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ABSTRACT

This thesis investigates stochastic optimal control problems with discrete delay and
those with both discrete and exponential moving average delays, using the stochastic
maximum principle, together with the methods of conjugate duality and dynamic
programming.

To obtain the stochastic maximum principle, we first extend the conjugate duality
method presented in [2, 44] to study a stochastic convex (primal) problem with discrete
delay. An expression for the corresponding dual problem, as well as the necessary and
sufficient conditions for optimality of both problems, are derived. The novelty of our
work is that, after reformulating a stochastic optimal control problem with delay as a
particular convex problem, the conditions for optimality of convex problems lead to
the stochastic maximum principle for the control problem. In particular, if the control
problem involves both the types of delay and is jump-free, the stochastic maximum

principle obtained in this thesis improves those obtained in [29, 30].

Adapting the technique used in [19, Chapter 3] to the stochastic context, we consider
a class of stochastic optimal control problems with delay where the value functions are
separable, i.e. can be expressed in terms of so-called auxiliary functions. The technique
enables us to obtain second-order partial differential equations, satisfied by the aux-
iliary functions, which we shall call auxiliary H|B equations. Also, the corresponding
verification theorem is obtained. If both the types of delay are involved, our auxiliary
HJB equations generalize the HJB equations obtained in [22, 23] and our verification

theorem improves the stochastic verification theorem there.
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CHAPTER 1

INTRODUCTION

There are many real-world problems providing applications for stochastic optimal
control formulations. Typically, the stochastic processes involved in these problems
are Markovian and are described by stochastic differential equations (SDEs) which
involve controls. Such processes and equations are referred to as state processes and
state systems respectively in the context of stochastic optimal control theory. Then, the
so-called Markovian optimal control problem in which the aim is either minimize a cost
function or maximize a performance function. Applications include the quadratic loss
minimization problem in portfolio optimization and the optimal production planning

problem in economics. See, for example, [26] and [45, Chapter 2].

The topic of the present thesis concerns an extension of Markovian optimal control
problems to allow for time-time (or time-lag) effects. More explicitly, the state processes
are no longer Markovian. In finance, for example, although the efficient-market hy-
pothesis states that current prices of assets reveal all the necessary information from
the market (see [16, Section 1.2]), investors often take the historical performance of
assets into consideration and use past information in modelling the wealth processes
of portfolios. There exists a way to deal with this circumstance by using stochastic
differential delay equations (SDDEs), instead of the classical ones, to describe the evo-
lution of processes. Consequently, the corresponding portfolio optimization problem

becomes a so-called stochastic optimal control problem with delay (see [5]).

In the theory of stochastic optimal control, Markovian optimal control problems can

be solved by using either the stochastic maximum principle or dynamic programming



(see [45, Chapters 3 & 4]). Therefore, in the remainder of the present chapter, we first
review these two approaches for the Markovian case and then briefly introduce some
generalizations for stochastic optimal control problems with delay that motivate the

results obtained in this thesis.

Markovian Optimal Control Problems

The (sufficient) stochastic maximum principle for Markovian optimal control prob-
lems involves a so-called Hamiltonian (function) and an adjoint (stochastic differential)
equation together with certain convexity /concavity conditions (see [45, Section 3.3]).
From the viewpoint of the characterization of SDEs, the adjoint equation is a (controlled)
classical backward stochastic differential equation (BSDE) first studied by Pardoux
and Peng in [32] and further developed by Karoui, Peng, and Quenez in [18]. The
advantage of applying the stochastic maximum principle is that an optimal control
can be verified via the maximizer of the Hamiltonian along with the corresponding
solutions of the adjoint equation and the controlled SDE (see [21]). This stochastic
maximum principle generalizes the original one for deterministic delay-free optimal
control problems studied by Pontryagin in the 1950s. More recently, Pontryagin’s work
has been further extended to the cases including Lévy jumps and/or regime-switching
diffusions (see [9, 15, 46]).

In another direction, Bismut in [2] demonstrates that the conjugate duality method
plays an important role in the study of the stochastic maximum principle for Markovian
optimal control problems. More precisely, Bismut applies the concept of conjugate con-
vex functions, which is developed by Rockafellar in [34, 35, 37, 38] for the deterministic
case, to study Markovian convex (primal) problems in the calculus of variations. The
corresponding dual problems are introduced (see [2, Definition II-1]) and the necessary
and sufficient conditions for optimality of both the primal and dual problems are ob-
tained (see [2, Theorem IV-2]). Then, as presented in [2, Section 5], Bismut reformulates
a Markovian optimal control problem as a particular convex problem and furthermore
uses the conditions for optimality of the convex problem to obtain certain necessary
conditions for optimality of the control problem, where the corresponding Hamiltonian

and adjoint equation are involved (see [2, Theorem V-1]).



Unlike the stochastic maximum principle described above, the foundation for
applying the dynamic programming method is to investigate a family of Markovian
optimal control problems parameterized with different initial times and states. This
approach solves all the control problems in that family rather than a particular one.
More precisely, the Bellman principle (or dynamic programming equation), together
with the It6 formula and certain smooth conditions, leads to a second-order partial
differential equation (PDE) satisfied by the value function of the control problem.
This PDE is called the Hamilton-Jacobi-Bellman (H]B) equation (see [45, Section 4.3]).
The advantage of applying dynamic programming is that an optimal control can be
constructed in terms of a solution of the HJB equation. Such a method for obtaining an
optimal control is referred to as the stochastic verification theorem (or technique) in the
context of dynamic programming (see [45, Section 5.5]). The original development of
dynamic programming for the corresponding deterministic delay-free optimal control
problem was developed by Bellman in the early 1950s. Generalizing the deterministic
situation, Kushner in [20] obtains the corresponding results in the context of continuous-
time diffusion. More recently, Azevedo, Pinheiro, and Weber in [1] study dynamic
programming for Markovian optimal control problems including Lévy jumps and
regime-switching diffusions.

Although the stochastic maximum principle and the dynamic programming de-
scribed above have been developed separately and independently, there is a connection
between these two approaches. More precisely, solutions of the adjoint equations can
be expressed in terms of certain derivatives of sufficiently smooth solutions of the
corresponding HJB equations along with the corresponding optimal controls and state
processes (see [2, page 402] and [45, Chapter 5]). More recently, this connection for the
Markovian optimal control problems including Lévy jumps and/or regime-switching

diffusions has been studied in [9, 15, 46].

In this thesis, we shall generalize both the stochastic maximum principle and
dynamic programming with the help of the conjugate duality method for stochastic

optimal control problems with delay.

Stochastic Optimal Control Problems with Delay



Some progress has been made on generalizing both the stochastic maximum princi-
ple and dynamic programming for stochastic optimal control problems with delay. See,
for example, [5, 6, 22, 23, 29, 30]. In particular, the types of delay considered in these
papers are either just discrete delay or both discrete and exponential moving average

delays.

Chen and Wu in [6] establish a stochastic maximum principle for stochastic optimal
control problems with discrete delay. The corresponding Hamiltonian and adjoint
equation are introduced in [6, page 1077]. Unlike the Markovian case, the adjoint
equation is an anticipated (or time-advanced) BSDE first studied by Peng and Yang in
[33] (see also [30, Section 5]). However, Chen and Wu in [6] do not consider further the

cases with exponential moving average delay.

A stochastic maximum principle for a certain type of stochastic optimal control
problems with both discrete and exponential moving average delays is obtained in
[29, 30]. However, the corresponding Hamiltonian functions and adjoint equations
in these two papers are different. In the former, the adjoint equation is a triple of
classical BSDEs with a restriction that one of the BSDEs needs to be identically zero.
On the other hand, the adjoint equation in the latter paper is a single anticipated BSDE
together with a Hamiltonian differing from the one introduced in the former. Note
that, from the viewpoint of characterization of stochastic optimal control problems,
those with just discrete delay can obviously be regarded as a special case of those with
both discrete and exponential moving average delays. However, as the argument in
the proof of [29, Theorem 2.2] shows, the stochastic maximum principle presented
there cannot be adapted to a model that only involves a discrete delay. Note also that,
although the restriction in [29] mentioned above does not appear in [30], the stochastic
maximum principle obtained in [30, Theorem 3.1] is not capable of dealing with control
problems where the terminal cost depends on the terminal value of an exponential

moving average delay.

Note that all the results concerning stochastic maximum principles obtained in
[6, 29, 30] are proved essentially by the results and techniques of stochastic calculus.

However, although the Hamiltonian and the adjoint equation together play central



roles in defining the stochastic maximum principle, the results obtained in [6, 29, 30] do
not offer any derivation for the corresponding expressions of Hamiltonian and adjoint
equation. On the other hand, as stated in [2], the expressions for the Hamiltonian and
the adjoint equation for Markovian optimal control problems can be derived by the
conjugate duality method. Therefore, it is worth mentioning that such a conjugate
duality method has been generalized by Tsoutsinos and Vinter to study a deterministic
convex problem with discrete delay in [44]. The corresponding dual problem and
the conditions for optimality are obtained (see [44, page 171 & Theorem 2.2]) which
allow the authors to solve some deterministic optimal control problems with discrete
delay. Nevertheless, to the best of our knowledge, the corresponding results in the
context of stochastic convex problems with discrete delay and the relationship to the
corresponding stochastic maximum principle, which will be studied in the present

thesis, are new.

Regarding dynamic programming, Larssen in [22] obtains Bellman’s principle
of optimality for stochastic optimal control problems with delay, where the value
functions may depend on the initial paths of the state processes in a complicated way.
As noted in [23, Section 1], this causes difficulties to use the It6 formula to obtain H]B
equations except for some special cases. For example, Larssen and Risebro in [23] (see
also [22, page 668]) consider a class of stochastic optimal control problems with both
discrete and exponential moving average delays, where the value functions depend on
a certain weighted average of the initial paths. In particular, this allows them to use
the Itd formula given in [22, Lemma 5.1] to obtain HJB equations. Unfortunately, using
these HJB equations in the corresponding stochastic verification theorem requires that
solutions of the HJB equations are independent of a secondary variable corresponding
to discrete delay in the models. Such a requirement is not always fulfilled even when a
model involves only an exponential moving average delay (see [22, Lemma 5.1]). Note
that the result of the connection between the stochastic maximum principle in [29] and

the method of dynamic programming in [23] has been obtained in [41].

As noted in [23, Lemma 3.2], the argument for deriving the HJB equation cannot

be adapted to a model that only involves a discrete delay. In fact, the derivation of



the HJB equation in [23] depends on the nature of the exponential moving average
delay (see also [13, 22]). On the other hand, it is worth pointing out that Kolmanovskii
and Shaikhet in [19, Chapter 3] investigate a class of deterministic control problem
with discrete delay by introducing an auxiliary function, which only depends on the
two boundary points of the initial path, together with certain conditions to facilitate
the characterization of the value function (see [19, Definition 3.1.1]). This technique
allows them to obtain a first-order PDE satisfied by the auxiliary function. However, to
the best of our knowledge, this technique has not been applied to the corresponding

stochastic case.

Structure and Main Results of the Thesis

To address the restrictions of [6, 22, 23, 29, 30] mentioned above, our main results

are presented in three chapters:

o Chapter 2 investigates the conjugate duality method for stochastic convex prob-

lems with discrete delay extending those studied in [2, 44].

o Chapter 3 uses the results for the conjugate duality method obtained in Chapter
2 to improve the stochastic maximum principle for stochastic optimal control
problems with discrete delay and those with both discrete and exponential mov-
ing average delays. Our stochastic maximum principles not only recover that

obtained in [6], but also extend those studied in [29, 30].

e Chapter 4 adapts the technique used in [19, Chapter 3] to obtain second-order
PDEs, which are called auxiliary HJB equations, for a class of control problems
studied in Chapter 3, where the value functions are separable. These results

extend those studied in [22, 23].

The main results of each chapter are summarized below and we refer readers to the first
section in each of these three chapters for the corresponding detailed literature reviews.
Note that we only investigate minimization problems in the following chapters. With a
minor modification, the arguments and results obtained in this thesis can be adapted for
maximization problems. We also provide some potential future directions in Chapter 5

based on our current works.



In Chapter 2, we investigate stochastic convex (primal) problems with discrete delay
by extending the approaches in [2, 44] mentioned above to obtain the corresponding
dual problems and the necessary and sufficient conditions for optimality of both
primal and dual problems. Unlike the corresponding deterministic case studied in
[44], the "time’ cannot be reversed in the stochastic context as noted in [24, Section 1.1].
To overcome this difficulty, we apply the techniques of conditional expectations in
the characterization of the stochastic processes in the corresponding dual problems
and then apply the martingale representation theorem to identify those processes as

solutions to certain BSDEs.

In Chapter 3, we reformulate stochastic optimal control problems with just discrete
delay and those with both discrete and exponential moving average delays as specific
stochastic convex problems with discrete delay investigated in Chapter 2. This allows
us to use one of those conditions for optimality to derive the corresponding stochastic
maximum principles. In particular, the derivation of the associated Hamiltonian
functions and adjoint equations are provided. Note that, if only discrete delay is
involved, our result on the stochastic maximum principle is similar to the one obtained
in [6, Theorem 3.2] when the control in [6] does not depend on a discrete delay. On
the other hand, if both discrete and exponential moving average delays are involved,
our adjoint equations are described by a pair of BSDEs one of which is an anticipated
BSDE and the other is a classical BSDE. As mentioned above, these adjoint equations
are different from those in [29, 30] although our Hamiltonian is similar to the one
introduced in [29]. More importantly, the restriction mentioned in [29] is eliminated
and the results in [30] are improved to allow the terminal cost to depend on the terminal

value of the exponential moving average delay when the model there is jump-free.

In Chapter 4, we investigate a class of the control problems studied in Chapter 3,
where the value functions are separable, by adapting the technique of [19, Chapter 3]
mentioned above to introduce the so-called auxiliary function. The novelty of this
technique is that it allows us to apply the Itd formula to obtain second-order PDEs
satisfied by the auxiliary functions. Note that, if the model only involves a discrete delay,

our PDEs play a similar role to that of the classical HJB equations in the verification



theorem of dynamic programming for Markovian optimal control problems. Thus, we
refer these PDEs as auxiliary HJB equations. If the model involves both discrete and
exponential moving average delays, our results generalize those obtained in [22, 23]
and, more importantly, eliminates the restriction there noted above for some special
cases. Finally, Chapter 4 provides the connection between the dynamic programming
method involving the auxiliary HJB equation with the stochastic maximum principle

obtained in Chapter 3.



CHAPTER 2

CONJUGATE DUALITY METHOD IN STOCHASTIC

CONVEX PROBLEMS WITH DISCRETE DELAY

2.1 Introduction

To apply the techniques and results of conjugate duality to study the stochastic
maximum principles for stochastic optimal control problems with delay, this chapter
extends the conjugate duality method developed in [2, 44] to investigate stochastic

convex problems with discrete delay.

2.1.1 Literature Review

To access some basic results of the conjugate duality method, we first review this
method reported in [37] for a delay-free deterministic convex problem in the calculus
of variations. Afterward, we describe two known generalizations [2, 44] which inspire

the work of the present chapter.

The Delay-Free Deterministic Convex Problem
Rockafellar in [37] investigates the deterministic convex (primal) problem: for given

convex functions L and [, minimize
T
D (x) :/ L(t,x(t),x(t)dt+1(x(0),x(T)) (2.1.1)
0

among all R"-valued absolutely continuous functions x on [0, T] with derivative %

almost everywhere, where n is a positive integer and T € (0, 0) is the fixed time



horizon. Note that, since it is absolutely continuous, x can be identified with (x(0), x)
in the sense that

t
x(t) = x (0) + / i(s)ds, Vtelo,T] (2.1.2)
0
(see [39, Theorem 6.11]). As presented in [37, Section 5], Rockafellar defines L* and [*
as the conjugate convex functions of L and [ in (2.1.1) respectively, a concept described
in his previous work [34], and then introduces the dual problem to (2.1.1): for such L*
and I*, minimize

V()= [ L0, p ) dt+ I (p(0),p(T) 2.13)

among R"-valued absolutely continuous functions p on [0, T], where p is as defined
similarly to x. Note that X and p are called optimal solutions for the primal problem
(2.1.1) and the dual problem (2.1.3) respectively if they achieve the corresponding
minimum of the two problems.

Using certain properties of conjugate convex functions described in [34], necessary
and sufficient conditions for optimality of the primal problem (2.1.1) and the dual
problem (2.1.3) are obtained in [37, Theorem 5]. In particular, ¥ and p are optimal for

these two problems respectively with ®(%) + ¥(7) = 0 if and only if X and 7 satisfy

L(LE(1),2(0) + L7 (6P (5),5(5) — (B(H),2(0) — (H(H),2(H) =0  (214)

for almost every t and

N—
N—r
+
—

S
—
~
N—
=i
—~
~
N—
S~
|
—
S
—
o
N—
=i
—~
o
N—
S~
Il
e

1(x(0),x(T))+1"(p(0),—p(T (2.1.5)

where (-, -) denotes the usual inner product in the Euclidean space IR”. This method for
obtaining conditions for optimality of both the primal and dual problems, involving
the relationship of conjugate duality between the convex functions, is referred to as the

conjugate duality method.

The Markovian Convex Problem
Bismut in [2] generalizes the above results to the stochastic context. More specifi-
cally, let m be an positive integer and write (Q2, F,P) for a complete probability space,

W for a standard m-dimensional Brownian motion (see [17, Definition 2.5.1]) and

10



F = {F(t) }se(o,1) for a filtration generated by W such that the usual conditions hold
(see [17, Definition 1.2.25]). Then, for given convex functions L and [/, Bismut in [2]

minimizes
P (X)=E {/OTL (t,X (1) , X (t),Hx (t)) dt+1(X(0),X(T)) (2.1.6)

among R"-valued Itd processes X which can be identified with (X(0), X, Hy) in the

sense that
X (t)=X(0)+ /Ot X (s)ds + /Ot Hx (s)dW (s), Vtel0,T] (2.1.7)

(see [43, Definition 4.4.3]), where X and Hx denote respectively the drift and diffusion
coefficients. Similarly to the approach for introducing the corresponding dual problem
in (2.1.3), Bismut in [2, page 389] defines L* and [* as the conjugate convex functions of
L and [ in (2.1.6) respectively and then introduces the dual problem to (2.1.6). That is,
for such L* and I*, minimizing

Y(P)=E [/OT L*(t,DP(t),P(t),Hp(t))dt+1* (P (0),—P(T)) (2.1.8)

among IR"-valued Itd processes P, where P is identified with (P(0), P, Hp) in the same
manner as X in (2.1.7) and (P, Hp) is defined similarly to (X, Hx).

