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BILINEAR PSEUDO-DIFFERENTIAL OPERATORS
WITH GEVREY-HORMANDER SYMBOLS

AHMED ABDELJAWAD, SANDRO CORIASCO, AND NENAD TEOFANOV

ABSTRACT. We consider bilinear pseudo-differential operators who-
se symbols may have a sub-exponential growth at infinity, together
with all their derivatives. It is proved that those symbol classes can
be described by the means of the short-time Fourier transform and
modulation spaces. Our first main result is the invariance property
of the corresponding bilinear operators. Furthermore we prove the
continuity of such operators when acting on modulation spaces. As
a consequence, we derive their continuity on anisotropic Gelfand-
Shilov type spaces.

INTRODUCTION

The study of multilinear operators has been influenced by the Calde-
ron-Zygmund theory. Indeed, one of the achievements of Coifman-
Meyer’s pioneer work [12] is the realization of pseudo-differential oper-
ators in terms of singular integrals of Calderon-Zygmund type. Their
approach is based on a multilinear point of view and have had a far
reaching impact in operator theory and partial differential equations.
For example, boundedness of a class of translation invariant bilinear
operators on Lebesgue spaces is proved in [12]. Furthermore, the bilin-
ear Calder6n-Zygmund theory developed by Grafakos and Torres [23]
paved the way to the extension of those results to bilinear pseudo-
differential operators which are non-translation invariant, i.e. whose
symbols may depend on the space variable as well. We refer to [5] for a
brief survey and discussion of applications to partial differential equa-
tions, and to [9] for a systematic study of bilinear pseudo-differential
operators with symbols in bilinear Hérmander classes. See also [29] for
a recent contribution in the context of Triebel-Lizorkin and local Hardy
spaces.

Another type of results concerns bilinear (and multilinear) operators
whose symbols are not necessarily smooth. Their continuity properties
on modulation spaces were first observed in [6]. In contrast to classi-
cal bilinear pseudo-differential operators considered in e.g. [12], these
operators are treated by the techniques of time-frequency analysis, see
also [7-9,14,32].
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In this paper, we employ the techniques of time-frequency analysis
and modulation spaces, and consider bilinear pseudo-differential op-
erators of Gevrey-Hormander type whose symbols are of infinite or-
der and may have a (super-)exponential growth at infinity, together
with all their derivatives. The linear counterpart of such operators is
considered in [10], within the environment of isotropic Gelfand-Shilov
spaces of functions and distributions, see also [2,50], and extended to
the anisotropic setting in [1,4]. The main purpose of this paper is to
extend some boundedness results given there to the bilinear case.

More precisely, we consider Gevrey-Hormander type symbols a €
I R¥) (orael ?;}S)’O(R?’d)), see Definition 1.8, and the correspond-
ing pseudo-differential operators, denoted by Op, ,(a), see (1.14) be-
low. When r = t = 0 we recover the Kohn-Nirenberg correspondence
considered, e.g., in [6,8], while for r = t = 1/2 we obtain the Weyl
correspondence, considered in [40,42]. We remark that, in view of this
choice of symbol classes, we cannot rely on arguments based on stan-
dard (e.g., Littlewood-Paley) localization techniques. The substitute
for this is, from the very beginning, a “global approach”, aimed at
obtaining and employing appropriate characterizations of the involved
objects, in terms of suitable estimates which hold true on the whole
Euclidean spaces.

The paper is organized as follows. In Section 1 we collect neces-
sary definitions, background material and basic facts on Gelfand-Shilov
spaces, weight functions, modulation spaces, symbol classes and the
corresponding bilinear pseudo-differential operators. In Section 2, we
first study exponential-type operators on Gelfand-Shilov space and
prove the corresponding invariance properties. We proceed with a char-
acterization of the symbol spaces in terms of their regularity and decay
properties, and suitable estimates related to modulation spaces. Finally,
we prove our main results about the continuity of bilinear operators in
Section 3.

1. PRELIMINARIES

In this section we provide notation and background material which
will be used throughout the paper. Proofs and details are in general
omitted, since they can be found, e.g., in [13,15-20,25,40,43-45].

We use the standard notation for Euclidean spaces and multiindeces,
cf. [28]. For example, if z = (21, ...,74) € RY and a = (ay, ..., ag) € N4,
then z® = 2" ... xy¢, 08 = 091 ...09¢, |a| = a1 + -+ aq and a! =

x Tq?
ai!...ag!. Here N denotes the set of non-negative integers. If a € N9,
then o > 0 means that o; > 0 for every j = 1,...,d, and similarly

for a > 0. We write A(0) < B(#), 6 € Q, if there is a constant ¢ > 0

such that |A(0)| < ¢|B(0)| for all 8 € Q. We write A(0) < B(0) if

A(0) < B(#) and B(0) < A(f) for all 8 € Q. Here Q is an open subset
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of RN, If B, and B, are topological vector spaces, then B; < B, means
that B, is continuously embedded into Bs. By .#(R%) we denote the
Schwartz space of rapidly decreasing functions, and .%/(R?) denotes its
dual space of tempered distributions.

1.1. Gelfand-Shilov spaces. Let h,s,0 > 0 be fixed. Then S7,(R)
is the Banach space of all f € C*(R?) such that

agh
”fHS;hE sup sup 220" f ()]

HatBlgls glo ~ 1.1
a.BeNd serd RlotBlals glo ) (1.1)

endowed with the norm (1.1). Obviously, 87, (R?) increases as h, s and
o increase, and it is contained in .%(R%) for every h, s, o > 0.
The Gelfand-Shilov spaces S7(R?) and L7(R?) are defined as the

inductive and projective limits respectively of S"h(Rd) ie.

SIRY = J87,RY) and BI(RY) = () S, RY), (1.2)
h>0 h>0

with the usual inductive and projective limit topologies. Note that
2I(RY) # {0}, if and only if s+ ¢ > 1 and (s,0) # (3,3), and
S?(RY) # {0}, if and only if s + ¢ > 1, see [22,33]. For every s,0 > 0
we have

BI(RY) = SI(RY) — BIE(RY) — 7 (R) (1.3)
for every ¢ > 0. If s + 0 > 1, then the last two inclusions in (1.3)
are dense, and if in addition (s o) # (,1) then the first inclusion in
(1.3) is dense. Moreover, for o < 1 the elements of S7(R?) admit entire
extensions to C¢ satisfying suitable exponential bounds, [22].

