechoic and homogenous propagation. The physical
world can therefore be identified as the Euclidean plane, here referred to as the x-plane.
This choice [12, 20] allows us to approach the problem with more effective progression and
visualization.

After choosing an orthogonal Cartesian co-ordinate system, the Euclidean x-plane can be
identified as R2. On this plane, m; = (x;, y;), i = 0, 1, 2 are the positions of the microphones
and x = (x, y) is the position of the source S. The corresponding displacement vectors are

di(x) = x —m;, djj = mj —m;, i,j=0,1,2, )]

whose moduli are d;(x) and d;, respectively. Generally speaking, given a vector v, we denote
its norm ||v|| with v and with v = 3 the corresponding unit vector.



Without loss of generality, we assume the speed of propagation in the medium to be equal
to 1. For each pair of different microphones, the measured TDOA ;;(X) turns out to be equal
to the pseudorange (i.e. the range difference)

7;;(x) =d;(x) —di(x), i,j=0,1,2, 2
plus a measurement error €;; :
T;(x) =1;(x) +€;, i,j=0,1,2. 3)

A wavefront originating from a source in x will produce a set of measurements
(T10(X), T20(X), 721 (X)). As the measurement noise is a random variable, we are concerned
with a stochastic model.

Definition 2.1. The complete TDOA model is

73 (X) = (T10(X), T20(X), T21 (X)). “)
The deterministic part of this model is obtained by setting € ;; = 0 in T3 (X), which gives us the
complete TDOA map:
T R? — R3
X = (T10(x), 720(X), 721 (X)).

The target set is referred to as the T*-space.

(&)

In this paper we approach the deterministic problem, therefore we only consider the
complete TDOA map. Using the above definition, localization problems can be readily
formulated in terms of 7j. For example, given a set of measurements, we are interested
to know if there exists a source that has produced them, if such a source is unique, and where
it is. In a mathematical setting, these questions are equivalent to:

e given 1; € R?, does there exist a source in the x-plane such that 7;(x) = 1%, ie.

T € Im(73)?

e If x exists, is it unique, i.e. |t;_' (] =17

e If so, is it possible to find the coordinates of x? L.e. given t*, can we find the only x that
solves the equation 73 (x) = *?

With these problems in mind, we focus on the study of the image of the TDOA map 73
and of its global properties. In particular, we are interested in finding the locus of points where
the map becomes 1-to-1. Moreover, as solving the localization problem consists of finding the
inverse image of ¥ € Im(7}), we aim at giving an explicit description of the preimages, also
called the fibers, of 3.

The complete model %;‘ (x) takes into account each one of the three TDOA that can be
defined between the sensors. This, in fact, becomes necessary when working in a realistic
(noisy) situation [49]. We should keep in mind, however, that there is a linear relationship
between the pseudoranges (3), which allows us to simplify the deterministic problem.

Definition 2.2. Let (119, T20, T21) be the coordinates of the t*-space. Then, 'H is the plane of
equation Ty — Tpo + 21 = 0.

Lemma 2.3. The image Im(t}) is contained in 'H.

Proof. For each x € R? we have
T10(X) — 120(X) + 121 (X) =0 (6)
from the definition (2) of pseudoranges. (|



In the literature, lemma 2.3 is usually presented by saying that there are only two linearly
independent pseudoranges and (t;o(X), T20(X)), for example, are sufficient for completely
encoding the deterministic TDOA model. This suggests to us to define a reduced version of
the above definition:

Definition 2.4. The map from the position of the source in the x-plane to the linearly
independent pseudoranges

n: R — R?
X — (t10(X), T20(X))

is called the TDOA map. The target set is referred to as the T-plane.

)

In 7, we consider only the pseudoranges involving receiver mg, which we call the reference
microphone. If p; : H — R? is the projection that takes care of forgetting the ith coordinate,
we have that 73 is related to 7 by 72 = p3 o 73. As p; is clearly 1-to-1, it follows that
all the previous questions about the deterministic localization problem can be equivalently
formulated in terms of 7, and its image Im(t;) (see figure 12 in section 8 for an example of
Im(73) and its projection Im(7,) via p3). Analogous considerations can be done if we consider
P10 T; or py o T3, that is equivalent to choosing my or my as the reference point, respectively.

In sections 3-7, we will focus on the study of 7, and we will complete the analysis of 3
in section 8. For reasons of notational simplicity, when we study the map 1, we will drop the
second subscript and simply write 7,(X) = 7;0(X), & = 1, 2. Moreover, as we focus on the
deterministic model, in the rest of the paper we will interchangeably use the terms pseudorange
and TDOA.

3. Local analysis of t,

In this section, we present a local analysis of the TDOA map t,. From a mathematical
standpoint, this is the first natural step toward studying the invertibility of z,. In fact, as stated
with the inverse function theorem, if the Jacobian matrix J(x) of T, is invertible in x, then T,
is invertible in a neighborhood of x. Studying the invertibility of a map through linearization
(i.e. studying its Jacobian matrix) is a classical choice when investigating the properties of a
complex (nonlinear) model. In the case of acoustic source localization, for example, [20, 44]
adopt this method to study the accuracy of various statistical estimators for the TDOA model.
As a byproduct of our study, at the end of the section we will discuss how the accuracy in a
noisy scenario is strictly related to the existence of the so-called degeneracy locus, which is
the locus where the rank of J(x) drops.

The component functions 7;(x) of 7, are differentiable in R? \ {mg, m;, m,}, therefore so
is 72. The ith row of J(x) is the gradient Vt;(x), i.e.

Ve (x) = (x—xi _ X=X Y=Y Y=o
’ di(x)  do(x) " di(x)  do(x)

) = di(x) — do(x). (8)

Definition 3.1. Let us assume that my, my, my are not collinear (see the left-hand side of
figure 2). Let ry, 1y, ry be the lines that pass through two of three such points, in compliance
with the notationmy ¢ r;, i = 0, 1, 2. Let us split each line in three parts as ro = ry U rg U r(J)r,
where r8 is the segment with endpoints my and my, ry, is the half-line originating from my and
not containing my, and rg is the half-line originating from my and not containing my. Similar
splittings are done for ry, ry, with ", ri” having mg as the endpoint.
Let us now assume that mg, my, my belong to the line r (see the right-hand side of figure
2). Then, 1° is the smallest segment containing all three points and ¥° is its complement in r.



Theorem 3.2. Let J(x) be the Jacobian matrix of T, at X # my, my, my. Then,

(i) if mg, my, my are not collinear, then

1 ifxe (Ui, (; Uurh),
2 otherwise;

rank(J(x)) =

(ii) if mg, my, my are collinear, then

0 if xers,
rank(J(x)) = {1 if xe
2 otherwise.

Proof. Assume x % m;, fori = 0, 1, 2. As explained in section 2, the x-plane is equipped with
the Euclidean inner product, therefore we can use the machinery of appendix A. As claimed
in proposition A.3, x(det(J(x))) = V1;(X) A V1o (x). Hence, we work in the exterior algebra
of the 2-forms. From equation (8) and the general properties of 2-forms, we obtain
VT (%) A Vo (x) = (d1(%) = do(x)) A (d2(x) — do(x))

= d1(x) A dz(x) — do(x) A dz(x) — di(X) A do(x). )

Let us first assume that d; (x), da(x) are linearly independent or, equivalently, that x ¢ r;.
In this case there exist aj, a, € R such that

do(x) = ard; (x) + axdx(x).
After simplifying equation (9), we get
det(J(x)) = VT (X) A Vo (x) = (—a; — az + 1) d1 (%) A da(X), (10)

Eherefoze det(J(x)) = 0 if, apd only if, a; +a, = 1, beca~use the lingar indepegdence of
d; (x), d2(x) implies d; (x) A d(x) # 0. Furthermore, from dy(x) = a1d; (X) + a,da(x), we
obtain

L= do®)[* = af + a3 + 2a1a2 d1 (x) - d2(x).
After simple calculations, the previous equality becomes
2a1a2(d; (%) - d2(x) — 1) =0,

therefore either a; = 0 or a, = 0, because the third factor is different from zero. If a; = 0,
then a, = 1 and ao(x) = az(x), ie. X € rT U r; . Otherwise, if a = 0, then a = 1 and
do(x) = dy(x), ie.xerf Ur;.

On the other hand, if x € rg, then d;(x) = dz(x) if x € 7 Ur, and dq(x) = —d,(x) if
X € rg. Therefore, the equality (9) becomes

o if xerfUry,
VT A Ve K) = {-2&0(x) Ady(x) if xer
In conclusion, if mgy, my, my are not collinear, then det(J(x)) = O foreach x € Uiz:o (r;r ury),
proving the first claim. If, on the other hand, mg, m;, m; lie on the line 7, then det(J(x)) =0
for all x € r. Furthermore, dy(x) = d;(x) = dz(x) if and only if x € 7, therefore
V1,(x) = Vi (x) = (0, 0), i.e. J(x) is the null matrix. U

Theorem 3.2 has an interesting geometric interpretation.
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Figure 3. (a) Level sets A;(7); (b) gradient and tangent line T , ().

Definition 3.3. Ler T € R. The set
Ai(D) = (x e R’ 5(x) = 1) (1)
is the level set of T;(X) in the x-plane.

Lemma 3.4. If |[t| > di, then A;(t) = 0. Moreover, if 0 < |t| < diy, then A;(t) is the branch
of the hyperbola with foci mg, m; and parameter T, while

I‘j lf ‘Ezdio,
Ai(r) = \r; if T=—do,
aj if =0,

where j #i,{i, j} = {1,2}, and a; is the line that bisects the line segment r?.

Proof. By definition, we have t;(x) = d;(x) — dy(x), therefore the first claim follows from the
classical inequalities between the sides of the triangle of vertices x, m;, my. The second claim
follows from a classical result: given any hyperbola with foci m;, mg and parameter ¢ € RT,
the two branches are defined by either one of the two equations

di(x) —dp(x) =c¢ and d;(x) —dy(x) = —c.
The last claim is a straightforward computation. ]

Figure 3(a) shows the hyperbola branches with foci mg, m;. By the definition of a level
set, each point in the domain of 7; lies on exactly one branch A;(t) for some t € [—dj, dip] (by
abuse of notation, we consider A;(0), A;(Zd,) as branches of hyperbolas as well). This means
that, given T = (71, 12), the source is identified as the intersection points A; (1) NA,(7;). As a
direct consequence, the quality of the localization depends on the type of intersection: in a noisy
scenario, an error on the measurements T changes the shape of the related hyperbolas, therefore
the localization accuracy is strictly related to the incidence angle between the hyperbola
branches (see [12] for a similar analysis of the localization problem).

Notation.We denote the tangent line to a curve C at a smooth point x € C as T c.

Remark 3.5. (1) Vr;(x) = 0if, and only if, x € r;r Urs, with j # 0, i. In fact, Vr;(x) = 0 is
equivalent to di(x) = dy(x), i.e.x € r;r Ur;. Hence A;(%dyp) is not smooth anywhere.

(2) Assume that x ¢ r;r U i Then, it is well-known that V7;(x) is orthogonal to the line
Ty.4,(z;) and that it bisects the angle mpxmy;, where my, m; are the foci of the hyperbola.



Figure 4. The hyperbola branches intersect tangentially on the degeneracy locus. This
configuration can lead to poor localization accuracy when TDOAs are affected by
measurement errors.

Consequently, the tangent line is parallel to the vector d;(x) + do(x) and, quite clearly,
V1 (x) = d;(x) — do(x) is orthogonal to the previous vector (as we can see in figure 3(b), if
we draw the unit vectors d; (x) and dy (x), their sum lies on the tangent line T 4,(r;) While their
difference is the gradient Vt;(x)).

Proposition 3.6. Let x € A (11) N A,(12). Then,

(i) if mg, my, my are not collinear, then Ty s, (z;)y 7# Tx A, (r,), OF equivalently, A|(t)) and
As (1) meet transversally at X if. and only if, x € R? \ {U%:0 (r;r Ur)}

(ii) ifmg, my, my lie on r, then A, (1)) NA>(12) is finite if, and only if. x € R?\#°. Furthermore
A\ (1)) and A, (1y) meet transversally at X if. and only if. x € R? \ r.

Proof. The lociA; (t1) and A, (12) meet transversally at X, i.e. Tx 4, () 7 Ix.4,(r,) if, and only if,
V1, (x) and V1, (x) are linearly independent. That last condition is equivalent to det(J (x)) # 0.
The claim concerning transversal intersection is therefore equivalent to theorem 3.2. Finally,
if x € ¢, then either A (1)) C Ax(12) or Az (1p) C A (7). O

In figure 4 we showed the case of the tangential intersection of A;(7;) and A;(72). From
proposition 3.6, we gather new insight on source localization in realistic scenarios. The above
discussion, in fact, allows us to predict the existence of unavoidable poor localization regions
centered on each half-line forming the degeneracy locus. We will return to this topic in
section 9.

4. The three-dimensional Minkowski space

As discussed in section 3, TDOA-based localization is mathematically equivalent to computing
the intersection points of some hyperbola branches. This can be treated as an algebraic problem
in the x-plane by simply considering the full hyperbolas. In this case, however, it is not easy
to manipulate the system of two quadratic equations and remain in full control of all the
intersection points. In particular, there could appear extra (both real and complex) intersection
points with no meaning for the problem, and there is no systematic way to select the ones that
are actually related to the localization.



In order to overcome such difficulties, we manipulate the equations that define the level
sets A;(t;) (see definition 3.3), to obtain an equivalent, partially linear, problem in a 3D space
(see [12] for an introduction on the topic). In order to find the points in A (7;) N Az (72), we
need to solve the system

{Tl =d|(X) — dp(x),
Ty = dy(x) — dp(x).

We introduce a third auxiliary variable t, and rewrite it as

T — 1 =d (%),
7 — 1 =dy)(x),
T = —dy(x).

Again, this is not an algebraic problem, because of the presence of Euclidean distances.
However, by squaring both sides of the equations, we obtain the polynomial system

(1 —1)? =d1(x)?,
(1 — 1)? = db(x)?,
2 = dy(x)>.

In geometric terms, this corresponds to studying the intersection of three cones in the 3D space
described by the triplets (x, y, T). As described in [12, 20] this problem representation is given
in the space-range reference frame. For the given TDOA measurements (7}, 72), a solution
(x,y, T) of the system gives an admissible position (X, y) of the source in the x-plane and
the corresponding time of emission 7 of the signal, with respect to the TOA at the reference
microphone my. We are actually only interested in the solutions with T < min(ty, 12, 0), i.e.
in the points that lie on the three negative half-cones. Then, we can use the third equation to
simplify the others, to obtain

d2 _ 2
dip do(x) — 7 7 = “)T’l
d* — 1?2
dy - do(x) — 2T = %, (12)
do(x)? — 72 =0,
T < min(1y, 72, 0).

We conclude that, from a mathematical standpoint, that of TDOA-based localization is a semi-
algebraic and partially linear problem, given by the intersection of two planes (a line) and a
half-cone. This is shown in figure 5. Notice that the equations in system (12) involve expressions
that are very similar to the standard 3D scalar products and norms, up to a minus sign in each
monomial involving the variable t or (ty, ;). This suggests that, in order to describe and
handle all the previous geometrical objects, an appropriate mathematical framework is the 3D
Minkowski space. In the rest of the paper, we will explore this approach and, in particular, we
will carry out our analysis using the exterior algebra formalism (see also [18, 19] for a similar
analysis). We refer to appendix A for a concise illustration of the mathematical tools we are
going to use.

Let eq, e; and e3 be the unit vectors of the axes x, y and 7, respectively. Given the
pair T = (71, 1) on the t-plane, we define the points M;(t) = (x;,y;, 7)), i = 1,2 and
My = (x9, Y0, 0). Given a generic point X = (x,y, 7) in 3D space, the displacement vectors
are defined as D;(X, 7) = X — M;(7). Furthermore, we set Dji(t) = M;(t) — M;(7), for
0 < i < j < 2. Notice that, in order to render the notation more uniform, we left all points
and vectors as functions of 7, although many of them actually depend on a single TDOA.



