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Abstract. In order to approximate functions defined on the real line or on
the real semiaxis by polynomials, we introduce some new Fourier-type operators,
connected to the Fourier sums of generalized Freud or Laguerre orthonormal sys-
tems. We prove necessary and sufficient conditions for the boundedness of these
operators in suitable weighted Lp-spaces, with 1 < p < ∞. Moreover, we give
error estimates in weighted Lp and uniform norms.

1. Introduction

Let us consider the case of functions defined on the real line. R. Askey
and S. Wainger [1] proved that a function f can be represented by a Hermite
series under very restrictive assumptions. To be more precise, denoting by
Sm(w, f), w(x) = e−x2

, the mth partial Hermite sum, there exists a positive
constant C, independent of m and f such that

∥∥Sm(w, f)
√

w
∥∥

p
5 C∥∥f

√
w

∥∥
p

if and only if p ∈ (4
3 , 4).

Subsequently, B. Muckenhoupt [15] introduced the weights u(x) =
(
1 +

|x|) b√
w(x) and v(x) =

(
1 + |x|)B(

1 + log+ |x|)η√
w(x), with w(x) = e−x2

,
and thus he proved inequalities of the type

(1.1)
∥∥Sm(w, f)u

∥∥
p

5 C‖fv‖p,

for 1 < p < ∞ and u 6= v, under suitable assumptions on b, B, η, where C is
a positive constant independent of m and f .
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348 G. MASTROIANNI and I. NOTARANGELO

S. W. Jha and D. S. Lubinsky [6] extended the results of B. Mucken-
houpt to the case of Freud weights, namely they replaced w(x) = e−x2

by
w(x) = e−Q(x) (under suitable assumptions on Q).

It is important to remark that in [15, Theorem 3] the author showed that
inequality (1.1) holds with u = v and p > 4

3 if the norm on the left-hand side
is restricted to the subset Am = {x ∈ R :

∣∣ |x| − √m
∣∣ = δ

√
m, δ ∈ (0, 1)}.

Then he proved the Lp
u convergence of Sm(w, f) to f in Am. Moreover, in

[15, Theorem 4] it was proved that inequality (1.1) holds with u = v and
1 < p < 4 for all the functions vanishing in R \Am. Therefore, denoting by
χAm the characteristic function of Am, the inequality

(1.2)
∥∥χAmSm(w,χAmf)

√
w

∥∥
p

5 C∥∥χAmf
√

w
∥∥

p

holds with 1 < p < ∞, w(x) = e−x2
and C independent of m and f . Fur-

thermore, by virtue of the results due to S. W. Jha and D. S. Lubinsky,
inequality (1.2) has been extended to the case of Freud weights, but under
weaker assumptions than the previous ones in [15].

Now, making a slight change of notation, let Am =
{

x ∈ R : |x| 5 θam

}
,

with θ ∈ (0, 1) and am the Mhaskar–Rahmanov–Saff number of w, and let
χAm be the related characteristic function. Recently in [14, Theorem 3.1],
among other results, G. Mastroianni and P. Vértesi proved that inequality
(1.2) holds also if w is a Freud weight of the form e−Q(x) and, moreover, the
sequence

{
χAmSm(w,χAmf)

}
m∈N converges to the function f in Lp√

w
with

the order of best polynomial approximation.
The latter result was extended to the case of generalized Freud weights

in [12]. Letting w(x) = |x|αe−|x|
β
, u(x) = |x|γe−

|x|β
2 , β > 1, α > −1,

γ > −1/p, Sm(w, f) the mth Fourier sum of f ∈ Lp
u in the orthonormal sys-

tem
{

pm(w)
}

m∈N and Am defined as above, in [12] it was proved that, under
suitable assumptions on α and γ, the bound

∥∥χAmSm(w, χAmf)u
∥∥

p
5 C‖χAmfu‖p

holds with p ∈ (1,∞) and the sequence
{

χAmSm(w,χAmf)
}

m∈N converges
to the function f in Lp√

w
with optimal order.

However,
{

χAmSm(w,χAmf)
}

m∈N is not a sequence of polynomials.
Hence the operator χAmSm(w) does not map functions into polynomials,
as it is required in several contexts. We finish this short survey of the previ-
ous results by mentioning the fact that results similar to all of the previous
ones hold also for functions defined on the real semiaxis (see [1, 15, 14, 12]).
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SOME FOURIER-TYPE OPERATORS 349

The aim of this paper is to construct a new polynomial operator of Fourier
type having the same behaviour of χAmSm(w). In fact, in Section 2.1 we de-
fine this operator and we show that it is the continuous version of a Lagrange-
type projector introduced and studied in [11]. In Section 2.2 we state con-
vergence theorems and error estimates in several function spaces. The state-
ments in Section 2 have an interesting application. In fact, by means of a
simple quadratic transformation, mutatis mutandis, we can prove useful the-
orems concerning the orthogonal expansion of functions defined on the real
semiaxis in a system of generalized Laguerre polynomials. This is done in
Section 3. Finally, in Section 4 we prove our results.

We remark that we restricted ourselves to the case of functions belong-

ing to weighted Lp-spaces, 1 < p 5 ∞, with the weight u(x) = |x|γe−
|x|β

2 ,
γ > −1/p or γ = 0 and β > 1, only for simplicity of exposition. In fact, we
could have replaced the weight u by a more general weight of the form

ũ(x) =
s∏

k=1

|x− tk|αke−
|x|β

2 , αk > 0, β > 1,

where tk ∈ R and s = 0 are fixed. Whereas, the weight for the orthonormal
system, w(x) = |x|αe−|x|

β
, α > −1 and β > 1, cannot be replaced by another

weight, since nothing is known in the literature concerning the properties of
polynomials, orthonormal with respect to more general weights.

2. The case of generalized Freud weights

2.1. Basic facts and preliminary results. In the sequel, C will stand
for a positive constant that could assume different values in different formulae
and we shall write C 6= C(a, b, . . .) when C is independent of a, b, . . . . Further-
more if A and B are positive quantities depending on some parameters, then
A ∼ B will mean that there exists a positive constant C independent of these
parameters such that (A/B)±1 5 C. Finally, bac will denote the largest in-
teger smaller than or equal to a ∈ R+.

Function spaces. For 1 5 p < ∞ let

(2.1) u(x) = |x|γe−
|x|β

2

be a generalized Freud weight with γ > −1/p and β > 1. The space Lp =
Lp(R) is defined in the usual way equipped with the norm

‖f‖Lp = ‖f‖p =
( ∫

R

∣∣f(x)
∣∣p

dx

)1/p

, f ∈ Lp.
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350 G. MASTROIANNI and I. NOTARANGELO

We define the weighted Lp-spaces, saying f ∈ Lp
u if and only if fu ∈ Lp, with

the norm ‖f‖Lp
u

= ‖fu‖p.
If p = ∞ and u is the above defined weight with γ > 0 and β > 1, then

L∞u := Cu =
{

f ∈ C0
(
R \ {0}) : lim

x→0 or |x|→∞
f(x)u(x) = 0

}
,

while for γ = 0

L∞u := Cu =
{

f ∈ C0(R) : lim
|x|→∞

f(x)u(x) = 0
}

,

where C0(R) is the set of all continuous functions on R. We equip the space
Cu with the norm

‖f‖Cu
= ‖fu‖∞ = sup

x∈R

∣∣f(x)u(x)
∣∣ .

In the sequel, for any set A ⊂ R, we will denote by ‖fu‖Lp(A), 1 5 p 5 ∞,
the previous norms restricted to the set A.

