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Abstract. In order to approximate functions defined on the real line or on
the real semiaxis by polynomials, we introduce some new Fourier-type operators,
connected to the Fourier sums of generalized Freud or Laguerre orthonormal sys-
tems. We prove necessary and sufficient conditions for the boundedness of these
operators in suitable weighted LP-spaces, with 1 < p < co. Moreover, we give
error estimates in weighted LP and uniform norms.

1. Introduction

Let us consider the case of functions defined on the real line. R. Askey
and S. Wainger [1] proved that a function f can be represented by a Hermite
series under very restrictive assumptions. To be more precise, denoting by

S (w, f), w(z) = e~*, the mth partial Hermite sum, there exists a positive
constant C, independent of m and f such that

| Sim(w, lvw]|, < Cl| fv/w],

if and only if p € (%,4).
Subsequently, B. Muckenhoupt [15] introduced the weights u(z) = (1 +

) bm and v(z) = (1+ |z) B(l +log™ ]ac])n\/m, with w(z) = e

and thus he proved inequalities of the type
(1.1) | Sm(w, flu|, < Cllfoll,,

for 1 < p < oo and u # v, under suitable assumptions on b, B, 1, where C is
a positive constant independent of m and f.
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348 G. MASTROIANNI and I. NOTARANGELO

S. W. Jha and D. S. Lubinsky [6] extended the results of B. Mucken-
houpt to the case of Freud weights, namely they replaced w(z) = e~ by
w(z) = e~ Q@ (under suitable assumptions on Q).

It is important to remark that in [15, Theorem 3] the author showed that
inequality (1.1) holds with v = v and p > % if the norm on the left-hand side
is restricted to the subset A,, = {:E ER: ||z| —/m| = 6y/m, 6 € (0, 1)}
Then he proved the L%, convergence of S,,(w, f) to f in A,,. Moreover, in
[15, Theorem 4] it was proved that inequality (1.1) holds with v = v and

1 < p < 4 for all the functions vanishing in R\ A,,. Therefore, denoting by
X4,, the characteristic function of A,,, the inequality

(1.2 Xt Sonlw0s IV [, < €l V0

holds with 1 < p < 0o, w(z) = e and C independent of m and f. Fur-
thermore, by virtue of the results due to S. W. Jha and D. S. Lubinsky,
inequality (1.2) has been extended to the case of Freud weights, but under
weaker assumptions than the previous ones in [15].

Now, making a slight change of notation, let A,, = {z € R: |z| < fa,, },
with 0 € (0,1) and a,, the Mhaskar-Rahmanov—Saff number of w, and let
X4,, be the related characteristic function. Recently in [14, Theorem 3.1],
among other results, G. Mastroianni and P. Vértesi proved that inequality
(1.2) holds also if w is a Freud weight of the form e~?®) and, moreover, the
sequence {XAmSm(w, XAmf)}mEN converges to the function f in Lf/@ with
the order of best polynomial approximation.

The latter result was extended to the case of generalized Freud weights

in [12]. Letting w(z) = |x]o‘e*|z|g, u(z) = ]w\”e‘#, g>1, a>-1,
v > —1/p, Sy (w, f) the mth Fourier sum of f € L% in the orthonormal sys-
tem { pm (w)}m ey and Ay, defined as above, in [12] it was proved that, under
suitable assumptions on « and -y, the bound

| X A S (w, XA f)u]| , < Clixa,, full,

holds with p € (1,00) and the sequence { xa,, Sm(w, xa,.f)} converges

meN

to the function f in L{)/E with optimal order.

However, {XAm S (w, XAmf)} men 18 not a sequence of polynomials.
Hence the operator x4, Sm(w) does not map functions into polynomials,
as it is required in several contexts. We finish this short survey of the previ-
ous results by mentioning the fact that results similar to all of the previous
ones hold also for functions defined on the real semiaxis (see [1, 15, 14, 12]).
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SOME FOURIER-TYPE OPERATORS 349

The aim of this paper is to construct a new polynomial operator of Fourier
type having the same behaviour of x 4,, Sim(w). In fact, in Section 2.1 we de-
fine this operator and we show that it is the continuous version of a Lagrange-
type projector introduced and studied in [11]. In Section 2.2 we state con-
vergence theorems and error estimates in several function spaces. The state-
ments in Section 2 have an interesting application. In fact, by means of a
simple quadratic transformation, mutatis mutandis, we can prove useful the-
orems concerning the orthogonal expansion of functions defined on the real
semiaxis in a system of generalized Laguerre polynomials. This is done in
Section 3. Finally, in Section 4 we prove our results.

We remark that we restricted ourselves to the case of functions belong-

l=|®

ing to weighted LP-spaces, 1 < p < oo, with the weight u(z) = |z|7e” 2,
v > —1/por~y=0and > 1, only for simplicity of exposition. In fact, we
could have replaced the weight u by a more general weight of the form

S
|| 8
i(x) = [[le—tel™e 2, >0 B>1,
k=1

where t;, € R and s 2 0 are fixed. Whereas, the weight for the orthonormal
system, w(z) = \x|o‘e*‘x|’8, a > —1and 8 > 1, cannot be replaced by another
weight, since nothing is known in the literature concerning the properties of

polynomials, orthonormal with respect to more general weights.

2. The case of generalized Freud weights

2.1. Basic facts and preliminary results. In the sequel, C will stand
for a positive constant that could assume different values in different formulae
and we shall write C # C(a, b, ...) when C is independent of a, b, ... . Further-
more if A and B are positive quantities depending on some parameters, then
A ~ B will mean that there exists a positive constant C independent of these

parameters such that (4/B)*" < C. Finally, [a] will denote the largest in-
teger smaller than or equal to a € RT.

