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We examine the dynamics of scalar perturbations in closed Friedmann-Lemâıtre-Robertson-
Walker (FLRW) universes in the framework of Brane World theory with a timelike extra dimension.
In this scenario, the unperturbed Friedmann equations contain additional terms arising from the
bulk-brane interaction that implement non-singular bounces in the models with a cosmological con-
stant and non-interacting perfect fluids. The structure of the phase-space of the models allows for
two basic configurations, namely, one bounce solutions or eternal universes. Assuming that the
matter content of the model is given by dust and radiation, we derive the dynamical field equations
for scalar hydrodynamical perturbations considering either a conformally flat (de Sitter) bulk or a
perturbed bulk. The dynamical system built with these equations is extremely involved. Never-
theless, in this paper we perform a numerical analysis which can shed some light on the study of
cosmological scalar perturbations in bouncing brane world models. From a mathematical point of
view we show that although the bounce enhances the amplitudes of scalar perturbations for one
bounce models in the case of a de Sitter bulk, the amplitudes of the perturbations remain suffi-
ciently small and bounded relative to the background values up to a certain scale. For one bounce
models in the case of a perturbed bulk the amplitudes of all perturbations (apart from the Weyl
fluid energy density) remain sufficiently small and bounded relative to the background values for
any scale of the perturbations. We also discuss and compare the stability and bounded behaviour
of the perturbations in the late accelerated phase of one bounce solutions. For eternal universes
we argue that some of these features are maintained only for early times (typically of the order of
the first bounce). In this sense we show that eternal solutions are highly unstable configurations
considering the background model of this paper.
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I. INTRODUCTION

Since its development in the beginning of the 20th cen-
tury, General Relativity has been the most successful the-
ory to describe the gravitational interaction. Neverthe-
less, several problems arise when one tries to construct
models in agreement with observational data in the clas-
sical approach. Among such problems we can mention,
for instance, the cosmological constant problem[1], the
cosmic coincidence[2] and the dark sector[3] - whose ex-
istence has been until today inferred only via its gravi-
tational effects. While these are still open issues in cos-
mology nowadays, the prediction of an initial singularity
for our Universe[4] is a crucial pathology from General
Relativity.

Notwithstanding the cosmic censorship conjecture[5],
there is no doubt that General Relativity must be prop-
erly corrected or even replaced by a completely new the-
ory. This demand is necessary to solve the issue of the
presence of the initial singularity predicted by classical
General Relativity. In this context, the initial conditions
from which our Universe has evolved should depend cru-
cially on the adopted version of the theory to describe
the dynamics around the singularity.

One of the most important features of our Universe as
inferred by observational data is the high degree of homo-
geneity and isotropy on large scales. However, when we
consider a homogeneous and isotropic model filled with
baryonic matter, we find several difficulties by taking into
account the primordial state of our Universe. Among
such difficulties, we can mention the horizon and flatness
problems [3]. Although the Inflationary Paradigm[6] al-
lows to solve problems like these, inflationary cosmology
does not solve the initial singularity problem.

During the last decades, bouncing models[7] have been
considered in order to circumvent the problem of the ini-
tial singularity predicted by General Relativity. Such
models (as [8]-[10]) might provide attractive alternatives
to the inflationary paradigm once they are able to solve
the horizon and flatness problems, and justify the power
spectrum of primordial cosmological perturbations in-
ferred by observations.

In the framework of bouncing cosmologies, it has been
shown[11, 12] that curvature perturbations develop an
almost scale invariant spectrum if the contracting phase
is dominated by a dust-like fluid and the perturbations
are generated by quantum vacuum fluctuations. How-
ever, in [12] it was shown that the Bardeen potential [13]
grows larger than 1 at the bounce and this inconsistent
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behaviour can be avoided by a suitable gauge choice.

In this paper we consider a Brane World scenario[14]
where a non-compact timelike extra dimension is intro-
duced [15]. At low energies General Relativity is recov-
ered but at high energy scales significant changes are in-
troduced into the gravitational dynamics and the singu-
larities can be removed[10, 15, 16].

While spacelike extra dimensions theories have re-
ceived more attention in the last decades[17], stud-
ies involving extra timelike dimensions have been
considered[18] despite the fact that propagating tachy-
onic modes or negative norm states may arise due
to timelike extra dimensions. These modes have
been regarded as problematic once they might violate
causality[19] by considering interactions among usual
particles. Issues like the exceedingly small lower bound
on the size of timelike extra dimensions[20], the imagi-
nary self-energy of charged fermions induced by tachyonic
modes which seems to cause disappearance of fermions
into nothing and the spontaneous decay of stable parti-
cles induced by tachyons with negative energy are major
difficulties[19]. Nevertheless, in order to address the cos-
mological constant problem in Kaluza-Klein theories[21]
or reconcile a solution of the hierarchy problem with the
cosmological expansion of the universe[22], timelike ex-
tra dimensions have been considered. On the other hand,
it has been shown in [23] that the appearance of mass-
less ghosts in an effective four-dimensional theory can
be avoided by considering topological criteria in Kaluza-
Klein theories with extra compactified time-like dimen-
sions. Moreover, the avoidance of propagating tachyonic
or negative norm states can also be achieved by consid-
ering a non-compact timelike extra dimension[24], which
is the case in the models of this paper.

In section II we present a brief review of the modified
Einstein field equations in the Brane World scenario. In
section III, we construct non-singular cosmological mod-
els with a cosmological constant where the matter con-
tent on the brane is given by dust and radiation (cf.[16]).
The phase space structure of the background present
two basic configurations, namely, one bounce solutions
or eternal universes. In section IV, we derive two dy-
namical systems for the scalar perturbations by consid-
ering two different assumptions – a 5-D de Sitter bulk or
a 5-D perturbed bulk. In sections V we examine the evo-
lution of scalar perturbations from a contracting phase
through an expanding phase in the case of one bounce
orbits. We discuss and compare the growth of the scalar
perturbations in the two bulk configurations adopted (5-
D de Sitter and 5-D perturbed) and examine its stability
and bounded behaviour in the bounce and in the late ac-
celerated phase of one bounce solutions. In section VI we
examine the evolution of scalar perturbations in the case
of eternal universes, and how unstable these configura-
tions are considering both assumptions about the bulk.
Final remarks and future perspectives are presented in
the conclusions.

II. FIELD EQUATIONS

For sake of completeness we give a brief introduction
to Brane World theory, making explicit the specific as-
sumptions used to obtain the dynamics of the model. We
refer to [15] for a more complete and detailed discussion
and our notation closely follows [4]. We start with a 4-D
Lorentzian brane Σ with metric (4)gab, embedded in a
5-D conformally flat bulk M with metric (5)gAB. Cap-
ital Latin indices run from 0 to 4, small Latin indices
run from 0 to 3. We regard Σ as a common boundary of
two pieces M1 and M2 of M (cf. Fig. 1) and the met-
ric (4)gab induced on the brane by the metric of the two
pieces should coincide although the extrinsic curvatures
of Σ in M1 and M2 can be different. The action for the
theory has the general form

S =
1

2κ25

{
∫

M1

√

−ǫ (5)g
[

(5)R− 2Λ5 + 2κ25L5

]

d5x

+

∫

M2

√

−ǫ (5)g
[

(5)R− 2Λ5 + 2κ25L5

]

d5x

+ 2ǫ

∫

Σ

√

−(4)gK2d
4x− 2ǫ

∫

Σ

√

−(4)gK1d
4x

}

+
1

2

∫

Σ

√

−(4)g

(

1

2κ24

(4)

R − 2σ

)

d4x

+

∫

Σ

√

−(4)gL4(
(4)gab, ρ)d

4x .