Figure 5. The intersection of the two negative half-cones Cy(t)~ and C; (7)~ is a curve
contained in the plane IT; (7). The curve projects onto the hyperbola branch A;(t) in
the x-plane.

Definition 4.1. Fori =0, 1, 2, we set

(i) Ci(r) = {X e R*'| | Di(X, 7) |*=0};
(ii) Ci(r)” = {X € Gi(1)|[(Di(X, 7), e3) = 0}.

Moreover, fori = 1,2, we set
IM;(7) = {X € R*'[(Diy (7). Dy(X, 7)) = 5 || Dio(7) [I* }
and Lz](‘[) = H](T) n Hz(‘[).

C;(7) is aright circular cone with M;(t) as vertex, and C;(t)~ is a half-cone, while IT;(7)
is a plane through (My(7) + M;(7))/2. Using the exterior algebra formalism (see equation
(A.3) and the preceding discussion in appendix A), I1; is given by

ip,x) (Dio(7)") = 3 || Dio(z) |I* . (13)
Finally, if D19 () and D, (7) are linearly independent, then L, (7) is the line of equation
in, 0 (D10(7)” AD20(7)") = 5 [ Dio(2) [I> D20 (7)" — 5 | Dao(2) |I* Dio(7)’. (14)

We are now ready to discuss the link that exists between the geometry of the Minkowski space
and the TDOA-based localization. As above, we set A;(t) = A;(1;).

Theorem 4.2. Let w : R>! — R? be the projection onto the x-plane. Then
(i) m(Cy NCi(1)7) = Ai(v) if 0 < |7] < djo, fori=1,2;

A; if —d; i <do .., .
(ii) 7 (Cy NTIi(7)) = {Ag; U0 Z:r _°_<'0r S0 i
1 j I 1

Proof. Let x = 7 (X). We therefore have X = (x, 7). According to definition 4.1, we obtain
X € ( if, and only if, || Dy(X, 7) I’= 0 and (Dy(X, 7), e3) > 0, which means that
dy(x)> — 1> = 0, —t > 0, therefore we finally obtain dy(x) = —7, 7 < 0. Similarly,
X € Ci(7)™ is equivalent to d;(x) = —(r — 1;), T < 7;. As a consequence, X € C; NCi(7)~
if, and only if, d;(xX) — dp(x) = 7;, T < min(0, 7;), i.e. X € A;(7), therefore the first claim
follows.

Then, we remark that D; (X, 7) = Dy(X, 7) + Djo(7), that implies

| Di(X, ) =] Do(X, 7) ||I> +2(Do(X, 7), Dig(7))+ || Dio(7) I* .



Hence, X € Cy N I(7) if, and only if, X € Cy N Ci(t), and, using the first claim, we
get T (Cy N (7)) 2 Ai(7).Cy N II;(7) is degenerate, precisely a half-line, if, and only
if, My € I1;(7), i.e. 0 = (Dj(7),0) = % | Dio(t) || . The last condition is equivalent
toM;(t) € Cp, or riz = dj. Hence, if rl.z #* dl.zo, w(Cy N I1;(7)) is a hyperbola branch and
the first equality follows. Otherwise, ifri2 = dizo, then 7w (Co N I1(7)) = r;. It is easy to check
that(m;, —djo) € C; and that (my, djp) € Co\Cj . So,m (CoNII(T)) = A;i(7) Ur? if t; = —djy.

O

5. First properties of the image of 7,

We now study the set of admissible pseudoranges, i.e. the image Im(z,) of the TDOA map,
in the tr-plane. In particular, in this section we begin by focusing on the dimension of the
image and then we prove that Im(t,) is contained within a bounded convex set in the 7-plane.
These preliminary results are quite similar for both cases of generic and collinear microphone
configurations, which is the reason why we collect them together in this section. For the
definition and properties of convex polytopes, see [38] among the many available references.

Theorem 5.1. Im(t3) is locally the t-plane.

Proof. Let us assume that X is a point where 73 is regular, i.e. where the Jacobian matrix J(X)
has rank 2 (see theorem 3.2). The map 7, can be written as

di(x) —do(x) = 71
d(xX) —dy(x) = 12
and T = 12(X) is a solution of the system. The implicit function theorem guarantees that there

exist functions x = x(7) and y = y(t), which are defined in a neighborhood of 7 and take on
values in a neighborhood of X so that the given system will be equivalent to

x = x(7)
y=y()’
therefore the claim follows. (]

In lemma 3.4 we showed that the TDOAS are constrained by the triangular inequalities.
In the rest of this section we will show that, as a consequence of these inequalities, T, maps
the x-plane onto a specific bounded region in the t-plane.

Definition 5.2. Let
Py = {1 e R?[|Dji(0)|> >0, 0<i< <2},
and k € {0, 1, 2} be different from i, j, for 0 < i < j < 2. We define
F ={t € P||Dsi(v)[> =0, (Dji(7), e3) < 0},
F = {1 € P||Di(D)II> =0, (Dji(7), e3) > 0},
R =F"'NFE", R =F"'NFE, R=F NF .

Before we proceed with studying the relation between P, and Im(z;), let us describe
the geometric properties of this set. In figure 6, we show some examples of P, (in gray), for
different positions of the points my, m; and m,.
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Figure 6. Left-hand side: polygon P, (shaded gray) under the assumption that the points
my, my and m, are not collinear. Center: polygon P, (shaded gray) in the case of three
collinear points with my between m; and m;,. Right-hand side: polygon P, (shaded
gray) when the sensors lie on a line, but with m; between my and m,. The case with m,
between my and m; can be obtained from the image on the right by swapping the role
of 7y and 1,.

Theorem 5.3. P, is a polygon (a two-dimensional convex polytope). Moreover; if the points
my, my and my are not collinear, then P, has exactly 6 facets Fki, which drop to 4 if the points
are collinear.

Proof. As a first step we notice that
D () 1* = d; — (xj — 1)?,
therefore
IDiI* >0 & dji>ly -l (15)

The set P, is a two-dimensional convex polytope because, according to (15), it is the
intersection of half-planes and it contains an open neighborhood of 0 = (0, 0) € R?. In fact,
the coordinates of 0 satisfy all the finite number of strict inequalities defining P>, which implies
that also a sufficiently small open disc centered at 0 belongs to P.

In order to prove the rest of the statement, we need to show that the inequalities defining
P, are redundant if, and only if, my, m;, m;, are collinear. Let us consider

—dip < 71 < dio

—d

—dy)
The first two inequalities define a rectangle whose sides are parallel to the t; axes. The lines
) — 171 = dp; and 7, = dpy meet at (drg — dby, dag), which lies between (—d,g, drg) and
(dy0, dyo) if, and only if, |drg — da1| < d)o, i.e. when the points mgy, my, m; are not collinear.
Through a similar reasoning we can show that, if the three points m; are not collinear, the
line 7, — 11 = db; meets 7y = —djo at (—dyg, do1 — dyg), while 1) — 11 = —d,; meets
71 = djo at (dyg, —do1 + dio) and 1y = —dpg at (dr; — dao, —dro). An easy check proves that
P, is a hexagon of vertices (d1o, d20), (dao —da1, da), (—di0, d21 —d10), (—d10, —dag), (do1 —
dro, —dao), (d1o, —da1 + d1o)-

On the other hand, if mg, my, my are collinear, P» ends up having four sides. There
are three possible configurations: (i) my lies between my and my; (ii) my lies between
my and my; (iii) my lies between my and my. In case (i) we have that dy; = dy¢ + dao,
therefore —d| < 1, — 71 < dy; are redundant. In case (ii) we have that dyg = do+ da;

<1 < dy
<1 -1 <dy



and —dyy < 1y < dyp give no restrictions to the others. In case (iii), —djp < 71 < djo ar
redundant as it follows from d;g = dyg + db;.

(¢]

O
For further reference, we name the vertices of the rectangle —d)op < 11 < djp, —da <
T, < dy, recalling that RY = (dyo, dao) (see definition 5.2).

Definition 5.4. Let R* = (—dl(), dz()), R(l) = (—dlo, —dg()) and RT = (d](), —dz()).
We are now ready to present the main result of this section.

Proposition 5.5. Im(t2) C P>. Moreover, ! (Fki) = "2[’ k=0,1,2, and, ifmg, my, my are
not collinear, then ;=" (R*) = my, k=0, 1, 2.

Proof. The first statement is a direct consequence of definition 5.2, relation (15) and lemma 3.4.
Let us now consider x such that £d; = 7;(x) — 7;(x) = d;(x) —d;(x). Using lemma 3.4 we get
X € rki, as claimed. As the preimage of the intersection of two sets is equal to the intersection of
the respective preimages, the last statement follows from definition 3.1. Finally, the vertices of
P; that are different from R°, R' and R? are not in Im(7,), because the corresponding half-lines
do not meet, as it is easy to verify in all the possible cases. For example, if my, m; and m; are
not collinear, then r]L and rar do not meet, which implies (dyg — da1, dao) € P> \ Im(72). O

6. The localization problem in the general case

In this section we offer further insight on the TDOA map under the assumption that mgy, my, m;
are not collinear. Subsections 6.1 and 6.2 contain some preliminary mathematical results. In
subsection 6.1 we show how the preimages of the T, map are strictly related to the non-positive
real roots of a degree-2 equation, whose coefficients are polynomials in T (see equation (18)
and the proof of theorem 6.16). In order to use Descartes’ rule of signs for the characterization
of the roots, in subsection 6.2 we give the necessary background on the zero sets of such
coefficients and on the sign that the polynomials take on in the t-plane. The main results
of this section are offered in subsections 6.3 and 6.4. In the former we completely describe
Im(7,) and the cardinality of each fiber, while in the latter we derive a visual representation of
the different preimage regions of 7, in the x-plane, and find the locus where 7, is 1-to-1. The
two subsections 6.3 and 6.4 also offer an interpretation of such results from the perspective of
the localization problem.

This section is, in fact, quite central for the paper, and the results included here are mainly
proven using techniques from algebraic geometry. A brief presentation of the tools of algebraic
geometry that are needed for this purpose is included in appendix B. In order to improve the
readability of this section, we have collected some of the proofs in subsection 6.5.

6.1. The quadratic equation

As discussed in the previous sections, T € Im(ty) if, and only if, A;(T) N Ax(T) # 0.
According to theorem 4.2, we have A1 (1) N Ax(T) C 7w (Cy N Ly (7)), therefore the analysis
of the intersection C; N Ly (T) plays a crucial role in characterizing the TDOA map. We begin
with studying the line L,; (t) of defining equation (14).

Assuming that the microphones are not aligned, we have

Di(X, 1) AD2(X, 7) = (d1(X) + 71€3) A (d2(X) + T2€3)
=d;(x) A d2(X) + (r2d1 (x) — T1d2(x)) Ae3 # 0 (16)



because dy (x) and d;(x) are linearly independent. Consequently Dy (X, 7) and D> (X, 7) are
linearly independent as well for every T € R Let

Q =Dyo(r) ADz(7) Ae3 =dyg Ady A ez #0, (17)

which is a 3-form (see section A.2 in appendix A). With no loss of generality, we can assume
that €2 is positively oriented, i.e. & = ko with k > 0, therefore (2, w) = —k < 0.

Lemma 6.1. For any T € R?, Ly, (7) = I1,(v) NT(7) is a line. A parametric representation
of Lr1 () is X(X; T) = Lo(T) 4+ Av(T), where

V(7)) = *(D10(7) A D29 (7)) = *((d19 A d29) + (T2d19 — T1d29) A €3)

and the displacement vector of Ly (T) is

Dy (Lo (7)) = 730" ((ID1o (D)1’ D20 (T) — D2 (D)1’ D19(T)) A €3)
__ #((ID19(7)[1°d20 — D20 () *d10) A €3)
2||d1o A daoll '
Proof. See subsection 6.5. O

Remark 6.2. The point Ly (7) is the intersection between L, (7) and the x-plane. In fact, from
the properties of the Hodge * operator, we know that the component of Dy (Lo (7)) along e3 is
Zero.

We can turn our attention to the study of C;j N Lyi(t). From the definition of Gy
and lemma 6.1 follows that a point X(A; T) of the line Ly;(7) lies on C if the vector
Dy(Lo(t)) + Av(z) is isotropic with respect to the bilinear form b. This means that
Do (Lo(T)) + Av(T)||> = O or, more explicitly,

V(D) 174% + 24Dy (Lo (7)), V(7)) + [Do(Lo()[|* = 0. (18)
This equation in A € R has a degree that does not exceed 2, and coefficients that depend on .
Definition 6.3. Let

(i) a(x) = |[V(D)|* = [12d10 — T1d2oI* — lld1o A dao]|*;

dip — 71da, ||D 2dy0 — |ID 2d
(i1) b(z) = (Do(Lo(7)). v(x)) = (t2d10 — T1d20, [|D20(7)("d19 — D10 ()l 20>;

2||dyo A daol]
D10 () [12d20 — D20 () [|*d10]l?
(iii) c(7) = [Do(Lo(T)||* = .
o 4dyo A dao?
Equation (18) can be rewritten as
a(t)A? + 2b(T)A + (1) = 0. (19)

The explicit solution of equation (18) will be derived in subsection 6.4.

6.2. The study of the coefficients

In order to study the solutions of the quadratic equation (18), we need to use Descartes’ rule
of signs. To apply it, we first describe the zero set of the coefficients a(t), b(t) and c(7);
then we study the sign of these coefficients wherever they do not vanish. As stated above,
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Figure 7. The ellipse E (in blue) is tangent to each side of the hexagon P, (in gray). We
have 11 distinguished points: the center 0 of E, the six tangency points 7,*,i = 0, 1,2
and the vertices of the rectangle R%, R°, R* and R}.

the main mathematical tools that are used in this subsection come from algebraic geometry
because a(t), b(t) and c(t) are polynomials with real coefficients (see appendix B for a short
introduction or [13, 22, 29]).

Let us first describe the vanishing locus of c(t), over both R, where it is particularly
simple, and C.

Proposition 6.4. c(t) > 0 for every T € R2 Moreover, c(t) = 0 if and only if
T € (R, R, R}, R‘l)}. On the complex field C, c(t) factors as the product of two degree-2
polynomials.

Proof. See subsection 6.5. O

In order to analyze the sign of a(t), we need to introduce some notation.

Definition 6.5. We define three subsets of the t-plane, according to the sign of a(t):
o E ={t € R*a(r) =0};
e Et = {1 € R¥a(7) > O};
e E= = {r € R*a(r) < 0}.

Proposition 6.6. E C P, is an ellipse centered in 0 = (0, 0), and it represents the only conic
that is tangent to all sides of the hexagon P;.

Proof. See subsection 6.5. O

The ellipse E and some specific points on the polytope P, are shown in figure 7. As the
tangency points will eventually show up in the study of the vanishing locus of b(t), we define
them here for further reference.



Figure 8. Examples of cubics C: on the left-hand side it is singular. In the center it is an
oval and on the right-hand side are two ovals. The curve E is shown in blue, C in red,
and the hexagon P, in shaded gray. The 11 distinguished points are marked in the first
two pictures, but not in the last one because four of them are very close to each other
on the upper-right vertex of the rectangle, and similarly for the four which are close to
the opposite vertex. In all the three cases P, is a hexagon, but it exhibits two very short
sides in the right-hand picture.

Definition 6.7. Let 0 < i, j,k <2 withk < jand k # j. Then

T = ((dy. dix). (2o, dix))  and T, = (—(dio. dix.), —(dao. djx).
where, according to our current notation, d}k = S%';.
J!
Remark 6.8. For every non-collinear choice of my, my, my, E is smooth. In fact, Va(t) =
(0, 0) is the homogeneous linear system

d3oT1 — (Ao, d2g) T2 = 0
—(dyg, d2o) 71 + diy72 =0

whose only solution is 0 ¢ E, because the matrix of the coefficients of the variables has the
determinant ||dyg A dag||> # 0.

We conclude the analysis of the sign of a(t) by noticing that the set £~ contains the origin
0, therefore it is the bounded connected component of R? \ E. Similarly, R® € E* therefore
E* is the unbounded connected component of R? \ E.

The analysis of the sign of the last coefficient b(7) is a bit more involved. Let us define
the notations as done for a(t).