Function spaces. For 1 < p < oo let

(2.1) u(z) = |1‘|767¥

be a generalized Freud weight with v > —1/p and § > 1. The space LP =
LP(R) is defined in the usual way equipped with the norm

1/p
HfHLp:Hf!p:(/R\f(:c)\pdx> C fer
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350 G. MASTROIANNI and I. NOTARANGELO

We define the weighted LP-spaces, saying f € L% if and only if fu € L?, with
the norm || f[|z» = || full,,.

If p = o0 and w is the above defined weight with v > 0 and 8 > 1, then

L®:=C, = {f eCO(R\{0}) :  lim  f(a)ulz)= o},

z—0 or |z|—00

while for v =0

Ly :=C, = {f e C'R): lim f(z)u(z)= 0},

|z|—o0

where C°(R) is the set of all continuous functions on R. We equip the space
C,, with the norm

1lle, = Ilfulloo = sup | f()u(x)|.
z€R

In the sequel, for any set A C R, we will denote by Hfu||Lp(A), 1<p< oo,
the previous norms restricted to the set A.
Polynomial spaces and a Fourier-type operator. Let now

(2:2) w(e) = [af e,

with @« > —1 and (> 1, be another generalized Freud weight and let
{ pm(w)}m ey Pe the corresponding sequence of orthonormal polynomials
with leading coefficient v, = v, (w) > 0. The properties of these polyno-
mials have been studied in [3, 4, 5].

The Mhaskar-Rahmanov—Saff (M-R-S, for short) number a,, related to
the weight /w is given by (see for instance [8])

1 L
(23)  dm = am(viw) = [25((5)/2)] (1+ %>1/5 /B s /8,

where I' is the gamma function.
Denoting by Py, +1 the set of all algebraic polynomials of degree at most

m + 1, with am = apn, (v/w ), we introduce the following subspace of Pr,41:

Pm+1 = {Q € Pm+1 : Q(iam) = O}.

Obviously, this subspace is connected with the weight w by the M—R—-S num-
ber a,.
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SOME FOURIER-TYPE OPERATORS 351

Moreover, for any function f € L%, 1 < p < oo, we denote by
Em(f)u,p = Piengm H (f - P)qu
the error of best polynomial approximation of f by polynomials of P,,, and by

Enit(Dup = ot 1/ = Qul,

the error of best approximation of f by means of polynomials of Py, 1.
In the sequel, with M < m/2, we will consider the subspace

Pas ﬁPm+1 = {Q € Py Q(j:am) = 0}
The next lemma is crucial for our aims.

LEMMA 2.1. Let 1 £ p < o0, let u and w be the weights given by (2.1) and
(2.2), with 8 >1,a>—1 andy> —1/p (forp < oc) ory 20 (for p=o0).
For any f € LL, and uniformly with respect to the parameters o and ~y, the
inequality

@4) b (= Qull, = C{Bu (S, + eI full,}

holds for M = L 26+ J 6 > 0 fized, with A and C positive constants inde-

pendent of f and m.
We remark that, by Lemma 2.1, we have

(2.5) Eri1(f)up £ C{EM(f)y, +e ™ full,} -

with M = \_ 5+1)5J 0 >0, and with A and C independent of f and m.

This ensures the density of (J,,, Pm+1 in LE, 1 < p < o0, and it estimates the
error of best approximation by elements of P,,11 in terms of the error by
polynomials of degree at most M.

If f belongs to LY, with u the weight in (2.1), then its mth Fourier sum
Sm(w, f) is defined in the usual way as

m—1

Smlw, £,2) = S ex(w, Hpe(w, z) = /R Ko (w, 2, 8) f (H)w(t) dt,

k=0
where ¢ (w, f) = [z pr(w,t)f(t)w(t)dt is the kth Fourier coefficient of f in

the system { pp(w)} men and

m—1
(2.6) Koy (w,z,t) = Z pr(w, x)pg(w, t)
k=0

_ Tm—1 pm(wa x)pm—l(w) t) — Pm—1 (’UJ, :E)pm(w) t)
Tm x—t
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352 G. MASTROIANNI and I. NOTARANGELO

is the Christoffel-Darboux kernel.

Now we introduce a new Fourier-type operator. Given f € L% and
6 € (0,1), with a,, the M-R-S number related to the weight w, we set
fo = xof, denoting by xg the characteristic function of the interval
[—0ay,, Oay,]. Then we define the operator

(2.7)
Sy(w, f,x) =8 (w, fo,z) = (a?n — ;132) Sm (w, aZ—-2’$> , fell.

an ¢ ¢ L%, this Fourier-type operator is well-defined.

By (2.6) we have

S* (w, f,3) = S(w, fo, ) = (a2, — 22) 1=t

Since

Tm
% pm(w, 2)pm—1(w, t) — prm—1(w, ©)pm(w, t t
x/_oop (0, D1 (1:8) = Py (w2} )ag,{a(_)tzw@f)dt-

Then, using a Gaussian rule (with f € C°(R)), we obtain the following “trun-
cated” Lagrange polynomial, based on the zeros xj of p,,(w) and the addi-
tional points +a,,:

L;kn+2(w7 f,l') = Z EZ(wvx)f(xk)7 f € CO(R)a

ek | S0am
where

Pm(w, ) (af —2?)
P(w, o) (@ — ) (a2, —23)

U (w,x) =

The interpolation process based on the zeros of Freud polynomials plus two
additional points was introduced by J. Szabados in [19], while the operator
Ly, o(w), which is the discrete version of Sy, (w), was introduced and studied
in [11].

