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2BPS Wilson line and, using the localization result for the multiply

wound Wilson loop, we provide an exact closed form for the corresponding Bremsstrah-

lung function. Interestingly, for the comparison with integrability, this expression appears
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the broken symmetries, including their two- and three-point correlators.
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1 Introduction and results

Exact results for interacting quantum field theories are notoriously hard to achieve. Recent

years, however, have seen spectacular developments in the computation of exact physical

observables for conformal field theories with extended supersymmetry. These theories,

despite their little phenomenological interest, constitute an important laboratory for testing

our understanding of the finite coupling regime of quantum field theories.

The maximally supersymmetric theory in four dimensions, N = 4 Super Yang-Mills

(SYM), is a celebrated example where supersymmetric localization [1] as well as the dis-

covery of an integrable structure [2] made such developments possible. While the former

applies to a restricted class of protected observables (those that are annihilated by some

supercharges), the latter proved very powerful for the computation of planar anomalous

dimensions, inherently unprotected quantities. Therefore, despite the application of inte-

grability has recently been extended to a wider range of observables, for some time it has

been difficult to find a physical quantity accessible to both techniques. Luckily, the authors

of [3] realized that the energy emitted by a moving particle, commonly known as Brems-

strahlung function, is a good candidate. On the one hand, it is suited for the integrability

approach [4, 5] since it appears in the small angle expansion of the cusp anomalous dimen-

sion. On the other hand, interpreting the Wilson line as a superconformal defect [3, 6, 7],

the Bremsstrahlung function can be related to the first-order deformation of the circular

Wilson loop expectation value [3, 8], known exactly via localization [9–12]. The same match

between integrability [13, 14] and localization [15] happens for the generalized Bremsstrah-

lung function with L units of R-charge.

Besides providing a highly non-trivial check of the result, computing the same quantity

in two different ways allows to understand the precise identification of the parameters.

Indeed, every integrability computation features a parameter h whose relation with the

’t Hooft coupling λ cannot be fixed by symmetry considerations. Whereas such relation

turns out to be trivial for N = 4 SYM, this is not the case for its three-dimensional relative

N = 6 super Chern-Simons theory with matter, known as ABJM theory [16]. In the latter

case, a conjectured expression for h(λ) [17] agrees with weak [18–23] and strong [24–27]

coupling perturbative computations (see also [28] for the generalization to ABJ theory),

but an exact derivation is still missing.

Similarities between ABJM and N = 4 SYM include the existence of a known string

theory dual, the emergence of an integrable structure and the high degree of supersymmetry

(although it is not maximal for ABJM). A crucial difference, instead, is the preserved su-

persymmetry of Wilson line operators. While the N = 4 SYM Maldacena-Wilson loop [29]

preserves half of the supercharges (thus denoted as 1
2BPS), its obvious ABJM general-

ization is annihilated by only 1/6 of the supercharges ( 1
6BPS) [30–32]. A 1

2BPS Wilson

loop for ABJM, whose existence was expected as the dual to the fundamental string on

AdS4 × CP3, was built in [33] by introducing local couplings to the fermionic fields in the

gauge superconnection.

The bosonic and fermionic Wilson loops are 1
6BPS and 1

2BPS respectively when their

contour is maximally symmetric, i.e. a straight line or a circle. A smooth deformation of
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the contour, if combined with a suitable modification of the gauge connection, may still

preserve a fraction of the original supersymmetry [34]. On the other hand, when the Wilson

line is deformed by a cusp, the supersymmetry is completely broken and the expectation

value diverges. The coefficient of the divergent term, whose form can be analyzed in very

general terms [35, 36], is called cusp anomalous dimension. Miming the four-dimensional

case [37, 38], one can introduce a second deformation by an internal angle θ entering the

local couplings with the bosonic and fermionic fields in the gauge superconnection. In this

case the generalized cusp anomalous dimension Γcusp(ϕ, θ) would depend on both angles.

For ABJM, two different generalized cusps may be defined for the bosonic and fermionic

Wilson lines [39, 40]. While for the former no residual BPS configuration could be found, for

the latter the specific case ϕ2 = θ2 still preserves two supercharges, such that Γ
1/2
cusp(ϕ,±ϕ)

vanishes. This particular feature has interesting consequences for the small angle expan-

sions of the two cusp anomalous dimensions. For the fermionic case one has

Γ1/2
cusp(ϕ, θ) ∼ (θ2 − ϕ2)B1/2 (1.1)

which is the analogue of the four-dimensional case. This fact, supported by a three-loop

computation, led to the conjecture of a relation between the Bremsstrahlung function

and the first-order supersymmetric deformation of the circular 1
2BPS Wilson loop (often

denoted as latitude Wilson loop1) [41, 42]. This relation was finally proven in [43] by

relating B1/2 to a particular combination of bosonic and fermionic two-point functions

inserted on the Wilson line. In presence of a localization result for the latitude circular

Wilson loop, this property would allow to compute B1/2 exactly. Unfortunately no matrix

model representation for the latitude Wilson loop is available and one has to rely on the

fact that the bosonic and fermionic Wilson loops are cohomologically equivalent, i.e. their

difference is exact with respect to a combination of the preserved supercharges. Elaborating

on this and making some further assumptions, B1/2 can be expressed in terms of the

complex phase appearing in front of the Wilson loop expectation value, when computed

with a contour splitting regularization [41, 44].

For the bosonic generalized cusp one can define two different Bremsstrahlung functions

Γ1/6
cusp(ϕ, θ) ∼ θ2Bθ

1/6 − ϕ
2Bϕ

1/6 . (1.2)

In this case, only Bθ
1/6 can be related to the first order deformation of a circular Wilson

loop [40]. On the other hand, a completely different argument led to express Bϕ
1/6 as the

first order expansion of a n-wound Wilson loop for n → 1 [45]. Given the availability of

localization results for the n-wound circular Wilson loop [46–49] Bϕ
1/6 is known exactly.

Recently, the simple relation

Bϕ
1/6 = 2Bθ

1/6 (1.3)

1This nomenclature, which we follow here, may be misleading since moving a Wilson loop from the

equator to a parallel on a sphere corresponds, through a conformal mapping, to a dilatation on the plane,

thus not affecting its expectation value. Nevertheless, to preserve supersymmetry, the deformation of the

contour is accompanied by a modification of the superconnection which leads to a non-trivial dependence

of the expectation value on the deformation parameter.
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was conjectured based on a finite N four-loop computation [50, 51]. Before this work,

the apparent simplicity of (1.3) was not backed up by any (even speculative) field-theory

argument and the lack of a genuine string computation of Bθ
1/6 prevented a strong-coupling

check, in contrast to the other Bremsstrahlung functions in ABJM.

In this paper we show that the identification (1.3) is a consequence of a supersymmetric

Ward identity. The latter is derived in the framework of superconformal defects. The 1
6BPS

Wilson loop preserves a su(1, 1|1)⊕su(2)⊕su(2) subalgebra of the original osp(6|4) ABJM

symmetry algebra. The residual symmetry can be used to constrain defect correlation

functions of local operators inserted along the Wilson line. Such insertions are organized

in irreducible representations of the preserved subalgebra: long multiplets, whose scaling

dimension is not protected, and short multiplets which are annihilated by one of the two

preserved supercharges and whose dimension is fixed by algebraic arguments. Among

the latter, we are particularly interested in those associated to the broken symmetries.

Whenever a defect breaks a symmetry of the original theory the conservation law for

the associated currents should be supplemented by some defect degrees of freedom. This

relation with the previously conserved currents guarantees that these defect excitations

are protected. A well studied example is the displacement operator which compensates

for the non-conservation of the stress tensor and accounts for the breaking of translation

invariance [52]. For supersymmetric theories we know that the stress tensor belongs to the

same supermultiplet of the supersymmetry and R-symmetry currents [53]. For the defect

setup we will clarify, using some algebraic arguments and showing explicit expressions,

that the displacement operator is the top component (as should be expected [54]) of a

supermultiplet containing also a fermionic operator associated to some broken supercharges.

The defect excitations associated to the rest of the broken supercharges together with the

R-symmetry ones form a different supermultiplet, which we denote as R-multiplet.

Focusing on these two supermultiplets we explore the constraints of the residual sym-

metries on two- and three-point functions. This task is eased by the observation that

the preserved superalgebra coincides with the chiral part of the N = 2 superconformal

algebra in two dimensions (of course only the global part, not the infinite dimensional

super-Virasoro extension). This allows to exploit the results of [55–57] for correlation func-

tions in superspace.2 The outcome of this analysis is that two-point functions of operators

belonging to the displacement and the R-multiplet are completely fixed by superconformal

symmetry up to an overall factor, their Zamolodchikov norm. Interestingly, the Zamolod-

chikov norm of the displacement operator is related to the Bremsstrahlung function Bϕ
1/6 [3],

while that of the R-multiplet is proportional to Bθ
1/6 [40]. Therefore the relation (1.3) es-

tablishes a connection between the Zamolodchikov norms of the two supermultiplets. We

show that this connection can be derived through an unconventional Ward identity which

uses the action of a supercharge that is not preserved by the defect. Such Ward identity,

as it usually happens for defect field theories, mixes two- and three-point functions, but in

2Notice that this coincidence also opens the way to a conformal bootstrap approach to the study of

operator insertions on the Wilson line. In this context the superconformal blocks derived in [58, 59] should

be suitable also for the defect field theory and it would be interesting to study similarities and differences

between the defect and the full two-dimensional SCFT.
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our case we will be able to show that the symmetry is large enough to set to zero all the

involved three-point functions, thus allowing to prove (1.3).

After this derivation we explore the consequences of our result. First of all we point out

how equation (1.3) leads to a useful ansatz for the relation between the winding number n

and the deformation parameter ν, characterizing the deformation of the maximal circular

Wilson loop. We then extend this prescription to a relation between winding and framing

and this allows to rederive the exact form for B1/2 conjectured in [41] as well as a relation

between B1/2 and Bϕ
1/6. We conclude our work by expressing B1/2 in a closed form. This

may result useful from the point of view of integrability, since, if we take for granted the

conjecture of [17] for h(λ), our expression involves elliptic functions whose argument is

naturally expressed in terms of h rather than λ.

This paper is organized as follows. In section 2 we review the properties of bosonic

and fermionic supersymmetric Wilson loops in ABJM, in particular we focus on the cusped

Wilson loops and the related cusp anomalies and Bremsstrahlung functions. We also intro-

duce some background for the study of Wilson line excitations as a defect one-dimensional

superconformal field theory. In section 3 we study this field theory and the structure of

their protected supermultiplets under the symmetry preserved by the bosonic line. In sec-

tion 4 we introduce the relevant two- and three-point functions in both the defect theory

and the related superspace. Exploiting some Ward identities involving conserved and non-

conserved supercharges, we relate the Zamolodchikov norms of certain two-point functions

to compute Bθ
1/6 exactly. In section 5 we establish a relation between all the Bremsstrah-

lung functions via a unique function. The main result of section 6 is the exact closed form

of B1/2 in terms of the conjectured interpolating function h(λ). Few appendices follow,

which contain conventions and some details of the supermultiplets and the supersymme-

try algebra.

2 BPS Wilson loops and the Bremsstrahlung functions in ABJM

The N = 6 Chern-Simons-matter theory, known as ABJM [16, 60], is a three-dimensional

superconformal field theory with U(N)k × U(N)−k gauge group, with k being the inte-

ger Chern-Simons level. Its global symmetry is OSp(6|4): the bosonic subsector of the

supergroup contains the R-symmetry group SO(6) ∼ SU(4) and the Euclidean conformal

group in three-dimensions Sp(4) ∼ SO(1, 4), the fermionic subsector generates the N = 6

supersymmetries.

The theory has the following field content: two gauge fields (Aµ)i
j and (Âµ)̂i

ĵ
, be-

longing respectively to the adjoint of U(N)k and U(N)−k, four complex scalars (CI)i
ĵ (or

(C̄I )̂i
j
) as well as four complex fermions (ψ̄I)i

ĵ
(or (ψI )̂i

j) belonging to the bifundamental

(antibifundamental) of the gauge group U(N)k ×U(N)−k.