(1)

In the previous equation, (5)R is the Ricci scalar of the
Lorentzian 5-D metric gAB on M, and (4)R is the scalar
curvature of the induced metric (4)gab on Σ. The param-
eter σ denotes the brane tension. The unit vector nA is
normal to the boundary Σ and has norm ǫ. If ǫ = +1 the
signature of the bulk space is (+,+,−,−,−), so that the

extra dimension is timelike. The quantity K = Kab
(4)g

ab

is the trace of the symmetric tensor of extrinsic curvature
Kab = Y C

,a Y D
,b ∇CnD, where Y A(xa) are the embedding

functions of Σ in M[25]. While L4(
(4)gab, ρ) represents

the Lagrangian density of the perfect fluid[26] (with equa-
tion of state p = αρ), whose dynamics is restricted to the
brane Σ, L5 denotes the Lagrangian of matter in the
bulk. All integrations over the bulk and the brane are

taken with the natural volume elements
√

−ǫ (5)g d5x

and
√

−(4)g d4x respectively. Einstein constants in five-
and four-dimensions are indicated with κ25 and κ24, re-
spectively. Throughout the paper we use natural units
with ~ = c = 1.
Variations that leave the induced metric on Σ intact,

furnish the equations

(5)GAB + Λ5
(5)gAB = κ25

(5)TAB . (2)

Considering arbitrary variations of (5)gAB and taking
into account Eq. (2), we obtain
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S
.

FIG. 1. The 4-D Lorentzian brane Σ with metric (4)gab, em-

bedded in a 5-D conformally flat bulk M with metric (5)gAB .
Capital Latin indices run from 0 to 4, small Latin indices run
from 0 to 3. We regard Σ as a common boundary of two
pieces M1 and M2 of the bulk M. While Y A(xa) are the
embedding functions of Σ in M, the unit vector nA is normal
to the boundary Σ and has norm ǫ.

(4)Gab + ǫ
κ24
κ25

(

S
(1)
ab + S

(2)
ab

)

= κ24 (τab − σgab) , (3)

where Sab ≡ Kab−K
(4)gab. In the limit κ24 ≫ κ25, Eq. (3)

reduces to the Israel-Darmois junction conditions[27]

(

S
(1)
ab + S

(2)
ab

)

= −ǫκ25

(

τab − σ(4)gab

)

. (4)

Imposing the Z2-symmetry[17] and using the junction
conditions (Eq. 4), we determine the extrinsic curvature
on the brane,

Kab =
ǫ

2
κ25

[(

τab −
1

3
τ (4)gab

)

+
σ

3
(4)gab

]

. (5)

Now using Gauss equation

(4)Rabcd =(5) RMNRSY
M
,a Y

N
,b Y

R
,c Y

S
,d−

ǫ (KacKbd −KadKbc) ,
(6)

together with Eqs. (2) and (5) we obtain the induced field
equations on the brane

(4)Gab + Λ4
(4)gab = 8πGNτab − ǫκ45Πab+

ǫEab + ǫFab .
(7)

In the above Eab =
(5)CABCDn

AY B
,a n

CY D
,b is the projec-

tion of the 5-D Weyl tensor, and we have defined

Λ4 =
1

2
κ25

(

Λ5

κ25
−

1

6
ǫκ25σ

2

)

, (8)

GN = ǫ
κ45σ

48π
, (9)

Πab = −
1

4
τcaτbc +

1

12
ττab +

1

8
(4)gabτ

cdτcd −

1

24
τ2(4)gab , (10)

Fab =
2

3
κ25

{

ǫ (5)TBDY
B
,a Y

D
,b −

[

(5)TBDn
BnD +

1

4
ǫ (5)T

]

(4)gab

}

, (11)

where GN is simply the Newton’s constant on the brane.
Here we stress that the effective 4-D cosmological con-
stant can be set to zero in the present case of an extra
timelike dimension by properly fixing the bulk cosmolog-
ical constant as Λ5 = 1

6κ
4
5 σ

2. It is important to notice
that for a 4-D brane embedded in a conformally flat bulk
we have the absence of the Weyl conformal tensor pro-
jection Eab, and Fab in Eq. (7).
On the other hand, Codazzi’s equations imply that

∇aK −∇bK
b
a =

1

2
ǫκ25∇bτ

b
a . (12)

By imposing that ∇bτ
b
a = 0, the Codazzi conditions read

∇aEab = κ45∇
aΠab +∇aFab. (13)

where ∇a is the covariant derivative with respect to the
induced metric (4)gab. Eqs. (7) and (13) are the dynam-
ical equations of the gravitational field on the brane.

III. THE MODEL

We now consider a closed FLRW geometry on the four-
dimensional brane embedded in a five-dimensional con-
formally flat bulk with a timelike extra dimension. As
explicitly shown in [15], the conformally flat bulk is de-
scribed by a 5D de Sitter spacetime with metric

ds2 =
(

k −
Λ5

6
v2
)

du2 +
1

(

k − Λ5

6 v
2
)dv2

−v2
[ 1

1− kr2
dr2 + r2(dθ2 + sin2 θdϕ2)

]

, (14)

where (r, θ, ϕ) are the comoving coordinates and k is the
3-curvature of the spatial sections. The equation v =
a(u) describes the position of the brane.
The matter content of the model is given by dust and

radiation which are confined to the brane. A complete
treatment of the phase space dynamics of these models,
including their non-integrable extensions when a scalar
field is introduced, was given in [16]. Considering comov-
ing coordinates on the brane, the line element is given by
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ds2 = a2(η)

{

dη2 −

[

1

1− kr2
dr2 + r2dΩ2

]}

, (15)

where η is the conformal time, a(η) the scale factor and
dΩ2 = dθ2 + sin2 θdϕ2.
From (7) we obtain the modified Friedmann equations,

H2 + k −
Λ4a

2

3
=
κ24a

2

3
(ρdust + ρrad)

×

[

1−
1

2|σ|
(ρdust + ρrad)

]