The spaces S7(R?) and X7(R?) combine global regularity with suit-
able decay properties at infinity, thus offering an abstract functional an-
alytic framework for some problems in mathematical physics, [24, 31].
The following result is a well-known characterization of S7(R?) and
Y7(RY) in terms of the exponential decay of derivatives of their ele-
ments. The proof is standard, see e.g. [3, Appendix A].

Lemma 1.1. Let f be a smooth function on R?, f € C*(R?). Then
f € 87(RY) (respectively f € X9(RY)) if and only if for every a € N¢
1
0% f(x)] S 1latoe el 2 e RY, (1.4)
for some I, h > 0 (respectively for every l,h > 0).

The Gelfand-Shilov distribution spaces (S7)'(R?) and (£7)'(R%) are
the projective and inductive limit respectively of (S7,)’ (R%):
(SR = (V(SZ)' (R and  (Z7)'(RY) = [ J(S5)'(RY). (1.2

h>0 h>0
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It follows that ./(R%) — (S7)(R?) when s+0¢ > 1, and if in addition
(s,0) # (3, 3), then (S7)'(R?) < (X7)'(RY).

Next we rewrite the definition of Gelfand-Shilov spaces in the no-
tation which is convenient for our analysis, see also [10,22,27]. We
put

Ré++d — Rd « R x ... x R% — R(do--d) — RI.

Definition 1.2. Let k € N, 0 = (0¢,...,0k,) > 0,8 = (s0,...,8) > 0,
and d = dg + - - - + dj. The Gelfand-Shilov spaces

SZ(RY) = Soh(ROFH) and KZ(RY) = Sy on (R,

----------

consist of all F' € C>(R%*%dr) such that
k
|25 ... aprol .85}’:}7’(:60, x| S hleotBottant Bl H a;1% 3199
=0
for some h > 0 and for every h > 0 respectively, where z; € R%,
aj,B; € N% j=0,... k. The dual spaces of S(R?) and XJ(R?) are
respectively denoted by

(S7Y/(R) = (S (R4
and

----------

The space S (Rd) is nontrivial if and only if s; +0; > 1, for each
Jj =0,...,k and X7(R?) is nontrivial if and only if s; + 0; > 1, and
(sj,05) # (2, 1) for each j =0,..., k.

Obviously, if 0; =0, 5; = 5 and dj=d,j=0,...,k, then

80'0 ..... O'k (Rdo+ +dk) SO'<R(k+l)d), an ..... O'k (Rd0+-..+dk) = ZU(R(k+1)d),

.........

(Sgugy (R k) = (7Y (RIFD)
and
(Bgue) (Rirth) = (07)/ (REFD9).

-----

The Fourier transform .% is the linear and continuous map on . (R9),
given by the formula

~

(FE) = f(&)=(2m)2 f( Je 't dr, € € RY,

when f € .7(R9). Here (-, ) denotes the usual scalar product on
R9. The Fourier transform extends uniquely to homeomorphisms from
(S%)(RY) to (S2)'(RY), and from (X7)(RY) to (22)(RY). Further-
more, it restricts to homeomorphisms from S7(R?) to S$(RY), and
from X7(RY) to X2 (RY), cf. [22] and Proposition 1.4 here below. This,
together with the kernel theorem for Gelfand-Shilov spaces (see [30,35,
39]) implies the following mapping properties of partial Fourier trans-
forms on Gelfand-Shilov spaces. Here, .%; F' is the partial Fourier trans-
forms of F(xg,x1,...,x)) with respect to z; € R%, j =0,... k.
4
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Proposition 1.3. Let k € N, s;,0; > 0, 5 = 0,...,k. Then the
following s true:

(1) the mapping F; on &/ (RM+ k) restrict to homeomorphism

T . QO0ys0k (R o+ +d 0050305 —1585,0j415+,0k (R Ao+ +dp ).
Q/’j . S0,-++ySk (R ) — 880,..‘,83"7_1,O’;,Sj{‘_l,...,sk (R )’
(2) the mapping F; on . (R%*+dv) s uniquely extendable to home-
omorphism
ar . 00,0k \/ do+-+dp 00yeeeyT5—1,57,05415--,0k \/ do+-+dy,
T (St (R ) = (St ) (R )-

80,-++,Sk 805:++355—1,05,55415--+,5k

The same holds true if the S0+ -spaces and their duals are replaced

by corresponding X507k -spaces and their duals in each occurrence.

The result analogous to Proposition 1.3 holds for partial Fourier
transforms with respect to some choice of variables.

Proposition 1.4. Let k € N, 0 = (0¢,...,0%) >0, s = (S0, .., Sk) >
0, andd =dy + ---+dy. Then the following conditions are equivalent.
(1) FeSIRY) (FeXi(RY))
(2) for some r >0 (for every r > 0) it holds

1 B
_ L L
|F<l’0,...,xk>| 56 7”(|:E0| 0+t |zk| )

and

1 1
€0] 70 +--~+\sk|f’k)

‘ﬁ(gm s 75]6)‘ S e_r(

(3) for every a = (ag,...,a1) € N9 and for some h,r > 0 (for
every h,r > 0) it holds

k 1 1
e UL
a ol TT 4% T('“’O'
|0“F (xg,...,xx)| S h Haje :
=0

Proof. The equivalence between (1) and (2) follows from [11], and (1)
< (2) can be proved by a slight modification of the proof of Lemma

1.1 (cf. [3, Appendix A]) and we therefore leave it for the reader.
O

1.2. Weight functions. A function w is called a weight or weight
function on R%, if w,1/w € L5S.(R?) are positive everywhere. Without
loss of generality we may assume that the weight functions are contin-
uous on RY, cf. [25]. Let w and v be weights on R%. Then w is called

v-moderate or moderate, if

w(T +22) Swl@)v(zs), 1,70 € RE (1.5)
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If v can be chosen as polynomial, then w is called a weight of poly-
nomial type. A weight function v is submultiplicative, if it is symmetric
in each coordinate and

v(zy + 29) Swv(x)v(zy), 21,15 € RY

From now on, v always denote a submultiplicative weight if nothing
else is stated. In particular, if (1.5) holds and v is submultiplicative,

then
w(z1)

v(@2)
If w is a moderate weight on R¢, then there exists a submultiplicative
weight v on R? such that (1.5) and (1.6) hold, cf. [45,46,48]. Moreover
if v is submultiplicative on R?, then
1 <w(z) < el (1.7)
for some constant ¢ > 0 (cf. [26, Lemma 4.2]).
In particular, if w is moderate, then there exists ¢ > 0 such that
w(x+y) Swlx)e and e <w(x) <l zyeRE

For a given k € N, we let Zp(R%*+d) be the set of all moderate
weights on R4 Tdk and 2(R%*TTdk) be the subset of (R Fdr)
which consists of weights of polynomial type.

