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A CHARACTERIZATION OF FINAL FUNCTORS BETWEEN
INTERNAL GROUPOIDS IN EXACT CATEGORIES

ALAN S. CIGOLI

ABSTRACT. This paper provides three characterizations of final functors between in-
ternal groupoids in an exact category (in the sense of Barr). In particular, it is proved
that a functor between internal groupoids is final if and only if it is internally full and
essentially surjective.

1. Introduction

The comprehensive factorization of a functor was introduced by Street and Walters in
[Street—Walters, 1973], where they showed that any functor F': C — D between arbitrary
categories is the composite of an initial functor followed by a discrete opfibration, and
these two classes of functors form an orthogonal factorization system. By duality, a similar
factorization can be obtained by means of a final functor followed by a discrete fibration,
and the latter too is known under the name of comprehensive factorization.

Let us recall that a functor F': C — D is called final if, for any object y in D, the comma
category (y | F') is non-empty and connected. On the other hand, a discrete fibration
is a functor F': C — D such that, for any object = in C and any arrow g: y — F(x) in
D, there exists a unique arrow f in C with codomain z and such that F(f) = ¢. Initial
functors and discrete opfibrations are the obvious dual of the previous concepts.

It is an easy observation that if we restrict our attention to groupoids, then initial
and final functors coincide, and the same is true for (discrete) fibrations and opfibrations.
Moreover the following elementary and well-known result holds.

1.1. PROPOSITION. A functor between groupoids is final if and only if it is full and es-
sentially surjective.

An internal version of the comprehensive factorization system for functors between
groupoids in an exact category (in the sense of [Barr, 1971]) has been developed by Bourn
in [Bourn, 1987], where he provided an explicit description of the above factorization by
means of the décalage functor. In that paper, Bourn considers internal discrete fibrations
as a basic notion and defines final functors as their orthogonal class. As far as we know,
the characterization of Proposition 1.1 has no internal counterpart in the literature. It is
the aim of the present work to fill this gap.
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A study of the comprehensive factorization system in the context of semi-abelian
categories has been carried out in [Cigoli-Mantovani-Metere, 2014], where final functors
were shown to correspond to push forwards of crossed modules. As a consequence, a
characterization of final functors was given in terms of the homotopy invariants my and
7. Namely, a functor F' is final if and only if 7y(F) is an isomorphism and m(F) is
a regular epimorphism. Our Corollary 4.3 provides a generalization of this result which
holds in any exact category.

2. Internal groupoids

We fix here some notation and recall a few basic facts about (internal) groupoids. A(n
internal) category H in a finitely complete category C is given by a diagram

p1 CH
Hy X Hy —mu> Hy <en— H,
P2 dn

satisfying the usual axioms. H is a groupoid when, in addition, it comes equipped with
an “inversion of arrows” morphism

1 H — H;

satisfying the well-known axioms. We will avoid the use of subscripts as far as no confusion
arises.
A(n internal) functor, denoted by F': H — G, is given by a pair of morphisms ( fo, f1)

in C such that fod = df1, foc = cfi, efo = fie and ma(fi X5, f1) = fimau:

We denote by Gpd(C) the category of groupoids in C and functors between them.
2.1. SOME RELEVANT CLASSES OF FUNCTORS. A discrete fibration in C is a functor
F: H — G between categories for which the square

H14>G1

| |
d: \C d: lc
Y Y
Hy—5~ G
of solid arrows is a pullback. In the case of groupoids, thanks to the inversion morphisms,

the commutative square with dashed downward arrows is a pullback too, hence F' is also
a discrete opfibration. It is easy to prove that discrete (op)fibrations are pullback stable.
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Given a groupoid G and a morphism f: X — Gj in C, the groupoid structure on
G induces a groupoid structure over X, whose object of arrows is the object P in the
pullback square

P - Gy

(S»t)j j(d»fz’)

XXXWG()XGQ.

Moreover, we get a functor
P—Y .

SRl

XT‘GO

where u = ((1,1),e). The pair (f,v) provides a cartesian lifting of f at G, with respect
to the functor ()o: Gpd(C) — C sending any groupoid in C to its object of objects. This
proves that () is indeed a fibration (see also [Bourn, 2010]), so we are allowed to denote
by f*G the domain of the functor (f,v). The square above is also called the joint pullback
of (d,c) along f.

In particular, given a morphism F': H — G in Gpd(C), one can factor F' through f;G,
as in the following diagram:

f1
T
H =P —— G,
Al
HQ H()TG().