,

(16)

where H = a′

a with a′ = da
dη , and κ24 = 8πGN . We de-

fine the energy momentum tensor as τab=τabdust + τabrad,
assuming that ∇bτ

ab
dust = 0 = ∇bτ

ab
rad. Therefore, for the

non-interacting perfect fluids above, we have

ρdust =
Edust

a3
, ρrad =

Erad

a4
(17)

where Edust and Erad are both constants of motion. By
defining

V (a) = 3ka2 − Λ4a
4 − κ24aEdust+

κ24
2|σ|

(

Edust

a
+
Erad

a2

)2

,
(18)

the first integral of motion (Eq. 16) is given by the Hamil-
tonian constraint

p2a
12

+ V (a) = κ24Erad , (19)

where pa ≡ 6a′. Here it is easy to see (cf. Fig. 2) that
although V (a) → −∞ when a → +∞, the last terms in
the potential (Eq. 18) act as an infinite potential barrier
which avoids the singularity at a = 0.
From equation Eq. (19) we derive the following dynam-

ical system equivalent to the modified Einstein equations
on the brane:

a′ =
pa
6
, p′a = −

dV

da
. (20)

The critical points in the phase-space are stationary so-
lutions of Eq. (20), namely, the points (a = acrit, pa = 0),
at which the RHS of Eqs. (20) vanishes. Here, acrit are
the real positive roots of dV/da. In the remaining of the
paper we will restrict ourselves to spatially closed models
k > 0 and fix k = 1. By considering the case of closed ge-
ometries (k > 0), it is not difficult to verify that, depend-
ing on the values of the parameters (Λ4, |σ|, Erad, Edust),
there are at most two critical points[16] in the phase-
space connected with one local minimum and one local
maximum of V (a). In this case the minimum of the po-
tential corresponds to a centre P0 while the maximum

0.0 0.5 1.0 1.5
-2

-1

0

1

2

a

V
Ha
L

Edust=2.1

Edust=1.0

Edust=0.0

ÈΣÈ=100

FIG. 2. The potential V (a) for Λ = 1.5, Erad = 0.01, |σ| =
100 and several values of Edust. For higher values of Edust,
namely Edust & 2.1, the minimum of the potential is no longer
present and the two extremal of the potential vanish.

0.2 0.4 0.6 0.8 1.0 1.2
-3

-2

-1

0

1

2

3

a

p a P0

Escape to de Sitter

P1

II

II

III

S S

S S
I

ÈΣÈ=130
ÈΣÈ=150
ÈΣÈ=170

Κ4
2ÈΣ -1=0.01

FIG. 3. The phase-space for Λ = 1.5, Erad = 0.01 and
Edust = 1.0. The critical points P0 (centre) and P1 (saddle)
correspond to stable and unstable Einstein universes respec-
tively. The periodic orbits of region I describe perpetually
bouncing universes. Orbits in Region II and III are solutions
of one bounce universes. A separatrix S emerges from P1 to-
wards the de Sitter attractor defining an escape to de Sitter.

corresponds to a saddle point P1 (see Fig 2). This
configuration allows us to obtain different types of orbits
that describe the evolution of different universes in this
model. Typically, this model allows for the presence of
eternal universes (region I) and one bounce universes (re-
gions II and III) as shown in Fig. 3. In the present paper
we will focus our attention to eternal universes and the
one bounce solutions of regions I and II, respectively. The
one bounce solutions of region III, although mathemati-
cally sound, do not have an immediate interest since they
cannot provide a concrete cosmological bouncing model
connected with the observations as orbits of region II
can. Actually orbits of region II exhibit two accelerated
phases (the first following immediately the bounce and
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the second corresponding to a late de Sitter acceleration
phase) separated by a smooth transition corresponding
to a decelerated expansion phase and compatible with
observational parameters, as shown in [10].

IV. SCALAR PERTURBATIONS

Let us consider scalar perturbations on the brane in
the longitudinal gauge[3]

ds2 = a2(η)[(1 + 2φ)dη2 − (1− 2ψ)γijdx
idxj ] , (21)

where

γij ≡ diag

[

1

1− r2
dr2, r2, r2 sin2 θ

]

. (22)

In order to derive the hydrodynamical perturbations,
we assume that the energy momentum tensor in the back-
ground (Eq. 15) is given by

τab ≡ τabdust + τabrad , (23)

where

τab dust = ρdustV
aVb , (24)

and

τab rad =
4

3
ρradV

aVb −
1

3
ρradδ

a
b , (25)

and Va ≡ aδ0a is the background velocity field. By con-
sidering scalar hydrodynamical perturbations, we have
that

δτab dust = δρdustV
aVb + δqadustVb + δqb dustV

a , (26)

and

δτab rad =
4

3
δρradV

aVb −
1

3
δρradδ

a
b + δqaradVb

+δqb radV
a + δπa

b rad .
(27)

Here we are assuming that the equation of state δpN =
wNδρN (N = dust, rad) holds and that the scalar hydro-
dynamical perturbations of the dust component do not
induce an anisotropic pressure. On the other hand we
have defined the perturbed heat flux as

δqaN = (0,−a∇a(δqN )) = (0,−a(ρ0N + p0N)(∇avN )) ,
(28)

where δqN and v are scalars. Furthermore, the perturbed
anisotropic pressure of radiation is defined as

δπi
j rad = (3)∇i(3)∇jδπrad −

1

3a2
δij∆δπrad , (29)

where δπrad is a scalar, (3)∇i is the covariant derivative
built with the metric γij and ∆ ≡ gij(3)∇i

(3)∇j .
Assuming that the Z2 symmetry is not broken as we

introduce scalar perturbations, we obtain,

δKa
b =

ǫ

2
κ25

(

δτab −
1

3
δτδab

)

. (30)

In this context, the perturbed Einstein field equations
on the brane are given by

δ(4)Ga
b = 8πGN

(

δτab −
6ǫ

|σ|
κ45δΠ

a
b

)

+ ǫδEa
b . (31)

In general, the perturbed spacetime (Eq. 21) can be
embedded in a non-conformally flat bulk so perturbations
of the Weyl tensor δEα

β must correct the perturbed field

equations (cf. Eq. 31). As δEα
β is a symmetric traceless

tensor, it mimics a radiation component with heat flux
and anisotropic pressure[17], that is,

δEa
b =

4

3
δρEV

aVb −
1

3
δρEδ

a
b+

δqaEVb + δqE bV
a + δπa

E b .
(32)

Therefore the perturbed Einstein field equations read

∆ψ − 3H(ψ′ +Hφ) + 3ψ =
κ24a

2

2

{

(δρdust + δρrad)

×

[

1−
1

|σ|
(ρdust + ρrad)

]

− δρE

}

,

(33)

ψ′ +Hφ = −
κ24a

2

2

{

(δqdust + δqrad)

×

[

1−
1

|σ|
(ρdust + ρrad)

]

− δqE

}

,

(34)

and

(2H′ +H2)φ +Hφ′ + ψ′′ + 2Hψ′ − ψ +
1

3
∆D

=
κ24a

2

2

{

1

3
δρrad −

1

|σ|

[

(δρdust + δρrad)

(

ρdust +
4

3
ρrad

)

+
1

3
δρrad(ρdust + ρrad)

]

−
1

3
δρE

}

.