Adapting the techniques applied in [37, Theorem 5], Bismut in [2, Theorem IV-2]
obtains certain necessary and sufficient conditions for optimality in which, similarly
to the deterministic case described by (2.1.4) and (2.1.5), X and P are optimal for the
primal problem (2.1.6) and the dual problem (2.1.8) respectively with ®(X) + ¥(P) =0
if and only if X and P satisfy

and
1(X(0),X(T))+1I"(

]
=
|
=g
3
+
i
3
\><.
=

(2.1.10)
—(P(0),X(0)) =0, P—as.

Here IP ® Leb denotes the Lebesgue measure on F x B([0, T|), where we write 5([0, T])
for the Borel o-algebra on [0, T|. Note that the primal problem (2.1.6) and the dual

11



problem (2.1.8), together with the conditions for optimality described by (2.1.9) and
(2.1.10), are similar to those offered in [37], except that the diffusion coefficients Hx
and Hp have been introduced. It is worth mentioning here that the theory in [2] also
allows one to consider an extra randomness in the model, related to a diffusion M, by
assuming that the corresponding filtration IF be generated jointly by M and W (see also
[3, Section 3.8]). In particular, this will help us to introduce a regime-switching effect

into the model.

The Deterministic Convex Problem with Discrete Delay
In a different direction, Tsoutsinos and Vinter in [44] consider the deterministic

convex problem with discrete delay: for given convex functions L and /, minimize
T
@ (x) = / L(t,x (), x (E—8),% (1)) dt +1(x(T)) 2.1.11)
0

among R"-valued absolutely continuous functions x on [—4, T| such that x(t) = &(t)
for every t € [—4,0], where 6 € (0,T) and ¢ is a given continuous function on [—, 0].
However, unlike the corresponding delay-free case, this primal problem also depends
on x(- — ¢) which causes some difficulties. In particular, the corresponding dual
problem cannot be introduced in a similar fashion to the one in (2.1.3) by using the
corresponding conjugate convex functions L* and [* directly. However, as stated in
[37, Theorem 3], the conjugate convex function of the optimal value function, a concept
introduced in [38, page 2], associated with the primal problem (2.1.1) coincides with the
function ¥ defined by (2.1.3). Therefore, generalizing such a relationship into the time-
delay context, Tsoutsinos and Vinter in [44, Proposition 3.1] obtain the corresponding

dual problem as minimizing
T
¥(p) = [ L (O —q(t+0) Tor o (1),4(),p (1)) d
T T

— [ (et -ons)a— [ pm.copa @112

+1 (=p (7)) + (p(T),£(0))
among R"-valued absolutely continuous functions p and g on [0, T| such that q(0) =0,
where [ 4 denotes the indicator function of the set A.

Similarly to the conditions for optimality described by (2.1.4) and (2.1.5), Tsoutsinos

and Vinter in [44, Theorem 2.1 & 2.2] obtain that ¥ and (, ) are optimal solution of

12



the primal problem (2.1.11) and the dual problem (2.1.12) respectively with ®(%) +
Y(p,4) = 01if and only if X and (7, §) satisfy

L(EE (1), % (t=0),%(0) + 1" (L5 (1) =4 (E+0) Ior_g (1,4 (1), P (1)) .
— (G (), % (= 8)) = (P (1) = (t+8) Lnr_y (1), %(5)) = (P (1), % (1) =0
for almost every t and
L(x(T)+I"(=p(T))+(p(T),x(T)) =0. (2.1.14)

Note that the dual problem (2.1.12) and the conditions for optimality (2.1.13) and
(2.1.14) involve the extra variable g with 4(- + J), where g is as defined similarly to
x. These time-advanced values will give rise to an issue when generalizing them to
the stochastic context in the present chapter. To resolve this issue, we shall apply
the techniques of conditional expectations at a certain stage in the derivation of the

corresponding dual problem.

2.1.2 Main Results and Structure of the Chapter

Motivated by the results in [2, 44] described above, we explore the conjugate duality
method to investigate the stochastic convex problem with discrete delay: for given
convex functions L and I/, minimize

®(X)=E [/OT L(tX(8), X (t—06),X(t), Hx (1)) dt + 1 (X (T)) (2.1.15)
among X which ranges through a certain family, to be specified in Section 2.3.1, of It6
processes satisfying X (t) = &(t) for t € [—6,0], where X, Hx, & and 6 are as defined
for (2.1.6) and (2.1.11). The corresponding dual problem is derived in Theorem 2.4.4
which generalizes (2.1.12) to the stochastic context, and the necessary and sufficient
conditions for optimality of the primal problem (2.1.15) and the dual problem are then
obtained in Theorem 2.5.2. Note that we could equivalently maximize ®, if L and [ in
(2.1.15) were concave, together with the concept of conjugate concave function (see [38,

page 18]). For example, replacing L and / in (2.1.15) by —L and —!.

The remainder of the chapter is organized as follows. Section 2.2 summarizes some

basic results on convex analysis reported in [34, 35, 37, 38] and Section 2.3 gives the

13



detailed description of the primal problem (2.1.15). Generalizing the results in [44] to
the stochastic context and generalizing the results in [2] to involve a discrete delay,
Section 2.4 shows the derivation of the dual problem to (2.1.15). Then, the necessary and
sufficient conditions for optimality of both the primal and dual problems are obtained
in Section 2.5. Finally, extending the arguments in the preceding sections of this chapter,
Section 2.6 presents a stochastic convex problem in a general discrete delayed model
which will be used to obtain the stochastic maximum principle for stochastic optimal
control problems with both discrete and exponential moving average delays in the

following chapter.

2.2 Some Results on Conjugate Convex Functions

To apply the conjugate duality method, this section recalls some basic results of

conjugate convex functions taken from [34, 35, 37, 38].

The preliminary concept in the conjugate convex function is a pair of linear (or
vector) spaces associated with a specified duality pairing. Let X and Y be two linear
spaces. We define a bilinear map, denoted by < -, - >, on these two spaces as follows:
foreachy €Y,

L, Y>> ix =L x5y > (2.2.1)

is a linear function on X and also, for each x € X,
Lx, >y =><L<xy> (2.2.2)

is a linear function on Y (see [17, page 32]). If there exist compatible topologies
(specified below) with respect to < -,- > on X and Y respectively, then the bilinear
map < -, - > is called duality pairing, or simply pairing, associated with these spaces
(see [38, page 13]). Here, a topology on X (resp. Y) is called compatible with respect
to < -,- > if it is a locally convex topology such that every linear function (2.2.1)
(resp. (2.2.2)) is continuous and every continuous linear function on X (resp. Y) can be
represented in the form of (2.2.1) (resp. (2.2.2)) for some y € Y (resp. x € X). Note that,
associated with the pairing, these two spaces X and Y are referred to as duality paired

linear spaces, or simply paired spaces. For example, R" pairs with itself via the pairing
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given by the usual inner product in R”, where the compatible topology is induced by
the Euclidean norm.

Following the convention given in [38, page 13], when we say that two linear spaces
are paired spaces, then a specific pairing is implied and these two linear spaces are

equipped with topologies compatible with that pairing automatically.

Suppose that X and Y are paired spaces associated with the specified pairing
< -+ > and let T be an extended-real-valued convex function on X. Then, the
extended-real-valued function F* on Y, defined by

F*(y) =sup{< x,y > —F (x)}, (2.2.3)
xeX
is called the conjugate convex function of F. Similarly, the extended-real-valued func-
tion F** on X, defined by
F* (x) =sup{< x,y > —F" ()}, (2.2.4)
yeY
is called the conjugate convex function of F* and also referred to as bi-conjugate
of F, where F* and F** are always convex and lower semi-continuous on Y and X
respectively (see [37, page 189]). In the presence of convexity, if F is strictly greater
than —oo, not identically co, and is lower semi-continuous, then F = F** (see also [35,
page 51]). The following gives an example of such a F.

Note that, as mentioned in Section 2.1.2, we can similarly introduce the concept
of conjugate concave function if F is concave. Then the condition of lower semi-
continuity and the supremum in (2.2.3) and (2.2.4) are respectively replaced by upper

semi-continuity and infimum (see [38, page 18]).

Example 2.2.1. For simplicity, we set n = 1 and X = Y = IR. Suppose that the

extended-real-valued convex function F is defined by

—logx, ifx>0,
F(x) =
00, otherwise.

Then, it follows from (2.2.3) that the conjugate convex function F* of F is

F*(y) =sup{xy — F (x)} = sup {xy + logx} (2.2.5)

x€R xR+t
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fory € R. If y > 0, letting x tend to oo on the right-hand-side of the second equality of
(2.2.5), we see that F*(y) = oo. Otherwise, to find an explicit expression for F*, we take
the derivative, with respect to x, of the function xy + log x to see that the corresponding
derivative is zero if and only if x = —1/y. Moreover, since xy + log x is concave with
respect to x, the supremum in (2.2.5) is attained at x = —1/y so that, together with the

caseofy > 0,

. —1-log(—-y), ify <0,
F(y) =

00, otherwise.

On the other hand, it follows from (2.2.4) that the corresponding bi-conjugate convex

function F** is

F*™ (x) = sup {xy — F* (y)} = sup {xy +1+log(-y)} (2.2.6)
yeER yeER~

for x € R. Similarly, if x < 0, we obtain that F**(x) = co. Otherwise, taking the
derivative, with respect to y, of the function within the bracket on the right-hand-side
of the second equality of (2.2.6), we see that the supremum in (2.2.6) is attained at
y = —1/x. This, together with F**(x) = oo when x < 0, verifies F** = F as F is strictly

greater than —oo, not identically oo, and is lower semi-continuous. O

2.3 The Stochastic Convex Problem with Discrete Delay

We continue to work with the fixed time horizon T € (0, c0), complete probability
space (Q), F,P) and standard m-dimensional Brownian motion W introduced in Section
2.1.1. To include a regime-switching effect used in [8, 9, 10], we suppose that the
filtration IF = {F () };c(o,1) here is generated jointly by W and « satisfying the usual
conditions, where « is a continuous time Markov chain with the finite state I =
{1,2,...,d},isindependent of W, and its generator is defined by a d x d matrix ¢ = (g;;)
and where d is an positive integer. For i # j € I, the counting process N and the
intensity process A are respectively defined by

Nij (1) = Y Tasy=iy () Iagsy=p ()

0<s<t

and
Aij (1) = 8ijLia(n=iy (1)
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(see [9, Section 2]). Then, the set M = {M;;, i, € I} of canonical martingales of the
Markov chain « described in [9] (see also [10, 8]) is defined by

t
B Ni]' (t) — /0 )\1] (S) dS, if i 75 j,

0, otherwise,

M;; (t)

fort € [0, T1.
In addition, adapting from [2, page 386], we introduce the following four spaces

which are frequently used throughout the present thesis:
L2(F(T);R") denotes the space of F(T)-measurable, R"-valued random variables X
such that
E[|X]] < oo,
where | - | denotes the Euclidean norm and the norm on IL?(F(T); R") is given by

IXI2 = {& [jxP]}";

L2*([0, T]; R") denotes the space of F (t)-progressively measurable (see [17, Defini-

tion 1.1.11]), R"-valued stochastic processes X such that

E |esssup | X (t)[*

0<t<T

< o, 2.3.1)
where the norm on IL3([0, T|; R") is given by

1/2
1Xl20 = {IE } ;

L21([0, T];R"™) denotes the space of F (t)-progressively measurable, R"-valued stochas-

{/OT|X(t)ydt}2

where the norm on L3} ([0, T];IR") is given by

Xl = {IE i |X<t>|dt}2] }m;

L2([0, T]; R™*™) denotes the space of F (t)-progressively measurable, R"*"-valued

2
sup | X (t)]
0<t<T

tic processes X such that

E < oo, (2.3.2)

stochastic processes H such that

E [/()T|H(t)\2dt} < oo,
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where the elements in the Euclidean space R"*"™ are represented by n x m matri-
ces and so that |H(t)|? is given by (H(t), H(t)) = tr(H ' (t)H(t)), and the norm on
L2([0, T); R™*™) is given by

it = ([ [ 1o Pa] L

In what follows, we simply write the above spaces as IL?, L3, L%, and L% respectively
if the domains and ranges of the members in those spaces are clear from the context
and, as above, suppress the w in stochastic processes for notational simplicity, unless it

is necessary for clarity.

2.3.1 Identification of the Primal Variable

Fixé € (0,T) and let § € C([—J,0];R") be a given initial deterministic continuous

function. Then, since ¢ is continuous on the closed interval [—J, 0], we have

max |¢ (t)|* < o (2.3.3)

—0<t<0

(see [40, Theorem 4.15]).

Definition 2.3.1. For the given ¢ € C([—4,0];R"), write V; for the space 3! x L%
and identify (X, Hx) € V; with the continuous F (t)-adapted stochastic process X :
Qx[-6,T] - R",

¢ (1)

, te[-9,0],
- (;*'(0)+/()tX(s)ds+/OtHX(s)dW(s), tel0,T].

X (t) (2.3.4)
Hereafter, we simply write X € V; to mean that X is identified with (X, Hy) €
3! x L% via Definition 2.3.1. In particular, as noted in [8, Proposition 3.2.20], the
representation of X € V; is unique up to indistinguishability (see [17, Definition 1.1.3])
and also X implicitly depends on & through the filtration IF. Moreover, we define X;
associated with X by
Xs(t)=X(t—9), Vtel[0,T].

Proposition 2.3.2. For X € V;, we have that X, X5 € L3 and X(T) € L2
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Proof. First, as noted in [45, Proposition 1.2.8], the continuity of X, together with being
F(t)-adapted, implies that X and X; are F(t)-progressively measurable. Also, it is
straightforward to see that X(T) is F(T)-measurable and

sup |X ()]

0<t<T

E [\X(T)ﬂ <E . (2.3.5)

On the other hand, separating the interval [—dJ, T] into two disjoint intervals [—4, 0]

and [0, T] and noting (2.3.1), we have that

2
E| sup |X (1})|2 =E | sup {‘X (t) Ii—s0) (t) + X (t) Ijo,7) (t)’ }]
—0<t<T —0<t<T (2.3.6)
<2 { sup (D2 +E | sup [X (5] }
—5<t<0 0<t<T

where the “ess” in (2.3.1) has been relaxed since X is continuous. The first term on the
right-hand-side of the inequality of (2.3.6) is due to the representation (2.3.4) associated
with t € [—4,0]. Similarly,

E <E| sup |X(t)|.

—0<t<T

sup |X; ()]
0<t<T

Thus, it can be seen from (2.3.3), (2.3.5), (2.3.6) and (2.3.7) that, to prove the required

(2.3.7)

results, we only need to verify

E | sup X (1)[*

0<t<T

Indeed, it follows from (2.3.4) that, for t € [0, T],

< o0, (2.3.8)

X (P s3{r¢<0)|2+ xola) +| [ oo e

2
} . (2.3.9)

Taking supremum over ¢ € [0, T] and then taking expectations on the both sides of

(2.3.9), we have that
¢ 2
E | sup |X (1) s3{|¢<o>\2+nﬁ sup {/ \X@\ds}]
0<t<T o<t<T \JO
) (2.3.10)

t
+E | sup /HX(S)dW(s) ]}

0<t<T [/0

In particular, the second term within the bracket on the right-hand-side of (2.3.10) can

be re-expressed as

E =E

s { [ sotef

{/OT X (s)] ds}2] (23.11)
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and, by Doob’s Maximal Inequality (see [17, page 14]), the last term of that equation
gives
E

sup
0<t<T

/Ot Hy (s) dW (s) /Ot Hy (s) dW (s)

2
] <4E

2
] (2.3.12)
_4F M Hy (s)|2ds] ,
where the equality in (2.3.12) is due to the It6 isometry (see [43, Theorem 4.3.1]). Finally,
we get (2.3.8) by substituting (2.3.11) and (2.3.12) into the right-hand-side of (2.3.10),
and by noting that (X, Hx) € L3 x L%, O

Note that, although the domain for X defined via Definition 2.3.1 is [—4, T], for
simplicity, we shall in the following sections of this chapter to regard X as being in 1L2;°°

since its path in [—4, 0] is fixed by .

2.3.2 The Primal Function and Problem

LetL: Q% [0,T] x R" x R" x R" x R"™*" — RU{co}and ! : QO x R" — R U {oo}
be two given functions. Define functions I; on L3 x L3® x L3 x L% and J; on L?

respectively by
I.(X,Y,Z,H)=E {/OTL (t, X (t),Y(t),Z(t),H(t))dt (2.3.13)

and

Ji (Xr) =E[l (Xr)]. (2.3.14)
Hereafter, as before, we suppress w in functions for simplicity. To ensure that the
measurability in (2.3.13) and (2.3.14), and that I; and J; are strictly greater than —oo,
not identically co, and are convex, as well as to be able to apply the conjugate duality
method to obtain the corresponding dual problem in the next section, we adapt the

assumptions given in [37, page 179] as follows.

Assumption I. (i) L and | are not identically oo; L is a lower semi-continuous
convex function on R” x R" x R" x R"*™ for any (w, t) € Q) x [0, T], and ! is a lower
semi-continuous convex function on R”, for any w € Q.

