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Abstract:

We describe, through the use of Rubin’s theorem, the automorphism
groups of the Higman-Thompson groups G, , as groups of specific
homeomorphisms of Cantor spaces &, ,. This continues a thread of
research begun by Brin, and extended later by Brin and Guzman: to
characterise the automorphism groups of the ‘Chameleon groups of
Richard Thompson,” as Brin referred to them in 1996. The work here
completes the first stage of that twenty-year-old program, containing
(amongst other things) a characterisation of the automorphism group
of V, which was the ‘last chameleon.” The homeomorphisms which
arise fit naturally into the framework of Grigorchuk, Nekrashevich,
and Suschanskii’s rational group of transducers: they are exactly those
homeomorphisms which are induced by bi-synchronizing transducers,
which we define in the paper. This result appears to offer insight into
the nature of Brin and Guzman’s exotic automorphisms, while also
uncovering connections with the theory of reset words for automata
(arising in the Road Colouring Problem) and with the theory of auto-
morphism groups of the full shift.
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1. INTRODUCTION

In this article, we describe the automorphism groups Aut(G,,,) of
the Higman-Thompson groups {G,, }, the first infinite family of finitely
presented infinite (almost) simple groups to be discovered.

The description of the automorphism group of V = G5, (and more
generally of G, ,) has remained a challenge to the community of re-
searchers of the R. Thompson groups since Brin’s 1996 article [4], which
characterises the automorphism groups of F' and T, but which leaves
V' as the last ‘chameleon.” Brin and Guzman’s following article [6]
explores many further properties of the automorphism groups of the
generalised Thompson groups F),, and T, ,, which are subgroups of
G,,. Properties they discovered include the intriguing existence of
‘Exotic automorphisms’ when n > 2. (The groups F' and T correspond
to Fy; and T5; in a generalised notation introduced by Brown in [7].)
However, Brin and Guzman leave the mysterious groups of automor-
phisms of the groups G, untouched. In [§], Burillo and Cleary further
study the automorphism group of F', investigating some of its metric
properties and providing a presentation for this group.

Our paper fills the main gap mentioned above.

To obtain our classification, we follow a three-step process. Firstly,
we demonstrate through the use of Rubin’s theorem [23] that the au-
tomorphism group Aut(G,,,) of G, , can be naturally identified as an
overgroup B, , of G, in the group of homeomorphisms of a specific
Cantor space €, ,. Secondly, we show that any such homeomorphism
must actually have a special property (finitely many local actions) that
is equivalent to the homeomorphism being representable by a finite
state transducer as observed in [12]. Such homeomorphisms have in-
verses of the same sort, which means that we obtain Aut(G,,) as
a subgroup of the rational group R,, = R, of Grigorchuk, Nekra-
shevych, and Suschanskii. (This group will reappear frequently in our
discussion; so we abbreviate the authors as GNS.) Finally, we classify
exactly which subgroup of R, , we are getting: we show that the el-
ements of Aut(G,,,) are precisely those homeomorphisms which can
be represented by strongly synchronizing transducers and with inverses
also being strongly synchronizing (we call such homeomorphisms bi-
synchronizing).

As the reader can see from the above description, our characterisa-
tion of the automorphisms of the groups {G,, .} is similar to Brin’s [4]
(and later Brin and Guzmaén’s [6]) for other Thompson-esque groups,
in that we describe these automorphism groups as subgroups of homeo-
morphism groups of Cantor spaces through the use of Rubin’s theorem,
using the descriptions of the groups {G, .} as groups of homeomor-
phisms of the relevant Cantor spaces. In contrast to the earlier results,
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the total disconnected nature of Cantor space makes pursuing the out-
line of the papers [4] and [6] more difficult. Section [3| of this paper
represents the culmination of the previously taken approach; all of the
later work is what is required to bridge the gap and analyse the results.
We characterize Gy, , as the set of elements fixing the equivalence classes
of the relation that two points in &, , are equivalent if they admit a
common infinite suffix (in the natural labelling of the points in that
space). However, G,,, acts highly transitively on any given equivalence
class under that relation (that is, k-transitively for all positive integers
k). Also, the points of any such equivalence class are spread densely
throughout the Cantor space €, ,. These features eventually lead to
our representation by bi-synchronizing transducers.

The remainder of this work is concerned with several offshoots from
our three-step outline mentioned earlier. Firstly, we use our classifi-
cation of the automorphism groups to obtain strong results about the
outer automorphism groups of the groups G, ,. We are also able, for
a fixed n, to assemble the set of groups {O,, | 1 < r < n} into a
larger group O,, which has elements entirely defined in a combinatorial
fashion and with a synthetic multiplication operation, which group has
subgroups connected to the theory of the group of automorphisms of
the shift on n letters. We also explore properties of bi-synchronizing
transducers in their own right as object of interest.

While we have not further investigated the automorphism groups of
the groups F,, and T, as given by Brin and Guzmén, the connection
with transducers and the rational group appears to provide a very
natural framework for exploring some of the questions raised in their
paper. Indeed, we hope the viewpoint taken here towards the groups
of automorphisms that we study may help to further understand the
‘exotic’ automorphisms found by Brin and Guzman.

In the next subsections for given 1 < r < n we define the Cantor
space €, , and the groups G, ,, B, ,, and R, , mentioned above (and
some other groups of interest as well). After that we give precise state-
ments of our chief results. We will also interleave some discussion of
the state of current research on the questions answered here.

1.1. Cantor spaces and groups. For the remainder of this subsec-
tion, the symbols r» and n will represent two natural numbers so that
1 <r < n. It is fine to allow r > n as well, but we do not as under the
general form of the Higman definition of the groups G, ,, the groups
Gpr and Gy, (r4n—1) are isomorphic.

Given such r and n, the Cantor space €, , is the space consisting of
all infinite sequences defined as follows:

Cpri={carasas... | a; €{0,1,...,n —1},c € I},

where  is the set {0,1,...,7 — 1} which is a set of 7 symbols disjoint
from {0,1,...,n—1}. That is, €,, can be thought of as a disjoint union



AUTOMORPHISMS VIA DYNAMICS 5

of r copies of the infinite n-ary Cantor space €, := {0,1,...,n — 1}
(the standard topology on €, , is the product topology, considering f
and {0,1,2,...,n — 1} as finite discrete spaces).

Now, the group G,,, is then precisely the group generated by pre-
fix replacement maps: one specifies two incomparable finite prefixes
c1a103y . .. a; and cabiby ... by (for some indices j and k), and then
‘swaps’ these prefixes (here, two prefixes are incomparable if neither is a
prefix of the other). For example, a point c1a1as . .. ajaj41a449 . .. would
map to Cgblbz e bkaj+1aj+2 ... while Czblbg Ce bkbk+1bk+2 ... would map
to ciaiay . .. a;bgi1brts . ... Note that one can think of this group as a
group of piecewise affine transformations of the space €, , which are
locally orientation preserving. The book [I5] introduces these groups
and is still a main source of information on the Higman-Thompson
groups, which family of groups provides the first infinite source of in-
finite, finitely presented simple groups (the commutator subgroup of
G, is always simple, and is equal to G, when n is even, or is index
two in G,,, when n is odd). The Higman-Thompson groups are much
studied but are still of topical interest, retaining as they do some cloak
of mystery. Some investigations of these groups are [15], 22} 1T, 18], 25].

It is well known that in the case n = 2 and r = 1, the group Gy, is
isomorphic to the R. Thompson group V', and in general, following the
notation of Brown introduced in [7], we will denote G, 1 as V,.

Similarly, there are subgroups F,, < T,, < V,, (again adopting the
notation of Brown). The groups F,,, T,, and V,, naturally generalize the
R. Thompson groups F' = Fy, T =Ty, and V = V5. (See Thompson’s
1965 notes [24] or the oft-cited survey [9] for more information on the
R. Thompson groups.) We will not discuss the groups F,, and 7,, in any
depth in this article, but we will relate the work done here to previous
work carried out for those groups.

For the Cantor space &, there is the group R, of homeomorphisms
of €,, called the rational group (on n letters) by its discoverers Grig-
orchuk, Nekrashevych, and Suschanskii in [12, 13]. This is the group
of homeomorphisms of €, that can be represented by finite (asynchro-
nous) transducers inducing the appropriate transformations of the infi-
nite sequences corresponding to points in €,,. A transducer is a directed
edge-labelled graph with vertices called states, and with edge labels
taken from a finite alphabet 4. In normal usage, a (finite) transducer
is considered to have an active state, and it reads an input letter in the
alphabet A, transitions the active state using the directions provided
by labels on the edges and writes an output word from the alphabet
A according to the edge traversed. The defining characteristic of a
homeomorphism of €, which admits a finite asynchronous transducer
to represent it is that such a homeomorphism has only finitely many
local actions on the basic open sets of the relevant Cantor space; each
basic open set maps to its image using a scaled version of one of these
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local actions. The local actions then correspond to the states of the
representative transducer.

By an essentially trivial modification of the groups R,,, we introduce
here the groups R, -, which are just like the groups R,, except that the
resulting transducers process points in the Cantor spaces €, .

1.2. Discussion and statements of results. Recall that the auto-
morphism groups of F' and 7" are described in Brin’s landmark paper
[4]. In the later paper [6], Brin and Guzman go on to explore the
automorphism groups of F), and T,, for n > 2, where they make the
startling discovery of ‘exotic’ automorphisms.

Perhaps surprisingly, the methods of [4, 6] fail to restrict possibilities
sufficiently to create a meaningful description of the automorphisms of
V... We say just a few words on this here. The groups F,, and T}, can
be thought of as groups (under composition) of certain piecewise affine
homeomorphisms of the spaces R or S!, respectively. The approaches
of Brin in [4] and of Brin and Guzmén in [6] both make use of Rubin’s
theorem to understand an automorphism of a group F),, or T}, as a
topological conjugation by a homeomorphism of the relevant space.

For a given n > 1, the group V,, can be thought of as consisting of
the piecewise affine transformations of the Cantor space €,; in some
sense V,, is the group of “PL approximation homeomorphisms” of the
full group of homeomorphisms of &€,. As such, V,, represents a very
“large” group, and Rubin’s theorem again applies. However, V,, takes
full advantage of the totally disconnected and homogeneous nature of
its relevant Cantor space. In consequence, the groupoid of local germs
of elements of V,, turns out to be too flexible to provide sufficiently
restrictive information on its own to characterize the automorphisms
of V,.

Our first theorem represents a resolution of the problem mentioned
above. Through a heavy use of some versions of transitivity of the
action of G, , on &,, we are able to show that an automorphism of
G, will only admit finitely many types of local action on €, ,, so
automorphisms of GG, , are representable by finite transducers.

The “transitivity” of the action of G, , on €, , also allows us to see
that for a given automorphism, after finitely many steps, the active
state of our representative transducer has to be in a specific state.

Specifically, a transducer is strongly synchronizing at level m if there
is a natural number m so that whenever the transducer reads an input
word of length m, the resulting active state is then known, regard-
less of the initial active state. A homeomorphism is representable by
a bi-synchonizing transducer if there is a natural number m so that
the homeomorphism and its inverse are both representable by finite
transducers which are strongly synchronizing at level n. Note that
there exist homeomorphisms representable by strongly synchronising
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transducers but where the inverse of the homeomorphism cannot be
represented by a transducer with strong synchronization (see [2] for
examples of these sorts of homeomorphisms).

A transducer which has the property that after reading a specific
string (a reset word) from any state one knows which of the states of
the transducer has become the “active state” is called a synchronizing
transducer (in the literature around the Cerny Conjecture and the road
colouring problem (see, e.g., [20, 27])). This established use of the
adjective “synchronizing” motivates our choice of language. Strongly
synchronizing transducers are considered further [IJ.

Note that there is also another unfortunate collision in nomencla-

ture in the literature. Transducers which transform input strings in
a “one letter in, one letter out” fashion from each of their states are
called synchronous transducers. A typical example of such is the trans-
ducer whose states represent the standard generators of the Grigorchuk
group.
Theorem 1.1. Let R, represent the generalized GNS rational group
of homeomorphisms of the Cantor space €, , (that is, those homeomor-
phisms which are representable by finite initial transducers). The sub-
group By, , of Ry, of homeomorphisms representable by bi-synchronizing
finite transducers contains Gy, and is isomorphic to Aut(Gy,,).

1.2.1. On outer automorphisms. As mentioned above, the union over
all valid r of the outer automorphism O,, , groups of G,, , forms a group
under an appropriately defined transducer product. Thus we have the
following theorem.

Theorem 1.2. Let r be a positive integer less than n, and denote by
O,,.» the outer automorphism groups of Gy, . Then O,, := U1<r<n On.rs
with an appropriately defined binary operation extending multiplication
in Out(G,,), forms a group.

The path to the proof of this is perhaps of interest. One can show
that any given transducer A,, representing an element of B, , has a
special sub-transducer (the core of A,,), which precisely characterises
the outer-automorphism class of the image of the homeomorphism rep-
resented by A,, under the natural quotient to the outer automorphism
group. The set of (equivalence classes of) such core transducers admits
an easily computed product operation under which it is the group O,, ..

We have the following theorem.

Theorem 1.3. Forn > 2, and 1 < r < n a positive integer, the group
On.r, and so O, is infinite.

1.2.2. Further related groups of interest. For given n (and ), the group
O,, has some very interesting subgroups. One of these subgroups is £,
which is the image in O,, of those homeomorphisms representable by bi-
synchronizing transducers that have locally constant Radon-Nikodym
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derivative. In B, ,, these elements form the subgroup of homeomor-
phisms with bi-Lipschitz action on the Cantor space &, ., which group
we denote as LB,,,. For 1 <r < n, let £, , denote the image of the
group LB, , under the quotient to O, . In particular, £,,, = £,NO,, .
The group L, contains a (combinatorially defined) further subgroup #,,
of great interest. Similar to the above, we set H,, == H, N O, ,. The
elements of H, correspond to non-initial core transducers which are
not only bi-synchronizing, but also synchronous (one letter read in be-
comes one letter written out, on each transition), and which have some
state that acts as a homeomorphism of Cantor space. As will be shown
in [1], the group H,, embeds naturally as the subgroup of the automor-
phisms of the full shift Aut({0,1,...,n — 1}% o) which are given by
sliding block codes which use no future information. However, it is not
hard to show that the image group mentioned is actually isomorphic
to Aut({0,1,...,n— 1} o), the automorphisms of the one sided shift
on n letters (as suggested to us by J. Hubbard). It follows that H,
is actually cyclic of order two by a classic result of Hedlund [I4]. In
[1], the authors provide a new proof of this classic result using a close
analysis of the automorphism types of specific quotients of de Bruijn
graphs.

Throughout the paper (but, predominantly in Subsection [9.4)), we
provide examples of various group elements of the various groups, by
giving representative transducers. While the definitions are sufficient
to immediately prove the first point of the following theorem, the re-
maining points are proven through demonstrations of the existence
of transducers representing various group elements with appropriate
properties.

Theorem 1.4. Let 1 < r < n be integers. We have

(1) Hy < Lo < O,

(2) there are elements of O,, which are not in L,

(8) there are elements of L, which are not in H,,

(4) for n > 2 there are elements of H,, of infinite order,
(5) there are non-bi-Lipschitz torsion elements of Oq, and
(6) there are elements of Ly of infinite order.

1.2.3. An example transducer. For those readers already comfortable
with transducers, the following initial transducer (initial state go) of
Figure [I| represents an element of B; 5 with natural image in L35 non-
trivial.

One can verify, for instance, that the states ¢o, g3, and ¢4 are the
states of the core, as reading any fixed word of length two in the al-
phabet {0, 1,2} from any state (other than ¢, which only takes words
with first letter from the alphabet {0,1}) will result in the same fixed
state.
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0/1

1/2 0/2 2/0

FIGURE 1. An element of Bs»

1.3. Future directions. The paper concludes with some open prob-
lems on which further work is needed.

There are some related articles [I] and [2I]. In those papers, the au-
thors investigate many further properties of the groups H,, < £, < O,,.
There remain many mysteries. For instance, the author of [21] gives
necessary and sufficient conditions for elements in H,,, and therefore,
for elements of Aut({0,1,...,n — 1} o), to have finite order. These
conditions, however, do not yield a decision procedure.

It seems likely that the work in this article can be used to investigate
the ‘exotic’ automorphisms which arise for the subgroups F,, < G,,; for
various values of n. Indeed, it is relatively easy to build asynchronous
finite transducers €, — €, which represent non-PL maps [0, 1] — [0, 1]
which conjugate F), to F, in ways which cannot be realized by any
inner automorphism of F,, (for n > 2).
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1.4. Objects of interest. The following tables lists the monoids and
groups of initial and non-initial transducers contained in this article
and their defining characteristics. The lists are in containment order
with the largest first. The symbol “.” occurring in a cell means that
there are examples of elements of the corresponding object which do
not have the property heading the column.

The monoids. The following table is of the monoids of initial, strongly
synchronizing transducers acting on Cantor space €, , contained in this
article.

Invertible
Synchronous|Lipschitz|Bi-Lipschitz| as initial |Page ref.
transducer
M, - - _ - pg.43
Snr _ - _ v pg.44

TABLE 1. Monoids

Quotient monoids. The following monoid 6n arises from the operation
of “passing to the core” on the monoid S, , as a form of quotient. We
note that one can similarly consider such a quotient for M,, ,., however,
the resulting monoid does not play a role in this article.

Invertible

as transducer Page ref.

Synchronous|Lipschitz | Bi-Lipschitz

O, - - - - pg.66

TABLE 2. Quotient monoid

The groups. The following table is of the groups of initial, strongly
synchronizing transducers acting on Cantor space €, , contained in
this article. We note that as these are groups, all their elements are
bi-synchronizing. We further note that ‘HB,, , is properly contained in
LB, and this proper containment is highlighted by Table
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Invertible
Synchronous |Lipschitz|Bi-Lipschitz| as initial |Page ref.
transducer
B _ _ _ v pg.44
LB, _ v v v pg.8
HB,, - v v v pe.74
G r _ v v v pg.16

TABLE 3. Groups

Quotient groups. The following groups arise from the operation of “pass-
ing to the core” on the groups in the preceding table. These groups
are precisely the quotient by normal subgroup G, , of the objects in
the preceding table. We note that as these are groups, all their ele-
ments are bi-synchronizing with the suitable definition for non-initial
transducers.

Synchronous|Lipschitz|Bi-Lipschitz aslill:/éfriziib&ier Page ref.
Onr _ - _ v pg.46
Loy - v v v pg.74
H, v v v v pg. 74
id v v v v

TABLE 4. Quotient Groups



1.5. A table summarising objects of interest.

Group|Monoid Syr?gl(r)gfilzing Bi-synchronizing|Synchronous|Lipschitz|Bi-Lipschitz ISZ?;ZLT: Initial{Page ref.
M| - v v - - - - - v pg.43
Snr - v v - - - - v v pg.44
O, - v v - - - - - - pg.66
B, | v v v v - - - v v pg.44
Onr | vV v v v - - v - pg.46
LB, vV v v v - v v v v pg.8
Lor| vV v v v - v v v - pg.74
HB,,| v v v - v v v v pg.74
H, v v v v v v v v - pg.74

TABLE 5. Summary of objects of interest and their properties

¢l
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2. LANGUAGE, NOTATION, AND GROUPS

In this section, we will more carefully construct the Cantor spaces
¢, and ¢, , for given 1 < r < n € N, and the groups G, ,. We will
also develop notation and equivalence classes for sets of points in €, ,
which will be valuable in later discussions. First, here are some general
conventions we will follow.

Given topological spaces X and Y, we will denote by Homeo(X,Y')
the full set of homeomorphisms from X to Y. We set Homeo(X) :=
Homeo(X, X), which becomes a group under composition, the group
of self-homeomorphisms of the space X (we will also use H(X) for
Homeo(X) when notation is too heavy, e.g., if G < Homeo(X) we will
write Ny (x)(G) for the normalizer of G in the full group Homeo(X)).
If G < Homeo(X), we say (X,G) is a space-group pair, and we use
right actions to denote the natural action of G on X. In particular, if
re X, U C X, and g,h € G, then we write g or x - g for the image of
x under the map g, we write

Ug:={ug|ueU},

we write g" := h='gh and [g, h] := g~ 'h~*gh. We will extend the right
action language above without too much concern when it is natural
to do so, e.g., if h : X — Y is a homeomorphism, we will write ¢"
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to represent the self-homeomorphism Y — Y given by the rule y —
yh~1gh.

Throughout the remainder of this article, we will use the right-action
notation outlined above. Note also that from now on, we will as-
sume at random times that we have some given 1 <r <n €N,
so that we can refer to a space ¢, , or a group G, , without
comment. Occasionally in discussion we might still explicitly instan-
tiate these constants.

2.1. Cantor spaces revisited. Recall from above that we regard the
Cantor space €, as the set of all infinite {0,1,...,n — 1}-sequences
under the standard product topology. That is, give the set X, :=
{0,1,...,n — 1} the discrete topology, and then we have

¢, = X

under the product topology.
Further, set

Whe =X,

(the set of finite or empty words (sequences) over the alphabet X,
where we will always use the symbol ¢ to denote the empty word over
any alphabet), and

W, =X,

(the set of finite non-trivial words in the alphabet X,,). If n,v € W,
are so that n is a prefix of v, we denote this by n < v, and we also
write n < v if n is a proper prefix of v.

Definition 2.1. Letv,n € W, .. We say that v and n are incomparable
if v £ n and n £ v, and we denote this as vLn.

Remark 2.2. Observe from the definitions that if w € W, ., then
e < w. Specifically, € L w is not true for any w € W, .

Give the set 1t := {0, 1,...,r— 1} the discrete topology and set
¢ i=1xCE, (so that €, , = U;c;€, and hence &, , is a Cantor space).
Further, set W, , :=1 x W, and

Wire =1 X W, .

By an abuse of notation, we will consider W,,,, C W, , . as sets of
nontrivial finite words with first letter from the alphabet  and any
latter letters from the alphabet X, and we extend the meaning of
<, <, and L to W, .

Forne Wy, UW,,and v e W,, . UW, UC,,UCE,, define n v
to be the concatenation of the sequences n and v. (In practice, if
v € WyreUC,,, then we will have n is the empty word e.) For
n € Whre, weset U, == {n"z |z € &,}, and we set U := €, ,. We
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call U, the cone at n. In these cases, we refer to 7 as the address of the
cone U,. Set
U, ={U, | n € Wiyre} U{Uc}.

The set U,,, is a clopen basis of the Cantor space &, .

Definition 2.3. If a word w € W,, admits two non-trivial subwords g
and h so that w = g~ h, then we say w is a rotation of the word h"g.

Notation 2.4. Forne W, UW, .. andv e W, U&, UW,, UC,,,
let n < v mean that n is a (possibly empty) prefic of v. Furthermore,
ifn<v, thereiste W, U&C, UW,, U, , such that n"T = v, and
in this situation we define

V—1=T.

Note that in the situation described by Notation 2.4} if 7 € W, U
¢,.r, then in our practice we will have n = e.

Definition 2.5. Let i = {no, ..., nk—1} be in WE  for some integer k >
1. We call 7j a antichain in W, ,. if for any distinct i,j € {0,...,k—1},
n; % nj. Such an antichain will be called a complete antichain if for
every ¢ € Wi, ..., there is i < k such that n; < ¢ or ¢ < n;.

For an antichain 77 as in the definition above, we call the integer k the
length of 7. In general, we may also call a complete antichain in W, ,
a prefiv code. While an antichain is a tuple (implying an ordering),
we use braces in our notation as most of the time we consider them
simply as subsets of W), ... The ordering is relevant to the definition
of a prefiz code map, defined below in Subsection [2.2]

2.2. The groups G, , and some interesting subgroups. We are
also interested in building up complex maps from simpler ones. A
foundation for this is provided as below.

Definition 2.6. Ifn,( € W, .. define g, : U, = U by
(" )gne = C

for all x € €,. For given n and ¢ as above, we will refer to the map
gn,c as the basic cone map from U, to U,.

Using the cone maps above, and complete antichains in the poset
Wi.», we can define a specific class of homeomorphisms on the Cantor
spaces €, ;.

Definition 2.7. Let 7= {no,...,mk—1} and 5: {Coy-- -, Ce—1} be com-
plete antichains in W, , of length k for some fized positive integer k.

Define
956 = | 9mc-

i<k
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In the context above, we may call such a map 9z a prefix code map.
It is well known (and easy to check) that compositions and inversions of
prefix code maps are prefix code maps, so for fixed r and n, the prefix
code maps over &, , form a group of homeomophisms. We denote the
resulting group as G, ,.

Notation 2.8. Let
Gy = {95211, C are complete antichains
of Wire of the same length}.

We note in passing that in Higman’s framework, the groups G,, , are
groups of automorphisms of free term algebras. The definition we give
above is a standard translation from the original Higman definition of
the groups G, , to a definition of these groups as groups of homeomor-
phisms of spaces. For a detailed discussion of the history behind these
multiple points of view, we refer the reader to section 4B of [7].