(35)

where D ≡ φ− ψ.
On the other hand, from the conservation equations

∇bδτ
cb
dust = 0 = ∇bδτ

cb
rad, we obtain

δρ′dust = −3Hδρdust + 3ψ′ρdust −∆δqdust , (36)

δρ′rad = −4Hδρrad + 4ψ′ρrad −∆δqrad , (37)
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for c = 0, and

δq′dust = −4Hδqdust − ρdustφ , (38)

δq′rad = −4Hδqrad −
4

3
ρradφ−

1

3
δρrad

−
2

3a2
(∆ + 3)δπrad ,

(39)

for c = 1, 2, 3. Imposing that ∇bδE
0b = 0 and ∇bδE

ib =
κ45∇bδΠ

ib, we respectively obtain

δρ′E = −4HδρE −∆δqE , (40)

and

δq′E + 4HδqE +
δρE
3

+
2

3a2
(∆ + 3)δπE

= −
1

|σ|

(

ρdust +
4

3
ρrad

)

×

[

δρdust + δρrad − 3H(δqdust + δqrad)

−
1

a2
(∆ + 3)δπrad

]

.

(41)

Finally we will expand the scalar perturbation vari-
ables in scalar eigenmodes of the Laplacian operator ∆
on S3, QN

lm(r, θ, ϕ) = RN
l (r)Ylm(θ, ϕ), which satisfy

∆QN
lm = (N2 − 1)QN

lm , (42)

where N is a positive integer. The multiplicity of each
mode N is N2. The two modes N = 1 and N = 2
are gauge modes since they respectively correspond to
a change in the curvature radius (homogeneous defor-
mation) and in a displacement of the centre of the 3-
sphere and are thus physically not relevant[28, 29]. Scalar
perturbations can be examined using its Fourier com-

ponents, or modes, (δT )Nlm(η) Q
(N)
lm (r, θ, ϕ), where δT

stands for ψ, δρdust, δρrad, and so on. In this instance
Eqs. (33)-(41) reduce to ordinary differential equations
for the variables ψ

Nlm
(η), δρdust

Nlm
(η), δρrad

Nlm
(η), etc.,

decoupled for each mode. Each N defines a comoving
scale for the modes. We should note that for the case of
a non-normalized 3-curvature k the comoving scale of the
modes is [k(N2 − 1)]−1/2. Most of our numerical anal-
ysis in the paper will consider only the physical modes
N ≥ 3. In the following sections the dynamics of the
scalar perturbations will be examined via these Fourier
variables. We will drop the mode indices in order to avoid
overcluttering in the equations and formulae.
From the embedding perspective, two basic assump-

tions can be made about the bulk in which we consider
the perturbed FLRW brane. We now examine these two
possibilities in order to derive a close dynamical system
which can be numerically evolved.

A. The case of a de Sitter Bulk

In order to simplify our analysis, we will first examine
the case where the spacetime (Eq. 21) is embedded in a
de Sitter bulk. As we know, such assumption cannot be
ruled out from a mathematical point of view. In fact, by
imposing δρE = δqE = δπE = 0, the embedding of the
perturbed spacetime Eq. (21) in a de Sitter bulk is still
valid as long as the Gauss-Codazzi equations (33)-(41)
hold. In this case, Eq. (41) provides the simple constraint
for hydrodynamical perturbations

δρdust + δρrad − 3H(δqdust + δqrad) =
1

a2
(N2 + 2)δπrad .

(43)
On the other hand, from Eqs. (33) and Eq. (34) we

derive the further constraint

(N2 + 2)ψ =
κ24a

2

2

{[

1−
1

|σ|
(ρdust + ρrad)

]

× [δρdust + δρrad − 3H(δqdust + δqrad)]

}

.

(44)

Now, from Eqs. (43) and (44) we obtain

κ24δπrad =
2ψ|σ|

|σ| − ρdust − ρrad
. (45)

We remark that by taking the derivative of Eq. (34) and
substituting it in Eq. (35), it results

(ψ − φ) = κ24δπrad

[

1 +
1

2|σ|
(ρdust + 2ρrad)

]

, (46)

where we have used Eqs. (38), (39) and (43). Therefore,
inserting Eq. (45) into Eq. (46), one can easily show that
the relation

φ =

(

2ρdust + 3ρrad + |σ|

ρdust + ρrad − |σ|

)

ψ , (47)

holds, fixing the dynamics of φ in terms of the dynamics
of ψ or vice-versa.
From a simple examination of the dynamical system

(34)-(41) we can see that the dynamics of the variable
δπrad is not determined. However the use of Eq. (45)
allows us to eliminate the variable δπrad from the dy-
namical system. It is worth noticing that we could also
eliminate the variables δπrad by assuming that the ra-
diation anisotropic pressure is proportional to the shear
according to the following relation

δπαβ rad = µδσαβ rad

= µδ

(

∇(βVα) − V̇(αVβ) −
1

3
θhαβ

)

, (48)

where µ is a constant and
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∇(βVα) ≡
1

2
(∇βVα +∇αVβ) (49)

V̇αVβ ≡
1

2
[(∇γVα)V

γVβ + (∇βVγ)V
γVα] (50)

θ ≡ ∇αV
α (51)

hαβ ≡ gαβ − VαVβ . (52)

In this case δσ00 rad = δσ0i rad = 0. On the other
hand, from Eqs. (28) and (29)

δσij rad = −
3a

4ρrad

[

(3)∇i
(3)∇jδqrad −

1

3
γij∆δqrad

]

.

(53)
Thus, according to Eq. (48):

δπrad = −
3µa

4ρrad
δqrad , (54)

so that a dynamical system with six degrees of freedom
(a, pa, φ, δρdust, δqdust, δρrad) would be obtained. How-
ever, in order to perform a more general analysis, we will
make no such assumption. In this case we end up with
the following dynamical system

a′ =
pa
6
, (55)

p′a = −6a+ 4Λ4a
3 + κ24Edust

+
κ24
|σ|

(

Edust

a
+
Erad

a2

)(

Edust

a2
+

2Erad

a3

)

, (56)

ψ′ = −
pa
6a
φ

−
κ24a

2

2
(δqdust + δqrad)

[

1−
1

|σ|
(ρdust + ρrad)

]

, (57)

δρ′dust = −
pa
2a

(δρdust + φρdust)

−
3κ24a

2

2
(δqdust + δqrad)

[

1−
1

|σ|
(ρdust + ρrad)

]

ρdust

−(N2 − 1)δqdust , (58)

δρ′rad = −
2pa
3a

(δρrad + φρrad)

−κ24a
2(δqdust + δqrad)

[

1−
1

|σ|
(ρdust + ρrad)

]

ρrad

−(N2 − 1)δqrad , (59)

δq′dust = −
2pa
3a

δqdust − ρdustφ , (60)

δq′rad = −
2pa
3a

δqrad −
4

3
ρradφ−

1

3
δρrad

−
2

3a2
(N2 + 2)δπrad , (61)

where we have used Eqs. (18), (20), (34)-(39). It is
worth remarking again that φ = φ(ψ, a) and πrad =

πrad(ψ, a) according to Eqs. (45) and (47), respectively,
so that a dynamical system with seven degrees of freedom
(a, pa, ψ, δρdust, deltaqdust, δρrad, δqrad) is obtained. Fur-
thermore, the constraint equations (19) and (44) must
be satisfied during the evolution of the above dynamical
system. In fact these two constraints are used to check
the accuracy of our numerical evaluations in the next sec-
tions. In all our evaluations the error in the constraints
were always ≤ 10−10.