(ii) Lis F* x B(R") x B(R") x B(R") x B(R"*™)-measurable and I is F x B(IR")-
measurable, where we write F* for the completion of F x B([0, T]) with respect to

P ® Leb.
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Assumption Il. (i) There exist (X*,Y*,Z*, H*) € ]L%,_1 X IL%,} X ILZFC’" X ]szz and a
R-valued F(t)-progressively measurable stochastic process @ satisfying
T
EUﬂwmm4<m (2.3.15)
0
such that, for any (x,y,z) € R"*®and h € R"™"™,

Lt x,y,2,h) > (x, X7 (8)) + (4, Y* (1)) + (2,27 (1))
(2.3.16)
+(h,H (t)) —@(t), P®Leb—as.

(ii) There exist X; € LL? and a R-valued F(T)-measurable random variable ¢
satisfying
E[|8]] < oo (2.3.17)

such that, for any x € R",
I(x) > {(x,X7)—0, P—as. (2.3.18)

Assumption lll. (i) There exist (X,Y,Z,H) € IL2f°° X ]L%Too X IL%} X ]L%_-2 and a R-

valued F (t)-progressively measurable stochastic process T satisfying

E [/OT |T(t)|dt] < oo (2.3.19)

such that

L(t,X(t),Y(t),Z(t),H(t)) <t(t), P®Leb—as. (2.3.20)

(ii) There exist X7 € L? and a R-valued F(T)-measurable random variable x
satisfying

E [|x]] < o (2.3.21)

such that

I(X7)<x, P—as

The novelty of Assumptions II & III is to ensure that the corresponding conjugate
convex functions of L and /, defined in the following section, satisfy the corresponding

Assumptions II & III as well (see Proposition 2.4.1).
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Remark 2.3.3. As shown in [36, Corollary 5.1], Assumption I is satisfied if and on-
ly if L and I are both normal convex integrands, a concept introduced in [34, Sec-
tion 2]. More precisely, a function L is called a normal convex integrand provid-
ed, in the presence of (i) of Assumption I for L, there exists a countable collection
{(Xi,Yi, Zi,H) }ien+, where X;, Y;, Z; and H; are F (t)-progressively measurable, such

that L(w, t, Xj(w,t),Yi(w,t), Zi(w,t), Hi(w,t)) is F*-measurable and the following set
D (w,t) N {(Xi (w,t),Yi (w,t),Z;i (w,t), Hi (W, 1)) }ien+ (2.3.22)

is dense in the effective domain ID(w, t) of L for every (w, t) € Q) x [0, T], where
D (w,t) = {(x,y,z,h) € R”" x R" x R" x R""|L (w,t,x,y,z,h) <o}  (2.3.23)

(see [37, page 180]). Similarly, with an appropriate modification, we can give the

corresponding definition of normal convex integrand for /.

Note that, it follows from [34, Corollary 5] that Assumption I, together with Remark
2.3.3, guarantees that, for every (X,Y,Z, H) € L3 x L3 x L3 x L2 and X1 € 1%,
L(w,t, X(w,t),Y(w,t),Z(w,t),H(w,t)) and I(w, X7(w)) are F*- and F-measurable

respectively as required.

Proposition 2.3.4. Under Assumptions 1, 11 & I1I for the functions L and I, we have that
I; > —oo, J} > —oo, that both Ij, and ], are not identically oo and that both Ij, and ], are

convex functions.

Proof. The proof applies the same techniques as the proof for the deterministic and
delay-free case described in [37, Proposition 1]. For the completeness, we give the
details as follows. Note that, in this proof, we only give the arguments for I; and, with
an appropriate modification, the corresponding arguments for J; can be obtained in a
similar way.

First, by the definition of I}, its convexity follows directly from the convexity of L
under Assumption I. Moreover, we define a linear function L' : Q x [0, T] x R" x R" X

R” x R"™™ — R by

L' (b3, y,2,1) = (x5, X5 (8) + (0, Y (D) + (2,2" () + (b, H' (1) — @ (1),
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where (X*,Y*,Z*, H*) and @ are those in Assumption II (i) . Similarly to I, we define

a function I;; on IL2f°° X 1L2f°° X lefl X ]szz by
I (X,Y,Z,H) =E UOTL' (t,X(t),Y(t),Z(t),H(t))dt]
:]E[/OT {(X®), X () + ¥ (), Y () +(Z (1), 2" (1))
+(H(t),H" (t)) — @ () }dt}
Then, the Holder Inequality, together with (2.3.15), gives us that
I/ (X,Y,Z,H) > —oo (2.3.24)

forevery (X,Y,Z,H) € L% x L3* x IL3 x IL%. Furthermore, by (2.3.16), we have that
I (X,Y,Z,H) > I, (X,Y,Z, H) which, together with (2.3.24), implies the conclusion
that I} > —o0. On the other hand, it follows from (2.3.19) and (2.3.20) that there exists

(X,Y,Z,H) € L% x L2 x L% x L% such that
T
I (X,Y, 7, H) <E [/ ]T(t)]dt] < oo,
0
where T is as in Assumption III (i). O

Now, for the given L, I, ¢, § described above and for X € V; defined via Definition

2.3.1, we define a function ® of X in terms of I and J; by
@ (X) =1 (X, X5, X, Hx) + ] (X(T)). (2.3.25)

Since X = (1 — )Xy + AX; implies that X; = (1 — A1) X15+AXps, X = (1—A) X1 +AXa
and Hx = (1 — A)Hx, + AHx, for any A € [0,1], the facts that ® is strictly greater than
—oo, that it is not identically oo, and that it is convex with respect to X follow directly
from Proposition 2.3.4. Then, building upon such a ®, we define, in a similar fashion
to the stochastic convex problem (2.1.6) studied in [2], the stochastic convex problem

with discrete delay as stated by the following definition.

Definition 2.3.5. Suppose that Assumptions I, II & III hold. The function ® on V;

defined by (2.3.25) is called a stochastic convex primal function with discrete delay.
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The stochastic convex primal problem with discrete delay associated with & is to find
X € Vj realizing

Jnf @ (X), (2.3.26)

where X is identified with (X, Hx) via Definition 2.3.1. We refer to the function ® and
the problem (2.3.26) as the primal function and problem respectively. Any X € Vj,
such that ®(X) < oo, will be called a feasible solution. Moreover, any feasible solution
X that achieves the infimum in (2.3.26) will be called an optimal solution of the primal

problem.

Note that this primal problem implicitly depends on « and that, if ® is identically
oo, no X € V; will be regarded as an optimal solution. Comparing (2.3.26) with (2.1.6),
our primal function and problem in Definition 2.3.5 bear a similarity to (2.1.6) studied
in [2, Definition II-I]. However, the X, introduced in (2.3.26), can be regarded as a
function of X. As noted in Section 2.1.1, the present of X; makes that the techniques
used in [2] for introducing the corresponding dual problem can no longer be applied

directly to our problem.

2.4 The Stochastic Convex Dual Problem

To overcome the difficulty mentioned above, this section introduces an optimal
value function corresponding to the problem (2.3.26) and then generalizes the tech-
niques used in [44, Proposition 3.1] for the corresponding deterministic case to derive

an explicit expression for the stochastic convex dual problem to (2.3.26).

2.4.1 Preliminaries

This subsection studies some properties of the conjugate convex functions L*, I*,
I1- and Jj- of L, I, I and J; in (2.3.25), which will be used to derive the dual problem in
Section 2.4.4.

For fixed (w,t) € Q x [0,T] and w € ), let L* and I* be the conjugate convex

functions of L and [ respectively in the sense of (2.2.3), i.e. L* and [* are respectively
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given by

L* (t, x*,y*’ Z*, h*)

o (2.4.1)
= sup {{(xy,zh), (xy", 2", ")) = L(t,x,y,z,h)}
(x,y,z,h)e]R”“le”X’"
for (x*,y*,z*,h*) € R"3 x R™"™ and
I* (x*) = sup {(x,x*) —1(x)} (24.2)

xeR"

for x* € R", where the associated pairings in (2.4.1) and (2.4.2) are described by the
usual inner products in the corresponding Euclidean spaces.

It follows from [34, Lemma 5], noting Remark 2.3.3, that L* and [* also satisfy
Assumption I. In fact, being a normal convex integrand is persevered under the
operation of conjugation. Therefore, as noted in Section 2.3.2, I*(w, X} (w)) and
L*(w, t, X*(w, t),Y*(w,t), Z*(w, t), H* (w, t)) are F- and F *-measurable for every X €
L2 and (X*,Y*,Z*, H*) € L3 x L3 x L% x IL% respectively. Moreover, L* and [*

satisfy Assumptions II & III as stated by the proposition below.

Proposition 2.4.1. Assumptions II & III for the functions L and | described in Section 2.3.2

imply that the functions L* and I* also satisfy Assumptions I & II1.

Proof. The proof applies the same techniques as the proof for the deterministic and
delay-free case described in [37, Theorem 2]. For the completeness, we give the details
as follows. Similarly to the proof of Proposition 2.3.4, we only give the arguments for
L* as the corresponding arguments for [* can be obtained in a similar way.
Under the given condition that L satisfies Assumption III (i) and L* is given by
(2.4.1),
L* (L%, y", 2% h¥)
> (X (1), x7) +{Y (£),y") + (2 (t),2") + (H (1), h")
—L(t,X(t),Y(t),Z(t),H(t)), P®Leb—as.
for any (x*,y*,z*,h*) € R™3 x R™™, where X,Y € L2, Z € IL%% and H € ]L%_-2 are

those in Assumption III (i). Then, using (2.3.20), we obtain that
L' (t,2%,y", 2 1) > (X (), %)+ (Y (8),y") + (Z (£),2")
+(H(t),h*)—1(t), P®Leb—as.
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where T is given in Assumption III (i), which gives the conclusion that L* satisfies
Assumption II (i). On the other hand, under the given condition that L satisfies

Assumption II (i), we obtain that

@ (t) > sup { (%X () + (0, Y (1) + (2, Z* (1))
(X,y,z,h)eRnXSXRnxm

+ (b, H* (t)) — L (t,x,y,2,h) }

=L* (t, X" (£),Y* (t),Z* (t), H" (1)), P®Leb—as.

where (X*,Y*,Z*, H*) € ]L%_-1 X IL%_-1 X ILZ;" X ]L%_-2 and @ are given in Assumption II (i).

This implies that L* satisfies Assumption III (i). O

To obtain the conjugate convex functions of I; and J;, throughout this chapter,
we specify the following three paired spaces associated with the pairings given in [2,

Page 386] as follows. We pair IL? with itself via the pairing defined by
< X1, X7 > =E[(X1, X7)]; (2.4.3)
pair IL% with itself via the pairing defined by
T
<HH>=E [/ (H (1), H* (1)) dt] ; (2.4.4)
0
pair IL3! with L3 via the pairing defined by
T
<X, X*>»=E [/ (X (), X" () dt} . (2.4.5)
0

Now, similarly to the functions I;, and J; introduced in Section 2.3.2, we define

functions I;- on L3 x L% x L2* x IL% and J;» on IL? respectively by
T
I (X*,Y*, 2%, H") = E [/ L* (X" (), Y* (£), 2" (£), H' (£)) dt]
0

and
Ji- (X1) =E[I" (X7)].

As discussed above, L* and [* satisfy Assumptions I, Il & III so that I;+ > —oo, [« > —o0,
both I and ;- are not identically co, and both I+ and J;- are convex by Proposition

2.3.4. Consequently, it follows from [34, Theorem 2] that I}~ and ;- are the conjugate
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convex functions of Iy and J; respectively in the sense of (2.2.3),i.e. I;+ and ;- can be

respectively expressed by
I« (X*,Y*,Z%, H")

= sup {<(XY,Z,H),(X*,Y", 2" H) > (2.4.6)
(X,Y,Z,H) L% x L2 x L2 xIL%2

-1 (X,Y,Z,H) }
for (X*,Y*,Z*,H*) € ]L%_-1 X ]L%_-1 X Isz“ X ]L%_-2 and
Ji (X7) = sup {E[(Xr, X7)] = J1 (X1)} (2.4.7)
XTE]LZ
for X7 € L2, where the pairing in (2.4.6), between the spaces ]LZF‘X’ X ]L2f°° X ]szl X ]szz
and 1L2f1 X ]L%T1 X Isz"" X ILZI2 induced directly from the pairings (2.4.4) and (2.4.5), is

described by
< (X,Y,Z,H),(X*,Y*,Z",H") >

=k {/OTNXU)/X* (E)) + (Y (£), Y* (£)) +(Z (£), Z7 (1)) + (H (t), H* (£)) } dt | .

2.4.2 The Optimal Value Function

Similarly to that for the corresponding deterministic case studied in [44, page 172],
we associate with the primal function to define a family of so-called perturbed functions

F on Vy, parameterized by (ar, 7, k) € L? x L3 x L%, by
Fappk (X) =1 (X+71,Xs +k X, Hx) + J; (X (T) —ar) . (2.4.8)

Compared with the perturbed functions used for the delay-free deterministic convex
problem in [2, Definition III-1] and for the stochastic delay-free convex problem in
[37, Section 7], the perturbed function F here depends on an extra parameter k to take
account of X in Ir. Note that F is a composition of ® with an affine mapping so that
it is convex as the convexity is persevered under affine mappings. Note also that, by

Proposition 2.3.4, F is strictly greater than —oo and is not identically co.

Now, building upon such a F, the family of perturbed optimization problems is to
find X € V; realizing

inf F X
Xlgvl aT,r,k( )1
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which gives an optimal value function ¢ on IL? x IL3* x L2* defined by
(P (LZT, r, k) = Xlé’l\f]1 FuT,r,k (X) . (249)
It can be seen from the relationship between F and ® that

¢ (0,0,0) = Xlg\fll Fopo (X) = Xlél\ffl P (X). (2.4.10)

Proposition 2.4.2. The optimal value function ¢ defined by (2.4.9) is a convex function on

L2 x L3 x L3
Proof. Based on the definition of ¢ and the convexity of I, and Jj, for any ar, a; € L2,
r,r € L2, kK € ]L%?" and X € V;, we obtain that
¢ (Aar+ (1 —A)ap, Ar+ (1= A)r", Ak+ (1= A1) K)
<ML (X+7,Xs+k X, Hx) + [ (X (-, T) —ar)}
+ (1= M) {1 (X+7, Xs+K, X, Hx) + ] (X (-, T) —ar) },
where A € [0,1]. Hence, we have
¢ (Aar+ (1 —=A)ap, Ar+ (1= A)r", Ak+ (1 —A)K)
<A Xig\ffl Far (X)+(1-4) Xiél\fll Fa’T,r/,k/ (X)
=A¢ (ar,1,k) + (1 —A) ¢ (a7, 7', k)
as required. O
Since the optimal value function ¢ is convex, let ¢* be the conjugate convex function
of ¢, i.e. ¢* is given by
¢* (ar, 1", k")

= sup {<< ((1’1", 7, k) ’ ([l?, 7’*, k*) > _(P (ﬂT, T, k)}

rk,ar) €2 X L2® x L2
( T F F

(2.4.11)

for (af,r*,k*) € L2 x Iszl X ]L%_-l, where the pairing, between spaces I.? x 1L2f°° X 1L3T°°

and IL2 x ]Lfr1 X ]szl induced from (2.4.3) and (2.4.5), is given by

< (ar,r,k), (a7, 7", k*) >

T (2.4.12)
—E | [0,k 0), 07 (1), (1)) i+ Gar,a)]
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Using ¢*, we introduce the following optimization problem to find (a%, 7*, k*) € L? x
L3 x IL%! realizing

inf ¢* (agp, v, k). (2.4.13)

(a%,r* k*) €L x LA <13

Then, the optimality of the primal problem (2.3.26) can be related to the solution of
(2.4.13). Indeed, by the relationship described by (2.4.10) between the optimal value
function ¢ and the primal problem (2.3.26), we set (ar,r,k) = (0,0,0) on the right-
hand-side of (2.4.11). Then, we see that

* L A —
¢* (at,r*,k*) > —¢(0,0,0) Xlg\fﬁCD(X)

for all (a%, r*,k*), which implies

inf *(at, 7, k) + inf @ (X) > 0. 2.4.14
(a*T,r*,k*)e]I}lefrlxlg_l(P ( T ) XeV, < ) ( )

If there exist (a3, 7*,k*) € L2 x L2 x L2! and X € V such that the equality in (2.4.14)
holds, then

0 < ¢* (a7, 75,k) + @ (X) = —® (X) + D (X) (2.4.15)
for X € V;. Hence, (2.4.15) implies that X is an optimal solution of the primal problem
(2.3.26). Note that, by the arguments above, the optimization problem (2.4.13) can be
regarded as a dual problem to (2.3.26). The reason for this claim will become clearer in

Sections 2.5 & 2.6.

As noted in [2, Definition III-1] and [2, Theorem III-1], the corresponding function
¢* for the stochastic delay-free case is expressed in terms of the corresponding I~
and ;- in a similar manner to that for the corresponding primal function ® given in
(2.1.6) in terms of I} and J;. Unfortunately, the introduction of the extra parameter k* in
(2.4.11) to pair with k in (2.4.9), due to the variable X, introduced in the primal problem
(2.3.26), makes this no longer the case. In other words, we cannot use the approach

there to obtain the explicitly expression for ¢*.

2.4.3 Identification of the Dual Variable

Recalling that the dual variable p for the dual problem (2.1.12) to the deterministic
convex problem (2.1.1) is an absolutely continuous function. As noted in [44, Propo-

sition 3.1], p satisfies an ordinary differential equation with a given terminal value.
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Hence, p can be identified with (p(T), p), in a similar manner of (2.1.2) to that for x in

the primal problem (2.1.11), as

PO =p(@ -~ [ p)as

However, the "time’ in the stochastic context cannot be reversed in general if stochastic
processes are required to be F(f)-adapted. To illustrate this, we borrow an example

from [24, Chapter 1] to consider the stochastic differential equation
dP(t)=0, te€][0,T], (2.4.16)

where the drift and diffusion coefficients are zero. If this equation equips with the initial
value P(0) = p € R", then the unique solution of (2.4.16) is P(t) = p. On the other
hand, if it associates with a terminal value given by P(T) = Pr € L2, then the unique
solution of (2.4.16) is P(t) = Pr for all t € [0, T]. Unfortunately, it is not necessarily
F(t)-adapted, unless Pr € R" is fixed.

