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Abstract

The paper is concerned with the problem of regularization by noise of 3D Navier-Stokes
equations. As opposed to several attempts made with additive noise which remained incon-
clusive, we show here that a suitable multiplicative noise of transport type has a regularizing
effect. It is proven that stochastic transport noise provides a bound on vorticity which gives
well posedness, with high probability. The result holds for sufficiently large noise intensity
and sufficiently high spectrum of the noise.
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1 Introduction

Well posedness of the 3D incompressible Navier-Stokes equations is a famous open problem
[I7]. Around this central problem many variants have been identified which are still very
difficult and could contribute to build a general picture. One of them is the well posedness
of stochastic 3D Navier-Stokes equations. In spite of several attempts, see for instance [23]
[10, 36l 24], it remained unsolved. The logic behind these attempts is the known fact that
noise sometimes improves the theory of differential equations, a fact certainly true in finite
dimensions [41] [33] [14] and also true for some infinite dimensional systems, like [28], 19], 20, [15]
12, 16, [4, 13, 27, [7, 26], but not for all examples of PDEs and noise, as shown for different
examples related to Euler equations in [20] and [8]. For PDEs of parabolic type, additive
noise was always invoked as the most natural candidate to prove the above mentioned property
of reqularization by moise. Multiplicative transport noise was used only in inviscid problems,
like [19] 20} 16] devoted to transport, 2D Euler (point vortices) and 1D Vlasov-Poisson (point
charges) equations, respectively. Here we change perspective and use multiplicative transport
noise for the 3D Navier-Stokes equations. The result is a particular regularization by noise
phenomenon. We prove that stochastic transport noise suppresses vorticity increase and gives
long term well posedness, with high probability. Opposite to all results mentioned above that
hold for any (non-null) intensity of the noise, the result proved here holds for sufficiently large
noise intensity and sufficiently high spectrum of the noise. In a sense, it is similar to the
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stabilization by noise result of [2, [I] (see the acknowledgments at the end of the paper). In
devising this result we have been very influenced also by [21] 25, 18], B1].

Before we give our main results in Section 1.3, we recall more details on regularization by
noise in Section 1.1 and discuss a partial motivation for transport noise — including its main
limitation — in Section 1.2.

1.1 General remarks on regularization by noise

The idea that noise may improve the existence and uniqueness theory of 3D Navier-Stokes
equations is a long standing one. In a naive way it is based on the analogy with the case of
finite dimensional differential equations

dX; =0 (t,Xt) dt +dW,;, Xpo=ux¢€ R

where an additive d-dimensional noise W; restores existence and uniqueness even when the drift
b:[0,T] x R = R? is just bounded measurable [41]. Such result attracted much attention in
finite dimensions, with further progresses like [33] [14] and many others, and it was extended
to infinite dimensions [28], (111 [12], (13| [7] but covering only one-dimensional Partial Differential
Equations (PDEs) of parabolic type, with nonlinearities which are irregular, but not in the
direction of the irregularity of the inertial term of Navier-Stokes equations (the drift of the
above mentioned works is for instance a bounded measurable map on a suitable Hilbert space).
There are also heuristic arguments, perhaps less naive, which may give the feeling that some
kind of noise, or just randomness in the initial conditions, may exclude the realization of very
special dynamical paths with so strong vortex stretching to lead to a singularity in finite time;
perhaps the phenomenon discussed by [39] is prevented by noise. It is also the opinion of many
experts that during fully develped turbulence singularities should not appear, maybe opposite
to transient-to-turbulence regimes where a high degree of organization of the motion can still
occur and lead to blow-up; the link between turbulence regime and noisy PDEs is heuristic,
but see the discussion in Section below.

The problem, whether additive noise “regularizes” 3D Navier-Stokes equations remains
open but some contributions have been made. Among others, let us remind the following ones:

(1) a Caffarelli-Kohn-Nirenberg theory has been developed for stochastic 3D Navier-Stokes
equations [23], with the interesting consequence that, at every time ¢, the random set of spatial
singularities S; (w) is empty with probability one, namely

PlweQ:S (w)=10)=1,

having denoted by (€2, F,P) the underlying probability space (full absence of singularities would

be the statement
]P’(wGQ: ﬂSt(w):@> =1

>0

but this remains open);

(2) The infinite dimensional Kolmogorov equation associated to the stochastic 3D Navier-
Stokes equations has been solved [I0], opening a door for the application to uniqueness of
weak solutions — not yet reached due to regularity problems of the solution to the Kolmogorov
equation (see [29] for a recent result on non-uniqueness in law of stochastic 3D Navier-Stokes
equations via the convex integration method);

(3) Markov selections with the Strong Feller property — elaborating a preliminary result
of [I0] — have been constructed [24], proving a continous dependence result on initial condi-
tions, due to noise, which has no counterpart in the deterministic theory of 3D Navier-Stokes
equations.



1.2 Transport and advection noise

The previous results, in analogy with the finite dimensional case, have been obtained by an
additive noise with suitable non-degeneracy properties. It is the first noise that is natural to
investigate, used for instance in numerical simulations to accelerate transition to turbulence
[42]. But from the physical viewpoint the justification is weak. On the heuristic ground, on the
contrary, a multiplicative noise of advection type is more motivated, by the idea of separating
large and small scales and model the small ones by noise, corresponding to some intuition of
turbulence. The 3D Navier-Stokes equations perturbed by such advection noise have the form

O + Lu& + Loné = AL (1.1)

where the notations will be defined during the next arguments.

Let us discuss this issue of noise approximation of small scales for the 3D Navier-Stokes
equations written in vorticity form, say on the torus T3 = R3/Z3 with periodic boundary
conditions:

0 + Lu& = AL, =0 =& (1.2)

where u is the velocity field, satisfying also divu = 0, £ = curlu is the vorticity field, the
viscosity is set to one to avoid too many parameters below, and £,£ is the Lie derivative

Lué=u-VE—€- V.

In various functions spaces the link between u and £ is uniquely inverted by a Biot-Savart
operator B, so that we write u = B£. Assume

§o = o, + &o,5

(the subscript L stands for “Large” scale part, S for “Small” part) and assume we can solve
the system

Oér + Lol =N, &rli=0 = &o,L
Oi€s + Luls =AEs, &sli—o = &o,s

where u = B (£, + &g). The sum & = &1, + &g solves (L2). Very heuristically, we could think
that in some limit and in a regime of turbulent fluid the small component £g varies in time
very rapidly compared to the larger one 7, (unfortunately such a separation of scales has never
been proved to hold so strictly) so that

1= ug
can be considered as an approximation of white noise. The equation for &, is

0 + Loy &+ Lol = Alr,  &rli=0 = o,

which has precisely the form (LIl). Above we have used the more precise notation Lo, to
anticipate the fact that we work with Stratonovich stochastic integrals, the correct ones —
when one can prove a Wong-Zakai result — as limit of regular approximations of white noise.

A key issue which emerges from the previous heuristics is that the multiplicative structure
of the noise is related to the Lie derivative L.,¢, because that is the form of the inertial term.
We call advection term the expression Lo,§. It is composed of the transport term 7Ts,§ and the
vortex stretching term So,¢ defined respectively as
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(with suitable Stratonovich interpretation). The advection structure of the noise was stressed
also by the geometric approach of [30]. The effect on fluid dynamics of an advection noise is to
stretch vorticity in a relatively strong way. In the case of full advection noise Lo,& = Topé —Soné
we meet an intermediate but unlucky situation. On one side, the Stratonovich-Itd corrector is
again a multiple of the Laplacian (see Proposition [6.T]), which goes in the right direction. But
on the other side certain main estimates blow-up in the scaling limit N — oo considered below,
due to the additional stretching introduced by the noise, and thus we cannot prove convergence
of the approximating scheme. Details are given in Section 6. Therefore, unfortunately, we are
unable to prove our result for the advection noise described so far; instead, we restrict ourselves
to the transport noise 75,¢§, which has only the effect of an additional background motion of
the fluid, without stretching of the vector quantities. What we prove is that such random
background motion has a regularizing effect; or more precisely, as stated in the title, in the
limit of high modes, this transport noise improves vorticity blow-up control. In Section [ we
make an effort to justify a model based on pure transport noise. The justification is incomplete
but may suggest new ideas.

As discussed in this section, we are thus aware of the limitation, from a physical viewpoint,
of our choice of the noise. However, a number of reasons suggest to consider at least this initial
case: (i) additive noise is not carefully motivated as well, since body forces in real fluids are
usually extremely smooth; hence the transport noise 7o,¢ is at least in a similar speculative line
of research; (ii) it is the first noise discovered to improve the theory of 3D Navier-Stokes equa-
tions; (iii) the proof given below, especially for what concerns the Stratonovich-It6 correction
term Sp(&) defined in ([L.6), is highly non-trivial and may constitute in the future a building
block for the investigation of more difficult and realistic cases. Last but not least, knowing
that such noise has a property of vorticity depletion, the intriguing question arises whether it
is possible to implement technologically a similar mechanism.

1.3 Main results

In view of the discussions above, we consider the 3D Navier-Stokes equations on the torus
T3 = R3/Z? in vorticity form perturbed by a transport noise:

€+ Lu§ = A+ 11(n - VE),

where we apply the Leray projection operator II to the noise part to make it divergence free.
This is a central element of our model and analysis that we now briefly comment. Without
the projection the model is not meaningful: if £ is a solution, the equation becomes an identity
between three divergence free terms and a non-divergence free one (the transport noise term),
which hence should be equal to zero. Thus the projection is strictly necessary; but the conse-
quence is that computations below require a much greater effort (see e.g. Section []). We also
mention that, since the vorticity & and the noise n are divergence free, we have

(€10 - V&) 12 = (§,m- V)12 = 0.

This implies that the above equation has the same a priori L?-estimate as the deterministic
equation (L2)); as a result, it is globally well-posed for small initial values and enjoys the usual
estimate on the blow-up time for large ones. Therefore, at first glance, the multiplicative
transport noise has no regularizing effect on the 3D Navier-Stokes equations. However, by
taking a suitable scaling limit, we will show the phenomenon of dissipation enhancement (cf.
[9,131] and references therein) which implies that, for given large initial data, the above equation
admits a pathwise unique global solution, with large probability.



The space-time noise 7 used in this paper has the explicit form:

2
CI/ k.o
= W Z Zekak,a($) Wt 5

n(t,r) =
kezi a=1

where, for some constant v > 0, C},, = 1/3r/2 is the noise intensity and the coefficient 3/2
is chosen to simplify some of the equations below; Zg is the nonzero lattice points and 0 €
2 = 62(28), the usual space of square summable sequences indexed by Z%. In the following
we will mainly consider those 6 with only finitely many non-zero components. The family
{oka + k € Z§,a = 1,2} of complex divergence free vector fields (see the next section for
explicit definitions) is a CONS of the space

He = {v € L*(T3,C3) : / vde =0, dive = o}.
']TS

Finally, {Wk’a k€ Z3,a = 1,2} are independent complex-valued Brownian motions defined
on some filtered probability space (2, F, (F;),P). Thus, the equation studied in the paper can
be written more precisely as below:

2
A€ + L,€dt = ALdt + ﬁ S S 0T - VE) o IV, (1.3)
62
kez3 a=1

To save notations, we shall simply write >, , for >, 7s 2

We need some more notations in order to introduce the definition of solution. As usual, we
write H for the real subspace of H¢. Denote by (-,-) 2 the L?-inner product in H, and V the
intersection of H with the first order Sobolev space H'(T3,R3). In the following we write £}
for the adjoint operator of the Lie derivative: for any vector fields X, Y € V, (£, X,Y)2 =
— (X, LXY ) 2. Since u is divergence free, one has LY = u-VY + (Vu)*Y, where for i = 1,2, 3,
(V)Y )i = T2, Yiohu;.