B. The Case of a Perturbed Bulk

To proceed we will now examine the consequences of
assuming a perturbed bulk. In this case, the 5-D scalar
perturbations would effectively correct the 4-dimensional
perturbed equations with a traceless Weyl fluid. As we
saw in Eq. (32), we can decompose this fluid in its energy
density δρE , heat flux δqE and anisotropic pressure δπE .
Taking the derivative of equation Eq. (34) and substitut-
ing in Eq. (35), we obtain

(ψ − φ) = κ24

{

δπrad

[

1 +
1

2|σ|
(ρdust + 2ρrad)

]

− δπE

}

,

(62)
where we have used Eqs. (38), (39) and (41). As there
is no dynamical equation for the anisotropic pressures
δπrad and δπE , the dynamical system to be evolved is
not a closed system unless δπrad = δπE = 0. In this case,
φ = ψ and we obtain the following dynamical system

a′ =
pa
6
, (63)

p′a = −6a+ 4Λ4a
3 + κ24Edust

+
κ24
|σ|

(

Edust

a
+
Erad

a2

)(

Edust

a2
+

2Erad

a3

)

, (64)

φ′ = −
pa
6a
φ−

κ24a
2

2

{

(δqdust + δqrad)

×

[

1−
1

|σ|
(ρdust + ρrad)

]

− δqE

}

(65)

δρ′dust = −
pa
2a

(δρdust + φρdust)

−
3κ24a

2

2

{

(δqdust + δqrad)

×

[

1−
1

|σ|
(ρdust + ρrad)

]

− δqE

}

ρdust

−(N2 − 1)δqdust , (66)

δρ′rad = −
2pa
3a

(δρrad + φρrad)

−κ24a
2

{

(δqdust + δqrad)

×

[

1−
1

|σ|
(ρdust + ρrad)

]

− δqE

}

ρrad

−(N2 − 1)δqrad, (67)
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δρ′E = −
2pa
3a

δρE − (N2 − 1)δqE , (68)

δq′dust = −
2pa
3a

δqdust − ρdustφ , (69)

δq′rad = −
2pa
3a

δqrad −
4

3
ρradφ−

1

3
δρrad , (70)

δq′E = −
2pa
3a

δqE −
δρE
3

−
1

|σ|

(

ρdust +
4

3
ρrad

)

×
[

δρdust + δρrad −
pa
2a

(δqdust + δqrad)
]

.(71)

where we have used Eqs. (18), (20) and (34)-(41). To-
gether with Eq. (19), the constraint for scalar perturba-
tions

(N2 + 2)φ =
κ24a

2

2

{[

1−
1

|σ|
(ρdust + ρrad)

]

×
[

δρdust + δρrad −
pa
2a

(δqdust + δqrad)
]

− δρE +
pa
2a
δqE

}

,

(72)

obtained from substituting Eq. (34) in Eq. (33), must also
be satisfied during the evolution of the above dynamical
system. We will also use this constraint together with
the background constraint (19) to check the validity of
our numerical evaluations of the dynamics in the present
model. In all our evaluations the error in the constraints
were always, again, ≤ 10−10.

V. ONE BOUNCE SOLUTIONS

In the context of bouncing cosmologies an important
question which arises is whether the bounce spoils or not
scalar perturbations. The one-bouncing solutions of re-
gion III, although mathematically sound, will not be con-
sidered here since they lack an important feature of the
one bounce orbits of region II, that is the presence of
a smooth transition phase of decelerated expansion con-
necting two acceleration phases. Actually it has been
shown in [10] that one of the orbits like those in re-
gion II of Fig. 3 provide a concrete cosmological bounc-
ing model, namely, given observational parameters the
structure of the phase space in region II shows a non-
singular orbit with two accelerated phases, separated by
a smooth transition corresponding to a decelerated ex-
pansion. Such phases can be connected to a primordial
accelerated phase, a soft transition to Friedmann (where
the classical regime is valid), and a graceful exit to a de
Sitter accelerated phase. Motivated by this observational
feature, in this section we will restrict ourselves to one
bounce orbits in region II only.
In this first approach, we intend to solve numerically

the equations in order to understand how the bounce af-
fects the growth of scalar perturbations considering the
transition from a contracting to an expanding phase. As
the dynamical systems obtained above – for a de Sitter

0.0 0.2 0.4 0.6 0.8 1.0 1.2

0.0

0.5

1.0

1.5

Η

a

FIG. 4. The scale factor as a function of conformal time
η. Here we fix the parameters κ2

4 = |σ| = 100, Edust =
0.001, Erad = 0.08, Λ = 1.5 and the initial condition pa0

=
−9. The 16 digit precision values for the scale factor initial
condition is given by a0 = 1.141525275590078 so that the
constraint (16) is satisfied. The scale of the bounce is ηb ≃
0.68 and a(ηb) ≃ 0.15.

or a perturbed bulk – are extremely involved, the imple-
mentation of larger values of N from a numerical point of
view is a task which demands more powerful simulations
which will be examined in the future. Nevertheless, from
the dynamical point of view the qualitative behaviour
of the dynamics should be the same. Thus, as a first
illustration we will restrict ourselves to large scale per-
turbations (mostly N = 3, 4 and 5) in this section.

A. The Evolution of Scalar Perturbations in a

FLRW Brane Embedded in a de Sitter Bulk

Let us consider one given orbit in region II of Fig. 3.
It can be shown that one of those orbits is generated
by fixing the parameters and initial conditions given in
Fig. 4. In this case the scale of the bounce is ηb ≃ 0.68
so that a(ηb) ≃ 0.15 (see Fig. 4).
In Fig. 5 we show the behaviour of the potentials φ (up-

per panel) and ψ (lower panel) for N = 3, 4, 5 adopting
a particular choice of initial conditions for the hydrody-
namical perturbations. In this case |φ(η)| ≃ 10−3 ≪ 1
and |ψ(η)| ≃ 10−4 ≪ 1 in a finite neighbourhood of
the bounce, namely, for any a in the interval ∆a =
a(η) − a(ηb) . 0.35. Therefore the large-scale amplifi-
cations in the potentials are much less than 1. In this
sense the bounce does not spoil the scalar metric pertur-
bations connected to hydrodynamical fluctuations.
In Fig. 6 we show the behaviour of the energy density

fluctuations for N = 3, 4, 5. In the upper (lower) panel
we present results for δρdust (δρrad). In this case |δρrad| .
0.1 and |δρdust| . 10−4 in the neighbourhood ∆a of the
bounce. Therefore we have

∣

∣

∣

∣

δρrad
ρrad

∣

∣

∣

∣

∆a

≃

∣

∣

∣

∣

δρdust
ρdust

∣

∣

∣

∣

∆a

≃ 10−4 . (73)
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Ψ
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FIG. 5. The potentials φ (upper panel) and ψ (lower panel)
for N = 3, 4, 5 (solid, dashed and dotted curves, respectively).
For the scalar perturbations, we adopt the initial conditions
δρdust(0) = δqdust(0) = δqrad(0) = 0 and δρrad(0) = 10−5.
The 16 digit precision values for the initial condition of ψ
is given by ψ0 = 0.000651228632253/(N2 + 2) so that the
constraint (44) is satisfied. In this case |φ| ≪ 10−3 ≪ 1 and
|ψ| ≃ 10−4 ≪ 1 in a finite neighbourhood ∆a of the bounce.