To overcome this difficulty, we define V, = IL? x IL%! and apply the technique of
conditional expectation, which has been successfully used in the theory of backward
stochastic differential equation (BSDE), to characterize the continuous F (t)-adapted

stochastic process P by (Pr, P) € V, in the sense that
T
P(t) =E [PT - / P (s) ds)f (t)} , Vtel[o,T] (2.4.17)
t

(see [24, page 2]). Clearly, P(0) is a constant. On the other hand, unlike X identified
with (X, Hx) via Definition 2.3.1, the identification described by (2.4.17) is implicitly.
It shows that P is the solution of a BSDE. This results in that P is identified with
(Pr, P,Hp,Kp) € L% x lefl X ]L%T2 X ]K%_-2 as stated by the following proposition, where
K% denotes the space of F (t)-progressively measurable stochastic processes Kp(t) =
(KI(}) (t),..., KI(J") (t)) with the finite norm defined by

1/2

and where Kl(f)(t) = {KZ-(;)(t) gjzl and KZ-(]-r)(t) € R with Kl.(ir)(t) = 0, dP ® dt-a.s. for

eachi € I (see [8, page 32]).
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Proposition 2.4.3. For P defined by (2.4.17), we have that P & ]L%E“’. Moreover, there exists
unique (Hp,Kp) € L% x K% such that, for t € [0, T],

P(t) :PT—/tTP(s)ds—/tTHp (s) dW (s)

T (2.4.18)
- / Kp(s)edM(s), P —a.s.
t
where we have used the shorthand notation
-
d d O d d
Kp(s)edM (s) = X;Z;K] (s) dMij ( ,Z;EK ij (5)
1=1]= 1= =1
j#i J#i

Proof. It follows from a similar argument to that for the proof of Proposition 2.3.2, that

P is F(t)-progressively measurable. On the other hand, since P is defined by (2.4.17),

P(t) =E [PT—/OTP(s)ds—I—/OtP(s)ds‘]-"(t)]
_E [pT_/OTp(s)ds\f(t)} +/OtP(s)ds,

where the last term on the right-hand-side of the second equality of (2.4.19) is due to

we have that

(2.4.19)

the fact that fo s)ds is F (t)-measurable. Let
N(t)=E [PT — /TP(s)ds‘}'(t)}
JO
for t € [0, T]. Then,
P(t)=N(t)+ /OtP(s)ds, vt € [0,T]. (2.4.20)

In particular, N = {N(t) };c[o,7] is @ square-integrable martingale with respect to the
filtration IF = { F (t) };c(o,7] given in Section 2.3. Indeed, it follows from the Conditional
Jensen Inequality (see [43, Theorem 2.3.2 (v)]) and the law of total expectation (see [43,

page 72]) that, for t € [0, T|,

E[IV ()] =E {IE - [ PE |70 }]

: {|PT|+/OT\P<5>|ds}2 f(t)”
_E :{|PT1+/OT!P<s>\ds}2]

e+ { [ \P@)!ds}zi ~

<2E
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Then, the square-integrability of A follows directly from the fact that (Pr, P) € V,.

Moreover, for any s < t, we have
T

E [N (f) —E {IE {PT— P(s)ds’]—"(t)] ‘}"(s)]

0

T
{PT / P (s)ds| (s)}
0
=N (s),
where the second equality is due to the tower property of conditional expectation

(see [43, Theorem 2.3.2 (iii)]). This gives the conclusion that N is a square-integrable

martingale. Then, by the similar technique to that used in the proof of Proposition 2.3.2,

sz{lE {/f\f)(tﬂdt}z”

which gives the conclusion of P € L% noting the square-integrability of A" and

we see that

sup [V (t)[*

0<t<T

sup |P (1) +E

0<t<T

PelL?.
Applying the martingale representation theorem (see [8, Theorem B.4.6]) to A/ on
the right-hand-side of (2.4.20), we obtain that there exists unique (Hp, Kp) € L% x K%

such that, for t € [0, T],
P( )+ / s)ds + / Hp (s)dW (s)
(2.4.21)
+ / Kp(s)edM(s), P —a.s.
0

as the filtration IF = {F(t) }4c[o 7] is generated jointly by W and a. Furthermore, setting
t = T on the both sides of (2.4.21) and using the fact that P(T) = Pr, we obtain the

following alternative expression for A/(0),

N (0) :PT—/OTP(s)ds—/OTHp (s) dW (s)

T
- / Kp(s)edM(s), P —a.s.
0
Then, (2.4.18) is obtained by substituting (2.4.22) into the right-hand-side of (2.4.21). [

(2.4.22)

Hence, the identification of P in (2.4.17) is not equivalent to the one for X € V;
described via Definition 2.3.1. This is different from the corresponding deterministic
case described in [44].

Following the convention for X, we write P € V; to mean that P is identified with

(Pr, P) € V, in the sense of (2.4.17).
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2.4.4 Derivation of the Dual Problem

Having obtain the identification of P, this subsection generalizes the result in
[44, Proposition 3.1] for the corresponding deterministic case and obtains an explicit

expression for ¢* as stated by the following theorem.

Theorem 2.4.4. Suppose that Assumptions I, I & III hold for the functions L and . In
addition, for any given (a%,r*,k*) € L2 x L3 x L2, let (Pr, P, Q) € L2 x L3 x IL2! pe
defined by

PT = ﬂ?,
P(t)=r(t) +E [k* (t+6) o rg (1) | F (t)] , (2.4.23)

Q(H) =k (1),
where we identify P with (Pr, P) € V; by (2.4.17). Then, the function ¥ on 'V, x L%, defined

by
¥ (P,Q) =l (P—E |Q(+0) oz o ()|F ()], Q P, Hp) + Ji- (=Pr)
5[ [(Q0.E0- 010y )| +ELPE O a2y
T .
—E[[" e co)al,
satisfies ¥ (P, Q) = ¢* (ak, r*,k*), where Hp is specified by (2.4.18).

Proof. First, by the Conditional Jensen Inequality, the Fubini Theorem (see [39, page 416])

and the law of total expectation, we see that

E {/OT [E [k (s+0) It ()| F ()] dt}2]

E :{E s
<E E {
=E {/OT k* (s +0) Ijo,7—g (s)} ds}2]

{ [ <s>>ds}2] -

Since k* € L%, (2.4.25) implies that IE [k*( +0)1jo,7—4] ()\]:()} € 1L Therefore, P

K (s+6) Inr_s (5) ds’]:(t)] }2]

2
k* (s +96) I[O,Tfé] (s) dS} ‘]: (t)]] (2.4.25)

<E

defined by (2.4.23) is in IL3 noting r* € IL3. Now, using the optimal value function
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¢ and the perturbed function F respectively defined by (2.4.9) and (2.4.8), we can

re-express ¢* as
¢* (ar, 7", k")

= sup {<< (ar,r,k), (a7, v", k") > — inf  F, (X)}
(rkar) €L2° X L2 X 1.2 (X,Hx )€V,

T 2.4.26
- {E{L<vu»ka»4ﬁ<wxww»dﬂ+muww np 4
(r,k,aT)e,ILZf_-o" ><IL2;__°° xIL2
— I (X+7rXs+k X, Hx) — ] (X(T) — ar) }
Then, setting af, = X(T) —ar, ' = X +rand k' = X; + k, (2.4.26) gives that
¢ (ag, 1", k")
= sup {E [(ar, —a1)] — Ji (a7) }
afell?
B[ {00 @)+ (K 0K 0)}d
+ sup {[ (), r* (1)) + (K (t),k* (t t]
i 0 (2.4.27)

(r’,k’)e]L%_-‘>° ><]L3T"o

+E[(X(T),as)] — I (v, K, X, Hy)
-5 [ [T )+ (X6 0,6 ()] |,

To simplify this, we use the relationship between X and X and re-express the last two

summands on the right-hand-side of (2.4.27) as

B| [ (000, )+ (s 0,k (0)) e
=1 {<Xa> P ) R (0) T (1))
+ <a; (= 08) Lo (), K (t)> }dt] (2.4.28)

_ U()T{<X(t),r* (t)+IE[k* (t+0) oy (t)‘]:(t)b
+ <C(t —0) Ijg g (1) , K (t)> }dt].

To apply the Itd formula below, noting the definition of P in (2.4.23), we have used
the technique of conditional expectation in the above equation which will be clear in

(2.4.31). Now, we use the expression (2.4.18) for P and then apply the Itd formula to
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—E[x (1), 2] - | [ (x@,p@)ar| ~E| [T (X)) @an)

T
0
T
_E [/0 (Hy (t), Hp (1)) dt |,
where, as noted in Section 2.4.3, P(0) is a constant. Similarly, applying the It6 formula
to (P(t),&(0)), we re-express (G(0), P(0)) in (2.4.29) as
T .
€©).,PO) =2 [" (), () at] + Bl 0), Pri]. (2.4.30)
Then, replacing Pr and P in (2.4.29) and in (2.4.30) by their definitions given in (2.4.23),
these two equations lead to
T .
E [/O (X (1), () +E [Q(t+06) Ior_q ()] F (B)] ) dt]
=E[(X(T),a1) — (¢ (0),a7)]

(2.4.31)
—B[ [T {0, 0) + e (), Hr (1)

~ (20,7 O+ E[Q+0) Tz (017 (0)]) bt
the left-hand-side of which is equal to the first term of the right-hand-side of the second
equality in (2.4.28). Finally, we substitute (2.4.28) into (2.4.27), using (2.4.31), (2.4.6)
and (2.4.7), to obtain

¢ (akf, %, k) = - sup {< (¥,K,X,Hx), (r*,Q,P,Hp) > —I, (¥,k, X, Hx) }
ot
7,, / c ]__ocr>< }_oo

+ sup {< —at,ar > —J (at) } +E[(Z(0),a7)]

a'rell?
“E [/OT <g 0),7" (t) + E [Q (t+6) o (t)(f(t)} > dt]
~E| [ (e0-0 100 (0,00 a1
=1 (P~ E [Q(-+)Ior—5 ()| F ()] ,Q P, Hp ) + Ji- (~Pr)
FEUPLEO)] - E | [ {Q0),E( -0 Tog ()
T
—E| [ p),c0)a]

as required. O
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Note that, although the relationship we obtained above between ¥ and ¢* is similar
to that between the corresponding functions in the deterministic situation, our proof is
different from that in [44, Proposition 3.1]. In particular, in addition to the identification
of P mentioned early, we have resolved the anticipated (or time-advanced) issue for the
variable Q(t + J) by the techniques of conditional expectation. Note also that, using
(2.4.23), we can re-express the pairing < (ar,r, k), (at,r*,k*) > given by (2.4.12) in

terms of (P, Q) € V; x 1L2f1 as
< (ﬂT,T,k), (P, Q) >
=E [/OT <p(t) —E [Q (t+6) Ior—g (£) \f(t)] ,r(t)>dt} +E[(Pr,ar)]  (2432)
T .
+E [/0 <Q(t),k(t)>dt] ,

where P is identified with (Pr, P) € V; via (2.4.17). This generalizes the pairing for the
corresponding deterministic case described in [44, page 183]. Comparing (2.4.32) with
the pairing in the Markovian convex problems (see [2, page 394]), Q is introduced here
to pair with k to allow X, in ®. Then, using the pairing (2.4.32) and Theorem 2.4.4, we
can re-express Y (P, Q) given by (2.4.24) as follow

Y (P,Q) = sup {< (P,Q),(ar,1,k) > —¢ (ar,1,k)} (2.4.33)

(rk,ar)€LE® xIL3® <12

for (P,Q) € V5 x L3 Since I;- > —co and J;» > —oo by Proposition 2.3.4, we see that

Y is strictly greater than —co and is convex.

Definition 2.4.5. Y defined by (2.4.24) is called a stochastic convex dual function of @,
or simply dual function. Associated with ¥, the stochastic convex dual problem of
the primal problem (2.3.26) over V; x ]szl, or simply dual problem, is to find (P, Q)
realizing

inf Y (P,Q). (2.4.34)
(P,Q)eVyxIL2

where P is identified with (Pr, P) using (2.4.17). Similarly to the primal problem
described in Definition 2.3.5, any pair (P, Q) € V, x IL% such that ¥(P, Q) < co will
be called a feasible solution. We shall call a feasible solution (P, Q) which achieves the

infimum (2.4.34) an optimal solution of the dual problem.
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Note that, although we call ¥ the dual function to ®, the space V; x ]szl on which
Y is defined is not the paired space, with respect to the pairing introduced in Section
2.4.1, to the space V; on which & is defined on account of the fact that the convex

problems we study also depends X;.

Remark 2.4.6. If there is no delay in the model, corresponding to § = 0, then the X is
identical with X so that there exists a function L. : Q x [0, T] x R" x R" x R™" — R U
{oo} satisfying the corresponding Assumptions I, II & III such that L(w, t, x,y,z,h) =
L(w,t,x,z,h) holds. Furthermore, the corresponding optimal value function ¢ depends
only on (ar, 7). Consequently, Theorem 2.4.4 gives that P = (Pr, P) € V, is identical
with (a%,7*). This implies that ¥(P) = ¢*(a},r*), where ¥ : V, — R U {co} is
described by
¥ (P) =I;. (P,P,Hp) + Ji- (—Pr) + E[{Pr, £ (0))]

_]E[/OT<P(t),§(O)>dt .

Applying the same technique as that used in (2.4.30) to the last two terms on the

(2.4.35)

right-hand-side of (2.4.35), we see that
Y (P) = I;. (P,P,Hp) + ] (—Pr) + (P (0),¢ (0)) .

In particular, the dual function given in (2.1.8) is recovered by the above equation with

the fixed initial value (P(0),&(0)).

2.5 Conditions for Optimality

We now study the crucial relationship between the primal problem (2.3.26) and
the dual problem (2.4.34) which leads the necessary and sufficient conditions for the

optimality of these two problems.
Proposition 2.5.1. Forany X = (X, Hx) € Vyand (P,Q) € V, x L%,
D (X)+¥ (P, Q) > 0. (2.5.1)

Note that (2.5.1) has been shown in (2.4.14) noting ¥ (P, Q) = ¢*(a, r*, k*) obtained by
Theorem 2.4.4. In the following, we give an alternative proof for this inequality using

the expression (2.4.24) directly.
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Proof. Fix X € Vi and (P,Q) € V, x IL3. Then, (2.3.25) and (2.4.24) together give that
@ (X)+ ¥ (P,Q)
—1;. (P _E [Q (-+6) I 7y (-)\f(-)] O, P, Hp) + 1, (X, X;, X, H)
i (=) + B (X (D) + B EO) [ [ (201,60
T UOT (Q(1),&(t—8)Ins (1)) dt] .

(2.5.2)

Since I; - and J;- are the conjugate convex functions of I} and J; respectively, we have

I (P=E[Q(-+96) Iz ()| F ()], QP Hp)

>E [/OT <X (t),P (t)+ E [Q (t+06) oo (D) F (t)} > dt]

+E| [0 x| +E| [ (P0),x0) ] e
+E UOT (Hp (), Hx (£)) dt} — Iy (X, X5, X, H)
and
Ji (=Pr) > —E [(Pr, X (T))] — J; (X (T)). (2.5.4)

Then, substituting (2.5.3) and (2.5.4) into the right-hand-side of (2.5.2), we obtain that
@ (X)+ ¥ (P,Q)

— UOT (X(5),P(B)+E[Q(t+0) Ipr o (D|F (1)) dt} +E [/OT (P (1), X () dt
+E [/OT (Q(6), X5 (1)) dt} +E [/OT (Hp (t), Hx (1)) dt} —E [(Pr, X (T))]
_E [/0T<Q(t>,§(t—5) o (t)>dt] +(#(0),P(0)),

where we have used (2.4.30). Moreover, substituting (2.4.29) into the right-hand-side

of the above inequality, we have
@ (X)+Y(P,Q)
> [/OT <X(t),Q(t+(5) Tor—s) (t)>dt} +E UOT (Q (1), X5 (1)) dt
T
-5 [ [ (005 0-0 10 0)at],

which gives (2.5.1) noting the relationship between X and X;. O
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It is straightforward to see that (2.5.1) implies

inf Y (P,Q) + inf ®(X) > 0. 2.5.5
(P,Q)eVyxIL2 (P.Q) XeV, ) ( )

In particular, the equality in (2.5.1), as well as that in (2.5.5), is not satisfied in general.
In the following theorem, we use the techniques of stochastic calculus, together with the
relationship of conjugate convex functions between L and L*, as well as that between |
and [*, obtained in Section 2.4.1 to derive the necessary and sufficient conditions for
optimality of both the primal and dual problems. This generalizes those described
by (2.1.9) and (2.1.10) to the context of time-delay and generalises those described by
(2.1.13) and (2.1.14) to the stochastic context.

Note that Theorem 2.5.2 (iii) below plays an important role in obtaining the Hamil-
tonian and adjoint equation in the stochastic maximum principle for stochastic optimal

control problems with discrete delay in the next chapter.

Theorem 2.5.2. Forany X € Vy and (P, Q) eV, x ]L%é, the following three statements are

equivalent:
(i)
O (X)+ V¥ (P, Q) — 0. (2.5.6)

(i) X and (P, Q) are optimal solutions of the primal problem (2.3.26) and the dual problem
(2.4.34), and also the equality in (2.5.5) is attained at X and (P, Q).