In this paper we are mostly interested in supersymmetric Wilson loops, a rich class

of BPS observables that, in principle, can be known exactly. We start by reviewing the

definition and properties of the bosonic and fermionic Wilson loop operators. We focus

on a particular choice for the contour (cusped Wilson line) in order to define the cusp

anomalous dimensions and the Bremsstrahlung functions summarizing the state of the art

in the literature.
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2.1 The bosonic Wilson loop

The bosonic Wilson loop [30–32, 61] is a natural generalization of the four-dimensional

Wilson-Maldacena loop [29] and it is defined as follows

WB[C] =
1

N
Tr

[
P exp

(
−i
∫
C
dτ LB(τ)

)]
with LB = Aµẋ

µ−2πi

k
|ẋ|M I

J CIC̄
J , (2.1)

where C is the path along which the loop is supported parametrized by x(τ), P is the

path-ordering operator and the trace Tr is taken in the fundamental representation of

U(N)k. One can also define an analogous Wilson loop operator ŴB[C] belonging to the

fundamental representation of U(N)−k, where the connection L̂B contains Âµ instead of

Aµ and M̂ I
J C̄JCI instead of M I

J CIC̄
J . The scalar coupling M I

J and M̂ I
J are in general

matrices with arbitrary entries. They can be constrained by supersymmetry imposing the

standard vanishing condition

δsusyLB = 0 . (2.2)

and using the supersymmetry transformations in (D.1). The choice of which supercharges

are preserved by the Wilson loop (2.1) fixes both the scalar couplings and the contour

parametrization.

In order to study the most general class of supersymmetric Wilson loops, it is conve-

nient to consider operators lying on curves on the sphere S2. These loops can be mapped

to their equivalent operators in flat space through a conformal map that maintains the

number of preserved supercharges. In this setting, an arbitrary curve on S2 preserves 1/24

of the total number of supersymmetries and the equator corresponds to the maximally

supersymmetric operator, namely 1
6BPS. It is also possible to consider an operator with an

intermediate number of preserved supersymmetries. This operator is called 1
12BPS bosonic

latitude Wilson loop and it can be written as a two-parameter deformation of the 1
6BPS

Wilson loop. These parameters combine in a single quantity that the Wilson loop depends

on [41]

ν = sin 2α cos θ0 with − π/2 ≤ θ0 ≤ π/2 and 0 ≤ α ≤ π/4 . (2.3)

The only relevant deformation appears in the scalar couplings of (2.1) which can be written

in terms of ν as follows

MJ
I(ν) = M̂J

I(ν) =


−ν 0 e−iτ

√
1− ν2 0

0 −1 0 0

eiτ
√

1− ν2 0 ν 0

0 0 0 1

 . (2.4)

The expectation value of the latitude Wilson loop depends only on ν, so we refer to the

operator as WB(ν).

In the limit ν → 1 we recover the 1
6BPS Wilson loop on the maximal circle of S2.

Through a particular conformal mapping, we can project this loop on the plane obtaining

the 1
6BPS infinite straight Wilson line with the contour parametrized by

xµ = {τ, 0, 0} with −∞ < τ <∞ (2.5)

– 6 –
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and the scalar couplings given by

MJ
I(1) = M̂J

I(1) =


−1 0 0 0

0 −1 0 0

0 0 1 0

0 0 0 1

 . (2.6)

This operator preserves a su(1, 1|1)⊕ su(2)⊕ su(2) subalgebra of osp(6|4) (see appendix C

for the details). In the following we refer to it asW1/6. We summarize the relations between

the supersymmetric Wilson loops above as follows

WB(ν)
1
12

BPS latitude on S2

ν→1−−−→ WB(1)
1
6

BPS circle on S2

conf. map−−−−−−→ W1/6
1
6

BPS line in R3

. (2.7)

A string configuration for the bosonic Wilson loop is still elusive. Since the fundamental

string ending along the Wilson loop contour on the boundary of AdS4 and localized in CP3

preserves more supercharges, a smearing of the string over a CP1 is expected to break the

supersymmetry in order to match with the gauge theory observable [31, 61].

2.2 The fermionic Wilson loop

In order to match the number of supercharges preserved by the fundamental string in

AdS4 × CP3, on the field theory side one needs to consider the holonomy of a U(N |N)

superconnection [33, 62]. This operator with an arbitrary contour was given in [34] where

it was expressed as

WF [C] =
1

Str T
Str

[
P exp

(
−i
∫
C
dτ LF (τ)

)
T
]

(2.8)

with a superconnection LF (τ)

LF =

Aµẋµ − 2πi
k |ẋ|MJ

ICIC̄
J −i

√
2π
k |ẋ|ηI ψ̄

I

−i
√

2π
k |ẋ|ψI η̄

I Âµẋ
µ − 2πi

k |ẋ|M̂
I
J C̄

JCI

 . (2.9)

Here Str stands for the usual supertrace taken in the fundamental representation and the

quantitiesMJ
I(τ), M̂I

J(τ), ηI(τ) and η̄I(τ) are local couplings. As for the bosonic case, one

can determine the form of the couplings in terms of the contour xµ(τ) by the requirement

of preserving some of the supercharges. In this case the standard vanishing condition

δsusyLF = 0 is too strong and it can be replaced by the weaker requirement [33, 34, 62]

δsusyLF = DτG ≡ ∂τG + i[L,G] , (2.10)

where G is a u(N |N) supermatrix. The twist supermatrix T in (2.8) is needed for the

operator to be gauge invariant.

We are interested in some particular configurations of the fermionic Wilson loop: the

latitude and maximal circle on S2 and the infinite straight line in R3. Using the rela-

tion (2.10) and the supersymmetry transformations (D.1), it turns out that the fermionic

– 7 –
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L−L

n
n

1

2

1 2CC

Figure 1. The planar Euclidean cusp with angular opening π − ϕ between the Wilson lines.

maximal circle is 1
2BPS, matching the supersymmetry preserved by the fundamental string

in AdS4 × CP3. As in the previous case the latitude Wilson loop can be seen as a two-

parameter deformation of the maximally supersymmetric operator on the equator. Those

parameters can be rearranged again in the single quantity (2.3) and the Wilson loop ex-

pectation value depends only on it. We then refer to the 1/6 fermionic latitude as WF (ν).

The operator on the maximal circle can be recovered in the limit ν → 1. Using the stereo-

graphic conformal projection, this operator is mapped in the 1
2BPS fermionic Wilson line

lying on the contour parametrized by (2.5). This operator preserves a su(1, 1|3) subalgebra

of osp(6|4) (see [43] for the details). In the following we refer to it as W1/2. All the details

about the scalar and fermionic couplings for any of the previous configurations can be

found in [33, 34]. We repeat below the relation among fermionic Wilson loops for clarity:

WF (ν)
1
6

BPS latitude on S2

ν→1−−−→ WF (1)
1
2

BPS circle on S2

conf. map−−−−−−→ W1/2
1
2

BPS line in R3

. (2.11)

2.3 The generalized cusp and the Bremsstrahlung functions in ABJM

Let us start consider a bosonic or fermionic Wilson line with contours C1 and C2 in R3 inter-

secting in the origin and forming the curve C = C1∪C2 (see figure 1) with parametrization

C : xµ =

{
τ cos

ϕ

2
, |τ | sin ϕ

2
, 0

}
with − L ≤ τ ≤ L , (2.12)

where L is an IR cut-off. In general one can introduce an extra parameter θ that corresponds

to the angular separation of the Wilson lines on C1 and C2 in the R-symmetry space.

This deformation affect the scalar and fermionic couplings in (2.1) and (2.8). Consid-

ering the factorized form of the fermionic coupling ηαI = nIη
α (the same for the complex

conjugate) and that M̂ = M and M̂ =M, the contractions3 of the couplings are defined

as follows

Mi ·Mj =Mi · Mj =

4 cos2 θ
2 i 6= j

4 i = j
ni · n̄j =

2i cos θ2 i 6= j

2i i = j
(2.13)

3The contractions are defined as Mi ·Mj = (Mi)J
I(Mj)I

J and ni · n̄j = (ni)I(n̄j)
I .
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where i, j = 1, 2 and {M1,M1, n1, n̄1} ∈ C1 and {M2,M2, n2, n̄2} ∈ C2. The twist super-

matrix T in (2.8) in this case is

T =

(
1N 0

0 −1N

)
(2.14)

and the supertrace becomes the usual trace in the fundamental representation and the

normalization coefficient Str T = 2N . This configuration is called generalized cusp.

Unlike the infinite straight lines, the bosonic and fermionic generalized cusped Wilson

lines do not preserve any of the supersymmetries and develop logarithmically divergent,

which lead in turn to the definition of the associated anomalous dimensions as

log 〈WB[C]〉 ∼ −Γ1/6
cusp(θ, ϕ) log

L

ε
+ finite

log 〈WF [C]〉 ∼ −Γ1/2
cusp(θ, ϕ) log

L

ε
+ finite

(2.15)

where C is the cusp contour (2.12), L and ε are an IR and UV regulator respectively. The

coefficients of the logarithms Γ
1/6
cusp and Γ

1/2
cusp are the cusp anomalous dimensions of the

bosonic and fermionic cusped Wilson lines respectively. They are two important physical

observables that control the IR divergences of scattering amplitudes of massive colored

particles, besides the important properties outlined in the introduction. Furthermore,

setting θ = 0 and performing the analytic continuation ϕ → i∞, one finds the light-like

cusp anomalous dimension, whose value is computed exactly via integrability [63, 64].

Over the last years, Γ
1/6
cusp was studied at weak coupling in [39] (for the strong coupling

see the final comment of section 2.1). Also Γ
1/2
cusp was extensively studied at both weak and

strong coupling. Its value was computed at two loops via perturbation theory [39] and

exactly in the double scaling limit where only ladder diagrams contribute (λ→ 0, iθ →∞
and λeiθ/2 = const) [65]. The case ϕ = 0 was explored at three loops using the HQET

formalism in [42, 66]. On the string theory side Γ
1/2
cusp is known at next to leading order

from [40, 67].

As mentioned in the introduction, see (1.1) and (1.2), the small angle limit of the

cusp anomalous dimension gives the Bremsstrahlung functions. The exact computation

of the Bremsstrahlung functions in ABJM is an arduous task for which a complete proof

is still elusive. Nevertheless, there exist some conjectured relations that connect each

Bremsstrahlung function to the expectation value of the multiply-wound circular Wilson

loop with bosonic couplings

Wn
B(1) =

1

N
Tr

[
P exp

(
−i
∮ 2πn

0
dτ LB(τ)

)]
(2.16)

where the connection LB(τ) is defined in (2.1). The new parameter n specifies the number

of times that the loop, spanned by τ , wraps the circular contour. This operator localizes

on a matrix model [46] that was solved in detail [47–49]. The perturbative expansion of

this exact result produces predictions for the Bremsstrahlung functions that match the

direct computations of the generalized cusps with 1
2BPS and 1

6BPS rays at both weak and

strong coupling.
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A formula for the Bremsstrahlung function B1/2, defined in (1.1) as the small angle

limit of the cusp with 1
2BPS rays, was proposed in [41] as the derivative of the fermionic

Wilson loop evaluated on a latitude on S2 with respect to the deformation parameter ν

B1/2 =
1

4π2
∂ν log〈WF (ν)〉

∣∣∣
ν=1

. (2.17)

The relation was modelled upon an analogous result in N = 4 SYM [3] and it was later

proven by applying superconformal defect constraints on the 1
2BPS Wilson line inser-

tions [43]. The relation with the multiply-wound Wilson loop on a circle articulates in

a few steps that are reviewed in section 5.

The prediction for the Bremsstrahlung function Bϕ
1/6 associated to the geometric cusp

formed with 1
6BPS rays was formulated in [45]

Bϕ
1/6 =

1

4π2
∂n log |〈Wn

B〉|
∣∣∣
n=1

, (2.18)

where the expectation value is computed at framing 1 (see section 5.1). This result stems

from a chain of relations between different observables which leads to the 1
6BPS Wilson

loop that winds around the circle n times, although a few steps are not proven with full

rigour.4 It is not necessary to review them in this paper and one can refer to [41] for

a concise summary. However, it is useful to remember that (2.18) passed a non-trivial

test for the first few weak-coupling perturbative orders [39, 41] and it is consistent with

string-theory calculations at leading and subleading order [40, 76].

In this paper we focus on the Bremsstrahlung function Bθ
1/6 that corresponds to a

cusp distortion in R-symmetry space along a 1
6BPS straight line. A relation with the

bosonic loop5

Bθ
1/6 =

1

4π2
∂ν log |〈WB(ν)〉|

∣∣∣
ν=1

(2.19)

was derived by means of a similar proof in N = 4 SYM [3] which involves two-point

function of scalar operators inserted along the circular Wilson loop [40]. The notable

complication with respect to the four-dimensional case is again the fact that the right-

hand side in (2.19) is only known perturbatively, thus preventing the derivation of an

all-loop expression for Bθ
1/6. A few perturbative orders were checked from the bosonic

Wilson loop at two loops [41]. At the moment a strong-coupling check is hindered by the

lack of the string configuration dual to the latitude Wilson loop with bosonic couplings,

despite some attempts of “string smearing” [40]. There exists a proposed relation for Bθ
1/6

given in (1.3) that relates it to the putative (2.18).