We see that large-scale amplifications in dust and radi-
ation energy densities are much smaller than their back-
ground values. In this sense the bounce does not spoil
the hydrodynamical perturbations connected to the en-
ergy densities. However, this result hold only up to a
certain scale. In fact, for N = 15 we see from Fig. 7
that |φ(η)| ≃ 1 in a finite neighbourhood of the bounce,
breaking the linear perturbative regime.

Finally, for illustration purposes, we show in Fig. 8
the evolution of the heat flux perturbations, δqdust in the
upper panel and δqrad in the lower panel.

We should comment that, after the bounded amplifi-
cation in the neighbourhood of the bounce, the scalar
perturbations maintain their bounded amplitudes in the
expanding decelerated phase of the FLRW background
after the bounce, until the universe enters the late accel-
erated expansion phase towards the de Sitter configura-
tion. In this late accelerated phase an important feature
of the scalar perturbations is their divergent growth, for
any mode N , as the universe approaches the de Sitter
configuration (cf. Fig. 9).

0.0 0.2 0.4 0.6 0.8 1.0 1.2
-0.0010

-0.0008

-0.0006

-0.0004

-0.0002

0.0000

0.0002

Η

∆Ρ
du

st

N=3
N=4
N=5

0.0 0.2 0.4 0.6 0.8 1.0 1.2

-0.1

0.0

0.1

0.2

0.3

Η
∆Ρ

ra
d

N=3
N=4
N=5

FIG. 6. Evolution of the energy density fluctuations δρdust
(upper panel) and δρrad (lower panel) for N = 3, 4, 5 (solid,
dashed and dotted, respectively). In this case the amplifica-
tion of |δρdust| ≤ 10−4 and |δρrad(ηb)| ≤ 0.1.

0.0 0.2 0.4 0.6 0.8 1.0
-1.0

-0.5

0.0

0.5

1.0

Η

N=15

Φ

Ψ

FIG. 7. The potentials φ and ψ for N = 15 (solid and dashed
curves, respectively). In this case |φ| ≃ 1 in a finite neigh-
bourhood ∆a of the bounce, breaking the linear perturbative
regime.

B. The Evolution of Scalar Perturbations in a

FLRW Brane Embedded in a Perturbed Bulk

In order to examine how the assumption of a perturbed
bulk modifies the growth of scalar perturbations for one
bounce universes (of region II cf. Fig. 3), let us adopt for
the background universe the same parameters and initial
conditions assumed in the previous subsection. As we
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ad

N=3
N=4
N=5

FIG. 8. Evolution of the heat flux perturbations: δqdust (up-
per panel) and δqrad (lower panel) for N = 3, 4, 5 (solid,
dashed and dotted curves, respectively).

0.0 0.5 1.0 1.5 2.0
-0.004

-0.002

0.000

0.002

0.004

Η

Φ

N=3
N=4
N=5

FIG. 9. Evolution of the potential φ in the case of a de Sitter
bulk for N = 3, 4, 5 (solid, dashed and dotted curves, respec-
tively). Here we see that perturbation variables increase with
N as the universe enters the late accelerated phase (η ≃ 1.2),
diverging as they approach the final de Sitter stage.

have mentioned before, the scale of the bounce in this
case is ηb ≃ 0.68 so that a(ηb) ≃ 0.15 (see Fig. 4).

In Fig. 10 we show the behaviour of the potential φ for
N = 3, 4, 5 for a particular choice of initial conditions for
the hydrodynamical perturbations. We can see that in
this case |φ(η)| . 10−2 for N = 3, 4, 5 in a finite neigh-
bourhood of the bounce ∆a = |a(η) − a(ηb)|. Fig. 10
shows that the higher is the value of N the smaller is the

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
-0.010

-0.005

0.000

0.005

0.010

Η

Φ

N=3

N=4

N=5

FIG. 10. The potential φ in the case of a perturbed bulk for
N = 3, 4, 5 (solid, dashed and dotted curves, respectively).
Here we fix δρdust(0) = δqdust(0) = δqrad(0) = δqE(0) = 0,
δρrad(0) = 10−5, deltaρE(0) = 10−6 as initial conditions
for the scalar and hydrodynamical perturbations. The 16
digit precision values for the initial condition of φ is given
by φ0 = 0.000586074634513/(N2 + 2) so that the constraint
(72) is satisfied. In this case |φ(η)| ≤ 10−2 in any finite neigh-
bourhood of the bounce.

amplitude growth enhanced by the bounce. Comparing
with the upper panel of Fig. 5 we see that the amplifica-
tion of φ by the bounce, in the present case of a perturbed
bulk, is about two orders of magnitude larger than that
of a de Sitter bulk.
Fig. 11 (upper and middle panels) displays the be-

haviour of the energy density fluctuations for N = 3, 4, 5.
In this case |δρrad(η)| . 10 and |δρdust(η)| . 10−2 in any
finite neighbourhood of the bounce, however we obtain

∣

∣

∣

∣

δρrad
ρrad

∣

∣

∣

∣

∆a

≃

∣

∣

∣

∣

δρdust
ρdust

∣

∣

∣

∣

∆a

≤ 10−2. (74)

As we increase N (which is connected to the comoving
scales of the perturbations) the amplifications (in the re-
spective mode) – enhanced by the bounce – of the energy
densities of dust and radiation decrease. On the contrary,
the increase ofN increases the amplifications on the Weyl
energy density which may diverge for sufficiently smaller
scales (cf. the lower panel of Fig. 11).
In Fig. 12 we show the evolution of the heat fluxes per-

turbations. Again, while the amplifications of the heat
fluxes of dust and radiation decrease with the increase of
N , the heat flux of the Weyl fluid tends to increase for
smaller scale perturbations.
However a striking difference (cf. Figs. 9 and 13) exists

between the dynamics of the perturbations for a de Sitter
bulk and for a perturbed bulk. In the case of a de Sitter
bulk all the perturbation variables, for any N , increase as
the universe enters the late accelerated phase, diverging
as it approaches the final de Sitter state. On the contrary,
in the case of a perturbed bulk, all the perturbations re-
main bounded as the universe enters the late accelerated
phase and tend to zero as the universe approaches the
final de Sitter state, for any N . In this sense we consider
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FIG. 11. Time evolution of the energy density fluctuations
δρdust (upper panel), δρrad (middle panel) and δρE (lower
panel) forN = 3, 4, 5 (solid, dashed and dotted curves, respec-
tively). In this case |δρdust(η)| ≃ 10−2 and |δρrad(η)| ≃ 10,
with |δρrad/ρrad| ≃ |δρdust/ρdust| ≤ 10−2 in a finite neigh-
bourhood of the bounce. As we increase N , the amplifications
of the energy densities of dust and radiation enhanced by the
bounce in the respective mode decrease. The increase of N
enhances the amplifications on the Weyl energy density which
may diverge for sufficiently smaller scales.