Definition 6.9. We define three subsets of the t-plane, according to the sign of b(t):

o C={tr e R*b(tr) =0};
o Ct = {1 e R?|b(7) > O};
o C~ = {1 e R?|b(1) < 0}.

As our aim is to study the relative position of P, and the sets C, C™ and C~; we need
more of an in-depth understanding of the curve C (see figure 8 for some examples of this
curve). We will first analyze the role of the 11 distinguished points marked in figure 7 for the
study of c(t) = 0 and a(t) = 0 in connection with b(7) = 0. We will then look for special
displacement positions of mgy, my and my, which force C to be non-irreducible. In fact, the
irreducibility of C has an impact on the topological properties of C* and C~, particularly on
their connectedness by arcs. We will finally study the connected components of C.



Proposition 6.10. C is a cubic curve with 2-fold rotational symmetry with respect to 0, which
contains Toi, T]i, Tzi, R, R‘l), R*, R} and 0. The tangent lines to C at RO, R(l), R*, R} are
orthogonal to F(+, therefore C is smooth at the above four points. Finally, C transversally
intersects both E and the lines that support the sides of P».

Proof. See subsection 6.5. O

Proposition 6.11. C is a smooth curve, unless diy = dyy. In this case C is the union of the line
L: 1 + 1 = 0and the conic E' : ‘1512 — ({(dyg, d2o) + D)1 72 + 122 + dlzo((dlg, dy) —1)=0.

Proof. See subsection 6.5. O

For the sake of completeness, we now investigate the uniqueness of this cubic curve by
showing that C is completely determined by the positions of the points mgy, my, m,.

Proposition 6.12. C is the unique cubic curve that contains the points T, Tli, Tzi, 0, R°, R?,
R*, R*
» N

Proof. See subsection 6.5. O

Remark 6.13. Due to the 2-fold rotational symmetry around 0, and the fact that C is smooth
at 0, we can conclude that 0 is an inflectional point for C.

The cubic curve C, where smooth, has genus 1. Therefore, in the t-plane, it can have
either one or two ovals, in compliance with Harnack’s theorem B.31 (see figure 8). Depending
on the position of mgy, my, my, both cases are possible. Following standard notation, the two
ovals are called C,, the odd oval, and C,, the even one (this could be missing), and, at least in
the projective plane ]P’Hz@, they are the connected components of C. The importance of studying
the connected components of C rests on the fact that C divides every neighborhood of a point
P e C in two sets, one in CT, the other in C~. Therefore, we need to locate C, and C, with
respect to P,.

Proposition 6.14. The points TF, Tli, Tzi, 0, R, R*, R(l), R} belong to the same connected
component C, of C, which is the only one that intersects P».

Proof. See subsection 6.5. O

Now we can complete the study of the sign of b(t) within P,. Let us first assume that C
is smooth. Due to the rotational symmetry of C, the component C, is connected in the affine
plane R? as well, and it divides the t-plane in two disjoint sets, which we name C; and C; .
Due to proposition 6.14, b(t) does not change sign on P, NC,\ and P, NC, , therefore we have
PNCT=P,NCHand ,NC™ = P,NC, (possibly with C/, C; swapped). In particular,
evaluating b(t) at the vertices of P, we have that Cj is the connected component of R?2 \ C,
containing R!, R2.

Finally, if C is singular we have C = L U E’ (see figure 8). There are four disjoint regions
in the t-plane with different signs. Again by evaluating b(7) at the vertices of P», we obtain
that C* is the union of the region outside E’ in the half-plane containing R', R? plus the region
inside £’ in the complementary half-plane.



Figure 9. The image of t, is the gray subset of P,. In the light gray region marked as
E~ the map 1, is 1-to-1, while in the medium gray regions Uy U U; U U, the map t; is
1-to-2. The continuous part of 3P, and E, and the vertices R', are in the image, where 7,
is 1-to-1. The dashed part of dP; and E, and the tangency points T,.*, do not belong to
Im(7,). We remark that the triangles Uy, U;, U, stay on the same connected component
of R?\ C, (see figure 8).

6.3. The image of ,

In this subsection we achieve one of the main goals of the paper, as we derive the complete and
explicit description of Im(72), i.e. the set of admissible TDOAs. These results are summarized
in figure 9. In the following, we will denote the closure of a set U as U and its interior as U.

Definition 6.15. The set P, N ET N Ci’ is the union of three disjoint connected components
that we name Uy, Uy, U, where R\ € Uifori=0,1,2.
Theorem 6.16. Im(1;) = E- U Uy UU; U U, \ {Toi, Tli, Tzi}. Moreover,

-1 2 ifTEUoLJU]UUg,
e ()= .
1 lf T € Im(1z) \ Uy UU UU,.

Proof. Consider the equation (19)
a(DA* +2b(T)x + c(t) =0,
with T € P5. The reduced discriminant A(t)/4 = b(t)* —a(t)c(r)isa degree-6 polynomial
that vanishes if L,|(7) is tangent to the cone Cy. According to theorem 4.2, this condition
is equivalent to A; () and A, (7) intersecting tangentially. According to proposition 3.6, this
happens exactly if x € ry Ury Ury. Hence, T € 1,(r5 UrE Urf) = Fj" U F* U F;F, which
implies A(t) = 0if, and only if, T € dP,. On the other hand, A(0) = —a(0)c(0) > 0 because
0 € E, therefore A(t) > O for T € P,. As a consequence, equation (19) has real solutions
forany t € P,.
According to theorem 4.2, we are looking for 7 that satisfies C; N L1 (T) # @:
0 < (Dy(Lo(T)) + Av(T), €3) = (Do (Lo(T)), €3) + A(V(T), €3)
= A(x(d1o A d2), €3) = A{x(d1g A dao), *(e1 A €2))
= —A(dyg A dzg, €1 A€z) = A{d1g A dag A €3, @) = MR, ),
which narrows down to A < 0, as (2, ) < 0.



Let us first consider the case A = 0, which is equivalent to ¢(t) = 0. From proposition 6.4,
we know that c¢(7) > O for any T € P, and ¢(7) = 0if, and only if, T € {R°, R*, R‘l), R}}. At
the four considered points, also b(t) = 0 and A(z) = 0. Hence, A = 0 is the only solution
with multiplicity 2, if T = R® or T = RY, the other two points not being in P,. However, the
half-lines r” and r;” meet at x = my, while r; N r; = @. Consequently, T, ' (R") = m,,
while R ¢ Im(z,).

Let us now assume A # 0, i.e. ¢(t) > 0, and consider all the possible cases, one at a time.
The main (and essentially unique) tool is Descartes’ rule of signs for determining the number
of positive roots of a polynomial equation, with real coefficients and real roots.

Case (i): a(t) = b(t) = 0. Equation (19) has no solution, therefore ENC = (TF, Tli, Tzi}
is not in Im(t,).

Case (ii): a(t) = 0, b(t) # 0. Equation (19) has the only solution A = —c(t)/2b(t) for
eacht € E\ (T*, Tli, Tzi}. Moreover, A < 0 if, and only if,b(z) > Oie. T € ENCT =
(0Uy U U, U dl,) NE AT, T, T,7).

Case (iii): a(tr) < 0. Equation (19) has one negative root and one positive root, thus
E~ CcIm(t;) and |1, (7)| = | foreach T € E~.

Case (iv): a(t) > 0,b(tr) < 0. Equation (19) has two positive roots, thus ET N C™ N
Im(ry) = 0.

Case (v): a(tr) > 0,b(r) > 0, A(r) = 0. Equation (19) has one negative root with
multiplicity 2, thus |77 (7)| = 1 for each T € ET N CT N 9P,. In particular, 7,7 (R/) = m;
forj=1,2.

Case (vi): a(t) > 0,b(t) > 0, A(t) > 0. Equation (19) has two distinct negative roots,
therefore |1, ()| = 2 for any t € Uy U U; U Up. |

Remark 6.17. Theorem 6.16 agrees with theorem 4.2. The exact relationship between
A1(t) NAx(t) and 7w (Cy N Ly (7)) is the following:
(D) Itz ¢ B, UF, then 7 (Cy N Ly (7)) = A1(7) NA (7).
Q) IfreF \ {R(l)}, then 1y = —djp and —dyy < 75 < dy1 — djo. Thus
7(Cy NLai (1) = (A1 (1) NA2(7)) U (3 N Ax(7)),
where A () =r, . Ifx € rg N A, (T), then dy(x) = djp — d; (x) and
2 (X) = d2(X) — do(x) = d2(X) + d1(X) — dio = da1 — do,
where we have used the triangular inequality. It follows that 7, (x) = d»; —djp and x = my,
SO r‘z’ NAz(t) = A1 (7) NAz(7) and, again, w(C, N Ly (7)) = A1(t) N Az(7). The case
Tel\ {R(l)} is similar.
B)Ifr= R(l) ¢ Im(72), then A;(7) NAz(7) = @ while 7 (C; N Ly (7)) = "(1) U ”(2) = my.

Theorem 6.16 can be nicely interpreted in terms of the two-dimensional and the three-
dimensional intersection problems. Here we use some standard Minkowski and relativistic
conventions used, for example, in [3, 42].

() T € E if, and only if, v(7) is isotropic, or light-like. In this case, the line L, (7) is
parallel to a generatrix of the cone, therefore it meets Cy at an ideal point. On the x-
plane this means that the level sets A () and A,(t) have one parallel asymptote. With
respect to the localization problem, T € E means that there could exist a source whose
distance from the microphones is large compared to dio and dy. Along E, the two TDOAs
are not independent and we are able to recover information only about the direction of
arrival of the signal, and not on the source location. Things are complicated further if
T € E N Im(7,), as the level sets A| (7) and A, (7) also meet at a point at a finite distance,
corresponding to another admissible source location.



(i) T € E™ if, and only if v(t) is time-like, pointing to the interior of the cone Cpy. In this
case, the line L (7) intersects both half-cones and, on the x-plane, the level sets A} (t)
and A, (7) meet at a single point. This is the most desirable case for localization purposes:
a T corresponds to a unique source position X.

(iii) T € E™ if, and only if, v(7) is space-like, pointing to the exterior of the cone Cy. In this
case, the line L, () intersects only one half-cone, depending on the position of the point
Ly () and the direction of v(7). On the x-plane, the level sets A;(7), A»(7) either do not
intersect or intersect at two distinct points. In the last case, for a given t there are two
admissible source positions. Following the discussion at point (i), a source runs away to
infinity as T gets close to E, while the other remains at a finite position, which suggests
a possible way to distinguish between them if one has some a priori knowledge on the
source location. Finally, we observe that the two solutions overlap if T € 9P, which
corresponds to x in the degeneracy locus.

If T € E~, the localization is still possible even in a noisy scenario, but we experience a
loss in precision and stability as T approaches E (see also the discussion in section 9).

6.4. The inverse image

We are now ready to reverse the analysis. In fact, the description of Im(z,) allows us to analyze
the dual situation in the physical x-plane. For any given T € Im(t;) and a negative solution A
of equation (18), we have the corresponding preimage in the x-plane

x(7) = Lo(7) + A * ((r2dyo — T1d20) A €3), (20)

where *((7ody9 — 71d29) A €3) is the projection of v(7) on the subspace spanned by ey, e;.
Roughly speaking, we can identify two distinct regions: the preimage of the interior of the
ellipse, where the TDOA map is 1-to-1 and the source localization is possible, and the preimage
of the three triangles U;, i = 0, 1, 2, where the map is 2-to-1 and there is no way to locate the
source. The region of transition is also known in the literature as the bifurcation region [19].
In this subsection we offer a complete geometric description of the above sets.

Notice that that formula (20) gives the exact solutions x to the localization problem for any
given measurements t, and it can be used as the starting point and building block for a local
error propagation analysis in the case of noisy measurements or even with sensor calibration
uncertainty.

Definition 6.18. Let E be the ellipse in the t-plane defined by a(t) = 0. We call E its inverse
image contained in the x-plane, and we refer to it as the bifurcation curve.

As we said in the discussion at the end of subsection 6.3, for T € E we have an admissible
source position at an ideal point of the x-plane and, possibly, one more at a finite distance from
the sensors. In the affine plane, the curve E is exactly the set of these last points. According
to definition 6.18, E is the preimage of E, therefore it can be studied using formula (20). We
recall that for T € E we have a(r) = 0, therefore equation (18) has a unique solution in

A(t) = —c(1)/2b(T), which corresponds to the unique preimage
c(1)
x(7) = Lo(7) — * ((tadyo — T1d20) A €3). 2n
2b(1)

In the next theorem, we show that the function (21) restricted on E is a rational parametrization
of degree 5 of the bifurcation curve E. This means that E admits a characterization as an
algebraic curve.

Theorem 6.19. E is a rational degree-5 curve, whose ideal points are the ones of the lines
ro, I'1, 12 and the cyclic points of]P’é.



Figure 10. Two examples of the different localization regions and the quintic E in
the x-plane. The microphones my, m; and m, are in the points marked with black
dots. Locations of the microphones are my = (0,0), my = (2,0), m; = (2,2) and
m; = (—2,2) on the left and the right, respectively. Each quintic E separates the light
gray region E~, where the map 1 is 1-to-1 and it is possible to localize the source, and
the dark gray region UO Ul u Uz, where T is 2-to-1 and the localization is not unique.
The dashed lines represent the degeneracy locus of z,.

Proof. See subsection 6.5. O

In figure 10 we show two examples of the quintic E. The real part of E consists of three
dlSJOlnt arcs, one for each arc of E contained in Im(t;). The points mgy, my, my do not belong
to E, as their images via 7, are not on E. Notice that no arc is bounded, as E has genus 0.
In particular, when 7 approaches a point TﬁE in £ N C the denominator of x(z) approaches
to zero and E goes to infinity. As for the smoothness of E, the curve has no self-intersection
because each point of the x-plane has one image in the r-plane. Furthermore, it is quite easy
to show that cusps are not allowed on E either. In fact, E is regularly parameterized and the
Jacobian matrix of 7, is invertible on E, which implies the regularity of x(7). Quite clearly,
the complex plane E is bound to have singular points, as E is an algebraic rational quintic
curve. In appendix C we include the source code in singular [23] language for computing the
Cartesian equation (further analysis of the properties of the bifurcation curve is contained in
[21]).

From figures 9 and 10, we immediately recognize what was assessed through simulations
and for a specific sensor configuration in [50]. These results, however, have been here derived in
closed form and for arbitrary sensor geometries, which allows us to characterize the preimage
in an exhaustive fashion.

The curve E separates the regions of the x-plane where the map 7 is 1-to-1 or 2-to-1. We
complete the analysis in terms of TDOA-based localization after introducing and analyzing
the preimage of the open subsets E~, Uy, Uy, U of Im(13).

Definition 6.20. Let 0,- be the inverse image of U; via 1, fori =0, 1,2 and E~ be the inverse
image of E~.

The continuity of 7, implies that E~, Uy, U, U, are open subsets of the x- -plane, which
are separated by the three arcs of E.LetF (x,y) = 0 be a Cartesian equation of E: a point
x e Eif F(x)F(my) < 0, while x € Uy U U, UU, if F(x)F(mg) > 0. Now, let us focus on
the open sets U;. In this case, without loss of generality, we consider i = 0, the other two ones
having the same properties.

Proposition 6.21. Uy has two connected components separated by r;r U r;r , and T3 is 1-to-1
on each of them.



Proof. See subsection 6.5. O

Remark 6.22. The previous proposition can be restated by saying that 7, : U; — Uj is a
double cover, for every i = 0, 1, 2. The ramification locus is the union of the two half-lines
through m;, while the branching locus is the union of the two facets of P, through R'.

The source localization is possible if T € E~ and, consequently, X € E-. Otherwise,
assume 7 € Ujy. According to proposition 6.21, there are two admissible sources in the two
disjoint components of Up. As T comes close to E, one of its inverse images approaches a point
on E, while the other one goes to infinity. Conversely, if T approaches dP,, the inverse images
of 7 come closer to each other and converge to a point on the degeneracy locus rT u r;' . As
we said above, in a realistic noisy scenario, we end up with poor localization in the proximity
of E.