We also remark that the operator S,,(w), where

§m(w,f,:z) = (a%l — x2) S, <w, a2f—-2’$> ,

m

could seem more natural than S%,(w), since S, (w, Q) = Q for any Q € Ppy1.
However, the Fourier coefficients of the function f(t)/(a2, — t?), given by

Ch <a2 / 2) = /() 5Pk (w, t)w(t) dt,

R a2, —t

m
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SOME FOURIER-TYPE OPERATORS 353

are finite only under proper assumptions on the function f. This is one of
the reasons why we have defined the operator S}, (w) replacing the function
f by its “finite section” fy. Obviously S} (w) maps L% into P41, but it is
not a projector.

The following lemma shows a property of S}, (w), which will be useful in
the sequel.

LEMMA 2.2. Let w and u be the weights given by (2.2) and (2.1).
For any Q(x) = (a?n — x2) Pyr_o(z) € Py N Pryg1, with ay, = am(\/a) and

M = L(%)B%J, 0 € (0,1), we have
S;;’L(w7Q7’:L') = S;(U),Qg,l‘) = Q(l‘) + Fm+1($)>

where I'pyp1 € Pmy1 with
(2.8) ITonsrull, < Cem ™ Qul,,  1=p= oo,

uniformly with respect to the parameters a and v of the weights, with C and
A positive constants independent of m and Q.

2.2. Main results. Now we are able to state boundedness and conver-
gence theorems of the operator S}, (w).

THEOREM 2.3. Let 1 <p < o0, 6 € (0,1) and w, u be the weights in (2.2)
and (2.1), with parameters a > —1, > 1 and v> —1/p. Then, for any
f € LE, the inequality
(2.9) | S (w, fo)ul|, < Cllfoull,, € #C(m, f),

holds if and only if
1 1
(2.10) LIS PN P PV PNS S
p p
Moreover, conditions (2.10) imply
(2.11) 11f = S w, fo)]ul| | < C{Ear(f)yy + e "l full,}

with M = {(%)ﬁ%} C and A positive constants independent of m and f.

The following corollary is an immediate consequence of Theorem 2.3 so
we will omit its proof.
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354 G. MASTROIANNI and I. NOTARANGELO

COROLLARY 2.4. Let 1 <p < oo, 6 € (0,1) and w,u be the weights in
(2.2) and (2.1), witha > =1, 3> 1 and~y 2 0. Let o(z) = (1+|z|) "u(z). If

1 o 1 1 1
——<y7—=<1l-—-, v-a<l—-—, v>-
P 2 P P P

)

then, for any f € C, and for 6 € (0,1), we get

(2.12) IS5, (w, fo)ull, < Cll.fo0 |l oo
and
(2.13) 115 = Si(w, fo)lul| ) < C{EuM(f)goe + ¢ "l follc}

with M = L(%)B%J, C and A positive constants independent of m and f.

THEOREM 2.5. Let 0 € (0,1) be fized and w,u be the above defined weights
with a« > —1, 8 >1 and v = 0. If

(2.14) max{(),%} <q< %“

then, for any f € Cy, we have

(2.15) | S5 (w, fo)ul , = CQogm)| foull,
and

(2.16)  ||[f = Sp(w, fo)] ul| < C{(logm)En(f), a0 + eIl fulloo }

with M = L(%)ﬁ%} C and A positive constants independent of m and f.

As it has been mentioned, from the approximation point of view, the
sequence { S (w, fo) } meN has the same behaviour as the truncated sequence

{XAmSm(w,XAmf)}meN (see [14, 12, 9]), but it is a polynomial sequence.
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SOME FOURIER-TYPE OPERATORS 355

3. The case of generalized Laguerre weights

3.1. Basic facts preliminary results.
Function spaces. For 1 < p < oo consider the generalized Laguerre weight

(3.1) Uz)=ae 7, ze(0,0),

with v > —1/p and 3 >1/2. Then we write f € L}, if and only if fU €
LP[0, 00).
For p = oo we set

{f €C(0,00):  lim  f(a)U(x) = o}, ~ >0

Ly =Cy =
{f € 0000, 00) : limy_oo f(2)U(z) = o}, v =0.

Polynomial spaces and a Fourier-type operator. Let now

(3.2) W(x) = z%e

with @ > —1 and 8 > 1/2, be another generalized Laguerre weight and let
{pm(W)}m N be the corresponding sequence of orthonormal polynomials
with leading coefficient 7, = 3, (W) > 0. It is known that the Mhaskar—
Rahmanov-Saff number @, related to the weight /W satisfies @, ~ ml/B.

With a,, = anm, ( VW ) , we introduce the following subspace of polynomi-
als of degree at most m:

P ={Q P,y : Qam)=0}.

Moreover, for any function f € L}, 1 < p < oo, denote

Em(f)Up =

b= e,

the error of best approximation of f by means of polynomials of P,,.
If M < m/2, we will consider the subspace

Pr NP ={Q € Py : Qam) =0}.

The following lemma can be proved the same way as Lemma 2.1.
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LEMMA 3.1. Let 1 S p < o0, let U and W be the weights given by (3.1)
and (3.2), with 3> 1/2, a > =1 and v > —1/p (for p < oc) or v =0 (for
p=o00). For any f € LY., uniformly with respect to the parameters a and v,
the inequality

83) ot [[(F=QUI, £ C{Eu(fu, +e UL}

holds for M = L 26417 J 6 > 0 fized, with A and C positive constants inde-

pendent of f and m.
By Lemma 3.1, the inequality

(3.4) En(f)y, < CLEM(f)y, +e ™I fUL}

holds with M = \_WJ, d €(0,1), and with A and C independent of f

and m. This ensures the density of J,, Pm in LY;, 1 < p < oo, in analogy
with the subspaces introduced in the previous section.