that linear perturbations, for one bounce orbits in region
II (cf. Fig. 3), are dynamically more stable in the case of
a perturbed de Sitter bulk.
Apart from the energy density of the Weyl component,

the amplitudes of all perturbations remain sufficiently
small and bounded relative to the background values for
any scale of the perturbations. In fact it can be numer-
ically shown that |φ| ≃ 10−3 in a finite neighbourhood
of the bounce for the case N = 15. Furthermore, the
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FIG. 12. Evolution of the heat fluxes perturbations δqdust
(upper panel), δqrad (middle panel) δqE (lower panel) for N =
3, 4, 5 (solid, dashed and dotted curves, respectively). The
increase of N makes the amplifications - enhanced by the
bounce - of the heat fluxes of dust and radiation smaller.
The increase of N enhances the amplifications on the Weyl
heat flux which may reach large values for sufficiently smaller
scales.

dominant background hydrodynamical fluid component
in the bounce is ρrad ≃ 200. Comparing this quantity to
the amplitude growth of the Weyl energy density pertur-
bation in the bounce, we obtain

∣

∣

∣

∣

δρE
ρrad

∣

∣

∣

∣

∆a (N=15)

≃ 10−2 . (75)

Thus, contrary to the case of of a de Sitter bulk, the
linear perturbative regime still holds for N = 15 in a
perturbed bulk. In this sense, a perturbed bulk is “more
stable” when compared to a de Sitter bulk.
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FIG. 13. Evolution of the potential φ in the case of a per-
turbed bulk for N = 3, 4, 5 (solid, dashed and dotted curves,
respectively). Opposite to the case of a de Sitter bulk, the
perturbations remain bounded as the universe enters the late
accelerated phase and tend to zero as the universe approaches
the final de Sitter state, for any N .

VI. ETERNAL UNIVERSES

From a theoretical point of view it is also interesting to
examine how the bounce affects the amplitude growth of
of scalar perturbations in orbits of region I (see Fig. 3).
These orbits describe perpetually bouncing universes so
that this may shed some light on the treatment of linear
perturbations in the framework of eternal bouncing mod-
els. Since we have already seen that the presence of one
bounce amplifies the linear scalar hydrodynamical per-
turbations, we would expect that the successive infinite
bounces – in orbits of Region I – would produce recur-
ring amplifications which would soon violate the linear
approximation breaking the stability of eternal universes.
In order to simplify our analysis, we will restrict our-

selves again to the cases N = 3, 4, 5. From the dynami-
cal point of view, the enhancement in the amplitudes of
scalar perturbations due to the bounce should be quali-
tatively the same for smaller scales.
To numerically solve the equations for scalar perturba-

tions, let us consider a given orbit in region I. It can be
shown that one of those orbits is generated by fixing the
parameters and initial conditions given in Fig. 14. In this
case the scale of the bounce is a(η̄b) ≃ 0.1 (see Fig. 14).
This will be the background configuration in Region I
that we now impose in order to examine the behaviour
of scalar perturbations in a de Sitter or a perturbed bulk.

A. The Evolution of Scalar Perturbations in a

FLRW Brane Embedded in a de Sitter Bulk

Let us first consider eternal universes in the case of
a de Sitter bulk. In Fig. 15 we show the behaviour of
the potential φ in a finite neighbourhood of the first two
bounces adopting a particular set of initial conditions
for the hydrodynamical perturbations. In a domain of

0 2 4 6 8

0.0
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1.0

1.5

Η

a

FIG. 14. The scale factor of an eternal universe of Region
I. Here we fix the parameters κ2

4 = 100, |σ| = 100, Edust =
0.001, Erad = 0.01, Λ = 1.5, and the initial condition pa0

=
−0.5. The exact 16 digit precision values for the scale factor
initial condition is given by a0 = 0.670686673645725 so that
(16) is satisfied. For η . 8 there are two different values of
η̄b connected to two bounces. The scale of the bounces is
a(η̄b) ≃ 0.1.

η ≤ 8, which includes 2 bounces at a(η̄b) ≃ 0.1 each,
we can see that |φ(η)| ∼ 10−1 for N = 3, 4, 5 in a finite
neighbourhood of the first bounce ∆a = |a(η) − a(ηb)|,
while |φ(η)| ∼ 103 for N = 3 in a finite neighbourhood
of the second bounce ∆a = |a(η)− a(ηb)|. This suggests
that the first bounce does not spoil the scalar perturba-
tions connected to hydrodynamical fluctuations while the
second one does.
In fact, according to Fig. 16 the amplitudes of en-

ergy density fluctuations (for N = 3, 4, 5) is of the or-
der |δρdust| ∼ 0.1 in a finite neighbourhood of the first
bounce ∆a = |a(η)− a(ηb)|. Thus,

∣

∣

∣

∣

δρdust
ρdust

∣

∣

∣

∣

∆a,N=3,4,5

. 10−1. (76)

On the other hand in the second bounce the amplitude
of energy density fluctuations (for N = 3) is of the order
|δρdust| ∼ 1000 in a finite neighbourhood of the second
bounce ∆a = |a(η)− a(ηb)|. Thus,

∣

∣

∣

∣

δρdust
ρdust

∣

∣

∣

∣

∆a,N=3

. 103, (77)

breaking the linear regime. As we increase N (which is
connected to the comoving scales of the perturbations)
the amplifications (in the respective mode) – enhanced by
the second bounce – of the energy densities fluctuations
also increase.

B. The Evolution of Scalar Perturbations in a

FLRW Brane Embedded in a Perturbed Bulk

Let us now consider eternal universes in the case of
a perturbed bulk. In Fig. 17 we show the behaviour of
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FIG. 15. The behaviour of the potential φ for N = 3, 4, 5
in a finite neighbourhood first bounce (upper panel), and for
N = 3 in a finite neighbourhood second bounce (lower panel).
Here we fix δρ0 rad = 10−5 and δρ0 dust = δq0 dust = δq0 rad =
0 as the initial conditions for the hydrodynamical perturba-
tions. The exact 16 digit precision values for the initial con-
dition of ψ is given by ψ0 = 0.000224791696635 so that (44)
together with (47) is satisfied. It is worth remarking that
|φ(η)|N=4,5,.. >> | phi(η)|N=3, in a finite neighbourhood of
the second bounce ∆a = |a(η)− a(ηb)|.

the potential φ in a finite neighbourhood of the first two
bounces adopting a particular set of initial conditions for
the hydrodynamical perturbations. For a time η ≤ 2,
we notice that |φ(η)| ∼ 10−2 in a finite neighbourhood
of the first bounce so that the large scale amplifications
(namely, N = 3, 4, 5) in the potentials about a neigh-
bourhood of each of the first bounces remain sufficiently
bounded. In this sense, the first bounce does not spoil
the scalar metric perturbations. On the other hand, for
a time 6 ≤ η ≤ 5, |φ(η)| ∼ 102 in a finite neighbour-
hood of the second bounce. Comparing with Fig. 15 we
see that although the presence of the Weyl fluid reduces
the growth rate of the potential φ, the second bounce
already violates the linear regime as in the case of a de
Sitter bulk.