Definition 1.1. Given a filtered probability space (2, F,(F;),P) and a family of independent
(F¢)-complex Brownian motions {W*e : k € Z3 a = 1,2} defined on Q, we say that an (F)-
progressively measurable process & is a strong solution of the Stratonovich equation (I.3) if it
has trajectories of class L>(0,T; H) N L*(0,T;V) and in C ([O,T],H_‘S) and, for any diver-
gence free vector field v € C(T?,R?), the process (&, 11(0y o - VV)) o is an (Fp)-continuous
semimartingale and P-a.s. the following identity holds for all t € [0,T):

t t
(€0 0)pe = (€0, v) e + / (€ £5,0),0 ds + / (60 Av) 12 ds
0 0

C, t N
TP Zek/o (&5, T1(0) 0 - V0)) 2 0 dIWE,
ko

Recall that Stratonovich integrals are well defined when the integrand is an (F;)-continuous
semimartingale, see [32] for the definition and theory used here. The rules of stochastic calculus
give us

t
/ (€ (00 - Vo)) 12 0 dWEE
0

t
1
N / (s Mok, - VU)) 12 de,a T 2 [ (€, M(0k,a - VV)) 2 aW-kﬂ]t’
0



where the last term is the joint quadratic variation. The identity in Definition [T with II(oy, 4 -
Vo) replacing v gives us

C, t
<§t7 H(Uk,a : VU)>L2 =V, - W Z 91/ <§5, H[O’lﬁ . VH(O’ka . V?})] >L2 o dWSl’ﬁ,
J4 1 0

where V; has bounded variation. Hence, by (2.2) below, the only term which has non-zero joint
quadratic variation with whke s

Cy
H9||z2

/ (€. TM[0 g - VII(0pa - VV)]) 0 0 A5,

giving rise to

9 <§7 H(Uk,a : V'U)>L2 7Wk7a:| = C

e /o<fs= [0 b VIO T0)]) 2 s

We have proved one implication of the following proposition. The proof of the other is similar.

Proposition 1.2. An (F;)-progressively measurable process & with paths of class L*(0,T; H)N
L2(0,T;V) and in C ([0, T], H=°) is a strong solution of the Stratonovich equation (L3) if and
only if for any divergence free vector field v € C®(T3,R3), P-a.s., the following identity holds
for allt € [0,T]:

t t
(6,0} 2 = (€0, 0) 12 + / (€0, £5,0) o ds + /O (€0 Av) s ds
k,a
||eugzz"’f/ (€ Mona - Vo)) 2 AW, (1.4)

||9\| Zeke k / Eo [0 ko - VII(Oha - VV)]), o ds.

We shall always assume that 6 € ¢2 is radially symmetric, i.e.,
0 = 0, whenever |k| = |l|. (1.5)

The above equation () can be written in the weak form as

> i opa- VI(0_gq- VE)]dt

C o, G5
A+ L& dt = Agdt + > 04T1(0p0 - VE) AW/ + TE
N 22 k,a

14
[6]2 2

To simplify the notation, we denote the Stratonovich-It6 correction term by
H9||2 Zek [Tk - VII(0 k0 - VE)], (1.6)
k,a

which, like the Laplacian, is a symmetric operator with respect to the L?-inner product of
divergence free vector fields. This term looks a little complicated, but we can show that, if £
is smooth, then it has a simple limit when taking a special sequence of {67V}x>1, see (LI2)
below. Summarizing these discussions, we can rewrite the above equation as

A€ + L, Edt = [A€ + Sp(€)] dt + Z Ok (0 o - VE) AW, (1.7)

|9H£2



The equation (1), due to the presence of the nonlinear part £,¢, has only local solutions for
general initial data {; € H, hence we need the cut-off technique. For R > 0, let fr : Ry — [0, 1]
be a smooth non-increasing function taking the value 1 on [0, R] and 0 on [R+ 1,00). Fix a
parameter 0 € (0,1/2). We consider

0+ Fr(l€]_5)Lu dt = [AE + Sp(e)] d + H;’,’Z S 0ill(ore - VO AW, (18)
k,a

where || - ||s is the norm of the Sobolev space H*(T?,R?), s € R. Note that, although we are
concerned with H-valued solutions, here, due to technical reasons, we use a cut-off on negative
Sobolev norms. Thanks to the cut-off, we can prove the global existence of pathwise unique
strong solution to (LS]).

Theorem 1.3. Assume & € H, T > 0 and 0 € (% verifies the symmetry property (L5,
then there exists a pathwise unique strong solution to (L8) on the interval [0,T]. More pre-
cisely, given a filtered probability space (Q, F, (F;),P) and a family of independent (F)-complex
Brownian motions {Wke : k € 73, a = 1,2} defined on Q, there exists a pathwise unique (JF;)-
progressively measurable process & with trajectories of class L°(0,T; H) N L*(0,T; V) and in
C’([O,T],H“g), such that for any divergence free test vector field v € C®(T3,R3), one has
P-a.s. for all t € [0,T],

t t
(&, v) L2 = (S0, 0) 12 +/0 Fr(llEs]l=6)(€s, £ov) L2 d8+/0 (€, Av) 2 ds

t Oy t .
+ [ esunie ds = 5 370 [ (6nonn - Vo) awe
k,a

Moreover, there is a constant CIIEoIILz,(S,R,T > 0, independent of v > 0 and 0 € £2, such that

P-a.s., [€llzeor.m V I€lz207v) < Cleoll,2.6.RT (1.9)

We shall first prove the existence of global weak solutions to (L8], and then prove that
(L) enjoys the pathwise uniqueness property, which, together with Yamada-Watanabe type
argument [34] Theorem 3.14], gives us the desired assertion, see Section Bl By stopping the
solution given by this theorem at the random time 7p = inf{t > 0 : ||| _s > R} (equal to +o00
if the set is empty) we get a local solution of the original equation (L7 without cut-off.

Next, we take a special sequence {#"V} N>1 C 2 as follows: for some v > 0,

1

N—_
% = p

Lin<pj<ony, k€Zj N>1. (1.10)
One can take more general sequences {HN }n>1, but we do not pursue such generality here, see
Remark (.7 for a short discussion. It is easy to show that
A

1 —
Noeo [0V

(1.11)

Moreover, we shall prove in Theorem (.1l that for any smooth divergence free vector field v,

. 3
A}gnoo Syn (v) = gVAU (1.12)



which is independent of v > 0. We fix Ry > 0 and let By (Ry) be the closed ball in H, centered
at the origin with radius Ry. Consider the sequence of stochastic 3D Navier-Stokes equations

with cut-off:
Ag™ == fr(l€" | -s) Lov €N dt + [AEY + Syu (€V)] at

C k 1.13
e oA ok VEY) AW 1)
e k,a
with initial condition ¢V |,—g = &Y € By (Rp). For every N > 1, Theorem implies that the
equation (ILI3]) has a pathwise unique global solution &N with the property

P-as., HgNHLOO(O,T;H) v HSNHLZ(O,T;V) < CRo6.RT (1.14)

where Cg, 5 r 1 is independent of v > 0 and NV € N.

We want to take limit N — oo in the above equation. Thanks to (LII]) and the bounds
(LI4) on the solutions ¢V, one can show that the martingale part in (LI3) will vanish. Next,
due to ([LI2]), the viscosity coefficient in the limit equation will be 1 + %1/. Now we can state
our main result.

Theorem 1.4 (Scaling limit). Fiz Ry > 0, T > 0 and assume that {{éV}N>1 C Bg(Ro)
converges weakly in H to some &y. Then there exist v > 0 and R > 0 big enough, such that the
pathwise unique strong solution &N of ([LIB) converges weakly to the global strong solution of
the deterministic 3D Navier-Stokes equations

26+ Lu = (14 20) A8 Lo = o (1.15)

Moreover, let X = L?(0,T; H)nC([0,T], H~°) and Qé\g be the law of the solution &N to (TI3)
with €N |i—o = & € B (Ry), N € N; then for any e > 0,

lim sup QN peX:|le—¢&(~&)|r2 Ve — (&) s e) —o.
N=00 ¢he By (Ro) 50( LA0.T:H) C([0.7).H~%) )

Here we write £.(§) to emphasize that it is the unique solution of (ILIND) starting from &.

It is well known that, for any initial vorticity &y € By (Rp) (equivalently, the velocity field
up belongs to some ball in V'), if the viscosity v is big enough, then the deterministic 3D Navier-
Stokes equations (LTH]) have a unique global strong solution, with explicit estimate on the time
evolution of the norm ||&|| 2, see for instance Lemma[d3]below. In the following we want to take
advantage of this fact and derive some consequences on the stochastic approximating equations
(LI3). The idea is similar to [22] but here it is based on the noise, it is a regularization by
noise property, as opposed to [22] where it is due to a deterministic mechanism of fast rotation,
in spite of the presence of the noise.

We fix Ry > 0, and v, R big enough (see Corollary [4.4] for estimates on their values). For
any &y € By (Rp), denote by £ = £.(&y) the unique global solution to (I.I3]); we can assume

€l o, m—s) < R —1. (1.16)

Now we consider the approximating equations (LI3]), but with the same initial condition &
as in (LIH). Given T > 0 and arbitrary small € > 0, Theorem [[.4] implies that there exists
No = No(Ro,v, R,T,¢) € N such that for all N > Ny, the pathwise unique strong solution &V

of (LI3) satisfies

P(HgN = &l| 2oy Y N1€Y = Elloqomy-s) < 5) =1-ec (1.17)

8



Combining this with (II6]), we deduce
P<H£NHC([O,T},H*5) < R) =1l-e
Thus, if we define the stopping time Tﬁ = inf {t >0: H&,{VH_J > R} (inf ) = T), then
P(rf >T) >1—c. (1.18)

For any t < 7§, it holds fr (|| ]—s) = 1, thus (&)
without cut-off:

<.~ 1s a solution to the following equation
TR

aeN + £uN§N dt = [AgN + Spn (gN)] dt + Heg’h 3 Z Qévﬂ(ak’a . VSN) thk,a'
¢ k,a

Therefore we have proved

Corollary 1.5. Corresponding to Ry > 0, T > 0 and € > 0, choose v > 0 and R > 0 satisfying
(LIQ), and choose Ny as above. Then for all N > Ny, for any initial value & € By (Ry), the
equation

dé + L,Edt = [AE + Sy (€)] dt + ﬁ Z ONTI(og o - VE) AW/ (1.19)
e k,a

admits a unique strong solution up to time T" with a probability no less than 1 — €.

Recall that, by Proposition and the subsequent arguments, equation (I.I9)) is equivalent
to equation (IL3) with § = 6V, which has unitary viscosity and Stratonovich noise. Hence this
corollary proves well posedness on a large time interval for large initial conditions but only
unitary viscosity; the result is a form of regularization by noise.

A natural question is whether one can extend further the life time of the strong solution.
Recall that, for any & € By (Rp), the L?>-norm of the unique solution to the deterministic 3D
Navier-Stokes equations (LI0]) decreases exponentially fast. Combining this fact with (ITI7),
we will show that the life time of the pathwise unique solution can actually be extended to oo,
with large probability.

Theorem 1.6 (Long term well posedness). Given Ry > 0, take v > %[C’ORO/(2712)1/4 — 1]
and R > 0 big enough, where Cy is a constant coming from some Sobolev embedding inequality.
Then for any 0 < & < (2n2)Y/4/(2Cy), for all T > 1 such that

2Rq e—27r21/1(T—1) <e

)

where 11 = 1 + %I/, there exists No = No(Ro,v,R,e,T) chosen as above such that for all
N > Ny, for all § € Br(Ry), the equation [ILI9]) has a pathwise unique solution with infinite
life time with probability greater than 1 — ¢.

This paper is organized as follows. In the next section we give explicit definitions of the
vector fields {0y, o }i,o used above, and prove the key identity (2Z3)); a heuristic proof of (I12)
is provided in a special case, in order to facilitate the reader’s understanding. Then we prove
Theorem [[.3] in Section [, i.e. the global existence of pathwise unique solution to the equation
(L8 with cut-off. Section 4 contains the proofs of Theorems [[.4] and [[.6 while Section 5 is
devoted to the proof of the limit (ILI2). We provide in Section 6 a discussion of the reason
why we cannot deal with the advection noise, and some heuristic arguments in Section [ with
an attempt to justify the pure transport noise.