6.5. Proofs of the results

Proof of lemma 6.1. As remarked before equation (14), L, (7) is a line because Dj9(7) and
D, (7) are linearly independent. Thus, the equation of Ly (t) is (14):

ip,x) D10(7)" A D29(7)") = 1 [ D1o(7) 1> D2o (1)’ — 1 [ D2o(7) II* Do (7).
A vector v(t) is parallel to L, (7) if it is a solution of
iv(r)(D10(7)” A D2 ()") = 0.
From corollary A.6, this is equivalent to
v(t) =1 % (D19(7)” AD2y(1)")* =1 % (D19(T) A D2o(7))

for t € R. We prove the first claim of the Lemma by setting ¢ = 1.
Then, let Lo(7) be the intersection point between L,; () and the x-plane. This implies
that

iDy (Lo 2" = (I D10(2) [I> D2o(2)"— [ D2o(x) ||I*> D1o(x)") A €3’

Therefore, the second claim follows from lemma appendix A.7. ]

Proof of proposition 6.4. As a real function, ¢(7) > 0 because | Do (7)||>d29 — | D20 (7)||>d1o
is in the subspace spanned by e;, e;, where b is positively-defined, and dy9 A dyy is parallel
to e; A ez, whose module is equal to 1. Furthermore, dyg, dzg are linearly independent, thus
c(r) = 0if, and only if, [[D19(7)]1> = D20 (D) |I> = 0, i.e.t} = d3,, T3 = d3,, and the claim
follows.

The gradient of c(t) is

_ 2 2
Ve(r) = m((—fldzo, [ID10 () [I"d20 — (D20 (7)1 "d10),
X (T2dio. D10 (T)[*dag — [D20(2) [ *d1o)).
therefore it vanishes if |[D1o(7)||*> = [D20(z)[|I> = 0. Hence, in AZ, c(r) = 0 is a quartic

algebraic curve with four singular points, thus it cannot be irreducible (see theorem B.22).
After some simple computations, we obtain

c(r) = (d20 e (le - dlzo) —dpe” (722 - d%o))(dZO e (flz - dlzo) —dyge™” (722 - d%o))

where 26 € (0, ) is the angle between dy and dyy. O



Proof of proposition 6.6. The equation that defines E, i.e.
a(t) = —ldig A dyo|| + | 72dsg — T1dao]* = 0,

has degree 2, therefore E is a conic in the t-space. Considering the assumption of non-
collinearity, | 72dyg — T1dag||? is a positively-defined quadratic form and [|djg A dg]|> > 0. E
is therefore a non-degenerate ellipse containing real points, whose center is at . Moreover, it
is a simple matter of computation to verify that the intersection between E and Fi+ is the point
T+ with multiplicity 2, for i = 0, 1, 2, and analogously for F,~ and 7;". E is therefore tangent
to each side of P». This implies also that E C P,. In order to prove the uniqueness of E, we
embed the 7-plane R? into a projective plane P%, and take the dual projective plane P% (see
definition B.24). In ]P’2 there exists one conic through the 6 points corresponding to the sides of
P, and it is the dual conic E (see definition B.25 and proposition B.26). Moreover, Eis unique
by corollary B.29. We conclude that the uniqueness of Eis equivalent to the uniqueness of £]

Proof of proposition 6.10. C is defined by the degree-3 polynomial equation
b(7) = (12d1o — T1dao, [D20()|*d1o — [D1o(7)[da0) = O,
therefore it is a cubic curve. It is easy to verify that

e the equation does not change if we replace t; with —t;, i = 1, 2, therefore C has a 2-fold
rotational symmetry with respect to 0;
e C contains all the 11 points of the statement.

The partial derivatives of b are

ab

=T (d20, [D20(T)[*d1o — [D10(7)[*d20) + (T2d10 — T1d20, 271d20),
i

ab 5 5

9 (d1o, D20 (T)[|"d1o — D10 (T)[|"d20) — (T2d10 — T1d20, 272d19).

After simple calculations, we obtain Vb(RO) = 2dyoda (d]()dz() — (dyg, da9)) (1, 1) and
Vb(R*) = —2dodao (d10d>o + (dyo, d29)) (1, 1). The gradient of b is therefore non-zero at
both R® and R*, i.e. R® and R* are smooth on C. Moreover, the tangent lines to C at R® and R*
are orthogonal to (1, 1) therefore they are orthogonal to F0+. For symmetry, the same holds at
R? and R}.

In compliance with Bézout’s theorem B.16, C and E meet at six points after embedding
the t-plane into P2 butCNE = {Ti, Tli, Tzi}, thus C and E intersect transversally. Moreover,
we use Bézout’s theorem also to prove that C is not tangent to any line among F:*, and Fli,
because the points where the curve C meets each line are known.

Finally, the line containing F;” meets C at T," plus two other points whose coordinates
solve 7o = 71 + day, (do1T1 — {(da1, d1g))? + ||d1o A daol|> = O, therefore they cannot be real.
As a consequence, according to Bézout’s theorem, we obtain that C and F;" are not tangent.
By symmetry, F;~ is not tangent to C either. ]

Proof of proposition 6.11. The gradient at 0 is VB(O) = (—d%o(dn, dy), dlzo(dn, dy)) #
(0, 0). Hence, if C is not smooth, there are at least two singular points, because of the 2-fold
rotational symmetry, and so C is reducible. As C contains Toi, Tli, Tzi, RO, R*, R(l), R}, 0, the
only possible splitting of C is E” U L, with L the line through R*, R}, 0, Toi, and E’ the conic
through 7;%, 5, R%, RY. The point 7;" is collinear with 0 and R* if, and only if, there exists
t € R such that

((d1o, da1), (2o, d21)) = t(—di0, dao),



therefore 1 = (dyg, da1) and (dag — dio) ((dyg, dao) + diodrg) = 0. Since mg, my, m, are
not collinear, the second factor is non-zero and C is singular if, and only if, dj9 = do. The
equations of L and E’ are then straightforward. ]

Proof of proposition 6.12. If C is not smooth, any cubic curve containing the given points
contains the line L, according to Bézout’s theorem. The remaining points lie on a unique conic
E’, therefore C = E’ U L is unique.

Let us now assume that C is smooth. We embed the r-plane into P2, and let
X = {Ti, Tli, Tzi} and ¥ = {O,RO,R(I),R*,RT}. The defining ideal Iy of X is generated
by an(7), Z)h(r) obtained by homogenizing a(t) and l_)(‘[), because X = E N C, as proven
earlier (see theorem B.30). The ideal Iy of Y is generated by a degree-2 and two degree-3
homogeneous polynomials (see theorem B.30). Let L; be the line through R°, R(l), 0, L, be the
line through R*, R} and let Q = L; UL,. Q is areducible conic that is singular at 0. With abuse
of notation, we also call Q the defining polynomial of Q and so Q € Iy by definition B.27.
Moreover, Y C C, and so l_)h € Iy, as well. Finally, let C’ be a further cubic curve, whose
defining polynomial is equal to C’, with abuse of notation, so that Iy = (Q, 1_9;,, ).

Claim. C’ is not a combination of Q, a; and Z_ah.

If we assume the contrary, we have C' = qa, +¢2Q + qgl_ah with deg(q;) = deg(q) =1,
and deg(g3) = 0. Consequently, we have g; (p) = 0 for every p € Y, because a;(p) # 0 for
each p € Y. So, q| € Iy therefore g; = 0 because Iy does not contain linear forms. Then, C’
is a combination of Q and by, but this is not possible because C’ is a minimal generator of Iy,
therefore the claim holds true.

Hence, Ix + Iy is minimally generated by ay, Q, I_ah, C’. Moreover, since two conics meet
at four points, (C[ty, 71, 72]/(as, Q))3 has dimension 4, and we obtain

C 9 9
dime <M) —10—8 =2.
Ix + Iy 3

From the exactness of the short sequence of vector spaces (B.2)

(C[To, 71, Tz]) (C[To, 71, T2]> (C[l’o, T, T2]> (C[To, T, Tz])
0> |—— =) | /=) gp—2=) (=== >0,
KNl ), K ), Iy s K+l ),

we conclude that the dimension of the first item is 645 —2 = 9 and, finally, dim¢ (Ix N Iy); =

dime (Clro. 71, 1) — dime (232580) =109 = 1. O

Proof of proposition 6.14. We embed the t-plane into IP’HZQ. The oval C, meets all the lines of the
projective plane either in one or in three points, up to counting the points with their intersection
multiplicity, as discussed after Harnack’s theorem B.31 in appendix B. This implies that C,
contains the inflectional point 0 of C. Moreover, from the proof of proposition 6.10, the lines
supporting Foi meet C at one point each, thus Toi € C,.

The possible second oval C, meets every line at an even number of points (0 is allowed)
and it cannot meet C,,. By contradiction, let us assume that R* € C,. Hence, the line F;,” meets
C, cither at T, or R(l). This implies that C, meets the line F0+, which is a contradiction. We
conclude that R* and, symmetrically, R} lie on C,,.

Again by contradiction, we assume that R® € C,. By looking at the intersection points
of C, with the sides of P», we obtain 7;", T, € C, and, symmetrically, R, T,", 7,” € C,. We
also observe that C, meets the tangent line to C at R® exclusively at the point R itself, and the
same holds true at R?. As C, does not meet Foi, C, is constrained into the quadrangle formed
by FOi and the tangent lines to C at R°, R?. This quadrangle contains 0, therefore either C, is



the union of two disjoint ovals, or C, meets C,. Both cases are not allowed, thus RO € C,. This
implies that all the remaining points lie on C, and the first claim is proven.

We finish the proof by noting that C, does not meet any side of P, and, on the other hand,
C, cannot be contained in P». O

Proof of theorem 6.19 If T € E, its preimage is given by (21):

c(7)

2b(T)
Hence, x(7) gives a point in the x-plane both if T € E N Im(1,) and if T € E \ (Im(12) U C).
Moreover, because of the symmetry properties of the polynomials and vectors involved, we
have x(—7) = x(t), which means that x(7) is a 2-to-1 map from E to E.

In order to obtain a parametrization of E, we consider a parametrization of E
via the pencil lines through 0. Let 7y = pu ¢, = pot be a line through 0 in the
r-plane, with o = (u1, o) € R?\ {(0,0)}. The line intersects the ellipse E at the two
points t = =£||dyg A dagll/llt2d1o — 1dzgll, which are symmetrical with respect to0. Let
Po(p) = ||adyg — fa1dagl|%. This is a degree-2 homogeneous polynomial that vanishes at the
ideal points of E, therefore it is irreducible over R. By substituting 7 = % I, all the
functions depend onp, therefore we obtain ’

x(7) = Lo(7) —

* ((12dgo — 71d20) A €3).

1
D10 ()1 = mwldm — padyo, dig)?,
0

ID2o ()1 = (11d20 — pady, dao)?

Po(p)
which are both ratios of degree-2 homogeneous polynomials. For our convenience, we set
Pi(p) = (u1dzg — p12dyg, dig)? and Pr () = (i1dzg — p2dyo, dao)?. As T depends on g, the
polynomials b(7), c(7) can be computed as depending on p, obtaining

1

= Py (p)dag — Po(p)dyg |,
c(p) 2dy ~ e 2P (02 1P (p)dao — Po(p)dyoll
1
b(n) = ———=(12d1o — p1dag, Po()dyo — P;(1)dzo)
2y Py(p)?
1
= ————(uadyg — p1dzg, dyg) {(padio — p1dzg, d2o) (tt2d1o — p1d2e, d21).
2{/Py(p)?
Moreover,
l[d1o A daoll
*((rodyo — T1d20) A €3) = ——F——==——* ((t2dyo — 1£1d20) A €3)
~Po()
and

Dy (Lo(p)) =

_ e — P |
2|10 A daol|Po (1) * ((Pr(p)dze — P2 (r)dio) A €3)

It follows that Do (x(@)) is a ratio of two degree-5 homogeneous polynomials.
The denominator is, up to a non-zero scalar, Po(p){uadig — w1dzo, dio)(adio —
1dag, dao) (tadig —pe1dag, dag). Itis easy to check that, if w is such that(u,dig — p1dag, dyj) =

0, for0 < j < i < 2,thenc(p) # Obecause cisnon-zeroon E, and * ((u2d1g — p1dag) A €3)
does not vanish. Hence, the numerator does not vanish at the given u. We remark that they

give exactly the ideal points of the lines ry, r, ». The ideal points of E are the roots of Py(p),
e pp= (d1oe™?, daoe'?) and M2= (d1oe'?, dape™ ) (same notation of theorem 6.4). Here



we analyze Dy (x(p1)), being the analogous case. After tedious, though fairly straightforward
computations, the numerators of the coefficients of x(djg A e3) and x(d¢ A e3) turn out to be

—dSydyoe” (e dyg — e dyg)? sin* (20),
dlodSoe ™ (e%dig — e dyo)* sin (20).
Without loss of generality, we choose a reference system where

dyg = djo(cosbey + sinbe,) *(dgo A e3) = djo(— sinfey + cosbe,)
d20 = dzo(COS 961 — sin 962) *(d20 A 63) = dzo(sinGel + cos 962)

Therefore, x(p1) is the ideal point
dldl (€“diy — e Pdyg)? sin’ (20)(1 : i : 0).

It is simple to prove that the coefficient cannot vanish for a value of 8 € (0,7/2). We
conclude that x(u1) (and similarly x(u5)) is a cyclic point of IP%. Furthermore, the parametric
representation of E is given by ratios of degree-5 polynomials without common factors, and
the claim follows. |

Proof of proposition 6.21. The closure Uy of Uy contains my, r Uy, and the arc of the E
inverse image of the arc of ENIm(z,) with endpoints 7}*, 7,". Furthermore, UoU rfuryUmg
is connected because it is equal to an oval of E intersected with the Euclidean x-plane, but
EN (rl+ U r2+ Umy) is the empty set, because their images in the 7-plane do not meet. Hence,
ﬁo has two connected components, and T, : f]o — U is a cover.

Let us now assume that the two inverse images of 1y € Uy belong to the same connected
component of Uy. As Uy is path-connected, from the path lifting theorem (see [35]), it follows
that the inverse images of any other point T € U belong to the same connected component of
L70 as well. Let X’ be a point in the other connected component of 00, with T/ = 1,(x’). Hence,
7’ has three inverse images, contradicting theorem 6.16. Thus, 7, is 1-to-1 on each connected
component of Ijo, as claimed. |

7. The localization problem for special configurations

In this section we study the behavior of the TDOA map 7, particularly of its image, under the
hypothesis that my, m; and m; lie on a line r. This is equivalent to assuming that dyy = kdjg
for some k € R, k # 0, 1. If k < 0, then my lies between m; and my,, if 0 < k < 1, then m,
lies between mgy and my, and finally, if kK > 1, then m; lies between my and m,. As discussed
in section 5, in this configuration, the polygon P, has only four sides.

Let us first consider the case in which Dy (7) and D, (7) are linearly dependent.

Lemma 7.1. The vectors D1o(t) and Dy (t) are linearly dependent if, and only if,
dl()‘fz — Sgn(k)d20171 =Ty — k‘L'l =0.

Proof. By definition we have Djo(t) = djp + t;€3. Under the assumption dyy = kdj¢ of this
section, Dy9(7) and Dy (7) are linearly dependent if, and only if, 7, = kt; or, equivalently,
dioty — sgn(k)dyt; = 0, as claimed. O

The line dygty — sgn(k)dyt; = 12 — kt; = 0 contains the origin 0 of the t-plane, and
two opposite vertices of P, : if k > 0, then it contains (d,o, dao), while, if £ < 0, it contains
(=do, dao).



Proposition 7.2. Assume D19 (t) and Dy () are linearly dependent. Then, either dyy # *+11,
and the intersection of the planes Tl,(t) and Ily(t) is empty, or diy = =11, and
[Ty (z) = 2(7) > M.