If f belongs to LY, with U the weight in (3.1), then its mth Fourier sum
Sm(W, f) is given by

m—1
m(W, frx) = en(W, Hpr(W,z) = /K (W, z,t) f(t)W (t) dt,
k=0

where ¢, (W, f) = [;° pr(W,t) f(t)W (t) dt is the kth Fourier coefficient of f

in the system {pm(W)}meN and

-1
(3'5) Km(VVa a;,t) = pk(W7 l’)pk(VV, t)

3

>
Il
o

_ ﬁmfl pm(VVa ~I)pmfl(Wa t) - pmfl(VVa x)pm(Wv t)
ﬁm x—t

is the Christoffel-Darboux kernel.
Now we introduce the Fourier-type operator, analogous to the one in Sec-
tion 2. Given f € L}, and 0 € (0,1), with @,, the M-R-S number related to

the weight VW, we set fy = xof, denoting by xy the characteristic function
of the interval [0, 6a,,]. Then, for f € L¥,, we define

3.6)  S5(W.foxm) = S5 (W, for2) = (dm — 2)Sim (W, _Je x>

Ay, —
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SOME FOURIER-TYPE OPERATORS 357

— (4 — 2) I /°° Pi(W, 2)pm—1 (W, t) — pm—1 (W, 2)pm (W, 1)
e Am  Jo x—t
« o) W (t) dt
A — 1

Using a Gaussian rule (with f € CY[0,00)), we obtain the “truncated”
Lagrange polynomial, based on the zeros xjy of p,,(W) and the additional
point Gy,

W fo) = S G2 (),

xkgez‘zm

where

Pm (W, x) (G — )
P (W) (2 — 2g) (Gm — o)
The operator Ly, (W), which is the discrete version of Sy, (W), was studied
in [7, 10].

The following lemma is the analogue of Lemma 2.2.

LEMMA 3.2. Let W and U be the weights defined by (3.2) and (3.1). For
any Q(z) = (am — x)Pyr—1(z) € Ppy NPy, with ayy, = dm(\/W) and M =
L(%)Q%J, 0 € (0,1), we have

G(W,z) =

S5 (W, Q,z) = S5 (W, Qp, ) = Q(x) + D (),
where I',,, € Py, with
(3.7) ITWUl, < Ce*™|QU|,,  1<p< o,

uniformly with respect to the parameters a and v of the weights, with C and
A positive constants independent of m and Q.

3.2. Main results. The next results follow from the statements in Sub-
section 2.2.

THEOREM 3.3. Let 1 < p < o0, 0 € (0,1) and W,U be the weights in (3.2)
and (3.1), with parameters a« > —1, > 1/2 and v > —1/p. Then, for any
f € L?., the inequality

(3-8) S (W, f)U ||, S CllfeUll,,  C#Clm, f),

holds if and only if

. - - - - — - 1_7-
(3.9) 1 <7 2<4 , Y—a<
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Moreover, conditions (3.9) imply
(3.10) 1[f = S W )] Ul S C{EM(f)yy + eIV,

with M = L(%)ﬁ%} C and A positive constants independent of m and f.

COROLLARY 3.4. Let 1 <p<oo, 0 €(0,1) and W, U be the weights
in (3.2) and (3.1), with > —1, >1/2 and v=20, and let o(x)=
(1+2)U(). If

then, for any f € C, and for 6 € (0,1), we get

(3.11) | S (W, f)U||, < Cllfoo oo
and
(3.12) 11f = Sn W )] Ul S CLEM(fgoe + €™l follc}

with M = L(e%)ﬁ%} C and A positive constants independent of m and f.

THEOREM 3.5. Let W and U be the above defined weights with o > —1,
B>1/2 and~ 2 0. If

a 1 a 3
1 —+-7 = —+ -
(3.13) max{0,2+4}_’y<2+4
then, for any f € Cy and for 6 € (0,1), we have
(3.14) | S (W, fo)U || o, = CQlogm)|| foU |

and

(3.15) ||[f = Sm (W, f)] U], < C{(logm)Err(f)p oo + € " FUlI o}

with M = L(e%)ﬁ%} C and A positive constants independent of m and f.

As we have already emphasized in Subsection 2.2, from the approxima-
tion point of view, the sequence { S, (W, f@)}m cy has the same behaviour

as the truncated sequence {X@Sm(VV, ng)} meN (see [14, 12, 9]).
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4. Proofs

We are going to prove only the statements in Section 2, since the theo-
rems in Section 3 can be deduced from these ones. First of all we recall some
known results, which will be used in the proofs. The following lemma col-
lects some polynomial inequalities, which can be found in [13] (see also [18],
pp. 277-343).

z\ﬁ

LEMMA 4.1. Let 1< p=< oo and u(z) = |:U]76JT, with >1 and
v > —% if 1<p<oo,vy20if p=oc. Moreover let ap(u) be the M-R-S
number related to w. Then for any polynomial P € P,,, we have

m
4.1 Pl <cC P
(4.1) [ Plull,, = am(u)ll ull,
and
1_1
(4.2) 1Pul, <c(——)" "|Pul,, 1Sp<g<co
. q: am(u) p7 = = )

where C is a constant independent of m and P in both cases.
Moreover, for any fized d > 0, there exists C = C(d) # C(m, P) such that

(4.3) 1Pull, < ClPull o, )

where Ay, (u) = [— am(u), —da”;gu)] U [damngu) ) am(u)]. Finally, for all 6 > 0,
the inequality

(4.4) 1Pull o 5,0 y) S €[ P,

holds with By, (u) = {z € R: |z| > (14 8)am(u)}, C and A positive constants
independent of m and P.