According to Fig. 18 the amplitudes of energy density
fluctuations (for N = 3, 4, 5) is of the order |δρdust| ∼ 0.1
in a finite neighbourhood of the first bounce ∆a = |a(η)−
a(ηb)|. Thus, again we obtain δρdust/ρdust|∆a,N=3,4,5 .
10−1. On the other hand, in the second bounce the
amplitude of energy density fluctuations (for N = 3)
is of the order |δρdust| ∼ 102 in a finite neighbour-
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FIG. 16. Time evolution of the energy density fluctuations
δρdust for N = 3, 4, 5 in a finite neighbourhood first bounce
(upper panel), and for N = 3 in a finite neighbourhood of the
second bounce (lower panel). In this case |δρdust(η)| ≃ 10−1 in
a finite neighbourhood of the first bounce, while |δρdust(η)| ≃
103 in a finite neighbourhood of the second bounce. The lin-
ear regime is broken already in the second bounce, at least.
This illustrates how eternal universes are highly unstable con-
figurations when a de Sitter bulk is taken into account.

hood of the second bounce ∆a = |a(η) − a(ηb)|, so that
δρdust/ρdust|∆a,N=3 ∼ 102. Again, the linear regime is
broken at least in the second bounce. As we increase N ,
the amplifications of energy densities fluctuations also in-
crease substantially in the second bounce.

VII. CONCLUSIONS AND FINAL DISCUSSION

In this work we have studied the dynamics and the evo-
lution of scalar hydrodynamical perturbations in closed
FLRW universes within the framework of a brane world
theory with an extra timelike dimension. In brane world
cosmologies, classical General Relativity is recovered in
the low-energy limit, while different effects appear in the
high-energy limit: in particular, in the case of a timelike
extra dimension, it is possible to avoid the initial singu-
larity that affects the usual cosmological models based
on General Relativity. We considered some background
models, solutions of the modified Einstein field equa-
tions in the brane, with a cosmological constant term and
source terms given by two perfect fluids, dust and radi-
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FIG. 17. The behaviour of the potential φ for N = 3, 4, 5
in a finite neighbourhood first bounce (upper panel), and
for N = 3 in a finite neighbourhood second bounce (lower
panel). Here we fix δρ0 rad = 10−5, δρE(0) = 10−6 and
δρ0 dust = δq0 dust = δq0 rad = δqE(0) = 0 as the initial
conditions for the hydrodynamical perturbations. The exact
16 digit precision values for the initial condition of ψ is given
by ψ0 = 0.000224791696635 so that (72) is satisfied. It is
worth remarking that |φ(η)|N=4,5,.. >> |φ(η)|N=3, in a finite
neighbourhood of the second bounce ∆a = |a(η)− a(ηb)|.

ation. The bulk-brane interaction modifies the Einstein
equations introducing extra terms in the dynamics which
avoid the emergence of a singularity. For a closed FLRW
geometry the phase-space of the background presents
only two critical points, a centre (associated with the
minimum of the potential) and a saddle (associated with
the local maximum of the potential) corresponding to
Einstein universe configurations, stable and unstable, re-
spectively. The phase space is separated into two regions,
Region I (around the centre) of closed orbits describing
eternal universes and Region II (outside the separatri-
ces originating from the saddle) of open orbits with one
bounce[16].

The core of this paper is a numerical analysis of scalar
perturbations which can shed some light on the study
of cosmological scalar perturbations in bouncing brane
world models. This analysis is done separately for one
bounce universes and eternal universes (with infinitely
many bounces). Also two separate classes of perturbation
dynamics are considered, namely, one with a de Sitter
bulk and the other with a perturbed bulk.

Although the orbits in region III are mathematically
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FIG. 18. Time evolution of the energy density fluctuations
δρdust for N = 3, 4, 5 in a finite neighbourhood first bounce
(upper panel), and for N = 3 in a finite neighbourhood of the
second bounce (lower panel). In this case |δρdust(η)| ≃ 10−1 in
a finite neighbourhood of the first bounce, while |δρdust(η)| ≃
102 in a finite neighbourhood of the second bounce. The linear
regime is again broken in the second bounce. This illustrates
how eternal universes are also highly unstable configurations
when a perturbed bulk is taken into account.

sound one bounce solutions, they were no considered in
our analysis since they do not provide a concrete cos-
mological bouncing model connected with observations,
as the orbits in region II of Fig. 3 do[10]. Motivated by
this observational feature, we restricted ourselves to one
bounce orbits in region II (instead of region III). Accord-
ing to our numerical analysis, although the bounce en-
hances the amplitudes of scalar perturbations for these
class of one bounce solutions in the case of a de Sitter
bulk, the amplitudes of the perturbations remain suf-
ficiently small and bounded relative to the background
values up to a certain scale, namely N = 15. For a per-
turbed bulk, the amplitudes of all perturbations – apart
from the energy density of the Weyl component – remain
sufficiently small and bounded relative to the background
values for any scale of the perturbations. Furthermore,
for a perturbed bulk, all the perturbations in the case
of one bounce universes remain bounded as the universe
enters the late accelerated phase and tend to zero as the
universe approaches the final de Sitter state, for any co-
moving scale N . This behaviour is opposite to the case
of a de Sitter bulk where all variables rapidly increase
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as the universe enters the late accelerated phase, diverg-
ing as it approaches the final de Sitter state, for any
comoving scale N . In this sense we consider that lin-
ear hydrodynamical perturbations, for these class of one
bounce models are dynamically more stable in the case
of a perturbed bulk.
A careful numerical analysis shows us that eternal uni-

verses are, from the numerical point of view, highly un-
stable configurations. In fact, if we consider scalar per-
turbations in a given orbit with initial conditions in a
neighbourhood of the stable static Einstein universe (the
critical point P0, cf. Fig. 3), we can see that although
the constraints (43) (for a de Sitter bulk) or (72) (for a
perturbed bulk) are preserved, the amplifications of hy-
drodynamical perturbations are too large – already at
early times, typically in the second bounce – when com-
pared to the background values. Since the constraints
(43) (for a de Sitter bulk) or (72) (for a perturbed bulk)
are satisfied with an error less than 10−10, this is clearly
a dynamical instability which breaks the linear perturba-
tive regime.

As a future perspective we intend to examine the role
of the bounce – with respect to scalar perturbations – in
the case that the observed cosmological parameters are
taken into account[10]. For this case, the generalization
of the Mukhanov-Sasaki equation[3] might be a powerful
tool in order to simplify the dynamical equations – and
hence their numerical solution – that govern the evolu-
tion of scalar perturbations. In this case, we also intend
to implement a better code in which we could increase
values of N together with the current Planck constraints
on the spatial curvature.
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