2 Notations, proof of (2Z3) and heuristic discussions

In this section we first define the vector fields {0 o }r o appeared in the last section and prove
the identity (23]). Similar results hold also in high dimensions, see e.g. [25, Section 2|. Then
we provide some heuristic discussions on the noise used in this paper, as well as a preliminary
justification of the limit (L12]).
Recall that Z} = Z3\ {0} is the nonzero lattice points. Let Z} = Z3 UZ3 be a partition of
Zg such that
73NZ2 =0, 73 =-7°.

Let L%(T?’,C) be the space of complex valued square integrable functions on T2 with zero
average. It has the CONS:

er(x) =™k 1 e T3 ke

where i is the imaginary unit. For any k € Z:j’r, let {ay1,ar2} be an orthonormal basis of
k't :={zx € R®: k-2 = 0} such that {ak1, ar2, |—£‘} is right-handed. The choice of {ay 1, ax 2}

is not unique. For k € Z2 , we define ko = Q—f,a, @ = 1,2. Now we can define the divergence

free vector fields:
Oka(r) = apoer(r), =€ T3, k € Zg, a=1,2. (2.1)

Then {0} 1,0%2 : k € Zg} is a CONS of the subspace Hc C Lg(T?’,Cg) of square integrable

and divergence free vector fields with zero mean. A vector field

v = kaﬂakﬂ € H(c
k,a

has real components if and only if U 4 = v_j q-
Next we introduce the family {W*e : k Z3,a = 1,2} of complex Brownian motions. Let

{Bk’o‘ 1k € Zg, o= 1,2}

be a family of independent standard real Brownian motions; then the complex Brownian mo-

tions can be defined as
——— Bke yip=he ke 73,
| B Re —iBka |k e73.

Note that Wka = W=k (k € Z3,a = 1,2), and they have the following quadratic covariation:
[(Whe WHP =26k _i0ap, k.1 €ZY, o, B €{1,2}. (2.2)

Take a @ € ¢2 which is radially symmetric, namely, it satisfies (IL5). We want to prove the
following key equality:

2
Z 07 (O @ 0_ga) = §H9”?2[3= (2.3)
k,a

where I3 is the identity matrix of order 3. First, one has

Z 02 (Cho @0 ko) = Z 02 (k.0 @ ak0) = Z 02(ar1 ® a1 + ap2 @ ago)
ko k,a k

k@ k
= 27, - =%
Ek:e’f<3 k2 )
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where in the last step we have used the fact that {%, a1, ak,g} is an ONS of R®. It remains
to compute the last series. Fix any 4,5 € {1,2,3}. If i # j, without loss of generality, suppose

t=1and j = 2, then
k1k
2.1 2 _ g2l
Zekak,aa—k,a_ Z k.12 ‘k’2 =0,
ko keZ3

due to the symmetry property (LI and the fact that the sum involving the four points
(k‘l, k’g, k‘3), (k’l, —k’g, k‘3), (—k‘l, k’g, k‘3), (—k‘l, —k‘Q, k’g) cancel. If 1 = j, then

2 4 i I
Zekak,aa—k,a = Z 9k ’k‘g = Z 9kw-
k,a

keZ3 keZd

Next, using the mapping v : Z3 — Z3, (ki1, k2, k) — (ka, k1, k3), one can show that

k«+k k2 + k2
2 1 3 _ 2 K9 3
Z O - Z O |I<:|2 :
keZ} keZ}

In the same way,
k2 + k2 k2 + k2 k2 + k2
Z 92 1 3 Z 92 1 2 Z 92 2 3
k2 2 2
keZ3 %1 keZ3 %1 keZd ]
and thus each of them is equal to

2(ki +k3+k3) 2
keZ3

The proof of ([23) is complete.
Next, we note that oo - Vo_ o = —27i (ak,q - k)ago = 0 and C, = 1/3v/2, thus for any
smooth divergence free vector field &, the equality (23] implies

H9|| Z 07 11 [Oka - V(0_pa - VE)] =TI[VAEL] = VAE. (2.4)
02

It may be helpful for the reader to rewrite some of the previous concepts and formulae with
different notations. The space-dependent vector valued Brownian motion used here is

n(t,x) Orok,o(
.2) = g 3 2

and its incremental covariance matrix-function is

Qlrv) = SE[n(1,2) @ (1) HHHQ S 62 0 (2) © 0 a(y) = QL — y),
22 k,a

where we add the coefficient 1/2 due to (Iﬂl), and

Q(Z)Z ”9“2 Zekaka@)aka 2mik-z
k,a

(the random field W (¢, ) is invariant by translations in x). The above computations, in
particular (2.3), give us

Q(0) = vI;.

11



Moreover, recall the Stratonovich-1t6 corrector

Z 0711 [0, - VI (0_jq - VE)]

O!

|9||z2
and introduce the associated quadratic form
s
16117 4=

on divergence free smooth vector fields &, v (we have used II* = 1I, IIv = v and divoy o = 0 in
the integration by parts). Let II* be the projection operator orthogonal to II: for any vector
field v € L2(T3,R?), II*+v is the gradient part of v. Then

a(é,v) == —(Sp(&),v) = O (0 —pa* VE), Ok - V) 1

H(J—k,a : Vg) = 0—ka V¢ — HJ_(O-—k,a : Vg) (25)

Therefore, we get
a (§7U) = Qg (§7U) —a (§7U) )

where

ap (&,v) ==

U ko ® Vfaaka VU> 2
H9|| g

O!

> (I (0-pa - VE) T (00 - V) 1

Cl{

ar (v
H9||2

We have, with the definitions above,

agp (57’0) = (Q(O) vévvv>L2 = v <A£7’U>L2

which explains (Z4]) and clarifies that its structure is quite general.

Finally, for a particular choice of £ and v, we show in a heuristic way that a1 (£, v) converges
to —£ (Af ,v)r2 in the special scaling limit considered in the last subsection. This is to help
the reader with understanding the limit (II2]), since the rigorous proof of the general case is
quite long, see Section Bl To this end, we introduce the new operator

N R Mo VI (0 - VE)]: (2.6)

a

then a1 (&,v) = —<S(,L(£),v>L2 and, by (24]) and ([2Z3)), it is clear that

||9H£2

Sy(v) = vAv — Sy (v). (2.7)
We fix | € Z¢ and take complex vector fields
E=v=o011+02=(a1+ay2)e.

Recall the sequence 6%V defined in (LI0); by Corollary [5.3] we have
62y . k—1
Sh) =~ 3 e {Z @ s cuis 6~ =p]af
2 5 1
62y .9 k
||9N|| Z|l| II Z ) Sin (ék,l)(alvﬁ ' k)W €y
£2 B=1

12



where Z;; is the angle between the vectors £ and [, and ~ means the difference between the
two quantities vanishes as N — co. The complex conjugate v of v is divergence free, hence

2
_ 672y k
<Sg‘N(U),’U>L2 ~ HHNHZQ ’l’2< |:Z (Hliv) sin (Zkl)(alg /ﬁ) |k‘|2 el, (au + al,2)6_1>L2
B=1

k

= — 671TVV 1> Z Z (0) ? sin? ’)(am-k)(gl,gwk‘)'
16M]% Pyt ||

Recall that {a; 1, a2, |§—|} is an ONS of R3. By symmetry, the terms with 3 # 8’ vanish, thus

- 671y (ay, 'k)z
<Sé‘N(’U),’U> WN” 1? ZZ Hk ? gin? Zkl)ﬁf#
62

B=1 k

62y
:_||9N|| |12 Z or) ? sin’ (Zky),

where we have used )
(ar3 - k)* koL,
2= . ) = Zr1).
2 ik ) e

Now, approximating the sums by integrals and changing to spherical variables yield

sin(Z, ) -
Z (60)? sin® (Zy,) ~ Jovciicony 4 Y A J sin® g dy [T d
”HN”2 Jn<pai<ony e 42 N fy singdy 77 d
1 [™ . 5 8
5 /0 sin® ¢ de 15
Thus, as N — oo,
_ 8 16 2 _
<Sé_N(U)=U>L2 - _67"2VW2 15 _EW2’/W2 = 3V<AU7U>L27
since Av = —4m?[l|?v = —472|l|* (011 + 072).

3 Existence of pathwise unique global solution to (8]

In this section we fix v > 0, R > 0, 6 € (0,1/2) and 0 € ¢? satisfying ([5]). Consider the
equation (L8) that we recall here:

d€ + fr(€]l=s) Lo dt = [AE + Sp(&)] dt + —1— Zeknaka v AW (3.1)

H9H

Our purpose is to show the global existence of pathwise unique solutions to the above equation.

We consider the Galerkin approximations of the equation ([BI). Recall that H is the
subspace of L%(']I'?’ ,R3) consisting of divergence free vector fields with zero average, and V the
intersection of H with the first order Sobolev space H!(T3,R?). The norms in H and V are
|-l = |- |l2 and || - ||y, respectively. For N > 1, let

Hy =span{oj o : |k| < N,a=1,2}

13



be a finite dimensional subspace of H and Iy : H — Hy the orthogonal projection. We define

by (En) = frlIEN]=s) DN (Luyén), €N € Hn,

where uy = B(£y) and B is the Biot-Savart kernel on T2. Next, by (Z7) and the expression

(B4 of S (v), we see that if v € Hy, then Sp(v) € Hy. Thus we consider the following SDEs
on Hy:

dén = [ — by (En) + Aén + So(En)] Z k1IN (0k,0 - VEN) aw; >,

||eu (3.2)
En(0) =1Inéo € Hy.
We have the following simple result.
Lemma 3.1. P-a.s., for all t > 0,
¢
lEn (81172 +/0 IVEn(5)72 ds < [|&ll72 + Cort, (3.3)

where Cs g > 0 is a constant depending on 6 and R, but independent of N, v and 6 € 2.

Proof. For simplicity of notation we omit the time variable t. By the [t6 formula,
dllenlze = - (é’N, O (En)) 2 At + 2(En, AéN) 2 dt + 2w, So(é’N)>L2 dt

Zek £N7HN(O-]€OC véN)>L2thka HHHZ Zek ‘HN Uka vé’N HLth
ko

H9”z
where the quadratic variation term follows from (Z2). As oy, is divergence free, we have

(&N TIN (k0 - VEN)) 12 = (EN+ Oka - VEN) 5, =0,

thus the martingale part vanishes. Since C, = /3v/2 and IIy : H — Hy is an orthogonal
projection,

202

ZekHHN (Oka - VEN) HL2 = H9||

Moreover, by the definition (LG) of Sy and integration by parts,

202
20n, So(En)) 2 = ”HHQ > 0 oka s VENTH(0 ko VEN)) 12
52 ko

Summarizing the above discussions we obtain

dllénlZz < —2(&n, b (En)) 2 At — 2||VEn |72 dt. (3.4)

Next, we deal with the more difficult nonlinear term:
(En, b (EN)) 12 = fRUIEN=5) (Ens Lunén) 12 = = fR(IEN|=5) (€N EN - Vun) 1o,

14



since <£N, Uy - V£N>L2 = 0. Holder’s inequality leads to

[(En b (En)) 2] < frlEnll=s) [En17s I Vunllzs < CFr(IIEn]-6)lIEnIFs-

Here and below, C' > 0 is a generic constant which may change from line to line. Using the
Sobolev imbedding H'/2(T?) < L3(T3) we obtain

(&, b (€n)) 22] < Cr(llEn|—5) IEN IS 2
Next, we need the interpolation inequality
I8l < NGlIZ T IS 220 g e Y (T,

which gives us

€N b (Ex)) 2] < CFr(Enl|—s) I1En P/ 20HD gy || 20H20)/2049)
< Csfr(llEn]- 5)||£NH3/2 (1+9) HV5NHL1+25 /201+9)

Since § < 1/2, it holds 3(1 + 20)/2(1 + ¢) < 2. Then, Young’s inequality leads to

(€N, bN (EN)) 2] < fR(\\gN\\_5)< Ve, + Chllen /0 25)

) (3.5)
< || Ven |2 + CH(R + 1)%/(1-20),
where we have used the property of the cut-off function fr mentioned above (LS]).
Finally, combining ([8.4) and ([B.5]), we get
dlénlze < —[IVEn|72 dt + 2C5(R +1)% 07 dt,
which immediately yields the desired result. O

Lemma [B.1] implies that the sequence {{x}n>1 is bounded both in L*> (Q,LOO(O,T; H))
and in L2 (Q,LQ(O,T : V)) As a result, there exists a subsequence {{y;}i>1 which converge
weakly- in L (Q,LOO(O,T; H)) and weakly in L? (Q, L2(0,T; V))

In order to pass to the limit in the nonlinear term, we need stronger convergence of {{y;, }i>1.
For this purpose, let ny be the law of {5, N > 1; we shall prove that the family {nxy}ny>1 is
tight on

L*(0,T; H)nC([0,T],H°).
Indeed, with slightly more work, we can show the tightness in C([0,7], H~) where H™ =
Ns<oH®. We shall use Simon’s compactness results in [38] which involve the time fractional
Sobolev spaces. For v € (0,1), p > 1 and a normed linear space (Y| - ||y), the fractional
Sobolev space W7P(0,T;Y") consists of those functions ¢ € LP(0,7;Y") such that

T () — ()3
RSN ASTANE
/ / = S‘l—l-’yp dtds < oo.