The Mhaskar—-Rahmanov—Saff number related to the weight u is defined
by (see for instance [8])

)

_ 1/B
(4.5) am (1) = [W] (1+ %>1/5 mi/B ~ ml/B

where I' is the gamma function. By (2.3) and (4.5), we have a;(u) ~
am (Vw ), where w(z) = |x|a6_‘$|ﬁ, a>—1and > 1.
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The following inequalities deal with the behaviour of the orthonormal

system {pm(w)}meN. In [3] it has been proved that

(4.6) sup

"EE[—amyam}

~1

|z|P a/2
pm(w, z)e” 2~ (|ﬂs| + a—m> Va2, — x2
m

and

C

— 22 +m~2/3a2,

) -TE-Am(\/E)a

(4.7) ‘pm(w,l‘)‘ m = {L/a%@

where q,, = am(\/a ) and

d> 0.
In the sequel we will also need the following proposition, proved in [11].

PROPOSITION 4.2. Let w be the weight in (2.2), {pm(w)}meN

responding orthonormal system and a,, = am(\/ﬁ) . Then, for any G € LP,
1 < p < oo, we have

be its cor-

(4.8)

( /R G ()P (a0, 2)v/0(z) /B, — 22 |pdx> 7 c( /

am

1/p
‘G(:):)‘pdx>
with C # C(G,m,w).
For each set A C R and for y € R, denote by
(z)

Ha(fsy) = Al_ydx and  H(fy) = Rx@”;dm

the Cauchy principal values of these integrals, i.e. H 4 is the Hilbert trans-
form extended to the subset A. If A =[—1,1] and v is a weight function on
the same subset, then, for any measurable function f with fv € LP[—1,1],
1 < p < 00, the inequality

(4.9) | Hwg(Fell, S Clfell,, € #C().

Acta Mathematica Hungarica 127, 2010



SOME FOURIER-TYPE OPERATORS 361

holds if and only if v is an A, weight (see [16, 2, 17]), that is for any interval
IcC[-1,1]

(4.10)

(i [ w) /(,}' Jvttwao) Tserem, ilon

where |I] is the measure of I and 1 < p < co. Observe that v(z) = || is an
Ap weight if and only if

1 1

—— <A<l -~

p p

Finally, we say that P, € P,, is a near best polynomial approximant of
fe Ll if

)

PrROOF OF LEMMA 2.1. We are going to prove (2.4) only for 1 <p
< 00, the case p = 0o being simpler. Let PM € Pys be a near best poly-

nomial approximant of f € LL, with M = |_ 264D 5J and d > 0 to be fixed in
the sequel. Set

Qux)= > li(w,z)Paa)

kIS A5 ] -1
and
Py(z)= Y lx(w,z)Pu(zy),
kIS5 ]
where
~_ puaa(wz)  (ap, —2?) {M—lJ
(4.11) ek(w,x)ilefl(w,tTk)(x_l'k)(a?n 2)’ k< | ——]"

and

am *x pr—1(w, )
20, pyv-1(w, £am)

(4.12) EiL%J(w’x):

Namely, these interpolation processes are based on the zeros of pas_1(w),
i.e. x_LMJ <LK <ag < < xLMJ, plus the additional points
2 2
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T, L 41| = = £a,;,, with a,, = am(\/a). If M — 1 is odd we replace the zero
=0 by z¢ := 5. Obviously Qar € Ppr N Pry1. We have
(4.13) oep i, N(F = Qull, <[ (f = Quoul],
< [(@u = Pan)ul|, + CEuM(f),,
= | [e- gz ) Prr(am) € () P (am } |, +cEuth.,
< eut-an ]+ [t o,

§ L+ 1+ CEM(f)%p

We are going to estimate only the term Io, the other one being similar. By
the Remez-type inequality (4.3) we get

I < CHPM(am)EL%J (w)u‘

Lr(Ap (u))

<Cap(w)?  sup | Pas(z)u(z)|  sup
lz|Zam (vaw ) z€Ap(u)

where Ap(u) = [ — an(u), anr(u)] \ [ - al‘;\’}u), a]‘f\/}u)]. Using the inequality

g C if y—=20

ol ) o)

Cm2~7 if 7-5 <0

(see [11], formula (4.11)), we obtain

)

L < Capn(u)Pm”™  sup | Pas(z)u(x)
|z|2am (vw )

where 7 = max {0, g — ’y}. Now, by the choice of M, it is easily seen that
am(vw) Z (1+6)anr(u), for some § > 0 and for a sufficiently large m. Then,
using inequalities (4.4) and (4.2), since am (VW) ~ am(u), we get

I < Ce ™| Pysull, < Ce™ ™| ful,

From the previous estimate and (4.13), inequality (2.4) follows. [
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PROOF OF LEMMA 2.2. Let us first consider the case 1 < p < co. For

each Q € Py N Ppy1, with M = L(%)’B%J and 0 € (0,1) fixed, we can

write

Sy (w, Qg,x) = (afn — 332) Sm (w, CL262_02733>

=Q(x) + (afn - ;p2) Sim (w, 2229:2,1) =:Q(z) + Tiy1(x),
where a,,, = am (v/w) and
2_ .2
(4.14) Fpt1(x) = Spm(w, Qo — Q, ) + S,y (w, = _37'2 Qo — Q],x)

=: Ay (z) + Az(z).
In order to estimate the term A;(x), we recall inequalities (18) and (19) in

[12, p. 93] and Theorem 1 in [15],

. 4
. [ full,s it g <p<4
m/||fu||p, if 1<p§§or4§p<oo

and since, by the choice of M, fam, (vw) 2 (1+ )ar(u) and an, (VW) ~
am(u), we can use (4.4), obtaining

(4.15) [ Avull, < Cm'P([(Qo — Q)ul|, = Cm'*1Qull 1o 14200 (v )}
< Cem ™| Qul

As for As(x), by (2.6), we can write
AQ([IJ) _ Tm—1

m

[ D0 st 0] QD
[t|>0am

dt

2 2
an, —t

and, according to the Remez-type inequality (4.3), considering the subset
A () = [ = am(u), am(v)] \ [— am(u) amT(u)], it is sufficient to estimate only

m
the term
P 1/p
dx

(4.16) | Azull,
* t4x
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Pm—1(w, )Q(t)w(t)