(iii)
L (6Bt~ B [Q(t+8) Tnrs (1) |F ()], O (1), (), Hp (1))
+L(LX(0), X (6), X (6), Hy (6) = (Q(0), % (1))
(2.5.7)
—(P()—E[Q(t+8) Tor () |F (1], X (1)
- <P(t),f((t)> — (Hg (t),Hp (1)) =0, P® Leb—as.
and
1(X(T))+1* (=Pr) + (Pr,X(T)) =0, P —as. (2.5.8)

Proof. (i) (ii): Suppose that (2.5.6) holds. Then, it follows from (2.5.1) that, for any
(P,Q) € Vo, x L,

®(X)+¥(P,0) =¥ (P,Q) +¥(P,Q) >0,
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which implies that (P, Q) is an optimal solution of the dual problem (2.4.34). The
conclusion that X is an optimal solution of the primal problem (2.3.26) follows from
the argument at the end of Section 2.4.2 together with Theorem 2.4.4. Then, the fact
that the equality in (2.5.5) is attained at X and (P, Q) follows from (2.5.6).

Conversely, if X and (P, Q) are optimal to these two problems respectively, then
(2.5.6) follows by combining (2.5.1) with the assumption that the equality therein is
attained at X and (P, Q).

(i) (iii): Suppose that (2.5.7) and (2.5.8) hold for the given X and (P, Q). Taking
the integral of the left-hand-side of (2.5.7) over [0, T], adding the left-hand-side of (2.5.8)
and then taking the expectation, we have (2.5.6) using the expressions (2.3.25) for ®
and (2.4.24) for Y.

Conversely, it follows from the expressions (2.3.25) and (2.4.24) that (2.5.6) is equiv-
alent to the equality

E { /0 A (1) dt] +E[A)] =0, (2.5.9)

where A; is the stochastic process defined by the left-hand-side of (2.5.7) and A, is
the random variable defined by the left-hand-side of (2.5.8). Since, for fixed (w, t) €
Q) x [0, T], L* and I* are the conjugate convex functions of L and [ respectively described
by (2.4.1) and (2.4.2), A; and A, are nonnegative. Then, the equality (2.5.9) implies that
A1(t) =0, P ® Leb-a.s. and A, = 0, P-as., so that both (2.5.7) and (2.5.8) hold. O

2.6 A More General Model

The theory studied in the preceding sections can be extended to a more general
model. In this section, we concentrate on a case which will be used in Section 3.4
to derive the maximum principle for stochastic optimal control problems with both

discrete and exponential moving average delays.

The Primal Problem and Optimal Value Function
In addition to X € V1, we identify (Y, Hy) € V1 with the continuous F ()-adapted

stochastic process Y : Q) x [0, T| — R" defined by
t t
Y () :y0+/ Y(s)ds+/ Hy (s)dW (s), Vte [0,T],
0 0
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in a similar fashion as the identification of X with (X, Hx) € V; via Definition 2.3.1,
where 1o € R" is a given constant. The functions L, : Q) x [0, T] x R” x R" x R" x R" X
R" x R"™" x R"™*"™ — RU{co} and I, : O x R" x R" — R U {oo} are modifications
of L and / given in Section 2.3.2, so that the corresponding I;. and J. also depend
on (Y,Y,Hy) and Y(T) respectively. Moreover, we assume that L, and I, satisfy the
following assumptions which are modifications of Assumptions I, I & III in Section

2.3.2 due to the introduction of Y.

Assumption* I. (i) L, and [, are not identically oo; L, is a lower semi-continuous
convex function on R” x R"” x R"” x R" x R" x R x R"*™ for any (w,t) € Q X

[0, T], and I, is a lower semi-continuous convex function on R"” x R", for any w € Q).

(i) L, is F* x B(R") x B(R") x B(R") x B(R") x B(R") x B(R"*™) x B(R"*™)-
measurable and [, is F x B(R") x B(IR")-measurable.

Assumption* Il. (i) There exist (X*,Y*, Z*,Z}, Z5, Hi, Hy) € L3 x L3 x L% x
L2 x L3 x L% x L% and a R-valued F(t)-progressively measurable stochastic
process @, satisfying (2.3.15) such that, for any (x,y,z,z1,22) € R" and (hy,hy) €
]RﬂXm X Rnxml

La (t/ X, Y,z2,21,22, hl/ hZ)
> (x, X (8)) + (y, Y (8)) + (2,27 (£)) + (21, Z1 (1)) + (22,25 (1))
+ (hy, Hy (t)) + (ha, H (1)) — @, (t), P ® Leb—a.s.
(ii) There exist (X%,Y3) € L2 x L2 and a R-valued F(T)-measurable random

variable 9, satisfying (2.3.17) such that, for any (x,y) € R"*2,

L (x,y) > (x,X7) + (v, Y7) — 0, P —as.

Assumption* lll. (i) There exist (X,Y,Z,7Z1,Z,,H1, Hy) € 1L2f°° X ]LZFoo X ILZ;" X
L3 x L3 x L% x L% and a R-valued F (t)-progressively measurable stochastic pro-

cess T, satisfying (2.3.19) such that

Lo(EX(1),Y (1), Z(t),Z1 (£), Za (t), (), Ha (1)) < T (t), P& Leb—a.s.
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(ii) There exist (X7,Yr) € L2 x .2 and a R-valued F(T)-measurable random

variable x, satisfying (2.3.21) such that

lLo(X1,Yr) < Xo0r P —as.

Now, under Assumptions* I, II & III for L, and I,, the corresponding stochastic
convex (primal) problem with discrete delay is to find a pair of (X,Y) € V; x V;
realizing

inf @, (X,Y), (2.6.1)
(X,Y)E\h le

where ®, is the primal function defined by
q)tl (X/ Y) = IL,; (X/ Yr X&/ X/ Y/ HX/ HY) + ]la (X (T) ’ Y (T)) : (262)

Similarly to Section 2.4.2, we define the corresponding optimal value function ¢, on
L2 x L2 x IL3® x L3® x ILZ® by
Pa (a1,a2,11,72,k) = inf ik (X Y), (2.6.3)

(X,Y) €V xVq

where F is the perturbed function on V; x V; expressed by

X, Y) =Ija (X +1r,Y +1r, X5+ Kk, X, Y, Hy, Hy)

4 (
ay,a2,11,12,k

+ Jia (X(T) —a1,Y(T) —az).

The Dual Problem and Conditions for the Optimality

Adapting the techniques used in Section 2.4.3, in addition to P = (Pr, P) € V,, we
require another continuous F (t)-adapted stochastic process P* to pair with Y € V,
where P7 : () x [0, T] — R" is identified with (P%, P?) € V; in the same sense to that P
is identified with (Pr, P) using (2.4.17).

Note that, since the primal function (2.6.2) does not involve Y;, the inclusion of
P*in ¥, does not result in the dependence of ¥, on an additional Q" as was the case
for the inclusion of Q in ¥. Then, we can generalize Theorem 2.4.4 to obtain the dual

function ¥, as follows.

Theorem 2.6.1. Suppose that Assumptions* I, II & III hold for the functions L, and I,. In

addition, for any given (a3, a3, i, 73,k*) € L? x L2 x L2 x L2 x 1L, let (Pr, P, Q) €
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L2 x 13! x IL3 and (P4, P*) € L2 x L3} be defined respectively by

and

Pt =13 (b),
where we identify P and P* respectively with (Pr, P) € V and (P%, P*) € V; using (2.4.17).
Then, the function ¥, on Vo x V, x IL3 defined by

Y. (P,P",Q) =Ip: (P— E [Q (- +9) Lo (‘)}}—(')} P, Q/P/P”/HP,HPH>
4 (Pr, =P —E [ [1(00),60-0) oy () a1
B[ [T {0, E0) + (0w} ]

+E[(Pr,¢(0)) + (P, yo)]

(2.6.4)

satisfies ¥, (P, P*, Q) = ¢} (aj,a3,1],75,k*), where ¢} is the conjugate convex function of ¢,

defined by (2.6.3) and Hp and Hpa are specified by (2.4.18).

Building upon (2.6.4), the corresponding dual problem to (2.6.1) is to find (P, P?, Q) €

Vo x V; x lL%T1 realizing

__inf Y. (P, P%,Q). (2.6.5)
(P,P%,Q) €V, xV,xILY

Based on the arguments used at the end of Section 2.4.1, we can obtain the relationship
between ¢, and P, in a similar fashion to (2.4.14) which, together with ¥, given by
(2.6.4), enables us to generalize Theorem 2.5.2 to obtain the following necessary and

sufficient conditions for the optimality.

Theorem 2.6.2. For any given (X,Y) € V; x Vy and (P, P“,Q) € V, x Vp x L2, the

following three statements are equivalent:

(i)
@, (X, Y)+¥, <P, P, Q) = 0.
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(ii) (X,Y) and (P, D%, Q) are optimal solutions of the primal problem (2.6.1) and the dual

problem (2.6.5) respectively, and

inf Y, (P,P,Q)=— inf D(XY).
(P,P,Q) €V, x V, xIL2 (X,Y)eV1xV;

(iii)
Li(bB(H)—E[Q(t+0) Ior o () |F ()], B (1,0 (1), P (1), P (1),
Hp (£), Hp (1) ) + Lo (£, X (£), Y (£), %5 (1), X (), Y (1), Hg (1), Hy (1))

— (A1), X (¢ > (B(t)~E[Q(t+06) Loz (1) [F (B] X (1))

— (P — (P (1), Y (1)) = (P (£), X (1)) — (Hg (£), Hp (1))

— (Hpo (t),Hy (1)) =0, P ® Leb—a.s. (2.6.6)
and

I, (X(T),Y(T))+1: (—Pr,—P}) + (Pr, X (T))
(2.6.7)

+ (P8, Y (T)) =0, P—as.
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CHAPTER 3

STOCHASTIC MAXIMUM PRINCIPLE IN STOCHASTIC

OPTIMAL CONTROL PROBLEMS WITH DELAY

3.1 Introduction

Having obtained the results for conjugate duality in the previous chapter, in partic-
ular the conditions for optimality in Theorems 2.5.2 & 2.6.2, this chapter applies these
results to generalize the maximum principles studied in [6, 29, 30] for stochastic optimal
control problems with discrete delay and those with both discrete and exponential

moving average delays.

3.1.1 Literature Review

We first review some basic results for the stochastic maximum principle, together
with some techniques of conjugate duality carried out by Bismut in [2], mainly taken
from [45, Chapter 3], for Markovian optimal control problems. After that, we describe
three generalizations [6, 29, 30] of this approach in solving the stochastic optimal control

problems with delay.

The Markovian Optimal Control Problem

We continue to work with the fixed time horizon T € (0, o), complete probability
space (Q), F,IP), standard m-dimensional Brownian motion W and filtration F =
{F(t) }te[o,1) generated by W. In addition, let U C IR" be a convex set throughout this

chapter, where r is an positive integer. For given functions b : [0, T] x R" x U — R"
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and ¢ : [0,T] x R" x U — R"™™, let the continuous F(t)-adapted state process
X : QO x [0,T] — R" be described by the controlled stochastic differential equation
(SDE)

dX (t) =b(t, X (t),u(t))dt+o(t, X (t),u(t))dW(t), tel0,T], -

X (0) =x0 € R", -
where u : ) x [0, T] — U is an F(t)-adapted control (process) selected from a given
admissible control set ¢/ such that the controlled SDE (3.1.1) admits a unique strong

solution (see [17, Definition 5.2.1]) for every u € U. For given functions G : [0, T] x

R" x U — Rand g : R" — IR, the cost function | is defined by

T
J(u) = E [/0 G (X (t),u(t))dt| +E[g(X(T))], (3.1.2)

where the first and second terms on the right-hand-side of (3.1.2) are respectively
called the running and terminal costs. Then, the Markovian optimal control problem
associated with the state system (3.1.1) and the cost function (3.1.2) is to find 7 € U
realizing

inf J (u). (3.1.3)

ueld

We shall call 77 an optimal control. For notational simplicity, hereafter, we refer to this
general Markovian optimal control problem through the equation describing optimality,
i.e. we shall refer to the above Markovian optimal control problem and the definitions
therein as (3.1.3).

Instead of minimizing the cost function among u € U directly, the (sufficient)
stochastic maximum principle says that i is an optimal control if, under certain con-
cavity and convexity conditions on the Hamiltonian (function) H (given below) and g

respectively, i maximizes H in the sense that, P ® Leb-a.s.

H(t,X(t),a(t),P(t),H()) = me%m (t, X (t),u,D(t),H(t)), (3.1.4)
where H is defined by
H(t,x,u,p,h)=(p,b(t,xu))+ (ho(txu))—G(txu); (3.1.5)

X is the unique strong solution of the controlled SDE (3.1.1) with u replaced by i;

and (P, H) is the solution of the following controlled classical backward stochastic
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differential equation (BSDE) with (X, u) replaced by (X, i1)

telo,T], (3.1.6)

Hereafter, the above controlled BSDE and (P, H) are respectively referred to as the
adjoint equation and the adjoint process in the context of the stochastic maximum
principle (see [45, Theorem 3.5.2]).

On the other hand, as noted in Chapter 1, the conjugate duality method has played
an important role in the study of stochastic maximum principles. Bismut in [2, Section 5]
reformulates the Markovian optimal control problem (3.1.3) with g(x) = 0 as a par-
ticular Markovian convex problem (2.1.6) by respectively defining the corresponding

convex functions L and [ as

z="0(t,xu),
infG (t,x,u), ifu € U such that
u

L(t,x,zh)= h=o(txu),

00, otherwise,
and I(x,y) = 0. Then, the conditions for the optimality of convex problems given in
[2, Theorem IV-2] provides a way to derive the Hamiltonian (3.1.5) and the adjoint
equation (3.1.6) with —%(X (T)) = 0 (see [2, Theorem V-1]). More precisely, if there
exist X and P respectively identified with (X(0), X, Hg) and (P(0), P, Hp) in the sense
of (2.1.7) satisfying the necessary and sufficient condition described by (2.1.9) and
(2.1.10), then it is necessary that there exists a # € U realizing (3.1.3) with (i, X, P)

satisfying

e X is the unique strong solution of the controlled SDE (3.1.1) with u replaced by i,

ie.

X)) =b(t,X(t),a(t)) P & Leb — as

Hy () = o (£, X (1), @ (1))
e (P,Hp) is the solution of the adjoint equation (3.1.6) with (X, u) replaced by
(X,i1) and P(T) = 0;
e the maximizing equation (3.1.4) holds.

47



However, Bismut in [2] does not investigate further the corresponding stochastic

maximum principle in the context of conjugate duality.

The Stochastic Optimal Control Problem with Discrete Delay

Generalizing the Markovian optimal control problem, if the model, comprising
the state system and cost function, involves a discretely delayed effect on the state
process, the corresponding control problem is referred to as a stochastic optimal control
problem with discrete delay. More specifically, for given functions b : [0, T] x R" x
R"xU — R"and ¢ : [0, T] x R" x R" x U — R"*"™, we suppose that the continuous
F(t)-adapted state process X : Q) x [—J, T] — R" satisfies the controlled stochastic

differential delay equation (SDDE)

dX (£) =b(t, X (t),Xs(t),u(t))dt
+o (X (1), Xs (1), u(t))dW (t), te]0,T], (3.1.7)
X(H)=¢(t), tel-50,
where, as defined in the previous chapter, § € (0,T) is a given constant, ¢ is the
continuous deterministic initial path for X and X;(t) = X(t — ¢) for t € [0, T|. The

admissible control space U here is as defined in a similar fashion to that in (3.1.3).

Moreover, the cost function J; is defined by

Ja (u) = E [ [ G X 1), X ()0 dt+ g (x (1)) (3.1.8)

where G: [0,T] x R" x R” x U — R and g : R" — R are given functions. Then, the
stochastic optimal control problem with discrete delay associated with the state system

(3.1.7) and the cost function (3.1.8) is to find 7 € U realizing

inf g (u). (3.1.9)

As before, we shall refer to this control problem and the definitions therein as (3.1.9).
Some progress has been made on the stochastic maximum principle for this type of

control problems. For example, if the control problem considered in [6] is restricted to

(3.1.9) i.e. the model is independent of the discrete delayed control u;, Chen and Wu in

[6, Theorem 3.2] establish a stochastic maximum principle, where the Hamiltonian and
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adjoint equation are introduced. Those are,

Hq(t,x,y,u,p,h)=(b(t,x,yu),p) +(c(txyu)h)—G(txyu) (3.1.10)

and
oH oH
dP (1) = — {E)xd () +E [ayd (t+8) o () |F (t)] } dt
+H(t)dwW (t), te][o,T], (3.1.11)
J
P(T) = =38 (X(T)).
Here we have used the shorthand notation
d d
L (1) = 22 (1, ), %5 (1), (0), P (1), H (1) 611

and similarly for the partial derivative % (t+ 0). Note that the above adjoint equation
is an anticipated controlled BSDE which, comparing with (3.1.6), also depends on the
anticipated (or time-advanced) terms X(t + ), P(t + ) and H(t + J). Nevertheless,
rather than deriving them, Chen and Wu in [6] just introduce the above Hamiltonian
and adjoint equation and then prove the corresponding stochastic maximum principle
by techniques of stochastic calculus. However, by merely stating them, they do not

consider further generalization as we do in this chapter.

Inclusion of an Exponential Moving Average Delay

Building upon the control problem (3.1.9), if the model also depends an exponential
moving average delay (specified below), the corresponding control problem is referred
to as having both discrete and exponential moving average delays. More precisely,
for given functions b : [0, T] x R" x R" x R" x U — R" and ¢ : [0, T] x R" x R" x
R" x U — R™™, we suppose that the continuous F (t)-adapted state process X :
QO x [0, T] — R" satisfies the controlled SDDE

aX (t) =b(t, X (), X, (t),Xs (t),u(t))dt
+o(t,X(t), X, (t), X5 (t),u(t)dw(t), telo,T], (3.1.13)
X(t)y=¢(t), te[-9,0],
where ¢, X; and J are defined as before and X, denotes the exponential moving average

delay expressed by

0
X, (f) = /_(seMX(t—i—r)dr, A >0,
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For given functions G : [0,T] x R" x R" x R" x U — Rand g : R" x R" — R, the

corresponding cost function J,, is defined by

Jud () = E [ G 0X (1), X (1), X (6,0 ()t + g (X(T), X (1)) 3118

where G and g are given functions. Then, the stochastic optimal control problem with
both discrete and exponential moving average delays associated with the state system

(3.1.13) and the cost function (3.1.14) is to find @ € U/ realizing

inf Juq (1), (3.1.15)
ueld

where the admissible control set I/ is defined similarly as before. Similarly, this control
problem and the definitions therein are referred to as (3.1.15).