Proof. By assumption, we have 7, = kty, with dyy = kdy9, k& # 0, 1. As a consequence
D3y (7) = kD19 (1), therefore both Dy (7)” = kD;o(7)” and ||D20('t)||2 = k2||D10('r)||2. Let
X e IT; (r) N I, (7). From equation (13) it follows that

1 ID1(D)I* = $1D20 () 1* = ipyx) D20(2)") = (Dg(X), D2g (7))
= k(Dy(X), D19(7)) = k ip,x) P10(1)") = 2k[D1o () 1%

Hence, either k2 = k, which is not allowed because k # 0,1, or D10 (7)||> = 0. The second
condition implies djp = %71, and IT; (7) > My, which completes the proof. O

Proposition 7.2 implies that the points T on the line 1, — kt; = 0, with 7; # £d,, are
not in Im(t,). Furthermore, with notation of definition 3.1, we have

Proposition 7.3. 75 (x) = (dyo, sgn(k)dy) if, and only if, x € r¢, and (dy(x), dyg) < 0, while

73 (X) = (—dyo, —sgn(k)dy) if, and only if, x € r°, and (dy(x), d19) > O.

Proof. 7,(x) = +(do, sgn(k)dy) if, and only if, x € r°. Moreover, given x € r°, 71(X) = djo

is equivalent to my lying between m; and x. |
Now, we assume that T does not belong to the line 7, — k7, = 0.

Lemma 7.4. Assume that D19 (t) and D2y (7) are linearly independent. Then, the parametric
equation of the line L) (t) = I1 (7)) N I1(7) is Lo(T) + Av(T), where

v(T) = *(dgo A €3),

Dy (Lo (7)) = —7———— % (V(z) A (IID20() |’ D10 (7) — [D10(2) D20 (7))).
2d10(k1'1 — 7,'2)
Proof. We use the same reasoning as in lemma 6.1. ]

The line L,; (t) is parallel to the x-plane, because (v(t), e3) = 0, thus it is not possible
for it to intersect both half-cones Ca“ , Gy - As for the general case, the line L () intersects
the cone Cp if and only if

V() [I7A% + 2(v(2), Dy (Lo ()2 + Do (Lo (2))[|* = 0. (22)
In this case, |[v(T)]> = —(djo A €3, djo A €3) = d120 > 0, (v(t), Dg(Lo(t))) =0, and
(a7 — 712) (d§0 - Tzz])(d§1 — (11 — 72)2)

4d120(k1'1 — ‘L'2)2
_ D10 (7) [|? D20 () 1|7 D21 (7) 12
4d|20(k1'1 - ‘L’2)2 '

As a consequence, the line L,; () intersects the cone Cj if, and only if, c(t) < 0. Moreover,
the two intersections belong to C;” if, and only if, (Dy (Lo (7)), €3) > 0, which means that

kr12 — 122 + alfo(k2 —k)

2(1’2 — k‘L’l)
Now, we are able to describe the image of t,. The results of the next theorem are illustrated

in figure 11, in the subcase with £ < 0, i.e. mg is between m; and m; (the other two subcases
are similar).

Do (Lo()|I* = —




R()

RQ

Figure 11. The image of 7, under the assumption that my lies on the segment between
m, and m,. In the gray region 7' the map 7, is 2-to-1. Along the horizontal and vertical
sides of T the map is 1-to-1, with the exception of the vertices R', R?, where the fibers
of 7, are not finite. Finally, the dashed side of 7" is not in Im(z,).

Theorem 7.5. Let us assume that dyy = kdy,k # 0,1 and let R' be the image
of the point my in the interior of 1°. Then, the image of T, is the triangle T with
vertices (dyo, sgn(k)da), (—dio, —sgn(k)dao), R' minus the open segment with endpoints
(dho, sgn(k)dy), (—dio, —sgn(k)dry). Moreover, given Tt € Im(t,), we have

oo ifT= ft(dlo, sgn(k)dy),
n'ml={2 ifrel,
1 otherwise.

Proof. The case T = £(d}, sgn(k)dy) has already been studied, as well as the case t on the
line through them. Let us assume that T does not lie on the line dioty — sgn(k)dyt; = O.
Equation (22) has two real distinct roots if, and only if, c(z) < 0. Quite clearly this happens
if, and only if, T € P,. Furthermore, the same equation has a multiplicity-2 root if, and only

if, c(t) = 0, i.e. T € dP,. Finally, the intersection points of L, () and Cp are in Cj if, and

o kit +d} (P k)
Ol’lly lf, W 0.

The equation e(t) = k1:12 — 'L’22 + dlz0 (k> — k) = 0 defines a conic C’ through the four
points (£djg, tda). If k < 0, C' is an ellipse with real points, and so P, is inscribed into C'.
Moreover, e(0) > 0, and so e(7) > 0 for each T € P, except the four points (£d,o, £da).
If k > 0, C’' is a hyperbola. The tangent line to C’ at R = (d0, dao) is F0+ itk > 1, (F, if
0 < k < 1, respectively), while the tangent line to C’ at R? is Fyifk>1(Fif0 <k <1,
respectively). Finally, if 0 < k < 1 then R% and (dyg, —dno) belong to the same branch of C’
((—dyg, dap) if k > 1, respectively). As a consequence, ¢(t) does not change sign in P,. More
precisely, e(7) has the same sign as k* —kforeach t € P, except for T = +(d, dao), where
it vanishes.

On the other hand, after a rather straightforward computation we find that the linear

. . . .k 2_ .2 d? kz—k
polynomial 7,—kt; has the same sign as k> —k at the vertex R', therefore the ratio %

is positive at any point in the interior of the triangle 7. This proves that each point T in T has
two distinct preimages.



Finally, for T on the two remaining sides of 7, equation (22) has only one root of
multiplicity 2, which implies |7, ()| = 1. O

The preimages of T € Im(7) in the x-plane are
x(7) = 7 (Lo(7)) + Av(7),

where A = £||D1o(7) ]| ||D20(7)]| ||D21(t)||/2d120|k11 — 1| and 7 is the projection onto the

x-plane. Moreover, we have

D20 (7) > 71 — D10 () 1%k7,
2d120(k1'1 — 1'2)

In order to interpret the results, we notice that in the aligned configuration, the foci of
A (1), A2 (7) belong to the line r, therefore the two level sets A| (), A, () are both symmetrical
with respect to r. We are in the 1-to-1 situation if, and only if, the source x belongs to P,
corresponding to A1 (7), A, (T) tangentially intersecting at x. In the general case, when t € T,
the level sets meet at two distinct symmetrical points. This agrees with the classical statement
that it is not possible to distinguish between the symmetric configuration of the source, with
respect to r, using a linear array of receivers.

The degenerate situation occurs for x € r, dual to T equal both to (dyo, sgn(k)dy9) and
(—dyo, —sgn(k)dyp). In this case the localization of the source is totally unavailable, because
the preimages contain infinitely many points of the x-plane. Finally, the points on the interior
of the side 1, — kt; = 0 correspond to A;(7), A»(t) with parallel asymptotic lines and an
empty intersection.

Dy (7 (Lo (7)) =

djo.

8. The image of the complete TDOA map

In section 2 we explained that the relation between 1, and 73 is given by the projection p3
from the plane H C R? to R? via the equality 7, = p3 o 7. As ps is invertible, it holds that
T = p3_1 o 1, and consequently we have the following result:

Theorem 8.1. Im(‘r;‘)=p3_](lm(1'2)). More precisely, let T € 'H, then 13‘71(1'*) =10 (1),
where T = p3(t*).

Theorem 8.1 allows us to give the explicit description of Im(z3), thus reaching one of the
main objectives we set ourselves in section 2. We start by defining the relevant subsets of .

Definition 8.2. Assuming 0 < i, j, k < 2 distinct, in the T*-space we set:

o P, = {t* € H||IDji(x*)||*> = 0 for every i, j};

o 7 ={t* € PolIDji(r) > = 0, (Dji(r*), e3) < O};
o Fi = {t* € Po|IDji(z")|* = 0, (Dji(7*), e3) > O};
o & = {T* € Pa[IDac(T%) A Dye(79)[1 = 0}.

As the above definitions are stated using the exterior algebra formalism, for completeness
we observe that H can also be described in similar terms:

H = {7* € R¥D1g(r*) — Day(z*) + Dy (%) = 0}.

In figure 12 we show an example of Im(z3) along with its projection Im(z).
As a consequence of theorem 8.1, the structure of Im(z3) turns out to be similar to that of
Im(72), thus we can omit the proofs and go over the main facts of ;.

e 75 is a local diffeomorphism between the x-plane and H, with the exception of the
degeneracy locus U7, (r;” U r), as described in theorem 3.2.



Ta1

Figure 12. The image of 7} is the subset of P, in green, while the image of 7, is the
subset of P, in red. There is a 1-to-1 correspondence between Im(z3) and Im(z,) via
the projection map ps. In the lightly shaded regions, the TDOA maps are 1-to-1, while
in the more darkly shaded regions the maps are 2-to-1. As explained in section 10,
three noisy TDOAs define a point t* outside P,. The ML estimator computes the
projection T = py(T*) on P,, then the estimated source position is computed as
x=71""'@) =n"(p:@).

e P, is the convex polygon given by p;l (P2), whose facets are .7-"ki = p3—1 (Fki). The image
of 7} is a proper subset of /P, and, in particular, the image of the degeneracy locus is a
subset of the facets.

e & does not depend on k. If the points mg, m; and my are not aligned, then we have
& = p;l(E ). Therefore, & is the unique ellipse that is tangent to each facet of the
hexagon P,. The cardinality of each fiber of 73 is equal to that of the corresponding fiber
of 1, as described in theorem 6.16 and in proposition 6.21.

o If the points my, my, my are aligned, then & is one of the diagonals of the quadrangle
P». The cardinality of each fiber of 73 is equal to that of the corresponding fiber of 7;, as
described in theorem 7.5.

Remark 8.3. In the definition of 77 we notice a natural symmetry among the points mg, my
and my, which is lost in 7, as we elected my to be the reference microphone. As noticed in
section 2, by taking p; o T} or p; o T; we define different TDOA maps, with different reference
microphones. Quite obviously, their properties are similar to those of 1, studied in sections 6
and 7, in fact p; o p3_1 and p; o p3_1 are invertible maps between the images of the TDOA maps,
factorizing on Im(7,*). Although such maps are, in fact, equivalent, some of their properties
could be more or less difficult to check depending on the chosen reference point. For example,
the lines FOi become parallel to the reference axes when applying p; o p;l fori=1or2.



Figure 13. Level sets of the absolute value of the Jacobian determinant | det(J(x))| of 7,
(values are marked next to them). The picture also shows the bifurcation curve E and the
degeneracy locus det(J(x)) = 0, on the x-plane. Given the microphones in my = (0, 0),
m; = (2,0) and m, = (2, 2), the best accuracy of the localization is obtained in the
region that lies closest to the center of the triangle. Notice that, although det(J(x)) is
not affected by E, in the proximity to this curve the localization fails due to the global
properties of 7.

Remark 8.4. The previous remark implies that p; o p;l sends the ellipse E onto the ellipse
associated to the TDOA map p; o T3, but this does not happen for the cubic curve C. In fact,
both the cubics associated to p; o 75, i = 1, 2 do not contain (the transformations of) 4 of the
11 points characterizing C in proposition 6.12: RO, R*, R(l), Rj}. This, however, is not an issue
for localization purposes, as the image of any TDOA map only dependson CNE = E N P,.

9. Impact assessment

As anticipated in the introduction, a complete characterization of the TDOA map constitutes
an important building block for tackling a wide range of more general and challenging
problems. For example, we could optimize sensor placement in terms of robustness against
noise or measuring errors. More generally, we could embark into a statistical analysis of
error propagation or consider more complex scenarios where the uncertainty lies with sensor
synchronization or spatial sensor placement. While these general scenarios will be the topic
of future contributions, in this section we can already show an example of how to jointly use
local and global analysis to shed light on the uncertainty in localization problems.

A possible approach to the study of the accuracy of localization is based on the linearization
of the TDOA model (see [20, 44]). Usually this analysis is pursued in a statistical context, but it
essentially involves the analysis of the Jacobian matrix J(x) of 7, and its determinant
det(J(x)).



In the differential geometry interpretation, the absolute value of the Jacobian determinant is
the ratio between the areas of two corresponding infinitesimal regions in the r-plane and in
the x-plane, under the action of the map ;. As a consequence, the quality of the localization
is best in the regions of maximum of |det(J(x))|, where the TDOAs are highly sensitive to
differences of source position. This local analysis is equivalent, up to a constant factor, to
that of the map 3. Starting from expression (10), in figure 13 we display the level sets of
|det(J(x))| along with the geometric configuration of sensors and with the curves that we
displayed earlier in figure 10. Figure 13 shows that the local error analysis does not take into
account the global aspects of the localization. In particular, | det(J(x))| becomes quite large
in the proximity of the sensors. In these areas, however, localization is not accurate because of
their proximity to the bifurcation curve E and the overlapping with the sets U;. Having access
to a complete global characterization of the TDOA map allows us to predict this behavior.

10. Conclusions and perspectives

In this paper we have offered an exhaustive mathematical characterization of the TDOA map
in the planar case of three receivers. We began with defining the non-algebraic complete
TDOA map ;. We then derived a complete characterization of both Im(z}) C R? and the
various preimage regions in the x-plane. We found that Im(z3) is a bounded subset of the
plane H and, in particular, we showed that the image is contained in the convex polygon P;.
We also described the subsets of the image in relation to the cardinality of the fibers, i.e. the
loci where the TDOA map is 1-to-1 or 2-to-1, which provided a complete analysis of the a
priori identifiability problem. On the x-plane, we defined the degeneracy locus, where 75 is
not a local diffeomorphism, and we described the sets where 7 is globally invertible and those
where it is not.

We conducted our analysis using various mathematical tools, including multilinear
algebra, the Minkowski space, algebraic and differential geometry. Indeed, these tools may
seem too sophisticated for a problem as ‘simple’ as that of TDOA-based localization. After
all, this is a problem that, in the engineering literature, is commonly treated as consolidated
or even taken for granted. As explained in the Introduction, however, the purpose of this work
was two-fold:

(i) to derive analytically and in the most general sense what was preliminarily shown in
a fully simulative fashion in [50], and to make the analysis valid for arbitrary sensor
geometries;

(ii) to offer a complete characterization of the TDOA map, to be applied to the solution of
more general problems.

The first purpose was amply proven throughout the paper (sections 2—8). What remains to
be shown is how this analysis can pave the way to a deeper understanding of the localization
problem in more general settings, such as in the presence of noisy measurements (propagation
of uncertainty) or even in the presence of uncertainty in the sensor calibration and/or in their
synchronization. An early discussion in this direction was offered in section 9 where we
described how errors propagate in a three-sensor setup based on local analysis and showed
that, without a global perspective on the behavior of the TDOA map we could be easily led to
drawing wrong conclusions.

The authors are currently working on the extension to arbitrary distributions of sensors
both in the plane and in the 3D Euclidean space, using similar techniques and notations. In

particular, the model can be encoded as well in a TDOA map t;;, whose image is a real surface
and a real three-fold, respectively. We expect the bifurcation locus and the 2-to-1 regions to



become thinner as the number of receivers in the general position increase, although they do
not immediately disappear (for example, in the planar case and n = 3, there are still curves
in the x-plane where the localization is ambiguous). The precise description of 7 is needed
also for the study of the localization with partially synchronized microphones. In fact, in this
scenario not all TDOAs are available and, in our description, this is equivalent to considering
some kind of projection of Im(z},), just like the relationship between 73 and 7, explained in
sections 2 and 8.

In the near future we also want to pursue the study of the nonlinear statistical model,
following a similar gradual approach to the one of this paper. Even in this respect, the
knowledge of the noiseless measurement set Im(z};) constitutes the starting point for any further
advances on the study of the stochastic model. Roughly speaking, a vector of measurements t*
affected by errors corresponds to a point that lies close to the set Im(z;;) and the localization is
a two-step procedure: we can first estimate T € Im(t;) from ¥, then we evaluate the inverse
map r,f_l (7).

We can give a real example of this process in the case of the complete TDOA model defined
through the map 7. In a noisy scenario (e.g. with Gaussian errors), a set of three TDOAs
gives a point T* in the three-dimensional t*-space, that with probability 1 is not on the plane
‘H. A standard approach to obtain an estimation x of the source position is through maximum
likelihood estimator (MLE). With respect to the discussion of the previous paragraph, it is
well known that the estimated T € Im(z3) given by MLE is the orthogonal projection of 7*
on the noiseless measurement set, i.e. the projection py (t*) on H (see [6, 41] and figure 12)
therefore x = r;‘*l (pr(T%)).