4In particular the authors of [45] argued for a simple relation between B and h, the constant charac-

terizing the stress tensor one-point function, which also led [68] to formulate a conjecture for the exact

Bremsstrahlung function in N = 2 superconformal theories in 4d. Such a relation is not universal and the

conditions for its validity in the general framework of defect CFTs have not been clarified yet (see [52, 69–75]

for recent discussions).
5The presence of the absolute value is discussed and motivated in appendix B.
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2.4 Wilson lines as superconformal defects

In this paper we are interested in computing the expectation value of a Wilson loop with

local operators inserted along the contour. Given some local operators Oi(τi), one can

define the gauge invariant Wilson line with insertions

W[O1(τ1)O2(τ2) . . . On(τn)] ≡ TrP
[
Wτi,τ1O1(τ1)Wτ1,τ2O2(τ2) . . . On(τn)Wτn,τf

]
(2.20)

where Wτa,τb is a fermionic or bosonic Wilson line that starts at position x(τa) and ends

at position x(τb). Also, τi = τf for a closed loop and τi = −∞ and τf = ∞ for an

infinite straight line. Since the local operators Oi(τi) are inserted between (untraced)

Wilson lines, they have to transform in the same representation of the gauge group. In

this paper we are only interested in operator insertions on the bosonic Wilson loop WB,

whose connection transforms in the adjoint of U(N)k, so we look at operators belonging

to the same representation. The vacuum expectation value of (2.20) can be interpreted as

a n-point correlation function of local operators where the vacuum is the supersymmetric

Wilson loop W:

〈O1(τ1)O2(τ2) . . . On(τn)〉W ≡
〈W [O1(τ1)O2(τ2) . . . On(τn)]〉

〈W〉
. (2.21)

This is nothing but a correlation function in a one-dimensional defect. When the resid-

ual symmetry preserved by the corresponding Wilson loop includes the conformal group,

the correlation functions defined by (2.21) satisfy all the axioms of a one-dimensional

CFT. For instance, if the contour is a straight line, the fermionic and bosonic defects

preserve SU(1, 1|3) [43] and SU(1, 1|1) (see section 3) superconformal groups respectively.

In this setting, operator insertions can be organized according to the representations of

the preserved supergroup. Particular care, however, must be devoted to the conformal

descendants. Indeed for Wilson loop correlators one has the defining property

〈 . . . DτO(τ) . . . 〉W = ∂τ 〈 . . . O(τ) . . . 〉W (2.22)

where Dτ is the covariant derivative taken with respect to the total connection of the loop

W. For the case of interest here, we consider the following definition

DτO(τ) ≡ ∂τ + i[LB,O(τ)] . (2.23)

The implication of equation (2.22) is that, in building the representations of the super-

conformal algebra for inserted operators, the covariant derivative Dτ plays the role of the

ordinary derivative in standard CFT, i.e. the generator of translations along the line.

In the following we will need to consider the action of a generic infinitesimal variation

on a Wilson line. This translates into operator insertions as

δ(logW[C]) = −i
∫
C
dτ 〈δL(τ)〉W (2.24)

where L is the bosonic or fermionic Wilson loop connection depending on which operator

W we are considering. The operator δ corresponds to any infinitesimal transformation. In
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particular, if it represents a supersymmetry transformation, it can be written as δ = εQ
where Q is a supercharge and ε a Grassmann infinitesimal parameter. In this paper we

are interested in infinitesimal deformations of two-point functions on the defect that can

be written as

δ〈O1(τ1)O2(τ2)〉W= 〈δO1(τ1)O2(τ2)〉W+〈O1(τ1)δO2(τ2)〉W−i
∫ τ1

τi

dτ〈δL(τ)O1(τ1)O2(τ2)〉W

− i
∫ τ2

τ1

dτ 〈O1(τ1)δL(τ)O2(τ2)〉W − i
∫ τf

τ2

dτ 〈O1(τ1)O2(τ2)δL(τ)〉W .

(2.25)

This transformation generates defect three-point functions when it is applied to the Wilson

loop as in (2.24). Notice that, if the deformation is a supersymmetric transformation, the

relative signs in the right-hand side of (2.25) can change depending on the position of the

Grassmann infinitesimal parameter. Also, if the vacuum of the original theory is invariant

under the variation δ, one can use equation (2.25) to derive Ward identities as we do in

section (4.3).

3 Symmetry considerations

The 1
6BPS Wilson line defined in (2.1), when the contour is an infinite straight line or a

circle, preserves a su(1, 1|1)⊕ su(2)⊕ su(2) subalgebra of the full osp(6|4) ABJM superal-

gebra. Commutation relations of such subalgebra are given in appendix C, where we also

review its representation theory. Here we consider the fundamental fields of the theory and

how they organize in representations of the preserved symmetries. The SU(4) R-symmetry

group is broken down to SU(2)× SU(2)×U(1). The preserved supercharges Q12
+ ≡ Q and

Q34
− ≡ Q̄ are neutral under the two SU(2) factors and oppositely charged under U(1) (this

U(1) is a bosonic subalgebra of SU(1, 1|1) as detailed in appendix C). Therefore the action

of the supercharges on a highest weight state does not affect the SU(2) charges, but only

its U(1) charge. Matter fields can be split according to the new symmetry. We use an

index a for the fundamental representation of the first SU(2) and an index ȧ for the second

one. For the bosons we have

CI = (Ca, Cȧ) C̄I = (C̄a, C̄ ȧ) (3.1)

U(1) charge (−1
2 ,

1
2) ( 1

2 ,−
1
2)

whereas for the fermions

ψ+
I = (ψ+

a , ψ
+
ȧ ) ψ−I = (ψ−a , ψ

−
ȧ ) ψ̄I+ = (ψ̄a+, ψ̄

ȧ
+) ψ̄I− = (ψ̄a−, ψ̄

ȧ
−) (3.2)

U(1) charge ( 0, 1) (−1, 0) ( 0,−1) ( 1, 0)

In the present paper we are interested in operator insertions on the Wilson lines. Those

insertions are organized in representations of the preserved superalgebra and we will be

concerned with operators which belong to short multiplets. In appendix C we show that the

su(1, 1|1) superalgebra allows for two possible shortening conditions, leading to the 1
2BPS
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multiplets Bj , annihilated by Q, and B̄j , annihilated by Q̄. Looking at the supersymmetry

transformations in appendix D.1 we immediately find the first examples of short multiplets.

Indeed the operators Ca and C̄ȧ are annihilated by Q̄ and they are superprimaries of a B̄− 1
2
,

while the operators C̄a and Cȧ are superprimaries of B 1
2
.

C̄a

εabψ+
b

∆
j 1

20

1

1
2 Cȧ

εȧḃψ̄
ḃ
−

1
20

Ca

εabψ̄
b
+

−1
2 0

C̄ ȧ

εȧḃψ̄−
ḃ

−1
2 0

Notice however that these operators change in the bifundamental representation of the

gauge group U(N)k ×U(N)−k and in order to build insertions of the kind (2.21) we would

need to use both WB and ŴB. We now look for short multiplets which are singlet under

the second U(N) factor, allowing us to use only the Wilson line WB.

3.1 Broken currents and defect operators

The straight Wilson line breaks some of the original symmetries and, as a consequence,

some of the currents are no longer conserved. A prototypical example is that of spacetime

translation, for which the stress tensor conservation is broken to

∂µT
µi = δ2(xj)Di(τ) (3.3)

where i, j = 2, 3 are directions orthogonal to the line, the delta function localizes the

r.h.s. on the defect profile (a straight line along the direction 1 in this case) and Di is the

displacement operator. Of course equation (3.3) is written in a loose notation and it must

be interpreted as a Ward identity when both sides are inserted inside a correlation function

with other operators. In the following, we will use complex coordinates in the orthogonal

directions and work with the complex combinations D = D2 − iD3 and D̄ = D2 + iD3. The

broken momentum generators are also organized as P ≡ P2 − iP3 and P̄ ≡ P2 + iP3. The

name displacement operator can be understood by looking at the integrated version of the

Ward identity (3.3), which can be schematically written as

〈X〉δPW = −
∫
dτ 〈D(τ)X〉W ε+O(ε2) (3.4)

where X is an arbitrary set of local operators and the notation δPW means that the profile

of the defect is slightly translated in the orthogonal direction conjugate to P, specifically

δP = εP. For Wilson lines this formula is particularly convenient since, comparing the

identity (2.24) with (3.4) without any operator X, we can find an explicit expression for

the displacement operator

D(τ) = iPLB (3.5)

with LB = A1 + 2πi
k (CaC̄

a − CȧC̄ ȧ). This reads

D = iF − 2π

k
D(CaC̄

a − CȧC̄ ȧ) (3.6)
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where D is the complex combination D = D2 − iD3 of covariant derivatives and F that of

field strengths F = F21 − iF31.

In a supersymmetric theory the stress tensor is not the only current whose conservation

is broken. Another bosonic example is the R-symmetry current. Out of the 15 SU(4)

generators JI
J (with JI

I = 0), 7 generate the preserved SU(2) × SU(2) × U(1), while the

remaining 8 are broken and can be organized as

Jaȧ and J̄ȧa . (3.7)

Two sets of currents jµaȧ and j̄µȧa are no longer conserved and we can write down Ward

identities similar to (3.3). In particular (factors of i are inserted for future convenience)

∂µj
µaȧ = iδ2(xj)Oaȧ ∂µj̄

µaȧ = iδ2(xj)Ōȧa . (3.8)

The physical interpretation of Oaȧ is analogous to that of the displacement operator, but

in internal space. Its insertion inside correlation functions accounts for the infinitesimal

variation of the Wilson line under a broken R-symmetry generator

〈X〉δJW = −i
∫
dτ 〈Oaȧ(τ)X〉W εaȧ +O(ε2) (3.9)

where εaȧ is the infinitesimal parameter for the broken R-symmetry transformation such

that δJ = εaȧJ
aȧ. Once more, exploiting (2.24) we can find the explicit expression of Oaȧ

and its conjugate

Oaȧ = JaȧLB = −4πi

k
εabCbC̄

ȧ Ōȧa = J̄aȧLB = −4πi

k
εȧḃCḃC̄

a . (3.10)

We now consider the fermionic generators. The set of 10 broken supercharges is orga-

nized as follows

Q = Q34
+ Qaȧ =

(
Q13

+ Q14
+

Q23
+ Q24

+

)
Q̄aȧ =

(
Q13
− Q14

−
Q23
− Q24

−

)
Q̄ = Q12

− (3.11)

U(1) charge − 3
2 − 1

2
1
2

3
2 (3.12)

SU(2)2 repr. [0,0] [2,2] [2,2] [0,0] (3.13)

and for their supersymmetry currents Sµ, Sµaȧ, S̄µ and S̄µaȧ we have the following Ward

identities

∂µSµ = iδ2(xj)F ∂µS̄µ = iδ2(xj)F̄ (3.14)

∂µSµaȧ = iδ2(xj)faȧ ∂µS̄µaȧ = iδ2(xj)f̄aȧ (3.15)

such that, analogously to the bosonic case

F = QLB F̄ = Q̄LB (3.16)

faȧ = QaȧLB f̄aȧ = Q̄aȧLB . (3.17)
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Using the action of the broken supercharges on the fundamental fields given in appendix D.2

one finds the explicit expressions

F =
4πi

k

(
εabCaψ

−
b + εȧḃψ̄

ȧ
+C̄

ḃ
)

F̄ =
4πi

k

(
εabψ̄

a
−C̄

b − εȧḃCȧψ+

ḃ

)
(3.18)

faȧ = −4πi

k

(
εabεȧḃCbψ

−
ḃ

+ ψ̄a+C̄
ȧ
)

f̄ȧa = −4πi

k

(
ψ̄ȧ−C̄

a − εȧḃεabCḃψ
+
b

)
. (3.19)

Notice that all the defect operators introduced in this section, given their relation

with previously conserved currents, are protected, i.e. their scaling dimension is fixed to

its classical value. This is a clear hint that they should belong to short representations of

the preserved superalgebra. On the other hand we also know that in the original theory,

ABJM in this case, the stress tensor, the supersymmetry currents and the R-symmetry

currents all sit in the same supermultiplet. However no short multiplet of su(1, 1|1) could

host all the defect degrees of freedom associated to these broken symmetries. Therefore

we expect these operators to be arranged in different short multiplets connected by broken

supercharges. We will see that this is indeed the case.