A —

dt

g Camem(w)uH LP(Am(u)) /Ga

where %,:—n:l ~ am = am(y/w) (see [3]), the other ones being similar. By
inequality (4.7), since an, (v/w) ~ am(u), we have

m1/6 -
(4.17) amem(w)uHLp(_Am(u)) = C“mmm | HLP(Am(U))

16 masd (am(u)\7TE
< Cyamm/P max ap(u)’ 27r, | ——= .

m

Concerning the last factor in (4.16), by (4.7), we have
) 1/6 poo
i) [ [ Q0u0) 4 om
Oam

dt <C
Ay — 1
o 1 2am
< Cms ag |2 /

- Vam Joa,,
Oam,

QM)[t]2 u(t)

A — 1

dt

Q(t)u(t)

Ay — 1

ml/6 [ a_
am

am

By Holder inequality, using the boundedness of the Hardy-Littlewood max-
imal function and by inequalities (4.4) and (4.1), we get

o [ Q)
m
Oam Ay — t
a_ 1 1
<Cmsaz 2 ()P Qu
Um — LP[Oam,2am]

1 am ,
Wm—ﬂ/t (Qu)'(y) dy

p 1/p
dt)

< ce ) Quy |, e (1) 1,

am (1)

2a
1 o _ +l_l m
=Cmb a, TR
Oam

o +l_l
o pH(Qu)/HLl’[Gam,Qam}

since fam, (vw) 2 (1 + 0)an(v) and ap = am(vw) ~ ap(u). Let us con-
sider the second summand in (4.18). If o/2 — v < 0, by (4.4), (4.3) and the
Hoélder inequality, we have

m1/6 [eS) o
o [ lewliETuar
am

am
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N3 [ a_._ 3
<Cmbap | / Q)| u(t)dt < Cms a2 e ™ [Qull 11 4, )

- -1 _ m —Am
TR an(u) e Qull o ay ) S Ce M IQull,

since 2ay, (vw) 2 (14 60)an(u) and amn = am (VW) ~ am(u). Otherwise, if
a/2 —~v >0, by (4.4), (4.3) and the Holder inequality, we have

ml/6 oo o mi/6 . o
ail’ /zam\Q(ﬂW’Q Tty dt £ C g e QI g

ml/6

<C

e MMan (Vo) 2N Qull i (4, (v S Cem I Qull

since 2a,, = 2am(\/E) = (1+ 6)am(\/ﬁ), for some ¢ > 0. Combining the
previous estimates of the terms in (4.18) with (4.17) and (4.16), it follows
that

[ Azull, < Ce™ ™| Qull,,

whence

(4.19) | Azull,, < Ce™ ™ (|Qull,,

Taking into account (4.14), by (4.15) and (4.19), we obtain (2.8) for 1 < p
< 00.

Now we are going to prove (2.8) for p = oo, taking into account what we
have already proved for 1 < s < oo. Using the Nikolskii-type inequality (4.2)
with ¢ = co and the Remez-type inequality (4.3), we get

1/s 1/s
m m —Am
Hrmﬂunmgc( ) ||rm+1u||s§c()) ™ Qul

am(u) am(u

1/s
m —Am s —Am
<o () 1@l ) S Cm o Qi

am(u)
< Cem M| Qul| .-

Finally, if p =1, by the Remez-type inequality (4.3), (2.8) and the
Nikolskii-type inequality (4.2), we obtain

I vully < ClTnral s (4 ) < Cotm (1) [t o

< Can(uwe ™| Qull, < Cme A ™|Qull; < Ce ™ |Qull,. O
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PROOF OF THEOREM 2.3. First we prove that (2.10) implies (2.9). By
using the Remez-type inequality (4.3), with a,, = am(/w ), we have

| doyull, < €185 Fo)ul| g
» 1/p
dl‘) )

(L

where A, (u) = [ = am(u), am(u)] \ [_ am(u) CLm(u)]. Since % ~ Gy, by
(2.6) and (4.7), it follows that

[0

2 _x2) u(x) /am(u) Km(QU?:U?t)f@(t)w(t) dt

m 2 2
az, —t

—am (u)

(a?n - :cQ) Pm (W, x)u(x)

p 1/p
da:)

P 1/p
dz)

o am (1) pm—l(U)?t)f@(t)w(t)
! /—am(u) (a7, —t*)(z — 1)

(4200 || Snw. fo)u] < Cam< /

m(w)

am(u) g (w, t) fo(t)w(t)
X/_am(u) (agl_ﬁ)(:v—t) dt

+ Cay, </
A (u)

% am (1) pm(wv t)f@(t)w(t)
/_am<u) (@ -2z 1) "

P 1/p
< Ca’/? </ d:n)
Am (u)

P 1/p
+ Cad/? / dz =: 11 + I>.
A (w)

We are going to estimate only the term I;, because the other one can be
handled similarly.

We first consider the case o = 0. Making the changes of variables
x = apm(u)y and t = a,n(u)s we can reduce the integrals in I; to the interval

[—1,1]. By (2.10), the function | - "=%/2 is an A, weight, so we can use (4.9)
and (4.10). Then, returning to [ — am(u), am(u)] we get

P 1/p

dm)

—am (u)
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Oam (\/’lj )

sevan( [ el E () (oot o) "

—Bam (Vw
Being o = 0, by (4.6), we obtain I < C| foul|,. That means, we get (2.9) if
a 2 0, since an estimate, analogous to the previous one, holds for the term
I, in (4.20).

