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Abstract
In the present manuscript, we report on the numerical simulation of coaxial nitrogen injection under

subcritical and supercritical conditions, where the inner stream is recessed concerning the coaxial one. An
incompressible but variable density description of supercritical phenomena is pursued as an alternative to
more established compressible formulations, in which we extend past analysis focusing on the evaluation
of density to the temperature field validation, according to the available experimental data. The results
indicate that recirculation regions are formed as expected at either the inner jet axis or at the post tip
between both streams. Furthermore, it is found that the transition threshold between the blockage effect
depends on the momentum ratio and differs between subcritical and supercritical conditions.

1. Introduction

The increasing performance demands of liquid rocket engines (LREs) have led to conditions in the combustion cham-
ber exceeding the critical point of both the fuels and oxidizers to pursue higher specific impulses. In contrast to solid
propelled rocket engines, LREs offer higher specific impulses and launch abort capabilities. Generally, a rocket engine
operates as an energy conversion system7 through the release of propellants’ molecules’ internal energy, its accelera-
tion, and release through the bell-shaped nozzle.

A simple thermodynamic analysis of a rocket thrust chamber shows that the rocket size may decrease as pressure
increases. However, this results in higher thrust chamber stresses and heat transfer rates. For combustion, increased
chamber pressure decreases dissociation of the molecules and increases effective heat release, leading to higher specific
impulse.4 Increasing pressure and temperature of propellants leads to conditions at injection and in the combustion
chamber exceeding the critical points of fuels and oxidizers characteristic of mixing at supercritical conditions.

The critical point delimits the supercritical regime and is characterized by pressure and temperature values that
become identifiers in the case of pure fluids. Thermodynamic singularities, which refer to the singular behavior of
thermodynamic properties at the critical point, need to be accurately replicated in any numerical effort dedicated to
successfully describing supercritical fluid behavior. When the isobaric-specific heat becomes infinite, the surface ten-
sion and latent heat become zero. Since the kinematic viscosity of supercritical fluids is lower than that of correspondent
liquid and gas phases,10 the Reynolds number is conversely higher than that of corresponding liquid and gas phases for
the same velocity, potentiating the formation of a turbulent flow. Besides, the discontinuity between the liquid and gas
phases observed at subcritical conditions disappears, resulting in single-phase behavior under supercritical conditions.2

In such situations, the injection cannot be thought of as leading to spray formation but as describing a fluid-fluid mix-
ing process.19 Nevertheless, single-phase behavior does not imply a uniform behavior across the supercritical regime.
Banuti and Hannemann1 introduce the concept of thermal disintegration as complementary to the pure mechanical
description of supercritical jet disintegration.

The need for quantitative experimental data sets cannot be understated since these allow for the validation of
computational codes, reducing the trial-and-error phase in developing a propulsion system. Unfortunately, quantitative
experimental data are hard to obtain given the difficulties encountered due to the harsh conditions of combustion
chambers. The behavior of supercritical mixing and combustions can be significantly enhanced through cold flow or
combustion experiments. Quantitative cold flow data provides insight into jet mixing at supercritical conditions without
introducing the complexities of combustion and thermal equilibrium effects. These studies are usually conducted
resorting to the Raman scattering technique,20, 23, 24 and while they detail the injection and mixing of nitrogen into a
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quiescent nitrogen environment at supercritical or transcritical (temperature below the critical point) conditions, only
information regarding the density field is available, leaving the temperature field validation as an open question.

The coaxial injection is a subject less understood than single injection configurations.29 Mainly, for supercritical
shear coaxial injection, the experiments of Davis and Chehroudi6 constitute the most extensive quantitative database
of coaxial injection analysis, ranging from subcritical to supercritical conditions. For instance, Hosangadi et al. 9

use a hybrid LES/RANS model to evaluate the coupling between turbulence mixing and non-linear thermodynamic
properties and how it contributes to enhanced mixing at supercritical conditions, while Schmitt et al. 28 focus on the
influence of injector geometry and the operating conditions. Their LES simulations show that when the momentum
ratio is higher than a given threshold, the inner potential core breaks abruptly due to the formation of a recirculation
zone close to the injector exit plane.

More recently, the coaxial injection configuration was looked into by Poormahmood and Farshchi.26 Once again,
LES is studied with the focus being on the finger-like structures formation and the effect turbulence has on the peak
in isobaric-specific heat, labeled as a ’thermal shield’. Another relevant study to this discussion is the one of Liu et
al. ,14 where the focus is given to the modeling of acoustic excitation and its influence on near injector flow at higher
injection velocities, coincident to those of the space shuttle main engine (SSME) pre-burner.