Now, from the definition given above for the elements of G, ,, for
every g € G, there is a minimal integer k and two finite sets of cones

{Un07 te ‘7U7]k71} g Unﬂ’

and

{‘/CO’ R ‘/Ck:—l} g Un7r’
each partitioning &€, ,, so that g maps each U,, to V¢, as the basic cone
map- gp; ;-

By considering the loops in the transducer in Figure |1} the reader
can see that the transformation it represents cannot be a prefix-code
map (these loops re-write infinite strings to infinite strings using en-
tirely different letters). Specifically, the induced homeomorphism must
project to a non-trivial outer automorphism of G ». However, there are
easier examples of the general fact that the group B, , has homeomor-
phisms which naturally project to non-trivial elements of O, ,. Here
we provide a simple family of such homeomorphisms for the reader to
verify the claim.

Definition 2.9. Let 0 € S,, be any permutation on the set X,,. Define
the map o : €, — €, by the rule (ajazas...) — (ao0as0azo...),
and call this map the o-twist of &,. Further, define the map o, :
Cor — € which is obtained by applying & to each cone Uy = &, for
ke {0, 1,...,r— 1}, and call this map the o-twist of €, ;.

We observe in passing that the o-twists of €,, and of €,,, are home-
omorphisms of the respective Cantor spaces. (Indeed, these homeo-
morphisms are obtained as induced actions on the boundary of the
standard infinite trees used in the construction of the Cantor spaces
under consideration, where the o-twists actually represent automor-
phisms of these trees.) The relevance of o-twists is shown by the next
remark.
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Remark 2.10 (Existence of non-trivial Out(G,,,)). Let 1 <r <n €
Z, and suppose ¢ € S,. The map o,, : G,, = G,, defined by
g o, Y. g-0,,, for 5,, the o-twist of €,, as defined above, is an
automorphism of G,,,. Furthermore, 7, , belongs to Inn(G,,,) if and
only if ¢ is the trivial permutation.

The fact that o, , is an automorphism of G,, , is a direct computation
that we leave to the reader. If o is not trivial, then the conjugacy action
of 7, cannot coincide with that of an element g € G,,, as otherwise
conjugation by the product g~'7,,, (which is not in G,,,.) would induce
the trivial action on Gy, ,, while it is easy to see that for any given non-
trivial homeomorphism p of the Cantor space €, ., there are elements
of G, which fail to commute with p.

Definition 2.11. We say that g € Homeo(&,,,) is densely canonical
if for every nonempty open set U C €, , there are words n, ¢ € W, .
with cones U, C U and U so that gly, = gy.c.

Denote by G, ,a the set of densely canonical homeomorphisms of
¢,.», noting that it is a group under composition.

Definition 2.12. We say that g € Homeo(&,,,) is pointwise canonical
if for every x € &, there are n1,n2 € Wy, and y € &€, such that
r=1m"y and xg="12"Yy.

Denote by G, the set of pointwise canonical homeomorphisms of
¢,.», noting that it too is a group under composition.
Remark 2.13. For all integers 1 < r < n, we have

Gnm < Gn,r,d N Gn,r,p-

We now give another definition of G, ,.,. Define a relation on €, ,

by:
r~y&ednrveW,,,ze€,sothat x =v zand y =n"z.
This is an equivalence relation on €, ,. We denote the set of equiva-
lence classes of ~ by €, ,./~, and the equivalence class of x € €, , by
[z]~. Given z, y € €, ., we say x and y have an equivalent tail if and
only if y € [z]., and we call [z]. the tail class of x. Let H,, . be the
group of all homeomorphisms of &, , that preserve ~. That is,
H,,~ ={g € Homeo(C,,) | y ~x < yg ~ xg}.

Clearly, G, ,p is a subgroup of H, ,.. By definition, H, . has an
induced action on €, ,/~, and from this point of view it is immediate
that Gy, ,, represents the kernel of the action of H,, .. on €, /~. That
iS7 Gn,r,p < Hn,r‘,wa and

Gnrp={9€ Hprr | Vo €C,,p, xg € [z] }.

We say that G, ., fires ~ pointwise.
We observe the following easy lemma.
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Lemma 2.14. For all x € &,,, the group G, , acts transitively on
[z]..

Proof. For each y € [z]. there are v,n € W,,. and z € €, such

that + = v"z and y = n"2z. There exist two complete antichains
7=A{no,...,Mk—1} and 7 = {vp, ..., vk_1} such that n = ny and v = vy,
and hence zgy; = y. Il

3. MORE ON Gy, 4, Gpyp, Gnr AND H,, )

If X is a topological space and z € X, then we let Nbr*(z) denote
the set of open neighbourhoods of x in X. A subset A C X is some-
where dense, if for some nonempty open set U C X, the intersection
ANU is dense in U. The following is a version of the main result in
[23].

Theorem 3.1. (M. Rubin) Let (X,G) and (Y,H) be space-group
pairs. Assume that X is Hausdorff, locally compact, and without iso-
lated points, and that for every x € X and U € Nbr™(zx), the set
{zg | 9 € G and g|(x—vy = Id|(x—1} is somewhere dense. Assume
that the same holds for (Y, H ). Suppose we have a group isomorphism

=, H. Then there is ¢ € Homeo(X,Y') such that ¢ induces ¢. That
s, g = g% for every g € G.

Below, we refer to the homeomorphism ¢ in the statement of Rubin’s
Theorem as a Rubin conjugator.

Corollary 3.2. Aut(Gr,) = Nue, ) (Gny)-

Proof. An automorphism of GG, , is an isomorphism from G,,, to itself,
so we set X =Y = &, , in the statement of Rubin’s Theorem, and we
see that Aut(G,,,) is a quotient of Ny (e, .)(Gnr). It is easy to see that
any self-homeomorphism of €, , is a limit of elements of G, , so the
kernel of this quotient map is the trivial subgroup. Thus, given any
non-identity element h € Homeo(&,,,), we can find an element of G,
which fails to commute with h. O

The following lemma is standard in the literature which relies upon
Rubin’s theorem, for example [5], B, [17].

Lemma 3.3. Let X be a topological space, ~ an equivalence relation
on X, H. the subgroup of Homeo(X) consisting of all the homeomor-
phisms that preserve ~ and G a subgroup of H. fizing all equivalence
classes of ~ and acting transitively on each equivalence class. Then
{h € Homeo(X) | h"'Gh C G} C H... In particular, Nyx)(G) < H..

Proof. Let h € Homeo(X) so that G* C G and suppose z € X and
y € [z]~. Since G acts transitively on [z]., there exists ¢ € G such
that zg = y. Calculating, we have xhg" = thh™'gh = yh. As ¢" € G,
we see that xh ~ yh, and since x is an arbitrary element of X, we
conclude that h € H.. O
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Corollary 3.4. We have:

(1) Aut(Gyr) = Nugen)(Gny) < Hypon
(2) Aut(Gnmp) = Hn,'r,N'

Proof. Point (1) follows directly from Corollary and Lemma [3.3]
For Point (2), notice that by the Lemmawe have Ny e, ) (Gnrp
H,, . Moreover, if h € Hy,, ~, g € Gprp and x € €, ., then zh™
zh~'g so th™'h ~ zh~'gh = x¢". Thus = ~ 2g¢", and as x is arbitrary
in €,,, we see that ¢" € G, ., and therefore h € Ny(c, ,)(Gprp). O

IV/A

Part of Corollary will be used in Section |§| to find conditions
on automorphisms of G,,, (as homeomorphisms of €, ,), enabling us
to show those particular homeomorphisms can be represented by finite
transducers. The following Lemma and Proposition are of independent
interest, but are not used later.

Lemma 3.5. Let g € G,,,, and v, € W,, .. Then the set
Agpn ={x e, |z=v"y and xg=mn"y for somey € €.}
1s closed.

Proof. Suppose that {z;}2, C A,,, is a sequence that converges to
x € €, ,. For every large index ¢ there is y; € €, such that x; = v y;
and x;g = n"y;. So as x; — x, we have v"y; — v y = x for some
y € €, , such that y; — y. But g is continuous, so z;g — xg, that is
n"y; — xg. Therefore, n"y = xg, hence x € Ay, ,,. O

Proposition 3.6. G,,,, = H,, . NG, ,q.

Proof. Let g € G, and let U C €, be an open set. For every v,n €

Wi set AV, = Ag,, N U. Since Ay, is closed in &, ., we have that

AV, is closed in U. Since g € G, ,p, we also have U = Usnew,. AV,
Now, U has the Baire property and there are countably many Agym’s in

the above union so there exists some v and 7 so that AL, , 1s somewhere

dense. Let Us C U be a basic cone so that AgymﬂUc is dense in U;. But

AU, N U is closed in U so A, NU; = U and therefore U. € A,
Let 7 € W, be such that v"7 = ¢ and set w = n"7. For every

¢ "z € Us we have
("x)yg=Ww'T 2)9g=n"Tx=w"2.
Thus, we have found a cone Us C U and w € W, . so that 9|U< = J¢w
and hence g € G, ;4. Therefore, G, ,, < Hpp o NGprd.
Conversely, let ¢ € H,,. N Gprq. Since g € G, 4, there exist
v,n € W, such that g|y, = g,,. As every tail class has a representative

in U, and g € H,, ., we have that g fixes ~ pointwise. Therefore,
Hn,r,~ N Gn,r,d g Gn,r,p- U
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4. LOCAL ACTIONS

Given h € Homeo(€,,,) and U, € U,,, we would like to investigate
the action of h on U,. We begin by establishing some notation for
h € Homeo(€,) and U, € U,. We will then briefly discuss how to
generalize what is established for homeomorphisms of &, ,..

For U C &, define the root of U to be v € W, . such that U C U,
and U, is the minimal element in U,, (with respect to inclusion) with
this property. Denote

v := Root(U).

Definition 4.1. Let h : €, — &, be a continuous function. The root
function of h is the function 0y, : W, c — W, ¢ defined by:

v — v, = Root(U,h)
forallv e W,..

Definition 4.2. Let h : €, — &, be continuous and injective, and
v € Wy.. The local action of h on v is the injective continuous map

h, : €, — &, defined by x - h, =y, where (v"z)-h = (v-0y) y.

Remark 4.3. Given any homeomorphism h : €, — &, and v € W, ,
it is easy to verify that:

1) the local action of h on v is well defined,

Ul/ -h g Uu-9h7

h, is both continuous and injective,

h, is surjective (and hence h, € Homeo(C,)) if and only if
U, -h="U,y,, and

(5) if v"'n € W,, then (v"n)8, = v8," (nbh,).

(

(2)
(3)
(4)

We now discuss how to generalize these definitions to a homeomor-
phism A from &, , to itself.
Let B, C Wy, be the unique maximal set of strings such that:

(1) if v € Py, then (U,)h is contained in a specific cone B, € U,
for some a € 1, and
(2) for any proper prefix p of some v € P, there are a; # ay € T
and z, y € €, so that {a; "z,ay "y} C (Uy,)h.
In the case that r = 1, we note in passsing that P, = {e}, since if there
were other elements in P, we would not be able to satisfy the second
property, as that are not two distinct elements of .
Observe by the continuity of h and compactness of &, , that P, is
a finite set which makes a complete antichain for W, ,.. If r > 1,
then all members of P, are non-trivial words. Now define, for any p
a proper prefix of an element of P, that (u)f), := ¢, so that the local
action h, is a continuous injective map h, : €, — €, , (or from €, ,
to &, if p = €). For each element v € P, we set (v)f), to be the
unique maximal common prefix of all the points in (U,)h. We observe



AUTOMORPHISMS VIA DYNAMICS 21

that for each element v € P, the resulting string (v)6), will be a non-
empty string beginning with a letter in r and so there is an induced
local action h, : €, — €&,. Finally, for v € P, and all £ = v p, set
(&)0y, := vby, " pb,, where h, : €, — &, is the local action of h at v, as
mentioned in the previous sentence.

Essentially, one needs a little care with the definition of local actions
for a homeomorphism h € Homeo(Z,, ), to handle the specific cases
arising from the set of letters r. Specifically, there is a unique local
action associated that is a map from ¢, , to €, ,, there are finitely
many associated local actions which are maps from &, to ¢, ,, and
finally the remaining associated local actions are maps from €, to €,.

5. ON THE RATIONAL GROUP R, AND THE RELATED GROUPS
Rnr

In this section we will specify the group R, ,, which is akin to the
group R,, of GNS in [I2]. For the most part, we follow the ideas and
definitions of [12].

5.1. Defining standard transducers and associated notation.

Definition 5.1. A transducer is a tuple A = (X;, X, Q, 7, \), where:

(1) X; is a finite alphabet, the input alphabet,

(2) X, is a finite alphabet, the output alphabet,

(3) Q is a set, the set of states,

(4) m: X; x Q — Q is a mapping, the transition function, and

(5) X : X; x Q — X is a mapping, the output function. (Recall
that X is the set of all finite strings in the alphabet X,; that
is, “*”is the “Kleene star” operator.)

An initial transducer is a tuple Ay, = (X, Xo, Q, 7, A, qo), where A =
(Xi, X0, Q,m, \) is a transducer and qp € Q.

The word “transducer” is used since transducers are meant to model
machines which transform inputs to outputs in a controlled fashion.
In particular, one is to imagine that there is always a specified “active
state” (say ¢ € @ for the purposes of this discussion) from which the
transducer will process its input. The transducer then “processes from
q" as follows. First, it reads a letter a € X; from an input tape, and
then it performs two actions. These actions are:

(1) the active state changes to the state 7(a, q), and

(2) the transducer writes the word A(a, q) to an output tape.
Thus, transducers transform input strings to output strings. An initial
transducer includes the specification of the initial state from which
processing starts.

The functions A and 7 can be extended to the set (X;\{e}) x @
according to the following recurrence rules:

T v, q) =7, m(pq) and  Ap v, q) = Ap, q) A, w(p, q)),
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where 1 € X; and v € X. Now further extend the definition of X so
that it is defined on inputs from X in the obvious manner. Note that
an infinite string might still be transformed to a finite string if while
processing the infinite string we at some stage visit a state ¢ with no
output on the next letter, and from then on, always visit states that
give no output as we process the remaining letters of the input string.

In all that follows below, we will assume that our transducers are
constructed in such a way as to never transform an infinite string to
a finite string. In this way, for any state ¢ € @, we see that A(-,q) :
X¢ — X2 will always represent a continuous map which map we will
denote hy, : X — Xg. We may also refer to hy, as the local action
(of the transducer A) at ¢ and we might denote its image as Image(q)
when this notation seems clear by context.

5.2. Some technicalities for transducers. Let us now consider a
fixed initial transducer A, := (X;, X,, Q, T4, A4, qo). For both A and
A,,, we say the transducer is finite whenever |Q)| < oo.

Now consider the transducer A,,, and consider the continuous map
h = ha, : X7 — X7 induced by A,. Recall that for any word
7 € X we use the notation h, to represent the local action of h at
7, while 76, = Root(U;h) € X}. Let ¢ € @ and v € X} be such
that m4(v,q) = q. If Aa(v,qo) is a proper prefix of v#, then ¢ is
considered a state of incomplete response, as the infinite outputs from
g will have some non-empty guaranteed common prefix. Also, if for
some ¢ € @ and for every v € X} we have w(v,q) # ¢, then we say ¢
15 an inaccessible state, noting that such a state ¢ could never have any
bearing on the definition of the map h. Finally, if two states ¢1, ¢, € @
are so that ha, = ha, , then we say that ¢; and ¢ are w-equivalent
states (this name is given to this concept in [12]). Specifically:

Definition 5.2. We say two initial transducers
APO = (X’U XO7 QA? TA, >\A7p0)

and
qu = (X’H Xo’ QB: TR, >‘B7 q0)

are w-equivalent if they represent the same continuous function from
o to €, (where | X;| =m > 1 and | X, =n>1).

We say the transducer A, is minimal if A, has no states of incom-
plete response, has all states accessible, and whenever ¢;,q, € @ are
w-equivalent states, we have ¢; = ¢».

Aside from the definitions of w-equivalence above there is also a
stricter definition of equivalence of transducers.

Definition 5.3. We say two transducers A = (X;, Xo, Qa,7a, Aa) and
B = (X, X,,Qp, 7B, Ap) are strongly isomorphic transducers, denoted
by A =4 B, if there is a bijection T : Qa4 — Qp between the states



AUTOMORPHISMS VIA DYNAMICS 23

of those transducers so that for all ¢ € Qa and v € X; we have
mp(2,7(q)) = T(ma(z, q)) and Ap(x,7(q)) = Aa(,q).

Note that this notion represents an equivalence of transducers which
is independent of an initial state. E.g., two strongly isomorphic trans-
ducers, both reading some input alphabet A, when assigned non-corresp
onding initial states would generally represent different functions on
A=,

We note that a general transducer is asynchronous in the sense that
reading any input letter from some state, we have no guarantee that the
output of the function A will be a single letter. In the special case that
for all states ¢ € @ of the transducer, and for all input letters x € X;,
we have a guarantee that |A(z,q)| = 1, then we say the transducer is
synchronous. Thus, if we do specify that a transducer is asynchronous,
then this generally means that we are reminding the reader that (at
that time) we have no guarantee that the output of the function A has
length 1.

One can represent transducers as directed labelled graphs as follows.
Let A be a transducer as above. Our graph I'4 will have vertex set the
set @, and a directed edge from ¢ to 7(a, q) for each pair (a, q) € X; xQ,
and where we label this edge with the string “a/w” where w = A(a, q)
is a word in X{.

5.3. Transducers acting on ¢, ,. We will use transducers to model
self-homeomorphisms of the spaces €, ,. This introduces various is-
sues that will cause us to slightly modify our definition of transducers.
Above, we already extended the definition of A to receive infinite in-
puts. We still need to discuss what needs to be done to represent the
fact that the letters in T only appear once in a string representing a
point in &, ,. Another technical issue arises in the case » = 1, which
would make the upcoming definitions extremely unwieldy.

Thus, we can specify an initial transducer A, as above with alpha-
bets X; = X, = rU{0,1,2,...,n — 1}, and we can ask when this
transducer induces a continuous map h : €,, — €, as above (per-
haps even a self-homeomorphism). Such a transducer will actually map
the Cantor space X to X; U X, which is a much bigger space than
we need if we want to restrict to a map from &, , to €, ,. We thus wish
to consider a class of initial transducers which are found by restricting
these larger transducers to their actions on €, , (and only allow such
transducers which turn such infinite inputs into infinite outputs). Of
course, we would like an internal characterisation of these restricted
transducers, which we provide below.

An initial transducer for €, , will be a tuple

Aqo - (I.'7 Xn? R7 Su T, )‘7 qO)
so that:
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(1) R is a finite set, and S is a (finite or countably infinite) set
disjoint from R; in the framework above, () := RIS is the set
of states,

(2) qo belongs to R and is the initial state,

(3) m is piecewise defined function (the transition function) taking
an input letter and a state, and producing a state according to
rules, and

(4) A is a piecewise defined function (the output function) taking
an input letter and a state, and producing a (empty, finite, or
infinite) output string.

The domain of 7w and A is

(& x {ao}) || ({0, 1, on = 1} x (@\ {a0}).

the range of m is Q\{qo}, and the range of N is W,, .U &, UW,, . UC, .
The functions m and A (as well as the extended version of A\ as de-
scribed above) will obey some further rules, as follows:

(1) whenever 7(z,q1) = g2 € R, we have ¢; € R and A(z,q1) = ¢,

(2) whenever ¢ € R and 7(z,q1) = @2, with ¢ € S, we have
)‘($7Q1) € Wn,ra

(3) if ¢ € S, then for all x € X,, we have A\(z,q) € W, and
m(z,q) € S,

(4) if ¢ € @ and w is a non-empty word so that 7(w, q) = ¢, then
Mw, q) # ¢, and

(5) whenever g € S and x € &, we have \(z,q) € €,.

The core idea of these conditions is that the letters in I cannot appear
in the output from a single input string more than one time, and then
just at the beginning of the total output string given any initial input
string. Notice the last two conditions guarantee that A, will induce a
function h Ag ¢, — &, -, since no point (which by definition is given
as an infinite string) will be transformed into a finite output string.
Also, the penultimate condition guarantees that the graph underlying
the transducer admits no directed cycles in the states in R. If either of
the last two conditions fails, the transducer is degenerate; we will call
a transducer as above satisfying all of these conditions non-degenerate.

5.4. Transducers, continuity, and w-equivalence. Suppose we are
given a non-degenerate initial transducer A, of one of the two varieties
above. In the first case, our transducer induces a map ha, : €, —
¢,, and in the second case, a map hAqo = €, It is very
easy, as mentioned above, to prove in either case that the map ha,, is
continuous, and we say that A, represents the continuous map ha, .

Note that if a continuous function b : €, — &, or h: €, , — &, , can
be represented by an initial transducer A,, (and we will show below that
it can, following a discussion of [I2]) then A, is not unique amongst
all of the transducers which represent h.
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We extend in the obvious fashion the notions of w-equivalence and
of strong isomorphism to transducers in this context (i.e., transducers
acting on W, .. and &, ).

We now trace through the basics of a construction in [I2] but in our
context, to show how to build a tranducer representing a homeomor-
phism from ¢, , to €, ,. The construction we describe can be used to
build a transducer representing any continuous map from €, , to itself,
although in this more general case, the construction might result in a
transducer with a state from which one might read in one input letter
and write as output a point in Cantor space. The construction below,
even in the case of homeomorphisms, can result in a transducer where
the set S (and so, @) is infinite.

Let h € Homeo(&,, ;). We inductively define a non-degenerate initial
transducer

EQO = (I‘, Xn? R7 Sv T, )‘7 CIO)
representing h as follows:
) set Q =W, U{e},
for a € t define 7(a,¢) = a,

2)
3) for a € 1 define A(a, &) := aby,

4) for v € Q\{e} and x € X,, define m(z,v) :
5)

6)

vz,
for v € Q\{e} and = € X,, define A\(z,v) := (v x)0), — v,

set R C @ to be the set of states v € W,,, .U {e} for which
I/(gh =g,

(7) set S := Q\R,

(8) set qo := ¢ € @ as the initial state.

(1
(
(
(
(
(

In the case that » = 1, replace point @ with the following:
(6) set R = {e} (note that in this case, \(0,¢) has prefix 0),

Remark 5.4. The following points are worth mentioning. The first is
important notationally, whilst the second is a technical point relating to
our transition from the general rational group to the “rational group
acting on ¢, ,.” The third point will be discussed more fully in the
paragraphs to follow, while the fourth point is to support the reader in
recalling what happens over the more standard space €,.

(1) It is immediate by construction that the initial transducer qu
represents h. That is, h = h~ .

(2) Using the inductive extension of A to the domain Wire U{e},
we have

Mz, v) = (v z)0, — A(v,€)
and also
ANy ze) = (v x)b,

(we take A(g,e) = ¢ to found the induction).
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(3) Even though gqo is a non-degenerate transducer with no inac-
cessible states and no states of incomplete response, it might
not be minimal, and it might not be synchronous.

(4) In the case of transducers representing functions from &, to &,,
there would be no set of letters i and no set R of states, so that
the resulting transducer would be listed as a quintuple, with

Q = Wme-

We discuss the third point above. First, note as before that there
is no general algorithm to transform the above transducer A, to a
synchronous w-equivalent transducer. For instance, many homeomor-
phisms of €, , are not induced by automorphisms of a forest of r infinite

n-ary rooted trees. In general, though, we can still reduce gqo to a min-
imal transducer A,, as in the subsection [5.5 below.

Remark 5.5. There is a bijection between the states of the reduced
transducer A,, and the set of local actions of h (including the local ac-

tion of h at the empty input). Thus, while A, is an infinite transducer,

Ay, might be finite. Finally, we note that if ;fqo represents a homeo-
morphism of &, ., then given a letter-state pair (z,¢) in the domain of
A, we have that \(z, q) is always a finite word. (Note that, for instance,
for a continuous function f : €, — €, which sends an entire cylinder
set U, to an eventually periodic point, the transducer produced by
following the construction above may be finite, whilst the guaranteed
output after some finite input might still be an infinite word; but such
a transducer would not represent an injective function.)

The following theorem is direct consequence of Theorem 2.5 of [12].

Theorem 5.6 (GNS). Let 1 < r < n be integers. Any homeomorphism
h:¢&,, — €,, can be represented by a finite non-degenerate initial
transducer if and only if the set of local actions of h is finite.

5.5. Reducing transducers. When given a non-degenerate initial
transducer

Aqo - (QA7 X7 TA, >\A7 q0)

recall that we say that A,, is minimal if all of its states are accessible,
it has no states of incomplete response, and any two distinct states
represent distinct local actions.

In this section we describe the process of reduction that turns an
initial transducer into a minimal transducer, following the discussion
of [12]. Note that the proofs in [12] are given with a view to trans-
ducers representing self-homeomorphisms of &€,, but the processes are
effectively unchanged in our context of self-homeomorphisms of &, ,,
so the steps described below take the view that the transducer A, is
representing a continuous function from &, , to €, ,.
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Step 1: (Removing states of incomplete response) Let h Ag - Cor —
¢,.» be the continuous map induced by A,,. To simplify notation below,
we will simply refer to this map as h. Recall further that for any word
7 € Wy the notation h, represents the local action of h at 7, while
70, = Root(U;h) € W, ,.. Let ¢ € Q and v € W,,,. be such that
7a(v,qo) = q. Recall further that if A4(v, qo) is a proper prefix of vy,
then ¢ is considered a state of incomplete response. That is, by the time
one traverses the transducer from ¢y to ¢, the output word A(v,q) is
only a proper prefix of the word v, that is eventually guaranteed to be
output as a prefix of the ultimate result on processing any point in &, ,
with initial prefix v. In particular, if we were to continue processing
with any sufficiently large input, the transducer will first write the
suffix 7 = v, — A\(v, q), before writing any other output. Thus, we
strip the impending 7 output from the next few transitions away from
q, and add it as a suffix to all current outputs A(z,p) where z is a
letter and p is a state so that m(z,p) = ¢. After this is done, we have
a transducer w-equivalent to our original transducer, while the state ¢
is no longer a state of incomplete response (see Subsection for the
definition of w-equivalence). Thus, one carries out this process for each
word v € W, .., taken in shortlex ordering, to inductively remove all
states of incomplete response.