Polynomial spaces and a Fourier-type operator. Let now

(2.2) w(x) = |x|αe−|x|
β

,

with α > −1 and β > 1, be another generalized Freud weight and let{
pm(w)

}
m∈N be the corresponding sequence of orthonormal polynomials

with leading coefficient γm = γm(w) > 0. The properties of these polyno-
mials have been studied in [3, 4, 5].

The Mhaskar–Rahmanov–Saff (M–R–S, for short) number am related to
the weight

√
w is given by (see for instance [8])

(2.3) am = am

(√
w

)
=

[
2β−1Γ(β/2)2

Γ(β)

]1/β (
1 +

α

4m

)1/β
m1/β ∼ m1/β,

where Γ is the gamma function.
Denoting by Pm+1 the set of all algebraic polynomials of degree at most

m + 1, with am = am

(√
w

)
, we introduce the following subspace of Pm+1:

Pm+1 =
{

Q ∈ Pm+1 : Q(± am) = 0
}

.

Obviously, this subspace is connected with the weight w by the M–R–S num-
ber am.
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Moreover, for any function f ∈ Lp
u, 1 5 p 5 ∞, we denote by

Em(f)u,p = inf
P∈Pm

∥∥(f − P )u
∥∥

p

the error of best polynomial approximation of f by polynomials of Pm and by

Ẽm+1(f)u,p = inf
Q∈Pm+1

∥∥(f −Q)u
∥∥

p

the error of best approximation of f by means of polynomials of Pm+1.
In the sequel, with M < m/2, we will consider the subspace

PM ∩ Pm+1 =
{

Q ∈ PM : Q(± am) = 0
}

.

The next lemma is crucial for our aims.
Lemma 2.1. Let 1 5 p 5∞, let u and w be the weights given by (2.1) and

(2.2), with β > 1, α > −1 and γ > −1/p (for p < ∞) or γ = 0 (for p = ∞).
For any f ∈ Lp

u and uniformly with respect to the parameters α and γ, the
inequality

(2.4) inf
Q∈PM∩Pm+1

∥∥(f −Q)u
∥∥

p
5 C{EM (f)u,p + e−Am‖fu‖p

}

holds for M = b m
2(δ+1)β c, δ > 0 fixed, with A and C positive constants inde-

pendent of f and m.
We remark that, by Lemma 2.1, we have

(2.5) Ẽm+1(f)u,p 5 C{EM (f)u,p + e−Am‖fu‖p

}
.

with M = b m
2(δ+1)β c, δ > 0, and with A and C independent of f and m.

This ensures the density of
⋃

mPm+1 in Lp
u, 1 5 p 5 ∞, and it estimates the

error of best approximation by elements of Pm+1 in terms of the error by
polynomials of degree at most M .

If f belongs to Lp
u, with u the weight in (2.1), then its mth Fourier sum

Sm(w, f) is defined in the usual way as

Sm(w, f, x) =
m−1∑

k=0

ck(w, f)pk(w, x) =
∫

R
Km(w, x, t)f(t)w(t) dt,

where ck(w, f) =
∫
R pk(w, t)f(t)w(t) dt is the kth Fourier coefficient of f in

the system
{

pm(w)
}

m∈N and

Km(w, x, t) =
m−1∑

k=0

pk(w, x)pk(w, t)(2.6)

=
γm−1

γm

pm(w, x)pm−1(w, t)− pm−1(w, x)pm(w, t)
x− t
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352 G. MASTROIANNI and I. NOTARANGELO

is the Christoffel–Darboux kernel.
Now we introduce a new Fourier-type operator. Given f ∈ Lp

u and
θ ∈ (0, 1), with am the M–R–S number related to the weight w, we set
fθ = χθf , denoting by χθ the characteristic function of the interval
[−θam, θam]. Then we define the operator

S∗m(w, f, x) = S∗m(w, fθ, x) =
(
a2

m − x2
)
Sm

(
w,

fθ

a2
m − ·2 , x

)
, f ∈ Lp

u.

(2.7)

Since fθ

a2
m−·2 ∈ Lp

u, this Fourier-type operator is well-defined.
By (2.6) we have

S∗m(w, f, x) = S∗m(w, fθ, x) =
(
a2

m − x2
) γm−1

γm

×
∫ ∞

−∞

pm(w, x)pm−1(w, t)− pm−1(w, x)pm(w, t)
x− t

fθ(t)
a2

m − t2
w(t) dt.

Then, using a Gaussian rule (with f ∈ C0(R)), we obtain the following“trun-
cated” Lagrange polynomial, based on the zeros xk of pm(w) and the addi-
tional points ±am:

L∗m+2(w, f, x) =
∑

|xk|5θam

`∗k(w, x)f(xk), f ∈ C0(R),

where

`∗k(w, x) =
pm(w, x)

p′m(w, xk)(x− xk)

(
a2

m − x2
)

(
a2

m − x2
k

) .

The interpolation process based on the zeros of Freud polynomials plus two
additional points was introduced by J. Szabados in [19], while the operator
L∗m+2(w), which is the discrete version of S∗m(w), was introduced and studied
in [11].

We also remark that the operator S̃m(w), where

S̃m(w, f, x) =
(
a2

m − x2
)
Sm

(
w,

f

a2
m − ·2 , x

)
,

could seem more natural than S∗m(w), since S̃m(w,Q) = Q for any Q ∈ Pm+1.
However, the Fourier coefficients of the function f(t)/(a2

m − t2), given by

ck

(
f

a2
m − ·2

)
=

∫

R

f(t)
a2

m − t2
pk(w, t)w(t) dt,
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SOME FOURIER-TYPE OPERATORS 353

are finite only under proper assumptions on the function f . This is one of
the reasons why we have defined the operator S∗m(w) replacing the function
f by its “finite section” fθ. Obviously S∗m(w) maps Lp

u into Pm+1, but it is
not a projector.

The following lemma shows a property of S∗m(w), which will be useful in
the sequel.

Lemma 2.2. Let w and u be the weights given by (2.2) and (2.1).
For any Q(x) =

(
a2

m − x2
)
PM−2(x) ∈ PM ∩Pm+1, with am = am

(√
w

)
and

M =
⌊
( θ

θ+1)
β m

2

⌋
, θ ∈ (0, 1), we have

S∗m(w,Q, x) = S∗m(w, Qθ, x) = Q(x) + Γm+1(x),

where Γm+1 ∈ Pm+1 with

(2.8) ‖Γm+1u‖p 5 Ce−Am‖Qu‖p, 1 5 p 5 ∞,

uniformly with respect to the parameters α and γ of the weights, with C and
A positive constants independent of m and Q.

2.2. Main results. Now we are able to state boundedness and conver-
gence theorems of the operator S∗m(w).

Theorem 2.3. Let 1 < p < ∞, θ ∈ (0, 1) and w, u be the weights in (2.2)
and (2.1), with parameters α > −1, β > 1 and γ > −1/p. Then, for any
f ∈ Lp

u, the inequality

(2.9)
∥∥S∗m(w, fθ)u

∥∥
p

5 C‖fθu‖p, C 6= C(m, f),

holds if and only if

(2.10) −1
p

< γ − α

2
< 1− 1

p
, γ − α < 1− 1

p
.

Moreover, conditions (2.10) imply

(2.11) ‖[
f − S∗m(w, fθ)

]
u‖

p
5 C{EM (f)u,p + e−Am‖fu‖p

}

with M =
⌊
( θ

θ+1)
β m

2

⌋
, C and A positive constants independent of m and f .