In the past15–18 our research group focused on the application of an incompressible but variable density approach3

to the modeling of supercritical and transcritical injection phenomena. These studies were, however, restricted to the
density field evaluation, given the available experimental data. As such, in the present paper, we will focus on the tem-
perature field evaluation under subcritical and supercritical conditions of nitrogen in a coaxial injection configuration
at varying momentum and velocity ratios between the inner and outer streams.

2. The Experiment

The experimental conditions of Davis and Chehroudi6 describing the coaxial injection of nitrogen into a quiescent
nitrogen environment are considered.

The computational domain is represented in Figure 1 depicting the position of the central and coaxial streams,
indicating that the main stream is recessed concerning the coaxial one. The recess in oxygen-hydrogen coaxial injection
contributes to flame stabilization inside the injector, enhancing the flame angle and increasing the reacting region,
leading to a fast jet breakup. Establishing the parallel between this case with the non-reacting coaxial configuration
studied in this jet, the heat transfer inside the injector is expected to assume a more preponderant role than in the single
injection configurations.1

In a typical rocket combustor, fuel and oxidizer are injected into the chamber through coaxial injectors whose
performance is influenced by the absolute pressure being the velocity ratio of the outer-to-inner jet is a fundamental
design parameter.

coaxial

stream

main

stream

r/r
1

x/d
10

Figure 1: Coaxial geometry configuration.

The inner tube has a length of 50 mm, with an inner diameter, d1 of 0.508 mm and an outer diameter, d2,
of 1.59 mm, while the outer tube has an inner diameter, d3, of 2.42 mm and an outer diameter, d4 of 3.18 mm. The
inner tube is recessed concerning the outer tube by a length of half the inner tube inner diameter, d1. On the other hand,
the combustion chamber has a length of 59.4 mm, with a height of 76 mm and a depth of 12.7 mm.

Radial temperature profiles are measured with a type–E thermocouple mounted on a traverse used to switch
the thermocouple’s position. The thermocouple bead has a diameter of 0.10 mm, and it is positioned at a distance
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of 0.14 mm from the injector exit plane, while steady-state conditions are maintained in the experimental facility for
each test case.6

Table 1 details the experimental test cases considered in the present study. Cases 1, 2, 3, and 4 correspond to
injection under subcritical conditions, while cases 9, 10, 11, and 12 respect injection under supercritical conditions.
p represents pressure, T the temperature, v the velocity, while VR and M denote outer-to-inner stream velocity and
momentum ratios. Lastly, subscripts ∞, i, and o correspond to conditions in the chamber, inner and outer streams,
respectively.

Table 1: Conditions for the high outer-jet temperature cases.6

Case p∞ [MPa] T∞ [K] Ti [K] To [K] vi [m s−1] vo [m s−1] VR [-] M [-]
1 1.49 238 109 195 2.2 4.5 2.1 0.2
2 1.59 248 110 201 2.2 10.9 4.9 1.1
3 1.45 249 108 204 2.2 19.8 9.1 3.2
4 1.49 237 108 202 2.2 23.9 11.0 4.9
9 4.97 240 128 188 2.9 4.4 1.5 0.5
10 4.95 237 129 190 3.0 10.9 3.6 2.7
11 4.94 228 133 185 3.9 16.8 4.3 5.1
12 4.94 233 132 191 3.6 22.5 6.3 9.6
13 1.45 231 109 132 2.2 10.3 4.7 1.5

3. Formulation

The Favre averaged conservation equations for mass, momentum and energy are then represented in equations (1), (2)
and (3), respectively.

∂ρũi

∂xi
= 0 (1)

∂

∂x j
ρũiũ j = −

∂p
∂xi

+
∂τi j

∂x j
−
∂ρũ′′i u′′j
∂x j

(2)

∂ρũ jH̃
∂x j

=
∂τi jui

∂x j
−
∂ũiρũ′′i u′′j

∂x j
−
∂
(
q j + ρũ′′j h′′

)
∂x j

(3)

xi and x j represent the Cartesian coordinates, ρ the density, ui and u j the velocity components in the ith direction,
p the pressure, τi j the viscous stress tensor, q j the heat flux and H the total enthalpy. The Reynolds stress tensor and the
turbulence heat flux are given in equations (4) and (5), where Prt is the turbulence Prandtl number and cp the isobaric
specific heat. The system is closed with the standard κ-ε turbulence model11 with additional transport equations for the
turbulence kinetic energy (κ) and its dissipation (ε).