In the following we take Y = H %, a choice which will become clear in view of the calculations
in Corollary

Theorem 3.2. (i) For any v € (0,1/2),
L*(0,T;V)n W20, T; H®)  L*(0,T; H)

18 a compact imbedding.
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(ii) If p > 12(6 — 9)/9, then
LP(0,T; H)nW'/34(0,7; H=S) c C([0,T], H™?)
18 a compact imbedding.

Proof. The first assertion follows directly from [38, p.86, Corollary 5]. For assertion (ii), we
shall apply [38, p.90, Corollary 9]. In this case, we use the interpolation inequality

lell-s < el llellZe.  » € H,

where k = §/6, playing the role of the parameter # in [38, p.90, Corollary 9]. We have
so=0,r9 =pand s; = 1/3,7 =4, hence, s, = (1 — k)so + ks; = k/3 and

1 1—=r /ﬁl_l—/ﬁl I

Ty ro 1 P 4’

For p given above, it is clear that s, > 1/ry, thus we deduce the second assertion from Corollary

9 in [38]. O
Recall that ny is the law of £, N > 1. We have the following immediate consequences.

Corollary 3.3. (i) If there is C > 0 such that

TlEn () = En(s)l%s
/ 1€n (2 HvdtHE/ / |t_s|1+2,y dtds < C for all N €N,  (3.6)

then {nn}nen is tight on L?(0,T; H).

(i) If there is C > 0 such that

T 4
/ 1€n () dt+E/ / len ’t_sw(g)” Sdtds<C forall NEN, (3.7)

then {nn}nen is tight on C([0,T], H?).

To apply these tightness criteria, by Lemma[B.1] it is sufficient to estimate the expectations
involving double time integrals. For this aim, we need the next estimate.

Lemma 3.4. There is a constant C = C(||&o||z2,v,9, R, T) > 0, independent of N and 6, such
that for any 0 < s <t <T anleZg,j: 1,2, one has

4
E(|(en(®) — &n(s),o15),a] ) < e — 5P
Proof. Tt is enough to consider |I| < N. Since {y satisfies the equation ([B:2]), we have

(En(t)
:_/:<
+/<

—En(5),015) 1o
(En(r))
t C t
(). So(01,)) 2 dr = 7512 300 [ {en (). Vi) o AW,
k,a s

t
(), oy} [ (e () Do) s
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We omit the time variable r in the sequel when there is no confusion. We have

(o (&) 1593 = il (o - D1, — (o - T,
= ~Fr(llenll-s) ((gv un - Vous) o + (6 - Vun. 1) 2)-
Lemma 3.1l and the fact Vo, ; = 2mio; ; ® [ imply
[(&nyun - V)| < ClIEnll2 lunlire < Cesrrll,
where C¢, 5.r,7 = C(||€0]|12,0, R, T) is a constant. Similarly,
[(én - Vun, 014) 2] < Cllénlz2lVunlle < Cllénl7z < Ceo s

Therefore,
4

< Ceyontll|*lt — st

t
E ‘ / (bn(En), 01) 2 dr

Next, since Aoy ; = —4r?|l|?0; j, we have
|(éns Aorj) 2| < CllENIL2lI? < Ceys.m.rll-

As a consequence,
4

< Cep Pt — s[*.

t
E ‘ [ (et o
By 21) and (5.4]), we have

62y kE—1
S@(O-l,j) = I/AO'IJ‘ + WH{ [Zei(ak@ . l)2(al,j . (k — l))m} El}.
02

k,a
Therefore,
672y k—1
I1So(o1 )l r2 < 4m* vl + o | Y 0R(ana - D (ary - (B = 1) o5
1613 1 4= |k — 1]
21712 6y 2 2 21712
< Armv|l|* + TE ZHk(ak,a-l) < 107*w|l]*.
£ k,a

This implies

4 t 4
E <k ( [ cillenliaar) < Copuanali®h -

t
/ (&n,Sp(o15)) 2 dr

Finally, by the Burkholder-Davis-Gundy inequality,

4

C, ¢
E‘ 0] ¢2 Z@k/ <§N70k,a 'valvj>L2 dwpe
k,a s

C4 t 2 ?
< —V4E<ZHI%/ |<£N70k,a : vo—l7j>L2‘ d?"> ’
s\ 2%,

‘We have
2
> 0N Oka - Vo) | <D 0RENT2lloka - Voullte < CepsrrlfllR]1.
ko k,a
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Substituting this estimate into the above inequality yields
C t s \ )
v
E ‘ He”gz Z Hk/ <§N’ Ok, Valvj>L2 dWT’ o < CEQ,V,(S,R,T‘” ’t — S’ .
k.o S

Summarizing the above estimates we complete the proof. O
As a consequence, we have
Corollary 3.5. The family {nx}n>1 is tight both on L*(0,T;H) and on C([0,T], H™).

Proof. We first check the uniform boundedness of the second expectation in (8.7)). By Cauchy’s
inequality and Lemma [3.4]

E(lew(r) — En(s)llLe) = (Z [x () %mf)?
N |l|12
[(En(t) — En(s), 00 2|
é <Z |l|12> <Z |l|12 L

ClI®t
<CZ |||z||12 <C'ft— s

since 12 — 8 > 3. Therefore,

T v () — ns)lls C'lt —
/ / ]t—s]7/3 dtds / / \t—s\7/3 dtd8<—|—oo.

Thus we have proved the estimate (7). Now we can apply (ii) in Corollary to get the
tightness of {ny}n>1 on C([0,7], H™?).

In the same way, we can check the uniform boundedness of the second expectation in (3.0,
using the facts that v € (0,1/2) and

/
E[(en(t) — En(s) 0150 12]” < [E|<§N(t) - §N(S)7Uz,j>L2|4T “< Cli|Yt — s
The proof is complete. O

Based on the above results, we can apply the Prohorov theorem (see [5l p.59, Theorem
5.1]) to deduce that there exists a subsequence {ny,}i>1 which converge weakly to some
probability measure 1 supported on L?(0,7; H) and on C ([O,T |, H _5). Moreover, by Sko-
rokhod’s representation theorem ([5, p.70, Theorem 6.7]), there exist a new probability space
(Q f ]P’) and a sequence of random variables {f Nz} i>1 and f defined on this space, such that

gNi N Uh (Z > 1)7 gN , and

P-a.s., lim §~Ni = ¢ in the topologies of L*(0,T; H) and C([O,T],H‘5). (3.8)
1— 00

Remark 3.6. We can also consider {{n}n>1 together with the family of complex Brownian
motions W := {kao‘ k€ Zg,a = 1,2} to get tightness of their joint laws. Here, for
simplicity, we write W for the whole family of Brownian motions. Namely, for each i € N,
there exist a family Wwhi .= {WNi’k’a ckeZda= 1,2} of independent complex Brownian
motions defined on (Q,]}, I@’) such that

18



(1) for anyieN, ({n,, W) and (ENZ., WNZ) have the same joint law;

(2) in addition to B), we have, for all k € Z§ and o € {1,2}, Wk conpverge P-a.s. in
C([0,T),C) to a complex Brownian motion W,

Furthermore, the family W := {Wk’a ke Zda= 1,2} of Brownian motions are mutually
independent. See for instance the discussions above (3.7) of [18] for details. These additional
facts will be useful in the proof of existence of weak solutions.

The next bounds on the limit 5 are important for us to prove the scaling limit in the next
section, where we will need them to show tightness.

Corollary 3.7. There exists a constant C||50||L2 s.rT independent of 0 € (2 such that P-a.s.,

HEHLOO(O,T;H) < Cligoll 12.,6,R,T (3.9)

and )
1€l 20 71y < Cléoll2.6.R.7- (3.10)

Proof. Thanks to (3.3]), the proof of the first assertion is similar to that of [I8, Lemma 3.4],
hence we omit it here. Next we focus on [BI0). For any N > 1, {x satisfies the bound (B.3])
almost surely. Hence, there is a constant C’”&)”L2 sr1 > 0, independent of 6 € 22, such that,
P-a.s.,

€l z20,7v) < Cleo),2.6.R.T-

Since & ~; has the same law as £y, thus it enjoys the same bound: P-a.s.,

HgNl

L2(0,T;V) < C||€o||L2 O,R,T-

Note that the bound is independent of i > 1. This implies that there is an event Qo C Q of
full probability such that for every @ € €2y, one has

Sup €, (@, ')HLQ(O,T;V) < Cleo) 2.6, RT (3.11)

Therefore, up to a subsequence, & N, (@, +) converge weakly in L?(0,7;V) to some limit ¢ (@,).
This also means that £y, (@, ) converge weakly in L2(0,T; H) to £(@,-). Combining this fact
with &R), we conclude that £(@,-) = &(@,-). This holds for all @ € Qq, the event of full
probability. As a consequence, the limit process 5 obtained above actually has trajectories in
L?(0,7T;V), and by the property of weak convergence, one has, for any & € Qo,

Hé(a” ')HL2(0,T;V) = hggg}f HEN (@, ')HL2(0,T;V) = C’Il&)lle 0,R,T-

This completes the proof. O

Now we can prove the existence of pathwise unique strong solutions to the stochastic NSEs

B1) with cut-off.