3.2 The displacement supermultiplet

Let us start by considering the commutation relations of the broken supercharges Q and

Q̄ with the preserved ones

{Q,Q} = 2iP {Q, Q̄} = 0 (3.20)

{Q̄, Q̄} = 2iP̄ {Q̄,Q} = 0 . (3.21)

Given these commutation relations we can conclude that the operators F and F̄ are highest

weight operators of two short multiplets since

Q̄QLB = {Q̄,Q}LB = 0 QQ̄LB = {Q, Q̄}LB = 0 . (3.22)

Furthermore

QF = QQLB = {Q,Q}LB = 2iPLB Q̄F̄ = Q̄Q̄LB = {Q̄, Q̄}LB = 2iP̄LB (3.23)

which implies

QF = 2D Q̄F̄ = 2D̄ . (3.24)

Finally, using the commutation relations for the preserved supercharges we have

Q̄D =
1

2
{Q, Q̄}F = −DτF QD̄ =

1

2
{Q, Q̄}F̄ = −Dτ F̄ (3.25)

in agreement with the general expectation that the displacement operator should be the

top component of a short supermultiplet.

In our case we can make everything very explicit. Applying a preserved supercharge

Q to the expression (3.16) for F we get

QF =
4π

k

(
2CaDC̄

a − 2DCȧC̄
ȧ − iψ̄a+ψ−a − iψ̄ȧ+ψ−ȧ

)
. (3.26)
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To check that this operator is proportional to the displacement operator one needs to use

the equations of motion for the field strength

F =
2πi

k

(
CaDC̄

a −DCaC̄a + CȧDC̄
ȧ −DCȧC̄ ȧ − iψ̄a+ψ−a − iψ̄ȧ+ψ−ȧ

)
. (3.27)

Inserting this in (3.6) gives

D =
2π

k

(
2CaDC̄

a − 2DCȧC̄
ȧ − iψ̄a+ψ−a − iψ̄ȧ+ψ−ȧ

)
(3.28)

in agreement with (3.24). We then conclude that F and D form a short supermultiplet of

type B̄− 3
2
. Equivalently F̄ and D̄ sit in a B 3

2
multiplet.

F

D

−3
2 −1

∆
j

2

3
2 F̄

D̄

3
21

3.3 The R-multiplet

In section 3.3 we considered the action of the broken supercharges Q and Q̄ on the con-

nection LB. Here we consider the action of the other broken supercharges Qaȧ. At first

sight, the consequences of the commutation relations

{Q,Qaȧ} = {Q, Q̄aȧ} = 0 (3.29)

{Q̄,Qaȧ} = {Q̄, Q̄aȧ} = 0 (3.30)

appear rather puzzling since

QQaȧLB = {Q,Qaȧ}LB = 0 Q̄QaȧLB = {Q̄,Qaȧ}LB = 0 . (3.31)

However one should remember that the r.h.s. of equations (3.31) is zero up to gauge trans-

formations, which, for the gauge connection, means a total derivative. In other words the

implication of (3.31) is that QaȧLB is the top component of a short multiplet B̄−1. Sim-

ilarly Q̄aȧLB is the top component of a B1. It is not hard to guess the superprimaries of

such multiplets. The operator Oaȧ (Ōaȧ) is annihilated by Q̄(Q) as one can see from

Q̄JaȧLB = [Q̄, Jaȧ]LB = 0 QJ̄ȧaLB = [Q, J̄aȧ]LB = 0 . (3.32)

On the other hand

QOaȧ = [Q, Jaȧ]LB = QaȧLB = faȧ Q̄Ōȧa = [Q̄, J̄ȧa]LB = Q̄ȧaLB = f̄ȧa . (3.33)

As before, this can be checked by explicit computation applying the preserved su-

percharges on the expressions (3.10). We conclude that the operator Oaȧ (Ōȧa) is the
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superprimary of a B̄−1 (B1) multiplet.

Oaȧ

faȧ

−1 −1
2

∆
j

3
2

1 Ōαȧ

f̄aȧ

11
2

4 Correlation functions

The preserved supersymmetry of the 1
6BPS Wilson line constraints the form of the corre-

lation functions. Here we explore two different ways to impose those constraints on two-

and three-point functions. First we derive Ward idenities for the two-point functions of

operators in the R-multiplet and displacement multiplet introduced in sections 3.3 and 3.2

respectively. Afterwards, we rederive the same results and extend them to three-point

functions using the more general framework of the superspace. For this, we will be able

to exploit some known results based on the coincidence that the preserved superalgebra

su(1, 1|1) is the same of the holomorphic part of the N = 2 supersymmetric theory in two

dimensions. We conclude this section with the main result of the paper, i.e. a simple rela-

tion between the coefficients cs and CD which corresponds precisely to the identity (1.3).

4.1 Ward identities with preserved supercharges

We start from operators in the R-multiplet (see section 3.3). The kinematics and R-

symmetry structures of the two-point functions are fixed by symmetry

〈Oaȧ(τ)Ōḃb(0)〉W = cs
εabεȧḃ

|τ |2
〈faȧ(τ)f̄ḃb(0)〉W = cf

εabεȧḃτ

|τ |4
. (4.1)

We now derive the relation between cs and cf . We start from the correlation function

〈Oaȧ(τ)f̄ḃb(0)〉W and we apply the supercharge Q. Using

QOaȧ = faȧ Qf̄ȧa = −2Dτ Ōȧa (4.2)

we get

〈faȧ(τ)f̄ḃb(0)〉W − 2 〈Oaȧ(τ)Dτ Ōḃb(0)〉W = 0 (4.3)

which is equivalent to

〈faȧ(τ)f̄ḃb(0)〉W = −2∂τ 〈Oaȧ(τ)Ōḃb(0)〉W (4.4)

and yields

cf = 4cs . (4.5)

A similar strategy can be applied to the displacement supermultiplet. The correlation

functions of its components are given by6

〈D(τ)D̄(0)〉W =
2CD
|τ |4

〈F(τ)F̄(0)〉W =
CF τ

|τ |4
. (4.6)

6The factor of 2 in the displacement two-point function is inserted to make contact with the standard

definition of CD in the literature. Remember that D = D2− iD3 and 〈DD̄〉W = 〈D2D2〉W + 〈D3D3〉W = 2CD
|τ |4
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Starting from 〈F(τ)D̄(0)〉W and using

QF = 2D QD̄ = −Dτ F̄ (4.7)

we find

CF = −4

3
CD . (4.8)

We determined a relation between the Zamolodchikov norm of operators in the same mul-

tiplet, which is equivalent to say that the superspace two-point function is fully determined

up to an overall constant. In the next section we will see this explicitly.

4.2 Correlation functions in superspace

The preserved superalgebra su(1, 1|1) has been widely studied in the context of N = 2

supersymmetric theory in two dimensions, where it appears as the global part of the N = 2

superconformal algebra in two dimensions when restricted to the holomorphic part. We

can then use the results of [55–57] to write down defect correlation functions in superspace.

We introduce the superspace coordinates (τ, θ, θ̄), where τ is a coordinate along the Wilson

line while θ and θ̄ are Grassmann variables. A generic superfield reads

Φ∆,j(τ, θ, θ̄) = φ(τ) + θχ̄(τ) + θ̄χ(τ) + θθ̄σ(τ) (4.9)

and the su(1, 1|1) generators act like differential operators (remember that for the represen-

tation theory of inserted operators the covariant derivative Dτ has the role of the ordinary

partial derivative, see (2.22))

P = −Dτ K = −τ2Dτ − τθ∂θ − τ θ̄∂θ̄ − 2τ∆− 2jθθ̄

D = −τDτ −
1

2
θ∂θ −

1

2
θ̄∂θ̄ −∆ J =

1

2
θ∂θ −

1

2
θ̄∂θ̄ − j

Q = ∂θ̄ − θDτ Q̄ = ∂θ − θ̄Dτ
S = τ∂θ̄ − τθDτ − 2(∆ +Q)θ − θθ̄∂θ̄ S̄ = τ∂θ − τ θ̄Dτ − 2(∆−Q)θ̄ + θθ̄∂θ̄ . (4.10)

By applying these generators to (4.9) one can easily check they respect the commutation

relations (C.12)–(C.17). The superspace is also equipped with supercovariant derivatives

D = ∂θ + θ̄Dτ D̄ = ∂θ̄ + θDτ . (4.11)

In this context short multiplets are represented as (anti)chiral superfields

Bj B̄j (4.12)

D̄Φ̂j,j = 0 DΦ̂−j,j = 0 (4.13)

Chiral superfields Φ̂j,j depend only on the chiral coordinate x = τ+θθ̄ (notice that D̄x = 0)

and on θ. On the other hand, antichiral fields Φ̂−j,j depend only on x̃ = τ − θθ̄ and on θ̄.

For the R-multiplet analyzed in section (3.3) we have the superfield expansions

Φ̂aȧ
1,1(x, θ) = Ōaȧ(x) + θf̄aȧ(x) = Ōaȧ(τ) + θf̄aȧ(τ) + θθ̄D1Ō

aȧ(τ) (4.14)

Φ̂aȧ
1,−1(x̃, θ̄) = Oaȧ(x̃) + θ̄faȧ(x̃) = Oaȧ(τ) + θ̄faȧ(τ)− θθ̄D1O

aȧ(τ) . (4.15)
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For the displacement multiplet we have an additional factor of 2 due to the transforma-

tion (3.24)

Φ̂ 3
2
, 3
2
(x, θ) = F̄(x) + 2θD̄(x) = F̄(τ) + 2θD̄(τ) + θθ̄D1F̄(τ) (4.16)

Φ̂ 3
2
,− 3

2
(x̃, θ̄) = F(x̃) + 2θ̄D(x̃) = F(τ) + 2θ̄D(τ)− θθ̄D1F(τ) . (4.17)

As customary in the context of superconformal field theories, the structure of n-point

correlation functions 〈Φ(τ1, θ1, θ̄1) . . .Φ(τn, θn, θ̄n)〉W can be constrained by imposing in-

variance under the action of the eight generators (4.10). For instance, given a generator Ji
acting on the the superfield Φ(τi, θi, θ̄i) one imposes

n∑
i=1

Ji 〈Φ(τ1, θ1, θ̄1) . . .Φ(τn, θn, θ̄n)〉W = 0 . (4.18)

This provides a set of differential equations, which, for n < 4 allow to completely fix the

kinematical structure of the correlation function. Starting from the four-point correlation

function one can form a set of superconformal invariants such that the requirement (4.18)

is satisfied for an arbitrary function of such variables. Nevertheless, in this paper we will be

dealing only with two- and three-point functions and we will be interested in the solution

of the Ward identities (4.18) for n = 2 and n = 3. These were studied in [56, 57], but a

complete solution was given only in [55].

The two-point function is non-zero only when the two superfields have opposite U(1)

charges and same conformal dimension

〈Φ∆,j(τ1, θ1, θ̄1)Φ∆,−j(τ2, θ2, θ̄2)〉W =
C∆,j

X2∆
12

(
1− 2j

θ12θ̄12

X12

)
(4.19)

where we introduced the variable θij = θi − θj and the invariant distance

Xij = τi − τj − θiθ̄j − θ̄iθj . (4.20)

One important feature of the two-point function (4.19) is that, for ∆ = j

D̄1 〈Φ̂j,j(τ1, θ1, θ̄1)Φ̂j,−j(τ2, θ2, θ̄2)〉W = D2 〈Φ̂j,j(τ1, θ1, θ̄1)Φ̂j,−j(τ2, θ2, θ̄2)〉W = 0 (4.21)

which means that the expression on the r.h.s. of equation (4.19) applies also to the case of

a chiral-antichiral two-point function. Therefore we can use it to rederive the relations of

section 4.1. In particular

〈Φ̂aȧ
1,1Φ̂bḃ

1,−1〉W = εabεȧḃC1,1

(
1

τ2
12

+
4θ1θ̄2

τ3
12

− 2(θ1θ̄1 + θ2θ̄2)

τ3
12

− 6θ1θ2θ̄1θ̄2

τ4
12

)
. (4.22)

Expanding the l.h.s. of this equation one finds

cs = C1,1 cf = 4C1,1 (4.23)

confirming equation (4.5). In a similar way

〈Φ̂ 3
2
, 3
2
Φ̂ 3

2
,− 3

2
〉
W

= C 3
2
, 3
2

(
1

τ3
12

+
6θ1θ̄2

τ4
12

− 3(θ1θ̄1 + θ2θ̄2)

τ4
12

− 12θ1θ2θ̄1θ̄2

τ5
12

)
(4.24)
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leading to

CF = −C 3
2
, 3
2

CD =
3

4
C 3

2
, 3
2

(4.25)

in agreement with (4.8).