Note that in [I2], the first step is to add a new initial state ¢_q,
which has transitions described by a modified transition function 7
copying the transitions from g, and with the first guaranteed outputs
computed to this new initial state. By this method the algorithm of
[12] avoids creating a circuit of modifications (so that the resulting
algorithm might never stop). However, as our transducers act on €, .,
we do not need to do this: the state gy is the unique state that reads
letters from 1, and will never admit incoming transitions from elsewhere
in the transducer, as all of our input strings start with such a letter but
also only have one such letter. In particular, we can simply execute
the algorithm of [12] using the original gy instead of a new state ¢_q,
thus this step of the algorithm will result in an w-equivalent transducer
using the same set ()4 of states as for the original transducer A, .

Step 2: (Removing inaccessible states) Remove from @ every state
that cannot be reached from the initial state qo. That is, if for some
q € Q and for every v € W, . we have (v, qo) # ¢, then remove ¢ from
Q). When @ is finite, we can detect in a finite number of steps if at some
length £, the words in W), , . of length k only cause the transitions of 7
from ¢ to hit states already seen by following transitions from ¢, for
shorter words, at which point any unvisited states will never be visited,
and can be removed. Thus, our new transducer may have fewer states
than the original.
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Step 3: (Identifying states representing the same local actions) If for
two accessible states ¢, p € Q\{qo} (in the case of a map on €,, do this
across all of Q) we have that for every v € W, the equation A(v,q) =
A(v, p) holds, then we can identify p and ¢ as a single state. Note that
if we have removed states of incomplete response, then as discussed
by [12], any two w-equivalent states will satisfy this equivalence across
finite words.

After these potential identifications, our new transducer can have no
more states than the original transducer A.

Grigorchuk et al. prove (in their context, but the proof is essentially
the same in ours) that these steps produce from the transducer A,
a reduced non-degenerate initial transducer in its w-equivalence class,
which is unique up to isomorphism of transducers (see Proposition 2.8

of [12]).
5.6. The groups R,, and R, ,. Given transducers

A= (X,,Qa,ma,\a) and B = (X,,,Qp, 75, A\p)
one can form A x B, their product transducer, as follows.

AxB = (Xn7 QA X QB; T AxB) )\A*B)
where
71'A*B(xa (pa Q>> = (ﬂ-A(xap)’ WB()‘A(xvp)a q))
and
Aaxs(, (p,q)) = Ap(Aa(z,p), q)-

If A and B are assigned initial states py and ¢y respectively, then
the initial state of the product transducer A, * B, is taken as (po, qo)-
The reader can easily verify that if A, and B, are transducers repre-
senting continuous functions f and g respectively, then we have fg =
ity by, = ity ey

In [12] GNS show that a homeomorphism f : €, — €, representable
by a finite initial transducer A, has its inverse f~! also representable
by a finite transducer. We give an exposition of their argument in
Appendix [A] as the inversion process plays an essential role in what
follows.

We are now in position to define the rational groups R, and R, .

Definition 5.7. Define R,, C Homeo(€,) and R,, C Homeo(&, ) to
be the sets of homeomorphisms which can be represented by minimal
transducers which are finite.

We now have the following lemma.

Lemma 5.8. For integers 1 < r < n, each of the sets R,, and R, ,
forms a group under composition.

Lemma[5.8]is proven in the case of R, in [12] and the details of that
proof work just as well for R,, ..
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Remark 5.9. The group G,,, coincides with a subgroup of R,,,. In
particular, for ¢ € Homeo(€,, ), we will have g € G, if and only if g
is in R, and if, when ¢ is represented by a minimal non-degenerate
transducer A, = (¥, X,, R, S, 7, A, q), then there is some constant m
and a state ¢ € S so that for any word w € W,,, with |w| > m, we
have m(w, q) = ¢, and for all x € X,,, we have A\(z,q) = .

The following is a general proposition for transducers transforming
a Cantor space into itself. For instance, it will apply to elements of the
various types of rational groups we are discussing here. We give the
statement for the GNS form of the rational group.

Proposition 5.10. Suppose A = (X,,,Q, 7, \a) is a finite trans-
ducer. If, for each state q € Q, the induced map ha, : €, — &, is
a self-homeomorphism of &€,, then A is synchronous, has no states
with incomplete response, and for each state q, the restricted map
Aa(sq) : Xy, = X, is a permutation.

Proof. Recall that the map hy, : €, — €, is defined as the map on
Cantor space induced as the infinite extension of the map A4(+,¢q) :
X} — X. Now, for each letter a € X,,, we have a word w, := A4(a, q)
and a state ¢, := 7(a,q) € Q.

By assumption, the image of hy, is the whole of the Cantor space,
and hy, is also injective. Therefore, we must have

¢, = Image(ha,) = |_| w, " Image(ha,, ) = |_| Wy €,

acXy acXy
We know that for any a € X,,, we have Image(h,, ) is all of Cantor
space because the map hy, is a homeomorphism for each state g, (and
so, w, must represent a complete response for the state ¢ with input
a). Moreover, we know the union above is also a disjoint union of these
cylinder sets: if there are a,b € X, with a # b but w,” €,Nwy"~ &, # 0,
then the map h,, would not be injective.

But this means that the set of words {w, | a € X,,} is a complete
antichain (with cardinality n) for the poset of words X*, and the only
such antichain is the set of n distinct words of length 1. In particular,
for all a € X,,, we have |\(a,q)| = 1, and the restricted map A4(+,q) :
X, — X, is actually a permutation. O

Below, given a transducer with state p, we may use Image(p) to
denote the image of the local action h, = A(-,p) : €, = &,.

6. AUTOMORPHISMS ADMIT FEwW LOCAL ACTIONS

This section is devoted to the proof of the following result.

Theorem 6.1. Let ¢ € Aut(G,, ), and let ¢ : €, — &, be the Rubin
congugator representing ¢. Then the set

£.A¢:{f:q:n_>¢n‘HVGWn,rafZQOV}
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is finite.

This paragraph contains an informal description of the steps we carry
out to show this theorem. First, we argue that any homeomorphism A
of €, , which preserves ~ has the property that under any two given
basic cones there is a pair of “parallel” cones (cones at the same relative
address) where the two local actions of h are identical. (Recall that
we have already shown that any automorphism of G,,, must preserve
~.) Then, we observe that if we compose a homeomorphism which is
acting the same way on a pair of cones, with another homeomorphism
which after a fixed finite depth under the minimal clopen decomposition
of the images acts the same way everywhere (elements of G,,, act in
this way), then the composition will have the same local actions on
deep enough parallel cones. Finally, by thinking of elements of G,,,
as acting on the conjugator h, we can pair off arbitrary local actions
of h and h™'. Since the result of the conjugation must be in G,
these local actions must cancel each other out in finite time to become
the identity action. This implies that we can already witness all of
the interesting local actions of A within the child cones of our initial
two cones, and within a bounded distance: immediately implying the
existence of finitely many local actions.

Note in advance that in this section, if we refer to an antichain for a
subset A of the set U,,, of cones, we are referring to an antichain for
the partial order on U, , induced by the “containment” partial order
of cones: U, < Ug if and only if U, O U, which happens if and only if
n < ¢ € Wy This isomorphism of partial orders will occasionally be
used without further comment.

Definition 6.2. For any clopen set U C €, , there is a minimal fi-
nite antichain A C W, .. such that U = UU,,eA U,. We denote this
antichain by Dec(U), and we call it the decomposition of U.

Note that if A is an antichain in U,,, such that U = |J A, then for
every U, € A, the set Exp,(A) := (A\{U,}) U{U,~ |0 <l <n—-1}
is also an antichain in U, , that satisfies U = |JA. Let us call the
resulting antichain Exp, (A) the basic expansion of A at n. We will not
allow basic expansions for subsets of U,, , which are not antichains, and
we will only define basic expansions for an antichain at the addresses
of cones in that antichain.

Definition 6.3. The antichain Decyy (U) is the minimal antichain A
in U, satisfying U = |JA and such that |n;| = |n2| holds for every
Up,U,, € A.

We note that from any finite antichain Dec(U) one can find a finite
sequence of basic expansions to create the finite antichain Decyy (U).

Although the next two lemmas are somewhat obvious, we provide
complete proofs.
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Lemma 6.4. Let g,h : €,, — &, (or respectively g, h : €, — &,)
be two different continuous functions. Then for any j € N there exists
v € Wy, (resp. v € W,) such that Root(U,g) L Root(U,h) and with
lv| > j, | Root(U,g)| > 7, and | Root(U,h)| > j.

Proof. The proofs for the two cases are the same in concept, so we only
give the argument for the case over the Cantor space €, ;.

Let g,h : €, , = €, , be two different continuous functions, j € N,
and ¢ € ¢, such that (g # Ch. Set p := (g and q := Ch. As p # ¢
there are p,, ug € W, -, which are non-trivial finite prefixes of p and
q respectively, so that p, L p,. Consequently, U, NU, = 0. (Of
course p € Uy, and g € U,,.) As g and h are continuous, the preimage
neighbourhoods N, := U, ¢ " and N¢j = U, h™' of { are both
open. Hence, there is a long (non-trivial) prefix v of ¢ so that U, C
N¢gNNe . We may assume that |v| > j. By construction we now have
U,gnNU,h C U,,NU,, = 0, and more specifically, j, < Root(U, g) while
iy < Root(U,h), so these roots must be incomparable. By choosing
a long enough string v we may also insist that | Root(U,g)| > j and
| Root(U,h)| > j. O

Lemma 6.5. Let h € Homeo(C,,,) and U,,U, € U,,,. Then for every
U, C U, h there exist f € W,,, and x € W,, so that Root(U, h) < 7/
and 7" < Root(U; -~y h), ¥ < Root(U, - h).

Proof. Let h, 7, n, and 7" be given so as to satisfy the hypotheses of the
statement (so, e.g., U C U.h). Let p € U, so that ph € U,.. Define
0 := p—7. By continuity, for a long enough non-trivial finite prefix y of
d, we have 7" < Root(U, -5 h). Set g := (n"0) h € Uy, h, and determine
7" a long enough non-trivial finite prefix of ¢ so that Root(U, h) < 7.
Again by continuity, there is a long enough non-trivial finite prefix Y
of 6 so that n° < Root(U,-gh). Now set y to be the longer of the
two words X and X. By construction, the conclusions of the lemma
statement are satisfied.

O

The following represents a key step in the proof of Theorem [6.1] Tt
shows (via Corollary that any automorphism h of G,,, has the
property that in any two disjoint cones of €, , there are subcones found
at the same relative address where h has the same local action.

Proposition 6.6. Let h € Homeo(¢,, ) and let U, U, € U, ,. Suppose
h € H,,~. Then there is x € W, ¢ so that hy -~y = h, .

Proof. We will prove the contrapositive statement.

Let h € Homeo(C,,) and suppose that U,,U, € U,,. Suppose
further that for all x € W, . we have the local actions h; -, and h, -
are different. We will show h & H,, , .
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Firstly, let {(ui, i)} C Wi, X Wy, be a sequence which visits
every pair (a, ) € W,, x W, infinitely often. That is, for every
a, B € W, we have

‘{Z ,quz = 7ﬁ>}‘ = No.

We will construct by induction four convergent sequences of members
of Wi, namely {7;}5°,, {m:}20, {77132, and {n;}2,. The sequences
will have the following properties:

(1) T — C,

3) 7 —=¢,

(4) nj = ',
for some (,p,(’, and p’ in €, ,. Furthermore, we will have by con-
struction that 7 = 7 and 7y = n, and for every ¢ € N, the following
properties will also hold:

(Pa) T < Tig1, M < M1 » T < Tipq and n) < njyq,
(P) Tix1 — Ti = Mix1 — i,
(Fe)

Root(U,,h) < 7, < Root(U,,_ , h)

Ti+1
and

Root(U,,h) < n; < Root(U,,,,h), and

(Py) if p; < 7/ and v; < nl, then (77 — p;) L (0) — v;).

(As will be clear from the proof of Claim just below, these four
properties are precisely the properties required so that two points from
the same equivalence class under ~ are sent to two points which cannot
be in the same equivalence class. The property (F,), and the defining
property of the sequence (u;,v;), allow us sufficient control so that
after removing two arbitrary prefixes from the image points, we can
still determine that the resulting suffixes are incomparable.)

Claim 6.7. If we can construct the four sequences as above, then h ¢
Hyp.

Proof of Claim: Assume for a while that we have constructed these
sequences. Then we have

<i> ﬂfio UTi - {C} and nfio Uﬂi = {p}7

(ii) ﬂzo UT{ = {('} and ﬂzio Ung = {p'}, and

(iii) ¢ =70 = p — 10,
where we have (i) and (ii) follows from (1)—(4), while (iii) follows from
(P,). Property (iii) now yields ¢ ~ p, while Properties (i), (ii), and
(P.) give us that

{Ch}:(ﬂUn)h—ﬂ (U h) gﬂ L =1
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{ph} = (m Um)h = n (Umh) - ﬂ Un;,l = {pl}'

Thus, (h = ¢’ and ph = p'. However, we now show that (' = p/, so
that we can conlude h ¢ H, , .

Indeed, if there are o, 5 € W, and 6 € &, such that ¢ = a"§ and
p' = 374, then choosing ¢ € N satisfying (u;, v;) = (o, §) and also large
enough so that o < 7/ and 8 < 7;, then we have that both 7/ — «
and n} — [ are both non-trivial initial segments of § and so must be
comparable. But we have 7/ —a = (7/ — ;) L (n, —v;) =n, — f, a
contradiction.

g

We will now construct our sequences. The main tools will be Lemmas
and [6.5] The main point to control is the growth of the sequences
(1;) and (n;), noting that the extension of one forces the extension of
the other. Note further that we must maintain sufficient data so as to
guarantee that the resulting image points under h are not in the same
equivalence class under ~. In fact, all of the difficulties are faced in
the construction at the base level, although we still give the parallel
arguments while carrying out the inductive step.

To begin with the construction of the sequences satisfying (F,), (B,),
(P.) and (P;) above, carry out the following steps:

(1) Set 79 := T, 19 :=1, Xz, := Root(Ur,h) and x,, := Root(U,,h).
We now work to define 7 and 7, (which will be extensions of
XTO and Xﬂo)'

(2) Compare (fg, v9) With (Xrys X )-

(a) If po £ X then choose an o € W, so that Uy C (&) Iy,
to L X7~ (note that if x,, < uo then by the definition of
the function Root we can choose o/ so that incomparability
is achieved on the first letter of o/, and if x,, L o then
any non-trivial o’ so that Uy C (&€,)h,, will do).

(b) Else, if vp £ x», choose any ' € W, so that Ug C (€,)hy,
and vy L xy, "', noting that such non-trivial 3’ will exist
as in the previous point for choosing «'.

(c) If po < X7, and vy < Xy, then in these next four subcases
we will choose an o € W,, or a f/ € W, to force a local
incomparability condition:

(i) If xry — too = Xno — V0, then as hp, # h,,, by Lemma
there exists v € W, so that

Root(U,h+,) L Root(U,h,,).

Now choose some o/ € W, with U,y C U, h,.

(ii) Else if x-, — tto < Xy, — V0, then set 6 := (xy, — o) —
(Xry — Ho) (observe 6 # ¢) and choose any o € W,
so that Uy C (€,)h,, and with 6 L o (since x,, =
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Root(U,,h) we can even insist that the first letter of
o is different from the first letter of ).

(iii) Else if xr, — pto > Xy — Vo, then set 6 := (xr, — o) —
(X — ) (again, 6 # ¢) and choose any ' € W,
so that Ug C (€,)h,, such that 6 L g (since x,,, =
Root(U,,h) we can even insist that the first letter of
B is different from the first letter of 0).

(iv) Else we must have (x-, — ft0) L (X, — ¥0). Choose
any o € W, so that Root((€,)h,,) < .

(3) If we have chosen a value for o/, then it is nontrivial and so
setting 7 := X, ~ ¢ we have x,, = Root(U,,h) < 7. By Lemma
[6.5] there exists 1’ € W, and x € W, so that

Root(U, h) < 75 < Root(Uy, ~h),
and

Root(Uy,h) < ' < Root(Uy, - h).
Now we set nj :=1n', 71 := 70" x and 1y :=n " x.

(4) If instead we have chosen a value for f; then it is nontrivial and
so setting 7g 1= x», "3’ we have Root(U,,h) < 7. By Lemma
, there exists 7/ € W, and x € W, such that

Root(Uy, h) < 7" < Root(Uy, - h)

and

Root(U,,h) < 1y < Root(Uy, ~h).
Now we set 7 := 7', 71 := 79" x and n; :==ny" x.
We have
(@) 70 <71, Mo <my and 7, — 79 = N1 — Mo,

(b)

Root(Urh) < 75 < Root(Uy, ~h)
and

Root(Uy,h) < 5 < Root(Uy, - h),

which together imply (P.) for i = 0.
(¢) if po < 74 and vy < ng (by construction these cases may only arise
from (2).(c)), then (7 — po)L(n) — o) by our choice of o/ or of &,
(d) hr, 7 By
Note that (d) is guaranteed by our general hypotheses that for all
X € Wy we have h;-, # h,-,. We have now verified the properties
(P,) for the case i = 0 except the second clause of (P,), which we
cannot check yet as 71 and 7] are not yet defined.

Next, assume that we have already defined

{70, {m0s e b {70, Ty fand {mp, ..., M1}
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for some k > 1 in such a way that the following holds:
(a) for every 0 < ¢ < k, we have 7; < i1, i < Mig1, Tis1 —Ti = i1 — i
and for 0 <@ < k —2, we have 7} < 7/, and 1} < n,,,

(b)

Root(U,,h) < 7; < Root(Uy,,,h)

and

Root(U,,h) < n; < Root(U,,,,h),

for every 0 < i < k,
(c) if p; < 7/ and v; < n}, then (7} — ;) L (0} — vy),
(d) hs, 7 Py
We want to define 7j41, k41,77, and 7;,. We can do this by following
the logic of the definitions of 7, m1, 7} and ) from the foundational
definitions of 7y and 7j.
Specifically, we carry out the following steps:
(1) Set x,, := Root(U;.h) and x,, = Root(U, k), and note that
7—1271 < X and 771271 < Xk -
(2) Compare (fu, vx) with (Xr., X )-

(a) If puy £ Xrp OF Vg % X, then:
(1) If pug £ Xrp, then choose any o € W, so

Root((€,)hy,) < o

and such that py L x,, "o/, just as in (2).(a) for the
case k = 0.

(ii) Else if v £ xu,, then choose any 5’ € W, so that
Root((&,,) hy,) < " and so that v, L x,, " F', just as
in (2).(b) for the case k = 0.

(b) If pp < xr, and v < Xy, then:

(i) If g = x5, and vy = Xy, then as h, # h,,, by

Lemma there exists v € W, so that

Root(U,hy,) L Root(U,hy,),
so choose any o € W,, with
Root(U,h,, ) < o'

(ii) Elseif xr, — px < X, — Vi, then set 0 := (x,, — k) —
(Xr, — ) (observe 6 # ¢) and choose any o € W,
so that Root((€,)h,,) < o and with 6 L o'

(iii) Else if x7, — ok > Xuy — Vi, then set 6 := (xr, — pr) —
(Xn. — Vi) (again, 6 # ) and choose any 5 € W, so
that Ug C (€,)h,, and such that 0L/

(iv) Else we must have (xr, — )L (Xy, —v). Here, choose
any o € W, so that Root((€,)h,,) < .
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(3) If we have chosen a value for o/, then it is nontrivial and so
setting 7, := x5, ~@ we have Root(U, h) < 7. By Lemma ,
there exists ' € W,,, and x € W, so that

Root(U,, h) < 74, < Root(U,, - h),
and
Root (U, h) < 1" < Root(U,, - h).
Now we set 1}, == 1, Tkr1 := 7% x and Mg41 := M~ X-

(4) If instead we have chosen a value for 4, then it is nontrivial and
so setting 1) = x,, "/ we have Root(U,, h) < 7. By Lemma
, there exists 7 € W,,, and x € W, so that

Root(U,, h) < 7" < Root(Us, - h)
and
Root(U,, h) < 1, < Root(U,, ~h).
Now we set 7, := 7', 7p11 = 7.~ x and k41 = N~ X-
Note that in the special case of £k = 1 in the above construction, we
will construct 7, 12, 71 and 7}, and specifically, we will have

X~ = Root(U,, h) < 71 < Root(U,, h)
and

xm = Root(U,, h) <1y < Root(U,,h).
Recall that we have already determined some shorter strings, and in
particular we can extend these two relationship strings to the left as:

Xro = Root(U,, h) < 75 < Root(U,, h) < 1, < Root(U., h)

and

Xno = Root(U,,h) < ny < Root(U,, h) < n; < Root(U,,h).
n g 0 n n

From this we have 7 < 7{ and 1}, < 1} completing the verification of
the properties (P.) at the base level.

Now, the verification of the desired properties (P,) at the k" level
works in similar fashion to the verification at the base level.

This then completes the construction of the sequences, and thus the
proof of the proposition. O

Corollary 6.8. If h € H,, . then there exist U,,U, € U, , such that
v and 1 are incomparable, U, U U, # &, , and h, = h,,.

Definition 6.9. For h € Homeo(<,,,) and U,,U, € U, ., we say that
h acts on U, and U, in the same fashion provided that h, = h,,.
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Definition 6.10. Let h € Homeo(&,,) and U and W clopen sets in
C,r. We say that h acts on U and W almost in the same fashion on
conesprovided that h, - = h, -~ holds for all x € W,, with |x| > k and
all U, € Dec(U), U, € Dec(W).

When h acts on U and W almost in the same fashion and k 1is
the minimal natural number which satisfies the condition in the above
definition, we define crit, (U, W) := k, which we refer to as the critical
level of U and W with respect to h.

Definition 6.11. We say that h acts on clopen sets U and W in the
same fashion uniformly provided that for every U, € Dec(U) and U,, €
Dec(W), we have h, = h,~¢ for any ¢ € W, ..

We say that h acts on U and W almost in the same fashion uniformly
provided that there exists k € N such that for every U, € Dec(U), U, €
Dec(W) and x,¢ € W,, with both |x|, |(| > k, we have hy, - = hy-¢.

Remark 6.12. Let g € G,,, and let U and W be any two clopen sets.
Then g acts on U and W almost in the same fashion uniformly. Indeed,
local actions associated to small-enough cones are all the identity map.

The following lemma should be obvious but the two that follow after
will require some explanation.

Lemma 6.13. Let g, h € Homeo(¢,, ) and let U,,U, € U, .. Suppose
that U,g = U, € Uy, Uyg = Uy € U,,,, g acts on U, and U, in the
same fashion and h acts on U, and U, in the same fashion. Then gh
acts on U, and U, in the same fashion.

Lemma 6.14. Let g, h € Homeo(¢,, ) and let U,,U, € U, .. Suppose
that g acts on U, and U, in the same fashion and h acts on U,g and
U,hg almost in the same fashion uniformly. Then gh acts on U, and U,
almost in the same fashion.

Proof. Suppose g,h € Homeo(C,, ), U,,U, € U,,, that g acts on U,
and U, in the same fashion and also that h acts on U, g and U, g almost
in the same fashion uniformly.

We will show that the composition gh acts on U, and U, almost in
the same fashion by giving a precise calculation of the action of the
composition for “parallel” cones that are deep enough in U, and U, so
that the images under g of these deep cones are themselves contained
in parallel cones that are then deep enough so that h is acting in the
same fashion at both of those latter cones. As the total local actions
of the composition on our initial deep cones are (almost) given as the
composition of the same pair of local actions, they must then be the
same. We now formalise this discussion.

There is k € N so that for all x,{ € W, with both |x|, |¢| > k,
and for all £, § with Uz € Dec(U,g) and Uy € Dec(U,g), we have the
equality he-\ = hg-¢.
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Observe that there is a minimal length m € N so that for all u €
Wi, of length at least m, such that either U, C U,g or U, C U,g,
we have p = 7" x for some x with |x| > k and for some v with either
U, € Dec(U,g) or U, € Dec(U,g) (respectively). Therefore for words
w,» € Wy, of length at least m such that U, C U,g and U, C U,g
we have h, = hg.

Further observe that as g acts on U, and U, in the same fashion, for
all long enough x € W,,, two things must happen. First, g, -, = g, -,
and second, both |Root(U,-,g)| > m and |Root(U,-,g)| > m. Note
that there is a minimal value s € N so both of these things happen for
all x € W, of length at least s.

