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We study the space of supersymmetric AdSs solutions of type IIB supergravity corresponding to the
conformal manifold of the dual N' = 1 conformal field theory. We show that the background geometry
naturally encodes a generalized holomorphic structure, dual to the superpotential of the field theory, with
the existence of the full solution following from a continuity argument. In particular, this work allows us to
address the long-standing problem of finding the gravity dual of the generic NV = 1 deformations of N = 4
conformal field theory: even if we are not able to give it in a fully explicit form, we provide a proof-of-
existence of the supergravity solution. Using this formalism, we derive a new result for the Hilbert series of

the deformed field theories.

DOI: 10.1103/PhysRevLett.128.191601

Introduction.—Over the last two decades, the AdS/CFT
correspondence [1] has provided remarkable insights into
the properties of superconformal field theories (SCFTs).
For the canonical example of four-dimensional N = 1
SCFTs, it gives a dual description in terms of a type II (or
eleven-dimensional) supergravity background that is a
product AdS5 x M of five-dimensional anti-de Sitter space
(AdSs) with a five- (or six-) dimensional internal space M.
Supersymmetry constrains the internal geometry. For
example, in the case of type IIB supergravity, with only
the metric and five-form flux nontrivial, M is required to be
a Sasaki-Einstein (SE) manifold.

Certain properties of NV =1 SCFTs depend only on
holomorphic data. For example, the set of gauge-invariant
operators in chiral supermultiplets forms a complex
ring, determined by the superpotential of the theory WW.
Classically, W is a holomorphic function of the chiral
matter fields and in a suitable scheme it is not renormalized.
For an SCFT dual to an SE geometry, the ring of (single
trace) mesonic chiral operators trO (those built from chiral
matter fields) then elegantly translates into the ring of
holomorphic functions f on the cone over M, which is, by
definition, Calabi-Yau.

SCFTs often come in continuous families related by
perturbations by exactly marginal operators, that is oper-
ators with zero anomalous scaling dimension even after
quantum corrections. Such a family describes a “conformal
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manifold” within the space of all couplings. The canonical
example is the A/ =1 deformations of N/ =4 SU(N)
super Yang-Mills theory (SYM) [2]. In addition to defor-
mations of the A/ =4 coupling constant, there are two
superpotential deformations, parametrized by

AW = ftr(@'D’D3 + P30
+fi((@1)° + (02)° + (27)°], (1)

where ®“, with a = 1, 2, 3, are adjoint matter fields of
N =4 SYM written as three chiral N' = 1 multiplets.

A long-standing problem has been to find the type IIB
background dual to any point in the family of N =1
deformations of A/ = 4. Although the duals with f;, = 0,
the so-called “beta deformations,” were found fifteen years
ago by Lunin and Maldacena [3] using a beautiful solution-
generating technique, to date the full dual geometry for the
generic deformation is unknown. (A tour de force pertur-
bative calculation found the solution to second order in
Ref. [4].) The internal space always has the topology of a
five-sphere, but only at the A = 4 point is the geometry
simple, with only five-form flux and the round metric on
S°. The difficulty is that away from this point, generically
all the supergravity fields must be nontrivial and all the
continuous isometries of the sphere, other than the circle
action generating the U(1)g symmetry common to all
N =1 SCFTs, are broken.

This Letter gives a solution to this problem, together with
its extension to the case where S° is replaced by any SE
geometry. Details will appear in Ref. [5]. Following
Ref. [6], we use the description of the internal space M
in terms of Egg) X R* generalized geometry. The geometry
of M is characterized by a pair of objects (X, K) that from
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the point of view of the five-dimensional external space
transform in hypermultiplets and vector multiplets. Our
first observation is that, quite generally, fixing the super-
potential of the dual field theory fixes a certain class of
hypermultiplet structures [X].

The second step is one familiar from other problems in
geometry. The lack of isometries means there is little hope
of finding the explicit solution (X, K) that describes the
generic deformation. Instead, we find an “exceptionally
deformed” solution (Xgp, K) satisfying slightly weaker,
but nontrivial, conditions that translate to an ' = 1 theory
with the same superpotential as the deformed theory but
which is not conformal. We then use continuity arguments
to show that there must exist a solution (X, K), in the same
class [X] = [Xgp), that satisfies the full set of conditions.
Physically, it represents the end point of the renormaliza-
tion group flow from the nonconformal point dual to
(Xgp, K). This is very analogous to the analysis of
Calabi-Yau metrics. There one considers a set of Kihler
metrics with fixed complex structure and Kihler class, and
the Calabi-Yau theorem implies there is a unique Ricci-flat
metric within the class.