If w € Pp(Ré%TTd) then there exists a submultiplicative weight v
on R%*+dk guch that

w(zg, ..., Tx)
U(y()a s 7yk)

< w(zy + x5) Swlzy)v(as), 1,20 € RE (1.6)

Sw(xo+ Yo,k +yk) Sw(@o, ., TE)V(Yo, - -+, k),

(1.8)
where z;,y; € R%, j =0,..., k. Note that (1.7) for a submultiplicative
weight v on R%*+d becomes

1S w(wg, ... ap) S erlmolttah 0 e RY =0,k  (1.9)

for some r > 0.
Next we extend the weight functions considered in [1,2] to the case
when RY = RdotFd,

Definition 1.5. Let £ € N and s; > 0, j = 0,...,k. Then, the set
Pey...sp (RO (0 (R%++dr)) consists of all weights w €

80558k

Pp(RY+ ) such that

1 1
w(ro + Yo, Tk +yr) S w(To, . .. ,xk)eT“yO'SU eyl ) T,y € R%
(1.10)
holds for some (for every) r > 0.

(Rd0+"'+dk) ((@0 k(Rdo—i-"'-l—dk))’ then

80y---5S

In particular, if w € &

805458k

1 1 1 1
—r(|zo| 0 +-+|ak| °F) < erlaol 0 ok )

e Sw(zo, ..., Tk)

for some r > 0 (for every r > 0).
6



By (1.8) and (1.9) it follows that
5 (Rd0+“'+dk¢) — @E(Rdo+-~~+dk)

..........

when s; <1 and 5; <1,7=0,...,k. For convenience we set
<@%(]_:{do—l-'"—l-dk) — (@% 1<Rd0+~"+dk).

The following extension of [2, Proposition 1.6], shows that for any
weight in P (R%++dk) there are equivalent weights that satisfy the
anisotropic Gevrey regularity.

Proposition 1.6. Let there be given w € Pp(RUW+dit—+dv) Then
there exists a weight wy € Pp(RoTdtFde)y ny Coo(RdoFditFdi) gych
that the following is true:

(1) Wy X W,
(2) for every (multiindex) a; >0, j =0,...,k, we have

k
0900 . Ok wn(2, &, -, &)] S ettt T ay5uw(e, &, ., &)
7=0

k

= h‘a0+a1+"'+o‘k‘ Haj!SjWO(xagh ce 7€k>a S R‘ga gj < Rdj7 ] = 17 T k?
j=0

for every h >0 and s; >0, 7=0,...,k.

The proof is appropriate modification of the proof of [2, Proposition
1.5] and can be found in [3, Appendix].

1.3. Modulation spaces. Modulation spaces, originally introduced
by Feichtinger in [17], are recognized as appropriate family of spaces
when dealing with problems of time-frequency analysis, see [17-21,25,
36,38], to mention just a few references. A broader family of modulation
spaces is recently studied in [2,34, 50].

Let s,0 > 0, such that s+ ¢ > 1, and let ¢ € S7(R?) be fixed. Then
the short-time Fourier transform V,f of f € (S7)'(R?) with respect to
the window function ¢ is defined by

Vol (2,6) = Z(f - (- —2))(§), =,§ €R"
This definition makes sense as a Gelfand-Shilov distribution [1, Remark
1.5].
If f,¢ € S7(RY), then

d
2

Vof(2,€) = (21) / F ()3l —2)e 09 dy.

Let 5,0 > 0, such that s+ 0 > 1. Let there be given ¢ € S7(R%)\ 0,

p,q € [1,00] and w € Zx(R?*). Then the modulation space M(pa’g(Rd)
7



consists of all Gelfand-Shilov distributions f on R? such that

g = ([ ([ Wt ot par)™ag) " <0 1y

(with the obvious changes if p = 0o and/or ¢ = c0). If p = ¢ we simply
write M(pw) instead of M(po;’;, and if w = 1, then we set MP4 = M(p;; and
MP = M fw).

The spaces M. (po’g are Banach spaces and every ¢ € M (7"@) \ 0 yields an
equivalent norm in (1.11) and so Mg is independent on the choice of
¢ € M(,, [50, Proposition 1.1J.

Gelfand-Shilov spaces and their dual spaces can be described as pro-
jective or inductive limits of modulation spaces [48, Theorem 3.9]. In
particular, we have the following characterization of Gelfand-Shilov
spaces by the means of the short-time Fourier transform. We refer
to [27] for the proof, see also [37,41,48].

Proposition 1.7. Let k € N, 0 = (0¢,...,0%) >0, s = (S0, .., k) >
0, andd = dy + -+ + dy. Also let ¢ € ST(RY)\ 0. Then the following

18 true:

(1) F € S2(RY) if and only if

1 1 1 1
0] 0 ok 3 +160] 70 4164 F )

(1.12)

VoF (20, - 2 o, - &0)| < e’r(

holds for some r > 0;
(2) if, in addition, ¢ € XI(RI)\ 0, then F € XZ(RY) if and only if
(1.12) holds for every r > 0.

