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Nearly Kdhler manifolds were first introduced in the 1970s and in the last two decades fundamental questions about the
structure and existence of these manifolds were settled [24,7,12], making them a trending topic in differential geometry.
In dimension 6, they form a special class of SU(3)-structures and are important for Riemannian geometry as they provide
examples of Einstein manifolds. In addition, they are of interest in exceptional holonomy as their cones are torsion free G,
manifolds, which makes nearly Kdhler manifolds crucial for understanding G, manifolds with singularities.

One peculiarity of Lagrangian submanifolds of nearly Kdhler manifolds is that they are automatically special Lagrangian.
Because of their simple definition they are natural objects to study in nearly Kihler geometry, following the strategy to
understand an ambient space by studying its distinguished submanifolds. Just as for J-holomorphic curves in nearly Kahler
manifolds there are two additional lines of motivation to study Lagrangian submanifolds. The first one comes from Rieman-
nian geometry, for any special Lagrangian in a nearly Kdhler manifold is minimal. The second comes from special holonomy,
for the cone of a special Lagrangian is coassociative in the G,-cone of M.

In the last few decades, many constructions for special Lagrangian submanifolds of S® have been found and various
subclasses of special Lagrangians have been classified, see for example [30,20]. More recently, the ambient spaces F and
53 x 3 have received attention, for example in [4,28]. This article is dedicated to the ambient nearly Kihler space M = CP3.
The main results of this article are the classification of totally geodesic special Lagrangians in Proposition 3.18 and of special
Lagrangians admitting a symmetry of a 3-dimensional group of nearly Kihler automorphisms in Theorem 4.11. These results
are obtained through two different approaches to describe special Lagrangians in CP3.

The first approach is intrinsic as it uses the structure equations describing a special Lagrangian. We derive them in the
general nearly Kdhler setting in section 2 and show in Proposition 2.1 that for a homogeneous ambient space and a simply
connected domain there is a unique Lagrangian immersion for every solution to the structure equations.

In section 3, we adapt these equations to the twistor fibration CP3 — s*. We introduce an angle function 6: L — [0, %]
parametrising the Lagrangian at a tangent level. Generically, L intersects every twistor fibre transversally. The points where
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6= % are those where this is not the case, and the intersection is then diffeomorphic to a circle. We identify Lagrangians
with 6 = % as circle bundles over superminimal surfaces in $#, a construction discovered in [27] and in [19].
Finally, we classify all Lagrangians where 6 takes the boundary value 0. In fact, there are just two such examples and they

are both homogeneous. We describe another somewhat surprising homogeneous example with 6 = %arccos(%) arising

from the irreducible representation of SU(2) on S3(C?). We also show that the standard RP3 in CP3 is the only totally
geodesic Lagrangian submanifold of CP3.

The second approach to exploring special Lagrangians in CP? is extrinsic. In section 4, we introduce SU(2) moment
maps in nearly Kdhler geometry. They encode the symmetry of the nearly Kdhler manifold in a set of SU(2) equivariant
functions M — R3 @ R. We use these moment-type maps to show a general existence result of special Lagrangians with
SU(2) symmetry, in Corollary 4.3 and to classify special Lagrangians admitting an action of a SU(2) group of automorphisms,
in Theorem 4.11. We show that they are, in fact, all homogeneous and describe the examples found in section 3 extrinsically.
We show an analogous result for the flag manifold IF' by studying the action of three-dimensional subgroups of SU(3) on .

Most of the material presented in this article originates from author’s PhD thesis, [3].

1. Background

Let (M, g, J],w) be a 6-dimensional almost Hermitian manifold. Then M is called nearly Kéhler provided there is a
complex-valued three-form  =Re v +ilmy € A>9(M) defining an SU(3)-structure satisfying

dw =3Rey

dimy = 2w A w.

Remark 1.1. Often, the Calabi-Yau case dw =0, dIm+ =0 is also included in the definition of a nearly Kdhler manifold. We
choose to exclude this case, so there is no need to introduce the subclass of strictly nearly Kiahler manifolds.

Every nearly Kihler manifold admits a unique connection V with totally skew-symmetric torsion and holonomy con-
tained in SU(3), i.e. Vg =V ] =V =0, cf. [14]. This connection is called the characteristic connection and related to the
Levi-Civita connection by

g(VxY,Z)Zg(VxY,Z)+%RGW(X,Y,JZ), (11)

see [23]. Examples of (compact) nearly Kidhler manifolds are very scarce. In fact, there are only six known examples of
compact simply-connected nearly Kdhler manifolds.

Proposition 1.2. [7, Theorem 1] If M = G/H is a homogeneous strictly nearly Kdhler manifold of dimension six, then M is one of the
following: S® = G5/SU(3), S3 x §3 =SU(2)3/ASU(2), CP3 =Sp(2)/U(1) x Sp(1) or F =SU(3)/T2.

In each case, the identity component of the group of nearly Kdhler automorphisms is equal to G, see [10]. There are
infinitely many freely-acting finite subgroups of the automorphism group of the homogeneous nearly Kihler $3 x S3, cf. [9].

In addition, there are two known examples of compact, simply-connected nearly Kiahler manifolds which are not homo-
geneous. They were constructed by Foscolo and Haskins via cohomogeneity one actions on S3 x S and S° [12].

A 3-dimensional submanifold L of a nearly Kihler manifold is called Lagrangian if w|; = 0. For the general set-up, we
will also work with the more flexible notion of an immersed Lagrangian submanifold, i.e. we a smooth immersion ¢: L - M
such that (*w = 0. However, all examples we encounter are embedded submanifolds.

Because of the nearly Kéhler identity dw = 3 Re v, Lagrangian submanifolds are automatically special Lagrangian. Special
Lagrangians in nearly Kdhler geometry share some important general properties with special Lagrangians in Calabi-Yau
manifolds. Every special Lagrangian L in M is minimal and orientable, see for example [29].

Let Iy be second fundamental form of L in M. Then the cubic form C(X,Y, Z) = w(ly (X, Y), Z) is fully-symmetric, i.e.
an element of I'(S3(T*L)), and traceless when contracted in any two components, see [26]. The cubic form C is also called
the fundamental cubic of L and takes values in the intrinsic bundle I'(S3(T*L)). This means that in order to study special
Lagrangians where C satisfies special properties one does not need to specify the normal bundle of L. One such special
property would be that C, or equivalently the second fundamental form, is a parallel section. However, it turns out that this
assumption is rather restrictive. Any such Lagrangian is automatically totally geodesic [32, Theorem 1.1].

Another special property of C is that it admits symmetries. This approach has been developed in [6] for special La-
grangian submanifolds of C3. By picking a frame in a point x € L one regards C as a harmonic polynomial of degree three
in three variables, i.e. an element of #3(R?), which is a seven-dimensional vector space. The space #3(R3) as an SO(3)
module and a generic element in 73(R?) does not have any symmetries in SO(3). The possible symmetry groups are clas-
sified in [6, Proposition 1]. The classification gives a natural ansatz for finding special Lagrangian submanifolds. Impose one
of the pointwise symmetries above to every point in L. This ansatz has led to the construction of new special Lagrangians
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in the Calabi-Yau C3 in [6] and in the nearly Kihler S [30,20]. For CP? however, this ansatz is less fruitful since the
curvature tensor is more complicated so we do not have SO(3)-freedom to change frames as we will see later. However,
this framework gives us a way to categorise examples of special Lagrangian that are constructed in different ways.

The following result is known for Calabi-Yau manifolds and the nearly Kihler S® but it holds for any nearly Kihler
manifold.

Proposition 1.3. Every real analytic surface on which w vanishes can locally be uniquely thickened to a special Lagrangian submanifold
in M. Special Lagrangian submanifolds in a nearly Kdhler manifold locally depend on two functions of two variables.

Proof. See [20], the proof is based on the fact that the Cartan test holds and thus holds for any SU(3) structure. O

Infinitesimal deformations of nearly Kédhler manifolds correspond to eigensections of a rotation operator on L [17]. It
is shown in [29], that the moduli space of smooth Lagrangian deformations of special Lagrangians is a finite dimensional
analytic variety. All formally unobstructed infinitesimal deformations are smoothly unobstructed.