Proof of Theorem[I.3. The proof is quite long and is divided into two steps. In Step 1, we
prove that the limit process £ obtained above is a weak solution to the equation B10), while in
Step 2 we prove that the pathwise uniqueness holds for (B.1]), thus the existence of a unique
strong solution follows from the Yamada-Watanabe type result [34] Theorem 3.14].
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Step 1: weak existence. Let v be any divergence free test vector field. Recall that, by Remark
B8] we have the sequences of complex Brownian motions Wi := {WN“’“’O‘ keZia=1, 2},
such that for each 7 € N, (5 N VT/Nl) has the same law as the pair (5 N;» W) defined on the
original probability space (2, F,P), and the latter pair satisfies the equation (B.2) with N; in
place of N. Thus & n;, verifies the following stochastic integral equation:

(€N, (1), 0) 2 = (T, E0,0) 12 +/0 fR(”gNi(S)H_(S)<§Ni(s)’£ZNi(s)(HNiU)>L2 s
—i—/o <gNi(S),Av>L2ds+/0 <5N¢(3)750(U)>L2d3

C, to .
B erk/o <£Ni(8)7o-k7a : VHNiU>L2 dWSNz,k, ,
k,a

where uy, = B(§~ Ni) is the velocity field on the new probability space Q and « ranges in {1,2}.
Recall that B is the Biot-Savart operator and £* is the adjoint operator of the Lie derivative,
see its formula above Theorem [[L3l By (5.4), Sp(v) is also a smooth divergence free vector
field. Thanks to the above preparations, it is standard to show that all the terms, except
the nonlinear one, converge to the corresponding limits, see for instance the proof of Theorem
2.2 at the end of [I8, Section 3]. In the following we concentrate on the convergence of the
nonlinear term and denote E the expectation on the new probability space (Q F, IP’)

We omit the time variable s in the integrals to save space. We have, by triangle inequality,

]

~[ sup
t€[0,T]

/ Ir HfN [l 6)<£NZ, (HNU dS _/ fR ||§H 6)<£ Liv >L2
_fa[ / Tr(1Ewl-s)| (v L5, Tn)) = (€ L30) ds}
T i i )
+E[ | [rrC1n-9) = £a1€1-5)| - [¢6. £30), ds],
Denote the two expectations on the right hand side by I; and I, respectively. First,

L < E[/OT ‘<£Ni,£2m (HNZ-U)>L2 — (& L5v)

Recall the P-a.s. convergence stated in (B8)); we deduce that iy, = B (5 N,) converge a.s. in the

strong topology of L?(0,T;V) to the velocity field @ = B(g) Moreover, the uniform bounds
(I0) and (BII) imply that

ds} . (3.12)

P-as., |llrzorv) Vv <$1>111>\\ﬂNi\\L2(o,T;V)> < Clleo|l 12.8.R,T-
Z_

Finally, since v is smooth, IIy,v converge to v in C1(T3 R3). Using these facts, it is easy to
show that the right hand side of ([312]) tends to 0 as i — oc. .
It remains to prove that I also vanishes as ¢ — oco. First, one can easily show that, P-a.s.,

‘@v £3”>L2

<€l 21wl o < NI€I] 2 Nl llvller < CHinzHUHm < Cﬁgo||L2,5,R,THUH01-
Moreover, B:8) implies that, P-a.s.,

lim sup H§N (t)H_ézo.
100 4¢(0,7)
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Since fgr is bounded and continuous, we apply the dominated convergence theorem to conclude
that I vanishes as i — oco. .
Summarizing the above arguments we conclude that the limit process £ satisfies

(E(8),0) 0 = (€0, 0) 2 + /0 Fr(IE(E)1-5) (£(o). L3pp0) , ds
+ [ (o), A) st [ (€ So(0) s
W\ezz / ) Ok >L2dWsk7a=

Thus £ is a global weak solution to the stochastic 3D Navier-Stokes equations I, i.e. (LS).

Step 2: pathwise uniqueness of ([B.Il). Assume that on a probability space (Q,F, (F;),P)
there are two solutions &; (i = 1,2) of [BI)) with the same complex Brownian motions {W* :
keZd a=1, 2} and the same initial condition, satisfying the bounds

P-as., |&lloeorm VI&lz2orv) < Cleol26.r: T =12 (3.13)
Let f = fl - 52, then
d§¢ = — [fR(||€1|| $)Lu &1 — [r(1E]=5) Luy&a] At + [AE + Sp(€)] dt

+ ol 2 Ok VE) AW,

Note that the vorticity £ is divergence free. Thanks to ([B13]), one can check that the assump-
tions of [37, p.72, Theorem 2.13] are verified, thus by the It6 formula [37, (2.5.3)] and the
definition (6] of Sp(&), we have

Al = —2(¢, Frllrll-5) Luntr — fR<\|sz||_a>ﬁuQsz>L dt — 2| Ve[, at

202 a
”(,H Zekuﬂ T+ VE)22 |9H Zek (€, Ok - VE) AW

Z%HH (Oka - VE)|| 72 dt,
H Hg =

where the last quadratic variation term follows from (2.2]). The martingale part vanishes, since
all the vector fields oy, , are divergence free; therefore,

el = =2(& Frllall-5)Lun&s = Frll€2ll-s)Lunéa) , dt = 2/ VEFa dt. (3.14)

Now we treat the difficult terms involving Lie derivatives:

J = (& frllgl-9)Lw&s = frllel-5)Lute) |

= [fr(l€1ll=5) — FrUEN-8)](E Lun€r) 2 + FrUIEN-5) (€ Lur€t — Lunba),.  (B1D)
=: J1 + Jo.

We start with Jy:
|1l < | frllo 161 = Eall—5|(€; Lurér) 12|
< CH£||L2<‘<£7U1 VED |+ (& & Vu1>Lz‘) =:Ji1+ Ji2.
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By Hoélder’s inequality with exponent % + % + % =1, we have
Jia < Clllcellél zellurllzs [Vl 2 < Cliglczll€llzlludlli [ VE e,

where we have used the Sobolev embeddings H'/?(T?) < L3(T3) and H'(T3) — LS(T3).
Moreover, applying the interpolation inequality,

1/2 3/2 1/2 3/2
Jin < CIE IR 16 2 V& 2 < CUVELLNER L N2 IVl 2. (3.16)
Young’s inequality with exponent % + % = 1 implies

4/3 4/3 1 4/3
Ji1 < SIVEIRs + Ol lal 2 Iva 2 < Livelz. + ez ve 2,

since, by BI3]), & is a.s. bounded in L>°(0,T; H). Next we turn to estimate J; . By Holder’s
inequality with exponent % + % + % =1,

12 < Cllél g2 €l s €l [Vl s < ClIEN 2 1€l 2 l€L]13 2
< ClleNPIEB2 N 2 6 < CUVENL eI e L2 1V €l e,

which is the same as the right hand side of ([BI6]). Thus, similarly as above, we have

T < SIVERs + Cillel Va2
Summarizing the above arguments, we obtain
4/3
—vaHLz +OlElZalIVel s (3.17)

Next we estimate Jy defined in (3.15]) which can be done in the same way as for J;. Since
0< fR <1

|J2| < |<£,£u1£1 - £“2£2>L2‘ < ‘<£’£“1£>L2| + ‘<£y£u£2>L2| = J2,1 + J2,27 (3'18)

where © = u; — ug. We have

Jog = [(€ ur - VE 2 — (§,€ - Vur) 2| = [(§,€ - Vur) 2],

since u; is divergence free. By Holder’s inequality and the Sobolev embedding H'/ 2(T3) —
L¥(T%),
Jo1 < [€ll7sVurlls < ClIENT ol Vurllyye
< Cliéll 2 llglh[[Vuilly < CIVEl 218l 2l Vel 2

where the third step follows from the interpolation inequality and [|[Vui ||y /o < [[Vuy[1, respec-
tively. We deduce that

1
a1 < 2 |IVEIIZ: + ClIEN L2 VElZ-. (3.19)
Next, we consider Jy 9 in ([B.I8):
Joo < [ u- V)2 + (€ &2 - Vu) el (3.20)
Using the Holder inequality with exponents % + % + % =1,

(€ u- V) 2| < [[EllzsllullLollVEzll Lz < ClIEl 2llull [Vl L2,
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where we have also used the Sobolev embedding H'(T?) < L5(T3). Now, by the interpolation
inequality,

(€, u- V) 2] < CIEILNEN €l L2 VEall 2 < CIVEL NI Vel -
Thus, by Young’s inequality with exponents % + % =1,

(€ u- Ve 2] < —Hvﬁllm + 1221V Ell 7. (3.21)

It remains to estimate the last term |[(£, & - Vu) 2| in (3:20). We have

(€. &2 - V) 12| < (€l pslall sl VullLs < ClIENT all€2 2
< Clélleliélliéellh < ClIVEN Ll L2 IVEll e
Finally, we get
6.6 Vu) 2] < I VI3 + CIEIRL VeI
This estimate together with [BI8)—B.21]) implies

4/3

—|rV§HLz + ClIENT (IVENT + V&l s + VE]72)-

Now we combine the above estimate with (3I5) and (3I7) to deduce
] < IV€l2 + ClENZ (IVEI1E + Va1 + V&S + [ VellL.).
Substituting this result into ([B.14]), we conclude that, P-a.s. for all ¢ € [0,T],
d€ll72 < ClIENG= (IVElS + IVEZ: + V&l 5 + Vel?.) d

By the regularity properties (8.13]) on the two solutions &; and &3, the quantity in the brackets
on the right hand side is integrable. Thus Gronwall’s inequality give us [|£(t)||2, = 0 P-a.s. for
all ¢t <T. The proof is complete. O
4 The scaling limit and its consequences

In this part, we take the sequence {#"} ey defined in (ITI0), which satisfies

1Y e
N—oo H9N||g2

—0. (4.1)

For any N > 1, we consider the stochastic 3D Navier-Stokes equations (LI3]) with cut-off,
namely,

Cy

d€N+fR(H§N” 5)£ Ndet— [Aé‘N—i-SgN(SN)] dt‘f‘HHNH

Ze,{jn Opa VEN) AW, (4.2)

with éV|,—g = & € Bu(Rp). Recall that u” is related to ¢V via the Biot-Savart law: u¥ =
B(SN ) By Theorem [[3], the system ([2) has a pathwise unique solution &V on the interval
[0, T'], satisfying the bounds below:

P-as., HgNHLOO(O,T;H) v HSNHLZ(O,T;V) < CRo6.RT (4.3)
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where Cg, 5 r1 is independent of v and N; moreover, for any divergence free test vector field
v, one has P-a.s. for all ¢ € [0,T7],

(€ 0.0) 2 = (&) + [ Fn(IEO-6) (6¥(). Lm0,
0

701/ N ' N k,a
6V 20 /0 (€7(5) ko VU)o AW
k,a

4 /0 (€V(s), Av) , ds + / (€Y (5), Sn (1) 1o ds (4.4)

Using the uniform bounds (£3]) and the equation ([@4]), one can show that the assertion of
Lemma B4 still holds for ¢, N € N. Thus, let QY be the law of ¢V, N € N, as in Corollary
B8 we can prove

Lemma 4.1. The family {Q" }nen is tight on L?>(0,T; H) and on C’([O,T], H_‘S).

Next, repeating the arguments below Corollary B5] we can find a subsequence {QVi};en
converging weakly to some probability measure @ which is supported on L?(0,T; H) and on
C ([O, T|,H _5) . Moreover, there is a new probability space (Q, F, ]15’) and a sequence of processes
{(fNi, VT/Nl) }ieN and (5, W) defined on Q, such that

(a) for each i € N, (£~N", WNZ) 4 (&Ni ,W); in particular, Wi and W are families of complex
Brownian motions;

(b) P-as., as i — oo, Vi converge to € strongly in L?(0,T; H) and in C([O,T],H‘5), and
Wk converge in C([0,7],C) to W*e for all k € Z3 and o = 1,2.

Now we prove the following intermediate result.

Proposition 4.2. Assume that 5(]]V converge weakly in H to & € By(Rp). Then the limit
process € solves the deterministic 3D Navier-Stokes equations with cut-off: for any divergence
free test vector field v € C(T3,R?),

B 3 t t _ B .
(€@).0)p0 = (G0 0) 2 + (14 27) /0 (é(s), Av) , ds + /O Fr(IE)1-5) (E(5), Loy v) 2 ds,

(4.5)
where U = B(&) 18 the corresponding velocity field.

Proof. By the above assertion (a) and (4.4, the process &Vi on the new probability space
(Q, F, IP’) satisfies the equation below:

<£Ni(t)’U>L2 = <£(J)Vi’U>L2 +/0 <£Ni(5)vAv>L2 ds—l—/o <£Ni(8)’59Ni (v)) 2 ds
+ [ 18- (€0 L), s

701/ Ni iy L 17N k,a
16N Zek /0 (€ (5), O V) o dWSHES,
k,a

where @i = B(fNi) is the velocity field on the new probability space . We want to take
limit ¢ — oo in the above equation. The proof is similar to the existence part of Theorem [I.3]
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with two main differences: (1) by Theorem B1I, Sy, (v) converge in L?(T3,R?) to 22 Aw, thus
the assertion (b) implies

P-a.s., lim sup = 0.