As mentioned in Chapter 1, the authors of [29] and [30] use the stochastic maximum
principles for solving the control problem (3.1.15). However, the Hamiltonian functions
and the associated adjoint equations introduced there are very different. More explicitly,
Uksendal and Sulem in [29, Section 2] introduce a Hamiltonian as

Hoa (8,%,y,2,u,p,h)
=(b(t,x,y,z,u),p1)+ (o (t,x,y,z,u),hh)—G(tx,y,zu) (3.1.16)
+ <<x—)&y—e)“5z> ,p2>,
where p = (p1,p2,p3) " and h = (hy,hy)". Comparing this Hamiltonian with (3.1.5)
for the Markovian optimal control problem and with (3.1.10) for the stochastic control
problem with discrete delay respectively, the introduction of the last term on the right-
hand-side of (3.1.16) is due to the dependence on X, (see [29, Lemma 2.1]). Then,
associated with (3.1.16), Oksendal and Sulem in [29] introduce the adjoint equations

defined by a triple of classical controlled BSDEs

dp, (1) = —a;{;d (t, X (1), Xa (£), X5 (£),u (£), P (£), H () dt

+H (AW (), teloT], (3.1.17)
PT) =~ (X (1), % (1),
ap, (t) = —a;f;d (¢, X (t), Xa(t), Xs(t),u(t),P(t),H(t))dt

+H, (t)dW (t), tel0,T], (3.1.18)
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dPs () = —87;;'1 (t, X (£), Xa (1), X5 (£),u (t), P (£), H (t)) dt,

telo,T], (3.1.19)

P;(T) = 0.

Having introduced these Hamiltonian and adjoint equations, Jksendal and Sulem
in [29, Theorem 2.2] establish a stochastic maximum principle which requires P; to
be identically zero. As noted in [29, Theorem 3.1], this imposes a restriction that the
model needs to satisfy certain conditions to ensure that the requirement is satisfied.
Clearly, the control problem (3.1.9) can be regarded as a special case of (3.1.15), for
example, by defining b, ¢, G and g in (3.1.13) and (3.1.14) to be independent of X,
and X,(T) respectively. However, the stochastic maximum principle obtained in [29,
Theorem 2.2] cannot hold if the model just involves X;. In fact, as pointed out in
[29, Lemma 2.1], introduction of the Hamiltonian (3.1.16) and the adjoint equations
(3.1.17)-(3.1.19) depends on the involvement of X,. In other words, the results obtained
in [29] do not imply those studied in [6].

On the other hand, if the model studied in [30] is jump-free, Jksendal, Sulem
and Zhang in [30, Theorem 3.1] provide a stochastic maximum principle for a special
case of the control problem (3.1.15), where g is independent of its second component

corresponding to X, (T). The Hamiltonian in [30, page 574] is defined by

Haa (t,%,y,2,u,p, 1) (3.1.20)

= (txy,zu),p)+{c(t,xyzu),h) —G(txyzu).
This Hamiltonian is described in a similar manner to (3.1.10) studied in [6], but is
different from (3.1.16) which, as mentioned before, has an extra term related to the
exponential moving average delay. Then, instead of a triple of classical BSDEs, the

authors associate the above Hamiltonian with the adjoint equation

(

(s) e g (s)ds| F (t)}

oH, 0 oM,
dp(t) = —{]E |: azd (t+(5) I[O,T—é] (t) +3At/t ayd

a%ad

+8x

(t) }dt+H(t)dW(t), te0,T],

P(1) =~ (x(1),
(3.1.21)
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where we have used the shorthand notation

a’Had o aHgd
ox (t) = ox

(£ X (£), Xa (£), X5 () ,u(t), P (t),H(t))

and similarly for the partial derivatives a?gf—z""(t + ) and a?f—y“"’(t). If the model just

involves X; so that the Hamiltonian (3.1.20) is independent of y, then the term ag;” (1)

in (3.1.21) is identically zero. This implies that the above adjoint equation reduces to
(3.1.11). In other words, the corresponding stochastic maximum principle stated in [30,
Theorem 3.1] implies the one studied in [6, Theorem 3.2]. Unfortunately, although the
restriction in [29] mentioned above does not appear, the results obtained in [30] cannot

be applied if the terminal cost in (3.1.14) depends on X, (T).

3.1.2 Main Results and Structure of the Chapter

To resolve the restrictions in [6, 29, 30] mentioned in Section 3.1.1, this chapter
studies stochastic maximum principles for both the control problems (3.1.9) & (3.1.15)
using the results of conjugate duality method obtained in Chapter 2. These results,
stated in Theorem 3.3.2 & 3.4.2 respectively, generalize the results of [2, Section 5]. If
the model just involves a discrete delay, the Hamiltonian and the adjoint equation
obtained here coincide with (3.1.10) and (3.1.11). If the model involves both discrete
and exponential moving average delays, then the corresponding Hamiltonian is similar
to (3.1.16) introduced in [29] but the adjoint equations are different from (3.1.17)-(3.1.19)
and (3.1.21) studied in [29, 30]. In particular, those restrictions are removed by our new
adjoint equations.

The remainder of the chapter is organized as follows. Section 3.2 generalizes
the technique in [2] to reformulate the control problem (3.1.9) to a particular convex
problem studied in the previous chapter. We also give a solvable example to describe
how the conditions for optimality given in Theorem 2.5.2 can be used to obtain an
optimal control. Then, under certain hypotheses, Section 3.3 applies those conditions
to obtain the stochastic maximum principle for that control problem. Furthermore,
modifying the arguments used in the preceding sections of this chapter, Section 3.4
applies the results obtained in Section 2.6 to establish the stochastic maximum principle

for the control problem (3.1.15). Finally, Section 3.5 discusses the extension to a regime-

52



switching model and gives a different proof for the stochastic maximum principle

obtained in Section 3.4.

3.2 Reformulation to a Convex Problem

To apply the results obtained in the previous chapter, this section adapts the tech-
nique in [2, Example II-3] to reformulate the stochastic optimal control problem with
discrete delay (3.1.9) as a particular stochastic convex (primal) problem with discrete
delay (2.3.26) as follows. Note that, we first assume that the filtration [F is generated
only by W. The inclusion of a Markov chain «, i.e. a regime-switching model, will be

considered in Section 3.5.1.

For every t € [0,T], (x,y,z) € R and h € R"™", we define the set C =

C(t,x,y,z,h) by
Ctxyzh)={uecU|lz=0b(t,x,yu) andh =0 (t,x,y,u)}, (3.2.1)

where b and ¢ are given in (3.1.7). Using C, we take the functions L and [ in (2.3.25)

respectively to be

inf G (t,x,y,u), ifC+#Q,

L(t,x,y,zh)= ueC (3.2.2)
00, otherwise,
and
I(x) =g (x), (323)

where G and g are given in (3.1.8). With L and [ so defined, the control problem
(3.1.9) becomes a particular convex problem (2.3.26) provided Assumptions I, II & III

in Section 2.3.2 are satisfied.

3.2.1 An Example

The following example demonstrates that, if b and ¢ in (3.1.7) are both affine
functions of (x,y,u); and if G and g in (3.1.8) are convex with respect to (x,y, u)
and x respectively together with appropriate assumptions on the parameters of these

functions (specified below), then the stochastic convex problem with discrete delay
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(2.3.26) with L and ! respectively defined by (3.2.2) and (3.2.3) satisfies Assumptions I,
II & III required in Definition 2.3.5.

Example 3.2.1. For simplicity, we set n = m = r = 1. Suppose that U = R and
U =1%; that b and ¢ in (3.1.7) are given by

b(t,x,y,u)=a1x+by+cu,
(3.2.4)

o (t,x,y,u) = axx + by + cou,

where a1, a3, b1, by, ¢1 and c; are given constants; that G and g in (3.1.8) are given by

G(t,x,y,u)= %C3u2 and g (x) = %ag,xz, (3.2.5)

where a3 and c3 are given positive constants. To simplify the following argument, we
suppose further that cic, # 0. Note that, in general, the parameters (except for a3) in

the model can be certain continuous functions on [0, T1.

(I) Preliminaries
First, we verify the existence of the unique strong solution of the controlled SDDE
(3.1.7) and the integrability of the cost function (3.1.8) with b, o, G and g so defined.
For every (x,y,x',y') € R%,

b(t,x,yu)—>b(t,x', v, u)|+|o(t,x,yu)—c(tx,y,u
|b(t,x,y,u) = b (tx, Y, u) [ +]o (b x,y,u) —o (2, Y u)] 626

< (la1| + laa]) [x = X[ + (|ba] + [b2]) [y = ¥/

7

which implies that b and ¢ are Lipschitz continuous (see [39, Section 1.6]) with respect
to (x,y) for each u € U = R, where the Lipschitz constant is independent of (¢, u).
Then, by [6, Theorem 2.2], the controlled SDDE admits a unique strong solution X for
every u € L% satisfying X € L%.

Since G and g are continuous functions and u € L%, to see the integrability of the
cost function, we only need to show that X(T) € L?. Using the relationship between X

and X;, we see that

E [/()Tyxa (t)|2dt] —E [/251x<t)\2dt]

:/_06€Z(t)dt—|—IE[/OT_§|X(t)|2dt]
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<5 max &(H)+E [/OT_5|X(t)]2dt},

te[—6,0]
which gives that X; € L% by noting both (2.3.3) and the fact that X € IL%. Since b is
continuous with respect to (x,y, u), b(t, X(t), Xs(t), u(t)) is continuous F (t)-adapted
(see [39, Proposition 3.7]). On the other hand, it follows from (3.2.6) and from the

triangle inequality that

[/ b (4 X (8), X5 (), u(t))|2dt]
<ag| [’ {al\X( P+ 81X (0} o] + 238 | [ (P ]
This implies that b(-) = b(-, X(-), X;s(+), u(+)) is square-integrable by noting (X, X;, u) €
L2 x L% x IL%. Similarly, o(-) = o(-, X(+), Xs(-), u(+)) is also square-integrable. Fur-

thermore, by the Cauchy-Schwarz Inequality (see [39, page 142]),

E :{/{)T\b(t,X(t),X(g (t),u(t))ydtﬂ
<E {{/ b (£ X (£),X; (1), u(t))zdt}%{/fldt}%}zl (3.2.7)

=TE[ 1o (,X (1), X5 (0, u () P <o,

which gives b(-) € 1L by noting (2.3.2). Hence, the strong solution X of the controlled
SDDE is identified with (b(-),0(+)) € V; via Definition 2.3.1 and then the conclusion
of X(T) € 1L? follows from Proposition 2.3.2.

(i) Verifying Assumptions |, Il & lll
It follows from (3.2.3) and (3.2.5) that / is given by

I(x) = %agxz. (3.2.8)

Apparently, it is strictly greater than —oo, not equal to co and is a convex continuous
function. Moreover, since it is continuous and is independent of w € Q, l'is F x B(R)-
measurable, so that [ satisfies Assumption I (see [39, Proposition 3.3]). Similarly, it
follows from (3.2.2), (3.2.4) and (3.2.5) that L is obtained by

% (z—a1x — bly)z, if (x,y,z,h) € D
1

L(t,x,y,zh)= (3.2.9)

00, otherwise,
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where

D= {(x,y,z,h) € 1R4}cz (z—a1x —byy) = c1 (h —apx — bzy)}.

It is easy to see that L is not equal to co identically and, when it is finite, L is continuous
so that it is lower semi-continuous. Moreover, D is a convex set and L defined by (3.2.9)
is a quadratic function for (x,y,z,h) € D with a positive coefficient c3/(2c?), so that
L is a convex function with respect to (x,y, z, ). Furthermore, since it is independent
of (w,t) € Q x [0, T], L is a normal convex integrand using [34, Lemma 1]. Hence, L
satisfies Assumption I by noting Remark 2.3.3.

Clearly, L and I defined by (3.2.9) and (3.2.8) are bounded below. Hence, they satisfy

Assumption II.

Define (X, Hx) € V; by

X()=bt,X(t),Xs(t),u(t)),

Hx (t) =0 (t,X(t),Xs(t),u(t)),
where X is the strong solution of the controlled SDDE (3.1.7) with b and ¢ so defined.
Moreover, as noted in (3.2.1), C (t, X(t), X,5(t), X(t), Hx(t)) is not empty IP ® Leb-a.s.

which implies that

L(6,X (1), X5 (1), X (£), Hy (1))

gij {[XOF +a X (1) + 53 1% ()}

Taking T to be %{}X(t) ‘2 + a2 |X(8)|* 4+ b2 | Xs(t)|*}, we see that T satisfies (2.3.19)
by noting that (X, Xs,u) € L% x L% x IL% obtained in part (I) so that L satisfies
Assumption I1I. Similarly, we take x to be a3 X?(T)/2 which satisfies (2.3.21) by noting

that X(T) € IL? obtained in part (I). Thus, [ satisfies Assumption III.

Since Assumptions I, II & III hold, the control problem (3.1.9), where b, 0, G and
g are respectively defined by (3.2.4) and (3.2.5), can be reformulated to the convex

(primal) problem (2.3.26) as

. T C3 . 2 1 2
Xlg\ffl E [/() 27(:% (X(t) — 111X(t) — b1X5 (t)) dt + 5113X (T) ’ (3.2.10)
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subject to, IP ® Leb-a.s.
Co (X (t) — LZ1X (t) — b1X5 (t)) =1 (HX (t) — LZQX (t) — b2X5 (t)) ,

where X is identified with (X, Hx) = (b(),0(:)) € V; via Definition 2.3.1. Then, the

control u can be re-expressed in terms of X € V; as

u(t) = Cll (X() — mX () — 1 Xs(1). (32.11)

Since X, Xs € L% and X € L3, u e U = L%

(1i1) Deriving the Dual Problem
For P identified with (Pr, P) € V; using (2.4.17), it follows from (2.4.2) and from
the terminal term in the dual function (2.4.24) that
* 1 2 PYZ"
I"(=Pr) =sup{—Prx —1(x)} =supq —Prx — zazx" p = —.
x€R x€R 2 2a3

On the other hand, it follows from (2.4.1) and (2.4.24) that
L (4P (5) ~E[Q(t+0) Ipry (1) | F ()], Q (), P (1), Hp (1))
= swp L (P -B[QU+0)Tor o (0|7 0)]) +y0 (0 +2P (1)

(xy,z,h)€eR*

+hHp (t) — L(t,x,y,2h) }
(3.2.12)
= sup (PO B[00+ T0r 4 017 (0)]) +¥0()

(xy)eR?

+ (a1x + byy) P (t) + (axx + boy) Hp (t) }

+ sup {u (c1P (t) + c2Hp (t)) — ;C3u2}

ueR
for (P, Q) €V, x ]L%&. To find the explicit expression for L*, we first take the derivatives,
with respect to x and y respectively, of the function within the first bracket on the right-
hand-side of the second equality of (3.2.12). Then, the corresponding derivatives are

zero if and only if

P(t)=E [Q (t+06) Ior—g () |f(t)} —aP(t) —axHp (1),

Q(t) = —b1P(t) — byHp (t).

(3.2.13)
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Since the function within the first bracket on the right-hand-side of the second equality
of (3.2.12) is linear in (x,y), the value for the corresponding supremum is zero if
(3.2.13) holds otherwise it is oo identically. Moreover, as u(cy P(t) + coHp(t)) — c3u?/2
is concave with respect to u, the second supremum on the right-hand-side of the second

equality of (3.2.12) is attained at

"= 613 (1P (+) + e2Hp (1)) (32.14)

Hence,

L (LP(H) ~E[Q(t+08) o (1) |F (1] ,Q(1), P (1), Hp (1))

% (c1P (t) 4+ c2Hp (),  if (3.2.13) holds,
= 3
00, otherwise.

Therefore, the dual problem to (3.2.10) is to find (P, Q) € V, x 3! realizing

.T 1 1
inf IE/— P(t)+cH tzdt}JrlE[Pﬂ
(P,Q)g/zxmﬁé { [ 0 2c (P () + e2Hp (1)) 2a3 T

T .
HEOEP]-E| [ 00Et-0 10 (0] 6219

—Z(0)E [/OTP(t)dt} }

subject to (3.2.13), where P is identified with (Pr, P) € V; using (2.4.17) and Hp is
specified by (2.4.18). Note that, by (3.2.14), the control u can be re-expressed in terms
of P € V; as

w(t) = C13 (crP () + c2Hp (1)) (32.16)

Since (P, Hp) € ILET"o X lLiTZ, uelu = IL%?.
(IV) Applying Theorem 2.5.2 (iii)

To apply Theorem 2.5.2 (iii), we see that if X € Vj, identified with (X, Hg) €
L3 x L%, and (P, Q) € V, x L%, where P is identified with (Pr, Hp) € L2 x L%,
satisfy, P ® Leb-a.s.

e (x (t) — mX () — b1 Xs (t)) = ¢1 (Hg (1) — ;X (1) — b X5 (1)),

P()=E|Q(t+0)Igr g (1) |F ()] —arP () —a2Hp (1),
Q) = —biP (1) — baHp (1),

58



and ,
X(T)=——"Pr,

as
1 /¢ _ _ 1 _
- (x (t) — mX () — b1 Xy (t)) =~ (c1P(t) + c2Hp (1)),
€1 c3
then the two equalities (2.5.7) and (2.5.8) are satisfied. It follows from (3.2.11) and

(3.2.16) that the associated control ii is expressed by

7 (t) = Cl3 (1P (£) + c2Hp (1)) or Cll (X)X () -b%(1).  G217)

Therefore, X and (P, Q) are optimal solutions of the primal problem (3.2.10) and the
dual problem (3.2.15) respectively. This implies that the control i given by (3.2.17) is
an optimal control of the stochastic control problem with discrete delay (3.1.9) with

b,o, G and g defined by (3.2.4) and (3.2.5). O

3.2.2 The General Case

For b, 0, G and g, to ensure that the stochastic optimal control problem with discrete
delay (3.1.9) can be formulated as a stochastic convex problem with discrete delay

(2.3.26), we make the following hypotheses.