For the next part of the argument, we extend the concatenation
operator “"”so that it may be applied to sets of strings as follows. If A
and B are sets of strings then we define A" B :={x"y |z € A,y € B}.
We also want to allow the operator to join, via concatenation, a single
string to a set of strings, or a set of strings to a string, in the obvious
ways.

Let x € W, so that |x| > s. Notice that

Up-xg = (v x)0) " (€ngy-x)
and likewise U, ~,g = ((n"x)0,) " (€9, -y). Thus

U, xgh = {(((VAXWg)eh) A((angvAx)h(VAx)egn

likewise,

Uy~ xgh = {(((n"X)03)0) " (€ x) 1y~ 200,) -
We will now study how the composition gh moves individual points
from the sets U, -, and U, -,. From our above assumptions,

Root(U, - yg) = (v"x)0, and Root(Uy-g) = (1" x)by,

so we have, by the discussion of third and fourth paragraphs of this
proof, that h, -y, = h@-ye,- Now let p be the greatest common
prefix of the set (€,g, - y)h( - y)9,- Therefore, as g, -, = g,-, p is also
the greatest common prefix of the set (€,gy )@ -y, Thus, we have
Root(U, ~xgh) = ((v"x)0,)0h " p and Root(Uy,~ygh) = ((n"x)0,)6n " p-
It therefore follows that (gh),-, = (gh),~, since for any y € €, we
have

(" x y)gh = ((v"X)05)0n) " (1) 90~ ) v~ v)0,)
and

(n"x"y)gh = (((n"Xx)09)0n) " ((()gn~x)Ptn~v0,)
where ()9 - x )P - v, s equal to ((y)gy - x) I - ye, and has p as a
prefix.
In particular, we can conclude that gh acts on U, and U, almost in
the same fashion. O
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The following represents a “fundamental exercise” for those devel-
oping their understanding within the body of theory relating to the
Higman—Thompson groups.

Lemma 6.15. Let vy, ve,m1,m2 € Wy, such that vi Ly , myLny , Uy, U
U, # €, and U, UU,, # €, ,. Then there exists g € Gy, such that

91U, = G and glu,,= Guom,-

Proof. Suppose vy,v9,m1,m2 € W, such that vy Llvy , Ly , U, U
U, # €,, and U,, UU,, # €,,. There is a natural £ > 2 (with
k = r mod (n — 1)) so that we can find two complete prefix codes
U= {Ozl, A9, ... ,O_/k}, 77 = {51, 52, ce ,Bk} C an with )] = UV, Qg =
Vo, f1 = mi, and Py = 1. In particular, the prefix code map gy; (see
Definition is an element of G, , satisfying the conclusion of the
lemma. U

Relating Lemma to the ideas above we obtain the following.

Corollary 6.16. Let h € Homeo(C, ) such that h™*G,,.h C G,
Then for every U,,U, € U, , such that U, UU, # &, ,, the map h acts
on U, and U, almost in the same fashion.

Proof. By Lemma [3.3] we have h € H,, ., so by Corollary there
exist U,,U, € U,, such that h acts on U, and U, in the same
fashion. Moreover, we can choose these v/ and n’ such that v/Ln" and
U, UU,y #¢,,.

Let U,,U, € U,, be such that U, U U, # €,,. Assume first that
v1n. By Lemma there exists g € G,,, such that g|y,= g, and
g |lv,= gnay- So, by Lemma m, gh acts on U, and U, in the same
fashion. Letting f := h™'gh € G, ,, we have hf = gh. By Remark
and Lemma , h = ghf~" acts on U, and U, almost in the same
fashion.

Next, assume that v < n or n < v. Then there exists g € W, such
that v L3, nLp and Us U U, # €, , # Uz U U,. So by the first case, h
acts on U, and U almost in the same fashion and h acts on U,, and Uy
almost in the same fashion. That is, there exists k1 € N such that for
every ¢ € W, with || > ki, we have that h acts on U, - and Ug-¢ in
the same fashion, and there exists ks € N such that for every y € W,
with |x| > k2, we have that h acts on U, -, and Ug-, in the same
fashion. Taking k := max{ky, ko}, we get that for every u € W, with
|| > k, the map h acts on U, -, Ug-, and U, -, in the same fashion.
Hence, h acts on U, and U, almost in the same fashion. Il

We are finally in position to complete the proof of Theorem 6.1}, that
is, if b € Ny (e,,)(Gn,), then h admits only finitely many types of local
actions (recall this implies that h can be represented by a transducer
with only finitely many states). Notice that the statement below is
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slightly more general in that we also allow homeomorphisms h which
conjugate G, , into G,,,, even if the image of G, , under this general
conjugation is a proper subset of G,, . (Such homeomorphisms play a
role in [2], for instance.)

Corollary 6.17. Let h € Homeo(C,,,) be such that h'G,.h C G, .
Then h uses only finitely many types of local action.

Proof. Let us fix A a complete antichain having at least three ele-
ments. For instance, if n = 2 (and so, » = 1), we can take A :=
{000,001,010,011}, and if n > 2, we can take either A := i x X,, or
A =1 x X2 In all cases, A can be taken so that all of its words are
length three.

By Corollary , for every v,n € A and a € {0,...,n — 1}, the
map h acts on U, and U, almost in the same fashion, and it also acts
on U, and U, -, almost in the same fashion. Set

k .= max { crity(U,, Uy) lv,n € Aor v € A and

n=v"a for some a € Xn}.

Now, let B := {vy, ..., Vx_1 } be the set of all the v € W,, with |v| = k,
ordered by the lexicographic order of W, .

We claim that for every n € W, , with |n| > k+3, there exists v € B
such that h, = h,-, holds for every 7 € A.

To show the claim above, we proceed by induction on m := |n|. If
m =k + 3, then n = x v for some y € A and v € B. Now, by the
choice of k, we have h, -, = h.-, for every 7 € A, as desired.

Assume now that for every n € W, . with |n| = m the claim is true.
Let n € W, be such that |n| = m + 1. Write n = x 0"/ for y € A
and b € {0,1,...,n — 1}. Then || > k, so by the choice of k, we
have that h, -4 -,y = hy-,y. By the induction hypothesis, for x "5’ there
exists v € B such that h, -, = h,-, holds for every 7 € A. Thus, for
every 7 € A, we have hy, = hy -~y = hy -y = hy~,, as desired. O

We immediately arrive at the following corollary.

Corollary 6.18. Let h € Ny, ,)(Gyn,), then h admits only finitely
many local actions and so h € R,,, and can be represented by a minimal
wnitial transducer

Aqo = (fa Xna R7 S7 TA, /\Aa q0)

Now, for v € W, , minimality ensures us that the local action
h, : €, — &, is representable by the initial transducer A, q) (since
ma(V,qo) is not a state of incomplete response). That is, we have
h, = hAﬁA(MO). We now introduce simplified notation, reflecting the

perspective that the local actions of h are determined by the states of
A

q0°
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Notation 6.19. Suppose h € R, , is represented by the minimal initial
transducer

Aqo = (I‘, Xn, R, S, ™A, )\A, qo)
and that ¢ € Q@ = RUS. By the notation hy we will mean the local
action h, where v € W, .. is such that ma(v, qo) = q.

Note that we will also use the simplified notation h, to represent the
local action h,, : €, — €, where v € W,, . and Ay, = (X,,, Q, 74, A4, Q)
is a finite minimal initial transducer representing a rational endomor-
phism A : €, — &,.

7. FINDING OUR PLACE IN THE RATIONAL GROUP R, ,

Corollary [3.2]shows that Aut(G..,) = Nu(e,,)(Gn,r) where H(E, ) is
the full group of homeomorphisms Homeo(&,, ;). Meanwhile, Theorem
shows that any element ¢ € Ny, ,)(Gy,) is a homeomorphism
of €, that admits only finitely many types of local actions. Thus,
Theorem then implies that any such homeomorphism ¢ is actually
an element of R, ., since it is a homeomorphism that can be represented
by a (non-degenerate) finite transducer. In this section we complete
the proof of Theorem That is, given ¢ € Homeo(&,, ), then ¢ €
Aut(G,,,) if and only if ¢ is representable by a finite bi-synchronizing
transducer A, .

We note that the arguments of Section [6] can be strengthened, using
the ability of G, to move small basic open sets freely, to show that
if ¢ € Aut(G,,,) is represented by a finite transducer A,, then in fact
Ay, is strongly synchronizing. We give a combinatorial argument here,
with the purpose of preparing the reader for the fully combinatorial
discussions occurring in our analysis of the outer automorphism groups

O

7.1. Getting in sync. Here we formally define the strongly synchro-
nizing property of transducers. The central idea of the following def-
inition is that given any large enough input word, the active state
resulting from reading the input word is fully determined only by that
initial word.

Definition 7.1. Let A = (X;, X,, Qa,7Ta, Aa) be a transducer, m be a
natural number, and s : X" — Q4 be a function so that if w € X" and
q € Qa, then ma(w,q) = s(w). In this case we call 5 a synchronizing
map for A and we say that A is synchronizing at level m or simply
strongly synchronizing. If A is initial and A represents a homeomor-
phism h on €, and h™' also admits a representative initial transducer
By = (X0, Xi, Qp, ™5, A5, Qo) which is synchronizing at level m, then
we say A is bi-synchronizing (at level m).

Note that our language is not parallel in the sense that we use
“bi-synchronizing” (instead of, e.g., “bi-strongly-synchronizing”) for a
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transducer with the property that it and its inverse are both strongly
synchronizing. We have chosen this language as it seems easier on the
reader. In agreement with the use in automata theory we say that a
word w € X" is a synchronizing word or alternatively a reset word, if
7(w, q) does not depend on the state q. Thus, A is synchronizing at
level m whenever all words of length m are reset words.

The above definitions extend to transducers acting on €, , in the
obvious way, using all valid strings of length m (if a string begins with
a letter from ¥, then it must be processed from the initial state).

Remark 7.2. The transducer in Figure [I] of the Introduction is bi-
synchronizing at level 2 and represents a homeomorphism of € .

The reader can easily verify the points of the following remark.

Remark 7.3. Suppose A = (&, X,,, R, S, 7, A\, qo) is a transducer repre-
senting a homeomorphism h € Homeo(€,, ) and m is a positive integer
so that A is synchronizing at level m with synchronizing map s taking
all inputs of length m to states in @ := RU.S. We have the following:

(1) For all natural n > m, A is synchronizing at level n.

(2) for all ¢; € @ and ¢ € Image(s), there is a nontrivial word w
so that 7(w, ¢1) = ¢a,

(3) for all ¢ € Image(s) and all w € W,, we have w(w,q) €
Image(s), and

(4) Image(s) C S.

The image of the synchronizing map is therefore an inescapable set
of states in its transducer. In the remainder of this section, our initial
transducers will all be given as acting on some space €, ., but all of
the definitions apply similarly in the context of the original rational
groups {R,}n>1 of GNS.

Again, let A,) = (£,{0,1,...,n — 1}, R, S,m, A, q) be a transducer
that is synchronizing at level m. We call the maximal sub-transducer
of A,, which uses Image(s) as its set of states the core of A, which we
denote as Core(A). (Note that we drop the reference to the initial state
¢o in this notation, as the core is independent of initial state if A, is
strongly synchronizing.) Observe that Core(A) is a non-initial trans-
ducer in its own right with transition function 7 and output function
A where these functions are defined as the restrictions of the functions
m and A to the domain X,, x Image(s). That is, we have the induced
transducer _

Core(A) := (X,,, Image(s), T, A).
Observe that if A, synchronizes at level n for some integer n, then
there is some m < n so that Core(A) synchronizes at level m.

Remark 7.4. Note that for a strongly synchronizing transducer
APO = (i'7 {07 17 cee, = 1}7 RA7 SA) TA, )\Aap())
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and an input letter x that can be read from a state in Core(A,,), there
is a unique state ¢ of Core(A,,) which satisfies m4(z, q) = ¢.
The reader may easily verify that if

B‘]O = (I.'7 {0,1,...,71— 1},R375B;7TBy)\B,Q())

is another strongly synchronizing transducer with Core(A,,) strongly
isomorphic to Core(By,), then this strong isomorphism of the cores is
unique.

Theorem 7.5. Let M,,, be the set of all endomorphisms 1 : &, , —
¢, which are representable by strongly synchronizing transducers with
all outputs finite. The set M,,, forms a monoid under composition of
maps.

Proof. First observe that if ¢, p are two endomorphisms of &, ,. that are
representable by strongly synchronizing transducers then these trans-
ducers are w-equivalent to finite transducers, since the core of each of
these transducers is finite, and one can only visit finitely many states
on directed paths in these transducers from the initial states to the
cores (else these transducers would admit accessible cycles containing
states outside of their core states, which would violate the strong syn-
chronizing condition). Therefore, we will assume in the remainder of
this argument that we have two initial transducers A and B represent-
ing the maps ¢ and p respectively, which are minimal and strongly
synchronizing, and so finite. We will denote the output and transition
functions of these transducers as Ag, Ag, 74, and 7w in the obvious
fashion.

We follow the direct product construction in [I2] of the composition
of two endomorphisms ¢ and p in M,, ., to show the result can be rep-
resented by a finite transducer with set of states given as the product
sets of the states of A and B, and with all outputs finite. From the
general product, we pass to its minimised equivalent transducer follow-
ing this outline: first we may need to remove some inaccessible states,
secondly, we might need to modify some (finite) outputs to remove
states of incomplete response, and thirdly, we may need to identify
some equivalent states (which can be seen as restricting further within
the set of direct-product states).

We claim that the resulting transducer C' is also strongly synchro-
nizing.

To this end observe firstly that the resulting transducer (and as well
the transducers A and B) has no cycles of states with € outputs, lest
the transducer map a point in the Cantor space €, , to a finite string.
In particular, there is a number N so that from any state ¢ in A, if we
read an input of length N, the output will be at least length one.

Next, suppose that A synchronizes at level k while B synchronizes
at level m. Increase N if necessary, so that mN > k, notice that A



44 C. BLEAK, P. CAMERON, Y. MAISSEL, A. NAVAS, AND F. OLUKOYA

still has the property that upon reading an input of length N from
any state ¢, the output will be a non-trivial word. We claim that C'
synchronizes at level mV.

The reader can see this by considering how the output and transition
functions of C are defined. If one considers some state (a,b) as the
active state for C', where a is a state in A and b is a state in B,
then for each letter j € X, we have A\c(j,(a,b)) = Ag(Aa(j,a),b)
while 7¢ (7, (a,b)) = (ma(j,a), 75(Aa(j,a),b). As the transitions in A
synchronise on inputs of length £ < mN, then as the first coordinate
of the transitions of C' mirrors the transitions of A, we see that the
first coordinate is completely determined by an input of length mN\V.
Similarly, as A must produce a word of length at least m on reading
any word of length m/N from any state, and as the second coordinate
of the transitions of C' mirrors the transitions of B over the outputs
of A, we see that the second coordinate must be synchronised as well,
and our claim is supported.

Therefore, it is the case that M,, , is at least a semigroup, however,
the set M,, , contains an endomorphism representing the identity map
on €, , (since this can be represented by a two-state, synchronous and
strongly synchronizing transducer), and thus M,, . is a monoid. U

Remark 7.6. Observe that for two endomorphisms of M,, ,, repre-
sented by strongly synchronizing transducers A and B with all outputs
finite, the transducer representing the product of these endomorphisms
has as set of states a subset of the product of the states of A and of
B, and has its core occurring over a subset of the states arising in the
product of the states in the cores of A and B.

Notation 7.7. We denote by S,,, the set of all homeomorphisms of
¢, which are representable by strongly synchronizing transducers. We
further denote by B, the set of all homeomorphisms of €, , which are
representable by bi-synchronizing transducers.

We observe in passing that B, , C S, = M,,, N Ry,
Theorem [7.5] has the following corollary.

Corollary 7.8. The subset B,,, of Ry, forms a subgroup of R, , under
composition of homeomorphisms.

We call the group B, , the group of bi-synchronizing homeomor-
phisms of €, ., or correspondingly the bi-synchronizing group when the
Cantor space being acted upon is clear.

We point out, from the proof of Theorem [7.5] that if one simply takes
the full transducer product of two minimal transducers representing el-
ements of B, ., then the result will be a connected transducer. However,
it can happen that some of the states of that product will be inaccessi-
ble. Indeed, it can happen that a state corresponding to the product of
two core states also might not be accessible (although, one can always



AUTOMORPHISMS VIA DYNAMICS 45

read some input starting from this state to get into the core of the
product transducer). Thus, after computing any such general product,
it is practically of great value to minimize the resulting transducer.

7.2. Properties of strongly synchronizing and bi-synchronizing
transducers. In this subsection, we take a detour to unearth a more
detailed structure theory for minimal, strongly synchronizing (or bi-
synchronizing) transducers.

We begin our investigations by looking into how synchronization
combines with the basic methods of minimization.

Lemma 7.9. Suppose that 0 < m € N and that A is an initial trans-
ducer that represents a self-homeomorphism ¢ of €, , and which syn-
chronizes at level m. Let B be the minimal transducer w-equivalent to
A produced by the minimisation algorithm. Then B has finitely many
states and synchronizes at level m as well.

Proof. We suppose that 0 < m € N and that A,, = (,{0,1,...,n —
1}, u1, 1,74, A4, qo) is an initial transducer that synchronizes at level
m and which represents a self-homeomorphism ¢ of &, , for some 0 <
r<néecN.

We consider the minimisation algorithm as discussed in Section [5.5]

The first operation is to remove states of incomplete response. Recall
that a state ¢ has incomplete response to an input letter x if the word
z = Mz, q) is smaller than the guaranteed eventual output of ¢ on
reading long enough inputs with initial letter . As our initial states
cannot be in any cycle within the transducer (since the T letters are
only processed from one state which is never revisited) the process of
removing states of incomplete response is simply to inductively adjust
all outputs from accessible states by “back-propagating” guaranteed
responses as far as possible. Thus, transitions in the new transducer
mirror transitions in the old transducer, and the synchronization level
is preserved.

The next operation is to remove inaccessible states. It is immediate
that this does not increase the synchronization level (it could decrease
the synchronization level, if we remove an inaccessible state g from
which the transitions into Core(A) require long inputs). Also, we ob-
serve that the number of states has not increased, and that ¢q is still
the initial state of the resulting transducer, which we will denote by
A

We can observe that the transducer A; must now have only finitely
many states: the states in the core, (which is a finite set), and all the
states one can visit on the way to the core from the initial state (again,
a finite set, since after we have read an input of length m, we are in
the core).

The third operation is to identify each set of equivalent states to
a single state. If two states ¢; and ¢ are to be identified, then the
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resulting state will be the image under the new synchronizing map of
any word that would have resulted under the old map in either of the
two initial states. If an input letter x is processed by A; at the two
states ¢; and ¢, then we will have that A4, (x,q1) = A4, (7, ¢2) and
while the two states 74, (x, q1) and 74, (x, g2) might be different in A;,
they will induce identical local actions, so w4, (2, q1) and 74, (z, g2) will
also have to have been identified. Thus, the synchronization level of the
resulting transducer might become shorter, but it cannot be increased
by this process. U

Grigorchuk, et al., in [12], argue the uniqueness (up to what we call
strong isomorphism in this article) of any two minimal finite transduc-
ers representing the same homeomorphism of Cantor space. Therefore,
we introduce the following notation.

Notation 7.10. Let h € (R, UR,). By A, we will mean a minimal
initial finite transducer representing h.

Definition 7.11. We set the notation
Opr :={Core(4y) | g € By}

for the set of cores of the minimal transducers representing elements
of By, up to equivalence under strong isomorphism (we suppress this
equivalence in the notation).

Definition 7.12. Let 11,15 € O,,,. We define a product T1T; € O,
as follows:

(1) Compute the full transducer product Ty * Ty.

(2) Pick any state q of Ty x Ty. Apply the “Remove States of In-
complete Response” algorithm in the paper [12] to the initial
transducer (Ty * Ty), to produce an initial transducer (T1T3), .

o

(3) Pass to the core of (T1Ts), to produce the result (TiT) .

(4) Identify equivalent states of (TlTQ)O to produce the result in
On.r, which we denote by T1T5.

We have the following structural lemma about the core of (minimal)
transducers representing elements of B,, ..

Lemma 7.13. For any g,h € B,,,, we have:
(1) Core(A,) Core(Ay) is strongly isomorphic to Core(Agyp);
(2) if Core(Ay) is strongly isomorphic to Core(Ay), then there is
an element v € G,,, so that gv = h.
(3) if g and h are in the same coset of Gy, in By, then Core(A,)
is strongly isomorphic to Core(Ap).

Proof.

(1) The first point is essentially a direct computation. Observe
that the full transducer product of the initial transducers A,
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and Aj, is the initial transducer A, * Aj, which is w-equivalent
to Agp, by [12]. Moreover, it contains as a sub-transducer the full
transducer product of Core(A,) with Core(Ay). The last three
paragraphs of the proof of Theorem shows that A, * A
is strongly synchronizing, and Core(A, * A) is contained in
Core(Ay) * Core(Ay). Thus Ay, the minimal transducer rep-
resenting the initial transducer A, * A; contains a transducer
strongly isomorphic to Core(A,) Core(Ay). However since Ay,
is synchronizing, it follows that Core(Agy,) is strongly isomor-
phic to Core(A,) Core(Ap).

(2) The second point will follow from the characterisation of Gy, as
the subgroup of B,, , consisting of those homeomorphisms which
are represented by reduced transducers with core a single state
which acts as the identity.

The argument below relies on the inversion algorithm of GNS
(Proposition 2.21 of [12]). This algorithm, at the request of
early readers of this manuscript, is given in detail in Appen-
dix @ and applies to any finite non-degenerate transducer Ay
inducing a homeomorphism ¢ of Cantor space. Note that for a
given ¢ the injectivity of h, implies that the set of such valid w
is finite. Similarly, the transitions and outputs for the minimal
transducer representing the inverse function depend precisely
on the transitions and outputs of the original transducer. In
particular, since A; and A, (in our context) have strongly iso-
morphic cores, the transducers A, and Aj,-1 created by this
algorithm will have strongly isomorphic cores. It is now the
case that the product transducer A,-1 x A, must have its core
strongly isomorphic to the core of the product Aj,-1 x A;. From
this it follows that A,-1, has core acting as the identity, thus
v := g 'h must be in G, .

(3) To see the third point, observe that if g and h are in the same
coset, then there is an element f € G, , such that gf = h.
Noting that, as f € G,,,, Core(Ay) is the single state identity
transducer. We have that Core(A,) Core(Ay) is strongly iso-
morphic to Core(A,y) by Lemmal[7.13|[1] However, as Core(Ay)
is the single state identity transducer, we have

Core(Ay) Core(Ay) = Core(A,) Core(4i,, )

which (by Lemma . is strongly isomorphic to Core(A,)
(here we are taking 1, , as the identity element of G, ;). Thus,
it follows that Core(A;,) = Core(A,s) is strongly isomorphic to
Core(Ay).

O

Drawing out implicit points in the argument for Lemma [7.13] we
have the following.
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Corollary 7.14. The group G, , < B, consists of those homeomor-
phisms which are represented by reduced transducers with core a single
state which acts as the identity. Furthermore, G,,, is normal in B, .

Proof. The proof of Lemma . states the first part. The second
part is then immediate from Lemma .: itve Gy, and h € B,,
then Core(A,) = Core(A,) Core(A;) = Core(Ay,) = Core(Ay) Core(A,) =
Core(Apy). O

It immediately follows that we may characterise O, , as a group
under the product of Definition where O, , is isomorphic to the
quotient group B, /G, ..

Theorem 7.15. (1) The set O, together with the multiplication
of Definition [7.19 forms a group.
(2) The map Core from B,,, to O,, defined by g — Core(A,) is a
surjective group homomorphism to the group of point above
with kernel Gy, .

Remark 7.16. Considering the nature of O, ,, we should mention that
the elements can be far stranger than one might expect. For instance,
Figure [3| demonstrates an element of O, 3 which has no state that acts
on €4 as a homeomorphism, even though the element admits a comple-
tion to an element of By 3 which of course does act as a homeomorphism
of €43. This is one example of why having a combinatorially defined
product for elements of O, (given by Definition without having
to pass up to B, is desirable.

7.3. Invertible rational endomorphisms of G, , are strongly
synchronizing. By Corollary[3.2we know Aut(G,) = Nu(e,,)(Gnr)-
By Corollary @l we know that Ny, ,)(Gnyr) < Ry, and by Corol-
lary we know that B,, < Ng(e,,)(Gny). Here, we show every
element of Ny, ,)(Gn,) is in B,,. If this is true, it implies that
Aut(Gy,) = By, /K, where K is the kernel of the conjugation action
of B,, on G,,. As already observed in Corollary the kernel of
the conjugation action of Ny e, ,)(Gn,) on Gy, is trivial and thus the
kernel K of the conjugation action of B,,, on G, is trivial as well. It
follows that to prove Theorem [I.I} we only need to verify that every
element of Ny (¢, ,)(Gn,) is already an element of B, ,.

The following Definitions and and also Lemma [7.19] are
given in the context of a transducer representing a continuous (invert-
ible) homeomorphism of a Cantor space X4, in order to simplify the
notation in the argument of Lemma [7.19, However, as is explained in
Remark given right after the proof of Lemma [7.19] this is just a
convenience for the reader.

We require some further language.