1.1. The nearly Kéhler structure on CP3

The nearly Kdhler structure on CP? can be defined through the twistor fibration CP3 — s4. The fibres are projective
lines and totally geodesic for the Kdhler structure on CP3. Since CP? is a sphere bundle inside AZ(S%) the twistor
fibration has a natural connection TCP? =% & V. The nearly Kihler structure on CP? is defined via the Kahler structure
by squashing the metric and reversing the almost complex structure on the vertical fibres.

For explicit computations it is convenient to define the nearly Kahler structure from the homogeneous space structure
CP? =Sp2)/S! x $3. Identify H? with C* via H = C & jC. This identification gives an action of Sp(2) on C4 which
descends to CP3 and acts transitively on that space. The stabiliser of the element (1,0, 0,0) € C* is

{((Z) 2>|zeS]C(C, qu3CH}

which shows CP3 = Sp(2)/S! x S3. Following [31], consider the Maurer-Cartan form on Sp(2) which can be written in
components as

ip+jos 2L+ 2
QMC=<ﬂ+.ﬂ lﬁ+.tﬁ ) (12)
/2 ‘lﬁ P21

Since Q¢ has values in sp(2), the one-forms w1, w,, w3 and t are complex-valued and p1, p; are real-valued. The equation
dQmc + [Qmc, Qumc] =0 implies the torsion identity

w1 i(p2 — p1) -T 0 w1 Wy A W3
dl w | == T —i(p1+p2) O |Alwx|+|w3nwr], (13)
w3 0 0 2i,01 w3 a)_l/\a)_z
Ap:i=

and the curvature formula

w1 AW — w3 A3 w1 AWy 0
dAy, =—Ap ANAp + wy A1 Wy AWy — w3 A W3 0
0 0 —W1 AW] — Wy AWy +2w3 A W3

The nearly Kahler structure on CP?3 is defined by declaring the forms s*wi, s*w, and s*ws to be unitary (1,0) forms for
any local section s of the bundle Sp(2) — CP>. The resulting almost complex structure and metric do not depend on the
choice of s. The nearly Kdhler forms w, ¢ are pullbacks of

.3
i _ .
3 Za)i Awi, and —iw1 A wy A w3,

i=1
respectively. In general, we will treat the nearly Kdhler forms as basic forms on Sp(2). However, Killing vector fields typically
have a simple expression in local coordinates. To contract the nearly Kahler forms on CIP? with Killing vector fields we pull
back the local unitary (1,0) forms w1, wz, w3 on the chart Ay = {Zg # 0} with the local section

I
s:Ag—SpR), (1,21,25,Z3) > [ MIZI7 0 =Ry haa )
hlzI™ a
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Here,

) ) hy|?

1IZPP =14 2117 +1Z2P* +1231%, hi=1+4jZ1, ha=2Zr+jZ3, a=(1+ %)*1/2.

This gives the following expressions for the pull-backs
s*o1 =v21Z172((Z5 — Z122)dZ1 + (1 + |Z1*)dZ,)
s*wy = V2|Z|72 (=22 — Z123)dZ1 + (1 + |Z117)dZ3) (14)
s*ws =12|72(dZy — Z3dZ; + ZdZ3).

To show these formulae, note that the pullback of the Maurer-Cartan form via s is

. _(mIZ7Y h1z17" (dqz"thy)  d(=h; haa)
S(QMC)_<—h2h1_1a a d(1Z|"hy) da '

Combining this with eq. (1.2) yields

(is*p1 + js*@3) = |Z|?(hidhy + hadha) + R

1 1
(s*w1 + js*wy) = —hyh7 'dhy + dh;y,
N 1
where R is a real term. Equations (1.4) follow by splitting the quaternionic-valued differential forms on the right-hand side
into their C and jC part.

2. Structure equations for special Lagrangians

The structure equations for a special Lagrangian manifold in Calabi-Yau C> were established in [6] and for nearly Kihler
$6 in [20]. We generalise the equations to the setting of a general nearly Kihler manifold. The main difference is the
appearance of an extra curvature term. We characterise nearly Kdhler manifolds by differential identities on the frame
bundle, as done in [5]. If an index appears on the right-hand side but not on the left-hand side of an equation, summation
over the index set {1, 2, 3} is implicit.

Let M® be a nearly Kihler manifold and consider the SU(3)-frame bundle Psys). Let ({1, &2, £3) € Q' (Psu@), C3) be the
tautological one-forms on Psy(3) and let ¢ € Q1(P, su(3)) be the nearly Kihler connection one-form on Psy), giving the
torsion relation

& & {aNGs
dl o |==¢A|0|+]|i3n8 (21)
&3 &3 ISEAXY)

and the curvature identity

depij = — ik A bij + Kijpalq A p- (22)
In particular, the curvature of V is always of type (1, 1). In [5] it is remarked that the tensor K can be written as sum

3 1
Kijpg = Kijpq + 7pidaj = 781ipq
where K’ has the following symmetries

/ ! ! _ ! / —
Kiipg = Kpjig = Kigpj = Kjgp» and ZK,-,-pq =0.
1

The tensor K’ vanishes exactly when M is the round six-sphere. The nearly Kéhler forms are expressed in terms of ¢; by
i — .
0):512'9‘/\{1', Y =—il1 N2 NG, (23)

Note the difference from [5] in the convention for v in order to satisfy the standard nearly Kéhler integrability equations.

The torsion-relation eq. (2.1) and curvature-relation eq. (2.2) yield differential identities for the connection one-form and
tautological one-form on the frame bundle Psy). If L is a special Lagrangian submanifold in M then one obtains more
differential identities because the frame bundle Psy(3) admits a natural reduction to an SO(3) bundle over L. The reason for
this is that, at the tangent level, a Lagrangian subspace looks like R3 in C3, which defines the restriction
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Psos)={p: C> - TM, pePsysl|pR>) =TL}.

If dzy,dzp,dzz are the standard complex-valued one-forms on C3 then R3 ¢ C3 is characterised as the 3-dimensional
subspace of C3 on which the imaginary parts of dz; vanish. Similarly, our aim is to describe the reduction Pso@3) as the
vanishing set of one forms on Psy3). To that end, split the forms ¢; = 0; +in; and ¢ =« +ip into real and imaginary part.
The bundle Psqo3) is now defined by imposing the condition n; = 0.
This characterisation implies more differential identities. From the torsion-relation we get
doj = —aijj A0+ Bij ANj+ 0 AOT— Nk AT
dni = —Pij AOj — aij ANj — Ok ATl — Nk A O]

where (i,k,1) is a cyclic permutation of (1,2, 3). The condition 7; = 0 implies Sj; A 0; = 0. By Cartan’s lemma, we have
Bij = hjjkoy or B =ho where h is a fully symmetric three-tensor. In fact, this tensor corresponds to the fundamental cubic
up to a factor, just as in the case of special Lagrangians in C3 or in S°S.
On the reduced bundle, we split K into real and imaginary part,

Kijpg%q A &p = Kijpq0q A 0p = (Rijpq +1Sijpg)0g A 0p = (—Rijpg — iSijpg)0p A 0g.
This also allows us to split the curvature identity into real imaginary part

dojj = —tix A 0kj + Bik A Brj — Rijpg0p A 0q

dBij = —Bik A kj — ik A Brj — SijpgOp A Og-

To write these equations more invariantly, let

0 o3 —0y
[ol=]| —03 0 o1
(o)) —01 0

We can summarise the equations on the reduced bundle over L in tensor notation

BAG =0 (2.4)
do=—anrno — %[a]/\o (2.5)
de=—aAra+BAB—Ro AC (2.6)
dB=-BAra—aAB—So Ao (2.7)

where (o A 0)pg =0p A 0q. The matrix of one forms g is completely defined by the symmetric tensor h. The advantage to
work with h is that its components are not one-forms but functions, allowing us to rewrite eq. (2.4), eq. (2.6) and eq. (2.7)

3 1
B=ho doz:—oz/\oz—i—ho/\ha—f-za/\a—Ra/\a, O:(dh+((hoz+§h[o]))+56)/\a.