The following corollary is an immediate consequence of Theorem 2.3 so
we will omit its proof.
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354 G. MASTROIANNI and I. NOTARANGELO

Corollary 2.4. Let 1 < p < ∞, θ ∈ (0, 1) and w, u be the weights in
(2.2) and (2.1), with α > −1, β > 1 and γ = 0. Let σ(x) =

(
1+ |x|)ν

u(x). If

−1
p

< γ − α

2
< 1− 1

p
, γ − α < 1− 1

p
, ν >

1
p
,

then, for any f ∈ Cσ and for θ ∈ (0, 1), we get

(2.12)
∥∥S∗m(w, fθ)u

∥∥
p

5 C‖fθσ‖∞,

and

(2.13) ‖[
f − S∗m(w, fθ)

]
u‖

p
5 C{EM (f)σ,∞ + e−Am‖fσ‖∞

}

with M =
⌊
( θ

θ+1)
β m

2

⌋
, C and A positive constants independent of m and f .

Theorem 2.5. Let θ ∈ (0,1) be fixed and w,u be the above defined weights
with α > −1, β > 1 and γ = 0. If

(2.14) max
{

0,
α

2

}
5 γ <

α

2
+ 1

then, for any f ∈ Cu, we have

(2.15)
∥∥S∗m(w, fθ)u

∥∥
∞ 5 C(log m)‖fθu‖∞,

and

(2.16) ‖[
f − S∗m(w, fθ)

]
u‖∞ 5 C{(log m)EM (f)u,∞ + e−Am‖fu‖∞

}

with M =
⌊
( θ

θ+1)
β m

2

⌋
, C and A positive constants independent of m and f .

As it has been mentioned, from the approximation point of view, the
sequence

{
S∗m(w, fθ)

}
m∈N has the same behaviour as the truncated sequence{

χAmSm(w, χAmf)
}

m∈N (see [14, 12, 9]), but it is a polynomial sequence.
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3. The case of generalized Laguerre weights

3.1. Basic facts preliminary results.
Function spaces. For 1 5 p < ∞ consider the generalized Laguerre weight

(3.1) U(x) = xγe−
xβ

2 , x ∈ (0,∞),

with γ > −1/p and β > 1/2. Then we write f ∈ Lp
U if and only if fU ∈

Lp[0,∞).
For p = ∞ we set

L∞U := CU =





{
f ∈ C0(0,∞) : lim

x→0 or x→∞
f(x)U(x) = 0

}
, γ > 0;

{
f ∈ C0[0,∞) : limx→∞ f(x)U(x) = 0

}
, γ = 0.

Polynomial spaces and a Fourier-type operator. Let now

(3.2) W (x) = xαe−xβ
,

with α > −1 and β > 1/2, be another generalized Laguerre weight and let{
pm(W )

}
m∈N be the corresponding sequence of orthonormal polynomials

with leading coefficient γ̄m = γ̄m(W ) > 0. It is known that the Mhaskar–
Rahmanov–Saff number ām related to the weight

√
W satisfies ām ∼ m1/β.

With ām = ām

(√
W

)
, we introduce the following subspace of polynomi-

als of degree at most m:

Pm =
{

Q ∈ Pm : Q(ām) = 0
}

.

Moreover, for any function f ∈ Lp
U , 1 5 p 5 ∞, denote

Ẽm(f)U,p = inf
Q∈Pm

∥∥(f −Q)U
∥∥

p

the error of best approximation of f by means of polynomials of Pm.
If M < m/2, we will consider the subspace

PM ∩ Pm =
{

Q ∈ PM : Q(ām) = 0
}

.

The following lemma can be proved the same way as Lemma 2.1.
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Lemma 3.1. Let 1 5 p 5 ∞, let U and W be the weights given by (3.1)
and (3.2), with β > 1/2, α > −1 and γ > −1/p (for p < ∞) or γ = 0 (for
p = ∞). For any f ∈ Lp

U , uniformly with respect to the parameters α and γ,
the inequality

(3.3) inf
Q∈PM∩Pm

∥∥(f −Q)U
∥∥

p
5 C{EM (f)U,p + e−Am‖fU‖p

}

holds for M = b m
2(δ+1)β c, δ > 0 fixed, with A and C positive constants inde-

pendent of f and m.
By Lemma 3.1, the inequality

(3.4) Ẽm(f)U,p 5 C{EM (f)U,p + e−Am‖fU‖p

}

holds with M = b m
2(δ+1)β c, δ ∈ (0, 1), and with A and C independent of f

and m. This ensures the density of
⋃

m Pm in Lp
U , 1 5 p 5 ∞, in analogy

with the subspaces introduced in the previous section.
If f belongs to Lp

U , with U the weight in (3.1), then its mth Fourier sum
Sm(W, f) is given by

Sm(W,f, x) =
m−1∑

k=0

ck(W,f)pk(W,x) =
∫

R
Km(W,x, t)f(t)W (t) dt,

where ck(W,f) =
∫∞
0 pk(W, t)f(t)W (t) dt is the kth Fourier coefficient of f

in the system
{

pm(W )
}

m∈N and

Km(W,x, t) =
m−1∑

k=0

pk(W,x)pk(W, t)(3.5)

=
γ̄m−1

γ̄m

pm(W,x)pm−1(W, t)− pm−1(W,x)pm(W, t)
x− t

is the Christoffel–Darboux kernel.
Now we introduce the Fourier-type operator, analogous to the one in Sec-

tion 2. Given f ∈ Lp
U and θ ∈ (0, 1), with ām the M–R–S number related to

the weight
√

W , we set fθ = χθf , denoting by χθ the characteristic function
of the interval [0, θām]. Then, for f ∈ Lp

U , we define

S∗m(W,f, x) = S∗m(W,fθ, x) = (ām − x)Sm

(
W,

fθ

ām − · , x
)

(3.6)
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SOME FOURIER-TYPE OPERATORS 357

= (ām − x)
γ̄m−1

γ̄m

∫ ∞

0

pm(W,x)pm−1(W, t)− pm−1(W,x)pm(W, t)
x− t

× fθ(t)
ām − t

W (t) dt.

Using a Gaussian rule (with f ∈ C0[0,∞)), we obtain the “truncated”
Lagrange polynomial, based on the zeros xk of pm(W ) and the additional
point ām,

L∗m+1(W,f, x) =
∑

xk5θām

`∗k(W,x)f(xk),

where

`∗k(W,x) =
pm(W,x)

p′m(W,xk)(x− xk)
(ām − x)
(ām − xk)

.

The operator L∗m+1(W ), which is the discrete version of S∗m(W ), was studied
in [7, 10].

The following lemma is the analogue of Lemma 2.2.
Lemma 3.2. Let W and U be the weights defined by (3.2) and (3.1). For

any Q(x) = (ām − x)PM−1(x) ∈ PM ∩ Pm, with ām = ām

(√
W

)
and M =⌊

( θ
θ+1)

β m
2

⌋
, θ ∈ (0, 1), we have

S∗m(W,Q, x) = S∗m(W,Qθ, x) = Q(x) + Γm(x),

where Γm ∈ Pm with

(3.7) ‖ΓmU‖p 5 Ce−Am‖QU‖p, 1 5 p 5 ∞,

uniformly with respect to the parameters α and γ of the weights, with C and
A positive constants independent of m and Q.