Definition 7.17. Let A,y = (Xa,Qa,7a,Aa,qo) be an initial, finite
transducer, and let p € Q4 a state such that there is a path from qq
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to p with non-empty output for A,,, we call such states non-trivially

accessible (in Ag,).

q0~

We also need to expand the notion of inverse homeomorphisms to
transducers.

In the definition below, that the inverse transducer B, - exists and
has finitely many states is a standard result in the theory of the rational
group as in [12]. Still, we give a detailed proof of this in our Appendlx
, where the corresponding statement is given as Lemma (The
transducer B, - in our definition below corresponds to the transducer

described as A ) constructed just prior to the statement of Lemma
[A.8 Note also Lemmam for the statement for the case of the Cantor
space €, ,..)

Definition 7.18. Let Ay, = (X4, Qa, T4, A4, o) be a minimal, initial,
finite transducer representing a self-homeomorphism hy, of the Cantor
space X4. Let Bp0_1 = (X, Qp, T8, A\, Dy ') represent the finite mini-
mal initial transducer (with an initial state denoted by py*) so that the
induced homeomorphisms hg, and hp81 are inverse (so, in particular,

Xa = Xp). We will refer to A and B as inverse transducers.

Note, if A, is a given minimal initial finite transducer, and one
creates its inverse transducer B, -1 as in the definition above we will
use a convention of writing elements in the set Qg with a superscript

—1” (e.g., a state denoted by p~! would represent a state in Qg,
whereas a state denoted simply as ¢ would represent a state in @ 4).
This is to avoid confusion in our arguments below. Note that generally
there is not a bijection between Q4 and (Qp. See the appendix on
inversion for details.

We can now prove the main result of this subsection. The follow-
ing lemma provides a key insight into why automorphisms of G,,, are
strongly synchronizing.

Note that in the next subsection we give a combinatorial description
of when an automaton is strongly synchronizing (that is, not involving
inversion), which in practice is much easier to use.

When we conjugate an element a € G,,, by a rational homeomor-
phism ¢, the element o will apply a prefix-exchange map “in the mid-
dle” of the conjugation (so, any triple of resulting states from the prod-
uct has middle state acting as the identity, for long enough inputs).
Thus, any such conjugations arbitrarily pair states of the inverse con-
jugator to states of the conjugator in the resulting action, as we can
ignore the identity state in the middle. The resulting product will be
in G, only if all such pairings result in “local prefix exchanges”. The
following lemma proves the converse also holds. As the argument is
technical and lengthy we give it in the simpler context of homeomor-
phisms of Cantor space €,, = X4 and we also break it into three stages
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(a set-up phase, then building local bases/prefix codes, and finally a
local-to-global phase where we put everything together). Recall that
in Remark we explain why the argument still holds in the context
of &, .

Recall for the proof below Definition [2.3] of a rotation of a word.

Lemma 7.19. Let Ay, = (X, Qa,Ta, A4, qo) be a minimal, initial,
invertible finite transducer. Let py U represent the initial state of the
minimal transducer

B 1= <Xna QB? TR, )\B7pal>

Po

which is the inverse transducer of A,,. Suppose that for all states p~' €
Qp and for all ¢ € Q4 we have the initial transducer B,-1 A, admits
a complete prefiz code T,-1 , for W, . so that for all v € T,-1 , there is
0y € X} so that for all T € X we have (YI')B,-1 A, = 0,I'. Then Ay,
1s strongly synchronizing.

Proof. We shall show that there exists t, a finite set of synchronizing
words for Ag,, such that every word in ¢, has a prefix belonging to
t. We shall call such a set of words a base. (Note that the base t
we produce might admit pairs of words which are comparable.) The
maximum length of a word in our base will be a synchronizing length
for Ay, .

One of the main ideas of the proof which follows is that if A, and
B,-1 eventually act as inverses (on an infinite tail), independent of our
choices of p~! and ¢, then after reading a long enough output of B the
transducer A must start processing in such a way as to revert input
strings to what they originally were when read into B. This will require
that after reading long enough inputs from any state of A, then the
current state of A should become determined.

The initial set-up:
Using the finiteness of the sets of states of the transducers A, and
B,-1, set u to be the minimal natural number so that for any ¢ € Q4

0
and p~! € Qp, and for each v € X" there is 6, € W, so that for all
I' e XY we have (WI')B,-1 A4, = 6,I'. (Note that if we were to take
a larger value for u, then for the correspondingly longer words v, the
dependent 6., will become some extension of the original 4, by some
suffix of v.) Further determine [ as the minimal length such that if]
for all v € X* and some ¢ € Q4 and p~! € Qp and for all ' € X¥ we
have (yI')B,-1A, = 6,T', then |0, < 1. That is, [ is the maximal length
of an output prefix for all of the resulting (determined by value of w)
prefix exchange maps. Finally, let 4 > u be such that for any word
5 € X% and for any ¢ € Q4 and p~' € Qp, we have |(7)B,-14,| > (we
need this as possible incomplete response in the composite might mean
that reading an input 7 of length u could fail to produce a completely
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determined output ¢ (which would eventually appear if we read longer
input strings)).

Now fix a state p~! in Q. Since p~! is a state of the minimal
inverse transducer for A,, by the GNS algorithm p~' = (w,p) for
some state p € 4 and a word w such that w is a prefix of an element
of Image(p) with L,(w) = €. (Recall we use Image(p) to denote the
image of the map h, = A(-,p) : €, — &, and that L,(w) is the greatest
common prefix of the set (U,)(h,)™" := {0 € €, | (§)h, = wd',§ €
C.}.) Let zyxo. .. xyxyiq ... 2z € XY, and let yi,...,y, be such that
(w122 ... 2a)Buwyp) = Y1 - - - Ye-

We will now begin to build a base of synchronizing words for A, .
Let us first focus on the cone at y;...y;. We do not yet know that
Y1 ...y is a synchronizing word for A, : it may be the case that there
are two states of A, such that if we read y; ...y from these states,
the resulting state will not be unique. We show that there is a base of
extensions of ¥ ...y which synchronise A .

Finding a (local) base for A, over the cone Uy, .-
Let ¢; and g2 be any arbitrary states of A. There are minimal indices

uy and usg, both less than or equal to u, so that for all words z,,41...%Z4
and Ty,4+1...25 in X}, and for any £ € €, we have

(T122 . Ty Ty 41 - - - Tal) B p)Agy = 01Ty 41 - - - Taé
and

(122 . . Ty Tugt1 - - - Tak) Bup)Ags = 02Tugt1 - - - Taf
for 6; and 9y € X with [6;| <1 and |§y| < [. Let

(Y1 ) Ay =21 2 Ty 1 - - - Ty i
and

(Y1 Y)Agy = Ut o Uy Tgt1 - - - Tyt
Thus, 141 is the index at which z,,1; ... 2z begins to be written in the
image word (21Z3 . .. Ty, Tuy41 - - - Ta) Buwp)Agr; lo is defined analogously
for (122 . .. TuyTugt1 - - - g € X)) Bwp)Aqg,- Observe in passing that [y
and [y are determined by the minimality of u; and us.

Notice that it cannot be the case that

(Y1 Y)Apy =21 2Ty 41 - - - TP

for some p € X;I'. This is true as picking a word p’ which is incompa-
rable to p in its first letter would give

(#1... 230" ) Blup)Ag = 21 2, Ty 41 - - - TapC

for some ¢, but from the definition of /; above we should have p = p/,
which is impossible. A similar argument is valid for (1 ... 2p") Bwp)Aqg, -
Therefore, we may assume that u; +i¢ < u and us + j < .
Now let mp(xy ... 24, (w,p)) = (v,s). Now by the inversion algorithm
we have wxy ... x5 — Aa(y1 ...y, p) = v and w4(y1 ...y, p) = s. Since
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A(;)l has only finitely many states we may further assume that @ is
chosen large enough so that v is a suffix of x; ... xz (this is a convenient,
but not necessary, assumption). To see this, note that for each state &’
of A, there are only finitely many words w’ such that w’ is a prefix of an
element of Image(s) and Ls(w’) = e. Hence, we may pick @ such that for
any state p’ of A and any word 7/ € X, we have |Aa(Ag(7, (w,p)), )|
is also greater than the maximum size of any word w’ such that (w', s)
is a state of B. Moreover we also have L,(wzy...zz) = y1 ...y Let
wxy ... = Aa(Y1 .-y, p) for some k < 4. Let m be minimal such
that for any state ¢ of A and any word o € X! we have |Aa(c, q)| >
@ — k. Now notice that there is a maximal set a = {aq,...,a;,, } a
subset of X" such that the greatest common prefix of the elements of
a is the empty word, and such that Aa(ay, s) = Tg41 ... Tzp, for some
pa € X, and 1 < a < my. This is because Ly(wzy...25) = y1... 4
and m4(y1 ...y, p) = s. Further notice that the set o depends only on
x1...2g, (w,p) and (v, s), i.e. it is independent of the choice of ¢; and

qa.
Fix an a, € . Let r, = ma(ay, s). Observe that

Lg(vp, Image(r,)) = a, and (p, " Image(r,))Bw.s) = U, -
Now let t1 := ma(y1 ...y, 1) and to := wa(y1 ... Y1, ¢2). Observe that
(21 ... 2apa” Image(rq)) By = y1 - - - YUa,-

Now since (y1...y)Aq = 21... 25 Tus41 - - - Tugsi a0d (Y1 ... y) Ay, =
UL .. Uy Tyyt1 - - - Tyt it must be the case for any p € €, that the
string
LTyy+it1 -+ - TgPa

is a prefix of Ag(aqp,t1). In a similar way y,+j41 . .. Tap, is a prefix of
Aa(agp, ta). Now since we assumed that A,, has no states of incomplete
response, it must also be the case that Aa(aq, tx) = Ty, 1441 - - - Tapa for
(x,1) € {(1,4),(2,7)}. This is because otherwise Image(ma(ay,t.)), for
x € {1, 2}, will have a non-trivial common prefix contradicting the fact
that A,, has no states of incomplete response. Now let p’ € Image(r,)
be arbitrary, and let (21 ...2apap’)Blwp) = Y1 - - - YeQqp, then we must
have that (p)Ax,(aetr) = (0)Ars(auts) = p/- Since p' was arbitrary
and (p, " Image(ry))B(y,s) = Ua, we have that for all p’ in &, there is
some p in &, such that this holds. Thus, w4 (., t1) and Ta(ay, t2) are
w-equivalent states.

Now as ¢; and ¢, were arbitrary states of A, we must have, for any
pair q1, ¢j of states of A, that m4(y1 ... yrae, ¢)) and ma(y1 . .. Yo, ¢5)
are w-equivalent (and so equal by minimality) for all a,, € . Therefore
the set of words {y;... 0, | 1 < a < my} is a synchronizing set of
words.

Now we need to consider the elements of § := X"\«. Note that
these elements are independent of the choice of ¢; and ¢o. Let § :=
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{B1,...,Pmy}- Let By € B be arbitrary, in this paragraph we will show
that there is a positive integer m/ and a set of synchronizing words
{y1...ubome | 1 < ¢ < m)} where the n.’s all have the same length
and form a complete antichain for words with prefix y;...y:8,. By
assumption we have that [As(8y,s))| > @ — k. Let xj ... 250, =
Aa(By, 8). Now 1 ... 232y, . .. 2 pp has length greater than or equal to
u. Therefore we may repeat the arguments in the paragraph above with
@1 .. xpxy ... 2] in place of |@] and @y ... xpw) 4 ... 2y, in place
of x1 ... xpZpy1 ... 4. Notice that Aa(zy ... 2%p), (w,p)) is either a pre-
fixof y; ...y or contains y; ...y, as aprefix. Let Aa(zy ... 20, (w,p)) ==
yi ...y, and let (v/,s") := wa(ay ... 2Lp), (w,p)). After repeating the
argument, we end up with a new set of synchronizing words, however
this new set of synchronizing words now contains a subset {y; ... y:5p1c |
1 < ¢ < m)} where the n.’s all have the same size and form a com-
plete antichain for words with prefix y; ...y:5,. Take the union of the
sets {y1...yBme | 1 < c <mitand {y1... 0 [ 1 < a < my} and
let u(y; ...y:) denote the union. Continuing in this way across all the
By € B, and letting u(y; . ..y;) denote the total union at each stage, we
see that u(y; ...y;) is a base for the clopen set Uy, _,,.

From local to global:
Now to finish to proof it suffices to construct a finite set M C W,,,
and D € N satisfying the following conditions:

(1) for every word v € M, u(~) exists and is a base of synchronizing
words for A, for the clopen set U,,

(2) if N := Uyepmu(y) then for every element of v € W, . of length
greater than or equal to D there is an element of N which is a
prefix of a (possibly trivial) rotation of v.

We will first explain why these conditions suffice. Let us suppose
that we have such M, D, and N. Set t to be the set of all words of
length D. We will show that such a set t is a base of synchronizing
words.

If each word of length at least D contains a proper contiguous sub-
string which is an element of u(vy) for some v € M then all strings
of length at least D contain a synchronizing word for A, , so D is a
synchronizing length for A, . If not, and assuming A, is not strongly
synchronizing, then there is a word v = vyvy...v,, and two distinct
states ® and * so that m4(v,e) = e while m4(v,x) = x (this follows
by considering the sets of pairs of states that one gets when reading
long strings of inputs from some initial pair (o', *'), as eventually some
pair (e, %) must be repeated due to the finiteness of the automaton
underlying the transducer). Now, there is some minimal k£ so that
k-m > D. We observe that v* has a rotation which has a prefix in N,
but then we must have that reading v?* will be a synchronizing word
for Ay, so that e = x, which is a contradiction.
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We will show we can construct M and D as described above.

Let P be the set of all non-trivially accessible states of B g,), ob-
serving that P is not empty. For each (w,p) € P let O((w,p)) :=
{As(p, (w,p)) | ¢ € X*}. The arguments above demonstrate that
for each word ¢ € X" and each state (w,p) € P, there is a set
s(Ag(¢, (w,p))) of synchronizing words which is a base for A, over
the clopen set Uy, wp))- Set M = {y € W, | Iw,p) € P : v €
O((w,p))} and correspondingly set N := {¢ | Iy € M, € u(y)}.

Set the following values

C = maxlyl,
D = .
rcnggdd

Note that D > C as each word in N is an extension of a word in M.
We are now ready to verify that D and M as determined satisfy our
two properties.

Let 0 € X so that |§] > D. Note that there is a p € &, such that,
(P)hy = (P)heq) = 006... = 6“. Let p; be the minimal prefix of
p such that wp(p1, (€,q0)) = (w,p) € P. Let py € X" be such that
p1p2 is a prefix of p. Observe that since wp(p1, (¢,q)) = (w,p) € P
then we must have Ag(p1, (€,q0)) # €. Observe also (by definition)
that Ag(ps, (w,p)) € M. Therefore, by the definition of D and as
(P)P(eqo) = 0¥, we have Ap(ps, (w,p)) is a prefix of a (possibly trivial)
rotation of § . Since § € X was chosen arbitrarily amongst words of
length at least D, it follows that for every element v € X of length at
least D there is an element of M which is a prefix of a possibly trivial
rotation of v. Recall that for all v € M, u(y) € N is a base for U,, in
particular, any word of length at least D which has a prefix v in M,
actually has a prefix in u(y) C N. d

If one considers the proof above, it is clear that one can ignore the
states of A and of B which can be reached without writing any output,
in the construction of the synchronisation function of A. This follows
as we pass into consideration of states of B which appear on cycles of
the automaton when we consider inputs to B of the form 0“ for a finite
word 0.

In particular, the construction of the synchronisation function follows
just as well in other contexts, such as for the transducers representing
elements of R,, . The following remark extracts the necessary hypothe-
ses for the construction of these particular synchronisation functions.

Remark 7.20. Let A, = (t, X,,, R4, 54,74, A4, ¢o) be a minimal, ini-
tial, invertible finite transducer for an element of R,, ., and with inverse
homeomorphism represented by the minimal, initial finite transducer
Bpal = (¥, Xn, R, SB, T8, A\, 0y "). Let P C Sp be such that for

any word § € W, there is a (possibly trivial) rotation ¢ of J, a state
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pt € P and word p € €, such that (p)h,-» = ¢*. Let Q C Sy be
such that for all states p~! € P and for all q € Q we have the ini-
tial transducer B,-1A4, admits a complete prefix code Z,-1, for W,
so that for all v € 7,1, there is 6 € X so that for all ' € €, we
have (7I')B,-1A4 = 6. Then, there is a k € N such that for any word
v € W, of length k the function m4(v,.) : Q — 54 takes only one value.

We observe that in Remark the proof of Lemma demon-
strates that we may take P to be the set of all non-trivially accessible
states of Bpal.

Corollary 7.21. Let h € R, be such that h = hg, for
Aqo = (i'a XTH RA; SA? TA, >\A7 (10)

a minimal, initial, invertible finite transducer, where G,’fw < Gp,. Then
Ay, s strongly synchronizing.

Proof. Let h and A,, be as in the statement, and suppose h™' is rep-
resented by some minimal, initial finite transducer

Bpo_l = <f7Xn7RB>SBa7TBaAB7pal)'

Let P be the set of non-trivially accessible states of B, - and let Q :=
Sa. We observe that elements of S, by definition, are acce881ble from
the initial state ¢y of A by a non-empty word.

Fix a pair (p7',q) € P x Q. Let v,u,v € W,, be such that
(v, p0t) =Y As(v,p0") = # € and Ta(v,q0) = q. Let g € G,
be such that g acts on the cone U, as a prefix replacement map, re-
placing the prefix p with v. Let Cy, = (¥, X, Rc, Sc, e, Ac, So) be
the minimal transducer representing g. Observe that when the word ~
is read from the state (py ', s0,qo) of the product B * C x A, then the
resulting state is (p~', s, ¢) where s is the unique state of Cy, such that
hs : €, — €, is the identity map. Thus, we may identify the state
(p~t,s,q) of Bx C * A with the state (p~!,q) of B x A. Now since
hyo19hqy € G by definition, it follows that the map hg,-1,4) = hy-1hg
must act on €, as a prefix exchange map, since it is a local action of
hp51 ghg,. However, as (p~!, ¢) was an arbitrary state of P x Q it follows

that for any pair ((p')~',¢') € P x Q the map h(y)-1h, acts on €, as a
prefix exchange map. Therefore by Remark it follows that there
is a number k£ € N such that for any word v € W, of length k the map
ma(7Y,) 1 Sa — Sa takes only one value. Now observe that there is
an integer j such that for any word ¢ € W, of length j, m4(¢,.) is a
map from S, LU R4 to S4. Hence we conclude that A is synchronizing
at length j + k. U

We have now completed the proof of Theorem
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8. COMBINATORIAL PROPERTIES OF STRONGLY SYNCHRONIZING
TRANSDUCERS

In this section we explore combinatorial properties of strongly syn-
chronizing transducers. In the first subsection we study cycles in
strongly synchronizing transducers, we also investigate conditions for
when such transducers possess states that induce homeomorphisms.
Some of the results of that subsection are used in our analysis of the
outer automorphism groups appearing in Section [} In the second sub-
section we introduce an algorithm for detecting when an automaton is
strongly synchronizing.

8.1. Prime words, circuits, and homeomorphism states. We call
a word w € W, a prime word if there is no prefix z < w and k € N,
with k& > 1, so that z* = w. For all w € W,,, there is a shortest prefix z
of w so that there is a positive integer k so that w = z¥, we call z the
prime root of w, and note that the prime root of w is in fact a prime
word.

Definition 8.1. Let A,, = (¥,{0,1,...,n—1}, R4, Sa,ma, A4, po) be a
strongly synchronizing finite transducer representing a continuous map
Cor = €op. We say a word w € W, represents a basic circuit of A,
(at p) if there is state p so that wa(w,p) = p and if wy is a non-trivial
proper prefiz of w then wa(wy,p) # p.

The following lemma consists of various points which are all easy
exercises. We will prove points [I} 2] and [7] leaving the other points to
the reader.

Lemma 8.2. Suppose that
Apo = (I‘, Xn7 RA7 SA) TA, )\A,po)

15 a strongly synchronizing finite transducer, with all outputs on finite
imputs finite.
(1) Given a core state p and a word w so that w(w,p) = p, then if
z is the prime root of w, then w(z,p) = p.
(2) Given any word w € W, there is a unique state p so that
7TA(w7P> =P
(3) If w represents a basic circuit of A,,, then the unique state p
so that wa(w,p) = p has the property that p is in Core(A), and
furthermore, the word w is prime.
(4) Let p € Core(A), and let W, represent the set of all words
representing basic circuits of A (at p). Then, W, is finite.
(5) The sets W,, for p running over the states in Core(A), partition
the set of all words representing basic circuits of A.
(6) Given a core state p, given any letter x € X,,, there is a word
n W, beginning with the letter x.
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(7) For any state q the set of minimal elements of the set {\,(w) |
w € X*I\{e} (under the partial order on words in W, where
wy < wy if wy is a prefix of we) has no common initial prefiz.

Proof. Suppose m € Nyw € W,,, and A,, = (&, X, Ra, S4, 74, A, Do)
a strongly synchronizing finite transducer, with all outputs on finite
inputs finite, and where A,, synchronizes at level m for some non-
negative integer m.

First suppose p is a state of Core(A) and 7(w,p) = p. Let z be the
prime root of w, and k be a positive integer so that z¥ = w. Consider
the word 2z™. It is immediate that z™ is at least m in length, and
so it synchronizes A,, to some state. Meanwhile, 7(w™,p) = p and
w™ has suffix 2™, so 2™ must synchronize A,, to p. But now, z™*!
also synchronizes A, to p, since 2™ has 2™ as a suffix. Therefore,
7(z,p) = p. This shows point [I} Release the variable p now.

Since |w| > 0 it is immediately clear that there is a length m suffix
of w™ so in particular w™ synchronizes A, to some state p € Core(A).
It is then the case that m(w™, p) = p. Note that the prime root z of w
is also the prime root of w™, so by point [I| the prime root z of w has
7(z,p) = p. It is then immediate that 7(w,p) = 7(2*,p) = p, which
shows point [2]

Note that point [7] follows from the fact that our transducer is mini-
mal. If there were a non-trivial common prefix w for the output words
from a state ¢, then the minimalisation procedure would have the tran-
sitions to ¢ having all their outputs ending with w as a suffix, while w
would be removed from the prefixes of all of the outputs of q. O

The following lemma is effectively a continuation of Lemma [8.2] now
under the context that our transducer is bi-synchronizing (and hence,
acts bijectively on its target Cantor space).

Lemma 8.3. Let 1 < r <n €N and h € Homeo(€,,,.) be represented
by a finite minimal bi-synchronizing transducer A with set of states Q.
We have the following.

(1) For any prime word w there ezists a unique circuit C' in A so
that for each state q of C, the output of C based at q is some
rotation w of the word w.

(2) If q € Q is such that the local action h, : €, — &, is bijective,
then for all p € Q such that w(l,p) = q for some | € X,,, we
have (I, p) # €.

(3) If p € Q so that the local action h, : €, — €, is a homeo-
morphism, and so that its outputs {\(l,p) | | € X,} are all
different from the empty word, then each such output word has
length one, and the induced map \(-,p) : X, — X, is a permu-
tation.

(4) If p € Q so that the local action h, : €, — €, is a homeomor-
phism, and so that its outputs {\(I,p) | | € X,,} are all of length
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one, then for all q so that w(l,p) = q for some l € X,,, the local
action hy 1s also a homeomorphism.

Proof. Point [I]is essentially the dual of point [2] of Lemma 7.9. One can
work in a minimal transducer B representing h~!, to detect the word
v of output produced by reading w on the cycle that accepts w in B.
Since w is prime, the word v is also prime. (If v = r for some integer ¢
and prime word r, we have that A has a cycle that accepts r, and the
output of reading r* on this cycle must be w (for some rotation w of
w) but now by the primality of w we see that t = 1.) Now it follows
that there is a unique cycle C' of A labelled by v, and the output of
reading the input v along the cycle C' must be some rotation w of w.
(Note that if there were no e-outputs along the cycle C' then our output
would be w on the nose, instead of (possibly) a rotation of w.)

Point [2| follows from the fact that ¢ can produce a full copy of &€, as
output. Let [ be a letter in X, so that n(l,p) = ¢, and z € X,,\{l}.
Then, there is an output from p obtained by first reading x, and then
reading any infinite word. This output can also be obtained from p by
first reading [. In particular, h would fail to be injective.

Point [3] follows as we must be able, for any given word w € W,,, to
find some word z € W, so that A(z,p) has w as a prefix. Therefore, we
need to be able to write words with the n distinct one letter prefixes
provided by our alphabet X,,, so, the n outputs of p must begin with the
n distinct letters in X,,. Furthermore, if for some j € X,,, the output
w; = A(j,p) has length greater than one and initial letter k, then from
the state p there will be at least n — 1 outputs beginning with the letter
k that cannot occur as prefixes of any output written from the state
p. In particular, the length of all outputs from state p on one-letter
inputs is one, and these outputs form a function A(-,p) : X, — X,
which must be a permutation.