1.4. Symbol classes and Pseudo-differential operators. First we
introduce function spaces related to symbol classes of the multilinear
pseudo-differential operators. We consider a € C°°(R%*+d) which
obey various conditions of the form

‘810[0?11 "'7a§:a(x7€17---7€k)‘

k
< platBit Bl 1o Hﬁjlsj cw(w, &y, ),

J=1

w e Pp(Rlbtdt+d) o e ND 3. € RY, s;,0,h>0,5=1,... k.
When k = 1 we recover the condition (1.14) from [4]. Similarly to [4],
for a given w € Pp(RboT++d) and s;,0,h >0, j = 1,...,k, we
8



consider norms of the form

A||po,sih =
el
sup sup Wj@gf,,.,a?:a(xvglw--afk”
aceN9o zeR%0 h|a+51+-..+5k|a!a H?:l Bj!sj . W(I‘7 §1, o 7€k)

B;eN%  \¢eR%

(1.13)

More precisely, we are interested in invariance and continuity for
bilinear pseudo-differential operators when symbols belong to the fol-
lowing symbol classes.

Definition 1.8. Let there be given o,s;,h > 0, j = 1,...,k and

w € Pp(Rldotdit+dv) and set s = (s1,...,58).
(1) The set Fas);h(RdO*”'*dk) consists of all a € C>°(R%*Tdr) such
that

ol < oo,
where the norm || - ||F27,s>;h is given by (1.13).

(2) The sets ')

;8 — o,s;h
Loy (R = | JTES (RO
h>0

(R k) and T73° (R4 +45) axe given by

and

0,s;0 — o,s;h
F(w) (Rd0+ +dk) = ﬂ F(w) (Rdo—i- +dk)’
h>0

and their topologies are, respectively, the inductive and the
projective limit topologies of F?;S);h(Rd“"'*dk) with respect to
h > 0.

As it is common in the theory of ultradifferentiable functions, we say
that (the inductive limit) T’ ‘(TMS) (Réo*+dk) is a Roumieu class, and (the

projective limit) F‘(’U;S);D(Rd“”*dk) is a Beurling class of test functions.
Notice that I'7) (Rt +d) and T7S(RAo++dr) are nontrivial for

(w)
any o,s;,h >0, 7 =1,...,k. For instance by Proposition 1.6 for any
w € Pp(Rldotdit+d) there exist a smooth function wy € Pp(Ro+Hdit+dr)

such that wy € ].—‘Z;S);O(Rdo+"'+dk)‘

When k = 1 we put 01 = o and recover the symbol classes I' "} (Rdot+dr)
and FE’U’JS);O(Rdoerl) considered in [4].

Next we recall some facts on pseudo-differential operators. The pseudo-

differential operator Op,(a) is the linear and continuous operator on
9



S(R?), defined by the formula

O (0)f() = 3 / / 9.7 ()9 dyde, © € R

More generally, the definition of Op,(a) extends uniquely to a € S'(R*?),
and then Op,(a) is continuous from S(R?) to &'(RY).
Let t = (t1,ta,...,tm) € [0,1]™, be such that 37", ¢; < 1, and put

f = (fi, for- s fm) € Z(R™). The multilinear pseudo-differential
operator Op,(a) from .7 (Rmd) to .7/(RY) is defined by the formula

Opy(a )f ) o amd // —ney g, (z,y,8) Hf] y;)dydé,

where
( 7y€ _CL.I'—l-Z Y5 — 577) xayjuéjeRda

and the phase function ¢ is defined by

m

¢($,y,f) :Z<yj_$7€j>7 xayjafj eRd'
j=1
When m = 2 we obtain bilinear pseudo-differential operators Op,.,(a).
That is, Op, ,(a) is the bilinear and continuous operator from .%(R%) ®
Z(R%) to '(R%), defined by the formula

(Op,.1(a)(f.9)) () =

—2d —ip(z,y,2,8, ) J
2 //// Pari(r,y,2,§,0) [ (y)g(2) dydzdédn, 631’4)

where (r,t) € [0,1] x [0,1], r +¢ < 1,

ar,t(xaya 275777) = a(yc =+ T(y - iL‘) + t(Z - x):fa 77)7 z,Y, 235777 € Rd7
and the phase function ¢ is defined by

w(x’yazagvn):<y_x7€>+<z_x777>7 xaya27€7n€Rd'

If » =t = 0, then the definition of Opy(a) coincides with the defini-
tion of bilinear pseudo-differential operators

To(f. 9)(x) = (27)" // &) o, €, ) FO)F0) dedn, « € RY,

considered in e.g [8], and the corresponding multilinear extension is
studied in [32].

In fact, in Sections 2 and 3 we will consider the action of Op, ,(a)
when restricted to different Gelfand-Shilov spaces, and related unique

extension of such operators to Gelfand-Shilov distributions.
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We will use the following results about the continuity of linear pseudo-
differential operators with symbols in Gevrey-Hérmander classes, and
we refer to [4, Theorem 2.1] and [1, Theorem 3.7] respectively, for the
proofs.

Proposition 1.9. Let s,0 > 1, p,q € [1,00], w,wy € (@ga(R?d), and
a € T7) (R*). Then Op,(a) is a continuous operators from M, (R)
to MZ’(;‘%(Rd) for any t € [0,1].

Note that, in the notation of Definition 1.5 we have & (R*!) =
P20 (R%t+d) when sy = s, sy = 0 and d; = dy = d.

50,51

Proposition 1.10. Let A € M(d, R), s,0 > 0 be such that s+oc > 1,
w € P20 (R*) and let a € TJ*"(R*®) for some h > 0. Then Op 4(a)
is continuous on S7(R?) and on (87) (RY).

2. CHARACTERIZATION AND INVARIANCE PROPERTY FOR BILINEAR
PSEUDO-DIFFERENTIAL OPERATORS

Our aim in this section is to show that T'/}"** (R*?) and F‘(’L;‘?’SQ;O(RM)
can be characterized in terms of estimates of short-time Fourier trans-
forms and modulation spaces. This is done in subsection 2.2. We refer
to [1,49] for similar results related to “standard” pseudo-differential op-
erators. As a preparation, we show that Op, ,(a) is independent of the
choice of r and t, which gives the invariance property for bilinear op-
erators, Theorem 2.2. The counterpart of Theorem 2.2 for “standard”
pseudo-differential is proved in e.g. [1,4,49]. The key tools we employ
to achieve the desired characterizations and invariance properties are
mapping results for exponentials of certain linear operators, similar to
the typical ones often appearing in the “usual” Weyl-Hormander cal-
culus, whose description is given here below.