3.2. Main results. The next results follow from the statements in Sub-
section 2.2.

Theorem 3.3. Let 1 < p <∞, θ ∈ (0,1) and W,U be the weights in (3.2)
and (3.1), with parameters α > −1, β > 1/2 and γ > −1/p. Then, for any
f ∈ Lp

U , the inequality

(3.8)
∥∥S∗m(W, fθ)U

∥∥
p

5 C‖fθU‖p, C 6= C(m, f),

holds if and only if

(3.9)
1
4
− 1

p
< γ − α

2
<

3
4
− 1

p
, γ − α < 1− 1

p
.
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Moreover, conditions (3.9) imply

(3.10) ‖[
f − S∗m(W, fθ)

]
U‖

p
5 C{EM (f)U,p + e−Am‖fU‖p

}

with M =
⌊
( θ

θ+1)
β m

2

⌋
, C and A positive constants independent of m and f .

Corollary 3.4. Let 1 < p < ∞, θ ∈ (0, 1) and W , U be the weights
in (3.2) and (3.1), with α > −1, β > 1/2 and γ = 0, and let σ(x) =
(1 + x)νU(x). If

1
4
− 1

p
< γ − α

2
<

3
4
− 1

p
, γ − α < 1− 1

p
, ν >

1
p
,

then, for any f ∈ Cσ and for θ ∈ (0, 1), we get

(3.11)
∥∥S∗m(W, fθ)U

∥∥
p

5 C‖fθσ‖∞,

and

(3.12) ‖[
f − S∗m(W, fθ)

]
U‖

p
5 C{EM (f)σ,∞ + e−Am‖fσ‖∞

}

with M =
⌊
( θ

θ+1)
β m

2

⌋
, C and A positive constants independent of m and f .

Theorem 3.5. Let W and U be the above defined weights with α > −1,
β > 1/2 and γ = 0. If

(3.13) max
{

0,
α

2
+

1
4

}
5 γ <

α

2
+

3
4

then, for any f ∈ CU and for θ ∈ (0, 1), we have

(3.14)
∥∥S∗m(W, fθ)U

∥∥
∞ 5 C(log m)‖fθU‖∞,

and

(3.15) ‖[
f − S∗m(W, fθ)

]
U‖∞ 5 C{(log m)EM (f)U,∞ + e−Am‖fU‖∞

}

with M =
⌊
( θ

θ+1)
β m

2

⌋
, C and A positive constants independent of m and f .

As we have already emphasized in Subsection 2.2, from the approxima-
tion point of view, the sequence

{
S∗m(W, fθ)

}
m∈N has the same behaviour

as the truncated sequence
{

χθSm(W,χθf)
}

m∈N (see [14, 12, 9]).
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4. Proofs

We are going to prove only the statements in Section 2, since the theo-
rems in Section 3 can be deduced from these ones. First of all we recall some
known results, which will be used in the proofs. The following lemma col-
lects some polynomial inequalities, which can be found in [13] (see also [18],
pp. 277–343).

Lemma 4.1. Let 1 5 p 5 ∞ and u(x) = |x|γe−
|x|β

2 , with β > 1 and
γ > −1

p if 1 5 p < ∞, γ = 0 if p = ∞. Moreover let am(u) be the M–R–S
number related to u. Then for any polynomial P ∈ Pm, we have

(4.1) ‖P ′u‖p 5 C m

am(u)
‖Pu‖p

and

(4.2) ‖Pu‖q 5 C
(

m

am(u)

) 1
p
− 1

q

‖Pu‖p, 1 5 p < q 5 ∞,

where C is a constant independent of m and P in both cases.
Moreover, for any fixed d > 0, there exists C = C(d) 6= C(m,P ) such that

(4.3) ‖Pu‖p 5 C‖Pu‖Lp(Am(u)),

where Am(u) = [− am(u),−dam(u)
m ]∪ [dam(u)

m , am(u)]. Finally, for all δ > 0,
the inequality

(4.4) ‖Pu‖Lp(Bm(u)) 5 C e−Am‖Pu‖p,

holds with Bm(u) =
{

x ∈ R : |x| > (1+ δ)am(u)
}
, C and A positive constants

independent of m and P .
The Mhaskar–Rahmanov–Saff number related to the weight u is defined

by (see for instance [8])

(4.5) am(u) =

[
2β−1Γ(β/2)2

Γ(β)

]1/β (
1 +

γ

2m

)1/β
m1/β ∼ m1/β,

where Γ is the gamma function. By (2.3) and (4.5), we have am(u) ∼
am

(√
w

)
, where w(x) = |x|αe−|x|

β
, α > −1 and β > 1.
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The following inequalities deal with the behaviour of the orthonormal
system

{
pm(w)

}
m∈N. In [3] it has been proved that

(4.6) sup
x∈[−am,am]

∣∣∣∣pm(w, x)e−
|x|β

2

(
|x|+ am

m

)α/2
4
√

a2
m − x2

∣∣∣∣ ∼ 1

and

(4.7)
∣∣pm(w, x)

∣∣√w(x) 5 C
4
√

a2
m − x2 + m−2/3a2

m

, x ∈ Am

(√
w

)
,

where am = am

(√
w

)
and

Am

(√
w

)
=

[
−am

(√
w

)
,−d

am

(√
w

)

m

]
∪

[
d
am

(√
w

)

m
, am

(√
w

)
]

,

d > 0.
In the sequel we will also need the following proposition, proved in [11].

Proposition 4.2. Let w be the weight in (2.2),
{

pm(w)
}

m∈N be its cor-
responding orthonormal system and am = am

(√
w

)
. Then, for any G ∈ Lp,

1 5 p < ∞, we have

( ∫

R
|G(x)pm(w, x)

√
w(x) 4

√
a2

m − x2 |p dx

)1/p

= C
( ∫ am

−am

∣∣G(x)
∣∣p

dx

)1/p

(4.8)

with C 6= C(G,m,w).
For each set A ⊂ R and for y ∈ R, denote by

HA(f ; y) =
∫

A

f(x)
x− y

dx and H(f ; y) =
∫

R

f(x)
x− y

dx

the Cauchy principal values of these integrals, i.e. HA is the Hilbert trans-
form extended to the subset A. If A = [−1, 1] and v is a weight function on
the same subset, then, for any measurable function f with fv ∈ Lp[−1, 1],
1 < p < ∞, the inequality

(4.9)
∥∥H[−1,1](f)v

∥∥
p

5 C‖fv‖p, C 6= C(f),
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holds if and only if v is an Ap weight (see [16, 2, 17]), that is for any interval
I ⊂ [−1, 1]

(
1
|I|

∫

I
vp(x) dx

)1/p( 1
|I|

∫

I
v−q(x) dx

)1/q

5 C 6= C(I),
1
p

+
1
q

= 1,

(4.10)

where |I| is the measure of I and 1 < p < ∞. Observe that v(x) = |x|λ is an
Ap weight if and only if

−1
p

< λ < 1− 1
p
.

Finally, we say that Pm ∈ Pm is a near best polynomial approximant of
f ∈ Lp

u, if ∥∥(f − Pm)u
∥∥

p
5 CEm(f)u,p.

Proof of Lemma 2.1. We are going to prove (2.4) only for 1 5 p
< ∞, the case p = ∞ being simpler. Let PM ∈ PM be a near best poly-
nomial approximant of f ∈ Lp

u, with M = b m
2(δ+1)β c and δ > 0 to be fixed in

the sequel. Set

QM (x) =
∑

|k|5bM+1
2 c−1

`k(w, x)PM (xk)

and

PM (x) =
∑

|k|5bM+1
2 c

`k(w, x)PM (xk),

where

(4.11) `k(w, x) =
pM−1(w, x)

p′M−1(w, xk)(x− xk)

(
a2

m − x2
)

(
a2

m − x2
k

) , |k| 5
⌊

M − 1
2

⌋
,

and

(4.12) `±bM+1
2 c(w, x) =

am ± x

2am

pM−1(w, x)
pM−1(w,±am)

.