The three-point function of long supermultiplets is non-vanishing for three different

cases

j1 + j2 + j3 = 0 〈Φ∆1,j1Φ∆2,j2Φ∆3,j3〉W = c123

(
1− 2j2

θ23θ̄23
X23

)(
1− 2j1

θ13θ̄13
X13

)
X∆12

12 X∆23
23 X∆13

13

(4.26)

+ k123∆12


(
θ23
X23
− θ13

X13

)(
θ̄23
X23
− θ̄13

X13

)
X∆12+1

12 X∆23−1
23 X∆13−1

13

−2
θ23θ̄23θ13θ̄13

(
j1
X23

+ j2
X13

)
X∆12+1

12 X∆23
23 X∆13

13


j1 + j2 + j3 = −1

2
〈Φ∆1,j1Φ∆2,j2Φ∆3,j3〉W = c123

θ̄23
X23
− θ̄13

X13
+ 2 j2θ̄13θ23θ̄23−j1θ̄23θ13θ̄13X23X13

X
∆12+ 1

2
12 X

∆23− 1
2

23 X
∆13− 1

2
13

(4.27)

j1 + j2 + j3 =
1

2
〈Φ∆1,j1Φ∆2,j2Φ∆3,j3〉W = c123

θ23
X23
− θ13

X13
+ 2 j2θ13θ23θ̄23−j1θ23θ13θ̄13X23X13

X
∆12+ 1

2
12 X

∆23− 1
2

23 X
∆13− 1

2
13

(4.28)

where ∆12 = ∆1+∆2−∆3, ∆13 = ∆1+∆3−∆2, ∆23 = ∆2+∆3−∆1 while c123 and k123 are

undetermined parameters. In the following we will be interested in three-point functions

involving short multiplets, therefore we would like to understand which constraints need to

be imposed on the expressions (4.26), (4.27), (4.28) when chiral and antichiral superfields

are involved. To do this we need to apply the covariant derivatives (4.11) on the explicit

expression of the three-point functions and check whether they are annihilated.7 For the

case of vanishing total R-charge, which depends on two free parameters, this imposes

constraints on the c123 and k123. The list of non-vanishing three-point functions is in

table 1.

On the other hand, when the R-charges do not sum to zero there is only one free

parameter, therefore the three-point function either vanishes or is given by equations (4.27)

and (4.28). The list of non-vanishing three-point functions in this case is in table 2.

One important consequence of these conditions is that no three-point function with non-

vanishing total r-charge involves a chiral and an antichiral superfield, in particular

〈Φ̂−j1,j1Φ̂−j2,j2Φ̂j3,j3〉W = 0 for j1 + j2 + j3 = ±1

2
. (4.29)

This feature of the su(1, 1|1) invariant three-point functions will be very useful in the

following.

7We are grateful to Madalena Lemos for valuable help and useful suggestions on this point.
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j1 + j2 + j3 = 0

Condition Multiplet type Three-point function

k123 = −c123 〈Bj1A∆2,j2A∆3,j3〉 〈Φ̂j1,j1Φ∆2,j2Φ∆3,j3〉W
k123 = c123 〈B̄j1A∆2,j2A∆3,j3〉 〈Φ̂−j1,j1Φ∆2,j2Φ∆3,j3〉W
k123 = c123 〈A∆1,j1Bj2A∆3,j3〉 〈Φ∆1,j1Φ̂j2,j2Φ∆3,j3〉W
k123 = −c123 〈A∆1,j1 B̄j2A∆3,j3〉 〈Φ∆1,j1Φ̂−j2,j2Φ∆3,j3〉W

k123 = ∆2−∆1+j2−j1
∆2+∆1+j2+j1

c123 〈A∆1,j1A∆2,j2Bj3〉 〈Φ∆1,j1Φ∆2,j2Φ̂j3,j3〉W
k123 = −∆2−∆1−j2+j1

∆2+∆1−j2−j1 c123 〈A∆1,j1A∆2,j2 B̄j3〉 〈Φ∆1,j1Φ∆2,j2Φ−j3,j3〉W
k123 = −c123 〈Bj1 B̄j2A∆3,j3〉 〈Φ̂j1,j1Φ̂−j2,j2Φ∆3,j3〉W
k123 = c123 〈B̄j1Bj2A∆3,j3〉 〈Φ̂−j1,j1Φ̂j2,j2Φ∆3,j3〉W
k123 = −c123 〈Bj1A∆2,j2 B̄j3〉 〈Φ̂j1,j1Φ∆2,j2Φ̂−j3,j3〉W
k123 = c123 〈B̄j1A∆2,j2Bj3〉 〈Φ̂−j1,j1Φ∆2,j2Φ̂j3,j3〉W
k123 = c123 〈A∆1,j1Bj2 B̄j3〉 〈Φ∆1,j1Φ̂j2,j2Φ̂−j3,j3〉W
k123 = −c123 〈A∆1,j1 B̄j2Bj3〉 〈Φ∆1,j1Φ̂−j2,j2Φ̂j3,j3〉W
k123 = c123 〈B̄j1Bj2Bj3〉 〈Φ̂−j1,j1Φ̂j2,j2Φ̂j3,j3〉W
k123 = −c123 〈Bj1 B̄j2 B̄j3〉 〈Φ̂j1,j1Φ̂−j2,j2Φ̂−j3,j3〉W
k123 = c123 〈B̄j1Bj2 B̄j3〉 〈Φ̂−j1,j1Φ̂j2,j2Φ̂−j3,j3〉W
k123 = −c123 〈Bj1 B̄j2Bj3〉 〈Φ̂j1,j1Φ̂−j2,j2Φ̂j3,j3〉W

Table 1. Non-vanishing three-point functions of superfields with j1 + j2 + j3 = 0.

j1 + j2 + j3 = − 1
2

Multiplet type Three-point function

〈B̄j1A∆2,j2A∆3,j3〉 〈Φ̂−j1,j1Φ∆2,j2Φ∆3,j3〉W
〈A∆1,j1 B̄j2A∆3,j3〉 〈Φ∆1,j1Φ̂−j2,j2Φ∆3,j3〉W
〈A∆1,j1A∆2,j2 B̄j3〉 〈Φ∆1,j1Φ∆2,j2Φ−j3,j3〉W
〈B̄j1 B̄j2A∆3,j3〉 〈Φ̂−j1,j1Φ̂−j2,j2Φ∆3,j3〉W
〈B̄j1A∆2,j2 B̄j3〉 〈Φ̂−j1,j1Φ∆2,j2Φ̂−j3,j3〉W
〈A∆1,j1 B̄j2 B̄j3〉 〈Φ∆1,j1Φ̂−j2,j2Φ̂−j3,j3〉W

j1 + j2 + j3 = 1
2

Multiplet type Three-point function

〈Bj1A∆2,j2A∆3,j3〉 〈Φ̂j1,j1Φ∆2,j2Φ∆3,j3〉W
〈A∆1,j1Bj2A∆3,j3〉 〈Φ∆1,j1Φ̂j2,j2Φ∆3,j3〉W
〈A∆1,j1A∆2,j2Bj3〉 〈Φ∆1,j1Φ∆2,j2Φj3,j3〉W
〈Bj1Bj2A∆3,j3〉 〈Φ̂j1,j1Φ̂j2,j2Φ∆3,j3〉W
〈Bj1A∆2,j2Bj3〉 〈Φ̂j1,j1Φ∆2,j2Φ̂j3,j3〉W
〈A∆1,j1Bj2Bj3〉 〈Φ∆1,j1Φ̂j2,j2Φ̂j3,j3〉W

Table 2. Non-vanishing three-point functions of superfields with j1 + j2 + j3 = ± 1
2 .

4.3 Ward identity with broken supercharges

We now consider the action of a broken supercharge on a defect correlation function in

order to find a simple relation between cs and CD, i.e. between the two Bremsstrahlung

functions Bθ and Bφ. Let us stress this is a very peculiar feature of the defect setup, since

in the original theory, unless it originates from the breaking of some larger supersymmetry,

it wouldn’t be possible to connect objects in different supermultiplets. We first observe

that the supercharge Qaȧ connects the two supermultiplets since

εabεȧḃQ
aȧObḃ = 2 F . (4.30)
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This means that in the original theory the two operators belonged to the

same supermultiplet.

Oaȧ

faȧF

D

−1 −1
2−3

2

∆
j

3
2

1

2

QQaȧ

When the supercharge is broken one cannot derive a Ward identity like we did in section 4.1,

where we tacitly assumed that Q annihilates the Wilson line, but one has to rely on the

relation (2.25) for a supersymmetry variation. For the two-point function 〈Oaȧ(τ1)F̄(τ2)〉W
we have

〈QaȧO
aȧ(τ1)F̄(τ2)〉W + 〈Oaȧ(τ1)QaȧF̄(τ2)〉W = i

∫ τ1

−∞
dτ 〈faȧ(τ)Oaȧ(τ1)F̄(τ2)〉W

+ i

∫ τ2

τ1

dτ 〈Oaȧ(τ1)faȧ(τ)F̄(τ2)〉W − i
∫ ∞
τ2

dτ 〈Oaȧ(τ1)F̄(τ2)faȧ(τ)〉W . (4.31)

A quick look at the three-point functions show that they appear in the component expansion

of the superfield correlation function

〈Φ̂aȧ
1,−1(τ1, θ1, θ̄1)Φ̂bḃ

1,−1(τ, θ, θ̄)Φ̂ 3
2
, 3
2
(τ2, θ2, θ̄2)〉

W
∼ θ̄ 〈Oaȧ(τ1)fbḃ(τ)F̄(τ2)〉W + . . . (4.32)

which vanishes according to (4.29). Therefore we are left with

〈QaȧO
aȧ(τ1)F̄(τ2)〉W = −〈Oaȧ(τ1)QaȧF̄(τ2)〉W . (4.33)

Using the transformations in appendix D.2, one finds

QaȧF̄ = −2Dτ Ōȧa −
4πi

k
Caȧ (4.34)

where Caȧ is a conformal primary (though not necessarily superconformal primary) of

classical dimension 2, whose explicit form is given in appendix D.2 and it is not needed

here since its two-point function with Oaȧ is clearly vanishing. Therefore keeping only the

derivative term we get

〈F(τ1)F̄(τ2)〉W = εabεȧḃ∂τ2 〈O
aȧ(τ1)Obḃ(τ2)〉W (4.35)

and consequently

CF = 8cs ⇒ CD = −6cs . (4.36)

In order to relate this result with the Bremsstrahlung functions we need to use the universal

result of [3]

CD = 12Bϕ
1/6 (4.37)
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and the relation found in [76]8

cs = −4Bθ
1/6 . (4.38)

Inserting them inside (4.36) we get the main result of this paper

Bϕ
1/6 = 2Bθ

1/6 . (4.39)

5 Relations between Bremsstrahlung functions

In this section we review the cohomological relation between bosonic and fermionic super-

symmetric Wilson loops, also introducing the framing regularization. Moreover, we explore

some consequences of the result of the previous section leading to a relation between all

the Bremsstrahlung functions.

5.1 The cohomological equivalence and the framing

Since the supercharges preserved by the bosonic Wilson loop are shared by the fermionic

one, one may ask whether there is a relation between these operators. This possibility was

explored in [33], where it was shown that they are in the same cohomology class under the

shared supercharges. This means that the difference between the two Wilson loops is exact

with respect to a linear combination Q̃ of the shared supercharges, namely there exists a

functional V of the fields such that

WF [C]− W̃B[C] = Q̃ V (5.1)

where W̃B is a linear combination of the operators WB and ŴB.

The simplest example is given by the most supersymmetric case, when the contour is

an infinite straight line or a maximal circle. In this case the operators in (5.1) are given by

WF [C] =W1/2 , W̃B[C] =
1

2

(
W1/6 + Ŵ1/6

)
. (5.2)

The combination of charges Q̃ is obviously different in the two cases: for the straight line

Q̃ = Q+Q̄ where Q and Q̄ are defined in section 3, for the maximal circle Q̃ is a combination

of the Poincaré and superconformal supercharges (see [33]). For less supersymmetric Wilson

loops the relation (5.1) needs to be modified. For instance, considering the 1/6 and 1/12

BPS latitudes, we have

WF [C] =WF (ν) , W̃B[C] =
e−i

πν
2 WB(ν)− ei

πν
2 ŴB(ν)

e−i
πν
2 − ei

πν
2

. (5.3)

In this case the combination of charges Q̃ is given in [41]. To relate the vacuum expectation

value of bosonic and fermionic Wilson operators using (5.1), we need to review the framing

regularization.

8Notice that the operators Oaȧ in [76] are normalized differently (by a factor 4πi
k

) and therefore the

parameter γ in equation (62) and (65) of [76] is γ = −k2
16π2 cs.
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As in pure Chern-Simons theory, in ABJM theory the expectation value of Wilson

loops is affected by finite regularization ambiguities when short-distance divergences of

gauge field correlators are treated with a point-splitting regularization. To avoid this, one

requires that each point runs on a different path (frame). The new path can be written as

Cm : xµ(τ) → yµ(τ) = xµ(τ) + αmµ(τ) , |m(τ)| = 1 (5.4)

where mµ(τ) is orthogonal to the contour C. The expectation value of the Wilson loop

does not depend on the choice of the framing vector mµ(τ), but only on the cotorsion f ,

i.e. the number of times the modified contour Cm winds around the original one C. In

pure Chern-Simons theory, the contribution of the framing is captured by a one-loop exact

overall phase.