2.1. Mapping properties of exponential-type operators on Gel-
fand-Shilov spaces. For the study of mapping properties of the oper-
ator e~ HrPettDn.Dz) we need the following auxiliary result. By M(d, R)
we denote the set of all d x d-matrices with entries in R.

Lemma 2.1. Let A, B € M(d,R) and a € .7 (R3?). Then
(ﬁi;(eimDﬁBD"’D”a))(x + Ay + Bz,y,z) = (f/\z_’ga)(x, y,2), (2.1)

z,y,z € R

Proof. Throughout the proof, the integrals are observed as either Fourier

transforms or inverse Fourier transforms of appropriate distributions.
11



The left-hand side of (2.1) is given by

(F5a(@APHBPD) 0)) (0 4 Ay + Bz, y, 2)

= // (w6 +(=zm) (6i<ADs+BDsz>a)) (x + Ay + Bz, &, ) dédn,

and

(AP ELRD)a)) (2 + Ay + Bz, €, 1m)

- / / / i et Ayt B2 Ot & o) (At B20O)G (¢ gy ) dCdyrdn,

where

E(C7y1721) = /// G_Z«xl’C>+<y1’£1>+<zl’m>)a($1,51,7’]1)dl‘ldfldnl,

-1'17517771 € R% Let ¥ = \Il(xaajlayath?Zl?C?gaThgl?nl) be given by
U= {(y+y,& +{(z+2z,n + (x+ Ay + Bz, ()
+ (<Ay1 + B217C>)_<<x17c> + <y17§1> + <Zlvn1>)7
T, 21,9, 91, % 21, C, €1, &, € R Tt follows that

(ﬂQj?)l(ei(ADg—i-BDme)a)) (x + Ay + Bz,y,2)

— //////// eiq}(wvxlvyvyl»Z7Z17<7£7777£17n1)

X a(zy,&,m) deydédn dCdyidz dédn,  x,y, 2 € RY. (2.2)

Since

/6i<y+y17§> d¢ = 5(y + yl)’ and /ei(z+z1,n> dn = 5(z + zl),

where ¢ is the Dirac delta distribution, it follows that (2.2) reduces to

= // 6i(<y’§1>+<z’m>)a(%flv771)d§1d771 = (92_,31@) (7,9, 2),

and the claim follows. O
Next we show some mapping properties of the operator e~ PsttDn.De)

which are an important ingredient in our analysis.
Theorem 2.2. Let s;,05, j = 1,2,3, be such that
si+o0;>1, 0<sy,83<s1, and 0<oy <09, 03 (2.3)

and let r,t € [0,1] be such that r +t < 1. Then the following is true:
12



(1) e #rPettDnDe) on Z(R3?) restricts to a homeomorphism on
Sous2s3(R3) - and extends uniquely to a homeomorphism on

$1,02,03
(82 5252) (RY);
(2) if in addition (s;,0;) # (3,1), 7 = 1,2,3, then e~ {rPettDn.D)
on . (R restricts to a homeomorphism on %3452 (R3?), and
extends uniquely to a homeomorphism on (371525 ) (R3?).

Proof. We only prove (1) and leave (2) for the reader.
Let a € . (R3?) and let U,; be the map given by

(Ui F)(z,y) = F(x —ry —tz,y,2), z,y€ RY.
By Lemma 2.1, we have
(Fog (eXPHP0D ) (gtry+tz,y, 2) = (Fyga)(2,y,2), @,y,2 € R,

wherefrom e#("PettDn.Da) — FogolU, o 9‘2_31 Therefore it only remains
to show that the mapping U, is continuous on S7':72,73.

Since the Fourier transform with respect to the 2"¢ and 37¢ variables
switches between the corresponding decay and regularity properties on

Gelfand-Shilov spaces we consider G = U,.,F', where F' € 823 Then

51,02,03°

G(z,y,2) = Flx—ry—tz,y,2) and G(C,&n) = F(C (€ (+1n),

x,y, z,(,&,n € R In view of Proposition 1.3 and from the assumptions
on s; and oj, it follows that there exist constants c¢,ro > 0, where ¢
depends on 7, ¢, s; and o; only, such that

|G(ZE,y,Z)| = |F<$ —TYy — tZ,y, Z)|

111 T U
< emrollz—ry—tz]*1 +ly| "2 +[2]%3 ) < —ero(|z[*1 +y|*2 +]z]°3)
~J ~Y Y
x,y,z € R%, and

IG(C.&m)| = |F(C.C+ 1€, ¢ +tn)|

1 1 1 111
< o7 FICHTE 72 [CHin| 73 ) < p—er (K71 +[E] 72 +n| 73 )

¢,&,m € RY The result follows since by Proposition 1.4 the topology
in §71.92.03(R34) can be defined by the above estimates.

51,52,53

O
Corollary 2.3. Let s,0 > 0 be such that s +oc > 1 and 0 < s. Then
e~ UrPettDn.De) s o homeomorphism on S7(R3?), X7(R3?), (87) (R3)
and on (X9) (R3?).

Next we study an invariance property of bilinear pseudo-differential
operators Op, ,;(a) given by (1.14). More precisely, it can be shown that
for every Gelfand-Shilov distribution a there is a unique distribution
b in the same Gelfand-Shilov class such that Op,, ; (a) = Op,,,,(b),

when r;,t; € [0,1] and r; +t; < 1. The following result, which explains
13



the relation between such a and b, follows from Theorem 2.2 when the
conditions in (2.3) are fulfilled. We refer to [3, Appendix A] for an
independent proof.

Proposition 2.4. Let r;,t; € [0,1] be such that r; +t; < 1, and let
a,b € (871525) (R*), where sj,0; > 0, and s; +0; > 1, j = 1,2,3.
Then

Oprhtl (a) = Op?“g,tz (b)
PN (2.4)

€_i<T1DE+t1D"’DI>a(x> ga 77) = €_i<r2D§+t2Dsz>b('T7 57 77)7 z, ga n € Rd'

Note that the latter equality in (2.4) makes sense since it is equivalent
to

e nhEOG (¢ y, 2) = e (Cy ), (y 2 € RY

Moreover, by using the similar arguments as in e. g. [1,10,51], it can be

shown that the map a — e~"#+2Cq is continuous on (87152 )/(R3).
The following corollary is a consequence of [10, Theorem 4.6] and

Proposition 2.4.