Since the class [X] is uniquely fixed by the holomorphic
data of the SCFT (the superpotential), we should be able to
find the dual description of any of the holomorphic
properties of the theory from Xgp. In particular, we derive
a new result for the Hilbert series F(t), that is the
generating function for the number n; of single trace
mesonic operators of R charge %k (and hence conformal
dimension k), for generic deformations of a theory dual to
any SE geometry. The general expression is given in terms
of a new cohomology calculated by one of us in Ref. [7],
and can be written as

H(t)=1+T (1) = [k =50,k > 0]*, (2)
where Z, (¢) is the single-trace superconformal index and

the “Iverson bracket” notation is defined in Eq. (31). For S,
it is natural to write H(t) = H(#?), giving

H(t) =Y k= (1 f?s (3)
k

in agreement with the field theory expression, namely, the
“reduced cyclic homology” [8], as calculated in Ref. [9].

Holomorphic structure.—Let us briefly review the
results of Ref. [6]. We consider generic type IIB solutions
of the form AdSs; x M preserving eight supercharges using
the conventions of Ref. [10]. (All Egs) % R* tensor
expressions actually apply equally well to AdS5 solutions
in M theory.) There is a warped metric

ds* = e*2ds?*(AdSs) + ds*(M), (4)

with nontrivial axion-dilaton 7 = Cy + ie™?, a doublet
i =1, 2 of three-form fluxes F' = dB' and a five-form
flux F = dC + j¢;;B" A F/ := fvoly on M (with dual five-
form flux fvolgs, on AdSs). We normalize the AdS metric

to have unit radius R,[f,f1 S — —4gﬁfs§, The bosonic sym-
metry of the supergravity combines diffeomorphisms and
gauge transformations 6B’ = dA’, 5C = dp — S €;;dA' A B/,
into a “generalized diffeomorphism” group GDiff.

In the special case of F i = (0 and 7 and A constant, the
metric on M is SE [11]. The geometry is defined by a vector
field &, a real one-form o, a real two-form @, and a complex
two-form € satisfying

1 _
1o =1, o =1:Q =0, wAw:EQ/\Q, (5)

and the differential conditions

do = 2w, dQ = 3ioc A Q. (6)
Mathematically, (¢, 0, @, Q) define an SU(2) ¢ GL(5,R)
structure with singlet intrinsic torsion.

The generic solution defines an ‘“exceptional Sasaki-
Einstein structure” (ExSE) on M [6]. It is encoded by a pair
of generalized tensors (X, K) that are combinations of
conventional GL(5,R) tensors, transforming under an
enlarged structure group Eg x R™ D GL(5,R). K is a
real generalized vector that defines a ‘“vector-multiplet
structure.” A generic generalized vector V is a section of
[12,13]

ExT® (T T) @& NT @ (NT @ NT*),
V=v+A+p+oc el(E), (7)

transforming in the 27, representation, where 7 and 7™ are
the tangent and cotangent bundles of M and v is a vector, A’
a pair of one-forms and so on. The subscript denotes the R
weight, normalized such that det 7" has weight three. We
will also consider sections A of a bundle

adF~ROEROR)D (T R T*) & (A>T & A’T)
@ (A°T* @ A’T*) @ A*T @ A*T*
A=d;+r+p +b +y+cel(adF) (8)

transforming in the 78, adjoint representation [13—-15] and
where a' ;is an element of the 81, r S-duality Lie algebra, r
is a gls x matrix, ' is a doublet of bivectors, and so on. In
general, we write A- for the eqs) @ R adjoint action on any
generalized tensor. The complex tensor X defines a “hyper-
multiplet structure” and is a section (of the complex-
ification) of the weighted 78; adjoint bundle

detT* @ adF ~T* @ (NPT* ® AT @ ..., (9)
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where we have used det7* ® APT ~ AS"PT* and the
dots represent tensor bundles with forms of higher
degree. Together (X,K) are invariant under USp(6) C
Eg(6) % R*, implying the algebraic conditions, analogs of
Eq. (5),

X-K=0, rXX = ¢(K,K,K)?, (10)
where tr is the trace in the adjoint and ¢(K, K, K) is the
symmetric cubic invariant of Eg ), both given in Ref. [6]. In
addition, writing trXX = x* and X = x(J, + iJ,) defines a
(highest root) $u, C eq() algebra {J,} with a =1, 2, 3,
satisfying [/, J 5] = 2ke€qp,J,.