A similar reasoning applies to the more complex case of 7. In particular, any estimator
has a geometrical interpretation and the relative accuracy depends on the (non-trivial) shape of
Im(z}). Possible techniques to be applied come from information geometry [6, 34], an approach
that proved successful in similar situations and that is based on the careful description of Im(z;};).
With this in mind, notice that our characterization of the TDOA model in algebraic geometry
terms becomes instrumental for understanding and computing the MLE. Very recently, novel
techniques have been developed and applied to similar situations, in cases where scientific and
engineering models are expressed as sets of real solutions to systems of polynomial equations
(see, for example, [4, 25, 34]). The somewhat surprising fact that, although the TDOA map is

not polynomial, all the loci involved in the analysis of 7} are algebraic or semi-algebraic, is a
promising indicator of the effectiveness of this approach.
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Appendix A. The exterior algebra formalism

In this appendix, we recall the main definitions and some useful results about the exterior
algebra of a real vector space. At the end, we analyze in full detail the two main examples that
we use in the paper, namely the two-dimensional Euclidean case and the three-dimensional
Minkowski one. The literature on the subject is wide and we mention [3] among the many
possible references.



Let V be a n-dimensional R-vector space. Adopting a standard notation, AV is the exterior
algebra of V (hence, AV = Oforeachk > n+1 while AV has dimension (Z) fork=0,...,n).
Roughly speaking, the symbol A is skew-commutative and linear with respect to each factor.
Hence, given the basis (e, ..., e,) of V, the reader can simply think of AV as the R-vector
space spanned by ej, A ... Ae forl <ij <... <@ < n.

We choose a non-degenerate, symmetric bilinear formb : V xV — R, and an orthonormal

basis B = (eq, ..., e,) with respect to b, which means
1 ifi=j=1,...,r
b(ei,ej)z -1 ifi=j=r+1,...,n
0 ifi#].

The couple (r, n — r) is the signature of b. By setting (u, v) = b(u, v) and || u ||>= b(u, u),
we can easily compute their expression in coordinates with respect toB, and we have

n n
<Z u;€;, Z Uiei> =uvy + -+ U — Urp1Upgl — 00 — Uy
i=1 j=1
n 2
Zu,-ei
i=1

The inner product in AV is defined by

(ug,vi) ... (up, k)
(ug A... AUk, Vi A ... Avg) =det (A2)
(ug, vi) ... (ug, Vi)
and extended by linearity. For example, (e; A ez, e; Ae3,...,e,_1 A €,) is an orthonormal

basis of A%V, while (@ = e; A...Aey,) is an orthonormal basis of A"V with || @ ||>= (=1)"".

Finally, from the choice of @ as the positive basis of A"V, and from the fact that the natural
concatenation of a k-form and an (n — k)-form gives an n-form, one recovers the classical
Hodge * operator R — A"V, V — A"V, .. A"V — V and A"V — R, that are all
isomorphisms.

Definition A.1. Given @ € A"V, @ # 0, there exists a unique linear map x : ANV — A"k
that verifies the condition

XA *y = (X, y)®
for everyx,y € A'V.

Theorem A.2. The map * : ANV — A"*V satisfies both % o ¥ = (=1)"7"tk=Rid ., and
(xx, xy) = (=1)""(x,y) for every X,y in A*V, and for any k =0, ..., n.

We now consider the dual space V* of V, i.e. the R-vector space of the R-linear maps
from V to R. Given the basis (eq, ..., e,) of V, the dual space can be identified with the n x 1
row matrices whose entries are the values that the map takes ate;,i =1, ..., n.

We use the form b to construct an isomorphism between V and V*. Givenu € V, we define
u’ € V* by setting u’(v) = (u, v). It is easy to prove that * : V — V* is an isomorphism,
and so B” = (e;’, ..., ey”) is a basis of V*. We want V and V* to be isometric. Therefore we
choose the non-degenerate, symmetric, bilinear form b’ on V* as

P @’,v’) = b(u, v) for every u’, v’ € V*.

In such a way, B” is orthonormal with the same signature as B. We define * : V* — V
to be the inverse isomorphism of °, i.e. (37, ui&’)* = Y7 | u;e;. We can extend * and



? to the associated exterior algebra AV*, obtaining the isomorphisms AV — AKV* and
AV ARV
WA A ) =u’ A Aaw” and (@ AL Ao =0t AL A ot
As for AKV, we follow a similar procedure, and extend b° to AFV*. Finally, after choosing ”
as the positive basis of A"V*, we define the Hodge * operator on AKV*, as
x(x) = (x(x%))" for each x € AFV*.

As the last general topic, we consider the evaluation of a k-form in AKV* on u € V. Such

operation gives rise to the linear map iy : AKV* — AK=1V* defined as

k
(g AL Aog) = Z(—n"*lai(u) UA...AGA... N (A.3)
i=1

where &; means that the item is missing.

A.1. The Euclidean vector space of dimension 2

Let V be a two-dimensional vector space on R, let b a non-degenerate bilinear form with
signature (2,0), and let B = (e, e;) be an orthonormal basis with respect to b. Then,
AV = 0 for k > 3, and A2V has dimension 1 with (@ = e; A e;) as the orthonormal basis.
On the natural bases, the Hodge operator is defined as:

x(1) = o, x(e1) = ez, x(e2) = —ey, *(w) = L.
Analogously, V* has dimension 2, with basis (e;”, e,°), where

e’ (ure; + urez) = b(e;, urey + urer) = u; for i=1,2,
and

x(1) =0, x(e/’) = €', x(e’) = —e/”, %(@") = 1.

Proposition A.3. Let u = uje; + ure;, v = vie; + v,e; € V and 0’ = uje;” + upe;’, v> =
vlelb + 1)2('32b € V*. Then,

k(WA V) = det <u1 vl) and % (W’ AV’) = det <u1 uz) .
1% vy

u 1

We adopt the usual convention that the components of a vector in V' are written as columns,
while the components of a vector in V* are written as rows. Of course, the images of the two
2-form are equal because of the properties of the determinant of a matrix. The proof is an easy
computation and we do not write the details.

A.2. The Minkowski vector space of dimension 3

Let V be a three-dimensional vector space on R, let b a non-degenerate bilinear form with
signature (2, 1), and let B = (eq, €3, e3) be an orthonormal basis with respect to b. Then,
AV = 0for k > 4 and A2V has dimension 3 with (e; A ey, €1 A ez, €3 Ae3) as the orthonormal
basis with signature (1, 2), while A%V has dimension 1 and (@ = e; Ae; Ae3) is an orthonormal
basis of this last space. On the natural bases the * operator acts as follows:

*(1) = 0, *(w) =—1,
x(e1) = ey Ae3, x(e2) = —ep Ae3, *(e3) = —ey A ey,
x(ep Aey) =e3, k(e Ae3) =€, x(ex Ae3) = —eyq.



As before, we compute the images of the elements of the bases of AKV* via the Hodge *
operator, and we get:

x(1) = @, (&) = —1,
(&) = e’ ney’ x(e2’) = —e” Aey’, x(e3’) = —e)” A ey,
(er” Aer’) = ey, x(e” nes’) =€, x(ex” Aey’) = —ey.

Now we state some results that we use in the body of the paper.

Lemma A4. Letu, v, w € V be linearly independent, so & =u Av AW # 0. Then,

*x(u) = —L((u, Wu AV -+ ||ll||2V/\ w4+ (u, v)w A u)
*(2)
and
*(WAV) = —L((u/\v,v/\w)u—i— WAV, WAV + ||ll/\V||2W).
*(R2)

Proof. From the linear independence of u, v and w, it follows that u A v, v AW, w Au is a basis
of A%V. Hence, there exist elements in R such that x(u) = au A v+ bv AW+ cw A u. From the
definition of * it follows that u A %(u) = |ju?w. By substituting the expression of *(u) and
using the properties of A we obtain b2 = |u||?w or, equivalently,b * () = —|lu||?>, which
givesh = —||u||?/ * (). Through a similar computation we can derive a and c, therefore the
first claim follows. The second claim can be proven through the same arguments, therefore we
can skip the details. (]

Lemma A.5. Letu,v €V, and y € V*. Then, y(+(u A V)) = x(u AV A PP).
Proof. We can verify the equality by using components with respect to B, B’. (]

Corollary A.6. Let o, § € V* be linearly independent. Then iy(a A B) = 0 if, and only if,
uel ((*(ot A ﬂ))j) , whereL(. ..) is the subspace generated by the vectors in parentheses.

Proof. Assume u = 7 (x(et A B))*, for some ¢ € R. Then
a(u) = to ((x(a A B)F) = x(a* A BF Aaf) = 0.
A similar argument proves that §(u) = 0. By definition, iy (¢ A ) = a(u)B — B(u)« therefore
the claim follows.
Conversely, assume that ¢ (u) — f(u)a = 0. Then a(u) = B(u) = 0 because «, B are
linearly independent. Hence, (o, u) = (B%,u) = 0. This implies that u = ¢ (x(a A B))* for
some ¢ € R, which completes the proof. (]

Lemma A.7. Let ® € A3V* be a non-zero 3-form. Then, iy(®) = a A B if. and only if,
u= *(le) (x(a A B)).

Proof. There exists t € R, t # 0, such that @ = t@", therefore,

iW(©) =t(e)”(Wex’ Aey’ — e’ (we” Aes” +e3’(we” Ae’) =anpB.
This implies

x(a A B) =1(— (e1, u)e;’ — (€2, u)e;” + (e3, u)es’) = —ru’

andu = —1 x (& A B)*. Moreover, #(®) =  x (") = —t, therefore one side of the claim
follows. The converse is proven through a straightforward computation. ]



Appendix B. A brief introduction to plane algebraic geometry

In this appendix, we recall the main definitions and results concerning curves in the affine or
projective plane.

B.1. Affine spaces and algebraic subsets

Definition B.1. Let K be a field and let V be a K-vector space. Let ¥ be a non-empty set. A
map ¢ : ¥ X X — V that verifies

(i) $(A,B) + ¢(B,C) = ¢(A,C) foreveryA,B,C € &
(ii) ¢a : X — V defined as ps(X) = ¢(A, X) is 1-to-1 for every A € &

is an affine structure on %, and the couple (X, @) is called affine space and named A(V).

The main example we use is the following: let ¥ = V and define ¢(u, v) = v—u. ¢ isan
affine structure on V and so we get the affine space A(V). If dim(V) = n, we say that A(V)
has dimension n, as well. The advantage of having an affine structure on a set of points is that
we can easily define the coordinates of the points.

Definition B.2. Let A(V) be an affine space of dimension n. A reference frame is a couple
R = (O, B), where O is a point and B = (vy, ..., Vn) is a basis of V. Given P € A(V), its
coordinates in the frame R are the components of ¢ (O, P) with respect to B.

Thanks to the properties of the affine structure, once R is given, there is a 1-to-1
correspondence between points in A(V) and elements in K”. So, usually, the two spaces
are identified. When this happens, one denotes K" as Aj. We remark that the identification
implies the choice of the reference frame, and so some care has to be taken if one works with
more than one reference frame.

If K = R, and V is an Euclidean vector space, then A (V) is referred to as Euclidean
space, and indicated with E(V'), or E" emphasizing just the dimension of V. In this setting,
the set-theoretical equality between E" and AJ, is evident. However, if one switches from E”
to Ay, then one is not allowed to use distances and angles.

Another standard construction is the following. Given the real vector space V, one can
consider the complex vector space ¥ = C ®g V. Roughly speaking, we allow complex
numbers to multiply the vectors of V. As an example of the previous construction, we remark
that C" = C ® R”. It holds dim¢ V = dimg V, and dimg V = 2 dimg V. Of course, we have
a set-theoretical inclusion V C V, that is not a linear map. The inclusion of vector spaces
provides an inclusion of the corresponding affine spaces, that can be written as A, C A7, up
to the choice of a reference frame with the same origin O € A%, and the same basis B C V
both for V and for V.

In the paper, we mainly use the affine space with n = 2, namely the affine plane. The
geometrical objects in A]Iz( that are studied in the algebraic geometry framework are (algebraic)
curves and their intersections. We recall the definition of an algebraic curve.

Definition B.3. Let f, . .., f, € K[x, y] be polynomials. The vanishing locus V (fi, ..., f,) of
the given polynomials is

V(fi,ooon f)={Pe AL | fi(P)=0 forevery i=1,...,r}.

The evaluation of a polynomial f at P, f(P), simply consists of substituting the coordinates
of P in the expression of f.



Definition B.4. A non-empty subset C C Aﬁz( is an algebraic curve if there exists a polynomial
f € K[x, y] of degree > 1 such that C =V (f).

We get a line when the degree of f is 1, a conic when the degree of f is 2. From degree
3 on, a curve is named according to the degree of f, e.g. there are cubic curves, quartic ones,
and so on.

The advantage of considering curves in A%C is that some unpleasant phenomena do not
happen: the vanishing locus of x* + y* is a single point in A% and a couple of lines in A%, the
vanishing locus of x* + y? + 1 is empty in A%, and a conic in AZ.

In greater generality, we can consider algebraic subsets.

Definition B.5. A subset X C A]Iz( is algebraic if there exist fi, ..., fr € Klx, y] such that

X=V(f1,---, f)-
For example, the intersection of the curves C; = V(f;),i = 1, ..., r, is the algebraic set
X =V(fi1,..., fr). Itis possible to prove that algebraic sets are the closed sets of a topology,

the Zariski topology, on Aﬂz(.

B.2. Projective spaces and algebraic subsets

Roughly speaking, the points of a projective space are the one-dimensional subspaces of a
vector space. Hence, we have to identify all the vectors belonging to the same subspace. The
mathematical machinery is the following:

Definition B.6. Let V be a n + 1-dimensional vector space over the ground field K. We define
the relation ~ inV \ {0} as

u~v ifthereexists t € K,t #0, suchthat u=1tv.

It is easy to check the following.
Proposition B.7. ~ is an equivalence relation.

Definition B.8. The projective space of dimension n over V is the set of equivalence classes
of V \ {0} modulo ~, that is to say,

P(V) =V \{0})/ ~.

As for the affine space, we define a reference frame in the projective space.

Definition B.9. Let P(V') be a projective space of dimension n. A reference frame is R = (B),
where B = (Vy, ..., Vn) is a basis of V. Given P € P(V), its homogeneous coordinates with
respect to R are the components ofv € P with respect to B, and we set P = (xg : ... : Xp).

The homogeneous coordinates of a point P € P(V) are not unique. In fact, if v € P, then
P contains also tv for every ¢ € K, t # 0. The components of ¢v are those of v times #, and so
the homogeneous coordinates of a point are unique up to a scalar factor, i.e. if (xo : ... : xy)
are the homogeneous coordinates of P, then also (¢xp : ... : tx,) are so, for every ¢ # 0.

An initial property is the following:

Proposition B.10. Let V be a real vector space of dimension n + 1. Then

P2(V) cP*(V =C Qg V).



Proof. From the definition of V, it follows that vectors that are proportional in V are
proportional also in V, and so there is a natural way to identify a point P € P(V) with a
point in P(V). This identification gives an inclusion. We remark that the two spaces are not
equal forn > 1. OJ

Hence, we restrict to P(V') where V is a vector space over the complex field and we stress
the properties that behave differently in a projective space over a real vector space. Moreover,
once a reference frame is given, we identify the points with their homogeneous coordinates.
In this case, we simply write P{, or Py, to stress the dimension and the ground field. Motivated
again by the case considered in the paper, we focus on the projective space of dimension 2,
i.e. on the projective plane ]P%.

In the projective setting, the polynomials to be considered are the homogeneous ones. In
fact, due to the construction of the homogeneous coordinates, the evaluation of a polynomial at
a point is in general a meaningless concept. However, it is meaningful to check if a polynomial
vanishes at a projective point P.

Proposition B.11. Let f € K[xg, x1,x2] be equal to f = fo + fi + -+ + fy4 where f; is
homogeneous of degreei. Let P € P%( be the point with homogeneous coordinates (xg : X1 : X2).