Corollary 2.5. Let sj,0; > 0 be such that s;+0; > 1, (s;,0;) # (3, 3),

Jj = 1,2,3 and r;,t; € [0,1] be such that r; +t; < 1, j = 1,2. If

a,b e (X702 ) (R3), are such that Op,, ,, (a) = Op,,,,(b) Then

$1,02,03

ac F((;-:;SSQ,Sg;O(RSd) RN be FZ})SSQ,Ss;U(Ri’yd)

and

a € T (R*) & el (RYM),

for any given w € P(R3?).

Passages between different kinds of pseudo-differential calculi have
been considered before [28,51]. On the other hand, for the bilinear
pseudo-differential calculi, it seems that the representation a — Op,.;(a)
for (r,t) € [0,1] x [0, 1] such that 4+ ¢ < 1, has not been considered so
far.

2.2. Gevrey-type symbol classes characterizations. Our first re-

7,5,

sult concerns the Roumieu case of symbols in L'y (R3?). Tt can be

deduced from [10, Proposition 4.3], see also [1, Proposition 2.4]. For
the sake of completeness, we give the proof.

Proposition 2.6. Let s;,0; > 0, j = 1,2, 3, be such that the conditions
in (2.3) hold, let w € 22, . (R*) and let a be a Gelfand-Shilov
distribution on R,

Then the following conditions are equivalent:
14



(1) a € FE’:};SQ’S?’ (R3), that is, a € C*(R*?) and

0207 a(x, &,m)| S WPl g1 w(2, € ), @,&,n € R,

for every o, B,y € N and some h > 0;
(2) For every ¢ € S7u:5253(R34) \ 0, there exist constants h, R > 0

§1,02,03

such that for every o, 3,7 € N¢,

‘a?@?@g (ei(<x’<>+<y’§>+<z”7>)V¢a(x, £n,C,v, z)) ‘

1 1 1
S hletFTlIer grozy 19 (3, €, p)e I AR (9 5)

x?&’ TI’ C?y7Z E Rd'
(3) For every ¢ € ST1525(R™) \ 0, there exist a constant R > 0
such that

1 1 1
Vsa(z,&,m,(,y, 2)| S w(w, & n)e” BT FWI=HETD g 60 ¢y, 2 € RY
(2.6)

Proof. That (2) implies (3) is immediate, since (2.5) is equal to (2.6)
when a = =v=0.
Let X = (2,&,n), Y = (z1,&,m), Z = ((,y,2) € R*, and set

F(X,Y)=a(X +Y)o(Y) = a(z + z1, & + §1,m + m)d (w1, §1,m).

Assume that (1) holds true. By the Leibniz rule, (1.10) and Proposition
1.4 we obtain

‘a?a?a;nya(za 57 n, 21, 517 771)‘
1 1 1
< h|a+ﬂ+7|a!01ﬂ!827!83w(1’7 £ n)e—R(\mSl +1€1]72 +|m |3 ),

x,&,n,21,&,m € RY, for some constants h, R > 0.
It follows that the set

8386(97Fa(x, 57 n, 1, glu 771)
{Ga,h,X(Y) ’ Ga,h,x,é,n(zla 517 771) £ ) }

- hlat+B+v]qlo 6!827!83W(x7 57 n

is bounded in 8715253 (R34). If %, F, denotes the partial Fourier trans-

51,02,03

form of F,(X,Y) with respect to the Y-variable, then we get
|02000) (FoFu) (2,6, ¢y, 2))|

1 1 1
< hlatfl 1o glaa s, €, e RIATT +HEAT2 4+ ™)

Y

x,&,m,21,&,m € RY, for some constants h, R > 0. This, together with
the Leibnitz rule applied to 8?(9?(93 (e @OTWOTEMVoa(x, &, (Y, 2))
gives (2).

15



Assume now that (3) holds. By the inversion formula we get

27T T2
X Vea(Y, Z)p(X — V) XD dydz, X e R*,
= e // e, Z)9(X = V)e €

(2.7)
in the weak sense. Since ¢ € 871,523 (R34) we notice that

$1,02,03
(X,Y, Z) = Vya(Y, Z)p(X — Y )e'™2
is a smooth map, and
(Y, Z) = Z°Vsa(Y, Z)0PH(X — Y )e' ™2

is an integrable function for every X € R, a = (a1, ay, a3) € N3¢,
and B = (81, Ba, #3) € N3 in view of (3). Hence the derivatives of a in
(2.7) satisfy the following estimates:

(X)) < Y (g) / / 1 Z8V,a(Y, 2)(0°Po)(X — Y)|dYdZ

Bla

$ 3 () e~ oa = (s =

Bl
I N 1 L BN
x// |Zﬂ|e—R(\C|“1+\yIS2 +|2\83)W(y)e—hl(Iﬂc—fm|‘*1+|§—£1|"2+\77—m\"3)deZ7

X € R*, for some constants hy, hy > 0, and we used Lemma 1.1. For
any 3 € N3¢, 0,s; > 0such that s; +0 > 1, 5 =1,2, and hy, R > 0, it
holds

1 1 1 1
B yB2 s =R 1191 8,152 8193 = 5 (ICI7T +ly[ ™2 +12173)

¢,y,z € R?, so that
0%a(X)]|

h‘a‘ Z < ) Bil(ar — Bi)N)7 (B! — B2)!)* (B3l (s — B3)!)™

B<la
1 1 1
x//e B(1¢17T +1y] %2 +121 ) W(Y)e P lle=aal THEG 172 4=l T8) gy g7
S (2h2)|a|0é1!01062!82063!83

X /w(X + (Y — X))e*’“<|Hlliﬂﬁ*&léﬂ’%ml%) dy, X e R*.

(2.8)
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Since w € 2 ., that is (1.10) holds for every r > 0, by choosing

r € (0,h1/2), from (2.8) it follows that
10%a(X)] < (2he) o171 00120512 w(X), X € R,

for some constant hy > 0 (and we conclude that (2.7) holds also in the
pointwise sense). Therefore (3) implies (1) and the result follows. [

We refer to Proposition 2.7 in the extended version of this paper [3]
for the Beurling case which can be proved by following similar argu-
ments as in the proof of Proposition 2.6.