The Levi-Civita connection one-form of the induced metric on L is o + %[a]. Note that the forms o differ by a factor 2 from
the orthonormal one forms considered in [20].

If M =G/H is one of the homogeneous nearly Kihler manifolds then a special Lagrangian submanifold can locally be
recovered from a solution to eq. (2.4)-eq. (2.6), which we will make precise now. There is a splitting g = & m such that
Ady (m) C m. The nearly Kihler structure then yields an Ad(H) invariant special unitary basis w1, wy, w3 on m = C3. Up to
a cover, G embeds into the SU(3)-frame bundle Psy(3) via the adjoint action H — SU(m). Under this identification

Y+ (61,0, eh@C3=hdm

is the Maurer-Cartan form w¢g on G. In other words, the nearly Kdhler connection is equal to the canonical homogeneous
connection on G — M, see [7]. The following proposition guarantees that for the homogeneous nearly Kihler manifolds we
can locally recover the special Lagrangian from a solution of the structure equations. Since o and 8 determine the first and
second fundamental form, this can be viewed a Bonnet-type theorem.

Proposition 2.1. Let M = G/H be a homogeneous nearly Kihler manifold, L> be a simply-connected three manifold and o
Q1(L,R3), defining a linearly independent co-frame at each point, o € Q1 (L, s0(3)) and g € Q1 (L, S2(R?)) satisfying the equa-
tions (2.4)-(2.7). Then there is a special Lagrangian immersion L — M, unique up to isometries, with o, 8 determining the metric and
second fundamental form of L in M.
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Proof. Define the form y =« +i8 + (01,02,03) € h d m = g. Since o, «, B satisfy the equations (2.4)-(2.7) we have dy +
[y, y]1=0. The statement now follows from Cartan’s theorem, just as the classical Bonnet theorem for surfaces in R3. O

Remark 2.2. Note that the tautological one form (1, £2, £3) can also be regarded as an element in I'(P, End(C3)). With this
identification, a local section s of L D U — Psq(3) gives a section T'(U, (TYM)|; ® C3) = Q' (U, C3). Then s*n; vanishes on
TL while s*o vanishes on the normal bundle.

3. An angle function for special Lagrangians

Since twistor fibres are J-holomorphic they can never be contained in a special Lagrangian submanifold. Generically, a
special Lagrangian intersects every twistor fibre transversally. However, there is a special class of special Lagrangians which
are circle bundles over superminimal surfaces in S%. We review this construction and define an angle function L — [0, %]

which has value % if L intersects a twistor fibre non-transversally. We use a gauge transformation, which depends on 6, to

use the moving frame setup from the previous section for special Lagrangians in CP3. We identify special solutions to the
resulting structure equations, all of which turn out to be homogeneous.

3.1. The linear model

We start with the study of Lagrangian subspaces in a twistor space on the tangent level. The space of special Lagrangian
subspaces of C" is identified with the homogeneous space SU(n)/SO(n). Twistor nearly Kidhler spaces have the property
that the holonomy of the nearly Kidhler connection reduces to U(2) = S(U(2) x U(1)). The two-form splits into a horizontal
and vertical part w = w3 + wy. So, in order to understand how frames can be adapted further to a special Lagrangian of a
twistor space, we study the linear problem first. '

Let (b1, by, bs) denote the standard basis of C3 with dual basis (w1, wy, ®s3) and let wy = 5 (@1 A @1+ @z A @) as
well as wy = %(a)3 A @3). Let H=S(U(2) x U(1)) be the stabiliser of wy, inside SU(3). Let also i = Rey +ilmy be the
complex-valued three form —iwq A @y A w3 on C3. We have abused notation slightly here, since w, are forms on the
nearly Kihler manifold but also denote their linear models on C3.

For a complex subspace W < C3 denote by SLag(W) the set of all special Lagrangian subspaces of W. By C? ¢ C3 we
refer to the subspace spanned by b, and bs. Note that SLag(C?2) = $2 and that U(1) c SU(2) acts from the left on this space.
The quotient is an interval and the following lemma gives a description of each representative.

Lemma 3.1. Under the action of U(1) = {d{iag(e"‘/’, ey} c SU(2) any element in SLag(C?2) has a unique representative of the form
Vy = span(—ie by — e~b3, by +ieib3), for0 <6 <7 /2.

Proof. Special Lagrangian planes in C? are parametrised by SU(2)/SO(2). Thus, we have to find a unique representative of
the action (A, B)X = AXB~! of K =U(1) x SO(2) on SU(2), which is the action of a maximal torus in SO(4) acting on S3.
The standard torus U(1) x U(1) ¢ U(2) C SO(4) acting on S> admits unique representatives of the form (cos(#), 0, sin(9), 0)
for 0 <6 < /2. The statement follows by conjugating the action of K to the standard torus action. O

For any subspace W c C3 denote by Ky the kernel of the projection onto span(bs) and by ny its dimension. Let

1 0 0
0 _ie el
0 _e el

V2 2

and W, be the image of T, when applied to the standard R3 in C3, i.e. Wy = span(by, —ie~?by — e=b3, e?b, + iei?bs).

Proposition 3.2. Any special Lagrangian subspace W c C? admits a unique representative Wy for 0 < 6 < 7 /4, under the action of
H. Furthermore, nyy = 2 ifand only if 6 = 7 /4.

Proof. Since W is Lagrangian, ny > 1. If nyy =2 then W is represented by the standard R> in C3 and nw, = 2 if and only
if & = v /4. So from now on we assume that ny = 1. Consider the map I: Gry(C?) — Gr3(C3), V > span(by, V). Note that
Wy =1(Vy) and that | descends to a map I: Lag(C2)/U(1) — Lag(C3)/H. To show surjectivity observe that for W e Lag(C3)
we have Ky C span(bq, bz). So by acting with H we can achieve that Ky is spanned by b;. Furthermore, observe that

-1 0 0 -100
0 -1 0|Te[ 0 0 1]|=Trps
0 0 1 0 10
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which means that Wy = Wy for 6 + 6’ = /2. We have shown that any element in Lag(C?) is represented by a Wy for
0 <0 < /4. The uniqueness follows from the observation that wy, has norm %\cos(29)| when restricted to the vector space
Wy. O

If wq, wy, ws is a basis of W such that wy € Ky and wy, wy € K‘JA-, then 6 can be computed by the formula

2||W] ” |COS(29)|.(//_(W] , W, W3) = wV(W27 W3)~ (32)

Proposition 3.2 gives a geometric interpretation of the boundary value 7 /4. In Proposition 3.11 we relate the case 6 =0
to CR-manifolds in the Kihler CP3, so we study this case on the linear level first. Motivated by the existence of the two
almost complex structures J; and J, on the twistor space, consider the almost complex structure

J': (b1, b2, b3) = (iby, iby, —ib3) (3.3)
on C3. Any special Lagrangian subspace W in C3 splits as Kw & K.

Lemma 3.3. [f 0 # % then J(Kw ) is orthogonal to W. The subspace KVLV is invariant under |’ if and only if = 0.

Proof. The endomorphism J’ commutes with the action of H on C3, so it suffices to prove the statement for Wy. If 6 = z
then I(Viv is one-dimensional so it cannot be invariant under J'. Otherwise, Ky is spanned by b; and Kﬁ, equals Vy.
Clearly Jbi =iby is orthogonal to W. The statement follows by observing that Vy is invariant under the endomorphism
(bz, b3) +— (iby, —ib3) if and only if 6 =0. O

The following lemma can be proven by standard computations in SU(3) and is important for adapting frames on special
Lagrangians in twistor spaces.