Namely, these interpolation processes are based on the zeros of pM−1(w),
i.e. x−bM−1

2 c < · · · < x1 < x2 < · · · < xbM−1
2 c, plus the additional points
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x±bM+1
2 c := ±am, with am = am

(√
w

)
. If M − 1 is odd we replace the zero

x0 = 0 by x0 := x1
2 . Obviously QM ∈ PM ∩ Pm+1. We have

inf
Q∈PM∩Pm+1

∥∥(f −Q)u
∥∥

p
5

∥∥(f −QM )u
∥∥

p
(4.13)

5
∥∥(QM − PM )u

∥∥
p
+ CEM (f)u,p

=
∥∥∥
[
`−bM+1

2 c(w)PM (−am) + `bM+1
2 c(w)PM (am)

]
u
∥∥∥

p
+ CEM (f)u,p

5
∥∥∥PM (−am)`−bM+1

2 c(w)u
∥∥∥

p
+

∥∥∥PM (am)`bM+1
2 c(w)u

∥∥∥
p
+ CEM (f)u,p

5 I1 + I2 + CEM (f)u,p.

We are going to estimate only the term I2, the other one being similar. By
the Remez-type inequality (4.3) we get

I2 5 C
∥∥∥PM (am)`bM+1

2 c(w)u
∥∥∥

Lp(AM (u))

5 C aM (u)1/p sup
|x|=am(

√
w )

∣∣PM (x)u(x)
∣∣ sup

x∈AM (u)

∣∣∣∣∣
`bM+1

2 c(w, x)u(x)

u(am)

∣∣∣∣∣

where AM (u) =
[ − aM (u), aM (u)

] \ [− aM (u)
M , aM (u)

M ]. Using the inequality

∣∣∣`bM+1
2 c(w; x)

∣∣∣u(x)

u(am)
5 C

∣∣∣∣∣
x

am

(√
w

)
∣∣∣∣∣
γ−α

2

5





C if γ − α

2
= 0

Cmα
2
−γ if γ − α

2
< 0

(see [11], formula (4.11)), we obtain

I2 5 C aM (u)1/pmτ sup
|x|=am(

√
w )

∣∣PM (x)u(x)
∣∣ ,

where τ = max{0, α
2 − γ}. Now, by the choice of M , it is easily seen that

am

(√
w

)
= (1+δ)aM (u), for some δ > 0 and for a sufficiently large m. Then,

using inequalities (4.4) and (4.2), since am

(√
w

) ∼ am(u), we get

I2 5 C e−Am‖PMu‖p 5 Ce−Am‖fu‖p.

From the previous estimate and (4.13), inequality (2.4) follows. ¤
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Proof of Lemma 2.2. Let us first consider the case 1 < p < ∞. For

each Q ∈ PM ∩ Pm+1, with M =
⌊
( θ

θ+1)
β m

2

⌋
and θ ∈ (0, 1) fixed, we can

write

S∗m(w,Qθ, x) =
(
a2

m − x2
)
Sm

(
w,

Qθ

a2
m − ·2 , x

)

= Q(x) +
(
a2

m − x2
)
Sm

(
w,

Qθ −Q

a2
m − ·2 , x

)
=: Q(x) + Γm+1(x),

where am = am

(√
w

)
and

Γm+1(x) = Sm(w, Qθ −Q, x) + Sm

(
w,

·2 − x2

a2
m − ·2 [Qθ −Q], x

)
(4.14)

=: A1(x) + A2(x).

In order to estimate the term A1(x), we recall inequalities (18) and (19) in
[12, p. 93] and Theorem 1 in [15],

∥∥Sm(w, f)u
∥∥

p
5 C





‖fu‖p, if
4
3

< p < 4

m1/3‖fu‖p, if 1 < p 5 4
3

or 4 5 p < ∞

and since, by the choice of M , θam

(√
w

)
= (1 + θ)aM (u) and am

(√
w

) ∼
am(u), we can use (4.4), obtaining

‖A1u‖p 5 Cm1/3
∥∥(Qθ −Q)u

∥∥
p

= Cm1/3‖Qu‖Lp{|x|=θam(
√

w )}(4.15)

5 Ce−Am‖Qu‖p.

As for A2(x), by (2.6), we can write

A2(x) =
γm−1

γm

×
∫

|t|>θam

(t + x)
[
pm(w, x)pm−1(w, t)− pm−1(w, x)pm(w, t)

]
Q(t)w(t)

a2
m − t2

dt

and, according to the Remez-type inequality (4.3), considering the subset
Am(u) =

[ −am(u), am(u)
] \ [− am(u)

m , am(u)
m ], it is sufficient to estimate only

the term
‖Â2u‖p(4.16)

5 γm−1

γm

(∫

Am(u)

∣∣∣∣u(x)pm(w, x)
∫ ∞

θam

t + x

a2
m − t2

pm−1(w, t)Q(t)w(t) dt

∣∣∣∣
p

dx

)1/p
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5 Cam

∥∥pm(w)u
∥∥

Lp(Am(u))

∫ ∞

θam

∣∣∣∣
pm−1(w, t)Q(t)w(t)

am − t

∣∣∣∣ dt

where γm−1

γm
∼ am = am

(√
w

)
(see [3]), the other ones being similar. By

inequality (4.7), since am

(√
w

) ∼ am(u), we have

am

∥∥pm(w)u
∥∥

Lp(Am(u)) 5 Cam
m1/6

√
am
‖| · |γ−α

2 ‖
Lp(Am(u))(4.17)

5 C√am m1/6 max

{
am(u)γ−α

2
+ 1

p ,

(
am(u)

m

)γ−α
2
+ 1

p

}
.

Concerning the last factor in (4.16), by (4.7), we have
∫ ∞

θam

∣∣∣∣
pm−1(w, t)Q(t)w(t)

am − t

∣∣∣∣ dt 5 Cm1/6

√
am

∫ ∞

θam

∣∣∣∣∣
Q(t)|t|α2−γu(t)

am − t

∣∣∣∣∣ dt(4.18)

5 Cm 1
6 a

α
2
−γ− 1

2
m

∫ 2am

θam

∣∣∣∣
Q(t)u(t)
am − t

∣∣∣∣ dt + Cm1/6

a
3/2
m

∫ ∞

2am

∣∣Q(t)
∣∣ |t|α2−γu(t) dt.

By Hölder inequality, using the boundedness of the Hardy–Littlewood max-
imal function and by inequalities (4.4) and (4.1), we get

m
1
6 a

α
2
−γ− 1

2
m

∫ 2am

θam

∣∣∣∣
Q(t)u(t)
am − t

∣∣∣∣ dt

5 Cm 1
6 a

α
2
−γ− 1

2
m am(u)1−

1
p

∥∥∥∥
Qu

am − ·

∥∥∥∥
Lp[θam,2am]

= Cm 1
6 a

α
2
−γ+ 1

2
− 1

p
m

(∫ 2am

θam

∣∣∣∣
1

|am − t|
∫ am

t
(Qu)′(y) dy

∣∣∣∣
p

dt

)1/p

5 Cm 1
6 a

α
2
−γ+ 1

2
− 1

p
m

∥∥(Qu)′
∥∥

Lp[θam,2am]

5 Ce−Am
∥∥(Qu)′

∥∥
p

5 Ce−Am

(
m

am(u)