In ABJM the effect of the framing on BPS Wilson loops is more subtle and it was

studied in great detail in [41, 44, 77]. One can split the bosonic and fermionic Wilson loops

into their phases and moduli

〈WB[C]〉f = eiΦB(f,C) |〈WB[C]〉| , 〈ŴB[C]〉f = e−iΦB(f,C) |〈ŴB[C]〉| ,
〈WF [C]〉f = 〈WF [C]〉0 ,

(5.5)

where 〈. . .〉f denotes the expectation value at framing f , whose dependence is completely

encoded in the the phase ΦB. For this reason, the absolute value |〈WB[C]〉| does not depend

on f and can be taken at any desired framing. Notice that this is no longer true when

considering arbitrary winding n. Furthermore, compared to [44],9 we do not identify the

absolute value |〈WB[C]〉| with the expectation value at framing 0, which we allow to be

complex. We stress also, that the phase is a non-trivial function of λ, which we omit from

its arguments for simplicity. For the fermionic Wilson loop, we take into account that

in [48] the phase, which arises naturally in the computation of the loop via localization,

is argued to coincide with that computed in Chern-Simons theory with gauge supergroup

U(N |N), which in turn equals zero. As a result, 〈WF [C]〉f is insensitive to f .

In [33, 48] it was observed that the quantum realization of the relation (5.1) for the

circular Wilson loops needs a specific choice of framing. For example the relation

〈WF (1)〉1 =
1

2

(
〈WB(1)〉1 + 〈ŴB(1)〉1

)
(5.6)

computed by means of supersymmetric localization [46] shows clearly this feature. In the

latitude Wilson loop case a similar situation is expected [41]:

〈WF (ν)〉ν =
e−i

πν
2 〈WB(ν)〉ν − ei

πν
2 〈ŴB(ν)〉ν

e−i
πν
2 − ei

πν
2

, (5.7)

given the relations (5.5) evaluated at framing f = ν and the definitions (5.3).

9Hence we do not refer to our ΦB as “framing phase” to avoid confusion with previous literature. We

thank the authors of [78] for private communication on this point.
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5.2 Bremsstrahlung functions as bosonic phase

In the following the main goal is to work out some consequences of the result (4.39).

Combining this with (2.18) and (B.10) leads to

Bθ
1/6 =

1

4π2
∂ν log | 〈WB(ν)〉0 |

∣∣∣
ν=1

=
1

8π2
∂n log | 〈Wn

B(1)〉1 |
∣∣∣
n=1

=
1

2
Bϕ

1/6 . (5.8)

Next we adapt (5.8) to the bosonic latitude

〈WB(ν)〉f = eiΦB(f,ν) |〈WB(ν)〉| (5.9)

and write an equation involving latitude and n-wound circle

| 〈WB(ν)〉0 | = | 〈W
n
B(1)〉1 | (5.10)

where the left-hand side can be taken at any framing, including f = 1. The relation (5.10)

serves as implicit definition of the real function n = n(ν).10 Unfortunately, such func-

tion cannot be truly known unless the latitude loop is known exactly. Nevertheless, from

equation (5.8) we can conclude that

n(1) = 1 ,
∂n(ν)

∂ν

∣∣∣
ν=1

=
1

2
. (5.11)

We now recall equation (2.17), where B1/2 is expressed as logarithmic derivative of

the fermionic latitude respect to the latitude parameter ν. Leaving aside the possibility

of accessing the latter exactly, the cohomological relation (5.7) allows to argue that the

derivative is expressible as a combination of the bosonic operators, associated to the U(N)k
and U(N)−k gauge group factors, on the same latitude contour [41]:

B1/2 =
1

4π2

[
∂ν log

(
〈WB(ν)〉ν + 〈ŴB(ν)〉ν

) ∣∣∣
ν=1

+
π

2
tan ΦB

]
. (5.12)

The function ΦB ≡ ΦB(1, 1) from (5.9) is the phase of the expectation value of WB(1) on

the maximal circle of S2 (ν = 1) as computed by localization (f = 1) [46–48]. Then it is

easy to see that the second term in (5.12) can be written as

tan ΦB = −i〈WB(1)〉1 − 〈ŴB(1)〉1
〈WB(1)〉1 + 〈ŴB(1)〉1

= −i〈WB(1)〉1 − 〈WB(1)〉∗1
〈WB(1)〉1 + 〈WB(1)〉∗1

, (5.13)

where we take into account 〈ŴB(ν)〉ν = (〈WB(ν)〉ν)∗ and use the the shorthand

〈WB(1)〉1 = 〈W1
B(1)〉1 for the 1-wound circle. On the contrary, the first term is unknown

because localization computes the bosonic latitude only in the great circle case. However,

we can repeat the steps in [41]: trade the latitude parameter with the winding number

(albeit in a way different from (5.10), see footnote 10 again)[
∂ν log

(
〈WB(ν)〉ν + 〈ŴB(ν)〉ν

) ]
ν=1

=

[
∂n log

(
〈Wn

B(1)〉1 + 〈Ŵn
B(1)〉1

) ∂n(ν)

∂ν

]
n=1

(5.14)

10 It does not have to coincide with the function of the same name in [41], which our (5.14) is quoted

from, defined from the latitude at framing f = ν and no absolute values in (5.10).
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and use the localization formula for the n-wound loop to check that the logarithmic deriva-

tive in the right-hand side of (5.14) vanishes.11 Although this argument does not require

an explicit n(ν), one may worry that a divergent value of ∂n(ν)/∂ν|n=1 prevents the left-

hand side of (5.14) from being zero as well. While this possibility was somewhat excluded

in [41], we may use the behavior of its analogue function given in (5.11) and arrive to

B1/2 =
1

8π
tan ΦB = − i

8π

〈WB(1)〉1 − 〈WB(1)〉∗1
〈WB(1)〉1 + 〈WB(1)〉∗1

. (5.15)

The weak-coupling expansion of the n-wound loop in the planar limit reveals that (5.14)

should be described by an even function of λ whereas 〈WB(1)〉1 contains odd powers

only. Thus the vanishing of (5.14) leads to a Bremsstrahlung function that is an odd real

function of the coupling. The final expression (5.15) agrees with the early prediction in [45]

motivated by different arguments and it was thoroughly checked with perturbative data to

three loops at weak coupling for finite N [39, 41, 42] and at classical and one-loop order at

large coupling [40, 67, 76].12 In section 6 we derive an exact closed-form for (5.15) using

the results of localization.

The vanishing of the left-hand side of (5.14) has another interesting implication. Us-

ing (5.9) it becomes[
∂ν log | 〈WB(ν)〉0 |

]
ν=1

= tan ΦB

[
∂νΦB(ν, ν)

]
ν=1

. (5.16)

with the left-hand side taken at framing zero since, as mentioned before, the absolute value

is framing independent. The combination of the proven relation (4.39) and (5.15) leads to

Bθ
1/6 =

1

2
Bϕ

1/6 =
2

π
B1/2 ∂νΦB(ν, ν)|ν=1 . (5.17)

This chain of equalities is the main result of the section: the Bremsstrahlung functions in

ABJM are all related. In particular, they can all be expressed all in terms of an unique

function ΦB(ν, ν), the phase defined in (5.9). We remark that the statement (5.17) is highly

non-trivial because it establishes a connection between different small-angle deformations

of Wilson lines preserving different degrees of supersymmetry.

Given (5.17), we predict the first few orders of ΦB(ν, ν) at weak coupling and large

N .13 The bosonic latitude at framing zero [41] reads

〈WB(ν)〉0 = 1 +
π2

6

(
3ν2 + 2

)
λ2 +O(λ4) . (5.18)

Considering the first three order expansion of the bosonic maximal circle Wilson loop for

arbitrary framing and winding given in [77], we formulate the following ansatz

ΦB(ν, ν) = πνλ+ π3ν(aν2 + b)λ3 +O(λ4) (5.19)

11More generally, the vanishing for any ν is a consequence of the conjectured matrix model of [78].
12An early mismatch with the analysis of [67] was resolved by a careful re-evaluation of the one-loop

determinants for string fluctuations [76].
13We are thankful to Luca Griguolo and Domenico Seminara for discussions on this point.
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where a and b are two unknown parameters. We can uplift (5.18) to generic framing by

means of (5.5) as

〈WB(ν)〉ν = 1 + iπνλ+
π2

3
λ2 +

iπ3

3
ν
(
(3a+ 1)ν2 + 3b+ 1

)
λ3 +O(λ4) . (5.20)

The second equality in (5.17) must reproduce the genuine calculation of the first orders

of Bϕ
1/6

1

4
λ2 +

1

12
π2(12a+ 6b+ 1)λ4 !

=
1

4
λ2 − π2

4
λ4 (5.21)

as well as the expansion of circular matrix model for ν = 1 [47]14

1 + iπλ+
π2

3
λ2 +

iπ3

3
(3a+ 3b+ 2)λ3 !

= 1 + iπλ+
π2

3
λ2 +

iπ3

6
λ3 . (5.22)

These fix the free parameters a = −1/6 and b = −1/3. We conclude with a summary of

what is found:

ΦB(ν, ν) = πνλ− π3

6
ν(ν2 + 2)λ3 +O(λ4)

〈WB(ν)〉ν = 1 + iπλν +
π2λ2

3
+

1

6
iπ3λ3ν3 +O(λ4) .

(5.23)

6 Exact expression for B1/2 and comments on h(λ)

In this section we derive the non-perturbative expression of the 1
2BPS Bremsstrahlung

function (5.15) from the localization result of supersymmetric Wilson loops in ABJM with

purely bosonic couplings. To do this, we find convenient to organize some useful formulas

that seem scattered in different papers. We use them to rewrite the n-wound 1
6BPS Wilson

loop in a recursive form that takes inspiration from [49], but with the advantage that the

expectation value is readily in a quite explicit function of the coupling and no differential

relations are involved at all. Although not technically necessary, we quote only large-N

for simplicity. The result (6.14) is naturally written in terms of the “localization” coupling

constant κ = κ(λ) that has a close relation to the conjectured form of the interpolating

function h(λ), which plays the role of the effective coupling absorbing the dependence on

λ in all integrability-based calculations in ABJM. This connection enable us to make few

comments on the (still lacking) proof of the proposal of [17] for the exact expression of

h(λ).

6.1 B1/2 from 1
6
BPS Wilson loops

Localization techniques on S3 computes the expectation value of the 1
6BPS Wilson loop

that winds n-times around a circle in terms of a matrix model [46–48]. At large N it is

solvable in the integral form [47]15

〈Wn
B(1)〉1 = − i

2π2λ

∫ a

1/a
dx enx arctan

√
α− 2 coshx

β + 2 coshx
. (6.1)

14The expansion is readily available in appendix E of [41] after setting m = 1.
15Notice a different Wilson loop normalization when comparing with [49].
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Few comments are in order. We see shortly that the integral is not naturally a function of λ

but instead of κ > 0, as defined from the latter via inversion of an hypergeometric function

λ =
κ

8π
3F2

(
1

2
,

1

2
,

1

2
; 1,

3

2
;−κ

2

16

)
. (6.2)

The weakly-coupled region λ � 1 (strongly-coupled region λ � 1) corresponds to κ � 1

(κ � 1). The relation can be solved perturbatively in both regimes and it represents one

example of “mirror maps” in [47] between a “bare” coordinate (κ), in which the Wilson

loop is naturally given, and a “flat” coordinate (λ) computed in terms of the former by a

certain period integral. The integrand (6.1) is defined by the auxiliary variables

α = 2 + iκ , β = 2− iκ . (6.3)

The parameter a and b, which determine the positions of the cuts (in the relevant lens

space matrix model [79]) where the eigenvalues tend to condense in the planar limit, are

a =
1

2

(
α+

√
α2 − 4

)
, b =

1

2

(
β +

√
β2 − 4

)
, (6.4)

with the properties

α = a+
1

a
, β = b+

1

b
, β = α∗ , b = a∗ . (6.5)

We quote only the integral (6.1) for the Wilson loop associated to U(N)k. The Wilson

loop for U(N)−k is obtained from this by swapping a↔ b and changing the overall sign

〈Ŵn
B(1)〉1 = 〈Wn

B(1)〉∗1 = −〈Wn
B(1)〉1

∣∣∣
a↔b

. (6.6)