In fact, the above procedure yields a factorization system for Gpd(C) given by bijective
on objects and fully faithful functors, the latter being defined as those functors for which
¢r is an isomorphism. A functor F' is said to be full if ¢ is a regular epimorphism and
faithful if ¢ is a monomorphism.

2.2. PROPOSITION. Let C be a reqular category and consider the pullback

H xg H —F > H

H G

in Gpd(C).
1. If F is full, F is full;



268 ALAN S. CIGOLI

2. If F is faithful, F is faithful.

If moreover the arrow component f{ of F' is a reqular epimorphism, then the converse of
1. and 2., respectively, is true.

PROOF. Let us consider the following commutative diagram

P’ v Hy
fi
\ (dyc)

P - l Gy

(Ho X@, Hp)) x (Hy X, H}) ‘ ——— H| x H} (dc)
\ l o <
0><fo
o X H() Go X G()

Jox fo

where the front and back faces of the cube are the pullbacks yielding the fully faithful
liftings of fy and f, at G and H' respectively. Since the bottom face is a pullback, then
so is the top face. As a consequence, in the diagram below, since the whole rectangle and
the right hand square are pullbacks, so is the square on the left hand side.

Hy %, H—~ P~ H]
N
H1 P v Gl
¢F

Now 1. and 2. follow by definition of full and faithful functor and from the fact that
monomorphisms and regular epimorphisms are pullback stable in C. If f| is a regular
epimorphism, so is w, and the converse of 1. follows trivially. For the converse of 2., let
us observe that since in the left hand side pullback w and 7/1 are regular epimorphisms,
by elementary descent theory, if ¢ is a monomorphism, so is ¢r. The latter argument is
often referred to as part of the Barr-Kock Theorem (see [Bourn—Gran, 2004], for instance).

u

Finally, given a functor F': H — G, consider the pullback

7
Ho X (fy,0) Gh ——Gh

H, Go

0

in C. F is said to be essentially surjective if the composite df,: Hy X (fo,e) G1 = Go is a
regular epimorphism.
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2.3. SUPPORT AND CONNECTED COMPONENTS. We shall suppose from now on that C
is exact in the sense of [Barr, 1971]. Recall from [Bourn, 1987] that, for any groupoid H
in C, the pair (d, ¢) factors through an equivalence relation, denoted by Supp H, on Hy:

T1
s
YH{<so— H, |,
>

T2
where ¥ H; is the regular image of (d, ¢):

(r1,72)

H —s YH, =25 Hy x H, .
v

(dyc)

Since C is exact, Supp H is effective and we denote by gy : Hy — mo(H) its quotient, which
is also the coequalizer of (d, c).
In fact, the above procedure defines two functors:

Supp: Gpd(C) — Gpd(C); mo: Gpd(C) — C.

The first one, the support functor, sends each groupoid H to its associated equivalence
relation, also called the support of H. The second one, the connected components functor,
sends each groupoid H to its object of connected components my(H). Let us notice that
o + Supp = 7.

The next two results are based on Proposition 1.1 in [Bourn, 2003] and will be useful
afterwards.

2.4. PROPOSITION. A functor F: R — S between internal equivalence relations in an
exact category is fully faithful if and only if mo(F) is monomorphic.
PROOF. Let us draw the components of F' vertically, and compute m(F") as the induced

arrow between the quotient objects of the domain and codomain:

R1 é,‘Roi»-ﬂ'o(]R)

T2
fl\ ‘fo ‘WO(F)
ol

Sl ?So?ﬂ'g(g) .

Since the two rows in the above diagram are exact forks (a regular epimorphism with its
kernel pair), the thesis follows by Proposition 1.1 in [Bourn, 2003]. ]
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2.5. COROLLARY. If a functor F': H — G between internal groupoids in an exact category
is full, then mo(F') is monomorphic. The converse is true if G is an equivalence relation.

PROOF. Let us consider the commutative diagram

f1
//_\
H1 P2 Gl
oF
oH /% ¢
ZHl P1 2GYI
¢SuppF
H() X H()—HO X HOWGO X GO

where the right hand side squares are pullbacks (i.e. P, and P, yield the full and faithful
liftings of fy at ¥G; and Gy respectively). If F' is full, ¢ is a regular epimorphism by
definition, hence ¢g,pp 7 is a regular epimorphism and a monomorphism at the same time,
so it is an isomorphism. As a consequence, Supp F', i.e. the functor on the left hand side

of diagram

S H, =2 Hy—" o (H)

T2
Ef1\ ‘fo \WO(F)
T1

ZGl TE Go T» WO(H)

is full and faithful. Hence mo(F') is monomorphic by Proposition 2.4.