Now let —1 < a < 0. Concerning the term ; in (4.20), we can write

P 1/p
(4.21) I, £Ca’/? /~ dz
A (w)

P 1/p
A (u)

where A, (u) = [ = am(u), am(uw)] \ [ am(u) L(u)] The term J; can be

2m ' 2m
estimated as in the first part of this proof for the term Iy, using the bound-
edness of the Hilbert transform and inequality (4.7). Hence we get

e [ e,

An(w) (a2, —t*)(z —1)

s [ el

am(  (ag, —1?)(x — 1)

=:J; + Jo.

(4.22) J1 = Cl| foull,-

For Jy we can write

(4.23)

am (u)

Jo < Ca’/? / |x|7§/ e pm—(w, ) fo(t)w(t)
- ez o (a2, — 2)(z 1)

m

+ Cad/? < /
15|z Sam (u)

» 1/p
dx)

p 1/p
d:z:)

Let us consider JJ. Since |z —t| = |z| — || 2 ‘Qﬂ and using Holder inequality,
we obtain

- /_“%“’ P (w, O fo(u(t)

am(w)  (ag, — ?)(x — 1)

=: J) + Jj.

am (u)
2m

< Cam /_ o e Sy de

2m

. v
X </ ]:):\(7_2_1>pdac>
15|z Sam (u)
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am (u)

1
2m _ 7& q
< cvanlfouly| [ 7 lpmostw 0l e [l
T T 2m

X [/ ]x\h_g_l)pdx} p,
1=z]Sam (u)

where % + % = 1. From (4.6), since ayn, = am (W) ~ am(u), it follows that

am<u>>°‘/2 P c am (1)
4.24 1 (w, t e S — t| < ,
420 [pa(w.0)] (24 < mst
SO we get
—a)2 am (u) :
1< am(u) /2m (a—)q
(125) :C||fau||p( ot [ 00

b _ Cllfaul
(”/_Q—l)l? P < # <
g [/1§|x§am(u) =2 dr) = me/2=y+1/a = Cerqu’

taking into account (2.10). Consider now the term Jj. Since o < 0, we have
) < o 52 oo [am(u)] 2
Jy = Cap, 72 | ==
am (u) <|z|<1 m
5 Tan(0)]% pca s 00o0pt) [
X / [ ] : dx
am (u)

m (a2, — 2)(z — t)
e

2m

P 1/p
da:)

|7 /1 [am(u)]aﬂ Yo ()pm1 (w, ) fo(H)w(t)

1l m (a2, —t2)(x — 1)

dt

am(

u)
2m

< Cad/? / |z
) g <1

m

Pm—1(w, t) fo(t)w(t)

@ -2t "

dt

1
< Ca’l? (/
-1
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7‘175751“) , Lg;(nu) ] . Since,

by (2.10), the function |z|7~* is an A, weight, we can use (4.24) and (4.9),

obtaining
p 1/p
dx)

(4.26)
P 1/p
dm)

1

Jh < Ca/? /

B —1
am (u)

recalling that ap, = am (/W) ~ ap(u). Combining (4.26) and (4.25) in

(4.23), we get

where Y, is the characteristic function of the interval [—

o [am ()] X (@) pm—1 (w, ) fo (x)w ()
2] m a2, — x?

2m

o [2) s ) ptate

éc”am</ ()
— 5

< Cllfoull,

Jy < |l foull,

From the previous inequality, (4.21) and (4.22), our claim follows for o < 0.

Now let us prove that (2.9) implies (2.10). To this aim we emphasize the
dependence on m of the quantities involved in (2.9), rewriting the inequal-
ity as

am

(a2, — 2*) S <w, Cm’$> u(zx)

m

< Cllfomull,,
p

where fom = xo,mf and xg,m is the characteristic function of [—fa,,, Oan],

0 € (0,1) is fixed and ap = am(/w). From (4.27) it follows that

0
(4.28) ‘ (a2, — 2%) Syt (w, %, :c) u(x)
m P
Fsm+1
< @01 - 23S (w, "“29:> u(a)
am+1 - P
< CllFs el < Cllfomel,,
where

Qg2
Fsmy1(t) = Xo.m () ( m1 1 )f(t%

Xomt1(t) \ ap, — 12

5 €(0,1). So ‘F57m+1(t)‘ < C|f97m(t)‘ for te€[—damy1,dams1] and
[—dam+1,0am+1] C [—Oam, Oan,].
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Combining (4.27) and (4.28) we get

(a?n - :c2) [SmH (w, a2f0in Q,x) — Sm+1 <w, a2f9f1‘2 , m)} u(z)

m m p
< ¢l fomull,
i.e.
a2 = pmya] | [ Fem O o ey de] < Cllfomul
(0" Pm (W)U p e CL%.L—tQPm w,l)w = o.mUuU P
It follows that
O fy n(®)u(t) (s t) w(t)
4.29 Z — p, / Jo.m( o dt| < C.
(429) [ = SpClull, | f T (@, 2y u) V|

Moreover, denoting by F' the functional defined, for any g € LP, by

Oam w,t) w

it is well-known that

Il r g = sup

/Oam (t) pm(w,t) wdt

—oa, (a2, = 2) ult)

llgll,=1
_ ‘ pm(w) w
(agn - '2) u Li[—0am,0am) ’

with }D + % = 1. Therefore, by (4.29), we get

Pm(w) w
(a7, —2) u

A

C,

La[—0am ,Oam]
which implies v € LP[-1,1] and ¥ € L[—-1,1], i.e. v > —1/p and v —a <

1 —1/p. Then, using Proposition 4.2 for both of the norms on the left-hand
side of