Hypothesis I. U is a nonempty convex compact subset of IR”. The functions b and
o are continuous with respect to (t,u) € [0, T| x U; and are Lipschitz continuous with
respect to (v, y) € R" x R" with the Lipschitz constant independent of (¢, u). Moreover,

there exists a constant C; > 0 such that
|b(t,0,0,u)|+ [0 (t,0,0,u)] < C;, V(tu)€l0,T]xU.
Hypothesis Il. The functions G and g are continuous. Moreover, g is convex and
there exist constants C; € R and C3 > 0 such that
C < Ghxyu) <G (1+ [P +[y"), ¥e[T,xyeR ueU,

Cr<g(x)<GCs <1+|x]2>, Vx € R™.

These hypotheses ensure that the control SDDE (3.1.7) admits a unique strong
solution and the cost function (3.1.8) is integrable for every u € Y. More importantly,

the following propositions show that, under the above hypotheses, if L is a convex
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function as required in Assumption I (i), then L and I/ defined by (3.2.2) and (3.2.3)
satisfy Assumptions I, II & III.

Proposition 3.2.2. Under Hypotheses I & 11, the functions L and | defined by (3.2.2) and

(3.2.3) satisfy Assumption I provided L is convex with respect to (x,y,z,h).

Proof. It follows from Hypothesis II and (3.2.3) that [ is a continuous convex function
and is not equal to co. Similarly to the argument used in part (II) of Example 3.2.1, [ is
F x B(R")-measurable so that  satisfies Assumption I.

As noted in [2, page 393], the continuity of b, 0, G and g under Hypotheses I & II
guarantees that L is lower semi-continuous. To show L is a normal convex integrand,
let {(x;, y;,v;) }ien+ be a countable collection which is dense in R” x R” x U (see [39,
Section 9.6]). Note that such a collection exists since Euclidean and compact metric
spaces are separable (see [39, Theorem 9.24]). Using this collection, for every t € [0, T],

we define the collections {z;(t) };en+ and {h;(t) };en+ respectively by
zi (t) = b (t,x;,y;,0;) and h; (t) = o (¢, x;,Yi,0;) . (3.2.18)

Then, {z;(t) }ien+ and {h;(t)};en+ are dense in the ranges of b(t,-) and o(t,-) re-
spectively by the continuity of b and ¢ under Hypothesis I so that the collection
{(xi,yi,zi(t), hi(t)) }ien+ is dense in the effective domain ID(w, t) defined by (2.3.23)
for every (w, t) € Q x [0, T]. Let {(X;, Y;, Zi, H;) }ien+ be a countable collection, where
Xi, Yi, Z; and H; are F(t)-progressively measurable stochastic processes satisfying
Xi(w, t) = x;, Yi(w, t) =y, Zi(w, t) = z;(t) and H;(w, t) = h;(t). Moreover, it follows
from (3.2.1) and (3.2.18) that C; = C; (t, Xj(w, t), Yi(w, t), Zi(w, t), Hi(w, t)) is not empty

for each i € N which implies that the countable collection
{(Xi(w,t),Yi(w,t),Zi(w,t),Hi (w,t))}iens (3.2.19)

is a subset of D(w, t) for every (w, t) € Q) x [0, T]. Therefore, {(X;, Yi, Zi, H;) }ien+ is a
countable collection required in Remark 2.3.3 such that (3.2.19) is dense in (2.3.22) for
each (w,t) € QA x [0, T].

Furthermore, for each i € INT, let {u]@ }jen+ be a countable collection of F(f)-

progressively measurable stochastic processes such that {u](i) (w,t)}jen+ is dense in
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C; for every (w,t) € Q x [0, T]. Such a collection exists since C; is a nonempty subset
of U C R, and rational numbers are countable and dense in IR. Then, as noted in [2,

page 393], we have

L (t, Xi (w, t) , Yi (w, t) , Zi (w, t) , Hi (w, t))

— , : (i)
_jglhﬁG(t,Xl (w,t),Y; (w,t),u]. (w,t))

by the continuity of G. Then, L(t, X;(w, t), Yi(w, t), Zi(w,t), Hi(w, t)) is the pointwise
infimum of a countable family of measurable functions so that it is F*-measurable (see
[12, page 71]). Therefore, under the given condition that L is convex with respect to
(x,y,z,h), L is a normal convex integrand. Hence, it satisfies Assumption I by noting

Remark 2.3.3. ]

Proposition 3.2.3. Under Hypotheses I & II, the functions L and | defined by (3.2.2) and
(3.2.3) satisfy Assumptions II & III.

Proof. By Hypothesis II, G and g are bounded below, which implies that L and [ are
bounded below. Hence, L and [ satisfy Assumption II.

Fix 71 € Y. Similarly to the argument used in part (I) of Example 3.2.1, Hypothesis
I implies that the corresponding SDDE (3.1.7) admits the unique strong solution X
with X, Xs € ILETZ. Now, for such (X,ﬁ), we define stochastic processes X and Hyg
respectively by
() =b(tX (1), Xs (1), 0 (1)),
g () =0 (EX (), X (1), 2 (1)),

which implies that, for any (w,t) € Q x [0, T],

X
H

¢=c (t,fc (), X, (), X (), Hyg (t)) £ Q. (3.2.20)

On the other hand, it follows from the triangle inequality and Hypothesis I that, there

is a constant C > 0 such that

A A

b (5% (1), Rs (), 2 (0)] < [b (6% (1), K (1), (8) — b (£,0,0,4 (1))
+1b(t,0,0,1(t))]

<C(|X ()] +|Xs (1)]) + Cu.
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This gives that

E {/OT b (t, R (£), R (1), (t))\zdt]
<4C’E [/OT {\X(t)f +%5 (t)|2} dt] +2TC?

so that X belongs to IL%. Similarly, we have Hy € IL%. Similarly to (3.2.7), we also have
that X € ]L%g by the Cauchy-Schwarz Inequality. Hence, X is identified with (X, Hy)
via Definition 2.3.1. Then, by Proposition 2.3.2, we have that X(T) € IL2. Since the
set C defined by (3.2.20) is not empty and since Hypothesis IT holds, noting (3.2.2) and
(3.2.3), we have that

L (t,f( (t), X5 (), X (), Hy (t))

=inf G (£ X (t),%s (£),u) < Cs (1 X (O] + % (t)f), P ® Leb — a.s.

ueC

and

. . 5 2
1(R(T)) =g (X(T)) <G (1+ X (T)| ) P — a.s.

Then, taking T and x in Assumption III to be C3(1 + |X(¢)|> + | Xs(t)|?) and C3(1 +
|X(T)|?) respectively, we see that T and x satisfy (2.3.19) and (2.3.21) respectively since

X, X; € L%Z and X(T) € 2. Therefore, L and [ satisfy Assumption IIL. O

In the following example, we demonstrate that there exists a control problem (3.1.9)
such that the corresponding b, 0, G and g satisfy Hypotheses I & II, where at least one

of b and ¢ is not an affine function of (x,y, u).

Example 3.2.4. For simplicity, we set n = m = r = 1. Suppose that U = [0,271]; that b

and ¢ in (3.1.7) are given by

b(t,x,y,u) =sin(x+y+u),

(3.2.21)
o (tx,yu)=y;
and that G and g in (3.1.8) are given by
G (t,x,y,u) = |x+sin(x+y+u)| and g(x) = x* (3.2.22)

For every x,y, %',y € R, it follows from (3.2.21) that
|sin (x +y +u) —sin (X' +y +u)| + |y — |

<|x—x|+2y—v

, Yuel0,2nm],
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which implies that b and ¢ so defined are Lipschtiz continuous. It is easy to see
that b(t,0,0,u) and o (t,0,0,u) are bounded. Hence, b and ¢ satisfy Hypothesis I. On
the other hand, similarly to Example 3.2.1, G and g so defined are continuous and
are bounded below. Moreover, it follows from (3.2.22) that ¢ is convex satisfying
¢(x) = x2 < ¢(1+ x?) for any ¢ > 1 and that G satisfies
. 3
lx+sin(x+y+u) <|x[+1< > (2 +y2+1).
Thus, Hypothesis II holds. Now, the set C is defined by
C(t,x,y,z,h) ={uel0,2n]|z=sin(x+y+u) andh =y}
and C(t,x,y,z,h) # @ if and only if |z| < 1and y = h. This gives that
|lx+z|, if|z]<landh =y,
L(t,x,y,z,h)= (3.2.23)
00, otherwise.
Similarly to part (II) of Example 3.2.1, the effective domain in (3.2.23) is convex so
that it is easy to see that L is a convex function with respect to (x,y, z,h). Hence, by
Propositions 3.2.2 & 3.2.3, the control problem (3.1.9) with b, o, G and g so defined can

be reformulated as the convex problem (2.3.26) with L and [ respectively defined by
(3.2.2) and (3.2.3). O

To end this subsection, we turn our attention to the convexity of L. The following
proposition illustrates that it holds at least under certain conditions on b, and G in

(3.1.7) and (3.1.8) respectively.
Proposition 3.2.5. Let H,;: [0, T] x R" x R" x U x R" x R"*" — R be defined by
Ha (t,x,y,u,p,hy) = (b(t,x,y,u),p)+ (hp,o(t,x,y,u)) —G(tx,y,u). (3.2.24)

If H 4 is concave with respect to (x,y,u), then the function L defined by (3.2.2) is convex with

respect to (x,y,z,h).

Proof. Let

L(t,x,y,zh)

(3.2.25)
= P L) ) () )
pihp

MGU EIR'H XIRanl
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Then, the expression (3.2.24) for H; gives
L(t,x,y,zh)

= inf {G(t,x,y,u)—i— sup {{z—b(tx,yu),p)
4ty (o) R (3.2.26)

+<hp,h—a(t,x,y,u)>}}-

For C = C(t,x,y,z,h) as defined in (3.2.1), if C = @, then

(z—=b(t,x,y,u),h—o(t,x,y,u)) # (0,0)

and so the supremum in (3.2.26) is co, which implies that L = oo. Otherwise, L(t, x,y, z,
h) = in(fj G (t,x,y,u). Hence, L = L, where L is defined by (3.2.2).
ue

Now, since H, is linear with respect to (p, 1),

<Z/ p> + <h/ hp> - /)le (t/ X, Yy, u, p/hp)

is convex with respect to (u, p, hp). Then, the order of the supremum and the infimum

on the right-hand-side of (3.2.25) can be exchanged (see [35, Corollary 37.2.2]) so that

L(t,x,y,zh) = sup {{z,p) + (W, hp) — 4 (t,x,y,p,hp)}, (3.2.27)
(phy) R xR

where Hy(t, x,y, p, hy,) = sup Hg (t,x,y,u, p, hp). Then, given any constant € > 0, we
uclU

can find u, ' € U associated with (x,y) and (x’,y’) respectively such that

4 (t,x,y,p,hp) —e < Hg (t,x,y,u,p,hp)
and
?:[d (t/ x// y// p/ hp) —€ S Hd (t/ x// y// u// p/ hp) .
Then, by taking weighted sum of above inequalities and noting that H; is concave with
respect to (x,y,u), we have
A, (t,x,y,p,hp) +(1—A) Ha (XY, phy) —€
SAHd (t/ X, Yy, u,p, hp) + (1 - /\) %d (t, x/, yl, M/, p, hp)
<Hg(LAx+ (1 —=A) X, Ay+ (1= Ay, Au+ (1 —A)u',p, hy)
<H, (LAx+(1=A) X Ay+ (1 =Ny, phy),
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where A € [0, T]. This implies that H, is concave with respect to (x,) since the above
inequalities hold for every € > 0. Consequently, for every x,x’,y,/,z,z/ € R" and

h,h' € R"™™ it follows from (3.2.27) that

L(bAx+ (1= A) X, Ay+ (1 =Ny, Az 4+ (1—A) 2, Ah+ (1= A) i)

< sup {(Az+ (1 =N 2, p)+ (Ah+(1—A) I, hy)
(p,hP)E]R"X]R”X’"

—AMq (tx,y,phy) — (L= Hy (82,9, p,1y) }

<A sup {{z,p) +{h,hy) — A, (t,x,y,p,hp)}
(p,hp)elR”XIR”X’”

+(1-A) sup {<z/,p>+<h’,hp>—7:ld (t, 'y, p hy)}
(phy) R xR

=AL(t,x,y,z,h)+ (1 —=A)L(t,x"y, 2 ),

as required. N

3.3 A Stochastic Maximum Principle

Since the control problem (3.1.9) can be reformulated as a particular convex problem
(2.3.26), this section first generalizes [2, Theorem V-1] to derive certain necessary
conditions for optimality of the control problem, where the corresponding Hamiltonian
and adjoint equation are involved. Then, using these Hamiltonian and adjoint equation,
we give an alternative proof for the corresponding sufficient stochastic maximum

principle using the results of conjugate duality obtained in chapter 2.

3.3.1 Derivation of the Hamiltonian and Adjoint Equation

In what follows, if F : [0, T] x R" — R is a continuously differential function, the

OF OF OF
dx1” dxp” """/ dxy

oF

partial derivative §; represents the vector ( ). For the control problem

(3.1.9), we define the processes (P, Hp) € IL2®° x L% by the adjoint equation
p F F by ] q

4P (t) = — {i’j’l (t) +E [a;’;d (t+0) lgr_g (1) |F (t)} } dt
+Hp (t)dW (t), te€]0,T], (3.3.1)

P(1) = -8 (x(1)),
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where H; is the Hamiltonian defined by (3.2.24) with certain necessary differentiability
condition (specified below); and the shorthand notation % (t), as well as aa% (1), is
defined as that in (3.1.12). Note that this adjoint equation is a controlled anticipated
BSDE. Note also that, recalling (3.1.10) and (3.1.11), these Hamiltonian and adjoint
equation coincide with those introduced in [6]. Rather than introducing them as that
in [6], the following theorem uses Theorem 2.5.2 (iii) to derive these Hamiltonian and

adjoint equation.

Theorem 3.3.1. Assume that Hypotheses I & 11 hold and that the function L defined by (3.2.2)
is convex with respect to (x,y,z,h). In addition, assume that b,o, G and g in (3.1.7) and
(3.1.8) are continuously differentiable with respect to (x,y) and x respectively. Suppose that
X e Vyand (P,Q) € Vy x L2} satisfy (2.5.7) and (2.5.8), where the function | is defined by
(3.2.3). Then, there exists a ii € U realizing (3.1.9) with (i1, X, D) satisfying

(i) X is the strong solution of the controlled SDDE (3.1.7) with u replaced by ii;

(it) (P, Hp) solves the adjoint equation (3.3.1) with (X, X, u) replaced by (X, X5, it), where
Hp is specified by P via (2.4.18);

(iii) P ® Leb-a.s.,

Ha(t, X (t),Xs(t),a(t),P(t),Hp(t)) 632)
:r%%(%d (t, X (t),Xs (t),u,P(t),Hp(t)).
Proof. First, it follows from (2.5.7) that
L (LB —E[Q(t+0) Loz s (1) | F (1], Q (1), P (t), Hp (1))
= (X(5),P()~E[Q(t+6)Torg ()| F (1)) .

where (X, Hg) € IL2! x L% is identified with X via Definition 2.3.1 and where Hp € L%
is specified by P via (2.4.18). On the other hand, L* is the conjugate convex function of

L so that

L* (1B () —E[Q(t+06) lnr o ()| F (1], Q1) P (1), Hp (1))
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= sp { (PO -E[Qt+0) o5 () [FB])+ (1.0 1)

(x,yrzlh) E]Rnxs x Rnxm

+(z, P () + (b, Hp (1)) — L (t,%,y,2,h) } (3.3.4)

for (w, t) € Q x [0, T]. Then, using expression (3.2.2) for L, we see that the left-hand-

side of (3.3.4) can be re-expressed, in terms of b, o and G, as

L (LB () - [Q(tw)zm” t)!f(t)}fg(t) P(t), Hp (1))
= sup max < ]E[Q(H—é)I[OT(; D < >

(xy)€R" xR" uel (3.3.5)

+ (b (t,x,y,u),P(t))+ (o (t,xy,u),Hp (1))
—G(t,x,y,u)}.

Now, for the given X and (P, Q), since U is compact given in Hypothesis I, (3.3.3) and
(3.3.5) together imply that it is necessary that there exists a i € U such that (X, Hg) is

expressed as

IP® Leb — a.s. (3.3.6)

Hy () = o (£, X (1), X; (1) , 2 (1)),

and that the 'sup max’ on the right-hand-side of (3.3.5) is attained at (X(t), X;(t), ii(t)),
P ® Leb-a.s. Given that Hypotheses I & II are satisfied and that L defined by (3.2.2) is
convex, using Propositions 3.2.2 & 3.2.3, the control problem (3.1.9) can be reformulated
as the convex problem (2.3.26) with L and [ so defined. By Theorem 2.5.2 (iii), X is an
optimal solution of the convex problem. Hence, (3.3.6) implies that i is an optimal
control of the control problem and that X is the corresponding strong solution of the
controlled SDDE (3.1.7), i.e. il realizes (3.1.9) and (i) holds.