)
‖Qu‖p,

since θam

(√
w

)
= (1 + θ)aM (u) and am = am

(√
w

) ∼ am(u). Let us con-
sider the second summand in (4.18). If α/2− γ 5 0, by (4.4), (4.3) and the
Hölder inequality, we have

m1/6

a
3/2
m

∫ ∞

2am

∣∣Q(t)
∣∣ |t|α2−γu(t) dt
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5 Cm 1
6 a

α
2
−γ− 3

2
m

∫ ∞

2am

∣∣Q(t)
∣∣u(t) dt 5 Cm 1

6 a
α
2
−γ− 3

2
m e−Am‖Qu‖L1(AM (u))

5 Cm 1
6 a

α
2
−γ− 3

2
m am(u)1−

1
p e−Am‖Qu‖Lp(AM (u)) 5 Ce−Am‖Qu‖p,

since 2am

(√
w

)
= (1 + θ)am(u) and am = am

(√
w

) ∼ am(u). Otherwise, if
α/2− γ > 0, by (4.4), (4.3) and the Hölder inequality, we have

m1/6

a
3/2
m

∫ ∞

2am

∣∣Q(t)
∣∣ |t|α2−γu(t) dt 5 Cm1/6

a
3/2
m

e−Am‖Q| · |α2−γu‖
L1(Am(

√
w ))

5 Cm1/6

a
3/2
m

e−Amam

(√
w

) α
2
−γ‖Qu‖L1(Am(

√
w )) 5 Ce−Am‖Qu‖p,

since 2am = 2am

(√
w

)
= (1 + δ)am

(√
w

)
, for some δ > 0. Combining the

previous estimates of the terms in (4.18) with (4.17) and (4.16), it follows
that

‖Â2u‖p 5 Ce−Am‖Qu‖p

whence

(4.19) ‖A2u‖p 5 Ce−Am‖Qu‖p.

Taking into account (4.14), by (4.15) and (4.19), we obtain (2.8) for 1 < p
< ∞.

Now we are going to prove (2.8) for p = ∞, taking into account what we
have already proved for 1 < s < ∞. Using the Nikolskii-type inequality (4.2)
with q = ∞ and the Remez-type inequality (4.3), we get

‖Γm+1u‖∞ 5 C
(

m

am(u)

)1/s

‖Γm+1u‖s 5 C
(

m

am(u)

)1/s

e−Am‖Qu‖s

5 C
(

m

am(u)

)1/s

e−Am‖Qu‖Ls(Am(u)) 5 Cm1/se−Am‖Qu‖∞

5 Ce−Am‖Qu‖∞.

Finally, if p = 1, by the Remez-type inequality (4.3), (2.8) and the
Nikolskii-type inequality (4.2), we obtain

‖Γm+1u‖1 5 C‖Γm+1u‖L1(Am(u)) 5 Cam(u)‖Γm+1u‖∞
5 C am(u)e−Am‖Qu‖∞ 5 Cme−Am‖Qu‖1 5 Ce−Am‖Qu‖1. ¤
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Proof of Theorem 2.3. First we prove that (2.10) implies (2.9). By
using the Remez-type inequality (4.3), with am = am

(√
w

)
, we have

∥∥S∗m(w, fθ)u
∥∥

p
5 C∥∥S∗m(w, fθ)u

∥∥
Lp(Am(u))

= C
(∫

Am(u)

∣∣∣∣
(
a2

m − x2
)
u(x)

∫ am(u)

−am(u)

Km(w, x, t)fθ(t)w(t)
a2

m − t2
dt

∣∣∣∣
p

dx

)1/p

,

where Am(u) =
[ − am(u), am(u)

] \ [− am(u)
m , am(u)

m ]. Since γm−1

γm
∼ am, by

(2.6) and (4.7), it follows that

∥∥S∗m(w, fθ)u
∥∥

p
5 Cam

(∫

Am(u)

∣∣∣∣
(
a2

m − x2
)
pm(w, x)u(x)(4.20)

×
∫ am(u)

−am(u)

pm−1(w, t)fθ(t)w(t)
(a2

m − t2)(x− t)
dt

∣∣∣∣
p

dx

)1/p

+ Cam

(∫

Am(u)

∣∣∣∣
(
a2

m − x2
)
pm−1(w, x)u(x)

×
∫ am(u)

−am(u)

pm(w, t)fθ(t)w(t)
(a2

m − t2)(x− t)
dt

∣∣∣∣
p

dx

)1/p

5 Ca5/2
m

( ∫

Am(u)

∣∣∣∣|x|γ−
α
2

∫ am(u)

−am(u)

pm−1(w, t)fθ(t)w(t)
(a2

m − t2)(x− t)
dt

∣∣∣∣
p

dx

)1/p

+ Ca5/2
m

(∫

Am(u)

∣∣∣∣|x|γ−
α
2

∫ am(u)

−am(u)

pm(w, t)fθ(t)w(t)
(a2

m − t2)(x− t)
dt

∣∣∣∣
p

dx

)1/p

=: I1 + I2.

We are going to estimate only the term I1, because the other one can be
handled similarly.

We first consider the case α = 0. Making the changes of variables
x = am(u)y and t = am(u)s we can reduce the integrals in I1 to the interval
[−1, 1]. By (2.10), the function | · |γ−α/2 is an Ap weight, so we can use (4.9)
and (4.10). Then, returning to

[ − am(u), am(u)
]

we get

I1 5 Ca5/2
m

(∫ am(u)

−am(u)

∣∣∣∣|x|γ−
α
2
pm(w, x)fθ(x)w(x)

a2
m − t2

∣∣∣∣
p

dx

)1/p
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5 C√am

( ∫ θam(
√

w )

−θam(
√

w )
||x|γ−α

2 pm(w, x)fθ(x)w(x)|p dx

)1/p

.

Being α = 0, by (4.6), we obtain I1 5 C‖fθu‖p. That means, we get (2.9) if
α = 0, since an estimate, analogous to the previous one, holds for the term
I2 in (4.20).

Now let −1 < α < 0. Concerning the term I1 in (4.20), we can write

I1 5 Ca5/2
m

( ∫

Ãm(u)

∣∣∣∣|x|γ−
α
2

∫

Ãm(u)

pm−1(w, t)fθ(t)w(t)
(a2

m − t2)(x− t)
dt

∣∣∣∣
p

dx

)1/p

(4.21)

+ Ca5/2
m

(∫

Am(u)

∣∣∣∣|x|γ−
α
2

∫ am(u)
2m

−am(u)
2m

pm−1(w, t)fθ(t)w(t)
(a2

m − t2)(x− t)
dt

∣∣∣∣
p

dx

)1/p

=: J1 + J2.

where Ãm(u) =
[ − am(u), am(u)

] \ [− am(u)
2m , am(u)

2m ]. The term J1 can be
estimated as in the first part of this proof for the term I1, using the bound-
edness of the Hilbert transform and inequality (4.7). Hence we get

(4.22) J1 5 C‖fθu‖p.

For J2 we can write

J2 5 Ca5/2
m

(∫
am(u)

m
5|x|51

∣∣∣∣|x|γ−
α
2

∫ am(u)
2m

−am(u)
2m

pm−1(w, t)fθ(t)w(t)
(a2

m − t2)(x− t)
dt

∣∣∣∣
p

dx

)1/p

(4.23)

+ Ca5/2
m

(∫

15|x|5am(u)

∣∣∣∣|x|γ−
α
2

∫ am(u)
2m

−am(u)
2m

pm−1(w, t)fθ(t)w(t)
(a2

m − t2)(x− t)
dt

∣∣∣∣
p

dx

)1/p

=: J ′2 + J ′′2 .