Finally, point [ follows as each of the states in the image of the
transition function 7 (-, p) : X,, — @ is responsible for a full Cantor set
of outputs. (The state 7(j, p) must produce all prefixes of all words in
the Cantor space &, so that p itself will admit all outputs with prefix
the letter \(7,p).) O

Lemma 8.4. Let 1 < r <n € N and h € B,,, be represented by a
finite minimal bi-synchronizing transducer A with set of states Q. If
for some state q in @, in the initial transducer A, any finite word in
W,, can be obtained as an initial segment of some output, then the local
action hy is a self-homeomorphism of €,.

Proof. By definition, Range(),) is a clopen set in €, and by our as-
sumption, every basic cone in €, intersects Range()\,), thus

Range(),) = €,.
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Definition 8.5. Let h € R, UR,, be represented by a minimal trans-
ducer Ay. We call any state q of A,,, where the map hy is a self-
homeomorphism of €,, a homeomorphism state.

Given h € B, for some 1 < r < n € N, represented by a minimal
transducer A, we have seen above (see Lemma [8.2)[2))) that A has, for
each letter [ € X,,, a unique state ¢; so that 7(l,q) = ¢. We call the
state q; the [-loop state. We define the set

LoopStates(A) = {q € Q | q is the [-loop state for some [ € X,,} .

We now give some sufficient conditions for a loop state and its neigh-
bours to be homeomorphism states.

Lemma 8.6. Let 1 < r <n € N, and h € B, , be represented by a
minimal transducer A. For each | € X,, let q; € LoopStates(A) be the
l-loop state. Suppose that for some | € X,, we have that for all j €
X, \{l} the word \(j,q,) is not trivial and has no non-trivial common
prefic with X(l,q;). Then, the local action hy is a homeomorphism
hg €, = €,, and in this case we have the following:

(1) NG, @)l = 1, for cach j € Xy,

(2) the map \(-,q) : X, — X, is a permutation, and

(3) for each state p; = w(j,q), the state p; is a homeomorphism
state.

Proof. Assume that ¢; is the loop state for some [ € X,,, and that for
all j € X,,\{l}, the word A(j,q) is not trivial and has no non-trivial
common prefix with A(/,¢). For all j € X,,, set w; := A(j,q). Observe
that {q;} represents the only circuit with output w;. Further, as the
outputs from the state ¢; on reading one-letter inputs are never trivial,
given any letter k € X,,, there is some j € X,, so that A\(j,q) begins
with the letter k. (Otherwise, the homeomorphism h would not be sur-
jective. This is because it would be impossible, for large enough values
of t, to produce any infinite sequence of letters representing a point in
Cantor space with a contiguous sub-string of the form A(l, ¢)" "k.)

Therefore, we see that from the state ¢; we can produce all strings
of length 1 as prefixes of outputs. However, the argument above is
generic, since given any word w € W,,, the only way for h to produce
infinite sequences representing points of Cantor space, with contiguous
sub-strings of the form (A(l, ¢;))" “w for arbitrarily large ¢, is to have an
infinite string of input with a sub-string of the form /™ for some s near
t (that is, for values of ¢ much larger than the synchronizing length m),
followed by some word z so that A(z, ¢ ) has prefix w.

Therefore, ¢ is a homeomorphism state by Lemma [8.4]
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Furthermore, as ¢; is a homeomorphism state with all transitions
with non-empty outputs, we have by Lemma [8.3| Point |3 that all the
outputs on those transitions are length one and that the map A(+, q) :
X, — X, is a permutation. We also have that for all states ¢ in the set
{m(7,q) | j € X,,} that A, induces a homeomorphism on €,, by Lemma

[R.3] Point [l O

8.2. Detecting if an automaton is strongly synchronizing. In
this section we outline a combinatorial method for detecting when an
arbitrary finite automaton is strongly synchronizing.

This method consists of iteratively applying the ‘collapsing proce-
dure’, which we define below, until there are no more ‘collapses’ to be
performed.

Definition 8.7 (Collapsing procedure). Let A = (X,Qa,74a) be a fi-
nite automaton. For each state g € Q4 let [q] be the set of statesp € Q4
such that the functions ma(s,p) : X — Q4 and wa(s,q) : X — Q4 are
equal. Let Qa, = {[q] | ¢ € Qa} and observe that Q 4, is a partition of
Q4. Form a new automaton Ay = (X, Qa,,ma,) where, fori € X and

[Q] € QAU we set T A4 (27 [qD - [ﬂ-/h (7'7 Q)]

Remark 8.8. Let A be an automaton and let A; be the automaton
resulting from applying the collapsing procedure to A as above. Ob-
serve that if a collapse is possible then |A;| < |A]|, otherwise |A;| = |A]
and A; =4 A. The strong isomorphism arises as for a state g of A, the
state [¢] of A; is the set {q}.

Let A = (X,Qa,74) be an automaton. Form a sequence (A;);en of
automata where A9 = A and such that, for j € Nj, A; = (X, Qu;,74;)
is the result of applying the collapsing procedure to the automaton
Aj_q1. The set of states Q4; of A; is a partition of Q4, , the set of
states of A;_;. Since @4, is a partition of @)4,, then, by induction,
the set 4, of states of A; corresponds to a partition P(Qa,) of Q4.
Thus for j € Ny, we identify the states of A; with the elements of this
partition so that states of () 4; correspond to subsets of Q4. For ¢ € Q4
and j € N we fix the notation [g]; for the state of ()4, containing g;
if 7 =0, set [q]p := ¢. By definition of the collapsing procedure, for
j € N, and distinct states [p|; and [q]; of A;, [p]j+1 = [¢];+1 if and only
if the functions 74, (s, [p];) and 74,(s,[g];) are equal. In particular we
have the following claim:

Claim 8.9. Forx € X and q € Qa, ma,(z,[q];) = [ma(z,q)];.

Proof. We proceed by induction. By construction the claim holds
for A;. Let k € N; and assume that the claim holds for A; for all
1 <i < k. Letz e X and [¢]x be a state of A;. Observe that

[q]k {p € QA | WAk_l(yv [p]k—l) = WAk—l(y7 [q]k’—l) for ally € X}
However by the inductive assumption we have: [¢]r = {p € Qa |

I .
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[ma(y,p)lk-1 = [ma(y,@)lk-1}. Thus for any p € [g]x and any y € X,
we have [14(y, @)k = [ra(y, )]k since [y, p)le—1 = [7a(y, )]p—1. O

Whenever we have an automaton A and a sequence (A;);en of au-
tomata with Ay = A and such that each subsequent term of the se-
quence is obtained from the previous one by applying the collapsing
procedure, we shall identify, as above, the set (4, of states of A; with
a partition of @4 and elements of QQ4; with subsets of Q4. Further
observe that if 4, j € N and ¢ < j, then |A4;| < |A;|. Thus the sequence
(A;)ien is eventually constant.

We have the following result.

Lemma 8.10. Let A = (X, Qa,74) be an automaton and (A;);en be the
sequence such that Ay = A and each subsequent term is the automaton
resulting from applying the collapsing procedure to the previous one.
Let p,q € Qa, then [p|; = [q]; in A; for some i € N if and only if for
all words T € X' ma(T,p) = wa(T, q).

Proof. We proceed by induction on i. Let ¢ = 0 and p, ¢ be states of
A such that [plo = [g]o. Since Ay = A, we have p = ¢. Moreover, for
any s,t € Q4 such that ma(e, s) = ma(e, t) then since s = w4(e, s) and
t = ma(e, t), we conclude that s = ¢t. This establishes the base case.

Assume that for £ € N; and for all ¢ < k, i € N, the statement of
the lemma holds.

Let p,q € Q4 be such that [p], = [¢]s. Let I' € X* ! and x € X be
arbitrary. Since [p]r = [g]k, by construction of the Collapsing procedure
it follows that for all y € X, [ma(y,p)|k-1 = [7a(y,¢)]k—1. Thus if
p = ma(z,p) and ¢’ := 7a(x, q), then we must have, [p']x_1 = [¢']x_1-
Therefore by the inductive assumption we have, m4(I',p") = ma(T, ¢'),
from this it follows that w4 (2", p) = ma(al',q). Since x € X and I €
X*=1 were arbitrary, we conclude that the functions 74(s, p) : X* — Q4
and 74 (s, q) : X¥ — Q4 are equal.

Now let p,q € Q4 be such that the functions 74(s,p) : X* —
Q4 and mA(s,q) : X*¥ — Qa are equal. Let x € X be arbitrary,
and p' = ma(x,p) and ¢ = wa(x,q). Observe that the functions
Al D) © X1 — Qa and m4(s,¢) : X*1 — Q4 are equal since
the functions m4(s,p) @ 2X* ! — Q4 and 74(s,q) @ 2XF1 — Q4
are equal. Thus by the inductive assumption for £ — 1 we have that
[']k—1 = [¢']k—1. Therefore as x € X was arbitrary, we have that for
all y € X, WAkfl(y7 [p]kfl) = WAkfl(ya [Q]kfl)a and so [p]k = [Q]k as
required.

O

We may restate the lemma above as follows:

Lemma 8.11. Let A = (X, Qa,ma) be an automaton and (A;);en be the
sequence such that Ay = A and each subsequent term is the automaton
resulting from applying the collapsing procedure to the previous one.
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Letp,q € Qa. Then [pl; # [q]; in A; for some i € N if and only if there
is a word 6 € X such that wa(8,p) # wa(9,q).

We thus have the following theorem characterising when a finite au-
tomaton is strongly synchronizing.

Theorem 8.12. Let A = (X,Qa,ma) be an automaton. Form the se-
quence (A;)ien where Ag = A and each subsequent term of the sequence
18 the result of applying the collapsing procedure to the preceding term.
Let k be minimal such that |Ag| = |Axs1|. Then A is strongly synchro-
nizing if and only if Ay consists only of a single state. Moreover, if k is
minimal such that |Ay| = 1, then k is the minimal synchronizing level

of A.

Proof. In what follows, for a given non-negative integer k, we use Ny
to denote the set of all naturals greater than or equal to k.

Observe that for all [ € N, we have A, = Ay by Remark [8.8] Thus
if |Ag| # 1, then |A;| # 1 for any [ € Ny. Therefore for any j € Ny_,
there is a pair of states ¢,p € Q4 such that [¢];+1 # [p];+1 and so, by
Lemma , for any j € Nj_; there is a word § € X7*! and states
p,q € Q4 such that m4(d,q) # m;(d,p). From this we conclude that A
is not strongly synchronizing.

Now suppose that |Ag| = 1 then by Lemma we have that for
any pair p,q € Q4 and any word I' € X* 74(T,p) = 7a(T,q) and
so A is strongly synchronizing. Moreover since k is minimal such that
|Ai| = 1, Lemma [8.11] guarantees that it is the minimal synchronizing
level of A. O

We conclude with some examples and non-examples.

Example 8.13. Consider the following automaton, A, below:

00
0[0 11
112 200
201
12 @D 200
02

Then A is as follows:
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After one iterate of the collapsing procedure we find that the states qq
and ¢; are in the same equivalence class and ¢, is in a class on its own.
The quotient automaton is shown below:

0

()

1

After the second iterate of the procedure the quotient automaton is as
follows:

1 2

We can likewise perform, the same process on A~!, which is given
below:

This automaton can also be collapsed to a single state automaton in
2 steps. One can check that A is bi-synchronizing on the second level
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with map given by:

00— qy 10—~ qy 20— 1
f: 01|—>ql 11|—>ql 21'—>C]0
02|—>QQ 12|—>QQ 22|—>QQ

We now illustrate a non-example. Let B be the following transducer:

0[0
1]0 2|2
2|1 12
0[1
2 Ce\/@ i
0[0

This transducer is not synchronizing at any level, for instance there is
no single state into which the automaton enters after reading any finite
string of zeroes. Consider B below:

No two states of this automaton are related under the equivalence class
given in the procedure, and so the quotient automaton returned after
the first iterate of the collapsing procedure is exactly the same as B.
Therefore the procedure returns that the automaton is not strongly
synchronizing.

9. THE NATURAL QUOTIENT B,,, — O,

We begin by defining, for a given n, a set O, of non-initial minimal
strongly synchronizing transducers. We show that O,, is a monoid and
contains a group O,, which has as subgroups the groups O,, ., for each
1 <r < n. We prove Proposition [9.15| giving a nesting criteria for the
subgroups O,,, inside O,,. We then give an example of an element of
O, 3 which is not an element of Oy, for any r € {1,2}, thus showing
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that O,,, depends on r (although, this remains open at the level of
isomorphism). To close the section, we give a direct, combinatorial
method of inverting elements in O,, which does not rely on passing to
a completion in B, ,, inverting, and then taking the core.

9.1. Classes and sets. For what follows, we establish two conven-
tions. The first convention faces a technical problem that must be
dealt with, whilst the second simply supports a nicety.

The first convention we establish is that we will regularly confound
a (finite) transducer with its equivalence class under strong isomor-
phism. That is, if we refer to a transducer, we are really referring to
the class of all transducers which are strongly isomorphic to it. Simi-
larly, if we refer to a set of transducers, then we are actually referring
to a set of equivalence classes of transducers, where all of the trans-
ducers in a given equivalence class are strongly isomorphic. If we refer
to the states of a transducer, the reader will be assumed to have cho-
sen a representative of the appropriate equivalence class of transducers
(under strong isomorphism) for the discussion that follows. We em-
ploy this language to avoid having to explicitly choose representative
transducers and having to constantly discuss independence of choice
of transducers at each turn. On occasion, however, we will still use
the congruence notation “=” for a strong isomorphism between any
two given particular transducers when we think it will aid the reader
in catching some pointed observation.

Thus, when we define below a monoid or group of transducers, the el-
ements of that monoid or group will actually be the equivalence classes
of the transducers specified.

The second convention is not strictly necessary, but it allows us to use
equivalence classes of transducers (under strong isomorphism) where
each equivalence class is actually a set. To achieve this, we place the
sets of states of our transducers on a firmer foundation.

Specifically, recall that the set V, from the von Neumann hierarchy
of sets has the property that all of its elements are finite sets. Fur-
thermore, as in Chapter 1 of Kunen’s text [16], by interpreting (in the
natural cases) the elements of a direct product of two sets X and Y as
sets of the form {z,{z,y}}, where z € X and y € Y, one sees that V,
has the following two properties:

(1) for all Q € Psin(Vi,), we have Q € V,,, and
(2) for all X,Y €V, we have X x Y € V.

Here, note that we are using Py;, (V) to represent the set of all finite
subsets of V,,. The two properties above are exactly what is required in
our discussions for working combinatorially with finite transducers (e.g,
we might sometimes pass to subsets of the set of states, for instance
when passing to the core of a synchronizing transducer, and secondly,
the set of states of a product transducer is the direct product of the
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sets of states). From this point forward, when we discuss a transducer,
we are implicitly assuming the set of states of 7' is an element of V,,,
and the alphabet of T" will be one of the sets X,,, or in the case of a
transducer representing an element of G,,,, the alphabet will be the
union of the sets 1 and X,, for some r and n natural with 0 < r < n.
Thus, the reader may assume if they choose that all of our transducers
come from a specific set of transducers (as opposed, e.g., to a class of
transducers). Note that in the discussions below we will treat direct
products simply as sets of ordered pairs of elements, as in standard
usage.
We can now proceed with the main discussion of the section.

9.2. Around a monoid (5n. We first define our monoid of interest.

Definition 9.1. Let O,, be the set consisting of those transducers T =
(Xn, Qr, 71, A1) satisfying the following conditions:
(1) T is synchronizing at level k for some natural k,
(2) Core(T) =T,
(3) T is minimal, and
(4) for each state q of T, the induced map A(-,q) : €, — &, is
imjective and has clopen image.

Recall that in the above context, we sometimes confound a state g
of T" with the corresponding map A(-,¢q) : €, — €, (as we consider
states to represent local actions). This leads to the appearance of the
notation “Image(q)” which seems clear enough and is lighter to read
than the full “Image(A(-, q)).”

The following definition simply generalises the multiplication of Def-
inition to our broader context (of working with the transducers in

O,).

Definition 9.2. Let 17,75 € 6n. We define the product TiT, € 5n as
follows:

(1) Compute the full transducer product Ty * Ty.

(2) Pick any state q of Ty x Ty. Apply the “Remove States of In-
complete Response” algorithm in the paper [12] to the initial
transducer (Ty x Ty), to produce an initial transducer (T171%) o
and perform the following operations:

(3) Pass to the core of (T113), to produce the result (Tng)o.

-0

(4) Identify equivalent states of (I11y) to produce the result in O,,,
which we denote by T1T5.

The following lemma discusses aspects of the product above, includ-
ing that it is well defined. Its proof is straightforward but mildy tedious:
we give a brief discussion of the key ideas.

Lemma 9.3. Let 11,75 € 6n We have:
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(1) For a connected strongly synchronizing transducer, the process
of removing states of incomplete response does not change the
set of states that are in the core;

(2) For a connected strongly synchronizing transducer without states
of incomplete response, the processes of identifying equivalent
states and of passing to the core commute;

(8) For a connected strongly synchronizing transducer, the processes
of identifying equivalent states and of removing states of incom-
plete response generally do not commute;

(4) The product transducer TyTy defined in Definition is well
defined, and does not depend on the state q chosen in step [ of
that definition.

Discussion:

To see this lemma one should recall that the “Remove states of incom-
plete response” process simply adds a new initial state ¢ (which will
not survive passage to the core as it has no incoming edges), and then
it modifies the output words of transitions (without modifying desti-
nations). Therefore, the transformation of a core state of incomplete
response into a core state of complete response depends only on the
other states within the core. In particular, the multiplication process
is independent of the choice of initial state used in part [2| of Definition
9.2l

Further, we observe the simple fact from topology that the compo-
sition of two injective continuous maps from €, to itself, where each of
these maps has image a clopen set, will be another injective map with
image a clopen set. Thus, each state in the product (before removing
incomplete response) gives an injective map with clopen image. We
then observe that removing incomplete response from such a state just
removes the greatest common prefix from the set of infinite words that
are output from that state, and this does not impact injectivity or the
fact that the image of that state is clopen.

In Figure |2/ below, we provide an example transducer with two core
states where the processes of removing states of incomplete response,
and identifying equivalent states, do not commute when applied to the
core (proving Point [3).

O

Note that 6n contains the sets O, , for each 1 < r < n, and the

multiplication of O, , agrees with the multiplication of O,, over any of
those sets. In fact we have the following result.

Proposition 9.4. The set 6n with the multiplication defined above is
a monoid.
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0le 1le
1|0
o =
0[1

FIGURE 2. A bi-synchronizing transducer representing
the identity.

Proof. This is a straightforward but somewhat tedious exercise in the
definitions. The central point for checking associativity is the indepen-
dence of the set of core states that arises when one removes incomplete
response from different choices of states starting that process. U

We have the following theorem. Recall for what follows that S, ,
is the submonoid of R, , corresponding to homeomorphisms repre-
sentable by strongly synchronizing transducers (note S, is not closed
under inversion).

Theorem 9.5. Let T = (X,,, Qr, 7, A1) be a transducer. Then T is

an element of O,, if and only if there is a natural r with 1 <r <n and
an nitial transducer

Aqo = (I’, Xna R7 S? TA, )\Aa q0>
(with Qr C S) representing an element hy, € S, with Core(A,,) =1T.

Proof. Let A, be a minimal transducer representing an element of
Sy, s0 in particular Core(A) is synchronizing. Conditions (1) and
(2) follow immediately from the definition of S,,,. As A, represents
a homeomorphism of Cantor space then (3) follows as well as each
state produces a local action which must be injective and which can be
expressed as an open projection of a restriction of a homeomorphism
to clopen set, and thus has clopen image.

For the reverse implication, let T" € O,. We now describe how to
construct a strongly synchronizing transducer representing a homeo-
morphism of &, ,, for appropriate n and r, with core equal to T'.

Let g be a state of T. By assumption Image(q) is clopen, and so
can be written as a union of finitely many disjoint basic open sets
Ui<ici Up where m; € X Let M = maxi<<i{|ni|}, and let v €
X be a prefix of some element of Image(q) such that |v| > M. Let
N € N be such that for all words ¢ € XY we have |Ar(¢,q)| > M.
Let ¢1,...,¢; be all those elements of X2 for which v is a prefix of
Ar(¢i,q) for all 1 < i < j. Now set, for all 1 < i < j, Ap(¢i,q) = vp;
for some p; € X*. Let mpr(¢i,q) = p; for 1 < i < j. Now since
Image(q) is clopen, and since v > 1, for some 1 < [ < k, then we
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must have that (J,,.; pi " Image(p;) = €, (here p; " Image(p;) = {pix |
x € Tmage(p;)}). Note that since ¢ is injective the p;” Image(p;) are
pairwise disjoint.

Now set m = (n — 1)j and r = n — 1. Observe that there are
maximal finite anti-chains of W,,, of size m and n — 1 respectively.
Let {&,...,&n} and {(3, ..., (-1} be two such antichains. Since m is
divisible by j, we may partition the first antichain into blocks of length
j as follows: {51, Ce 7€m} = |—|O§i<n—1{€ij+1> Ce 7§(i+1)j}' Then we may
define a map ar : €,, — &, by &z — Godr(z,p) for 0 <1< j
and 0 < i < n — 1. It follows that as is a homeomorphism since
Ui<ic; pi” Image(p;) = €, where, as observed above, this is a union of
disjoint sets. We may now apply the procedure laid out in Section [5.4
to compute a minimal initial transducer in R, , representing ar where
we observe that the resulting transducer is strongly synchronizing as
processing any word & will result in processing from a state in T for
all extensions.

g

Remark 9.6. Let A,,, By, Cpy be minimal initial strongly syn-
chronizing transducers respectively representing elements h,,, hy, and
hpohg, of Sy, respectively, for some given n and r. Since the core of
the product is contained in the product of the cores, we see that the
well-definedness of the product in O,, gives

Core(Cpo,q0)) = Core(Core(A,,) Core(By,)).

We can now specify the subgroup O, , of the monoid (’3” as those

elements of (5n which correspond to minimal cores of elements of B, ,.
Specifically we obtain the following theorem.

Theorem 9.7. For 1 <r <n €N, we have O,,, = Out(G,,,).

Proof. This follows from Remark and from the fact that G,,, is
precisely the subgroup of B,,, consisting of the homeomorphisms that
are representable by transducers with representative cores which act as
the identity.

O

Inversion of elements in the subgroup O, , currently depends on
passing up to an element of B, ,, inverting a homeomorphism, and
passing back through the quotient to O, ,. This is unsatisfactory: we
will give a combinatorial process for inversion in Subsection which
depends only on the element of O, , as a transducer and produces the
correct inverse. B

We are now in position to define O,, as the subgroup of O,, generated
by the union of the subgroups O, ,.
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9.3. Viable combinations, transducer completions, and nesting
conditions on the groups O, ,. In order to explore the relation-
ships amongst the subgroups O,,, of O,,, we will need to provide some
combinatorial constructions which will help us to understand when an
element of O,,; is also an element of O, j, for i # j.

Figure [3| depicts an element T" of £4 C O43 which has two very in-
teresting properties. Firstly, and not directly relevant to the discussion
of this section, the reader may verify that T" has no state which acts
as a homeomorphism state, even though it is synchronous and it is the
core of an element in By 3 (discussed in Subsection [0.5). Secondly, and
motivating the discussion in this subsection, T" has no completion to a
transducer representing an element of By ; or of Byo, s0 T & (041U, 2)
even though 7' € Oy 3.

0[0

3|3

2/1

310,1)1 L2 (|31

2|3
2/1

FIGURE 3. An element T of £, without homeomorphism states

In Theorem we build a homeomorphism a7 depending on some
initial choice of state ¢ in a strongly synchronizing transducer T" of O,,.
In general, it turns out that starting from an initial choice of state ¢ as
above is too limited for producing the set of all possible completions to
homeomorphisms. The process below weakens our dependencies and
enables us to determine the nesting structure for the subgroups O, .

Definition 9.8 (Viable combinations). For a transducer T € O, we
call a tuple v; == ((p1,-..,p;), (p1,...,Dp;)) such that:

(1) (1017' .- 7pj) S (X:L)] and (plv‘ .- 7pj) € Q%“



AUTOMORPHISMS VIA DYNAMICS 71

(2) p; " Image(p;) N p; ~ Image(p;) = 0 for i # j.
(5) |_|1§z'§j pi " Image(p;) = €,
a (full) viable combination for T
If condition (3) is replaced by the weaker condition that

|_| pi” Image(p;)

1<i<j
is just a clopen subset of €, then we say v; a partial viable combina-
tion.

Remark 9.9. Notice that given a 7' € O,, and a viable combination
v; for T' there is an induced a homeomorphism h,; from &, ; — €, by
ax — padr(x, p,) forall a € {1,...,} and arbitrary z € €, (the index
a is the value of @ with the “dot” removed). Here, and throughout
this section, we allow j > n.

Definition 9.10 (Single expansions of viable combinations). Let T' =
(Xn,Q,m,\) € O, and let v; = ((p1,--.,pj); (D1,-.-,pj)) be a viable
combination for T'. Fiz an i such that 1 < i < j, and let p;; =
pi” M1, pi) and piy := (1, p;) for l € X,,, then

Ujin—1 1:( ( /)1,---7/%—1>Pz',0,---api,(n—l),piﬂa---aﬂj),
( pl»--';pz‘—l,pz‘,o,---,pi,(nfl)ypwl,-'-,pj))

is called a single expansion of v;.