In generalized geometry GDiff is generated infinitesi-
mally by the generalized Lie derivative [13,15,16]. Acting
on generalized tensors it is given by the operator

Ly =L, — (d + dp)-, (11)

where V is a section of Eq. (7), £, is the usual Lie
derivative and dA’ + dp acts as a section of Eq. (8). The
Killing spinor equations for the background are equivalent
to differential conditions on (X, K) given by

LyK =0, u.(V)=0, (12)

LgX = 3iX, ug(V):/ c(K,K,V), (13)

holding for all generalized vectors V. The objects

1
,Lla(V) = ——Gaﬁy/ trJﬁLv.]y (14)
2 M

are formally a triple of moment maps for the action of
GDiff on the (hyper-Kihler) infinite-dimensional space Z
of structures X. Geometrically, (X, K) define a generalized
USp(6) structure with singlet generalized intrinsic torsion
[17]. The generalized Lie derivative %L x generates an
isometry dual to the SCFT R-symmetry.

For the special case of a SE background

K=e (-0 nw),

X = —eCHione . yig A Q (15)

where the four-forms act by the exponentiated e adjoint
action, v’ = (z(, 1)’/y/Imz for constant axion-dilaton 7,
and F =dC =20 Ao N o.

What part of the structure (X, K) encodes the holomor-
phic information of the SCFT? Our claim is that it is
independent of K and depends only on the class

[X] = {X = g"X:g € GDiff®} (16)

of hypermultiplet structures X related to X by a complexi-
fied generalized diffeomorphism. (Strictly speaking GDiff®
does not form a group and [X] is actually defined as the
orbit of X generated by Ly for all complex V.)

The first argument for this identification comes from
considering generic nonconformal supersymmetric defor-
mations of the SCFT. These are of either “superpotential”
or “Kéhler potential” type, corresponding to the highest
component of a chiral or general vector supermultiplet (see,
for example, Ref. [18]). In the dual gravity theory at the
AdSs point, the former are dual to a 5d hypermultiplet and
the latter to a 5d vector eating a hypermultiplet to become
massive. Formally X and K can be viewed as an infinite set
of hyper and vector multiplets, respectively, in a 5d
supergravity gauged by GDiff [6,10]. The hypermultiplet
deformations that are eaten to form a long vector are then of
the form 60X = Ly X for complex V. Since it is only the
superpotential deformations that deform the holomorphic
structure of the field theory, we see we need to consider
deformations of X modulo those of the form LyX as
in Eq. (16).

The second argument comes from considering the
supergravity domain-wall flow equations where the
AdSs metric in Eq. (4) is replaced by a foliation of
Minkowski spaces,

ds* = a*(r)n,dx"dx” + dr*. (17)

By using the analysis of Ref. [19], we can show that
supersymmetry of the domain-wall solution implies that
Eq. (12) hold together with the flow equations

2
X = ‘§iLKX’A4€(K,KCV) =pm(V), (18

for all V, where ' = d/dr. Under the AdS/CFT corre-
spondence, these describe the renormalization group flow
of a non-conformal supersymmetric A" =1 field theory,
with r playing the role of the energy scale. We see that X
flows by an imaginary generalized diffeomorphism. Given
a supersymmetric scheme, the superpotential should not
flow, but this precisely implies that the holomorphic
information is encoded in the class [X] rather than X itself.
Marginal deformations.—We define an ‘“‘exceptional
Sasaki” (ExS) geometry by the slightly weaker set of
conditions
LgK =0, LgX =3iX,  p.(V)=0, (19)
where we also drop the constraint rXX = ¢(K, K, K)?. In
particular, conventional Sasaski geometries are examples of
ExS spaces. We now show that given a SE background (15)
and a choice of function f, one can construct an ExS
solution. The tangent space on a SE manifold decomposes
as Te~CED T o ® Ty, with the corresponding decom-
position of the exterior derivative
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df =06 A Lef +Of + Of . (20)