100 40,7

b v [t
A<£Nz(8)’56Ni(U)>L2dS_€A <£(8),AU>L2dS

(2) the martingale part vanishes in the mean square sense. We conclude from these two facts
and the weak convergence of §év " to &y that the limit equation is (Z3]).

_ It remains to prove the assertion (2). We denote E the expectation on the probability space
(Q, F,P) and recall that C,, = \/3v/2. By the Ito isometry and (2.2,

[ C, L. N
E< ¢ Zeév@/ (EV(s), 0pm - VO) 12 dWSNz,k,a>
105 2=7% g
3v N\ 2 t N 2
:7||9Ni B Z(ek ) E/O [(ENe(s), Oha - VU) 1| ds

9 oo
|||0NZH£ /ZKgN Ok V'U>L2‘ ds.

17

Using the fact that {o o : k € Zg, a = 1,2} is an orthonormal system,

ZKgNi(S),O'k’a Z| V’U SN Uka> ‘2
k,a

< H (Vo) E%(s)|[2 < IVl €N (9)][ 2.

Recall that £V has the same law as £Vi, the latter satisfying the uniform bound (#3]). Thus,

~ C, _ t . N )
E<mzeé\fl/o <§NZ(S)70-]€,CM'V’U>L2 dWs]V“k’ )

||9N Heoo ! 2 || £N; 2 2 ||9Ni‘|%oo
<3v oNi |12 HV’UHOOHS (S)HLz dsﬁCRo,V757R,THV7)Hoo oNi|12.
167417 Jo 1167117
which, by @), tends to 0 as ¢ — co. Thus the limit ¢ satisfies the equation (@3). O

Now we need the following classical estimate for deterministic 3D Navier-Stokes equations.

Lemma 4.3. Let &y € H be fized. Ifvq > %H&)HLQ, where Cy is a dimensional constant comes
from some Sobolev embedding inequality, then the deterministic 3D Navier-Stokes equations

KW + Lu§ =11AE, =0 = &0 (4.6)
have a unique global strong solution satisfying
1 4 i1t V2
[€ell 2 < K - 4)687r21/1t + 0 4] < Y2 (47)

Proof. We only recall some steps of proving the estimate (1), see e.g. [40, p.20] where it was
done for the velocity field. The proof of the following inequality is easier than that of (3.3]); we

have (cf. [40, (3.26)])
d o 2 2 Co o6
E”ﬂ‘LZ < —Arn[|€]z. + V—%IKHLz,
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where 472 comes from the application of the Poincaré inequality on T3. Letting y(t) = ||£t\|%2
4

yields the differential inequality 3/ < —4mw?v1y + %y?’ with y(0) = [|&]|32. The latter can be
1

solved explicitly to yield

—1/2
y(t) < 1 . 061 687r21/1t + 061 /
— [\w(0)2  4r2f 42 ’

which implies the estimate (£.1). O
As a consequence, we have

Corollary 4.4. Given Ry > 0, if we choose v > %(QRO — 1) and

Nz
2 3
e V()
Co 75
then for any & € By(Ry), the equation (&3] reduces to the deterministic 3D Navier-Stokes
equations without cut-off.

Proof. Indeed, applying Lemma [£.3] with v1 = 1 + %V, we have

\/C—z_;(l—i-%V) < R.

IE®) =5 < IE@)| 2 < ’

Therefore, the cut-off part in the equation (435) is identically equal to 1, i.e., (A1) reduces to

3 t t
(€@, 0) 0 = (€0, 0) 2 + (1+37) /0 (E(s), Av),, ds + /0 (€(s), Loyv) o ds,  (48)

which is the weak formulation of vorticity form of the deterministic 3D Navier-Stokes equations.
O

Now we are ready to prove the first main result of this paper.

Proof of Theorem[1.4] We take the parameters v and R as in Corollary .4l In the above we
have already shown that any weakly convergent subsequence of {Q™V} N>1 converge weakly to
the Dirac measure d¢, where § is the unique global solution of the deterministic 3D Navier-
Stokes equations. Lemma [Tl implies that the family {Q"}x>1 is tight on both L?(0,T; H)
and on C([0,T], H%). Therefore the whole sequence {Q"}y>1 converge weakly to the Dirac
measure Og.

It remains to prove the second assertion of Theorem [[L4. We argue by contradiction.
Suppose there exists g > 0 small enough such that

limsup  sup QY (€ X i llp — &€l > =0) >0,
N—oo §0€BH(RO)

where we have denoted by || - |x = | - [[z2¢0,7:) V | * lo(o,7),1-9)- Recall that Qg is the law
of the pathwise unique solution &V to (@2 with initial condition ¢V |;—g = & € Br(Rp) and
€.(€o) is the unique global solution of the deterministic 3D Navier-Stokes equations (L8] with

initial condition £y. Then we can find a subsequence of integers {N;};>1, and {év ‘€ By(Ry),

QNi .= Q?g@i, i > 1, such that (choose gy even smaller if necessary)
0

QY(pex: o —e(&)]ly>20) 2= >0. (4.9)
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For each i > 1, let &Vi be the pathwise unique solution of (@2 (replacing N by N;) with
the initial value ¢Vi|;—y = §évi; then ¢V has the law QY:. Since {gévi}m is contained in
the ball By (Rp), there exists a subsequence of {gév i}i>1 which converges weakly to some
& € Br(Ryp). For simplification of notations, we assume the sequence {fév ‘ }Z.>1 itself converges
weakly (without taking a subsequence). -

We can show as in Lemma (1] that the family {Q"i};>1 is tight on X = L2(0,7;H) N
C ([O, T|,H _5), hence, up to a subsequence, Qi converge weakly to some probability measure
QQ supported on X. The rest of the arguments are similar to those below Lemma .1l Namely,
by Skorokhod’s representation theorem, we can find a new probability space (Q F, Iﬁ’) and a
sequence of processes {SNZ} N defined on €, such that for each i € N, £Vi has the same law
QNi as Vi and P-a.s. §Nl converge to some § strongly in L?(0,7; H) and in C([O T|,H™ )
As before, the limit § solves the deterministic 3D Navier-Stokes equations (L8] with initial
condition &. From this we conclude that £ = €.(&), and thus, as i — oo, &Ni converge in X to
€.(&) in probability, i.e., for any & > 0,

Jim P([[€% — (&) > ) =0. (4.10)

Note that &V 4 QYi, [@3) implies

B([E% — &€

We have the triangle inequality:
€% =& (&) Ly < [1€™ = &0l + [1&-(60) — &(&57)

Using the estimate in Lemma [£.3] and also the deterministic 3D Navier-Stokes equations, one
can easily show that the family {& (§évi)}i>1 is bounded in L*°(0,T; H) N L*(0,T;V). The
boundedness in W1/3:4 (0,7; H-%)nW72(0,T; H°) (here 7 is any number in (0,1/2)) can be
proven by following the arguments in Lemma[B.4]and Corollary B.5] without taking expectation.
Then Theorem B2implies the family {f. (§év 1) }Z.>1 is sequentially compact in X = L?(0,7; H)N

C ([0 T],H _5). Therefore, up to a Subsequence, & ({év 1) converge in X to some &, which

> 50) > g0 > 0. (4.11)

| - (4.12)

can be shown to solve ({L8) since 50 converge weakly to &. In other words, & = £.(&)
and H£ (50 ) £.(&) HX — 0 as i — oo. Combining this result with ([@I0)—(Z12]), we get a
contradiction. O

The rest of this section is devoted to the proof of Theorem [LGl We start with the following
elementary result.

Proposition 4.5. Letrg = (2772)1/4/00, where Cy is a dimensional constant coming from some
Sobolev embedding inequality. Then for all v > 0 and € 2, the stochastic 3D Navier-Stokes
equations

d¢ + L& dt = Acdt + —2 Z OkT1 (00 - VE) 0 AW/ (4.13)

H9||z

have a pathwise unique global solution for any & € Br(ro).

Proof. Here we do not provide the complete proof which is similar to that in the deterministic
theory, instead we only give some heuristic arguments. First we prove some a priori estimates
on the solutions: if ||€y]|z2 < ro, then P-a.s. for all £ > 0,

0.2
1€l e < 2Y4|€oll 2 e
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and (C} is some positive constant independent of ¢)

t
/0 V&2 ds < [[Go]2 + C.

Indeed, using the Stratonovich calculus and the fact that div(og,q) =0,

20,

dl|€)|72 = —2(&, Lo&) 2 dt +2(6, A&) 2 dt + Tl

S 0u{€, M0k 0 - VE)) o 0 AW/
k,a

= 2(£,& - V)2 dt — 2| V|7, dt.

The rest of the computations are the same as the deterministic case, see e.g. Lemma 4.3 above
(taking 4 = 1). Then we get

(1 O\ sz, CLT7V1
< N * ™ —9
Ieelze < _<H£o||‘iz 4w2>e e

- —1/4
[ ]
L Hfo”iz 4m?

1 8 2t:| o 1/4H H 272t
e’ =2 o 2e " )
216017

<

where the third inequality follows from the condition ||| 2 < ro = (272)Y/*/Cy, which implies
1 0 1
e C_02 Z STEL
1ollz2 47— 2[€oll72

This gives us the first estimate.
Next using the inequality

dl|€)1?2 = 2(€,€ - Vu) o dt — 2||VE|[3. dt
< —[|VE|IZ2 dt + Cull&ll7- dt,

we obtain from the above estimate of ||&|| ;2 that

t t
/0 IVE22 ds < (16|22 + Co /0 €16 ds
t
<ol + €1 [ PPeol e ds < el +
0

Thanks to the above a priori estimates, we can repeat the arguments in Section 3 to show
the existence of weak solutions to ([AI3]). In Section 3, the existence is proven on any finite
interval [0, 7], but it can be extended to [0, c0).

Next, for two weak solutions (defined on the same probability space) with a priori bounds
as above, we can prove as in the second part of Theorem that the pathwise uniqueness
holds for (@I3]). Thus we obtain a global pathwise unique solution by the Yamada-Watanabe
type result (see [34, Theorem 3.14]). O

Now we are ready to prove Theorem
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Proof of Theorem [I.4. Recall the choices of the parameters Ry, v, R,e,T and Ny(Ry,v, R,e,T);
let N > Ny(Rg,v,R,e,T). By Corollary [[L3] for any & € Bg(Rp), the stochastic 3D Navier-
Stokes equations ([LI9) have a pathwise unique strong solution ¢V with initial condition &,
which exists up to time 7" with a probability greater than 1 — ¢; moreover, by (LI,

P<H5N — &l 202y V [ ooy < 5) >1—c¢, (4.14)

where £ is the unique global solution of the deterministic 3D Navier-Stokes equations (4.0]) with
v =1+ 2v. By (@), for all t > 0,

4 —1/4 4 1
Hgt HL2 < ! — CO €8W2V1t < L _ OO 687r21/1t .
~ [\l 4n%f = \REI ™ am2t

The choice of v implies that 27?21/{1 > C’éRé, hence, for t > 0,

2 —1/4 2
8wt < 2R0€_27r vit

1
lille < [—e
2R}

As a consequence,

T ) 1/2 -
1€l z2(r—1,7;m) = [/T ) 1&e]17 2 dt] < 2Rge 2 nT=1) <

where the last step follows from the choice of T'.
Now we consider the event

_ N N
Qe = {Hf &l 2o V6™ =&l < 5}’
Then (AI4) implies P(2.) > 1 —e. On the event ()., the triangle inequality yields
||£NHL2(T—1,T;H) < [le™ - 5HL2(T—1,T;H) €l e (r-1.m:m) < € + &= 2. (4.15)
Recall that e < (272)1/4/(2Cy), which, together with ([ZI%), implies

(271'2)1/4
HSNHLQ(T—LT;H) < To'

This inequality holds for all w € Q.. As aresult, for any w € €2, there exists t = t(w) € [T—1,T]
such that

241/4
N (27)
€8 @) 12 < Co
Finally, applying Proposition L5labove to the equation (LI9) with the initial condition & i}’w) (w),
we can conclude that the solution extends to all ¢ > t(w) for every w € Q.. O

5 Appendix 1: convergence of Syv(v)

Recall the definition (L6) of Sp(v) in the introduction. The purpose of this section is to prove
Theorem 5.1. Assume 0V is given as in (LI0). Then for any smooth divergence free vector

field v : T2 — R3, the following limit holds in L?(T3,R3):

lim Syn(v) = %Av.