Lemma 3.4. Let Hy = T;l HTy N SO(3) be the stabiliser group of Wy in H with Lie algebra by. Then

0 1 -1 0 —-1+4+i O
R-1-1 0 0 0=m/4 R-|1+i 0 0| 6=m/4
bo = 1.0 0 ToheT, ' = 0 0 0
{0} ® s0(2) 6=0 {0} & s(u(1) & u(r)) 6=0
{0} otherwise {0} otherwise

Then Hy is generated by exp(hg) and the element diag(1, —1, —1). In particular, Hy is isomorphic to O(2) if 6 = /4, to SO(2) if
6 =0 and to Z-, otherwise.

The action of H on Lag(C?) is a smooth cohomogeneity one action. The orbit at Wy is diffeomorphic to H/(TyHg T(;])
and is singular for 6 = 0,7 /4 and of principal type otherwise. The principal orbits are diffeomorphic to H/{(diag(1, —1,
—1)) 2 U(2)/(diag(1, —1)). The orbit of Wy is diffeomorphic to H/({1} x S(U(1) x U(1))) ZU2)/({1} x U(1)) = S3. Observe
that Ty 4Hy /4T;/14 is conjugated to the O(2) subgroup generated by

S(U(1) x U(1)) and (_01 _01).
This subgroup is equal to the preimage of [([1, 0], 1) of the map

UQ2) > (CP' x SY/Zy, A [[A(1,0)7], det(A)].

Here Z, acts as the antipodal map on both CP' = 52 and on S!. Hence, the orbit of Wy 4 is diffeomorphic to (§2xSY/Z>.
The following lemma summarises these observations.

Lemma 3.5. The action of H on Lag(C?) is of cohomogeneity one. The principal orbit is diffeomorphic to U(2)/Z>, two singular orbits
occur at @ =0 and 6 = . The orbit Wy is diffeomorphic to S and that of W 4 to (S* x S1)/Z,.

7
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3.2. Adapting frames

We now assume that M is a nearly Kéhler twistor space over a Riemannian four manifold N. In other words, M is either
CP? or the flag manifold F. Lagrangian submanifolds of the latter have been studied in [28] so our interest is in CP3
in this chapter. Before using the explicit description of CIP? we give a few general statements that could be useful for
generalisations to other spaces, such as non-nearly Kihler twistor spaces.

Given a special Lagrangian submanifold L ¢ M, we clearly have TxL € Lag(TxM) for x € L. Since the frame bundle reduces
to H there is a map Lag(TM|;) — Lag(C3)/H. Hence, 6 can be understood as a map from L to the interval [0, %] and Ty
from L to SU(3). We now apply our knowledge of the action of H on Lag(C3) to obtain a further frame reduction for special
Lagrangian submanifolds in nearly Kdhler twistor spaces. In that case, the holonomy of the nearly Kdhler connection on M
reduces to H, so Psyc3) reduces to an H-bundle and we can assume ¢13 = ¢23 = ¢31 = ¢32 = 0. This means that there are
two different reductions of P|;: The first is to an H-bundle Py ={p: C3 - TM,p e Psy@a)lL | p(b3) € V}, simply because
Py itself reduces to an H bundle. The second reduction is to an SO(3)-bundle Pso3) = {p: C} > TM,pe Psy)lL |
p(R3) =TL} or equivalently by imposing n; = 0 as in section 2.

If TLNV is a rank one bundle, or equivalently 6 = %, then the intersection Pso3) N Py is a H N SO(3) bundle. We will
derive its structure equations in section 3.3. If & avoids the value % then the intersection TLNV is trivial and Psoi3)NPy =9
which precludes the existence of a distinguished frame. However, by Lemma 3.4 we can apply a gauge transformation to
guarantee a non-empty intersection.

For x € L there is a frame in Py which maps Wy to TL. Such a frame is unique up to the action of the stabiliser of Wy
in H, which is computed in Lemma 3.4. This means that

Q = PuTo N Pso3) # 9. (34)

This is a principal bundle over L with structure group given as in Lemma 3.4 if 0 is either equal to 0 or % everywhere or if
6 avoids these values altogether. In the latter case, the structure group is discrete. We first describe all special Lagrangians
where 0 is constant and equal to one of the boundary values everywhere. If 0 = % then L intersects every twistor fibre in
a circle and maps to a surface in N.

3.3. Lagrangians with 0 = %

There is a general construction for Lagrangian submanifolds in the twistor space Z of an arbitrary Riemannian four-
manifold N due to Storm [27] and Konstantinov [19]. To make sense of how a Lagrangian submanifold in Z is defined,
recall that Z carries two almost complex structures Ji, J» and metrics g for A € R>g. For a surface X C N define the
circle bundle Lx c Z(N) with fibre over x € X equal to {J € Zx(N) | J(TxX) = vx}. Geometrically, the fibre of Lx at x € X is
the equator in each twistor fibre, which is difffomorphic to S2, relative to the twistor lift of X at x. It turns out that this
construction gives a lot of examples of Lagrangians in twistor spaces.

Proposition 3.6. [27] The submanifold Ly is Lagrangian in Z for both |, and ], and every g, if X is superminimal. Conversely, if Lx
is Lagrangian for any J, and g, then X is superminimal.

Assume L is Lagrangian with 6 = % so TLNH and TLNYV are a rank two and a rank one bundle and TL=TLNH®TLN
V. So L is also Lagrangian for J; and L arises via the construction above. In this case the intersection Po) = Py N Psg(3) is
an S(0(2) x 0(1)) bundle which is defined by imposing 1n; =0 for i =1,...,3 on Py. Since 83, = 23 = B31 = B13 =0 the
equation 8 A o =0 implies that B33 lies in the span of o3 and B11, 822 lie in the span of o7 and o3. Since Tr(¢) = 0 this
implies that B33 =0 = B11 + P22, i.e. ¢ takes values in su(2) when restricted to Pg(y).

We can view (o1, 02,03, 11, 2, 13) locally as an orthonormal co-frame on TM]|;, see Remark 2.2. The forms o; vanish
on the normal bundle while 7; vanish on TL. The form o3 is dual to the unit vector field tangent along the fibres of L — X.
Since B33 = 0 this means that the fibres of L — X are in fact geodesics. Since twistor fibres are totally geodesic CP'cM
these geodesics are great circles in the twistor fibres.

Since B3; =0 for i =1, 2, 3 this implies h3;; =0 so the fundamental cubic is of the form

a(x? - 3x1x%) + b(x% - 3xzx%).

We have therefore shown.
Proposition 3.7. The fundamental cubic of Lx in a nearly Kdhler twistor space either vanishes or has stabiliser Ss.

We can also recover the result that X is superminimal by showing that the second fundamental form X in N is complex-
linear and using [22, Proposition 1c].
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Remark 3.8. Bryant considers special Lagrangians of the form C! x £2 ¢ C @ C2 = C3. The cubic form of such submanifolds
is always stabilised by S3. These examples are somewhat analogous to horizontal Lagrangians whose fundamental cubic also
admits an S3 symmetry.

From now on, we will work specifically with M = CP3. We have seen that Ly is either totally geodesic or its funda-
mental cubic has stabiliser Ss. If Ly is homogeneous then X is a homogeneous superminimal surface in S*. Such a surface
is equal to a totally geodesic S2 c S* or the Veronese curve in S*. Hence, there are only two different examples of homo-
geneous special Lagrangian submanifolds with 6 = %. Both of them are known as Lagrangians for the Kahler structure on

CP3.

Example 3.9 (The standard RIP?). The standard RPP? ¢ CP? is a totally geodesic special Lagrangian submanifold. It fibres

a ‘ab) la,bcR @ jR, |a|2+|b|2:1};

over a totally geodesic $2 in S* under the twistor fibration. It is the orbit of {(b

SU(2) on [1,0,0,0].
The second example was discovered in [8] and is described in [19] in terms of the twistor fibration.

Example 3.10 (Chiang Lagrangian). The SU(2) subgroup of Sp(2) which comes from the irreducible representation of SU(2)
on C* = $3(C?) has a special Lagrangian orbit at [1,0,0,1] € CPP>. This example is known as the Chiang Lagrangian and
fibres over the Veronese surface in S*. The SU(2) subgroup acts with stabiliser S3 on [1,0,0, 1]. The stabiliser subgroup
induces the full symmetry group of the fundamental cubic since the Chiang Lagrangian is not totally geodesic.