τi j = µ̃

(
∂ũi

∂x j
+
∂ũ j

∂xi
−

2
3
δi j
∂ũk

∂xk

)
(4)

ρũ′′j h′′ = −
cpµt

Prt

∂T̃
∂x j

= −
µt

Prt

∂h̃
∂x j

(5)

Thermophysical properties like the dynamic viscosity, µ, the thermal conductivity, λ, density, and pressure are
related to mass, momentum, and energy transport through an appropriate equation of state and suitable models taking
into account departure functions accounting for real gas effects.

The Peng-Robinson25 equation of state is used in the present work. It is given in equation 6, where v is the molar
volume, R the gas constant, a(T ) the molecular attractive potential dependent upon temperature and b the repulsive
potential. Auxiliary parameters such as attractive and repulsive potentials and relationship with the acentric factor, ω,
are defined in equations (7) to (10).

p =
RT

v − b
−

a (T )
v (v + b) + b (v − b)

(6)
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a(T ) = a(Tc).a (Tr, ω) (7)

a(Tc) = 0.45724
R2T 2

c

pc
(8)

a (Tr, ω) =
[
1 +

(
0.37464 + 1.54226ω − 0.26992ω2

) (
1 −

√
Tr

)]2
(9)

b = bc = 0.07780
RTc

pc
(10)

Considering the Peng-Robinson25 equation of state used, the definition of a thermal equation of state in terms
of any given thermodynamic potential, such as, for instance, internal energy or enthalpy, is a straightforward process.
Departure functions are exact descriptions of the thermodynamic variable because they are state variables, depending
only on initial and final states and not on the path between them,8 being the only constraint in terms of hypothesis or
approximations, the choice of the equation of state.

Enthalpy in equation (11) is derived according to Maxwell’s relations and the fundamental laws of thermody-
namics.27 It is evaluated by adding to the ideal gas contribution (subscript zero) a departure function that accounts for
real gas effects (the second term on the right-hand side of equation (11)). Ideal gas enthalpy is evaluated from the seven
coefficient NASA polynomials.21

h(p,T ) = h0(T ) +

∫ p

p0

1
ρ

+
T
ρ2

(
∂ρ

∂T

)
p


T

dp (11)

Taking into account the Peng-Robinson,25 enthalpy is explicitly evaluated from equation (12).

h (p,T ) − h0 (T )
R

=
a(T )a (Tr, ω) + T ∂a

∂T

RT
√

8b2
ln

2v + 2b −
√

8b2

2v + 2b +
√

8b2

 − 1 + Z (12)

Where:

∂a
∂T

= −

(
0.37464 + 1.54226ω − 0.26992ω2

)
a(Tc)

TcT 1/2
r

(13)

Similarly, the isobaric specific heat, cp is defined in equation (14).

cp(T, p) = cv(T ) −
T

(
∂p
∂T

)2

v(
∂p
∂v

)
T

(14)

Transport properties such as the thermal conductivity and dynamic viscosity are also evaluated through the
departure function formalism following the models of Lemmon and Jacobsen.12 For the dynamic viscosity, two terms
are considered in equation (15), one for the ideal gas component (µ0(T )) and another for the real gas effects (µr(p,T )).
On the other hand, given thermal conductivity’s (λ) critical divergence (equation (16)), a third term is included22 to
improve its description.

µ = µ0(T ) + µr(p,T ) (15)

λ = λ0(T ) + λr(p,T ) + λc(p,T ) (16)

Following previous work3, 18 a staggered grid configuration prevents pressure and velocity fields from decoupling,
where pressure is directly evaluated from cell faces with no need for interpolation while preventing the appearance of
oscillations. In addition, diffusive terms follow the second-order accurate central scheme, while advective terms follow
the third-order accurate QUICK scheme,13 preventing the appearance of spurious pressure-induced oscillations caused
by the equation of state formulation.
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4. Validation

Figure 2 depicts the grid independence study for selected conditions. Radial temperature profiles are evaluated for each
condition as a function of the radial distance from the jet centerline (r) normalized by the inner tube radius (r1). The
corresponding analysis of the computational error as the grid is progressively refined is given in Figure 3. The figure
depicts two sets of experimental measurements denoted as positive and negative. They correspond to temperature
values measured for positive6 r/r1 and for negative5 r/r1 measured from the jet centerline. Moreover, the chamber
temperature is also depicted in the blue dashed line.
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Figure 2: Grid Independence Study, corresponding to
case 13 in subcritical conditions.
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Figure 3: Error propagation, corresponding to case 13
in subcritical conditions.