Let us consider J ′′2 . Since |x− t| = |x| − |t| = |x|
2 and using Hölder inequality,

we obtain

J ′′2 5 C√am

∫ am(u)
2m

−am(u)
2m

∣∣pm−1(w, t)fθ(t)w(t)
∣∣ dt

×
(∫

15|x|5am(u)
|x|(γ−α

2
−1)p dx

)1/p
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5 C√am‖fθu‖p

[ ∫ am(u)
2m

−am(u)
2m

|pm−1(w, t)|t|α−γe−
|t|β
2 |q dt

] 1
q

×
[ ∫

15|x|5am(u)
|x|(γ−α

2
−1)p dx

] 1
p

,

where 1
p + 1

q = 1. From (4.6), since am = am

(√
w

) ∼ am(u), it follows that

(4.24)
∣∣pm−1(w, t)

∣∣
(

am(u)
m

)α/2

e−
|t|β
2 5 C√

am(u)
, |t| 5 am(u)

2m
,

so we get

J ′′2 5 C‖fθu‖p

(
am(u)

m

)−α/2
[∫ am(u)

2m

−am(u)
2m

|t|(α−γ)q dt

] 1
q

(4.25)

×
[ ∫

15|x|5am(u)
|x|(γ−α

2
−1)p dx

] 1
p

5
C‖fθu‖p

mα/2−γ+1/q
5 C‖fθu‖p,

taking into account (2.10). Consider now the term J ′2. Since α < 0, we have

J ′2 5 Ca5/2
m

(∫
am(u)

m
5|x|51

∣∣∣∣∣|x|
γ−α

2

[
am(u)

m

]−α
2

×
∫ am(u)

2m

−am(u)
2m

[
am(u)

m

]α
2 pm−1(w, t)fθ(t)w(t)

(a2
m − t2)(x− t)

dt

∣∣∣∣∣
p

dx

) 1
p

5 Ca5/2
m

(∫
am(u)

m
5|x|51

∣∣∣∣∣|x|
γ−α

∫ am(u)
2m

−am(u)
2m

[
am(u)

m

]α/2

× pm−1(w, t)fθ(t)w(t)
(a2

m − t2)(x− t)
dt

∣∣∣∣∣
p

dx

)1/p

5 Ca5/2
m

(∫ 1

−1

∣∣∣∣|x|γ−α
∫ 1

−1

[
am(u)

m

]α/2 χm(t)pm−1(w, t)fθ(t)w(t)
(a2

m − t2)(x− t)
dt

∣∣∣∣
p

dx

)1/p

,
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where χm is the characteristic function of the interval [− am(u)
2m , am(u)

2m ]. Since,
by (2.10), the function |x|γ−α is an Ap weight, we can use (4.24) and (4.9),
obtaining

J ′2 5 Ca5/2
m

(∫ 1

−1

∣∣∣∣∣|x|
γ−α

[
am(u)

m

]α/2 χm(x)pm−1(w, x)fθ(x)w(x)
a2

m − x2

∣∣∣∣∣
p

dx

)1/p

(4.26)

5 C√am

(∫ am(u)
2m

−am(u)
2m

∣∣∣∣∣|x|
γ−α

[
am(u)

m

]α/2

pm−1(w, x)fθ(x)w(x)

∣∣∣∣∣
p

dx

)1/p

5 C‖fθu‖p,

recalling that am = am

(√
w

) ∼ am(u). Combining (4.26) and (4.25) in
(4.23), we get

J2 5 C‖fθu‖p.

From the previous inequality, (4.21) and (4.22), our claim follows for α < 0.
Now let us prove that (2.9) implies (2.10). To this aim we emphasize the

dependence on m of the quantities involved in (2.9), rewriting the inequal-
ity as

(4.27)
∥∥∥∥
(
a2

m − x2
)
Sm

(
w,

fθ,m

a2
m − ·2 , x

)
u(x)

∥∥∥∥
p

5 C‖fθ,mu‖p,

where fθ,m = χθ,mf and χθ,m is the characteristic function of [−θam, θam],
θ ∈ (0, 1) is fixed and am = am

(√
w

)
. From (4.27) it follows that

∥∥∥∥
(
a2

m − x2
)
Sm+1

(
w,

fθ,m

a2
m − ·2 , x

)
u(x)

∥∥∥∥
p

(4.28)

5
∥∥∥∥(a2

m+1 − x2)Sm+1

(
w,

Fδ,m+1

a2
m+1 − ·2

, x

)
u(x)

∥∥∥∥
p

5 C‖Fδ,m+1u‖p 5 C‖fθ,mu‖p,

where

Fδ,m+1(t) =
χθ,m(t)

χδ,m+1(t)

(
a2

m+1 − t2

a2
m − t2

)
f(t),

δ ∈ (0, 1). So
∣∣Fδ,m+1(t)

∣∣ 5 C∣∣fθ,m(t)
∣∣ for t ∈ [−δam+1, δam+1] and

[−δam+1, δam+1] ⊂ [−θam, θam].
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Combining (4.27) and (4.28) we get
∥∥∥∥
(
a2

m − x2
) [

Sm+1

(
w,

fθ,m

a2
m − ·2 , x

)
− Sm+1

(
w,

fθ,m

a2
m − ·2 , x

)]
u(x)

∥∥∥∥
p

5 C‖fθ,mu‖p,

i.e.

∥∥(a2
m − ·2)pm(w)u

∥∥
p

∣∣∣∣∣
∫ θam

−θam

fθ,m(t)
a2

m − t2
pm(w, t)w(t) dt

∣∣∣∣∣ 5 C‖fθ,mu‖p.

It follows that

(4.29)
∥∥(a2

m − ·2)pm(w)u
∥∥

p

∣∣∣∣∣
∫ θam

−θam

fθ,m(t)u(t)
‖fθ,mu‖p

pm(w, t)
(a2

m − t2)
w(t)
u(t)

dt

∣∣∣∣∣ 5 C.

Moreover, denoting by F the functional defined, for any g ∈ Lp, by

F (g) =
∫ θam

−θam

g(t)
pm(w, t)
(a2

m − t2)
w(t)
u(t)

dt,

it is well-known that

‖F‖Lp→R = sup
‖g‖p=1

∣∣∣∣
∫ θam

−θam

g(t)
pm(w, t)
(a2

m − t2)
w(t)
u(t)

dt

∣∣∣∣

=
∥∥∥∥

pm(w)
(a2

m − ·2)
w

u

∥∥∥∥
Lq [−θam,θam]

,

with 1
p + 1

q = 1. Therefore, by (4.29), we get

∥∥(a2
m − ·2)pm(w)u

∥∥
p

∥∥∥∥
pm(w)

(a2
m − ·2)

w

u

∥∥∥∥
Lq [−θam,θam]

5 C,

which implies u ∈ Lp[−1, 1] and w
u ∈ Lq[−1, 1], i.e. γ > −1/p and γ − α <

1− 1/p. Then, using Proposition 4.2 for both of the norms on the left-hand
side of

1

a
5/4
m

∥∥(a2
m − ·2)pm(w)u

∥∥
p

∥∥∥pm(w) 4
√

a2
m − ·2 w

u

∥∥∥
Lq [−θam,θam]

5 C
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with G = (a2
m − ·2)3/4 u√

w
and G =

√
w

u , respectively, we obtain

1
am
‖| · |γ−α

2 ‖
Lp[−1,1]

‖| · |α2−γ‖
Lq [−1,1]

5 C

which implies −1
p < γ − α

2 < 1− 1
p .