In the next result however, we consider the Beurling case and give a

description of the symbol class F'(Tlssz’S“O(R?’d) in terms of modulation

spaces M) (R?’d) for g € [1,00] and wg defined in (2.9) below. To
prove Proposﬂzlon 2.7 we follow arguments analogous to those used in
the proofs of [1, Proposition 3.5] and [10, Proposition 4.4].

We leave for the reader to write down Proposition 2.7 when the

(Roumieu case) symbol class '} % (R*?) is considered instead.

Proposition 2.7. Let R > 0, g € [1,00], sj,0; > 0, (s;,0;) # (3,3).
Jj = 1,2,3, and let the conditions in (2.3) hold. Also, let ¢, Py €
N2 (R3)\ 0, w € Py, 4y.05(R??), and let

51,02,03
1 1 1
('L)R('r7 57 777 C? y7 Z) = w(a:7 57 T])eiR(|C|01 +|y‘ 52 +|Z‘ " )' (2.9)
Then
Fa)” S30(RA3) = m {ae (B5mn) (R3%) ; [wi" Vaal| pooa(radxraay < 00 }.
R>0
(2.10)

Proof. When ¢ = oo, (2.10) becomes
01 52 s3;0 ﬂ M 1/wR) 7
R>0

which is a straightforward consequence of Proposition ??. Therefore it
is enough to prove that

') 3d
() Mo (R*)
R>0

= ﬂ {a € (D225 ) (RY); ||wg' Veal peoamsdxrsay < 00 }.

$1,02,03
R>0

Put
‘/O,a(X7 Y) = |(V¢O(I)(l’,£,7]7<,y72)|, ‘/CL(X7 Y) = |(V¢CL>($,€,?7, Cayvz>’

and  G(z,£,n.Cy,2) = [(Vodo) (@, &, C,y. 2]
17



where X = (2,£,n) € R* and Y = (¢, vy, 2) € R*L. By Proposition 1.7

we have
1
S

0<G(r,61,¢y.2) S e "
x,6,n,(y, 2z € RY, for every R > 0.

From [25, Lemma 11.3.3] (when extended to the duality between
Gelfand-Shilov spaces and their dual spaces of distributions) it follows
that V, < Vo * G, so we obtain

L L L L 1
+|€192 +|n| 73 +[¢] 71 +]y| 2+|Z“3)7 (2.11)

(Wr' V)X, Y) S (wig - Vou) *G1) (X,Y),, X,Y € R¥ (2.12)

for some 7 which satisfies (2.11), and for a constant ¢ > 0 independent
of R. By applying the L>-norm on the both sides of (2.12) we obtain

lor" Vall o (o) = sup sup [wg'Va(X, V)|

< supsup ‘wc_RlVO,a * G1(X, Y)}
Y X

< sup (// (sup(wip - Vo) (X, Y — 1)) G1(X1, Y1) Xmle)
Y X

< ch_Rl : VO,aHL‘”*qHGlnLM’ = ch_b% ) VO,aHLO"’qv

wherefrom
(M€ (52525 Y (RM) s [l Voal g < 00}
R>0

o) 3d
- ﬂ M (RP).

R>0

For the opposite inclusion we put K; = wj;% Voa, j =1,2. By (2.12)
and Minkowski’s inequality we have

lwr"  Vallfeos S (K7 # G) [

q
S /sup (/ Kl(X—Xl,Y—}/l)G(Xl,Yi) Xmin) dY
X

s/(//supmz(-,y—m)G(Xl,m

1 1 1 q
w e CRUC=CLI 1 +y—y1[ "2 +2—21] 3 ) XmdY1> dY

1L 1 1 q
S ||K2quo / (// G(Xl,Yl)efcR(K*Cﬂ”l +Hy—y1]*2 +|zzl|53)dX1dY1) dy

S [T = llwzer, * Vol fee-

18



Finally, by interchanging the roles of ¢ and ¢ we get

lwr" - Voallzes < lwper - Vallzos,

i.e.
0 3d
() MGy (R™)
R>0
C [({a e (B2 (RM); |lwg' Veall pa(masxrae < 00},
R>0
and the result follows. O

In [10, Theorem 4.1], it is shown that if A is a d x d-matrix with
real entries, then the operator e*4P¢P=) is a homeomorphism between
certain classes of symbols. We proceed with an analogous result in the

context of the symbol class F?;;SZ’S?’;O(R?’C[).

Theorem 2.8. Let s;,0; > 0 be such that the conditions in (2.3) hold,

and let r,t € [0,1] be such that r +t < 1.

If we P° R34), then a € I’&SSQ’S?’(RM) if and only if

—i(rDg+tDy,Dy) 01,52,53 3d
i(rDg n a € I‘(w) (R )

If w € Py, 5y.0(R3?) instead, and if, in addition to (2.3), (sj,0;) #

(3,3), 7 =1,2,3, then a € F‘(Z’SQ’SB;O(RM) if and only if

_z'(ng—i-tD,,,DT)a c F?l’SQ’s‘Q” (R3d>

Proof. We give the proof for the Beurling case, and the Roumieu case
is left for the reader.

We will use the result of Proposition 2.7. Therefore we fix a window
function ¢ € X723 (R34) and let ¢, = e ""PettPnDa)gy Then, in

$1,02,03

view of Theorem 2.2 (2), ¢, belongs to $91:52:5 (R3?).