Since superminimal curves in S* have an explicit Weierstra parametrisation one can produce many (explicit) examples
of special Lagrangians in CP3. However, our focus is on exploring special Lagrangians which do not arise from superminimal
surfaces.

3.4. Changing the gauge

If one expresses the nearly Kahler structure on CP? in terms of local coordinates one can work out a system of PDE’s
which, at least locally, describes special Lagrangian submanifolds. However, this approach is not very likely to succeed since
local coordinates on CP? are not an elegant way to define its nearly Kdhler structure. Of more geometric importance
are the first and second fundamental form and Proposition 2.1 shows that locally they contain all information about the
submanifold. We use a gauge transformation, which depends on the function 6 to describe the structure equations for a
special Lagrangian in CcP3.

The bundle Sp(2) embeds into the frame bundle of CP?3 via the adjoint action of S! x S3 on m which factors through
the double cover S! x S — U(2). So, on the level of structure equations we identify Py with Sp(2). We apply the gauge
transformation Ty to Sp(2), which defines the bundle Q as in eq. (3.4). This bundle has a reduced structure group, depend-
ing on the behaviour of the function 6, which is made precise in Lemma 3.4. For example, if 6 avoids the values 0 and %
then the structure group of Q is Z.

Recall from section 1.1 that Sp(2) is an S! x S3 principal bundle over CP3. A local unitary frame for the nearly Kdhler
structure on CPP3 is obtained by pulling back the forms (w1, w,, w3), which are components of the Maurer-Cartan form on
Sp(2). We can realise the bundle Q by setting T;l(wl,a)z, w3) = (¢1, 2, §3), Where Ty is defined in eq. (3.1), and imposing
the equations

m =0, n2=0, n3=0. (3.5)

Our aim is to compute the differentials of the one forms ¢; and also of p; and T on the reduced bundle Q. We will achieve
this by first computing the connection and curvature form in the transformed frame and then applying eq. (2.4)-eq. (2.7).
We begin by applying the transformation formula for a connection-one form under the gauge transformation Ty

¢ =T, 'AxTo + T, 'dT,. (3.6)

Here A, is the connection form defined on Sp(2), see eq. (1.3). Since Ty lies in SU(3) the torsion transforms trivially and
we have d; = —¢p A ¢ —[¢]1 A ¢ by eq. (2.1). So in order to compute the differentials of ¢ we compute the transformed
connection one-form ¢ from eq. (3.6). We split ¢ into real and imaginary part ¢ =« +i8 to get

0 % Re(i exp(i0)7) *—f; Re(exp(—i6)T)
o= % Re(i exp(i6)T) 0 13p1 + p2) cos(20) (3.7)
% Re(exp(—i0)T) —3(3p1 + p2) cos(260) 0
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and
—p1+ P2 % Im(i exp(i6)T) ;—% Im(exp(—if)T)
p=| J5Imiexp(0)r)  3(p1—p2—2d0) 3B3p1+p2)sin20) |. (3.8)
75 Im(exp(=i0)T)  33p1 +p2)sin20)  (p1 — p2 +2d6)

To obtain expressions for the differentials of p; and T we use the curvature equation (2.7). The curvature tensor (R+iS)o A
o transforms tensorially under gauge transformations yielding the explicit expressions

—C0s(20)02 A 03 —% cos(20)o1 A 03 % cos(20)o1 A 02
So Ao =| —Jcos20)01 Ao3  Scos(20)02 A3 3sin(40)o; Aos (3.9)
Tcos20)o1 Aoy 3sin(d0)oz Ao3 3 cos(20)02 A o3
0 01 A (09 —sin(20)o03) 01 A (03 — sin(26)03)
Ro No = % o1 A (sin(20)o3 — 07) 0 5c0s2(20)03 A 03 . (3.10)
o1 A (sin(20)02 —03)  —5¢08%(20)07 A 03 0

Finally, combining the explicit expressions of ¢, R, S with eq. (2.4)-(2.7) results in the following differential identities
3 1 _
dp1 = 3 cos(20)oy Ao3, dpy = 3 cos(20)or ANO3 +IT AT

1
dt = —2it A p2 + —=01 A (io2 exp(—if) — o3 exp(if))

V2

do1 =(e1 A0+ €2 AO3) + 03 AO3 (3.11)

1
doy = —5 cos(20)(3p1 + p2) ANO3 —€1 ANO1 — 01 AO3

1
dos = 3 €0s(20)(3p1 + p2) ANO2 — €2 AO1 + 01 A 02

with €; = ﬁ(exp(i@)r — exp(—if)T) and €; = %(exp(—i@)r + exp(if)T). Recall, that the equation 8 A o implies more
algebraic identities.

These differential identities are satisfied on any special Lagrangian in CP3. Conversely, a special Lagrangian submanifold
can locally be reconstructed from such a solution. There is little hope of working out all solutions of eq. (3.11). Instead, one
typically imposes additional conditions and then tries to classify all special Lagrangians satisfying the extra condition. For
example, one can already see that for & =0 the equations simplify considerably.

If 6 = 7 /4 everywhere there is a splitting TL = E @ EL where EL is the kernel of the projection TL — V. Recall that the
standard complex structure J; on cp3 agrees with the nearly Kahler structure J, on #H and differs by a sign on V.

Proposition 3.11. The distribution E is invariant under the standard complex structure J1 on CcP3 ifand only if 6 = 0. In that case, L
is a CR submanifold for the Kdhler structure on CP3 with E being the J1-invariant distribution on L.

Proof. In each point x € L we can pick a frame p : TyM — C?3 such that TL is identified with Wo(x), V with span(b3) and
J1 with J’ from eq. (3.3). The statement follows from 3.3. If = 0 then E is invariant under J; and J;(E') is orthogonal
to TL, as required. O

CR immersion from S3 to the Kihler CP" has been studied in [16]. The splitting TL = E @ E+ gives an ansatz for
Lagrangians arising as a product X2 x S! such that TX = E. Indeed, we will give such an example for 8 = 0 later. However,
we first show that this ansatz fails when 6 # 0 and X is compact. Note that

i _ 1
wy = 5((1)3 Aw3) = 5 cos(260)o0y A 03
and that dwy is a multiple of Re ¢/, which vanishes on L. This implies the following.

Lemma 3.12. If6 7 /4 is constant then —2—wy, defines a calibration on L. The fibres of E are the calibrated subspaces of

2
03(20) 0s(20) PV-

Since wy is closed on L it defines a cohomology class in H2(L,IR). We have that when pulled back to Sp(2), this
class vanishes since dp; = 2wy — wy = 3wy. If 6 takes values in (0, %) the structure group of Q is just Z;, generated
by diag(1, —1, —1) in H which corresponds to diag(i, i) € S x S3 c Sp(2). This element leaves p; and p; invariant so in
particular pq reduces to a form on L and we have shown.

10
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Proposition 3.13. If 0 takes values in (0, 7w /4) then [wy)] = 0. In particular, in this case L does not have any compact two-dimensional
submanifold which is tangent to E.

3.5. Lagrangians with6 =0

The structure equations simplify significantly under the assumption 6 = 0. Indeed, plugging 6 = 0 into eq. (3.11) yields
B32 =0 and dO = 0 implies B, = B33. Since we have 8 A 0 =0 Cartan’s lemma implies that there is a single function
f: L— R such that

B2 =p33=—1/2p11=1/2fo1, Pa1=1/2f0z, P31=1/203.
The fundamental cubic is equal to f(—x? + 3/2x%x1 + 3/2x§x1) which has stabiliser SO(2). Let y = p1 + p2, then

1 1 1
= —— s = —J 02, = -y — — .
a1 2f03 a31 2f 2, 03=-Y 2f(71

The structure equations are then equivalent to

1
—1+ f+2f*=0, dy =55 -foanos. (312)

Hence, there are two examples of special Lagrangian submanifolds Ly with # =0, both of which are homogeneous and in
particular compact. Neither of them is totally geodesic. Note that, as a subset of Sp(2), the adapted frame bundle is defined
by the equations

0y +i03
V2

They are both orbits of a Lie group with Lie algebra equal to the span of

. . " .1
i 0 if;v2 -1 -j —i —ji js
ml:(o i)’ m2=<f/1 —if/ﬁ) m3=<—fi Jfﬁ> m“:(fi ];/fi)
V2 V2
Eq. (3.12) shows that f is in fact constant and must be equal to either —1 or % So, there are two distinct examples of
special Lagrangians with 6§ = 0. We describe the geometry of each of them.

for=p1—p2, T=f (313)

Example 3.14. There is a unique special Lagrangian with 6 =0 and f = —1. The reduced frame bundle over this submanifold
is described by

do1 =0, doy=—-y Ao03, do3s=y A0y, dy=303A03.