Let us bring the integral (6.1) into a more explicit form. The change of variable y = ex

transforms (6.1) into

〈Wn
B(1)〉1 = − i

2π2λ

∫ a

1/a
dy yn−1 arctan

√
−y2 + αy − 1

y2 + βy + 1
(6.7)

and partial integration eliminates the trigonometric function in the integrand16

〈Wn
B(1)〉1 =

i

4π2nλ

∫ a

1/a
dy

yn+1 − yn−1√
(−y2 + αy − 1)(y2 + βy + 1)

=
i

2π2nλ
(In+1 − In−1) , (6.8)

where one defines [49]

In ≡
∫ a

1/a

yn

2
√

(−y2 + αy − 1)(y2 + βy + 1)
, n ∈ N . (6.9)

16We neglected y-dependent complex phases to put the denominator under a unique square root. However,

this is eventually harmless because the difference of I’s in the last equality of (6.8), computed as in (6.11),

agrees with (6.7) numerically.
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The solution comes from expanding the “generating functional” [80]∫ a

1/a

dy

(p− y)
√

(−y2 + αy − 1)(y2 + βy + 1)
=

2
√
a
√
b

(a+ b)(b+ p)(ap− 1)
(6.10)

×
[
(1− ap)K

(
−(a2 − 1)(b2 − 1)

(a+ b)2

)
− (1 + ab)Π

(
(a2 − 1)(b+ p)

(a+ b)(ap− 1)

)]
for p→∞ and equating powers of p−1. The result is [49]17

In =

√
ab

1 + ab

n∑
j=0

(
n

j

)
(−1)n+j+1(a+ b)jbn−jVj (6.11)

where Vj is given recursively in terms of Jacobi elliptic functions18

V0 = K(s) , V1 = Π(t|s) ,

V2 =
1

2(t− 1)(s− t)
[
tE(s) + (s− t)K(s) + (2st+ 2t− t2 − 3s)Π(t|s)

]
,

Vm+3 =
1

2(m+ 2)(t− 1)(s− t)
[−(2m+ 1)sVm − 2(m+ 1)(st+ t− 3s)Vm+1

−(2m+ 3)(t2 − 2st− 2t+ 3s)Vm+2

]
, m ≥ 0 ,

(6.12)

with

s =
(a2 − 1)(b2 − 1)

(1 + ab)2
, t =

1− a2

1 + ab
. (6.13)

Formula (6.8) together with (6.3)–(6.4) and (6.11)–(6.13) expresses the expectation

value (6.1) as a function of κ, and so of λ via the inversion of (6.2).

We find it hard to write the nth-derivative of (6.8)19 at n = 1, thus preventing a

compact formula for the 1
6BPS Bremsstrahlung functions (1.2). To this aim, what one

ideally needs is a solution of (6.9) for real n, which we could not obtain relying on (6.10).

Alternatively, one can try to solve the recurrence (6.12) in closed form and then promote

the index of Vj to be continuous, but this is not very useful either because of the discrete

sum in (6.11). The case of single-wound Wilson loop is instead very simple

〈W1
B(1)〉1 =

i

4π2λ
√
ab(1 + ab)

[
b(a2b− ab2 + 3a+ b) K

((
a2 − 1

) (
b2 − 1

)
(ab+ 1)2

)
(6.14)

− (1 + ab)2 E

((
a2 − 1

) (
b2 − 1

)
(1 + ab)2

)

+(a2 − b2)(1− ab) Π

(
1− a2

1 + ab

∣∣∣∣∣
(
a2 − 1

) (
b2 − 1

)
(1 + ab)2

)]
.

17An error in this paper is corrected.
18In the Abramowitz & Stegun/Mathematica notation, e.g. appendix A in [81]: E and Π are the incom-

plete elliptic integrals of the second and third kind, K and E are the complete elliptic integrals of the first

and second kind.
19An alternative result is available at any winding number and finite N (neglecting exponentially small

corrections) in terms of Airy functions [49]. However it does not seem to us that it is possible to expand it

consistently at λ� 1 after the planar limit is imposed, which justifies why we choose not to make use of it

for the purpose of the derivative.
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Figure 2. Left panel: plot of (6.16) (black curve) and its weak/strong coupling expansions (6.19)

and (6.22) (blue/red curves) as functions of the ’t Hooft coupling. Right panel: plot of (6.16) as

function of the interpolating function of ABJM integrability.

The imaginary part (5.13) is easily extracted with a property that gives the elliptic integral

Π when a and b are swapped (see above (6.6))

Π

(
1− b2

1 + ab

∣∣∣∣∣
(
a2 − 1

) (
b2 − 1

)
(1 + ab)2

)
= −Π

(
1− a2

1 + ab

∣∣∣∣∣
(
a2 − 1

) (
b2 − 1

)
(1 + ab)2

)
(6.15)

+
π(1 + ab)

2
√
ab(a+ b)

+ K

((
a2 − 1

) (
b2 − 1

)
(ab+ 1)2

)
.

This leads to the desired expression for the Bremsstrahlung function (5.15)

B1/2 =
i

8π

[
1 +

4
√
ab3/2(3a+ b+ a2b− ab2)

π(a− b)(a2b2 − 1)
K

((
a2 − 1

) (
b2 − 1

)
(ab+ 1)2

)
− 4

√
ab(1 + ab)

π(a− b)(ab− 1)

×E

((
a2 − 1

) (
b2 − 1

)
(1 + ab)2

)
− 4
√
ab(a+ b)

π(1 + ab)
Π

(
1− a2

1 + ab

∣∣∣∣∣
(
a2 − 1

) (
b2 − 1

)
(1 + ab)2

)]
, (6.16)

where we remind that

a = 1 +
i

2
κ+

i

2

√
κ(κ− 4i) , b = 1− i

2
κ− i

2

√
κ(κ+ 4i) (6.17)

are functions of λ through (6.2). The parameters are complex but (6.16) is real by con-

struction (5.15), see also left panel in figure 2, although not manifestly.

As a check, we perform a weak coupling expansion. In the region λ� 1 the inversion

of (6.2) delivers [47]

κ = 8πλ+
8π3

3
λ3 − 14π5

15
λ5 +

346π7

315
λ7 +O(λ9) (6.18)
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and one obtains

B1/2 =
λ

8
− π2λ3

48
+O(λ5) . (6.19)

It reproduces the known coefficients in calculations up to three loops [39, 41, 42]. In the

opposite regime λ� 1 one has [47]

κ = eπ
√

2λ
(
1 +O(λ−1/2, e−2π

√
2λ)
)

(6.20)

and from20

Π

(
1− a2

1 + ab

∣∣∣∣∣
(
a2 − 1

) (
b2 − 1

)
(1 + ab)2

)
= −3i

8
κ log κ+

π

16
κ+O(log κ) , κ→∞ (6.21)

it follows that

B1/2 =

√
λ

2
√

2π
− 1

4π2
+O(λ−1/2) , λ� 1 . (6.22)

This agrees with the classical and one-loop order in calculations in string theory [40, 67, 76].

6.2 Interpolating function

A conjecture for the exact expression of the interpolating function of ABJM integrability

was put forward in [17]. The proposal takes the form of an implicit equation

λ =
sinh(2πh(λ))

2π
3F2

(
1

2
,

1

2
,

1

2
; 1,

3

2
;− sinh2(2πh(λ))

)
(6.23)

based on the similarity between two exact results in ABJM: the slope function [82] describ-

ing the small-spin limit of SL(2) operators as derived via integrability [83] and the 1
6BPS

Wilson loop (6.1) via localization. In particular, one recognizes that h(λ) should have a

very simple expression in terms of the localization effective coupling (6.2)

κ(λ) = 4 sinh(2πh(λ)) (6.24)

where the ’t Hooft coupling is absorbed in these two “couplings” and does not appear ex-

plicitly. As suggested in [17], a rigorous derivation of (6.23) would require the comparison

of the Bremsstrahlung function obtained as function of h(λ) from thermodynamic Bethe

ansatz equations [84, 85] or quantum spectral curve method [86] and the localization pre-

diction (6.16) function of κ(λ), paralleling a similar derivation done in N = 4 SYM [4].

The comparison has not been done yet in ABJM because the integrability calculation is

still lacking at the moment. Here we want instead to assume that (6.23) is correct and use

the comparison to make an explicit prediction on the result of the integrability calculation

of B1/2. One should take (6.16) with a, b given by (6.3)–(6.4) in terms of κ and then trade

κ with the interpolating function using (6.24). This yields B1/2 as an explicit function of

h(λ) (figure 2, right panel) that will be very interesting to derive from first principles in

the future.
20We expand the elliptic integral for the two arguments going to 1 and then expand in κ.
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A Conventions

The 1
6BPS Wilson line breaks the SU(4) R-symmetry down to SU(2) × SU(2) × U(1). In

particular the SU(4) fundamental indices are split as follows

I = (a, ȧ) (A.1)

where a is a fundamental index of the first SU(2) factor and ȧ of the second one. Those

are raised and lowered by the action of epsilon tensors with the following conventions:

ε12 = ε1̇2̇ = 1 ε12 = ε1̇2̇ = −1 (A.2)

such that

εabεbc = δac εȧḃεḃċ = δȧċ . (A.3)

The spinor contractions and the conventions of the raising and lowering spinorial indices

are as follows

χχ̄ ≡ χαχ̄α χα = εαβχβ εαβεβγ = δαγ ε12 = −ε12 = 1 . (A.4)

We work in the Euclidean space parametrized by the vector xµ = {x1, x2, x3} with γ

matrices

(γµ)α
β = (σ1, σ2,−σ3) (A.5)

satisfying the Clifford algebra {γµ, γν} = 2δµν1 and obeying the following relation

(γµ)αβ = εαγεβδ(γ
µ)γ

δ =⇒ (γµ)αβ = (σ1,−σ2,−σ3) (A.6)

where σ’s are the Pauli matrices. When gamma matrices are involved and no spinor indices

are specified the following convention is assumed

χγµχ̄ = χα(γµ)α
βχ̄β . (A.7)
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In this paper for the straight line we use the ± basis, then it is useful to write down the

gamma matrices projected in this basis

(γµ± basis)±
±

= {σ3, σ2,−σ1} . (A.8)

B Bremsstrahlung functions and operator insertions

In this section we justify and motivate the introduction of an absolute value in the prescrip-

tion for computing Bθ
1/6 in terms of the latitude Wilson loops. All expectation values in this

appendix are at framing 0, hence the subscript is suppressed. Consider first the generalized

cusp described in section 2.3. When taking a double derivative with respect to the internal

angle θ, in our notation we get a the following combination of defect two-point functions

∂2

∂θ2
log 〈WB[C]〉

∣∣∣∣
θ=0

=
1

4

∫ ∞
0

dτ1

∫ ∞
τ1

dτ2

(
〈O21̇(τ1)Ō2̇1(τ2)〉W + 〈Ō2̇1(τ1)O21̇(τ2)〉W

)
(B.1)

where one should keep in mind that O21̇ = 4πi
k C1C̄

3. Although the symmetry fixes

〈O21̇(τ1)Ō2̇1(τ2)〉W = 〈Ō2̇1(τ1)O21̇(τ2)〉W (B.2)

let us suppose for a second that they are determined by the general form (4.1) with two

different coefficients cs and c̄s. Therefore we get

∂2

∂θ2
log 〈WB[C]〉

∣∣∣∣
θ=0

= −cs + c̄s
4

∫ ∞
0

dτ1

∫ ∞
τ1

dτ2
1

|τ12|2
. (B.3)

Switching to the cylinder parametrization (see [43, 76]) we get

∂2

∂θ2
log 〈WB[C]〉

∣∣∣∣
θ=0

= −cs + c̄s
4

∫ ∞
−∞

dτ1

∫ ∞
τ1

dτ2
1

2(cosh τ12 − 1)
= T

cs + c̄s
4

(B.4)

where T is an overall divergence corresponding to the integral
∫∞
−∞ dτ . From that, using

the same arguments of [43, 76] we can write

Bθ
1/6 = − 1

2T

∂2

∂θ2
log 〈WB[C]〉

∣∣∣∣
θ=0

= −cs + c̄s
8

. (B.5)

On the other hand, when we consider the derivative of the latitude Wilson loop of

section 2.1 we have

∂2 log 〈WB(ν)〉
∂θ2

0

∣∣∣∣
θ0=0

= −1

4

∫ 2π

0
dτ1

∫ 2π

τ1

dτ2

(
eiτ12 〈O21̇(τ1)Ō2̇1(τ2)〉W + e−iτ12 〈Ō2̇1(τ1)O21̇(τ2)〉W

)
(B.6)

which gives

∂2 log 〈WB(ν)〉
∂θ2

0

∣∣∣∣
θ0=0

= −π
2

∫ 2π

0
dτ1

∫ 2π

τ1

dτ2

(
eiτ12cs + e−iτ12 c̄s

2(1− cos τ12)

)
. (B.7)

– 33 –



J
H
E
P
0
7
(
2
0
1
8
)
0
6
0

This gives a real and an imaginary contribution

∂2 log 〈WB(ν)〉
∂θ2

0

∣∣∣∣
θ0=0

= −π
2

∫ 2π

0
dτ1

∫ 2π

τ1

dτ2

(
(cs + c̄s) cos τ12 + i(cs − c̄s) sin τ12

2(1− cos τ12)

)
.