Conversely, if mo(F') is a monomorphism then Supp F' is fully faithful, i.e. ¢guppr is
an isomorphism. If in addition G is an equivalence relation, then o is an isomorphism,
hence P, = P, and ¢ is a regular epimorphism, being isomorphic to og. By definition
F' is then full. m

2.6. PROPOSITION. A functor F: H — G between internal groupoids in an exact category
is essentially surjective if and only if mo(F') is a reqular epimorphism.

Proor. It suffices to focus on the following commutative diagram:

f
Ho X (fo,¢) Gl 2 Gl d GO
1xog (a) oG H
p1 H[) X(fO,Tl) EGI b2 ZGl o GO

® N o|n an

HO GO Wo(G) .

qG

fo
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If I is essentially surjective, then df, is a regular epimorphism, and so is qgdf, =
qc fopr = mo(F)qupi, hence mo(F) is also a regular epimorphism.

Conversely, if mo(F) is a regular epimorphism, then so is ggfo = mo(F)qn. Now let
us observe that (c), (b), (a) + (b), and hence (a) are all pullbacks. So rap, is a regular
epimorphism as a pullback of gg fo, and 1 X o is a regular epimorphism as a pullback of
0. Then their composite df, is a regular epimorphism and F is essentially surjective. m

3. The comprehensive factorization

We borrow from [Bourn, 1987] the definition and some needed results about the décalage
functor, first introduced in [Illusie, 1972] for simplicial objects. We actually focus our
attention on its restriction Dec: Gpd(C) — Gpd(C).

We define here Dec as the functor associating with any groupoid H in C the groupoid

m

Hy X (4,c) Hy <(ee))— Hy

p2

which is, in fact, an equivalence relation (being a kernel pair of d), and we denote by
eH: DecH — H the discrete fibration

Hy X4, Hy L>H1

A

H———— H,.
The following is an exact fork in Gpd(C):
€ DecH
Dec® H = DecH ———~H .
DeceH

Following [Bourn-Rodelo, 2012], we give here a description of the comprehensive fac-
torization in Gpd(C). Further details can be found also in [Bourn, 1987]. Recall that
our base category C is now assumed to be exact, while the context considered in [Bourn—
Rodelo, 2012] is a bit more general, and conditions are given for the existence of the
comprehensive factorization.

Let F: H — G be a morphism in Gpd(C), then the pair (Dec F, Dec? F') gives rise to
a functor between equivalence relations in Gpd(C):

Dec? F
Dec? H —=L . Dec? G

DeceH‘ ‘eDecH DeceG\ \eDecG

DecH DecG.

Dec F
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We consider the following factorization of the above functor, where all the right hand side
squares are pullbacks:

Dec?H———H x¢g Dec? G ——= Dec® G

DeceH\ \sDecH \\ DeceG‘ ‘eDecG
F

DecH H x¢ DecG Dec G (1)
EH‘ U\ (%) [EG
H H G.

Finally, applying the functor my to the upper rectangle, we get the factorization

k1

H 27 G
I
Hy—— Ty —— G

of F into a final functor J = (jo, j1) followed by a discrete fibration K = (ko, k7).

4. Final functors

We adopt here the notation from the previous section, so any functor F factors as F = K J,
where J is final and K is a discrete fibration. The following lemma provides a first
characterization of final functors and is a key step towards Theorem 4.2.

4.1. LEMMA. A functor F: H — G between internal groupoids in an exact category is
final if and only if the pullback F: H xg DecG — Dec G of F' along € G is inverted by mg.

PROOF. First of all, notice that m(F") is nothing but the arrow ky in diagram (2), so
saying that F is inverted by 7y means that the arrow kg is an isomorphism.

Now, if F'is final, K is an isomorphism, and so is kg. Conversely, since K is a discrete
fibration, the right hand side commutative squares in (2) are pullbacks, hence if ky is an
isomorphism, so is ki, and F' is final. ]

We are now ready for an internal version of Proposition 1.1.

4.2. THEOREM. A functor F': H — G between internal groupoids in an ezxact category is
final of and only if it is full and essentially surjective.
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PROOF. Let us consider the vertical expansion of the pullback (x) in diagram (1) and take
the (bijective on objects, fully faithful) factorizations of the functors F' and F:

P
Hy X(yd,0) G1 d

p2 m
H, or p a
T
Ho X(f,0) G Ho X (f5.0) G1 H 7 G \d c
Ho Ho Jo Go

Thanks to Lemma 4.1, we only have to prove that F is inverted by 7 if and only if F is
full and essentially surjective.