These are the structure equations of S! x S where S? carries a metric of constant curvature 3.

Example 3.15. There is a unique special Lagrangian with 6 =0 and f = % The reduced frame bundle over this submanifold
is described by

3 3 3 9
doy = 502703, doy =—(y + 501) Ao3, doz=(y + 501) Aoy, dy = 202703
which are the structure equations of a Berger sphere.
3.6. Lagrangians avoiding boundary values
From now on we assume that 6 is not identically zero or w /4 and denote by L* the open set where 6 avoids these
values. On L* the frame bundle reduces to a discrete bundle. For J-holomorphic curves in CP? the second fundamental
form is determined by two angle functions [2]. In contrast, # alone does not determine the second fundamental form of L*.

We let d0 =t101 +t202 + t303 and X = haa1, ¥ = hoo2, z = h3o, w = h3p1 such that g is entirely determined by 6 and these
quantities. Clearly all of these functions are constant on orbits of Lie subgroups of Sp(2), the converse is also true.

Proposition 3.16. Any solution with x, y, z, w and 6 € (0, 7t /4) constant is an orbit of a Lie group.
Proof. Let L be the special Lagrangian corresponding to this solution with adapted frame bundle [. Then L is an integral
submanifold of the EDS generated by n;, 8 —ho. By assumption, h has constant coefficients which means that the equations

n; =0, 8 =ho describe a linear subspace of sp(2) and hence Lis aLie group and L — L is a double cover of Lie groups. O

11
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In principle, we could derive a set of PDE's for 6, x, y,z and t; from the structure equations but this is not practical in
full generality. However, there is a somewhat surprising homogeneous example.

Example 3.17. Setting

3 1 732
=—4/2/5, =0, z=0, =—=3/2, 0= —
X / y z w 5 / 2arccos(S«/g)

is a solution to eq. (3.11) and hence corresponds to a unique special Lagrangian in CP3. The fundamental cubic of
this example is given by \/g(fo - 3x1x% — 3x1x§) - %\/@qxzx; whose orientation preserving symmetry group is Z»

coming from (xz,x3) — (—X2, —x3). The Ricci curvature is diagonal in the (dual) frame o1, 07 + 03,02 — 03 in which
Ric = diag(—99/50, —27/50(—2 + +/15), 27/50(2 + +/15)).

By Proposition 3.16, this example is homogeneous. We have found new examples by imposing conditions on 6. In each
case, the fundamental cubic has non-trivial symmetries. The structure equations (3.11) only hold in a fixed gauge. This
makes it difficult to classify special Lagrangians where the fundamental cubic has a symmetry everywhere. We do not have
the gauge freedom to bring them into the standard form as in [6, Proposition 1]. However, this poses no problem for the
totally geodesic case.

Proposition 3.18. Up to isometries, the standard RIP is the unique totally geodesic special Lagrangian in CP3.

Proof. There is no totally geodesic Lagrangian which lies in 6 € [0, Z). This is because in that case g =0 forces p; =0 but
this is a contradiction to the first equation of (3.11).

If L is a totally geodesic Lagrangian with & = Z then the adapted frame bundle Q is a four-dimensional submanifold of
Sp(2) on which n; and B vanish. If 6 = % then S vanishes on the adapted bundle Q and by eq. (2.7) the ideal generated
by n; and B;j is closed under differentials. By Frobenius’ theorem, there is a unique maximal submanifold on which these
forms vanish that passes through the identity e € Sp(2). Hence, up to isometries, there is a unique totally geodesic special

T

Lagrangian in CP> with 6 = 7+ We have already found this example, it is the standard RP3cCP3 o
4. Classifying SU(2) invariant special Lagrangians

Instead of imposing symmetries on the fundamental cubic, we shall now impose them on the special Lagrangian itself.
We have already encountered examples of homogeneous special Lagrangians.

There are examples of special Lagrangians admitting a cohomogeneity one action of SU(2) in both S and C3. In S8,
there is a unique example of this type, the squashed three-sphere [20, Example 6.4]. In C3, the Harvey-Lawson examples
[6,15]

Le={(s+iulues®CcR? £ —3s’t=c}

admit a cohomogeneity one action of SO(3) for ¢ # 0.

The situation in CP? is different. We show in this section that all special Lagrangians that admit an action of an SU(2)
group of automorphism are in fact homogeneous and have already been described in the previous section. We introduce
SU(2) moment-type maps to prove this classification.

4.1. SU(2) moment maps

Assume that SU(2) acts effectively on M with three-dimensional principal orbits and by nearly Kdhler automorphisms.
Let {£1,&>,&3} be a basis of su(2) such that [&;, £;] = —e€;jx&. Denote the corresponding fundamental vector fields by Kéi.
The map & — K¢ is an anti Lie algebra homomorphism. Hence, the vector fields K% obey the standard Pauli commutator
relationships [K%, K%i] = €;j K%. Consider the map

= (i1, p2, n3) = (@(K?2, K), (K, K5), (K", K®)).

Then p: M — R3 is an SU(2) equivariant map with respect to the action of SU(2) on R3 coming from the double cover
SU(2) — SO(3). In addition, define the invariant scalar function

v=Imy (K, K&, K%).

The map g is not a multi-moment-type map in the sense of [21, Definition 3.5]. The Lie-kernel of A2su(2) — su(2)
is trivial, so there is no non-trivial multi-moment map for the three form Re. On the other hand, the map A3su(2) —

12
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AZsu(2) is trivial and v is a multi-moment map with values in R = A3su(2) for ——a) A w. We will refer to n and v as
multi-moment-type maps.

The general strategy to obtain moment-type maps is to contract Killing vector fields with the nearly Kdhler forms. Using
a standard argument, the following lemma shows that all such combinations are exhausted by u and v.

Lemma 4.1. The form Re y vanishes on SU(2) orbits, i.e. Re yr (K51, K52, K%3) = 0.

Proof. Let O be a three-dimensional orbit of SU(2). Since SU(2) acts by isometries on M we have that volp is a SU(2)
invariant form on . The same holds for Re /|». So there is A € R such that Re ¢/|» = Avolp. Since Re ¥ is exact Avol(O) =
JoRey =01ie.2=0. O

Since ¥ =Re +ilmy is non-degenerate this means that v vanishes if and only if K&, K52, K& are linearly dependent
over C. By Cartan’s formula and the nearly Kéhler structure equations we get

dv=23" (K4, ), and dpe = —w (K%, ) + 3Re yr (K%, K%, ) (41)
1

where (i, j, k) is a cyclic permutation of (1, 2, 3). The following proposition is somewhat similar to the toric situation [11]
as we can identify SU(2) invariant special Lagrangians orbits by the values of the maps u and v.

Proposition 4.2. The orbit of a point x € M is special Lagrangian if and only if v(x) % 0 and p(x) = 0. The set v=1(0) N =1 (0) is a
union of fixed points of the SU (2) action and two-spheres on which w vanishes. If M has non-vanishing Euler characteristic then 0O lies
in the image of v. The function v is not constant and the set of points in which dv = 0 and v # 0 consists of special Lagrangian orbits.