The action of O on forms in A” T1o ® AT of charge ik

under L defines the “transverse” cohomology groups
HY (k) [7.20]. If £ is holomorphic on the Calabi-Yau
cone then k >0 and 5f = 0. Given such a function, we
define

Xpp 1= eCHONe et (df —pig A Q). (21)

where ' = (1,0)/, r; = ¢;;r/, the two-form a is given by

k _
-———fQ, 22
ona- (22)

where, writing (%)™ = ¢g""j3, for a one-form f3, a = 1df#f2,
and e satisfies

1+ (9a). (23)

The right-hand side of Eq. (23) is 0 closed and, since
H*V(k) = 0 on a SE manifold, there is always a solution
for €. In particular, for S3 we have explicitly

(@A @)™(da A Da) (24)

CTIk-1) mnpg-

For general f, one can show that (Xgp, K) satisfies the
supersymmetric domain-wall conditions (12), and so char-
acterizes the dual of an N = 1 field theory. (In the language
of Refs. [21,22] we are solving all but the Re®, equation.)
In particular, we claim [Xgp] is the dual of a finite
deformation of the original superpotential by the mesonic
operator AW = trO;. At linear order in f, one can check
that Xgp gives the deformations dual to trO; derived
in Ref. [23].

Since Lgf = L;f, the deformation has R charge %k
implying that if Kk = 3 we have an ExS background, dual to
an exactly marginal deformation. For the exactly marginal
deformations of S°, f is a cubic function on the C* cone.
Working to second order, we see that € deforms the axion-
dilaton 7, and matches the expression given in Ref. [4]. The
undeformed solution is invariant under an SU(3) c GDiff
group of conventional diffeomorphisms, thus Xgp define
equivalent classes [Xgp] under SU(3)¢ = SL(3,C) trans-
formations of f, just as in the field theory [18,24,25].

Since we have not satisfied the 5 condition in Eq. (13),
even in the exactly marginal case K will flow under the
domain-wall equations (18). Physically this corresponds to
the flow of the field theory Kéhler potential [18], and
indeed K’ is given by a moment map quadratic in X
matching the field theory expression. Since the Kihler
deformations are irrelevant, physically if kK > 3 we expect

the solution to flow back to the original undeformed SE
background, and if k = 3 the ExS background should flow
to a unique new ExSE solution (X, K) with [X] = [Xgp).

For the case of the beta deformation, we can indeed show
that the solution of Ref. [3] is a GDiff* transformation of
(Xgp, K) that leaves K invariant [5]. More generally,
although we cannot find the EXSE background explicitly,
we can make a continuity argument that it exists. There is
an important relation between moment maps and geometric
invariant theory (GIT) that underlies, for example, the
remarkable theorems on the existence of solutions of the
Hermitian Yang-Mills equations [26,27] or of Kihler-
Einstein metrics [28]. Let Gy C GDiff be the one-
dimensional R-symmetry group generated by Ly (iso-
morphic to the diffeomorphism subgroup generated by
L;) and GDiffy be the centralizer of Gg in GDiff. The
space Zx C Z of structures X satisfying the ExS conditions
(19) with fixed K inherits a GDiff g -invariant Kihler metric
from the hyper-Kéhler metric on Z. Furthermore,

iV =)= [ ekKV) 9

M

is a moment map for the action of GDiffx on Zg such that
ug =0 gives an ExSE background. The Kempf-Ness
theorem implies that there is an open subset of “stable”
points Z% C Z that lie on complexified GDiff% orbits that
intersect ux = 0 at unique solutions (up to the action of
GDiffg). As we scale the function f in (Xgp, K) we get a
continuous one-parameter family of ExS solutions, that,
from Ref. [23], match the infinitesimal exactly marginal
solutions for small f. Since Z% is open we can expect that
for a finite range of f all these solutions are stable, and so
can all be mapped to a ExSE solution (X, K) by a GDiff%
transformation. It is easy to show that no two Xgp solutions
are related by a GDiff% transformation, and hence each
Xgp solution flows to a unique ExSE solution. (The
exception, as in the S5 case, is when the original SE
solution admits an isometry preserving ¢ A Q. In this case,
any two Xgp solutions related by an isometry transforma-
tion define the same exactly marginal deformation [23],
reproducing the field theory result of Refs. [18,24,25].)