Suppose mo(F) is an isomorphism. Then, by Corollary 2.5, since Dec G is an equiva-
lence relation, F is full, i.e. ¢ is a regular epimorphism. But p; is a split epimorphism,
so F'is full by Proposition 2.2. Moreover, in our context, regular epimorphic functors
are just levelwise regular epimorphisms. Then € G is a regular epimorphism, since both ¢
and p; are. As a consequence, my(€ G) is a regular epimorphism, and the same holds for
7o(F) - mo(U) = mo(€ G) - mo(F). This implies that mo(F) is a regular epimorphism, hence,
by Proposition 2.6, F' is essentially surjective.

Conversely, if F' is full, then F is full by Proposition 2.2, hence my(F) is a monomor-
phism by Corollary 2.5. If in addition F is essentially surjective, df, = To(F)qmxoDecc 8

a regular epimorphism. So mo(F') is a regular epimorphism, hence an isomorphism. [

We end with a further characterization of final functors, which follows from the latter.

4.3. COROLLARY. A functor F': H — G between internal groupoids in an exact category
15 final if and only if

(i) mo(F') is an isomorphism;

(ii) the arrow Vp in the following commutative diagram is a reqular epimorphism:

H, - f1 a
~ 7

ZHl Xvay G1

UH / B Y

Y H, ST xGy
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PROOF. By Proposition 2.4, my(F) is a monomorphism if and only if Supp F' is fully
faithful. In this case, the arrow ¥ coincides with the arrow ¢ defined in Section 2.1.
Suppose F' is final. Then by Theorem 4.2 it is full and essentially surjective, hence,
by Proposition 2.6 and Corollary 2.5, my(F') is an isomorphism and ¢ = 9 is a regular
epimorphism.
Conversely, if (i) and (ii) hold, then ¢r = ¥ is a regular epimorphism, so F is full,
and moreover my(F’) is a regular epimorphism, i.e. F' is essentially surjective. [

4.4. REMARK. When the ground category C is exact and pointed, it is possible to define
a functor

m: Gpd(C) — C, m (H) = Ker(og) .
Then, let us look at the diagram

w1 (F)

WI(H) WI(G) =7T1(G)
Hl ¥r ZHl XEGl G1 G1
oy o oG
YH——————=%H, o7 Gy

obtained from (3) by taking kernels vertically. Since the right lower square is a pullback,
Ker(o) = m(G), so w1 (F') is the upper horizontal arrow in the left upper square, which
is a pullback. As a consequence, when F' is final, by Corollary 4.3, 7 (F') is a regular
epimorphism, being a pullback of ¥ p.

In fact, in a semi-abelian setting, by the short five lemma, the request that m(F)
is a regular epimorphism is also sufficient to imply that ¢ r is a regular epimorphism.
Combined with the request that 7y(F') is an isomorphism, this yields the characterization
of final functors given by Corollary 5.4 in [Cigoli-Mantovani-Metere, 2014], which can be
interpreted accordingly as a very special case of Corollary 4.3 above.

Acknowledgements

The author would like to thank G. Metere for useful discussions on the subject of this
paper and the anonymous referee for helpful remarks that led to the present improved
version, as well as for pointing him to the fact that the converse of 2. in Proposition 2.2
is also true.

References

M. Barr, Exact categories, In: M. Barr, P. A. Grillet, D. H. Van Osdol, Exact categories
and categories of sheaves, Lecture Notes in Math. 236 Springer, Berlin (1971), 1-120.



FINAL FUNCTORS BETWEEN INTERNAL GROUPOIDS IN EXACT CATEGORIES 275

D. Bourn, The shift functor and the comprehensive factorization for internal groupoids,
Cah. Topol. Géom. Différ. Catég. XXVIII (3) (1987), 197-226.

D. Bourn, The denormalized 3 x 3 lemma, J. Pure Appl. Algebra 177 (2) (2003), 113-129.

D. Bourn, Internal profunctors and commutator theory; applications to extensions classi-
fication and categorical Galois Theory, Theory Appl. Categ. 24 (17) (2010), 451-488.

D. Bourn and M. Gran, Regular, protomodular, and abelian categories, In: M. C. Pedic-
chio, W. Tholen (Eds.), Categorical foundations: special topics in Order, Topology,
Algebra and Sheaf Theory, Encyclopedia of Math. Appl. 97 Cambridge University
Press (2004), 165-211.

D. Bourn and D. Rodelo, Comprehensive factorization and I-central extensions, J. Pure
Appl. Algebra 216 (3) (2012), 598-617.