Then, f(P) = 0if, and only if, f;(P) = 0 for each i.

Proof. We have f(P) = f(X() X1 X2) = f()(X() LXp .Xz) +f1 (.X() L X] X2) “+ . +fd(X() LXp
x»). The point P, however, is represented also from the coordinates (txg : 7x; : txp) for every
t # 0, and sowe have f(txg : 1x1 : tx2) = fo(txo @ txy : txp) 4+ f1(txo 1 tx1 @ txp)+- - -+ fa(txg :
11 1 tx) = folxo 1 X1 i x) +Ftfi(xo s X1t x2) + - +1t9f(x0 1 X1t x2). So, if K contains
infinitely many elements, then f;(xo : x; : xp) = 0 foreveryi =0, ...,d. (Il

This proposition justifies the fact that we restrict to homogeneous polynomials.

Definition B.12. Let fi, ..., f, € Klxo, x1, x2] be homogeneous polynomials. Then, their
vanishing locus is

V(fi,...n ) ={PePL|fi(P)=0 forevery i=1,...,r}.

We are now ready to define the projective algebraic sets, and projective curves in particular.

Definition B.13. A non-empty subset C C ]P’H2< is a projective plane curve if there exists a
homogeneous polynomial f such that C =V (f).

A subset X C ]P’H2< is a projective algebraic set if there exist homogeneous polynomials
fiy.ooo, frsuchthatX =V (fi,..., fr).

As in the case of the affine plane, it is possible to prove that the projective algebraic sets
are the closed sets of a topology, the Zariski topology, on the projective plane. A line in ]P’]Iz< is
the vanishing locus of a degree 1 homogeneous polynomial, a conic is the vanishing locus of
a degree 2 homogeneous polynomial, and so on.

As a further step, we show that it is possible to include the affine plane in the projective
one, as an open subset.

Proposition B.14. Let Hy = V (xg) C ]P’Hzg be a line, and let Uy be the open complement of Hy.
Then, Uy can be identified with the affine plane, and the identification preserves the algebraic
sets.



Proof. Let P = (xp : x1 : xp) € Uy. From the definition of Uj, it follows that x, # O,
and so we can take (1 : x;/xo : x2/xp) as the homogeneous coordinates of P. If we set
X = x1/Xp,y = X2/Xg, then we can identify P with the point Q € AH2< whose coordinates are
(x,y). Conversely, each point Q(x,y) € A]%( can be identified with the point P € Uy whose
homogeneous coordinates are (1 : x : y). Hence, there is a 1-to-1 correspondence between
Uy and AHZQ To prove the remaining part of the statement, we start considering curves. So, let
CC IP’HZ§ be a curve different from Hy, and let f(xg, x1, x2) € K[xg, x1, x2] be a homogeneous
polynomial such that C = V(f). Let g(x,y) = f(1,x,y) € K[x, y], and let D C Aﬂz( be the
affine curve it defines. Then, the previous correspondence maps the points in C N Uy to points
in D, and conversely. So a curve in the projective plane is transformed in a curve in the affine
plane. Conversely, let D = V(g) be a curve in AHZQ with g € K[x, y]. Let d be the degree of g,
and let f(xop, x1,x2) = xgg(xl/xo, X2 /xp). It is easy to check that ' € K[xo, x1, x2] is a degree
d homogeneous polynomial. Let C = V (f) be the corresponding curve in the projective plane.
Then, it is straightforward to prove that the points of D are mapped to points in C N Uy. As the
algebraic sets are the union of finitely many curves or the intersection of curves, the proof is
complete, because it holds on curves. (Il

Notice that a consequence of the previous proof is that the complement of whatever line
in IP’H2( is an affine plane. Conversely, the projective plane is the union of an affine plane and a
projective line. The points of the projective line are called ideal points of the affine plane and
are thought of as directions of the lines in the affine plane.

From now on, we deal with the geometry of algebraic sets in the projective plane IP’?C
because we have the chains of inclusions

E*=A} CAL CP: and E?=A} c P} CPE,

and we underline the problems when restricting to smaller ambient spaces.

B.3. Intersection of curves and singular points

Aline Lin ]P% is the vanishing locus of a linear homogeneous equation agxy +ajx; +axx, = 0,
and so it has parametric equation x; = b;s+c;t, s,t € C,i =0, 1, 2. Given a curve C = V (f),
the intersection L N C is given by solving the equation f(bos + cot, . .., bys + cot) = F (s, 1)
homogeneous of the same degree of f. Hence, we have proved

Proposition B.15. A line L intersects a degree d curve C at exactly d points, up to counting
each point with its multiplicity.

Proof. The fundamental theorem of algebra states that a degree d equation in one variable has
exactly d roots over C, up to count each root with its multiplicity. We can apply it to F (1, 1),
after computing the largest power of s that divides F. ([

Of course, when restricting to PZ, the complex roots do not give a contribution, and
so a line meets a degree d curve at most d points, up to counting each one of them with
multiplicity. When considering the intersection in A2, the roots that correspond to ideal points
give no contribution, and so again a line meets a degree d curve at most d points. When
restricting to A2, one has to take care of both problems. As an example, we consider the
conic C = V(x] — xox2) C PZ, and the line L; = V(xp + x2). They meet at A;(i : 1 : —i)
and By (—i: 1: i) where 2 = —1.So, CN L, is empty, when the intersection is considered
in IP’D%. If we consider the line L, = V (xog — x1), the intersection of C and L, consists of the
points A>(0 : 0: 1) and Bo(1 : 1: 1). Let A?C be identified with U; complement of the line
H{ =V (x1). Then the conic C (the line L,, respectively) has equationxy — 1 =0 (x =1,



respectively). The intersection contains the point (1, 1), only. In fact, A, is an ideal point for
the identification of the affine plane with Uj.
The previous result can be generalized to the intersection of two curves of arbitrary degree.

Theorem B.16 (Bézout’s theorem). Let C, C' be the projective plane curves of degree d and
d', respectively. If C and C' have a finite number of common points, then there are exactly dd’
intersection points, up to counting them with their multiplicity.

The proof of Bézout’s theorem can be found in [29, chapter 1, corollary 7.8], and goes
beyond the scope of this introduction.
Now, we can define a smooth point on a curve.

Definition B.17. Let C C ]P% be a curve and let P € C be a point. P is a smooth point of C if
there exists a line L containing P that intersects C at P with multiplicity 1. A curve C whose
points are all smooth is said to be smooth, singular otherwise.

The property is local, so we can reduce to an affine plane, by taking the complement of a
line that does not contain P. Moreover, we choose a reference frame in such an affine plane so
that P is the origin. Hence, C = V (f) for a suitable f € K[x, y], with (0, 0) = 0. The lines
through the origin have the parametric equation x = ¢, y = mt, and the intersection between
C and one of such lines is described by f(lt, mt) = 0. By the McLaurin expansion, we have
0 = (1£:(0,0) 4+ mf,(0, 0))t+ higher degree terms. Hence, P is smooth if there exists I, m
such that £,(0, 0) + mf, (0, 0) # 0, or equivalently, the gradient V f(0, 0) is not zero. We
have then proved

Proposition B.18. A point P € C = V(f) is smooth for C if Vf(P) # 0, where f is a
homogeneous polynomial that defines C.

Proposition B.18 allows us to prove that the singular locus Sing(C) of C = V(f)
is algebraic and it holds Sing(C) = V(f, fy,. fx,» fx,). Thanks to the Euler formula for
homogeneous functions

dF (xo, x1, X2) = xoFx, (X0, X1, X2) + X1 Fy, (X0, X1, X2) + X287, (X0, X1, X2) B.1

where d is the degree of F, we have that Sing(C) = V (fy,, fx,» fx,). In the affine plane, if
C =V(f), we have Sing(C) =V (f, fx, ).

Also if intuition suggests that the singular points on a curve are finitely many special
points, there are examples of curves with a subcurve of singular points. For example, consider
the curve C = V (xox7) in the projective plane PZ. Then, Sing(C) = V (2xpx1, x7) = V(x).
Hence, C has the line V (x;) as its singular locus. The curve C is the union of the line V (xq)
and of the conic V(x%). The conic, however, is a double line (twice the line V (x1)), and so the
singular locus of C is equal to the double line. This phenomenon can be easily generalized.
Before giving the definitions on curves to handle it, we recall some properties of polynomials.
We state them for polynomials in two variables but they can be extended without effort to
homogeneous polynomials in three variables.

Definition B.19. A polynomial f € K[x, y] is irreducible if it cannot be written as product of
two non-constant polynomials.

Theorem B.20. Every polynomial f € Kl[x,y] can be written as product of powers of
irreducible polynomials, in a unique way, up to some non-zero constant.

Now, we translate the previous results in geometrical terms.

Definition B.21. A curve C is



(i) reduced and irreducible if C = V (f) with f irreducible;
(ii) irreducible and non-reduced if C = V (f™) with f irreducible and m > 2;
(iii) reduced, non-irreducible if C =V (fi - - - f,) with f; irreducible for every i,
(iv) non-reduced and non-irreducible if C = V(f{"---f") with f; irreducible and
m+---4+m=>r+1.

Going back to the study of the singular locus of a curve, we have the following result:

Theorem B.22. The singular points of a curve C are finitely many, or C is smooth if and only
if C is reduced. Moreover, if C is reduced and irreducible (reduced, respectively), there are at
most (dgl) ((‘21), respectively) singular points on C, where d is the degree of C.

For example, a reduced and irreducible conic is smooth, while a reduced non-irreducible
conic has exactly one singular point (the point where the two lines, whose union is the conic,
meet). Furthermore, a reduced and irreducible cubic can have at most one singular point, a
reduced and irreducible quartic curve can have at most three singular points, and so on.

A notion, apparently non-related to the singular locus of a curve, is the rationality of a
curve.

Definition B.23. A curve C =V (f) C Pé is rational if there exist go(s, t), g1(s, 1), g2(s,t) €
Cls, t], homogeneous of degree equal to the one of f, and without common factors of positive
degree, such that f(go, g1, &2) is identically zero.

A rational curve is then a curve whose points have coordinates that can be expressed via
the parameter functions g;(s, t),i = 0, 1, 2. It is possible to prove that a reduced irreducible
curve is rational if it has as many singular points as its degree allows. E.g., smooth conic, cubic
with one singular point, quartic with three singular points, quintic with six singular points, are
all examples of rational curves. On one hand, more than the number of singular points, the
rationality depends on the kind of singularities of the curve itself, on the other hand, a deeper
study of the singular points of a curve goes further than the scope of this introduction, and so
we do not go on along these lines.

B.4. Dual projective plane

As explained earlier, a line in the projective plane is the vanishing locus of a non-zero degree-1
homogeneous polynomial apxg 4 a;x; +axx, = 0. The coefficients ay, a;, a, are defined up to
a scalar. In fact, for each k # 0, (kag)xo + (ka;)x; + (kaz)x, = 0 defines the same line as the
previous equation. Hence, the coefficients can be interpreted as points of a projective plane.

Definition B.24. Given the projective plane P(V), the dual plane is defined as P(V*), where
V* is the dual vector space of V. Once a reference frame R = (B) is given in P(V), the dual
basis B* defines the dual reference frame R* in P(V*). With this in mind, we set IP’Hz< =P(V*),
and the points of ]IVD]IZ( are the coefficients of the lines of P, or the lines of Pﬂz(, for short.

As (V*)* 2V, the dual of the dual projective plane in the initial one. We can now define
the dual curve.

Definition B.25. Let C C }P’Hz€ be a reduced and irreducible curve. The dual curve C C Iﬁ’ﬂi is
the unique algebraic curve that contains the tangent lines at the points of C.

Assume that C is smooth of degree d. Then, C has degreed(d—1). We canassume K = C
because the degree does not depend on the ground field. A line in IF’% is a point in IE”%C. Hence,
we have to compute how many tangent lines to C pass through the same point A(xg‘ : x/f‘ 1 x9)



in PZ. A tangent line contains A if, and only if, x3 f, + X} fi, + x4 fi, = 0. This last curve has
degree d — 1 and is called the polar curve to C with respect to the pole A. The intersection
points of C and the polar curve are d(d — 1) by Bézout theorem, and so the degree of Cis
d(d — 1), as claimed.

Proposition B.26. Let C be a smooth curve. Then, C and C have the same degree if and only
if C is a conic.

Proof. The solutions of the equation d(d — 1) = d ared = 0 and d = 2, and d = 0 cannot be
accepted. U

B.5. Hilbert function and the geometry of a set of points

Definition B.27. Let X C ]P’]Izg be an algebraic set. We set
Iy = {f € Klxg, x1, 21| f is homogeneous and f(P) = 0 for every P € X}.
Moreover, we call
K 9 b
S(X) = [x0, X1, x2]
Ix
the homogeneous coordinate ring of X. The function

Klxo, x1,
Hx:teZﬁdimK(M> €
X t

is called the Hilbert function of X.

The homogeneous elements of Iy can be interpreted as the curves that vanish at all the
points of X. Hence, the homogeneous elements of the quotient ring S(X) are the curves that
do not vanish at all the points of X. Finally, we fix the degree 7, S(X); as a K-vector space,
whose dimension is equal to dimg (K[xo, x1, x2]), — dimg (Ix), .

To illustrate the importance of the Hilbert function of an algebraic subset, we connect it to
some known results. At first, we recall without proof a general result on the Hilbert function
of a finite set of points.

Theorem B.28. Let X be a finite subset of points, eventually with multiplicities, and assume
that the sum of the multiplicities of all the points of X is d. Then,
(i) Hx(t — 1) < Hx (t) foreacht > 1;
(ii) if Hx (t) = Hx (¢t + 1) for a suitable t, then Hx(t) = Hx (t + j) for every j > 0;
(iii) Hx(t) =d fort > d — 1.

Now, we can state the announced results.

Corollary B.29. Given five distinct points, there exists at least a conic that contains them.
Moreover, it is unique if, and only if, no four points of the given five are collinear.

Proof. Let X be a set of five distinct points. From theorem B.28, it follows that Hy (t) < 5 for
every t, and so, in particular, Hx (2) < 5. Then, dim¢ (Ix ), = dim¢ (Clxg, x1, x2])2 —Hx (2) >
1, and the first claim is proved. Assume now that there are two different conics C;, C, through
X. Then, by the Bézout theorem, the intersection C; N C, contains infinitely many points, and
sowehave C;y = LUL;,C, = LU L,, with L, Ly, L, lines, and eventually L = L;, or L = L,.
So, at most one point in X is L; N L,, and then at least four belong to L. Conversely, if four
points in X are contained in a line L, and L; N L, is the fifth point, then LU L; and L U L, are
two distinct conics containing X. ]

Similarly, it is possible to prove also results on the generators of an ideal.



Theorem B.30. Let X be a set of 6 distinct points lying on exactly one conic C =V (f). Then,
Iy = (f, g) where V(g) is a cubic curve, and f, g without common factors.

Let X be a set of five distinct points, lying on exactly one conic C = V(f). Then,
Ix = (f, g1, &) where g1, g» are homogeneous polynomials of degree 3, such that g, g, are
linearly independent in S(C).

It is possible to prove that Iy is ideal in K[xg, x1, x»], and it is easy to prove that, if X and
Y are algebraic sets, then Ixyy = Ix N Iy. Moreover, Ix + Iy C Ixqy, and it is possible to prove
that F € Iy + Iy if, and only if, F € Ixny under the assumption that the degree of F is large
enough. The coordinate rings of X, ¥, X UY and X NY are related to each other from the short
exact sequence of vector spaces

0— SXUY), - SX), & S(Y), 2> ( (B.2)

Ix + Iy

where the first linear map « is defined as o (F) = (F, F), and the second linear map B is
defined as B(F, G) = F — G. A direct consequence of the exactness of (B.2) is that

) (K[Xo,xl,xz]
dimg | ———>—=
Ix+ 1y

K[xo,xl,x2]> S0
t

) = Hy (t) + Hy(t) — Hxuy ().

B.6. Topology of real algebraic curves

The study of the topological properties of algebraic curves in the real projective plane in full
generality is outside the scope of this appendix, so we consider only the cases of smooth conic
and cubic curves. In particular we focus on the problem of connected components of a curve
with respect to the Euclidean topology. The main result is by Harnack, that found a bound on
the number of such connected components.