Proof. By the definition of p, the two-form @ vanishes on the SU(2) orbit of x if and only if z(x) = 0. If v(x) # 0 then K&
are linearly independent at x and the orbit at x is 3-dimensional, which implies the first statement. If v(x) = 0 then the
orbit has dimension less than three and the second statement follows from the fact that lower-dimensional SU(2) orbits
must be points or two-spheres.

Eq. (4.1) implies that if v is constant then (K%', K%, K) are linearly dependent everywhere which contradicts the
principal orbit type being three-dimensional. If x (M) # 0 then any vector field K& must have a zero, which forces v to
vanish. Finally, consider a point x in which dv =0 and v # 0. We want to show that u(x) = (0, 0, 0). Using the action of
SU(2) we can assume that p13(x), 43(x) =0. Then 0 = JK¥ v = —2| K% ||?1. But v 0 and hence () =0. O

Since either the maximum or minimum of v is not zero this implies an existence result for special Lagrangians.
Corollary 4.3. If M is compact then the SU (2) action has a special Lagrangian orbit.

If L is a special Lagrangian submanifold on which a SU(2) subgroup acts then L will lie in the vanishing set of u. So
we can classify all SU(2) invariant special Lagrangian submanifolds of CcP3 by computing the vanishing set of w for every
SU(2) subgroup of Sp(2).

Definition 4.4. Define the three SU(2) subgroups of Sp(2) as K1 = {1} x Sp(1), K = SU(2), arising from the inclusion C? c
H?, and K3 which comes from the irreducible representation of SU(2) on S3(C?%) = C*.

Any three-dimensional subgroup of Sp(2) is conjugate to one of K1, K>, K3.

Remark 4.5. Note that SO(4) contains two SU(2) subgroups that do not stabilise a vector in R*. They are not conjugated to
each other and, on the Lie algebra level, correspond to the splitting of A%2(R#) into self-dual and anti-self-dual two forms.
However, in SO(5), these two Lie algebras are conjugated to each other, for example via the element (x4, X5) — (—X4, —X5).
Since Sp(2) = Spin(5) the same holds true for the corresponding SU(2) subgroups in Sp(2).

The groups K; naturally act on S* through the double cover Sp(2) — SO(5). The group K acts via SU(2) C SO(4),
the group K via the double cover SU(2) — SO(3) leaving a plane in R> invariant and K3 acts irreducibly on R?>
and factors through SO(3). To relate the group invariant examples to those found in the previous section we com-
pute the function 6 for group orbits, for which we use eq. (3.2). To this end, it makes sense to define wuy =
(wy (K82, K8), wy (K&, K51, wy (K81, K82)). The Killing vector fields corresponding to the subgroups K; admit quite sim-
ple expressions 1n local coordinates. So, to express v for K; in homogeneous coordinates we need to do so for the nearly
Kéhler form o = 5 > > wi A @;. This is the essence of eq. (1.4), where the forms w; are pulled back to a chart in CcP? by a
local section.

13
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It will be challenging to compute v for K, and K3, so we first establish representation theoretic results to simplify the
computations. In [13], it is shown that given an irreducible finite-dimensional continuous real representation of a compact
Lie group G, the intersection of any hyperplane and any group orbit is non-empty. The authors of [13] pose the question
whether the same statement holds for complex representations, in particular irreducible representations of SU(2). There is a
general framework to relate this question to the existence of nowhere vanishing sections in bundles over the flag manifold
G/T [1]. The following result follows a similar strategy and gives a direct proof for G = SU(2).

Lemma 4.6. Let (V, p) be a finite dimensional unitary representation of G = SU(2) with all weights non-zero and H be a hyperplane
which is invariant under the maximal torus U(1) C SU(2). Then H intersects every G orbit.

Proof. Since H is U(1) invariant there is a linear U(1) equivariant map f: V — C such that ker(f) = H. Assume that there
is an x € V such that G.xN H =@. Then s: g+ f(gx) is a non-vanishing U(1) equivariant map SU(2) — C. Restricting this
map to U(1) C SU(2) gives a representation T of U(1) on C of weight k € Z.

Note that the principal bundle SU(2) — SU(2)/U(1) = S2 is the Hopf fibration and that s gives rise to a nowhere van-
ishing section of the associated bundle E = SU(2) x; C over S2. Since the Hopf fibration has non-trivial Chern class, the
complex line bundle E is trivial which forces k = 0. This is a contradiction because f restricts to an equivariant isomorphism
from HL to C, so H is a zero-weight subspace. O

Note that, in the situation above, H is invariant under U(1) and the action of U(1) on H splits into one-dimensional
components. Then every G orbit also intersects the set H' C H where one of the C components is restricted to the set
Rxo.

All the actions of K; on CP?3 factor through an action of SU(4) on C#. The irreducible action pj of SU(2) on skC?)
has weights (k,k —2, ..., —k+ 2, —k). The action of K, on CP? factors through p1 @ p; on C* and K3 through p3 on C4.
In particular neither has a zero weight, so Lemma 4.6 applies to these cases.

411 K,
Recall K1 = {1} x Sp(1), we compute the Killing vector fields on the chart Ay = {Zg # 0}

K& = —Im(Z 9 i) K% =Re(Z 9 i) K% =Im(Z 0 +Z i)
- 292, oz Tz, T Pazs TSz, Tz
We contract these vector fields with the nearly Kihler forms @ and i in homogeneous coordinates from eq. (1.4), which
gives

! _
v=—|Z| 65<|zo|2+|zl|2)(|22|2+|23|2>2, w1 =1Z172(1Z31* = 122 f

. il — 1.
o +ips = 2i|Z| 22,75 f, =312 2(=2(1Zo2 + 12115 + (1Z21* +1Z51Y).

Hence, v vanishes on the line of fixed points {Z; = Z3 = 0} or when f = 0. Note that Sp(1) x Sp(1) is the centraliser
of K1 in Sp(2), acts with cohomogeneity one on CP3 and the orbits of that action are the level sets of f. In particular
Sp(1) x Sp(1) acts transitively on f = 0 which means that up to isometries there is a unique special Lagrangian on which
K; acts. Hence, for simplification we consider the orbit @1 at the point P11 = [1,0, +/2, 0]. At this point, K¥' annihilates
wy which means that evaluating eq. (3.2) at Pq; yields

1 wy(K&2,K8) 1
~|cos(20)| = | K& ||| —————| = .
2 v 2

Hence 6 =0 and Oy is diffeomorphic to S3. It is also the orbit of the larger group S! x Sp(1).
Lemma 4.7. The unique special Lagrangian invariant under Ky is O17 which is identified with Example 3.15.

Remark 4.8. The multi-moment map for T2 torus symmetry is an eigenfunction of the Laplace operator on M, cf. [25,
Lemma 3.1]. However, this is not the case for the SU(2) multi-moment map v, as it is non-positive everywhere, so
Jus vvoly < 0, this integral vanishes for eigenfunctions of Laplace operator.

4.1.2. Ky
The group K3 lies inside U(2) C Sp(2). Let & = diag(i, i) € sp(2), which commutes with all elements in the Lie algebra
of K;. Again, we compute
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3 9 3
Ké =2Re(iZ; — K& =2Re(=2i(Z1— + Z3—)),
( ]821) ( (13214- 2822))

) )
K52 +iK® =2(Z3 — Z1Z3— — (14 Z3)

0
——(Z Z773)—).
2 075 (Z1+ 2> 3)823)

For K>, the map v is equal to
|ZoZ1 + Z2Z3|?
gzt T =emol
1Z|?

by eq. (1.4). We apply Lemma 4.6 and compute @ on the set Z, =0 and Z; =r > 0, and w.l.o.g. we assume Zg = 1. Then
we have

w1 ==21Z1" 1+ 41257 — 1231, pa —ins = 41217 Z3(=2 + 17 + 1 Z3)2).

The set v =0 is a J;-holomorphic quadric and hence diffeomorphic to $2 x S2. The action of U(2) on this quadric is of
cohomogeneity one. The principal orbit is $2 x S! and the singular orbit S2.