A. S. Cigoli, S. Mantovani, and G. Metere, A push forward construction and the compre-
hensive factorization for internal crossed modules, Appl. Categ. Stuctures 22 (5-6)
(2014), 931-960.

L. Nllusie, Complexe cotangent et déformations II, Lecture Notes in Math. 283 Springer,
Berlin (1972).

R. Street and R. F. C. Walters, The comprehensive factorization of a functor, Bull. Amer.
Math. Soc. 79 (5) (1973), 936-941.

INdAM Cofund Marie Curie fellow
Dipartimento di Matematica, Universita degli Studi di Milano
via C. Saldini 50, 20133 Milano, Italy

Institut de recherche en mathématique et physique, Université catholique de Louvain
Chemin du Cyclotron 2, 1348 Louvain-la-neuve, Belgium

Email: alan.cigoli@uclouvain.be

This article may be accessed at http://www.tac.mta.ca/tac/



THEORY AND APPLICATIONS OF CATEGORIES will disseminate articles that significantly advance
the study of categorical algebra or methods, or that make significant new contributions to mathematical
science using categorical methods. The scope of the journal includes: all areas of pure category theory,
including higher dimensional categories; applications of category theory to algebra, geometry and topology
and other areas of mathematics; applications of category theory to computer science, physics and other
mathematical sciences; contributions to scientific knowledge that make use of categorical methods.
Articles appearing in the journal have been carefully and critically refereed under the responsibility of
members of the Editorial Board. Only papers judged to be both significant and excellent are accepted
for publication.

SUBSCRIPTION INFORMATION Individual subscribers receive abstracts of articles by e-mail as they
are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. Full
text of the journal is freely available at http://www.tac.mta.ca/tac/.

INFORMATION FOR AUTHORS I¥TEX2e is required. Articles may be submitted in PDF by email
directly to a Transmitting Editor following the author instructions at
http://www.tac.mta.ca/tac/authinfo.html.

MANAGING EDITOR. Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca
TEXNICAL EDITOR. Michael Barr, McGill University: barr@math.mcgill.ca

ASSISTANT TEX EDITOR. Gavin Seal, Ecole Polytechnique Fédérale de Lausanne:
gavin_seal@fastmail.fm

TRANSMITTING EDITORS.

Clemens Berger, Université de Nice-Sophia Antipolis: cberger@math.unice.fr

Julie Bergner, University of Virginia: jeb2md (at) virginia.edu

Richard Blute, Université d’ Ottawa: rblute@uottawa.ca

Gabriella Bohm, Wigner Research Centre for Physics: bohm.gabriella (at) wigner.mta.hu
Valeria de Paiva: Nuance Communications Inc: valeria.depaiva@gmail.com

Richard Garner, Macquarie University: richard.garner@mq.edu.au

Ezra Getzler, Northwestern University: getzler (at) northwestern(dot)edu

Kathryn Hess, Ecole Polytechnique Fédérale de Lausanne: kathryn.hess@epfl.ch

Dirk Hoffman, Universidade de Aveiro: dirk@ua.pt

Pieter Hofstra, Université d’ Ottawa: phofstra (at) uottawa.ca

Anders Kock, University of Aarhus: kock@math.au.dk

Joachim Kock, Universitat Autonoma de Barcelona: kock (at) mat.uab.cat

Stephen Lack, Macquarie University: steve.lack@mq.edu.au

F. William Lawvere, State University of New York at Buffalo: wlawvere@buffalo.edu
Tom Leinster, University of Edinburgh: Tom.Leinster@ed.ac.uk

Matias Menni, Conicet and Universidad Nacional de La Plata, Argentina: matias.menni@gmail.com
Teke Moerdijk, Utrecht University: i.moerdijk@uu.nl

Susan Niefield, Union College: niefiels@union.edu

Robert Paré, Dalhousie University: pare@mathstat.dal.ca

Kate Ponto, University of Kentucky: kate.ponto (at) uky.edu

Jiri Rosicky, Masaryk University: rosicky@math.muni.cz

Giuseppe Rosolini, Universita di Genova: rosolini@disi.unige.it

Alex Simpson, University of Ljubljana: Alex.Simpson@fmf.uni-1j.si

James Stasheff, University of North Carolina: jds@math.upenn.edu

Ross Street, Macquarie University: ross.street@mq.edu.au

Tim van der Linden, Université catholique de Louvain: tim.vanderlinden@uclouvain.be
R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca



	Introduction
	Internal groupoids
	The comprehensive factorization
	Final functors