5. Results

Figures 4, 5, 6 and 7 depict the comparisons between the experiments and the numerical results for cases 1, 2, 3 and
4, respectively. Through the analysis of the figures, it is possible to infer the momentum ratio threshold leading to
the inner core breakup and the blockage effect of the recirculation. To the lower momentum ratio (0.2 in case 1), no
recirculation blockage is discernible in Figure 4, where the experimental region of constant temperature is retrieved
in the computations, albeit with different lengths. From here, the momentum ratio increases to 1.1 in case 2, and the
blockage influence starts to be felt in the radial profiles, which exhibit similar behaviors to those of cases 14 and 15, as
the momentum ratio is further increased in cases 3 and 4.
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Figure 4: Radial temperature profile for case 1.
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Figure 5: Radial temperature profile for case 2.
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Figure 6: Radial temperature profile for case 3.

100 150 200 237 250

T [K]

0

2

4

6

8

10

r/
r 1

Tch

Davis & Chehroudi (2007)− positive
Davis & Chehroudi (2007)− negative
case 4− present work

Figure 7: Radial temperature profile for case 4.

Figures 8 and Figure 9 depict the velocity fields of cases 1 and 4, respectively. Interestingly, in Figure 8 for a VR
of 2.1 and a M of 0.2, it is possible to observe a distinct behavior than the one presented for the remaining subcritical
conditions. Due to the low-momentum ratio of 0.2, there is no blockage effect due to the recirculation. Instead, two
counter-rotating recirculations are anchored to the post tip between the two jets. The recirculation close to the inner jet
rotates counter-clockwise, while a clockwise recirculation is observed closer to the outer jet.

Figure 8: Case 1 velocity field and recirculation. Figure 9: Case 4 velocity field and recirculation.

As the velocity and momentum ratios are further increased to 11.0 and 4.9, respectively, in Figure 9 a distinct
behavior than case 1 is observed. However, as previously reported for the low outer-jet temperature cases in the
preceding section, a similar flow structure is observed, that is, the inner jet blockage by the recirculation region.

At subcritical conditions, the increasing outer-to-inner velocity and momentum ratios promote the inner jet block-
age, regardless of the low or high outer-jet injection temperature. On the other hand, differences between numerical
computations and the experimental data are explained due to the intrusive measurement caused by the thermocouple
and the traverse in which it is supported, especially given the dimensions of the recirculations and the thermocouple
bead.

Radial temperature profiles are compared in Figures 10, 11, 12 and 13, corresponding to cases 9, 10, 11 and
12, respectively. Through the analysis of the figures, it was observed that as the momentum ratio, the size of the
recirculation region formed at the post tip increases, similarly to the results obtained for the near-critical high outer-jet
temperature cases, which again shows that the state in which the outer jet enters the chamber will greatly impact mixing
and the coaxial jet evolution.
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Figure 10: Radial temperature profile for case 9.
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Figure 11: Radial temperature profile for case 10.
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Figure 12: Radial temperature profile for case 11.
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Figure 13: Radial temperature profile for case 12.

Figure 14 depicts the velocity field of case 10 with a VR of 3.6 and a M of 2.7 for supercritical inner jet injection
conditions. Similar to case 1, two counter-rotating recirculations are observed at the post tip between the two jets.
Increasing the velocity ratio to 4.3 and the momentum ratio to 5.1, similar velocity development to case 10 is depicted
in Figure 15. Through the comparison of both fields, it is observed that the velocity ratio increase promoted the
change in the position of the recirculations from x/d1 of 2.5 to 3.0. It is impossible to observe the inner jet blockage at
supercritical conditions, even for velocity ratios higher than two. This could be due to the temperature profile inside the
injector and the different coupling mechanisms between subcritical and supercritical conditions added to the influence
of surface tension at subcritical conditions.
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Figure 14: Case 10 velocity field and recirculation. Figure 15: Case 11 velocity field and recirculation.

6. Conclusions

The evaluation of single species nitrogen injected through a shear coaxial injector where the main stream is recessed
concerning the coaxial one was evaluated for conditions ranging from subcritical to supercritical for different temper-
atures and outer-to-inner velocity ratios. As a result, recirculation regions are formed at either the jet axis or the post
between both jets, depending on the outer-to-inner jet momentum and velocity ratios. The transition threshold differs
between injection under subcritical or supercritical conditions in terms of the outer-to-inner jet momentum ratio.

The velocity ratio effect is characterized by the temperature field evaluation at a broad range of conditions. As
the outer stream velocity increases, mixing is enhanced, reducing the potential core length and increasing jet spreading,
which is more pronounced in terms of temperature, demonstrating that heat propagation is dominant over momentum
transport.
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