If v =0 then v vanishes if r =0 and |Z3| = v/2 + +/3. Denote this point by P,q, the U(2) orbit @, is special Lagrangian
and K% is horizontal on v=1(0). We compute via eq. (3.2)

lov(K2,K8) 1
[Tmy (K50, K&, K83)| ~ 2

)

1
Sl cos20)| = IK®]
ie. 6 =0.
If v£0 then r£ 0 and v =0 only occurs for Z3 =0 and r = 1. Denote this point by P; and note vy, vanishes on Pyj.

Hence, 6§ = 7 /4 and the orbit Oy, is diffeomorphic to RP3.

Lemma 4.9. All special Lagrangians that admit a K, action are O,1, O, which corresponds to Example 3.14 and Example 3.9 respec-

tively.
413. K3
To compute the Killing vector fields for K3 we need the explicit description of K3 C SU(4)
a3 —/3a%b 3ab> b
- 2
K3 = v3a?b a(ja> —2|b[*) —b(2la> —|b[>) +/3ab _li@be s3cc?l,
V3ab? bQla]* - |b]*) a(jal? - 2(b]?) —/3a%b

b3 V/3ab? V3ab a

see for example [18]. Now we can compute the Killing vector fields for K3 on Ag

9 9 9
K& =2Im(3Z1 — +27Zy— + 73—
BZigz F2l57 + 357

9 0
& =Re(—\/§(Z1 73+ 7Z7)— + (\/521 -2+ \/§Z2)Z3)_
FY2 0Z)
3
+Q2Z; V3014 23)—)
375
9 0
KE =IM(V3(=Z123+ 22) 5~ + (V321 + 2 = V/322) Z3)
1 2

+ (225 —V3(=1+ zg))a%).

Again, we apply Lemma 4.6 and restrict ourselves to compute v and v for Zg =1,Z, =r > 0 and Z3 = 0. Let furthermore
Z1 =exp(ig)s, then by eq. (1.4)

=2z <5r4 —4r25% —16r° —35% + 3)
(12 = |Z|~44rs sin(e) (r(ﬁr —9+3 (s2 - s))
113 = | Z|~44rs cos(a) (r(—«/ir —9) -3 (52 - 8))

v=1z|738 (4r4 (52 - 5) — 1231352 cos(2¢) + 312 (52 4 4) —9 (s“ + 52)) .
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Hence, the only solutions of p = (0,0, 0) are (r,s) € {(0, 1), (+/3,0), (1/+/5,0)}. The solutions with r =0 are in the U(1)
orbit of the point P3; =[1, 0, 1, 0]. The point [1, +/3, 0, 0] is also in the same K3 orbit as P3;. So, it suffices to consider the
points P3; and P3; =[1,1/+/5,0,0].

Note that v(P31) = —18 and v(P32) = 200/27 which must hence be the minimum and maximum of v respectively. The
map py vanishes at P3; and hence the orbit O3; satisfies 6 =0 and is in fact the Chiang Lagrangian.

Furthermore, wy (P3;) = (=12, 0,0) which means that K% is horizontal at P3;. By eq. (3.2) we have

1 v 7 1 742
—|cos(20)| = || K& ||M =——, == arccos(i) ~0.24
2 vl 5J10 2 5¢5

on 032.

Lemma 4.10. All K3 invariant special Lagrangians are given by the orbits O31 and Os3, which correspond to Example 3.10 and Exam-
ple 3.17 respectively.

As remarked after Proposition 1.2, the identity component of nearly Kdhler automorphisms of CP3 is Sp(2). So, com-
bining all results of this section results in the following theorem.

Theorem 4.11. Every Special Lagrangian in C P3 that admits a non-trivial action of a three-dimensional group of nearly Kdhler
automorphisms is homogeneous and one of the following orbits.

Example  Properties 0 Group orbit  Stabiliser group of C
3.15 Berger Sphere 0 K1 SO(2)

314 st x §2 0 UR2) D> K, S0(2)

3.9 standard RPP3 /4 K> SO(3) (tot. geodesic)
3.10 Chiang Lagrangian /4 K3 S3

317 distinct Ric e'values ~0.24 K3 Zy

For the definition of the SU(2) subgroups K; see Definition 4.4.
4.2. The flag manifold

Theorem 4.11 classifies homogeneous special Lagrangians and also rules out the existence of special Lagrangians admit-
ting a cohomogeneity one action of a three-dimensional group of nearly Kdhler automorphisms. The aim of this section is
to prove the analogous statement for the nearly Kihler flag manifold F = SU(3)/T2. The homogeneous special Lagrangians
in the flag manifold are classified in [28], so we restrict ourselves to the cohomogeneity-one case.

We could achieve this by computing the moment-type maps and determine the zero sets, as we did for CP3. However,
the statement can also be shown by analysing the group actions of 3-dimensional subgroups of SU(3), which is the identity
component of nearly Kihler automorphisms as remarked after Proposition 1.2. We will show the set of elements with
one-dimensional stabilisers are two-dimensional, so they cannot be special Lagrangian. To understand the action of three-
dimensional subgroups of SU(3) on the flag manifold we exploit the fact that the flag manifold is an adjoint orbit for
SU@3).

Up to conjugation there are two three-dimensional subgroups of SU(3) the standard SO(3) C SU(3) and the SU(2) sub-
group fixing the element (0, 0, 1). Consider the adjoint action of SU(3) on its lie algebra su(3). Every element A € su(3) is
then conjugate to a diagonal matrix, the SU(3) orbits are distinguished by the set of purely imaginary eigenvalues.

Hence, the SU(3) orbits are the level sets of the functions

p1(A) =Tr(A%)  p2(A) =Tr(A%).

There are three orbit types. The principal stabiliser type is a maximal torus in SU(3). Every element with distinct eigenvalues
is of principal type. If A has a repeated eigenvalue the stabiliser type is SU(2) x U(1), unless all eigenvalues are zero.

So we fix an element A € su(3) with distinct eigenvalues and identify the flag manifold SU(3)/T? with the adjoint orbit
of A. Our aim is to determine the set of elements in I with one-dimensional stabiliser under the action of SO(3) c SU(3)
and SU(2).

Proposition 4.12. Every element in su(3) with non-principal stabiliser for either the action of SO(3) or SU(2) has a representative in
the set

inw —Ai 0
S= Aip 0 A, mweR
0 0 —2iu
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Proof. With respect to SO(3) the adjoint action on su(3) splits as A2(R3) @ iS2(R>). It is known that the action of SO(3)
on S%(R3) is irreducible and has trivial stabiliser unless the element in S%(R3) has repeated eigenvalues, in which case
the stabiliser is 0(2). Every such element is conjugate to diag(u, i, —2u). Let A € A%2(R3), the stabiliser of A in SO(3)
intersects the stabiliser of diag(u, i, —2u) in a one-dimensional set if and only if A is of the form

0 —A 0
A=[r 0o o],
0O 0 O

which implies the statement for SO(3).

With respect to the subgroup SU(2), the representation splits as su(2) @ C2 @ R where the action on the first summand
is the adjoint action, is irreducible on the second summand and trivial on the third summand. For the stabiliser to be non-
trivial the component in €2 has to vanish. The trivial component is spanned by the element diag(u, , —2). Finally, every
element in su(2) is conjugate to A, under the SU(2) action. O

Theorem 4.13. There are no special Lagrangians in IF which admits a cohomogeneity one action of nearly Kihler automorphisms.

Proof. We show that for a three-dimensional group acting by nearly Kdhler automorphisms on the flag manifold, the set of
elements in F with one-dimensional stabiliser is two-dimensional.

The identity component of nearly Kihler automorphisms of the flag manifold is SU(3). Since SU(2) and SO(3) are the only
three-dimensional subgroups of SU(3) it suffices to show that the intersection IF NS is finite. Since S is two-dimensional it
only remains to check that the function p = (p1, p2) has full rank on S. A direct computation shows that the determinant
of the Jacobian is

det(J,) = 24ir> — 216iap?

which vanishes if and only if A € {0,3u, —3u}. In each case, the resulting element in S has repeated eigenvalues, so it does
not lie in IF since A has distinct eigenvalues. O
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