1
il (a2 = A pm(w)ul], [pm(w) Vaz, =22
am

A
aQ

La[—bam, ,Oam)]
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with G = (a2, — -2)3/4ﬁ and G = @, respectively, we obtain

1 _a a_
@H‘ 7 HLp[f1,1]H| ak 7||Lq[71,1] =C

1
p.
Finally we prove the estimate (2.11). For any Q € Py N Pyyy1, where

M = L(%)ﬂ%} by the bound (2.9) and Lemma 2.2, we get

. . . 1
which implies —> <y —§ <1—

11f = S, f)]ull < || (f = Q) ull, + [|[Q = S5 (w, Qo) w|
+ | S (w, Qo — fo)ul, < C{| (f = Qpul, + eI Qull, }-

Thus, taking the infimum over all @ € Pyr NPpy41, by Lemma 2.1, we obtain
(2.11). O

PROOF OF THEOREM 2.5. By (2.7) and (2.6), we have

‘S:n(UJ? fg,x)‘u(x) ~ am (a%@ - x2) H[—Gam,eam]

y <pm(w,x)pm—1(w) _pm_l(w’w)pm(w)fgw,x> u(x)

a2 — .2

since % ~ am = am (v/w). According to the Remez-type inequality (4.3)

am(u) am(u)

s, ]and, for

we may assume € A, (u) = [ — am(u)7am(u)] \ [_

symmetry, it is sufficient to consider the case x € [amnsu) , am(u)]. We use the

decomposition

(4.30) | Sy (w, fo, x)|u(z) ~

(a?n — mQ) { / +/ }
lp—t|>mi)  Jyp_ g <omb)

Km(wa €, t)X@(t)f(t)w(t)
T @

Nam

u(x) =: ’Il(x) +Ig(x)| < ‘Il(q:)l + ‘IQ(@}

Let us consider the term I (z). We can write

Kp(w,z,t t)w(t
()] £ Cllfoulltm (a7, —2*) u(a) /||ﬂ:,5> | i% _Elfjé )) M),
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Observe that, by (4.7), for |z| = ap,(u)/m and |t| < Oay, (/w), the inequal-
ity

(V) am (V) w(t)

— X _a o
9 ‘pm(w,m)pm,l(w,t)‘ 7“(33) é C|$|7 2 ’t| 277

am(V5 )2 —t u(?)

holds. Using this inequality we get

L) <c e[ Y L
= T2 t
n@| seppulaer=s( [ 7 B [0 T

é CHngHOO 10gm7

since, by (2.14), § — v € (—1,0].
It remains to estimate the term Iy(z). We can write

am (u)
/ m Ky (w,z,t)

(4.31) | I2(2)| < Capu(z) (a2, — %) 2 fo(t)w(t) dt

m

am (u)
m

am (u) am (u)
§c/_a:m | Ron(, 1) fo(t)u(t) | dt §CHf9u||oo/_a:(w | Ron(,1)| dt,
where
(4.32) | Rin (2, 1)]
_ 2 o | Pm(w, 2)pm—1(w,t) — pm—1(w, 2)ppm (w, 1) | w(t)
= omul@){en =) (@, ~ ) 1) 10
2 22\ | pm(w, ) — pp(w,t w(t
< o) (1507 ) =) o 2
a?n — 72 m— s ) — Pm— , w(t
- an(e) (G257 ) ot )] Pttt 0
=t | Tn(z, )| + | Vin(2, )]
By the mean value theorem we have
T, 0)] < ()] €] a0, 24
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with € € (z,t) and, since w(x) ~w(&) ~w(t), u(x)~u(t) and a, =
am (vw) ~ am(u), using the inequalities (4.1) and (4.7), we get

| (e, )] < amﬁff“””) [P (10, v/ 0(E) [[prar (w,£) V(D) |

(t)
m 1 1 m
m

u(a) "
= Cam o) am v v = Cam
(u

for [t| £ am(u)/m and & € [ap (u)/m, am(u)].
Analogously we can show that

m
Vio(z )] <2
it 0] 5 €2
Therefore, by (4.31) and (4.32), it follows that |I2(3:)’ < C|| fou|| o Combin-
ing the estimates for I;(x) and Iz(z) in (4.30) and taking the supremum on
all x € A, (u), we obtain (2.15).

In order to prove the estimate (2.16) we can proceed as for (2.11). We
omit the details. [

Finally, let us consider the case of functions defined on the real semiaxis.
We omit the proofs of the results in Section 3, since they can be deduced from
those in Section 2. To give the ideas, we are going only to prove Theorem 3.3.

8
ProoOF oF THEOREM 3.3. If W(x) = z%e=" and U(z) =2"e” 7 are
generalized Laguerre weights (see (3.2) and (3.1)), consider the generalized
25
Freud weights w(y) = |y[?*"'e=v"" and u(y) = |y|*’*/Pe~“2 . Then, for any
feLl, set fy)= f(y?), where f € LY. If we apply the transformation

x =9?, y € R, the orthonormal polynomials and M-R-S numbers corre-
sponding to W and w are related by p., (W, z) = pom(w,y) and C_Lm(\/W)

= agm (VW) ?. Hence, the operator Sk (W) in (3.6) can be obtained from
S5, (w) in (2.7) by the quadratic transformation z = y? as follows:

(433)  Sp(W fo.x) = (am(VW) —2)Sm (W afe)_x>

V) = )0 (9 ) = S5 1)

Then by Theorem 2.3 we have

I3 (e )l < CllFull, € #Clm. )
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if and only if

1 1 1 1 1 1
— <27+ -—|a+z)<1—— 29+ -—2a+1)<1—-.
D 2 D D D

p

Since || foU], = H]?\/@qu and by (4.33), it follows that (3.8) holds if and

only if the conditions (3.9) are satisfied. Similarly we can prove the error
estimate (3.10). O
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