The Hilbert series.—Using our formalism we can cal-
culate the set of single-trace mesonic operators of the
deformed theories, giving new predictions for a large class
of deformed A/ = 1 SCFTs. As a check, we compare with
the known result for the S case. The mesonic operators are
chiral so can act as deformations of the superpotential,
though of course these deformations are not necessarily
marginal. As such we need to find deformations 56X that
preserve the domain-wall conditions (12), that is éu, = 0.
Since the superpotential is determined by the class [X], if
0X = Ly X for some complex V, we have a trivial defor-
mation, and so we have a cohomology
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chiral ops. = {éu, = 0}/{6X = LyX}. (26)

We can grade the cohomology by the action of Ly to
identify the number of operators of a given R charge %k.
The resulting cohomologies are nonzero for both positive
and negative k, and count both supersymmetric deforma-
tions and supersymmetric vevs of the corresponding chiral
operators. Furthermore, they include both single mesonic
operators trQ and chiral operators of the form trW,W*QO,
where W, are gauge field strength superfields.

It is straightforward to see that the cohomology depends
only on the class [X], reflecting the fact that the number of
chiral operators depends only on the holomorphic infor-
mation in the field theory. Hence we can calculate it
knowing only Xgp. If we furthermore impose a regularity
condition that 7 := df is nowhere vanishing, we can then
write Xgp in the form

Xgp = ectl 1, (27)

where the complex four- and two-forms ¢ and b’ satisfy

1 . . .
de+eybl ndb =0, pAdb =0 (28)
One can then show that solutions to Eq. (26) of R charge
r =%k come from perturbing b’ and are counted by a
new graded cohomology Hgﬂ(k) (with p = 2) defined by
the maps

T(n A AP T M) ST (g A APT* M), (29)

General properties of these groups and their expressions in
terms of the transverse and Kohn-Rossi cohomologies
defined by the underlying Sasaki-Einstein space will be
given in Ref. [7]. Given that the R charge of trtW WO is
two units more than that of trOQ and using the results of
Ref. [7], one can then derive a universal expression for the
Hilbert series of the single-trace mesonic operators

H(t) =1+T, (1) = [k =30,k > 0], (30)

where Z, (1) is the single-trace superconformal index and
we use Iverson bracket notation

1 if k>0 and k=0(mod 3),

0 otherwise.

[kE3O,k>0}—{

(31)

In defining F(t) we use the same power of twice the
conformal dimension #?* that appears in the index. In
examples where the R symmetry is compact, one usually
normalizes by the minimal U(1) charge. These normaliza-
tions do not generally match. By definition, the index is

independent of the marginal deformation and is given in
terms of Kohn-Rossi (or transverse) cohomology groups on
the SE solution [8]. Thus the Hilbert series, although in
general different from the series at the undeformed point, is
also independent of the particular marginal deformation, as
expected since it counts short operators with protected
conformal dimension, so can change only at discrete points
in the moduli space. (Note that we are also only capturing
operators dual to supergravity modes, so miss extra
operators dual to wrapped string states, as, for example,
in Ref. [3], that are expected to appear when there is an
algebraic relation between the marginal couplings.) For S°
the expression (30) reduces to Eq. (3), and applies to
generic deformations but notably not the beta deformation,
since in the latter case 7 vanishes on the three lines in the C>
cone: ' =72 =0,z22=27"=0,and 2> = 7' = 0.

As discussed in Refs. [8,29] the counting of mesonic
operators is given by the dimensions of the reduced cyclic
homology group HCy(A) of a noncommutative “Calabi-
Yau algebra” A defined by the SCFT with its superpotential
[30]. For S the corresponding algebras are of Sklyanin-
type. The reduced cyclic homology has been calculated in
the mathematics literature [9] and is in agreement with
Eq. (3). We have also checked the first few terms of the
general expression (30) for some other simple examples
(such as the conifold T':"). More generally, it is a prediction
for the set of mesonic operators for deformations of any
theory away from the SE point, given nonvanishing #.

Final comments.—The essential ingredient of our con-
struction is the generalized structure X that encodes the
holomorphic information of the dual field theory. This
structure is present for any d = 3, 4 CFT with at least four
supercharges, so, in particular, characterizes the Pilch-
Warner solution in type IIB, and AdS,; and AdSs back-
grounds in M theory. This perspective might be especially
useful for analysing M5-branes wrapped on Calabi-Yau
threefolds [31], and for describing F or @ maximization
away from the Sasaki-Einstein limit.
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