Finally we prove the estimate (2.11). For any Q ∈ PM ∩ Pm+1, where

M =
⌊
( θ

θ+1)
β m

2

⌋
, by the bound (2.9) and Lemma 2.2, we get

‖[
f − S∗m(w, fθ)

]
u‖

p
5

∥∥ (f −Q) u
∥∥

p
+ ‖[

Q− S∗m(w, Qθ)
]
u‖

p

+
∥∥S∗m(w, Qθ − fθ)u

∥∥
p

5 C{∥∥(f −Q)u
∥∥

p
+ e−Am‖Qu‖p}.

Thus, taking the infimum over all Q ∈ PM ∩Pm+1, by Lemma 2.1, we obtain
(2.11). ¤

Proof of Theorem 2.5. By (2.7) and (2.6), we have

∣∣S∗m(w, fθ, x)
∣∣u(x) ∼ am

∣∣∣∣
(
a2

m − x2
)H[−θam,θam]

×
(

pm(w, x)pm−1(w)− pm−1(w, x)pm(w)
a2

m − ·2 fθw, x

) ∣∣∣∣u(x)

since γm−1

γm
∼ am = am

(√
w

)
. According to the Remez-type inequality (4.3)

we may assume x ∈ Am(u) =
[ − am(u), am(u)

] \ [− am(u)
m , am(u)

m ] and, for

symmetry, it is sufficient to consider the case x ∈ [am(u)
m , am(u)]. We use the

decomposition
∣∣S∗m(w, fθ, x)

∣∣u(x) ∼(4.30)

∼ am

∣∣∣∣∣
(
a2

m − x2
){∫

|x−t|> am(u)
m

+
∫

|x−t|5 am(u)
m

}

× Km(w, x, t)χθ(t)f(t)w(t)
(a2

m − t2)
dt

∣∣∣∣∣u(x) =:
∣∣I1(x) + I2(x)

∣∣ 5
∣∣I1(x)

∣∣ +
∣∣I2(x)

∣∣ .

Let us consider the term I1(x). We can write

∣∣I1(x)
∣∣ 5 C‖fθu‖∞am

(
a2

m − x2
)
u(x)

∫

|x−t|> am(u)
m

∣∣Km(w, x, t)
∣∣χθ(t)w(t)

(a2
m − t2)u(t)

dt.
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Observe that, by (4.7), for |x| = am(u)/m and |t| 5 θam

(√
w

)
, the inequal-

ity

am

(√
w

) am

(√
w

)2 − x2

am

(√
w

)2 − t2

∣∣pm(w, x)pm−1(w, t)
∣∣ w(t)
u(t)

u(x) 5 C|x|γ−α
2 |t|α2−γ

holds. Using this inequality we get

∣∣I1(x)
∣∣ 5 C‖fu‖∞|x|γ−

α
2

(∫ x−am(u)
m

−θam

|t|α2−γ

x− t
dt +

∫ θam

x+
am(u)

m

|t|α2−γ

t− x
dt

)

5 C‖fθu‖∞ log m,

since, by (2.14), α
2 − γ ∈ (−1, 0].

It remains to estimate the term I2(x). We can write

∣∣I2(x)
∣∣ 5 Camu(x)

(
a2

m − x2
)
∣∣∣∣∣
∫ am(u)

m

−am(u)
m

Km(w, x, t)
a2

m − t2
fθ(t)w(t) dt

∣∣∣∣∣(4.31)

5 C
∫ am(u)

m

−am(u)
m

∣∣Rm(x, t)fθ(t)u(t)
∣∣ dt 5 C‖fθu‖∞

∫ am(u)
m

−am(u)
m

∣∣Rm(x, t)
∣∣ dt,

where
∣∣Rm(x, t)

∣∣(4.32)

= amu(x)
(
a2

m − x2
) ∣∣∣∣

pm(w, x)pm−1(w, t)− pm−1(w, x)pm(w, t)
(a2

m − t2)(x− t)

∣∣∣∣
w(t)
u(t)

5 amu(x)
(

a2
m − x2

a2
m − t2

) ∣∣∣∣
pm(w, x)− pm(w, t)

x− t

∣∣∣∣
∣∣pm−1(w, t)

∣∣ w(t)
u(t)

+ amu(x)
(

a2
m − x2

a2
m − t2

) ∣∣pm(w, t)
∣∣
∣∣∣∣
pm−1(w, t)− pm−1(w, x)

x− t

∣∣∣∣
w(t)
u(t)

=:
∣∣Tm(x, t)

∣∣ +
∣∣Vm(x, t)

∣∣ .

By the mean value theorem we have

∣∣Tm(x, t)
∣∣ 5 amu(x)

∣∣p′m(w, ξ)
∣∣ ∣∣pm−1(w, t)

∣∣ w(t)
u(t)
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with ξ ∈ (x, t) and, since w(x) ∼ w(ξ) ∼ w(t), u(x) ∼ u(t) and am =
am

(√
w

) ∼ am(u), using the inequalities (4.1) and (4.7), we get

∣∣Tm(x, t)
∣∣ 5 am

u(x)
u(t) |p′m(w, ξ)

√
w(ξ) ||pm−1(w, t)

√
w(t) |

5 Cam
u(x)
u(t)

m

am

1√
am

1√
am

5 C m

am

for |t| 5 am(u)/m and x ∈ [
am(u)/m, am(u)

]
.

Analogously we can show that
∣∣Vm(x, t)

∣∣ 5 C m

am
.

Therefore, by (4.31) and (4.32), it follows that
∣∣I2(x)

∣∣ 5 C‖fθu‖∞. Combin-
ing the estimates for I1(x) and I2(x) in (4.30) and taking the supremum on
all x ∈ Am(u), we obtain (2.15).

In order to prove the estimate (2.16) we can proceed as for (2.11). We
omit the details. ¤

Finally, let us consider the case of functions defined on the real semiaxis.
We omit the proofs of the results in Section 3, since they can be deduced from
those in Section 2. To give the ideas, we are going only to prove Theorem 3.3.

Proof of Theorem 3.3. If W (x) = xαe−xβ
and U(x) = xγe−

xβ

2 are
generalized Laguerre weights (see (3.2) and (3.1)), consider the generalized

Freud weights w(y) = |y|2α+1e−y2β
and u(y) = |y|2γ+1/pe−

y2β

2 . Then, for any
f ∈ Lp

U , set f̃(y) = f(y2), where f̃ ∈ Lp
u. If we apply the transformation

x = y2, y ∈ R, the orthonormal polynomials and M–R–S numbers corre-
sponding to W and w are related by pm(W,x) = p2m(w, y) and ām

(√
W

)

= a2m

(√
w

)2. Hence, the operator S∗m(W ) in (3.6) can be obtained from
S∗2m(w) in (2.7) by the quadratic transformation x = y2 as follows:

S∗m(W, fθ, x) = (ām

(√
W

) − x)Sm

(
W,

fθ

ām

(√
W

) − · , x
)

(4.33)

= (a2m

(√
w

)2 − y2)S2m

(
W,

f̃√θ

a2m

(√
w

)2 − ·2
, y

)
= S∗2m(w, f̃√θ, y).

Then by Theorem 2.3 we have

‖S∗2m(w, f̃√θ)u‖p
5 C‖f̃√θ u‖

p
, C 6= C(m, f̃),
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if and only if

−1
p

< 2γ +
1
p
−

(
α +

1
2

)
< 1− 1

p
, 2γ +

1
p
− (2α + 1) < 1− 1

p
.

Since ‖fθU‖p = ‖f̃√θ u‖
p

and by (4.33), it follows that (3.8) holds if and

only if the conditions (3.9) are satisfied. Similarly we can prove the error
estimate (3.10). ¤
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