$1,02,03
By similar arguments as in the proof of Lemma 2.1, we get

‘(Vd)rt( ~HrDe+tDn D) ))($7£7W7C7y7 2)|
= [(Vya)(z +ry +tz,§ +r(,n+1(,(y, 2)], (2.13)

2,6,1m,(,y, 2 € RY Then using (2.13) and a change of variables argu-
ment, we get

$1,02, 0'3(

e

(&

—i(rDe+tDy),Dy)

lwp o VoallLrs = llw, Vo, (e a)l|zra,

where

wrat;R('xvganagay? ) = w<x+7'y+t2 f‘i‘?"g 77+t<> |y‘82 +‘Z|33 +|C|Ul),

and p,q € [1, 00].
Hence Proposition 2.7, and the fact that there exists a constant ¢ > 0
such that

Wo,0;R+c 5 Wrt:R S < Wo,0;R—c»
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give
01,52,53;

a €I ‘R¥) < [wg 0.5 Vel L < o0 for every R >0

—i(rD¢+tDyy,Dy) )

& ||wrtRV¢M( ||~ < oo for every R > 0

( —i(rD¢+tDy,Dy) (Z)

E [wgo.r Ve (€ | L= < oo for every R >0

o o UrDettDy,Da) 0 FE‘:};SLS:&;O (]_:{:%cl)7

and the result follows.
O

3. CONTINUITY OF BILINEAR PSEUDO-DIFFERENTIAL OPERATORS
WITH SYMBOLS OF GEVREY-REGULARITY AND INFINITE ORDER

We first discuss the continuity of bilinear operators in Op(F‘("iSs”d)

and Op(F‘(’;Sw’SS;O) when acting on products of modulation spaces. In
particular, Theorem 3.1 can be considered as an extension of [47, The-
orem 3.2] to bilinear operators and a more general class of weights.

Theorem 3.1. Let s;,0; > 0 be such that the conditions in (2.3) hold.
Also, letv; € 22 (RY), v; € gzgj(Rd), j=2,3, wy,we P, .. (R¥),
and let wy be ®3_,v;-moderate. Furthermore, let r,t € [0, 1] such that
r+t <1, and let p,q € [1,00]. If a € Fgl";Q’SS(Rgd) then there exists
R >0 such that Op, (a) is continuous from Mgy (Rd) X Mo (R%)

to M&’S(Rd), where

R,
wR(ZB, 57 7’]) — e_R(lxlbl +|E‘ 2+|T]‘ 3)’ a':’ S’/r/ 6 Rd‘

Remark 3.2. We will use estimates similar to those obtained in the
proof of [9, Theorem 6.1]. We observe that out arguments are any-
way different since, in view of the fact that we employ Gevrey tpye
symbols, we cannot rely on standard localization techniques. The idea
is that for a fixed function ¢ in appropriate space of test functions,

F((T;SS%SJ <R3d) and r =t = 0, the operator Op(],O(a)( ’ 79) = Ta( ) 79)
can be regarded as a linear pseudo-differential operator (with symbol
depending on ¢), that is,

O (a)(f, 9)(x) = (27) "4 / ¢9a, (&) F(€) de,

where
_d ilx ~
oy(w,6) = (2m) ¢ [ =afa, ¢, mglo) 31
If a, € FE‘;;}S){"(RM), then the continuity of Opg,(a)(-,g) from M(p@zw)

to M(pu'g follows by Proposition 1.9.
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Lemma 3.3. Let s;,0; > 0 be such that the conditions in (2.3) hold.
Also, letv; € 22 (RY), v; € ﬁgj(Rd), j=2,3, wo,we P, .. (R¥),
and let wy be @3_ v;-moderate.

If g € S7'(R?) and a € F‘(T;(’J‘;Q’Sg(Rgd), then the symbol a, given by
(3.1) belongs to T7%:2(R*), where w(w, &) = wo(z,&,0) € 20 (RM).

(w) 51,02

Proof. By (3.1) it follows that a4 is a smooth function. Indeed,

(,&,m) = e"“a(a, &, n)gn)
is a smooth mapping and

n e e o0 az, & n)gn)
is an integrable function for every x, &, o, 3 and 7.
Since g € S5 (R?) (cf. Proposition 1.3) and since wy € 29, .
it follows that

oo, 0| s (1) |

<«

< Z (?;) /ha-i-ﬁ—V(a — )17t g1

y<a

y<a

(R*),

m0s T 0Za(x, € )| dn

1
UJO(:E7 ga 77)7776_7"'77' o

dn

N 1
93 — 71
erolnl”s pre=rinl

dn,

for every ro > 0, and some constants r, h > 0. Since ry can be chosen
such that ro < r, and since

—rg) %
525 |n| 71

1
_(r— o1 _(r=rg)
e~ ol < phlytete :

we get

920 ay(x,€) ]

1
S hlerlgesy (3) ((a =y / wo(x, &, 0)e o™ dp,

y<a
< (4h)e Pl glsag(z, €), € € RY,
for some constant h > 0, where w(z,€&) = wo(z,&,0) € 20 (RM).

51,02

This gives the desired result. U

Proof of Theorem 3.1. In view of the invariance properties for the bilin-
ear pseudo-differential operators given in Theorem 2.8, we may assume
r =t = 0 without loss of generality.

By Proposition 1.9 and Lemma 3.3, it follows that Op(a)(f,g) is a
continuous mapping from My (R) x S (RY) to M, g(Rd). Now the
result follows from Proposition 1.7. O
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We refer to [3, Theorem 3.4] for the Beurling case counterpart of
Theorem 3.1.

Finally, the characterization of Gelfand-Shilov spaces via modulation
spaces gives the following result (cf. [27,41,48]), see also Proposition
1.7.

Theorem 3.4. Let there be given s,0 > 0 such that s +o0 > 1, vy €
PORY), v; € PORY), j =2,3, andwy € 0, _(R3?), such that wy is

5,0,0

®3_ vj-moderate. If r,t € [0, 1], such that r+t < 1, and a € FE’U’JS)’S(RM)
then Op,.,(a) is continuous from S(R?) x S7(R?) to S(RY), and from

(S7)(RT) x (87)'(RY) to (S7)'(R).

Proof. In view of Theorem 2.8, it is enough to consider the case when
r=t=0,ie Opgy(a)

By Proposition 1.10 and Remark 3.2, it is enough to show that
ag, given by (3.1) belongs to FZLS’)(RM) for w(z,&) = we(z,£,0) €
20, (R*). This follows from Lemma 3.3. Now the the continuity of
Op,,(a) from S7(R?) x S7(R?) to SI(RY) follows from Theorem 3.1
and Proposition 1.7.

The continuity of Op, ,(a) from (S7)(R%) x (87)(R?) to (87)'(R?)
follows by duality. O

The analogous result hold for the Beurling case, see [3, Theorem 3.6].
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