Theorem B.31 (Harnack’s theorem). Let C C IP’HZR be a smooth algebraic curve. If C is a conic,
then either C is empty, or C is a closed connected curve. If C is a cubic curve, then either C is
connected, or C is the disjoint union of two connected components.

Let H be a line in P, and let A be the complement of H. Moreover, let C C P% be a
smooth conic with a real point, so that C is a connected curve. If H meets C at two non-real
points (H is tangent to C or H N C consists of two real distinct points, respectively), then C is
an ellipse (a parabola or an hyperbola, respectively).

For cubic curves, the picture is as follows. We call it oval each connected component of
C. Then, C has either one oval or two. In both cases, one of the two ovals, the only one if C is
connected, meets all the lines of IP’]% at one or three points, counted with their multiplicities,
and so it is called the odd oval C,. The second oval, if it exists, meets all the lines at an
even number of points, eventually the intersection with a line is empty, and so it is called the
even oval C,. The oval C,, when we restrict to Aé, is either connected and unbounded (if
the ideal line meets C, at one point), or the union of three unbounded arcs (if the ideal line
meets C, at three distinct points). The even oval C, does not contain real inflectional points,
i.e. smooth points P € C with the property that the tangent line at P to C meets C at P with
multiplicity 3. So, it behaves like conics: if the ideal line meets C, at two non-real points, then
C, is topologically like an ellipse, if the ideal line meets C, at two real distinct points, then
C, is topologically like a hyperbola, and finally, if the ideal line is tangential to C,, then C, is
topologically like a parabola (we remind ourselves that two curves behave topologically the
same if the first one can be deformed with continuity to the second one).



Appendix C. An algorithm for the bifurcation curve

This appendix lists the source code in singular language [23] for computing the Cartesian
equation of the bifurcation curve E (see definition 6.18 and theorem 6.19). It requires
specification of the location of the sensors and assignment of the components of the
displacement vectors djg and dyg.

ring r=0, (x,y,z,ml,m2),dp;

LIB’’linalg.1lib’’;

matrix d1[2][1];

matrix d2[2][1];

poly pO=(m2*m2*transpose(dl)*d1-2*ml*m2*transpose(dl)*d2+ml*ml*transpose(d2)
*d2) [1,1];

poly ql=(ml*transpose(d2)*dl-m2*transpose(dl)*d1) [1,1];

poly pl=ql*ql;

poly g2=(ml*transpose(d2)*d2-m2*transpose(dl)*d2) [1,1];

poly p2=q92*q2;

poly pv=det(concat(dl,d2));

poly p3=(plxpl*transpose(d2)*d2-2*pl*p2*transpose(dl)*d2+p2*p2*transpose(dl)
*d1) [1,1];

poly den=4*pvxp0*ql*q2*(ql-q2);

poly numx=2*ql*q2*(q1-q2)*(p1*d2[2,1]-p2*d1[2,1])+p3*(m2+d1[2,1]-m1xd2[2,1]);

poly numy=2*q1%q2*(q1-q2)*(-p1*d2[1,1]+p2*d1[1,1])-p3*(m2+d1[1,1]-m1*d2[1,1]1);

ideal ii=x-numx, y-numy, z-den;

ideal jj=elim(ii,m1*m2);

jj=reduce(jj,std(z-1));

References

[1] Abel J and Chauffe J 1991 Existence and uniqueness of GPS solutions IEEE Trans. Aerosp.
Electron. Syst. 27 952-6
[2] AbelJ S and Smith J O 1987 The spherical interpolation method for closed-form passive source
localization using range difference measurements Proc. IEEE Int. Conf. on Acoustics, Speech,
and Signal Processing vol 12 pp 471-4
[3] Abraham R, Marsden J E and Ratiu T 1988 Manifolds, Tensor Analysis, and Applications 2nd edn
(New York: Springer)
[4] Aholt C, Sturmfels B and Thomas R 2013 A Hilbert scheme in computer vision Can. J.
Math. 65 961-88
[5] Alameda-Pineda X and Horaud R A geometric approach to sound source localization from time-
delay estimates arXiv:1311.1047
[6] Amari S and Nagaoka H 2000 Methods of Information Geometry (Providence, RI: American
Mathematical Society)
[7] AntonacciF, Riva D, Saiu D, Sarti A, Tagliasacchi M and Tubaro S 2006 Tracking multiple acoustic
sources using particle filtering EUSIPCO’06: Proc. European Signal Processing Conf-
[8] Awange JL and Shan J 2002 Algebraic solution of GPS pseudo-ranging equations GPS
Solut. 5 20-32
[9] Bancroft S 1985 An algebraic solution of the GPS equations IEEE Trans. Aerospace Electron.
Syst. 21 56-59
[10] Beck A, Stoica P and Li J 2008 Exact and approximate solutions of source localization problems
IEEE Trans. Signal Process. 56 1770-8
[11] Bellman R and Astrom K 1970 On structural identifiability Math. Biosci. 7 329-39
[12] Bestagini P, Compagnoni M, Antonacci F, Sarti A and Tubaro S 2013 TDOA-based acoustic source
localization in the space-range reference frame Multidimens. Syst. Signal Process. at press
[13] Bix R 1998 Conics and Cubics. A Concrete Introduction to Algebraic Curves (Undergraduate Texts
in Mathematics) (New York: Springer)


http://dx.doi.org/10.1109/7.104271
http://dx.doi.org/10.1007/978-1-4612-1029-0
http://dx.doi.org/10.4153/CJM-2012-023-2
http://arxiv.org/abs/1311.1047
http://dx.doi.org/10.1007/PL00012909
http://dx.doi.org/10.1109/TAES.1985.310538
http://dx.doi.org/10.1109/TSP.2007.909342
http://dx.doi.org/10.1016/0025-5564(70)90132-X
http://dx.doi.org/10.1007/s11045-013-0233-8

(14]
[15]

(16]

(7]
[18]
[19]

[20]

(21]
(22]
(23]
(24]
(25]
(26]
(27]
(28]
(29]
(30]
(31]

(32]

(33]

(34]
(35]
(36]
(37]

(38]
(39]

(40]

(41]

Canclini A, Antonacci F, Sarti A and Tubaro S 2013 Acoustic source localization with distributed
asynchronous microphone networks IEEE Trans. Audio Speech Lang. Process. 21 439—43

Chauffe J and Abel J 1994 On the exact solution of the pseudorange equations IEEE Trans. Aerosp.
Electron. Syst. 30 1021-30

Chen J C, Hudson R E and Yao K 2002 Maximum-likelihood source localization and unknown
sensor location estimation for wideband signals in the near-field IEEE Trans. Signal
Process. 50 1843-54

Cheng Y, Wangb X, Morelande M and Moran B 2013 Information geometry of target tracking
sensor networks Inform. Fusion 14 311-26

Coll B, Ferrando J and Morales-Lladosa J 2010 Positioning systems in Minkowski space-time:
from emission to inertial coordinates Class. Quantum Grav. 27 065013

Coll B, Ferrando J and Morales-Lladosa J 2012 Positioning systems in Minkowski space-time:
bifurcation problem and observational data Phys. Rev. D 86 084036

Compagnoni M, Bestagini P, Antonacci F, Sarti A and Tubaro S 2012 Localization of acoustic
sources through the fitting of propagation cones using multiple independent arrays IEEE Trans.
Audio Speech Lang. Process. 20 1964-75

Compagnoni M and Notari R 2013 TDOA-based localization in two dimension: the bifurcation
curve in preparation

Cox D, Little J and O’Shea D 2007 Ideals, Varieties, and Algorithms: An Introduction to
Computational Algebraic Geometry and Commutative Algebra 3rd edn (New York: Springer)

Decker W, Greuel G-M, Pfister G and Schonemann H 2012 Singular 3-1-6—A computer algebra
system for polynomial computations (www.singular.uni-kl.de)

Do J-Y, Rabinowitz M and Enge P 2007 Robustness of TOA and TDOA positioning under
suboptimal weighting conditions /IEEE Trans. Aerosp. Electron. Syst. 43 1177-80

Draisma J, Horobet E, Ottaviani G, Sturmfels B and Thomas R R 2013 The Euclidean distance
degree of an algebraic variety arXiv:1309.0049

Foy W H 1976 Position-location solutions by taylor-series estimation /IEEE Trans. Aerosp. Electron.
Syst. AES-12 187-94

Gillette M and Silverman H 2008 A linear closed-form algorithm for source localization from
time-differences of arrival IEEE Signal Process. Lett. 15 1-4

Grafarend E W and Shan J 2002 GPS solutions: closed forms, critical and special configurations
of P4P GPS Solut. 5 29-41

Hartshorne R 1977 Algebraic Geometry (Graduate Texts in Mathematics, No. 52) (New York:
Springer)

Hoshen J 1996 The GPS equations and the problem of apollonius IEEE Trans. Aerosp. Electron.
Syst. 32 1116-24

Huang Y and Benesty J 2004 Audio Signal Processing for Next Generation Multimedia
Communication Systems (Dordrecht: Kluwer)

Huang Y, Benesty J and Elko GW 2000 Passive acoustic source localization for video
camera steering ICASSP’00: Proc. IEEE Int. Conf. on Acoustics, Speech, and Signal
Processing vol 2 pp 11909-12

Huang Y, Benesty J, Elko G W and Mersereati R M 2001 Real-time passive source localization:
a practical linear-correction least-squares approach IEEE Trans. Speech Audio Process.
9 943-56

Kobayashi K and Wynn HP Computational algebraic methods in efficient estimation
arXiv:1310.6515

Kosniowski C 1980 A First Course in Algebraic Topology (Cambridge: Cambridge University
Press)

Kraus L O 1987 A direct solution to GPS-type navigation equations /IEEE Trans. Aerosp. Electron.
Syst. AES-23 223-32

Leva J 1995 An alternative closed form solution to the GPS pseudo-range equations /EEE Trans.
Aerosp. Electron. Syst. 32 1430-9

Matousek J 2002 Lectures on Discrete Geometry (New York: Springer)

Miao H, Xia X, Perelson A’ S and Wu H 2011 On identifiability of nonlinear ode models and
applications in viral dynamics SIAM Rev. Soc. Ind. Appl. Math. 53 3-39

Militello C and Buenafuente S R 2007 An exact noniterative linear method for locating sources
based on measuring receiver arrival times J. Acoust. Soc. Am. 121 3595-601

Pazman A 1993 Nonlinear Statistical Models (Mathematics and its Applications vol 254)
(Dordrecht: Kluwer)


http://dx.doi.org/10.1109/TASL.2012.2215601
http://dx.doi.org/10.1109/7.328767
http://dx.doi.org/10.1109/TSP.2002.800420
http://dx.doi.org/10.1016/j.inffus.2012.02.005
http://dx.doi.org/10.1088/0264-9381/27/6/065013
http://dx.doi.org/10.1103/PhysRevD.86.084036
http://dx.doi.org/10.1109/TASL.2012.2191958
file:www.singular.uni-kl.de
http://dx.doi.org/10.1109/TAES.2007.4383608
http://arxiv.org/abs/1309.0049
http://dx.doi.org/10.1109/TAES.1976.308294
http://dx.doi.org/10.1109/LSP.2007.910324
http://dx.doi.org/10.1007/PL00012897
http://dx.doi.org/10.1109/7.532270
http://dx.doi.org/10.1007/b117685
http://dx.doi.org/10.1109/ICASSP.2000.859108
http://dx.doi.org/10.1109/89.966097
http://arxiv.org/abs/1310.6515
http://dx.doi.org/10.1017/CBO9780511569296
http://dx.doi.org/10.1109/TAES.1987.313376
http://dx.doi.org/10.1109/7.543864
http://dx.doi.org/10.1007/978-1-4613-0039-7
http://dx.doi.org/10.1137/090757009
http://dx.doi.org/10.1121/1.2724241

(42]

[43]

[44]
[45]
[46]
[47]
(48]
[49]
[50]

[51]

(52]

(53]

[54]

Penrose R 2007 The Road to Reality: A Complete Guide to the Laws of the Universe (New York:
Vintage Books)

Pourmohammad A and Ahadi S M 2010 TDE-based 2D real time high accuracy sound source
location calculation using a special microphones arrangement /CSPS’10: Proc. 2nd Int. Conf.
on Signal Processing Systems vol 1 pp V1-378

Raykar V, Kozintsev I and Lienhart R 2005 Position calibration of microphones and loudspeakers
in distributed computing platforms IEEE Trans. Speech Audio Process. 13 70-83

Reddi S S 1993 An exact solution to range computation with time delay information for arbitrary
array geometries IEEE Trans. Signal Process. 41 485-6

Redondi A, Tagliasacchi M, Antonacci F and Sarti A 2009 Geometric calibration of distributed
microphone arrays MMSP’09: IEEE Int. Workshop on Multimedia Signal Processing pp 1-5

Schau H and Robinson A 1987 Passive source localization employing intersecting spherical surfaces
from time-of-arrival differences IEEE Trans. Acoust. Speech Signal Process. 35 1223-5

Schmidt R O 1972 A new approach to geometry of range difference location IEEE Trans. Aerosp.
Electron. Syst. AES-8 821-35

So HC, Chan Y T and Chan F K W 2007 Closed-form formulae for time-difference-of-arrival
estimation /EEE Trans. Signal Process. 56 2614-20

Spencer S J 2007 The two-dimensional source location problem for time differences of arrival at
minimal element monitoring arrays J. Acoust. Soc. Am. 121 3579-94

Teng P, Lombard A and Kellermann W 2010 Disambiguation in multidimensional tracking of
multiple acoustic sources using a Gaussian likelihood criterion ICASSP’10: IEEE Int. Conf. on
Acoustics Speech and Signal Processing pp 145-8

Torrieri D J 1984 Statistical theory of passive location systems IEEE Trans. Aerosp. Electron.
Syst. AES-20 183-98

Yu Y and Silverman H F 2004 An improved TDOA-based location estimation algorithm for large
aperture microphone arrays ICASSP’04: Proc. IEEE Int. Conf. on Acoustics, Speech, and Signal
Processing vol 4 pp iv-77-iv-80

Zannini C M, Cirillo A, Parisi R and Uncini A 2010 Improved TDOA disambiguation techniques
for sound source localization in reverberant environments ISCAS’10: Proc. IEEE Int. Symp. on
Circuits and Systems pp 2666-9


http://dx.doi.org/10.1109/ICSPS.2010.5555646
http://dx.doi.org/10.1109/TSA.2004.838540
http://dx.doi.org/10.1109/TSP.1993.193183
http://dx.doi.org/10.1109/MMSP.2009.5293568
http://dx.doi.org/10.1109/TASSP.1987.1165266
http://dx.doi.org/10.1109/TAES.1972.309614
http://dx.doi.org/10.1109/TSP.2007.914342
http://dx.doi.org/10.1121/1.2734404
http://dx.doi.org/10.1109/ICASSP.2010.5496114
http://dx.doi.org/10.1109/TAES.1984.310439
http://dx.doi.org/10.1109/ICASSP.2004.1326767
http://dx.doi.org/10.1109/ISCAS.2010.5537056

	1. Introduction
	2. From the physical model to its mathematical description
	3. Local analysis of 
	4. The three-dimensional Minkowski space
	5. First properties of the image of 
	6. The localization problem in the general case
	6.1. The quadratic equation
	6.2. The study of the coefficients
	6.3. The image of 
	6.4. The inverse image
	6.5. Proofs of the results

	7. The localization problem for special configurations
	8. The image of the complete TDOA map
	9. Impact assessment
	10. Conclusions and perspectives
	Acknowledgments
	Appendix A. The exterior algebra formalism
	A.1. The Euclidean vector space of dimension 2
	A.2. The Minkowski vector space of dimension 3

	Appendix B. A brief introduction to plane algebraic geometry
	B.1. Affine spaces and algebraic subsets
	B.2. Projective spaces and algebraic subsets
	B.3. Intersection of curves and singular points
	B.4. Dual projective plane
	B.5. Hilbert function and the geometry of a set of points
	B.6. Topology of real algebraic curves

	Appendix C. An algorithm for the bifurcation curve
	References