(B.8)

As we mentioned cs = c̄s, but since (cs−c̄s) multiplies a divergent integral the overlapping of

these effects may produce an anomaly-like contribution in equation (B.8). The perturbative

computation of [78] actually shows that this is indeed the case. To avoid this issue and

recover the expression for the Bremsstrahlung function in equation (B.5) we combine (B.8)

with its complex conjugate, so that the imaginary part disappears

1

2

(
∂2 log 〈WB(ν)〉

∂θ2
0

∣∣∣∣
θ0=0

+
∂2 log 〈ŴB(ν)〉

∂θ2
0

∣∣∣∣∣
θ0=0

)
= −π

2

2
(cs + c̄s) = −π2cs . (B.9)

Therefore, reinstating the subscript for framing 0 we conclude

Bθ
1/6 =

1

4π2
∂ν log |〈WB(ν)〉0|

∣∣∣
ν=1

. (B.10)

C The su(1, 1|1) subalgebra

We start from the osp(6|4) supersymmetry algebra, which contains the three-dimensional

conformal algebra

[Pµ,Kν ] = −2δµνD − 2Mµν [D,P µ] = Pµ [D,Kµ] = −Kµ (C.1)

[Mµν ,Mρσ] = δσ[µMν]ρ + δρ[νMµ]σ [Pµ,Mνρ] = δµ[νP ρ] [Kµ,Mνρ] = δµ[νKρ] , (C.2)

the SU(4) generators

[JI
J , JK

L] = δLI JK
J − δJKJIL (C.3)

and the fermionic generators QIJα and SIJα

{QIJα , QKLβ} = 2εIJKL(γµ)α
βPµ {SIJα , SKLβ} = 2εIJKL(γµ)α

βKµ (C.4)

{QIJα , SKLβ} = iεIJKL((γµν)α
βMµν + 2δβαD) + 2iδβαε

KLMN (δJMJN
I − δIMJNJ) (C.5)

with the reality condition Q̄IJα = 1
2εIJKLQ

KL
α . Mixed commutators are

[D,QIJα ] =
1

2
QIJα [D,SIJα ] = −1

2
SIJα (C.6)

[Mµν , QIJα ] = −1

2
(γµν)α

βQIJβ [Mµν , SIJα ] = −1

2
(γµν)α

βSIJβ (C.7)

[Kµ, QIJα ] = i(γµ)α
βSIJβ [Pµ, SIJα ] = i(γµ)α

βQIJβ (C.8)

[JI
J , QKLα ] = δKI Q

JL
α + δLI Q

KJ
α − 1

2
δJI Q

KL
α [JI

J , SKLα ] = δKI S
JL
α + δLI S

KJ
α − 1

2
δJI S

KL
α .

(C.9)
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The su(1, 1|1) subalgebra generated by {D,P,K, J ;Q, Q̄, S, S̄} is preserved by the
1
6BPS Wilson line, with the identifications

P ≡ P1 K ≡ K1 J ≡ J1
1 + J2

2 − iM23 (C.10)

Q ≡ Q12
+ Q̄ ≡ Q34

− S ≡ −iS12
+ S̄ ≡ iS34

− . (C.11)

The su(1, 1) commutation relations are

[P,K] = −2D [D,P ] = P [D,K] = −K . (C.12)

The anticommutation relations for the fermionic generators read

{Q, Q̄} = 2P {S, S̄} = 2K (C.13)

{Q, S̄} = 2D − 2J {S, Q̄} = 2D + 2J (C.14)

and mixed commutators

[D,Q] =
1

2
Q [D, Q̄] =

1

2
Q̄ [D,S] = −1

2
S [D, S̄] = −1

2
S̄ (C.15)

[K,Q] = S [K, Q̄] = S̄ [P, S] = −Q [P, S̄] = −Q̄ (C.16)

[J,Q] =
1

2
Q [J, Q̄] = −1

2
Q̄ [J, S] =

1

2
S [J, S̄] = −1

2
S̄ . (C.17)

C.1 Representations of su(1, 1|1)

We briefly review the classification of long and short multiplets of su(1, 1|1). The algebra

is characterized by two Dynkin labels [∆, j] associated to the Cartan generators of the

subalgebra su(1, 1)⊕ u(1). The supercharges carry the following charges

Q [
1

2
,
1

2
] Q̄ [

1

2
,−1

2
] S [−1

2
,
1

2
] S̄ [−1

2
,

1

2
] . (C.18)

A highest weight state |∆, j〉 is defined by the condition

S |∆, j〉 = S̄ |∆, j〉 = 0 (C.19)

and a long multiplet A∆,j can be easily built by acting on it with the supercharges Q and Q̄

[∆, j]

[∆ + 1
2 , j + 1

2 ][∆ + 1
2 , j −

1
2 ]

QQ̄

[∆ + 1, j]

There are then two possible shortening conditions, generating two 1
2BPS multiplets

j > 0 Q |∆, j〉 = 0 ⇒ ∆ = j Bj (C.20)

j < 0 Q̄ |∆, j〉 = 0 ⇒ ∆ = −j B̄j (C.21)
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Those multiplets contain only two operators (besides the infinite tower of conformal de-

scendants)

Bj

[j, j]

[j + 1
2 , j −

1
2 ]

Q̄

B̄j

[−j, j]

[−j + 1
2 , j + 1

2 ]

Q

and the long multiplet at the unitarity bound simply decomposes as

j > 0 Aj,j = Bj ⊕ Bj+ 1
2

(C.22)

j < 0 A−j,j = B̄j ⊕ B̄j− 1
2
. (C.23)

D SUSY transformations

In our conventions the N = 6 supersymmetry transformations for the fundamental fields

read

δCI = −θIJ ψ̄J

δC̄I = −θ̄IJψJ

δψαI = −2θβIJ(γµ)β
αDµC̄

J +
4π

k
θαIJ(C̄JCKC̄

K − C̄KCKC̄J) +
8π

k
θαKLC̄

KCIC̄
L

δψ̄Iα = −2θ̄IJ β(γµ)βαDµCJ +
4π

k
θ̄IJα (CKC̄

KCJ − CJ C̄KCK) +
8π

k
θ̄KLα CLC̄

ICK

δAµ = −2πi

k
(θ̄IJγµCIψJ + θIJγµψ̄

IC̄J)

δÂµ = −2πi

k
(θ̄IJγµψJCI + θIJγµC̄

J ψ̄I) . (D.1)

The action of the supercharge QIJα can be obtained by applying of the differential operator

QIJα =
∂

∂θαIJ
(D.2)

and using the reality condition θ̄IJ = 1
2ε
IJKLθKL with ε1234 = 1.
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D.1 Preserved SUSY transformations

From the transformations (D.1) we extract the variation of the fundamental fields under

the preserved supercharges Q and Q̄

QCa = εabψ̄
b
+ QCȧ = 0 QC̄a = 0

QC̄ ȧ = εȧḃψ−
ḃ

(D.3)

Q̄Ca = 0 Q̄Cȧ = εȧḃψ̄
ḃ
− Q̄C̄a = −εabψ+

b Q̄C̄ ȧ = 0 (D.4)

Qψ+
a = 2εabDτ C̄b Qψ−a = −2iεabDC̄

b Qψ+
ȧ =

8π

k
εabC̄

aCȧC̄
b Qψ−ȧ = 0 (D.5)

Qψ̄a+ = 0 Qψ̄a− = −8π

k
εȧḃCȧC̄

aCḃ Qψ̄ȧ+ = −2iεȧḃDCḃ

Qψ̄ȧ− = −2εȧḃDτCḃ (D.6)

Q̄ψ+
a = 0 Q̄ψ−a = −8π

k
εȧḃC̄

ȧCaC̄
ḃ Q̄ψ+

ȧ = 2iεȧḃD̄C̄
ḃ

Q̄ψ−ȧ = −2εȧḃDτ C̄
ḃ (D.7)

Q̄ψ̄a+ = −2εabDτCb Q̄ψ̄a− = −2iεabD̄Cb Q̄ψ̄ȧ+ =
8π

k
εabCaC̄

ȧCb Q̄ψ̄ȧ− = 0 (D.8)

QA1 =
2πi

k
(εȧḃCȧψ

−
ḃ

+ εabψ̄
a
+C̄

b) Q̄A1 =
2πi

k
(−εȧḃψ̄

ȧ
−C̄

ḃ + εabCaψ
+
b ) (D.9)

where

DτCa = ∂τCa + iLBCa − iCaL̂B Dτ C̄a = ∂τ C̄
a + iL̂BC̄a − iC̄aLB (D.10)

D = D2 − iD3 D̄ = D2 + iD3 . (D.11)

From the supersymmetry transformations it is clear that the insertion of a single scalar

field is BPS and one can check for consistency that

Q̄QCa = {Q, Q̄}Ca = −2DτCa QQ̄Cȧ = {Q, Q̄}Cȧ = −2DτCȧ (D.12)

Q̄QC̄ ȧ = {Q, Q̄}C̄ ȧ = −2Dτ C̄ ȧ QQ̄C̄a = {Q, Q̄}C̄a = −2Dτ C̄a . (D.13)

D.2 Broken SUSY transformations

In section 3.2 we need to compute the variation of the connection LB under the broken

generator Q. To do this we need to consider their action on the scalars and on the parallel

component of the gauge field:

QCa = 0 QCȧ = εȧḃψ̄
ḃ
+ QC̄a = εabψ−b QC̄ ȧ = 0 (D.14)

QA1 =
2πi

k

(
εabCaψ

−
b + εȧḃψ̄

ȧ
+C̄

ḃ
)
. (D.15)

Furthermore in section 3.3 and 4.3 and we need the action of the supercharges Qaȧ on

the fundamental fields. For the scalars

QaȧCb = −δab ψ̄ȧ+ QaȧCḃ = δȧ
ḃ
ψ̄a+ QaȧC̄b = −εabεȧḃψ−

ḃ
QaȧC̄ ḃ = εabεȧḃψ−b (D.16)
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For the fermions

Qbḃψ+
a = −δba2Dτ C̄ ḃ −

8π

k
[δba(C̄

cCcC̄
ḃ − C̄ ḃCcC̄c) + C̄ ḃCaC̄

b − C̄bCaC̄ ḃ] (D.17)

Qbḃψ−a = 2iδbaDC̄
ḃ (D.18)

Qbḃψ+
ȧ = δḃȧ2Dτ C̄b +

8π

k
[δḃȧ(C̄

cCcC̄
b − C̄bCcC̄c)− C̄ ḃCȧC̄b + C̄bCȧC̄

ḃ] (D.19)

Qbḃψ−ȧ = −2iδḃȧDC̄
b (D.20)

Qbḃψ̄a− = εabεȧḃ2DτCȧ −
8π

k
[εabεȧḃ(CċC̄

ċCȧ − CȧC̄ ċCċ) + εcbεċḃ(CċC̄
aCc − CcC̄aCċ)]

(D.21)

Qbḃψ̄a+ = 2iεabεȧḃDCȧ (D.22)

Qbḃψ̄ȧ− = −εabεȧḃ2DτCa +
8π

k
[εabεȧḃ(CċC̄

ċCa − CaC̄ ċCċ)− εcbεċḃ(CċC̄ ȧCc − CcC̄ ȧCċ)]

(D.23)

Qbḃψ̄ȧ+ = −2iεabεȧḃDCa (D.24)

and for the parallel component of the gauge field

QbḃA1 = −2πi

k
(εabεȧḃCaψ

−
ȧ − ε

abεȧḃCȧψ
−
a + ψ̄b+C̄

ḃ − ψ̄ḃ+C̄b) . (D.25)

One particular supersymmetry transformation that we need in section 4.3 is

QaȧF̄ = − 2Dτ Ōȧa −
4πi

k
εȧḃψ̄aαψ

α
ḃ

(D.26)

− 32π2i

k2
[εȧḃ(CċC̄

ċCḃC̄
a − CḃC̄

ċCċC̄
a) + εacεȧċεbd(CċC̄

bCcC̄
d − CcC̄bCċC̄d)

− εȧċ(CċC̄cCcC̄a − CċC̄aCcC̄c) + εḃċ(CċC̄
ȧCḃC̄

a − CċC̄aCḃC̄
ȧ)] .
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