Remark 9.11. It follows from the fact that a viable combination in-
duces a homeomorphism that a single expansion of a viable combina-
tion for an element 17" € O,, results in a new viable combination for T
Therefore a sequence of single expansions applied to a viable combina-
tion for 7' also results in a new viable combination for T'.

Definition 9.12. For a transducer T € (5n we say a full viable com-
bination

v; = ((p1,---,05), (P1,- -, 15))

arises from a state ¢ € T' if there is a wordn € X and a set {¢1, ..., ¢;}
of incomparable words, such that the following holds:

(1) Ar(9i, q) = npi, mr(9i, q) = pi and,
(2) Ui<i<jnp; Image(p;) = U,
Note that implicit in the proof of Theorem [0.5]is a full viable com-
bination arising from a state.

Now we may modify the construction given in the proof of Theorem
9.5

Lemma 9.13. Let 1 <r<n—-1eN,T € (5n and v denote the set of
all viable combinations for T'. The transducer T can be extended to an
initial transducer Uy, representing an element of S, with Core(U) =T



72 C. BLEAK, P. CAMERON, Y. MAISSEL, A. NAVAS, AND F. OLUKOYA

if and only if there exists vj,,..., v, a sequence of viable combinations
such that r = Xi<j<mjs =m mod n — 1.

Proof. Let us assume that T € O,,, v denotes the set of all viable
combinations of 7', 1 < r < n — 1, and there exists v;,...,0; a
sequence of viable combinations such that r = ¥, <;<;,,5; = m mod n—
1. We will show that T" can be extended to a transducer U as claimed.

First, set j := Yi<;<mJi- There exist finite complete antichains

{&,....¢} and {(y, ..., G} of €, . Decompose {1, ...,&;} as

{51; e ,ﬁj} = |—|1§l<m{pl,17pl,27 ce 701,11}7

where p;;; denotes the string E8cici_1jith when 1 <[ <mand 1 <
k < 7;. In particular we have

{5219§171j¢+17 e 7521951]&‘} = {pl,17 Pr2; .- Jpl,jl}'

For a fixed I, 1 <1 < m, consider the block {p;1,p12,...,p1;}, then
ar acts on the space ulsiglepl’i = ¢, as the map h"jz as in Remark
(note here, it is possible that j; > n). Noting that €, ; = &, and
injecting the image to the cone Uy, we can extend this definition across
each of the blocks {p;1,p12, ..., p;} for the full range of values of [ to
get a well defined homeomorphism ar of &€, , with finitely many local
actions, and where the set of local actions corresponding to the states
of T" are the only ones which appear infinitely often (so that 7" is the
core of the minimal transducer V,, representing oy.

The other direction is technical but straightforward. Assume that
T € O,, and T extends to an initial minimal transducer V,, with
Core(V,,) = T representing an element of S, ,, with initial state ¢y and
output and transition functions A and 7, respectively. As T is the core
of V,, it is already the case that if we look at all strings of W, , of length
k + 1 where k is the synchronizing length of V,,, then this provides a
complete antichain for W, , and reading any of these strings from the
initial state of V,, results in moving to a state in 7.

Since core states of V,, cannot write a letter from the alphabet r we
observe firstly that each word A(w, qo) is non-empty for any w € W, ,
of length £ + 1, and further, as hy, is a homeomorphism of &, , that
for each letter a € 1 we have that the cone U; decomposes as a disjoint
union

Ud = quXG)\(Uwa QO)
where X, denotes the set of strings of length £ + 1 in W,,, so that
if w € X, we have A\(w, qp) is a string with first letter a. Let Y, :=
(Yuwr > Ywss - - - » Yuw,) Where we have | X,| = p, and where we order w; <
wy < ... < w, in the dictionary order on X,, and where we further
determine y,,, by the rule ay,, = Aw;, qo) for each w; € X,. For each
1 <i<psetq = n(ws;,qo) the state reached in V,, upon reading the
word w; from ¢o. Further set Z, = (q1,¢q2,...,qp), so that (Y, Z,) is
a viable combination. Now repeating this for each letter in 1 gives us
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a set of viable combinations satisfying the modular arithmetic of the
claim.

g

We may refer to a transducer A,, € S,,,, which has core transducer
T, as a completion of T in S, ,. Note that if A, is bisynchronizing,
then we might refine this language and say that A,, is a completion of
T in B,,,.

As the completions found in Lemma [9.13| create no cycles outside of
the core transducer T' given to the process, thus, the resulting trans-
ducer in S, is actually in B,,, when T' € O,, (that is, bi-synchronizing,
not just strongly synchronizing). Therefore, we obtain the following
corollary.

Corollary 9.14. Let 1 <r<n—1€ N, T € O, and v denote the set
of all viable combinations for T'. The transducer T' admits a completion
to an inatial transducer Uy, representing an element of B, , if and only
if there exists v;,,...,0; a sequence of viable combinations such that
r=Yi1<i<mji =m mod n — 1.

We are finally in position to discuss nesting properties for the sub-
groups O, , within O,

Below, for integers 4, j, and n, we write ¢ | j mod (n — 1) if there is
an integer k so that i divides j + k(n — 1) in the ring of integers.

Proposition 9.15. Suppose 0 < i < 7 < n — 1 are natural numbers.
Ifi]j mod (n—1) then O,; < O,;.

Proof. Let 0 < i < j < n — 1 be natural numbers and assume i | j
mod (n — 1), and A € O,; and B € B, ; with core A. We will show
that A S On,j-

Since i | j mod (n — 1), there is a complete antichain y in W, ; of
length me for some m > 1, where we may assume that every element
of this antichain is a word of length at least two (i.e., not just a dotted
letter).

Build a partition p of x into m disjoint sets of cardinality ¢, and
give each of these sets a bijection to the set of dotted letters from 0 to
¢ — 1. Construct a homeomorphism 04 5 of €, ; as m copies of B, by
using a copy of B for each element of the partition p, where we replace
each dotted letter (from the perspective of B) by the string from the
corresponding element of the partition under the appropriate bijection.
The homeomorphism 64 g, when realised as a minimal transducer, has
core A and is an element of B, ;. In particular, A € O, ;.

g

Proposition w shows that subgroups O, , of O, have a type of
lattice structure, with the group O, ; being minimal and a subgroup
of the other groups while the group O, ,,—; is a container for all of the
other groups and hence is O,,. In particular, we have.
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Proposition 9.16. The set O, under the multiplication inherited from
O,, forms a group.

Proof. This follows from Proposition[9.15]as we immediately have O,, =
Onon—1, while O, ,,_; is a group.
U

9.4. On Lipschitz conditions, the groups O,, and subgroups
of interest. Recall our notation that LB, , represents the subgroup
of B,, corresponding to the homeomorphisms of €, , that are bi-
Lipschitz. Also recall that we call O,,, the image of B, , under the
quotient by its normal subgroup G, ,, and the image of LB, , in O,,, is
the group £, ,. We further have the subgroup HB,,, of LB, , consist-
ing of homeomorphisms which can be represented by transducers with
cores that are in fact synchronous, bi-synchronizing, and which contain
a state which is a homeomorphism state, and we denote the similarly
defined subgroup of O,, as H,,. (The condition above on the existence
of a homeomorphism state is in fact necessary to create a subgroup
for the synchronous bi-synchronizing core automata arising. In [I] the
authors give an example of a transducer with all of the other prop-
erties which when squared becomes asynchronous after minimisation.)
In this subsection we explore some properties of these various groups.
The examples and discussion provided here imply all of the statements
of Theorem [L4l

In what follows, we often discuss the core transducers which are
simultaneously sub-transducers of initial transducers representing el-
ements of the groups S, and B, ,, but also, they represent images
under the quotients mentioned in the last paragraph. These transduc-
ers do not naturally have initial states. We show in Figure [3| of the
following subsection an example of a transducer in £43 which has no
homeomorphism state, even though it is in fact synchronous. Thus, in
these investigations, sometimes we focus on the combinatorics of the
transducers as finite objects, and sometime we focus on their “local
dynamics” as determined by their local actions.

For given 1 < r < n € N, recall that elements of G,, ,- are bi-Lipschitz.
Also, due to its strong condition of being bi-synchronizing, any general
element of B,,, might be expected to be bi-Lipschitz. However, this
first impression turns out to be false.

Theorem 9.17. For 1 < r < n, for n > 2, the group B, , contains
elements which are not bi-Lipschitz.

Proof. The transducer B depicted in Figure {| is bi-synchronizing (at
level two), minimal, and is its own core. However, it is not synchronous.
In this case we are demonstrating for n = 3.

Although the initial transducer B, is bi-synchronizing (at level two)
and will induce a self-homeomorphism of €3, it does not produce a
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1/0 0[2

2|1
i

2(01

12

2|1 lle

FIGURE 4. A non-bi-Lipschitz core transducer of infinite order.

Lipschitz map on Cantor space. Consider the cycle of edges labelled
by inputs 2 and 0 respectively (connecting a to b and then going back
to a). This cycle has length two in the directed graph underlying the
transducer and so input word of length two. However, the output word
written on reading this input while traversing this cycle has length
three. In particular, the point p = 2020 maps to ¢ = 100100 in a
non-Lipschitz fashion as points from ever-smaller basic cones about
2020 face an ever-increasing general contraction factor (a witness to
this is the sequence of points ((20)*0)en, where the k™ such point has
distance 1/2**1 from p, but lands under ¢ at the point (100)*2 at
distance 1/23**1 from q.

It is not hard to build similar examples for any alphabet of size n,
for n > 2, based on this example. In particular, we can build elements
of B,,, for any n > 2 which are not bi-Lipschitz.

To see that we can build a bi-synchronizing transducer LA?M repre-
senting an element Bm of B, which uses B as part of its core, we
will simply add a state to the transducer B depicted above, and many
transition edges, as described below.

Figure |5 depicts the resulting transducer §4,2 (so, for n = 4 and
r = 2). Details of the construction follow.

The added state will be an initial state ¢y. For each symbol z € 1,
the transitions will be given by the rules m(z, o) = a and A\(z, qo) = =.
That is, gy admits r edges from ¢y to a, one for each input from 1, and
each transition acts as the identity transformation on its letter of r.

The remaining transitions are as follows. For each symbol x in
X, \{0,1,2}, set 7(z,a) = a and A(x,a) = x. Furthermore, set

7(x,b) = a and \(x,b) = x.

Finally, set 7(z,¢) = a and \(z,c) = Ox.
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FIGURE 5. A non-bi-Lipschitz transducer §472 of infinite
order in Syo.

The reader can verify that the transducers so constructed are bi-
synchronizing and represent self-homeomorphisms for the spaces &, ,.
O

As mentioned above, it is perhaps surprising that for n > 1 and
1 <r < n, the group B, , contains elements that are not bi-Lipschitz.
As in fact the subgroup LB, , of bi-Lipschitz homeomorphisms within
B, is proper, one might now go to the other extreme, and wonder that
perhaps L£B,,, would not have a complicated image in O, (observing
of course that G,,,, < LB,,,). However, while the bi-Lipschitz condition
is a very strong further condition on the bi-synchronizing maps, in [1]
the authors are able to show that the group £B,,, contains (most of)
the complexity of the automorphism group of the (two-sided) full shift
on n letters.

The example depicted in Figure [6]is of an element in £y that is not
in the subgroup H,, and which is of infinite order.

We observe that elements of O, act on the quotient space XZ/(c),
where o is the shift. (Note that a transducer representing an element
of O,, has no well defined index to which it is writing; for instance, this
is clear if it does not represent the core of a Lipschitz transformation.
However, because of synchronisation, such a transducer will transform
a bi-infinite string to another bi-infinite string; one always has sufficient
history to know what to do with a new letter of input. Note that this
operation takes any two shift-equivalent bi-infinite sequences to two bi-
infinite sequences which are also shift equivalent if indices are assigned.)
From this perspective, we can verify that the transducer in Figure [f]
is actually of infinite order by finding an infinite orbit of the induced
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action on this quotient space. For this purpose, the equivalence class of
the point ...111(001)“ (take as representative the point defined using
coordinate entries of value 1 at all negative indices, and with its first
entry of value 0 occurring at index 0), serves nicely. The reader can
verify this by a simple induction tracing the orbit as given below.

. 111(001) — ... 111 - 01 - (001)* —

_..111-0101 - (001)¥ 5 ... 111 - (01)*(001)* —*
111+ (01)%+3 . (001)~

Ole

01

1/1

@ - 0

FIGURE 6. An element of £, of infinite order, which is
not in Hs.

It is not hard, using the method of the construction following the
example in Figure p| to increase the alphabet size to n for any given
integer n > 2.

We give two further example transducers, exploring the boundary
cases when n is small.

The first such example, depicted in Figure [7], is of a transducer rep-
resenting an element of H3 which is of infinite order. One can prove
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by induction that the point p := (p;) € {0, 1,2}% given by the rules
o J2iti<0
o l1ife > 0.

witnesses an infinite orbit under the iterated action of the transducer

of Figure [7
1/1
0/1 /—\
Mcb 2/0
1/2 v

FIGURE 7. An element of H3 with infinite order.

Our final example, depicted in Figure [ is of a non-bi-Lipschitz
torsion element of Oy 1, given as below. One can check combinatorially
that the transformation represented by this transducer has order two.

0/10| | 1/1 1/11

—Q

0/0 1/1

FIGURE 8. A torsion non-bi-Lipschitz map in O,.

9.5. More on the dependence of Out(G,,,) on r. In Proposition
we give a condition determining the nesting of the subgroups O, ,
of O,,. In this subsection we give an example transducer 1" representing
an element of £, 3 with no homeomorphism states. The transducer T
admits no completion to a larger transducer representing an element
of By or of Byo. This shows us, e.g., that the induced actions of the
cores of the transducers representing elements of the groups By and
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B,z on the set {0,1,2,3}% are not the same. Therefore, we highlight
the possibility that neither of the groups O4; and O, are isomorphic
to 0473.

Consider the transducer 7" in Figure [3] we shall show below that all
possible completions of this transducer are in Sy 3.

Lemma 9.18. Let T be the transducer in Figure [3 FEvery possible
completion of T' is in Sy 3.

Proof. First observe that Image(q;) U Image(qs) = €,, Image(gs) L
Image(qs) = €, and Image(gs) U Image(q;) = €,. Moreover, for
(¢i,95) € Qr x Qr\{(a1,94), (g3, ¢4), (42, 95)}, the union Image(q;) U
Image(q;) is not a disjoint union, and also, is not equal to €,.

Let Ay, be a completion of T"in Sy, for 0 < r < 4. Let [ be such that
for all words I' of length [ in Wy 3 we have (I, qo) is a state of T, and
for all words y € W, of length [ and any state g of Q4\{qo} we have
7(x,q) is a state of T'. Let ¢4, ..., ¢; be all words of length [ in W, 5 (so
in particular j = 3 -4'71). Let p; := Aa(¢s, qo) and let p; := 74(ds, q0),
for 1 < i < j. Let pp 2p; = pr " Aa(t,pr), and pr; = ma(4, px) for
1 <k < jandi € X, Observe that for any state ¢ of T, the map
Ar(s, q) © X4 — X4 has image size two and the set of preimages of a
point in the image also has size 2. Moreover if iy # i3 are elements of
X4 which have the same image under Ay (s, q) then (77 (i1q), 71 (i2q)) €
{(q1, @), (@4, 1), (43, q4), (@45 G3), (@2, 45), (@5, q2) }. This means that for
a given k with 1 <k <7, pr 2k, = pr Tk, for some distinct 4; and
io in Xy. Moreover since Image(py;, ) U Image(py.i,) = €4, then p}. "z ;
is incomparable to pj "z, otherwise A, is not injective. Thus the set
{pr " xr; | 1 <k <j,ie X,} has size 2j. Since A, is a homeomor-
phism, we must have that the set {p; 21, | 1 < k < j,i € X,,} forms
an antichain for €, 5 otherwise Uj<i<; iex,pr @k; Image(pg;) 7# €y 3.
We conclude that 25 = r mod 3. However, since j = 3 - 4!~! we see
that j =0 mod 3. Thus, we can conclude r is congruent to 0 mod 3,
and therefore r = 3. U

Having shown that O,; and O, sit properly as subgroups of Oy,
one could now consider whether or not the O, , have their isomorphism
type depending on r for a fixed n. We mention this question in the
final section.

9.6. Constructing inverses within O,. In this subsection, we will
look at the combinatorial construction of inverses of elements of O,,.
Here and until the statement of the next lemma, fix T € O,,. Let
q € T be an arbitrary state. Let Image(q) = U,, UU,, U...UU,, for
n; € X,r. Fix i such that 1 < i <[ and let v; :== Ly(n;), pi :== 7(v4,q)
and w; = 1; — AM(v4,¢). Notice that by definition of the function L,
we must have that U,, C Image(p;). Further observe that L,(nx) =
Lg(ni) " Ly, (w; " ). Therefore we may recursively define sets @ by the
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rules
Qo = {(wi,p;) |1 <i <1}
and for k£ > 0 let

Qi1 = { (wr = MLy(w"z),p), 7(Ly(w ), p)) | x € Xn, (w,p) € Qi}
U Q-

By the previous observation if (w,p) € @, for some k then L,(w) =€
and U, C Image(p). Now since each state p € T has clopen image and
T has finitely many states, there are only finitely many words w € X
such that L,(w) = € and such that U, C Image(p). Therefore there is a
j € N'such that Q) = Q). Set Q" := Q). Now let T" = (X,,, @', 7', \)
be the transducer with state set )’ and input and output function
defined as follows:

(2, (w,p)) = (wr = MLy(w" ), p), 7(Ly(w ), p)) ;
N(z, (w,p)) = Lp(w )

for all z € X, and (w,p) € Q. We may extend the definition of
7' and X to elements of €, in the obvious way. Observe that since
N (9, (w,p)) = Ly(wd) = (wd)(T,) " for 6 € €, and (w, p) a state of ',
then (w, p) induces an injective map on &,.

Note that 7" has no states of incomplete response: if there is some
state (w,p) of @ such that the set of words {N(z,(w,p)) | x € X}
admits a non-trivial common prefix, then L(p,w) # e which is not
possible by our construction.

Denote by T~! the result of identifying equivalent states of 7". Mo-
tivated by the following lemma, we call T~ the core inverse of T.

Lemma 9.19. Let T = (X,,,Q, 7, \) € O, and
Aqo = (I', X’rl7 Ru Su 7o, /\0) QO)

be a completion of T representing an element of B, (where @ C S).
Further suppose By, is the minimal transducer representing the inverse
of Ay If T7' =(X,,,Q", 7', X'} is the core inverse of T as constructed
above then Core(B,,) is w-equivalent to T,

Proof. Let A(cq) = (T, Xy, R, S", Ny, 7, (€, qo)) be the transducer con-
structed by the GNS inversion algorithm in [12]. Notice that B,, is
w-equivalent to A 4). Our strategy will be to show that after reading
any sufficiently long input in A 4 the resulting active state is a state
of T".

Let ¢ be a state of T" and let Image(q) = U,, UU,, U ... U U, for
some 7; € X*. Let M := max{n; | 1 < i < [} and let u be any
word in X such that A(u,q) = n;,"A for some A € X} and some
1 <i<I. LetT' € W,, be any word such that m(I', qo) = g, observe
that since ¢ € S it must be the case that \o(I',qp) # €. We there-
fore have that Ao(I'" 1, q0) = Mo(T', q0) " A1, q). Consider now the set
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Ly (Mo(I',q0) “m;). Since U,, C Image(q), either A, is not injective or
[ is a prefix of Ly (Mo(T, qo) n;). Thus we have Ly, (Ao(I', q0) "n:) =
I'"L,(n;) and

To(Mo(T, q0) "1, (6,90)) = (Mo(T, o) "1 — Xo(T " L (1), 90),

(
7 (07" Ly(mi), 90))
= (0 — MLq(m:), @), m(Lg(ni), q))-
q)

By construction, (1, —A(Lq(n:),q), 7(Ly(n:), q)) is a state of T”. Since
I' € W, was arbitrary such that m(I', ¢o) = ¢ and since Core(A4,,) =
T, we may chose I' as long as we please, so that A\o(I", o) “1; can be made
arbitrarily long. Since A 4, is strongly synchronizing, as A, € B,
then it follows that for sufficiently long A\o(I", go) ",

7T6(/\0(F7 QO) Anh (67 QO))
is a state of Core(A(q,)) and also a state of 7. Now, since the core of
B,, is connected and minimal, we have T~' = Core(By,). O

Corollary 9.20. For any 1 <r <n, if T € O, then T™' € O, and
we have TT™' =1p,, =T'T.

Remark 9.21. For T' € O,,, the lemma above demonstrates that if
there is a completion of 7" which is bi-synchronizing, then all com-
pletions of T" are bi-synchronizing. In particular all completions of T
belong to some B, , for appropriate r and the cores of their inverses
are all strongly isomorphic to 7.

10. ROOT FUNCTIONS, AND DETECTING FLAVOURS OF
SYNCHRONICITY

The goal of this section is to explore further properties of the root
function, and to determine when a specific homeomorphism of &, ,
begins to act (locally) as a synchronous transducer. While not central
to the main results of the paper, we find these results to be of interest
when working with the group B, ,, and in particular when one is trying
to discern conditions that force a general element in B, , to actually
reside in one of the subgroups LB, , or HB,, .

For our discussion in this section, recall our notation 6, of Section [4]
which for a continuous function b : €, , — €, and a word v € W, .,
gives the longest common prefix Root(U,h) of elements of the clopen
set U,h. Similarly recall our notation of Section [6] that for a clopen set
U we have DecU represents the minimal finite antichain A C W,, .
such that U = Uy, ca U,

We start this discussion with the next lemma.

Lemma 10.1. Let g, h € Homeo(C,,,.), and let v,n € W, ... Then:

(1) 0y, is monotonic.
(2) vO, =nby and h, =h, = v=n1.
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(3) Oy, is injective <= 0, is an automorphism of Wi, ..

(4) (V0R)04 < (VOhg)-

(5) WOh)0g = vy <= hug,,,,, = (hg)y.

(6) (V@h)ehfl =V < (h_l)(ygh) = (hy)_l — U,h = U(V9h)'

(7) If v8, < V'O, implies v < V' for every v/ € W, .., then U,h =
Utwey,)-

(8) Assume that U,h = Uyg,) and v0, < (v a)b, for all a €
X,. Then there is a permutation = € S, so that U,-,h =
U((VA (am))6p) fOT all a € X,,.

(9) Uyh = Uy, holds for every v/ € W, if and only if 0), €
Aut(W,, ).

(10) There is no common nontrivial initial segment for all minimal

elements of the set {70, | 7€ W,}\ {¢}.

Proof. (1) For v,n € W, ., we have
v<n<=U, 22U, <= Uh2U,h,

and the last inclusion implies that Root(U,h) < Root(U,h), thus v8), <

7’/0}1.

(2) v, = nby and h, = h, imply that U,h = U, h, which happens if
and only if U, = U,, thus v = n.

(3) One direction is trivial. In the other direction, assume that 6,
is injective. We prove by induction on | = |v| that |v| = |v,|. That
will imply that 6;, is a bijection, and since it is also monotonic, the
assertion follows.

The claim is obvious for [ = 0. Assume that for all n € W,
with |n| < I, |n| = |n0y| and U,h = Ugpe,). Let n,v € Wy, and
j€{0,1,...,n— 1} such that v = n"j and |n| = [ — 1. Then by the
induction hypothesis,

Uph = Uge,) = Uy-oh U Uy~ 1hU .. .U U, - p_1h.
So as 6, is injective we must have that

{UnAOhy UnAlha R UnAn—lh} = {U(n9h " 0)» U(770h “1)s e U(nGh *n—l)}-
Thus U,-;h = Uge, -4y for some ¢ € {0,1} which also implies that
V0, = nby "i. Hence U h = Uy, and |v| = |v0)].

(4) Since (U,)h € Ugg,) we have that U,(hg) = (U,h)g € Upe,)g.
Thus (v0,)8, < V0.

(5) For every y € €, , we have on one hand that

(v y)hg = vOng" (y)(hg),
and on the other that
(v y)h)g = (V0r" (y)hu)g = (VOR)0," ((y)1w) g, -
Thus (v0),)0, = V0, <= (y)(hg), = ((y)h,,)g(yeh> for every y € €, ..

(6) The first equivalence is a special case of (5) with g = h™!. For the
second equivalence note that (v0y,)0,-1 = v — U(,,gh)h_l CU, <~
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Uwe,) € Uyh. But by definition U,y 2 (U,)h, thus Uy, = (U,)h.
The other direction is clear.

(7) If (U,)h € Ugg,), then there exists v £ n € W, such that
Unh g_ U(,,gh), hence th < 779;,.

(8) Assume that (U,)h = U,y and v, < v"ab), for all a € X,,. By
the first condition we get that

U(yeh) = H (UuAa)h'
acXnp
So by the second condition, we must necessarily have v~ a#, = v, "an
for all a € X,, for some permutation 7w of X,,. Thus, for all a € X,,, we
have UVAah = U(,,gh “m(a))-

(9) If 6, € Aut(W,,,.) then 0, ' = 0),-1. Therefore, by (6), for every
V' € Wyre we have Uy h = Uy, Conversely, assume that for every
V' € Wy we have Uyh = Uy, . Then by (6), we have 0,0, = Id,
which implies that 6, is injective, and therefore by (3), 6, € Aut(W,,,..).