N—o0
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First, thanks to the equality (27), it is sufficient to prove that, under the conditions of
Theorem [B.1],

2
lim Sk (v) = —Av holds in L*(T? R?), (5.1)
N—00 )

where the operator SelN is defined in ([28) (replacing 6 by 67V). The reason for turning to the
new quantity SQL (v) is that we have simpler formulae for the operator [T+ which is orthogonal

to the Leray projection II. If X is a general vector field, then, formally,

I X = VA~ div(X). (5.2)
On the other hand, if X = Zlezg Xe;, X; € C3, then
L X, 1 X,
otx = = .
2 V|5m 2T ! 3

Now we assume the divergence free vector field v has the Fourier expansion
v = Zvl,ﬁalﬁ-
LB

The coefficients {v g : [ € 73,8 = 1,2} C C satisfy U3 = v_;3. Indeed, the computations
below do not require that v is a real vector field.

Lemma 5.2. We have

672y k—1
Sty = - r vmﬂ{[zek R e ] S
o1 2 E=1]

Proof. We give two different proofs, using respectively (5.3) and (5.2)).

(1) We have
x) = Zvlﬁvalﬁ(x) = 2712%,6(%,6 ® e (x).
1,8 LB

Note that o_j o(2) = ag ae—k(x); thus
(0—ka - V)(x) = 27?12 v glag,q - Dagger—i(x).
By the first equality in (£.3]) and using a; 5 - I = 0, we have
l—k
HJ'(O'_]C’Q : V?))(%) = 27Tiz Ul’ﬁ(ak@ : l)(al,ﬁ : (l - k))mel_k(x)

. l—k
= —2#121}175(&;@@ 1)(ayp - k)mel_k(x).

As a consequence,

[0k, - VI (ko - V)| (x)

. l—k
= — 27?12 v glag,q - 1)(as - k)mek(:n)aka -Ver_k(z)
. Ik
= — (2m0)* Y v plana-args - k)m(ak,a (L= k))er(w)er—k ()
k—1

——47T22vz/3 ke 1) (ars - k‘)|k e er(r).
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This immediately gives us the desired identity since C? = 3v/2.

(2) In the second proof we use (L.2]). Since v is divergence free, we have div(o_j o - Vv) =
(Vo_pq) : (Vv)*, where : is the inner product of matrices and * means (real) transposition.
Therefore,

*

div(o_p,o - VV) = [ = 2mi(ag,a ® k)e_g(z)] : [ZWiZ v glag @ e (x)
LB

= 472 Zvl’ﬁ [(ak,a ®Rk):(I® al,g)] el—k(x)

= 472 va(ak,a (ayp - k)ej—(x).

This implies

k(@)
= K[>

A~ div(o_ ko V) Zvlﬁ ko - 1) (arp - k‘)

and thus,
1 —1 - . l—k
II (O'_k@ . V?}) =VA le(O'_k@ . V?}) = —27‘(12 vl,ﬁ(ak,a . l)(al,ﬁ . k)mel_k(a;).

This coincides with ([B.5]). The rest of the computations are the same as those in the first proof,
so we omit them. O

Corollary 5.3. Denote by £y, the angle between the vectors k and [. We have

61y e
7 ( E 2 52
Sy (v) = He”gz vl H{ [Ek:@k sin® (L) (arp - (k — l))m} el}.

LB

Proof. Recall that {%,a;ﬁl,akQ} is an ONS of R3; we have

2 2
k (k- 1)? ,
2 : . _ 712 _ =121 =22 ) = I|?sin?(Zs ;).

Thus,
2 2 k—1 2 2 2 k—1
Z Oc(an,o - 1) (arp - (k — l))m = [l Zek sin®(Zgg)(arp - (k — l))m-
k,a k
Substituting this equality into (5.4]) leads to the desired result. O

Recall the sequence #V € ¢? defined in (LI0). The next result is a crucial step for proving

the limit (GI).
Proposition 5.4. For any fized | € Z3 and 8 € {1,2},

k—1 4
N—)oo |0NH2 Z ek SIH ékl)(alﬁ ’ (k ))|k‘ l|2 = 1_5(11,5

Suppose we have already proved this result; we now turn to prove (G.1]).
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Proof of (B1). By Corollary B3] for any N > 1,

k—1
Spn (v) = —67T2VZUW|Z|2H{ [HHN‘P Z o) ? sin? (L) (arp - (k= l))m} el}.
1,3

Since

2 872
?VAU - 7T5 - %;”lﬁ!l!%z,ﬁel

which is divergence free, we have
2
SBLN(U) — %Av
= —67T2VZvl5|l|2H Z o) ? sin? ékl)(am-(k‘—l))ﬂ 4al5 €l ¢
= T | oI T

Fix any big M > 0. We have

|

2v
&#@ymgAv < Ky + Ko,

L2
where
2 1 N 2 . 2 k—l 4
Kyi<C Y ol WZ (05 )" sin®(Lig)(ag - (k- l))|k TERRT
l<M,B ek
and
of 1 N2 . 9 k—1 4
Kva<C Y gl 1P s Z (0r )" sin®(Zi)(ars - (k = 1) 5 — =z
<O Y ol (g £ 0+ 55) <20 T lusl WP
ll|>M,8 U|>M,B

Since M is fixed, Proposition [5.4] implies that K1 vanishes as N — oo, hence

2
Spv (v) — %AU

lim sup
N—o0

<20 > ol 1P

L lU|>M,8

As the vector field v is smooth, the coefficients v; g decrease to 0 as |I| — oo faster than any
polynomials of negative order. Thus we complete the proof by letting M — oo. O

Next we prove Proposition [5.4] for which we need a simple preparation.

Lemma 5.5. Fizl € Z3. For all k € Z§ with |k| big enough, one has

]
< 4o
||

k-DoE-1) kok
‘ k=17 kP

Proof. We have

%—U@%—U_k@k_k—l@(k—l_ﬁ) (k—l_ﬁ)@f_
[l — 12 N L N =1 1K) IR
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and thus

k-Do k-1 kok k—1
— < Qe — .
|k —1]2 K2 = k=1 K|
Next, since
k-1 k <1 1> l
Y (N Y "y )
e w e w)E m
one has
k=1 &k <\|k|—|k—l||+ﬂ<2ﬂ
k=1 |kl| ~ k| k| |K|

Summarizing the above estimates completes the proof.
Now we are ready to provide the

Proof of Proposition [5.7] Note that, by Lemma [5.5]

k—1 k ‘(kz—l)@(k—l) k®k

[l
(al,ﬁ'(k‘—l))“{: l|2_( 1B " k)|k‘|2 |k’—l|2 - |k‘|2

<4|

Recall the definition of # in (I0); then
T 3 ()" s )

1 ] _ 4]
< O x4— < —— =0
g 2, O < <

(- (b= D)= — (s B

as N — oo. Therefore, it is sufficient to prove
4
0 (£ k = —ag.
N_)Oo ”91\/”2 Ek: k *sin’ (L) (as - )’k‘g 15%5

Lemma 5.6. Let 0V be given as in (LI0). We have
k
i e 22 O s ans K
1

X
= lim 7/ sin?(Zy)(arp - ) — da.
N—voo [0V, Jin<ja<any [P e

|2

(5.6)

(5.7)

We postpone the proof of Lemma and continue proving Proposition 4] Let Jg(NV) be
the quantity on the right hand side of (E.7), which is a vector in R3. To compute Jz(N), we
consider the new coordinate system (y1,y2,ys) in which the coordinate axes are a;1,a;2 and
ﬁ, respectively. Let U be the orthogonal transformation matrix: x = Uy. For i € {1,2,3}, let

e; € R? be such that eij = 0;;, 1 <j < 3. We have
l

ai; =Ue;i(i=1,2) and T = Ue;s.

Now Zm,l = 4Uy,Ue3 = Zy7e3 and

1 1 Uy
Jo(N)= L / Sin?(Z,yey) (Ues - Uy) 2L dy
’ 10V Jon<pyi<any WP prea) W20 E Iy 2
1 1 YpY
—U[i/ sin?(/y ¢5) 220 dy
HHNng {N<|y|<2N} !y\ 7 e ly[?
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We denote J5(N) the term in the square bracket in (58), i.e. J3(N) = U*Js(N) € R3. By
symmetry argument, we see that

- 1 1 YsYi .
Jgi(N :7/ —sin?(Lye,) o dy =0, e {1,2,3}\ {8} 5.9
B, ( ) H9N|’?2 (N<|y|<2N} |y|2-y ( Y, 3) |y|2 { }\{ } ( )

This can also be directly computed by using the spherical coordinates below.
Next, we compute Jg g (8 = 1,2) by changing the variables into the spherical coordinate
System:

y1 = rsin cos @,
Yo = rsin sin p, N<r<2N,0<y <m,0<p <27

Y3 =rcosy,

In this system, £, ., = 1. We have

1 2N T 2m 1 9 ) 5 o .
Ji1(N) = W/N dr/o dw/0 de m(sm ) (sin v cos ) r* sin

1 /2N dr /7r 5 /27r )
= sin® ¢ de cos” p dp.
[ON2, Iy 272 )y 0

Note that f027r cos? pdp = f027r %(1 + cos 2¢) dp = m and

/Wsin‘r’wdw: —/W(l — cos® )2 dcosy) = —/7r (1 —2cos? ¢ + cos* ¥) d cos )
0 0 0

2 1 o1
= —<cosz/1— gcosgw+gcos5w> , = 1—?
Thus .
= 16 1 dr
Ji1(N)=— . 5.10
) = 57 g, .

Following the proof of Lemma [5.6] (it is much simpler here since the function g can be taken
identically 1), one can show

N2 dx C N2
Ek:(ek) _/{N<x<2N}W < §l#tle (511
for some constant C' > 0. Equivalently,
N qr C
o = am [ | < M

which implies

<<
- N

1 1 /2N dr
A IOV Sy B2

Recalling (5.10), we obtain limy e J1.1(N) = %, which, combined with (£.9)), implies

- 4
W ) = gger
Therefore, by (5.8,
lim J;(N) = li Uj(N)—4U _ 4
Noo 1 T N T T s
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Similarly,

1 2N T 27 1 5 4
JQQ(N):72/ dr/ dl/)/ dp —(sin” ¥)(sin ¢ sin )? r? sinp = J; 1 (N) = —,
’ 10N% N 0 0 2 ’

and thus limpy_eo jg(N) = 14—5e2. As a result,

. . = 4
i B() = i () = 550 = o
Combining these two results with (B.7]), we obtain (5.6]). O

Now we provide the

Proof of Lemma[5.6. We define the function

) T
g(x) = 81n2(4x,l)(al7g . x)W, zeR3 z#£0.

Clearly, [|g]lco < 1. We shall prove that

S e - [ S < GV 5.12)

s (v<lel<any |7

Let (k) be the unit cube centered at k € Z* such that all sides have length 1 and are parallel
to the axes. Note that for all k,l € Z3, k # [, the interiors of [J(k) and [J(I) are disjoint. Let

S @ - [ Sgals > [ 1H

k N<|k|<2N

9@) |

WV

It holds that, for all |k| big enough and x € O(k),
L lolk) — (@) C( 1 l9(k) —9(117)|>‘

B PRI T7EE

1
I S P

~ g(z)
k> |z

Next,
lg(k) — g(z)| < |sin®(Ly;) — sin®(ZLyy)| +

X
(a1 k)75 |I<:|2 — (a1 fﬂ)W

. . kk @
< 2]sin(Zyy) —sin(Zy )| + TE " TP
k x
< 2Ly — xl|+2‘ -
B
Since |z — k| <1 and |k| > N > 1, one has
C
l9(k) = g(2)] < 777
||
Summarizing the above discussions, we obtain
U = TE BN Dl B s D R Gl
+1 2 0
k sy 12 N<k|<en Y EF) [k =N N<|k|<2N kP N
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Note that there is a small difference between the sets {N < |z| < 2N} and Sy, but, in the

same way, one can show that

'/ —g(ﬁ) d:n—/ 9(2) dx‘ < 9\\9N||§2.
(N<|z|<2ny |2[* Sy |z[*Y N

Indeed, for any = € O(k) with N < |k| < 2N, one has N — 1 < |z| < 2N + 1. Therefore,

U O® c{N-1<|z[<2N+1} = Ty.

N<|k|<2N

Sy =

One also has
Ry ={N+1<|z|<2N —1} C Sy.

Denote by AAB the symmetric difference of sets A, B C R?; then,

‘/ g(r;) dz _/ g(ﬂ;) dx‘ _ / g(ﬂ;)
(N<|z|<2n} |z[*Y sy |z[*7 SnA{N<|z|<2N} [T[*7

1 1
</ rmdes [ mde < g < TV
SnA{N<|z|<2N} [Z[* Tw\Ry |Z[*7 N=Y

where the last step follows from

1 1 5 C
> 2 N #{k € Z§: N < k| 2N} > o
N<[k|<2N

Il =

The proof is complete.
Remark 5.7. Assume v € [0,3/2]. For any N € N, we define
oy = L1 ke
BT TRp (k<N € Lo-

Then |0V |g = 1 and ||0N||pz — 00 as N — oo. Thus the sequence {0~ }nen satisfies the

property (LII)). With suitable modifications of the proofs in this section, we can still prove
Theorem [51l. Indeed, the arguments above the proof of Proposition [5.4] remain the same. To

prove Proposition [5.4), we fit M € N; then for all N > M,

P 2 (00 si ()

1 1 2

k—1 k
((1[75 ’ (k l)) |k7 l|2 - (al,ﬁ ’ k)W

<
- N2
6™ = Fre?
10N 7 1

<C +4—.
MoV, M

First letting N — oo and then M — oo we see that it is sufficient to prove the limit (5.0))
In the subsequent proofs, similar modifications work as well and we can complete the proof of

Theorem [51].
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6 Appendix 2: the difficulty with the advection noise

In this part we do some formal computations to illustrate why we cannot deal with 3D Navier-
Stokes equations (ILJ]) with the full advection noise. Using our vector fields {oy. o : k € Z3, o =
1,2}, the equations can be written as

A€ + Lo&dt = AEdt + —2 Zekc%godwm

H9H

where, as usual, u is related to f via the Biot-Savart law. It has the It6 formulation

|eu2 2 Ot (Compat) -

dé + Loedt =

k,a
e 2 Ok EAW ¢

By Proposition below, this equation can be reduced to

d¢ + L,&dt = (1 + v)ALdt + — 2 Zekc%gdw’m (6.1)

H9H

Proposition 6.1. It holds that

2
Z 9]%‘60'16’& (ﬁcr,k’ag) = §H0HZ2 Ag

Proof. First, for any k € Z3, we have

§-Vopo=2m( k)opa, oa=1,2. (6.2)
Thus,
Loy &= 0pa-VE=2mi(k &)opa, o=1,2. (6.3)
Next we prove that for any k € Z3 and o = 1,2,
‘Co'k,a (ﬁU—k,ag) = Tr[(ak,a ® al@a)vzé]- (6.4)
The desired equality follows immediately from this fact and (23)).
We have
ﬁakya (ﬁafk,af) = 0Ok,a " V(ﬁafk,ag) - (ﬁa,k,af) : vak,a =1 — L.
By @.3),

L =0k - V(O'_k@ - V¢ + 2rmi(k - f)a_k,a).
The definition ([ZI)) of oy, o leads to

Ok,a * VO']WX = Ok,o° VO'_k,a =0, ke Zg. (6.5)

Therefore,
I = Tr[(0p0 ® 0_ka) V] +2mi[040 - V(k - €)]o_ka

= Tr[(ara ® ara)VZE] + 27k - (aga - VE)]ak,a-
Next, by 6.3l and (6.5),

I, = (U—k,a . Vf + 27Ti(k . f)O'_k@) . VO’k’a = (U—k,a . Vf) . VO’k’a.
Replacing ¢ in ([62]) by 0_ o - V& yields
IQ = 27Ti((0'_k’a . Vf) . k) Ok,a = 27 [k . (ak,a . Vf)] Ak o

Summarizing the above computations we obtain the equality (6.4)). O
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We want to find an a priori estimate for the solution to (G.I) with some heuristic compu-
tations below. By the It6 formula,

dl[€]22 = —2(€, LuE) 2 At — 2(1 + )| VE|2, dt + 2 ‘9” Zek & Loy € o AW

(6.6)
”HH ZekH‘CJk aSHLZ dz.
22 ko
First, it is not difficult (cf. the proof of ([B.1])) to show that
1
(6, Lug) 2| < SIVENL2 + ClEllz2 (6.7)
Next, we denote
dM(t) = ||9H£2 Z@k & Loy n€) g2 AW = ||9H Zek@ € V), AW
the martingale part and
H9”2 EE: kHEUkaSHLQ:: H9”2 j{:ekuﬁakaSHLZ
Then, since (£, Af) 2 = —[|VE||7,, we obtain from ([G.6) and B.2) that
dllg]72 < —(1+2v)||VE||72 dt + ClI€]152 dt + dM(t) + J(¢) dt. (6.8)

Now we compute the term J(t).

Lemma 6.2. It holds that

2 101172
16117

117 = D oFIKI.

keZ}

J(t) = 2v||VE|[72 + dvm €117

where

Proof. We split J(t) as J(t) = S35 Ji(t), where

Jl(t ‘9” Zekuaka Vg“Lza JQ(t ’9“2 Zeng vo’kaHL”

Js(t) = v

T Zek Ok VEE VO pa)r2 + (0 ko VEE Vora)r2).
2 ko

Similarly as the proof of ([2.3]), we have
Ji(t) = 20| V€7
Next, by (6.2),
¢ Voralze = 15" [ |(€-Mopal*ds =4 [ (€ bR as
T T
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Thus,

121/7T
2= ” H ZekX4ﬂ/§k) ” 2 Zek/ 2 da.
¢ kezd 2 e
Note that (& - k)* = ” 1 kik;j&&; and (cf. the computations below (23]))
0, i F J;
02k;k; 7]
gz% { ZRGZS 02‘k’2 3H9”h17 1=
Therefore,
12072 I H
Dt) = U
101 =37 0112

Finally, by (6.2]) and the definition of the vector fields oy, o, we have

<Uk,a . Vf,f . VO'_]C’Q>L2 = —2mi /TS(§ . k)(ak@ . Vf) . ak,a dx.

In the same way,

<U—k,a . Vf,f . VUk,a>L2 = 27 /Tg(f . k)(ak,a . Vf) . ak,a dx.

Hence J3(t) vanishes. Summarizing these arguments we complete the proof. O

Therefore, the inequality (6.8) reduces to

16117
d||E|2, < —||VE|2: dt + C|1€|1Ss dt + AM (t) + dvn? H9Hgl €113 dt.
é2

T . S . . o
The ratio T 9”’51 spoils the a priori estimate, since the sequence {9N }n>1 we take in our limit
2 a

process has always the property
6¥]2,
N—oo ||ON ||?2

7 Appendix 3: an incomplete attempt to motivate transport
noise

We advise the reader that the argument given in this section is a sort of cartoon based on
imagination, and a potentially rigorous scaling limit behind it would be presumably much
more intricate than what is explained, or maybe even impossible.

A fact, rigorous in several function spaces, is that given two vector fields 4, B in R?, the
condition

L4B=TI(A-VB) (7.1)

is equivalent to
B-VA=Vq

for some scalar function ¢; the particular case when V¢ = 0 is implied by a “2D structure”

B(x)=0b(z)e, A(x)=A(m.Lx) (7.2)
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where e is a given unitary vector, b(z) is a scalar function on R? (hence the vector field B
points always in the direction e) and the improper notation A (z) = A (m,.2) means that A
depends only on the projection of = on the plane orthogonal to e (namely A is independent of
the coordinate along e; this implies that the directional derivative of A in the direction e is zero,
which is precisely B - VA = 0). What we describe below is a sort of local 2D structure, with
different orientations e at different points, in which the identity (Z.I]) could be approximately
satisfied.
Assume to observe a fluid where the vorticity field £ is made of two components

§=¢&L+¢&s

where the large-scale component &7, is the sum of slowly varying smoothed vortex filaments 52
&L=> &
i

and the small-scale component £g is a fast-varying field. By smoothed vortex filament we mean
a vortex structure strongly concentrated along a vortex line; in the spirit of this cartoon we do
not give any precise definition, but vortex filaments, although extremely difficult to define and
describe, are commonly observed structures in complex fluids (see [42]). We need to qualify
the filaments as smoothed because viscosity does not allow for idealized filaments concentrated
over lines. Corresponding to the vorticity fields there are velocity fields obtained by Biot-Savart
law, u = ur, + ug.

Consider a point z close to the core of a smoothed vortex filament ¢}, consider a neigh-
bourhood U (z¢) of zp and imagine a blow-up, a scaling such that we observe U (x¢) as if it were
the full space. If the vortex filaments are sufficiently thin, separated, regular and slowly moving
compared to the fast component ug, in U (zo) (which now looks as the entire space) the vor-
ticity is very close to zero everywhere except along the line spanned by the vector e = 52 (z0);
moreover, we may think to consider the full system on a time scale where the large-scale ob-
jects U (), & (z0) ete. do not change while the small-scale objects g, ug change. The local
picture of the small-scale fluid ug in U (z¢) is thus of a 3D fluid subject to a constant strong
rotation around the vector e. If such a fluid, namely US’u(mo)a would be isolated from any other
input and interaction, it would become approximatively averaged in the direction e, like the
field A in (Z2). This has been rigorously proved in several works, see for instance [3] (see also
[22] in a stochastic framework). Obviously we do not mean that the global field ug is almost
two-dimensional: only at local level it has a tendency to average in the direction of fi (z0);
this vector changes orientation from a small region to another. When this happens, we have
£t (wg) - Vug (zo) ~ 0. We have argued in the proximity of a vortex core; far from filaments
& (wo) - Vug () is small just because £/, is almost zero by itself. We deduce that everywhere

€L () - Vug (z) ~ 0. (7.3)

We ignore whether it is possible to establish a more rigorous derivation of such a fact by a
proper scaling limit and maybe an argument similar to the concept of local equilibrium in the
statistical mechanics of particle systems, where the local convergence to equilibrium is replaced
by the “vertical averaging” property described above.

Let us derive a consequence of ([Z3]). Given a decomposition

§(0) =&£2(0) + &5 (0)

of an initial condition £ (0), if the system
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0ér + Lo & + Lo = AL
0iés + Lug€s + Ly, §s = Aés

with initial condition ({7, (0),&s (0)) has a solution, then £ = £ + &g is a solution of the full
3D Navier-Stokes equations, solution decomposed in the two “scales” &, and {g. Consider the
first equation, for the large scales. We have

Lyg€r = us - V&L — & - Vug.

We may also write
Lusér = (us - VEr) =11 (& - Vug)

since I1(L,4&1) = Ly & (but this is not true separately for the two addends). The equation
for the large scales then is

Or + Lo &L + 1 (us - VEL) = A§y + (€L - Vug) .
Assume we may apply the arguments described above. We get (approximately) the equation
O + Loy + 1 (us - VEL) = AL,

The model considered in this work corresponds to the idealization when ug is replaced by a
white noise in time, idealization reminiscent of stochastic reduction techniques like those more
carefully developed in [35]. To be fair, let us notice that the isotropic noise considered in our
work is incompatible with the orthogonality conditions (73]), making the above justification
still incomplete even at a very heuristic ground.
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