(10) This follows as 76y, = Root(U,h,). O

Lemma 10.2. Let h € Homeo(€,, ) and v,n,7 € W,,, be such that
U, € Dec(U,h). Then:

(1) If n < 1, then v < 76)-1.

(2) If T < n, then 76,1 < v.

Proof. (1) Since U, € Dec(U,h), we have U,, C U, h, hence U,h~! C U,,.
If n < 7 then this implies U.h~ C U, thus v < 70),-1.

(2) If 7 < n then U, € U,h, hence U.h™t € U,. But 76,-1 < 91
and v < nf,-1 so we must have 76,-1 < v. O

When we are given a homeomorphism h € Homeo(Z,,), starting
with the root function 6, of h, we can build another function 6, :
Wire — Wi e, which we call the local root function of h.

Definition 10.3. Define 50:h = ¢, and for every v € W, . and | €
{0,...,n — 1}, define (v"1)0), := (v"1)0), — V.

Note that this function essentially detects the suffix which is added
to v0, when constructing (v "1)0},.

Lemma 10.4. For all h € Homeo(Z,,,.), the following are equivalent:
(1) 0, € Aut(Wn’T,E),
(2) v0, € {0,...,n — 1} holds for every v € W, .,
(3) VO, # € holds for every v € W,
(4) 0y is injective.

Proof. (1) = (2): This follows from the monotonicity of 6j,.

(2) = (3): This is trivial.

(3) = (1) Assume that for every v € W, ., we have v}, # . Then
as U.h = (&, ,)h = &, = Utg,), by Lemma m (8), we get that for
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every j € {0,...,n—1} there exists [ € {0,...,n—1} such that jf), = I
and U;h = U;. Now the claim follows by induction.
(1) <= (4) By Lemma [10.1] (3). O

Recall that for a permutation 7 € Sym({0,...,n — 1}), we defined
(c.f., Definition the maps 7, : €, = €, and 7, : €,, — &, ,
by twisting each entry according to 7w (except at the first index which
remains unchanged in the case of €, ,). The next lemma should be
obvious.

Lemma 10.5. An element h € Homeo(C,,,.) coincides with T up to a
permutation of the first coordinate if and only if for every v € W, ,
we have that U,h is a cone U, € Uy, and U,~1h = Uy~ rq) for all
0<<li<n—1.

The following proposition detects when a homeomorphism of &, ,
acts, on some cone, as an iterated permutation.

Proposition 10.6. Let h € Homeo(C,,) and v € W,,. If h, =
h, -~ holds for every 0 < | < n —1, then h, = 7, for some m €

Sym({0,...,n —1}).

Proof. Suppose that h € Homeo(C,, ), v € W,,,, and h, = h, -, for
every 0 <l <n—1.

We first observe that |v| > 1 so if we extend v using a letter x € X,
we obtain v 2 € W, ,. Now, by assumption, the local action of & on
any sub-cone in U, is equal to the local action h,, so the map h, can
be represented by a one-state transducer which we will call A, with
solitary state ¢q. As h is injective we see that h, is injective as well.

We now argue that h, must be surjective onto &,,, using compactness
and continuity. Suppose h, is not surjective. Observe first that the
image of U, under A is both open and closed, and hence the complement
of this set is both open and closed. In particular, since h, is not
surjective, there is a finite word I' € W, so that the image of h, is
disjoint from the cone Ur in &€,. That is, for no input to A will A
produce an output with prefix I'. Now, let w be the output of A from ¢
on reading the input ‘0’. Clearly the point w is in the image of h,, and
there is a minimal length prefix x so that v"0h = z"w. However, there
is a sequence of points (p;) € €,,\U, so that z; = p;h = 2 wP="T"w
for = some increasing function, since h is surjective, but the points
w®Z "I " are not in the image of h,. Thus, there is some point p (a
limit of a subsequence of (p;)) in €, ,\U, so that p-h = z"w as well,
which contradicts the fact that h is a homeomorphism. Therefore, we
may indeed assume that h, is surjective.

Our argument is actually complete: the transducer A has all states
(there is only one) simultaneously injective and surjective, and so by
Proposition [5.10] the state g also must act locally as a permutation. O
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11. OPEN PROBLEMS

Apart from the general problem of understanding better the groups
introduced in this paper, we mention a few specific projects in need of
further attention (for 2 < m,n).

From Proposition and basic number theory, we know that if
ged(n — 1,u1) = ged(n — 1, ug) then O, = Op,. In [20] a form of
converse is shown. The work of Pardo and also of Dicks and Martinez-
Pérez (see [22, [10]) establishes that G,,, = G, if and only if m =n
and ged(n — 1,7) = ged(n — 1, ). We wonder the following:

Question 11.1. Let n € N, and 1 < w3 < ug < n. If ged(n — 1,u;) =

ged(n — 1, ug) then Opyy = Oy 50 Opyy = Opuy. Is the converse
true?

Question 11.2. Is it true that O,, 2 O,, for m # n? What about for
L and H?

Further fundamental questions we can ask are as follows.

Question 11.3. Describe the normal subgroup structure of O, =
Onn—1. For instance, does the commutator subgroup of O, have fi-
nite index in O,,7

A related question which might not be difficult is the following.

Question 11.4. If n is odd, then O, , has a double cover given by
1= G, /G, = Aut(G,,) /G, — Opr — 1,
where Gy, /G, . is of order two. Does this cover split?

The following question is a bit more technical, but its importance is
clear from Section |10 and from our following investigations [I] into the
automorphisms of the shift.

Question 11.5. Find presentations for the groups O,,, £, and H,,.

Note that for Question [I1.5] we know from the found connections to
the automorphism groups of the full shift (one-sided and two-sided, as
mentioned in the introduction), that £,, and H, are not finitely gener-
ated. However, having meaningful infinite presentations can often be
of more practical use than having finite presentations, so this question
is likely of interest for all three families of groups.

Question 11.6. Find weaker conditions for a homeomorphism state
than those given in Lemma [8.6] (The conditions of the lemma are all
used in the proof but we do not know whether they are all necessary.)

APPENDIX A. THE INVERSION CONSTRUCTION

In order to keep this work self-contained and as we have made heavy
use of the inversion construction in certain proofs, we give here a more
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detailed exposition and justification of this construction. Our expo-
sition is based on the treatment within the paper [12], and the more
detailed explanation given in the PhD thesis [19]. We shall give the
construction in the first instance for an arbitrary transducer which
induces a homeomorphism from its input space to its output space.
We then indicate how this approach can be modified for the specific
transducers considered in this article, that is, those initial transducers

inducing self-homeomorphisms of the Cantor space €, , as defined in
Subsection (.3

A.1. General transducers. Throughout this section X; and X, shall
be finite alphabets, and all transducers shall have input alphabet X;
and output alphabet X,, thus, we shall often not write this out ex-
plicitly. We shall also make the implicit assumption, unless we state
otherwise, that transducers are accessible and non-degenerate.

Notation A.1. As in the main text, for a € {i,o} and v € X} we set
U, :={vé|de X¥}.

Definition A.2. Let A, = (X;, X,,Qa,7a,Aa) be an initial trans-
ducer. Then Ay, is called invertible if the map hy @ X7 — X¢ is a
homeomorphism.

We have the following straight-forward lemma.

Lemma A.3. Let A, = (X;, X,,Qa,Ta,Aa) be an invertible trans-
ducer. Then for all states ¢ € Qa, hy : X — XY is injective and
Image(q) := (X{)h, is clopen.

)

Proof. Let ¢ € Q4 be arbitrary. Since A, is accessible by assumption,
it is clear that for any state ¢ € Q4, hy is injective.

To see that Image(q) is clopen we proceed as follows. Since Ay,
is accessible, there is a word I' € X", such that 74(T',q) = ¢. Let
A = X4(T, o). Now as h, induces a homeomorphism from X to X¥,
and since Ur is clopen, then (Ur)hy, is also clopen. Since (Ur)hy, is
clopen, it is compact, and so we may find words vy, ..., v, € W, . such
that (J,<;<,, Ui = (Ur)hg,. Observe that since for all 1 < i < m,
U, C (U_p)_hqo, then A < y; for all 1 <i < m. Set u; = v; — A, then it

follows that (J,<;,, U., = Image(q) yielding the result. O

We now define below a function which enables us, by shifting the

origin, to compute the preimage of an element of the output space in
steps.

Definition A.4. Let A,, be a transducer and q € Q4 be a state. Define
amap Ly : X; — X7, by Ly(v) = Root({6 € &, | ()h, € U,}). In
other words, L,(v) returns the longest common prefiz of the preimage
of the cone U,.

We have the following results.
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Lemma A.5. Let A, be an invertible transducer, (w,q) € X} X Qa
be a pair such that U, C Image(q) and L,(w) = €, and let v € X,
be arbitrary. Then the pair (v,p) € X X Qa defined by v = wzr —
M (Ly(wzx), q) and p := ma(Ly(wx), q) also satisfies U, C Image(p) and
Ly(v) =e.

Proof. We begin by showing that U, C Image(p).

Set u = Aa(Ly(wz),q), and note that by definition of v, wx = wv.
Let p € XY be arbitrary. Since U,, C Image(q), there is a word 6 € X
such that (6)h, = wxp. By definition of the function L,, there is a
§ € X¥ such that § = L,(wz)d. Now observe that as A4 (L,(wz),q) =
u, then (§)h, = vp. Since p € XY is arbitrarily chosen, we have
U, C Image(p).

We now argue that L,(v) =e€. As

Aa(Lg(wz), q) = u and ma(Ly(wx), q) = p,

it must be the case that L,(wx) = uL,(v) yielding the equality, € =
L,(v). O

Lemma A.6. Let A, be an invertible transducer and (w,q) € X} xQa
be a pair such that U,, C Image(q) and L,(w) = €. Then there is a word
I' e X} such that I' — A s(Ly ('), q) = w and ma(Ly, (1), q0) = q.

Proof. Since A, is accessible, fix a word A € X, such that m4(A, q) =
q. Set v = Aa(A, qo) and consider the word yw. Since U,, C Image(q),
and h,, induces a homeomorphism from its input space to its output
space, it follows that L, (yw) = AL,(w) = A. Thus setting I' =
yw, the following equalities are valid: I' — A4(Lg (I'),q0) = w and
Ta(Lg (), 90) = ¢ O

Lemma A.7. Let Ay, be an invertible transducer and q € Q4. There
are only finitely many words w € X such that U, NImage(q) # 0 and
L,(w) =e.

Proof. Let q be a state of A and let N (¢) := {q}U{ma(z,q) | z € X;}.
For each p € N(q), let C, C X} be minimal such that, |, ., U, =

veCp, ~V
Image(p). Since Image(p) is clopen for any state p € Qa, such a
set exists. For p € N(q) let m, = max{|v| | v € C,} and M =
MaXpe(q) {7 }-

Observe that as A, is assumed to be non-degenerate and [N (q)| <
00, there is a 7 € N such that for any word v € X,f, and any p € N(q),
[Aa(v,p)| > M.

Let v € X} and x € X;. Let v = M(2,q), p = ma(z,q) and
n = Aa(7,p). Observe that as |n| > M, we must have U, C Image(p),
since there is a prefix of n which is an element of C,. Moreover, as ¢
is injective, L,(vn) must have prefix z, since if there a word & € W, .
and a letter y € X; with y # x such that A4(y¢, ¢) has vn as a prefix,
then (Uye)hy € (Uy)hy a contradiction.
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By choice of j, the set I, := {Ma(T',q) | T € XJ*'} C X} satisfies
U,eqr,) Un = Image(q), moreover, since y € X7 1 was chosen arbitrarily
in the previous paragraph, for any p € I, we have, L,(p) # €. O

We are now in a position to construct the inverse transducer.
Let A, be an invertible transducer. Set

Qa = {(w,q) € X, x Qa | U, C Image(q), L,(w) = €}.
Define functions 74 : X, X Qa — Qa and w4 : X, X Qa — X by,

ma(z, (w, ) = (wz — Aa(Ly(wz), q), ma(Le(wz), )
and N (z, (w, q)) = Lq(wz). Then set A{_ )= (Xo, Xj, Qar, mar, Anr).
We have the following result.
Lemma A.8. Let A,, be an invertible transducer. Then the transducer
A’(WO) = (X, Xy, Qar, mar, Ny) is well-defined, accessible, has no states
of incomplete response, is non-degenerate, and satisfies hcq) = h(;ol.

Proof. That the transducer A’(&q0 is well-defined and accessible is a
consequence of Lemmas and .

We now demonstrate that A’(E’ 1) 18 non-degenerate, has no states of
incomplete response and does in fact induce the inverse of hg,.

All of these statements will follow from the following claim.

Claim A.9. Let I' € X} and (w,q) € Qa. Then Ay (I, (w,q)) =
L,(wI') and ma/(L, (w, q)) = (wI' — Aa(Ly(wl), q), ma(Ly(wl), q)).

Proof. We proceed by induction on the size of I". By definition of the
output function, the cases |[I'| =0 and |I'| = 1 are satisfied.
Assume that the claim hold for words of length k. Let I' € X* and
z € X,. We have
)\A/(Fx7 (U}, q)) = )\A'(F7 (’LU, Q)) A)\A’(l‘7 7TA’<F7 (U), Q>>>
= LQ(wF) A)‘A/(xa 7TA’<F7 (’LU, Q>>>
Let (v,p) = wa (T, (w, q)), then by the inductive assumption,
v=wl'— As(Ly(wl',q) and p = ma(L,(wl), q).
Thus we have that L,(wI')"L,(vz) = Ly(wl'z). Since U, C Image(p),
h, is injective, wl' = Aa(Ly(wI'),q) v and m4(L,(wl'),q) = p, then
Ly(wl'z) = Ly(wI') " L,(vx). Thus the equality:
)‘A/(an (wa CD) = LQ(wa>
is valid.
Now as ma (T'x, (w,q)) = war(z, 74 (T, (w,q))), we have
ma (L, (w,q)) = ma(z, (v,p)).
By definition 7/4(z, (v,p)) = (v — Aa(Ly(ve,p), ma(Ly(vx), p). How-
ever we observe that since L,(wl'z) = L,(wI') " L,(vx), then
wl'e — Aa(Ly(wl'x), q) = wl'e — Aa(Ly(wl'), q) " Aa(Ly(vx), p).
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Therefore
wl'e — A g (Ly(wl'x), q) = ve — Aa(Ly(vx), p).
Moreover,
mA(Ly(wl), q) = ma(Ly(02), 7a(Ly(l), @) = ma(Ly(0z), p).
Thus the equality
ma(Fz, (w,q)) = (wl'e — Aa(Ly(wl'z), q), ma(Ly(wl'z), q))
is valid. 4

Now since for each state ¢ € QQa, hy is injective and continuous, it
follows that for a sequence (I';);eny such that |I;| tends to infinity as
i tends to infinity and Up, C Image(q), then |L,(I';)| tends to infinity
also. Thus, it follows that h( 4y = h;)l. More generally, for a state
(w,q) € Qu, and a word & € XY, (6)hw,q = (wd)h, "

To see that A’ %) has no states of incomplete response we observe
that for z € X, and a state (w,q) € Qar:

Aar(z, (w,q)) = Ly(wz) = Root ((Upe)h, )

q

= Root({(§)hy | 5 € X5)).

The lemma below is a consequence of Lemma [A.7]

Lemma A.10. Let Ay, be a finite invertible transducer, then Aj, i
also finite.

Remark A.11. We observe that given A, an invertible transducer,
A’(E’ g) 18 not far from minimal. More specifically, A'(Q 4) €N be made
minimally by performing the operation of identifying its w-equivalent
states. Although carrying out this operation potentially reduces the
size of the transducer making it easier to compute with, in practise,
the obfuscation resulting from the identification of w-equivalent states
makes the minimal representative difficult to work with when trying to
prove things. It is therefore much easier to work with the transducer

A’(E %) and then deduce conclusions about its minimal representative.

A.2. Transducers acting on ¢, .. We now demonstrate how to adapt
the construction in Subsection for transducers acting on €, ,. We
omit most proofs as they are not dissimilar to those given in the gen-
eral case. All notation is as in the main text, and we implicitly assume
throughout this section that transducers act on ¢, ,, are connected
and are non-degenerate unless we state otherwise. We recall that for a
transducer Ay, = (&, X, Ra, Sa,ma,Aa) actingon €, ., Qa = R4Sy
and gy € Ry.

First let us extend the definitions of the previous subsection. We
observe that as some of the states of a transducer acting on &, , induce
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maps from €, and others induce maps on &, ., the value U, might mean
either €, , or €,, depending on the map under consideration. This does
not result in confusion as an element h, has domain €, , if and only
¢ = qo while it has range €, if and only if ¢ € R4 (see Subsection .
Thus in the definition below of the map L,, L, takes a value € satisfying
U.=¢,, or U. = ¢, depending on whether or not ¢ = qo.

Definition A.12. Let A,, = (T, X, Ra,S4,ma, a) be a transducer
acting on &, .. Then A, is called invertible if hyy : €, , = €, is a
homeomorphism.

Definition A.13. Let A, be a transducer and ¢ € Qa\{qo} be a state.
Define a map Ly - Wy, UW, e = W, (, by L,(v) = Root({0 € €, |
(0)hy € U,}). We also define Lyy © Wype — Wipe by Ly (v) =
Root({0 € &, | (6)hy € U,}). In other words, for ¢ € Qa, initial
or not, L,(v) returns the longest common prefix of the preimage of the
cone U,.

Remark A.14. Let A, be a transducer, then L, maps all elements of
Whre to €if ¢ € Sy and it maps all elements of W, . to € if ¢ € R4.

The lemmas of the previous subsection are equally valid when re-
stated in the context of transducers acting on €, ,. As we mentioned
above, the proofs only need to be adjusted to account for the action
on €, , and so we state the lemmas below without proof. However,
we first require the following lemma which clarifies a confusion arising
from the notation U, used when constructing the inverse.

Lemma A.15. Let A, be an invertible transducer acting on €, ., and
let g € Q4 be a state. Let € and € both represent the empty word, where
e€ Wyye ande € W, so that U, = €, , and U, = &,,. Then the pair
(€,q) satisfies U, C Image(q) if and only if ¢ = qo and (g,q) satisfies
U. C Image(q) implies that ¢ € Sy.

Proof. This is a straight-forward consequence of the the definition of
transducers acting on €, .. Let (¢, q) for ¢ € Q4 satisfy U, C Image(q),
then this implies that the range of ¢ = ¢, ,, thus ¢ € R4. However as
Ay, induces a homeomorphism and is accessible, then range of ¢ is all
of &, if and only if ¢ = qo.

Now suppose (g, q) satisfies U. C Image(q). By definition of elements
of Ry, there is a letter a € 1 such that if ¢ € R4, then Image(q) C U,
thus it must be the case that ¢ € Sy4. O

Remark A.16. Given A, an invertible transducer acting on &, ,, the
Lemma above enables us to write a pair (e,q) for ¢ € Q4 without
ambiguity, as U, represents €, , if and only if ¢ = ¢o. Therefore we will
only use the € symbol for the empty word going forward.

Lemma A.17. Let Ay, = (¥, X,,, Ra, Sa,ma, Aa) be an invertible trans-
ducer acting on €, ,. Then for all states ¢ € Qa, hy is injective and
Image(q) is clopen.
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Lemma A.18. Let Ay, be an invertible transducer, (w,q) € (Wy e U
Wie) X Qa be a pair such that U, C Image(q) and L,(w) = €, and
let x € T U X, be arbitrary such that x € T if w = € and ¢ = qq
and x € X,, otherwise. Then the pair (v,p) € (Wy,e U W) X Qa
defined by v := wr—Aa(Ly(wx),q) andp := ma(L,(wx), q) also satisfies
U, C Image(p) and L,(v) = e.

Lemma A.19. Let A, be an invertible transducer and

('UJ, Q> € (Wn,r,e U Wn,e) X QA

be a pair such that U,, C Image(q) and Ly(w) = €. Then there is a word
I'e W, such that I' — Ay (Ly, ('), q0) = w and ma(Ly(T), qo) = q.

Lemma A.20. Let A, be an invertible transducer and q € Qa, then
there are only finitely many words w € W, .. U W, . such that U, N
Image(q) # 0 and L,(w) = e.

We may now construct the inverse transducer.
Let A, be an invertible transducer. Set

QA’ = {(w,q) S (ane U Wn,e) X QA | Uw - Image(Q)7Lq(w) = 6}'

Define functions w4 : (FUX,) X Qa4 — Q4 and Mg : (FUX,) X Qar —
Wn,r,s U Wn,& by

/

7TA(:[;7 (w7q)) = (wx - )‘A(LQ<U}$)>q)vﬂ-A(LQ(wx)’q»?
and

Na(@, (w,q)) = Lg(wr)

for x € X, if ¢ € Qa\{q} and = € I otherwise. Set Sa = {(w,q) €
Qa | ¢# qo} and set Rar := Q4 \Sa. This definition is justified since
if (w,q0) € Ry and x € T U X, (x € T if w = € and = € X,, otherwise)
are such that L, (wz) # €, then ma(Ly,(wz),q0) # qo- Finally set
A,(67q0) = (I‘7 Xn, RA/, SA/, ™A, )\A’)-

Lemma A.21. Let A, be an invertible transducer. Then the trans-
ducer A,(e,qo) = (£, Xy, Rar, Sar, mar, Aar) is well-defined, accessible, has
no states of incomplete response, is non-degenerate, and satisfies

-1
hieao) = Py -

If A,, is finite then so also is A’(

E7(10) ’

Observe that this construction may produce a transducer with equiv-
alent states, but these may be identified resulting in a minimal trans-
ducer.
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= notation for strongly
isomorphic transducers,
A’(e’ 40)° inverse transducer for
an invertible initial
transducer A,
Ap: minimal transducer
representing a rational
homeomorphism h, [46]
g
Hn T~ @

)

L,(v): preimage of the cone U,
under the function h,,

Vs

Un,r7

B, ,: group of bi-synchronizing
homeomorphisms, or, the
bi-synchronizing group,

<,

Q:nﬂ“a

Dec(U): minimal finite
antichain such that the
clopen set U is a union of
basic open sets
corresponding to elements
of the anitichain,

Decpe(U): minimal
decomposition of a clopen
set into cones
corresponding to an
antichain in which every
element has the same size,
o0

Gn,ra
Gn,r,d7 @
Gn,r,p7 @

HB,,,: subgroup of LB, , with
all states core
homeomorphism states, [74]

H,: image of HB,,, in O, [74]

Image(q),

LB, : bi-Lipschitz subgroup of

Bn,ra @
Ly, image of LB, in O, ,

INDEX
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LoopStates(A): loop states of a
transducer A,

M,, -+ monoid of
endomorphisms of &, ,
representable by strongly
synchronizing transducers,
43l

O,,r: cores of bisynchronizing
homeomorphisms of &, ,,

_

O,

Sp.»: monoid of
homeomorphisms of &,
representable by
bi-synchronizing
transducers, [44]

crity, (U, W): the critical level of
U and W with respect to
h,

Ptin(V,): all finite subsets of
Vw ) @

v—=r, @

w-equivalence of initial
transducers,

w-equivalent states,

Nbr~ (),

o-twist of €, .,

o-twist of €,,

~: tail equivalence classes,

O,

6-\7

a-n,'r : Q:n,'r — Q:n,'m

[-loop state,

U, cone at 7, [15]

acting almost in the same
fashion,



acting almost in the same
fashion uniformly,
acting in the same fashion on

cones, [36]

acting in the same fashion
uniformly,

antichain in W, ,

asynchronous,

basic circuit,
bi-synchronizing (at level m),

4

Collapsing procedure,

complete antichain,

Completions of elements of
Sn,m

constructing a transducer to
represent a

homeomorphism of &, ,,
core of A denoted Core(A),

Definition of a transducer,
degenerate transducer,
densely canonical,

Exp,(A): the basic expansion
of an antichain A at point
71 in the antichain,

extensions of transition and
output functions of a
transducer,

Finite transducer,
Full and partial viable
combinations,

Homeomorphism state,

inaccessible state,
incomparable,

Initial transducer,

Initial transducer for €, ,,
Inverse transducers,

length of antichain,
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local action of a continuous
injective map on &,
local action of a

homeomorphism of &, ,,

Minimal initial transducer,
minimal initial transducers,

non-degenerate transducer,
non-trivially accessible,

pointwise canonical,

prefix,

prefix code,

prefix code map,

prime word,

Product of elements in O,,., {i6|
product transducer,

proper prefix,

Rational groups R,, and R, ,,

Reduction process: identifying
states representing the
same local action,

Reduction process: Removing
inaccessible states,

Reduction process: Removing
states of incomplete
response, [27]

right actions,

Root function of a continuous
injective map on €,

root function of a
homeomorphism of &, .,

root of a subset of €,,

rotation of a word ,

Rubin conjugator,

Rules that transition and
output function of
transducers for ¢, , must

obey,

Single expansions of viable
combinations,
somewhere dense,
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space-group pair, [I3] synchronizing map,
States of incomplete response, synchronous,
= . . the basic cone map from U, to
strongly isomorphic U K
transducers, ¢ @
strongly synchronizing, viable combination arising from

synchronizing at level m, a state, [7]]
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