Since the ‘sup max’ on the right-hand-side of (3.3.5) is attained at (X (t), X;(t), i(t)),
(3.3.3) and (3.3.5) further imply that
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and

—
~
N
S
—~
——
SN—
N
<,
—~
~
N—
N
<y
—~
~~
N—
SN—

= swp {(xPO-E[QU+0)Ior o ®|F®)])+ (1 QW)

(x,y) ER"XR"
+ (b (txy,a (b)), P(8) + (o (Lxya(t), Hp (t))
—G(txy1(t)) }, P® Leb — a.s.
In particular, using the expression (3.2.24) for H4, (3.3.7) implies that (iii) holds.
Under the given condition that b, ¢ and G are continuously differentiable with
respect to (x,y), we take the derivatives, with respect to x and y, of the function within
the bracket on the right-hand-side of (3.3.8). Then, the fact that the supremum is
attained at (X(t), X5(t)), P ® Leb-a.s. implies that
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and

m ! ) ) _ _ T .
-y (aa(]) (L X (1), Xs (), @ (t))) HY (1) (3.3.10)
G

(t, X (t),Xs(t),a(t)), P& Leb—as.

where ¢ = (U(l),a(z), e, U(m)) and Hp = (Hl(jl), Hl(f), .., Hl(jm)) Hereafter, the partial
derivative g—z denotes the n x n-matrix (g—i) and similarly for the partial derivatives g—;,

ag;j) and ag—;j). Using the expression (3.2.24) for H; again, (3.3.9) and (3.3.10) together

give that

_@f (t, X (t),X5(t),a(t),P(t),Hp(t))

~E[Q(t+0) 75 ()| F ()], Poleb—as.

P(t) =
(3.3.11)
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and

- aHd — —

Qt) = ¥ (t, X (t),Xs(t),@(t),P(t),Hp (t)), P® Leb—as. (3.3.12)
Furthermore, replacing Q in (3.3.9) and using (3.3.10) give that
p (t)=—-E a;jd (t+9) Ijo,r—4) (1) ‘]—" )| — a;id (t), P®Leb—as. (3.3.13)
where we have used the shorthand notation
0,4 _0Hy o S _ ~ ]
oy (t) = o (8, X (), X5 (t),a(t),P(t), Hp(t))

.. . . . oH
and similarly for the partial derivative 72 (t+9).
Similarly to the above argument, it follows from (2.5.8) that, for the given X € V;
and (P,Q) € V, x L%,

I*(—Pr) = (—Pr, X (T)) —1(X(T)), P—as. (3.3.14)
On the other hand, since [* is the conjugate convex function of I, we have

(—=Pr,X(T)) —g(X(T)) = sup {(x,—Pr) —g(x)}, P—as. (3.3.15)

xeR"

Thus, (3.3.14) and (3.3.15) together imply that the supremum on the right-hand-side of
(3.3.15) is attained at X (T), IP-a.s. Then, under the given condition that g is continuously
differentiable with respect to x, we take the derivative, with respect to x, of the function
within the bracket on the right-hand-side of (3.3.15). Then, the fact that the supremum

is attained at X(T), P-a.s. implies that

Pr = —gi (X(T)), P—as. (3.3.16)

Now, since P is identified with (Pr, P) € V; via (2.4.17), (3.3.13) and (3.3.16) give
that, forall t € [0, T],

P(t) = gi (X(T)) + /tT {IE P;“y‘d (s +0) Ior g (s)\f(s)] + a;id (s)} ds

- /tT Hp (s)dW (s), P —as.
Note that we have used the result of Proposition 2.4.3, where the last term on the right-
hand-side of (2.4.18) is equal to zero identically since the filtration IF here is generated
only by W. Therefore, (P, Hp) forms a continuous F (t)-adapted solution of the adjoint
equation (3.3.1) with (X, X5, u) replaced by (X, X;, 1) so that (ii) holds. O
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Note that Q, which pairs X; in the corresponding dual problem, has now been
replaced by (3.3.10). As a consequence, the corresponding adjoint equation (3.3.1)
depends on the future value of (P, Hp) based on the current information F(t) via

conditional expectation.

3.3.2 A Sufficient Condition

Recall that, in addition to Hypotheses I & II, if the Hamiltonian #H; satisfies the
concavity condition described in Proposition 3.2.5, then the function L defined by (3.2.2)
is convex. Therefore, with an appropriate modification, the proof of Theorem 3.3.1 can
be reversed to give a sufficient stochastic maximum principle as stated by the following

theorem.

Theorem 3.3.2. In addition to Hypotheses 1 & 11, we assume further that b,o, G and g in

(3.1.7) and (3.1.8) are continuously differentiable with respect to (x,y) and y respectively

satisfying
1128 0y, %0, 00) +]axi<, (), X5 (£),u (1))
y 2 ; X (3.3.17)
+‘axi(t,X(t),X5(t),M(t)) }dt+‘a‘z(X(T)) ]<°°/

where x; = x,y; and that the Hamiltonian H 4 given by (3.2.24) is concave with respect to
(x,y,u). Let 1 € U, X be the strong solution of the controlled SDDE (3.1.7) with u replaced by
i, and (P, Hp) € L% x IL% be a solution of the adjoint equation (3.3.1) with (u, X) replaced
by (1, X). If (1, X, P, Hp) satisfies (3.3.2), then i is an optimal control of the stochastic optimal

control problem with discrete delay (3.1.9).

Proof. For the given i, X and (P, Hp), we define Pr, Pand O respectively by (3.3.16),
(3.3.11) and (3.3.12). By the Cauchy-Schwarz Inequality, the fact that (P, Hp) € L3 x
IL% and (3.3.17) together imply that Py € IL2, P € IL3! and Q € IL3!.

It follows from (2.4.18) and from the uniqueness of the martingale representation
theorem that P is identified with (Pr, P) € V; via (2.4.17) as required in the proof of
Theorem 3.3.1. On the other hand, for the given i and X, we define X and H < by (3.3.6).

Then, by a similar argument to that used in the proof of Proposition 3.2.3, we have,
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under Hypothesis I, that X € L% and Hg € L% and that X is identified with (X, Hy)
via Definition 2.3.1.

Under Hypothesis II that g is convex, Pr so defined attains the supremum on the
right-hand-side of (3.3.15) which implies that (3.3.14) holds, where the function [ is
defined by (3.2.3). On the other hand, under the given conditions that H, is concave
with respect to (x,y) and that (i, X, P, Hp) satisfies the maximizing equation (3.3.2), we
obtain that (3.3.8) and (3.3.7) hold. This implies that the 'sup max” on the right-hand-
side of (3.3.5) is attained at (X, X;, 1), P ® Leb-a.s. Therefore, (3.3.3) holds with ()?, Hy)
so defined, where the function L is defined by (3.2.2). Now, by Propositions 3.2.2, 3.2.3
& 3.2.5, the control problem (3.1.9) can be reformulated as the convex problem (2.3.26)
with L and I so defined. Moreover, the two equalities in Theorem 2.5.2 (iii) are satisfied,
which gives that X is an optimal solution of the convex problem. Hence, the control i,

corresponding to X, is an optimal solution to the control problem. O

In the remainder of this subsection, we give an example to illustrate how to use the
stochastic maximum principle described by Theorem 3.3.2 to obtain an optimal control

of the control problem (3.1.9).

Example 3.3.3. Similarly to Example 3.2.1, we set m = n = r = 1 and suppose that
U = R and & = IL%. Consider the control problem (3.1.9) with b, o and G respectively
defined by (3.2.4) and (3.2.5); and with g defined by g(x) = asx for some constant
a3 € R. Note that we have seen in part (I) of Example 3.2.1 that the corresponding
controlled SDDE admits a unique strong solution X for every u € U = L% satisfying

X(T) € L? holds. Then,
Eflg (X (D)) = las| E[X (T)]] < 5 (B +E [|X(T)F]) < oo, (3.3.18)

which gives the integrability of the corresponding cost function. On the other hand, it

is easy to see that (3.3.17) holds for this problem.

(I) Reformulation
We have seen in part (II) of Example 3.2.1 that the corresponding function L in this

example satisfies Assumptions I, II & III. On the other hand, it follows from (3.2.3)
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that the corresponding function [ is defined by I(x) = g(x) = azx. It is a convex
continuous function, not identically co and, as discussed in part (II) of Example 3.2.1, is

F x B(R)-measurable. Hence, | satisfies Assumption I. Moreover,
[(x)=g(x) =asx >a3x—c, VceR"Y,

for every x € R. Thus, taking ¢ to be ¢, we see that ¢ satisfies (2.3.17) as required so
that [ satisfies Assumption II (ii). Furthermore, motivated by (3.3.18), we take x to be
(a3 + | X(T)|?) /2 which satisfies (2.3.21). Hence, although b, ¢, G and ¢ here do not
fully satisfy Hypotheses I & II, L and [ so defined satisfy Assumptions I, II & III which,
as noted in the proof of Theorem 3.3.2, fulfils the prerequisite as did by Hypotheses I &
II in Propositions 3.2.2 & 3.2.3.

(II) The Solution of the Adjoint Equation

It follows from (3.2.24) that the Hamiltonian #, is given by

Ha (tx,y,u,p,hp) (3.3.19)

1
= (a1x + by + c1u) p + (a2x + by + cou) hy — §c3u2,

which is linear in (x,y) and is quadratic with respect to u. Since the coefficient of u? is
negative, 1, is concave with respect to (x,y, 1). Then, it follows from (3.3.1) that the

associated adjoint equation for this control problem is
AP (1) = —{E [{B1P (£ +6) + boHp (t +8)} o7 (1) | F (1)]

+mP () + ayHp (1) }dt Y Hp(DdW (1), te[0,T],  (33.20)

p (T) = —das.
Write
F(P(t),Hp(t),P(t+6),Hp(t+9))
(3.3.21)
=m P (t) +axHp (t) + E [{b1P (t46) + baHp (t+6)} | F (1)] .
Then, (3.3.20) can be re-expressed in terms of F as
dP(t) = —F(P(t),Hp(t),P(t+6),Hp(t+6))dt+ Hp (t)dW (t),
te[0,T],
(3.3.22)

P(T)=—az and P(t) =0, te (T, T+/],

Hp(t)=0, tel[T,T+0],

\
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where the indicator function in (3.3.20) has been replaced by the stated terminal values
for P and Hp respectively.

Due to the property of conditional expectation with respect to F(t) in (3.3.21),
we see that F(P(t), H(t), P(t + J), H(t + §)) is F(t)-measurable for every t € [0, T]
and every (P,H) € L% x L%. On the other hand, for every p,p'h,#' € R and
P,P',H,H € 1%,

\F(p,h,P(t+6),H(t+6))—F (p', W, P (t+6),H (t+9))|
<|b1|E[|P(t+6) =P (t+06)| |F (t)] + b2 E [|H (t+6) — H (t+6)| | F (t)]
+ o] [p = | + laaf |1 = 1|
and F(0,0,0,0) = 0 so that the conditions (H1) and (H2) given in [33, page 882]
are satisfied. Furthermore, by [33, Theorem 4.2] (see also [6, Theorem 2.1]) and [6,

Remark 2.1], the anticipated BSDE (3.3.22), i.e. the adjoint equation (3.3.20), admits a

unique solution (P, Hp) € L3 x L2 within the interval [0, T].

(111) Applying Theorem 3.3.2
Taking the derivative, with respect to u, of the function on the right-hand-side
of (3.3.19), we see that the corresponding derivative is zero if and only if u = (c1p +
czhp) /c3. Moreover, since the Hamiltonian H; given by (3.3.19) is concave with respect
to u, it implies that, if
1

i(t) = o (c1P (t) + c2Hp (1)), (3.3.23)

thenu € U = ]LETZ, since (P, Hp) € ]L%é’" X ]LETZ, and the corresponding maximizing
equation (3.3.2) holds. Hence, by Theorem 3.3.2, i defined by (3.3.23) is an optimal

control of the control problem. O
To calculate i1, we adopt the backward induction algorithm offered in [6, 30] to
obtain (P, Hp) numerically as follows.

Step 1. Suppose that t € [T — 6, T]. Then, in this interval, (P, Hp) is the unique

solution of the classic BSDE
dP(t) = —{a P (t) + axHp (t)}dt + Hp (1) dW (t), t€ [T —6,T],
(3.3.24)
P (T) = —as.
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Moreover, as noted in [6, page 1079], we see that P satisfies the ordinary differential
equation (ODE)
dP(t) = —mP (t)dt, te[T—6,T],

P(T) = —as,
and Hp(t) =0fort € [T -4, T).
Step k. Moving backward to the interval [T — (k+ 1), T — k6], where k € Nt such
that T — (k+1)é > 0. Since Hp(t + 6) = 0 and the evolution of P(t + ¢) is known from

Step k — 1, we have
dP (t) = — {mP(t) + axHp (t) + E [b1 P (t + 6) | F (t)] } dt
+Hp (t)dW (t), te[T—(k+1)6,T—kd],
P (T —ké) is known from Step k — 1,
which is also a classical BSDE. Similarly to Step 1, P satisfies the ODE
dP (t) = —{b1P(t+6)+mP(t)}dt, te[T—(k+1)5,T—ké],
P (T —ké) is known from Step k — 1,

and Hp(t) =0fort € [T — (k+1)6, T — ké]. Note that the above ODEs can be solved

numerically using the Euler method (see [7, Chapter 10]).

Using the above backward induction algorithm, Figure 3.1 below gives an example
of such a P and the corresponding optimal control ii. Note that, since Hp(t) =0, it is

not necessary to specify the parameters a,, b, and c; in this case.

3.4 Inclusion of the Exponential Moving Average Delay

In addition to the discrete delay, the results and techniques obtained in the preceding
sections of this chapter can be extended to include an exponential moving average

delay together with the results obtained in Section 2.6.

Recalling that the stochastic optimal control problem with both discrete and expo-

nential moving average delays is to find 7 € U realizing

inf Joa (1), (3.4.1)
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Ewolution of £ on [0, T Evclution of @ on [0, 1]

Time ¢ Time ¢

Figure 3.1: Evolution of P and i with parameters T = 10,6 = 0.5, {(t) = t + 1 for
te[-6,0l,a1=a3=1,b;=—-2,cq =—1and ¢3 = 3.

where the state system is given by

dX (1) = b (t, X (£), X, (£), X5 (£),u (£)) dt

Lo (X (1), X, (1), Xs (1), u (D) dW (), teloT],
(3.4.2)

0
Xq(t) = /ﬂffx@w) dr, A>0,

X(t)=¢(t), te[-6,0];

the admissible control set I/ is as defined in a similar fashion to that in (3.1.3) such that
the above controlled SDDE admits a unique strong solution for every u € U/; and the

cost function J,; is given by

Ju (1) = E [ G 0X ()% (0, % (0, u ()t +(X(T), X (T))] . 343)

To use the results of conjugate duality obtained in Section 2.6, we introduce the
continuous F (t)-adapted state process Y : Q) x [0, T] — R” such that Y(¢) = X,(¢).
Moreover, by [14, Lemma 2.1] (see also [29, Lemma 2.1]), the dependence of X, can be
removed by reformulating the controlled SDDE (3.4.2) as the higher-dimensional one
with respect to Z = (X, Y):

dX (t) =b(t, X (t),Y(t),Xs(t),u(t))dt
+o (X (1), Y (t),Xs(t),u(t)dW(t), te[o,T], (344

X(t)=¢(t), te]-6,0],
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dY (t) = {x (F) — AY (£) — e M X; (t)} dt, te[0,T],

Y (0) = K 05 ¢ (s) ds.

Then, the controlled SDDE (3.4.4)-(3.4.5) for Z = (X,Y) is equivalent to the original

(3.4.5)

controlled SDDE (3.4.2) for X. In particular, (3.4.5) is independent of Y; and its diffusion

coefficient is zero.

Reformulation to a Convex Problem
Adapting the technique of the reformulation used in Section 3.2, we link the control
problem (3.4.1) to a particular convex problem (2.6.1) as follows. For every t € [0, T],

X,Y,2,zy € R" and hy € R™™, we define the set C,y = Cp4(t, x, Y, 2, zx, hy) by

C{ld (tl xryrZ/ZX/ hx)
={ueUlzy=b(t,x,y,z,u) and hy =0 (t,x,y,z,u)}.

Then, using C,;, we take the functions L, and I, in (2.6.1) respectively to be

Lo (t,%,Y,2,2x, 2y, hx, hy)

zy = x — Ay —e Mz,
infG (t,x,y,2,1), ifCu#@ and { ' Y (3.4.6)
=y hy =0,
00, otherwise,
and
la(x,y) =g (x,y). (3.4.7)

To ensure that the control problem can be reformulated to the convex problem with
L, and I, so defined, so that we can apply the conditions for optimality obtained in
Theorem 2.6.2, we suppose that b, o, G and g in (3.4.2) and (3.4.3) respectively satisfy
the hypotheses below. These are necessarily modified from Hypotheses I & II in Section

3.2.2 due to the inclusion of X,.

Hypothesis* I. U is a nonempty convex compact subset of R". The functions b and
o are continuous with respect to (t,u) € [0, T| x U; and are Lipschitz continuous with

respect to (x,y,z) € R"*3. Moreover, there exists a constant C; > 0 such that

b (,0,0,0,u)| + |o (£,0,0,0,u)| < C, ¥ (tu)€[0,T] xU.
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Hypothesis* ll. The functions G and g are continuous. Moreover, g is convex and

there exist constants C, € R and C3 > 0 such that

C < G(txy,zu) <Cs (1 + |x|2—|— |y|2—|— \z|2) , Vte[0,T],x,y,ze R, uel,

C<g(xy) <Cs (1+|x\2+|y|2), Vx,y € R".

Similarly to Propositions 3.2.2 & 3.2.3, we see that Hypotheses* I & II ensure that,
if L, is convex with respect to (x, v, z, zy, zy, hx, hy), L, and I, satisfy Assumptions* I, II
& III presented in Section 2.6. Note that, following a similar argument to that in the
proof of Proposition 3.2.3, we obtain that the controlled SDDE (3.4.4)-(3.4.5) admits a
unique strong solution Z = (X,Y) along with 71 € U satisfying (X,Y) € L2 x L%

Moreover, we define (X, H <) and (Y, Hy ) respectively by

and

(3.4.8)

This gives that

A

Cod = Ca (t,X (5), Y (£),Rs (1), X (t), Hg (t)) £0Q
so that, together with (3.4.8) and Hypothesis* II,

Lo (X (1), 7 (1), %5 (5), X (1), Y (1), Hy (1), Hy (1))

= inf G (£, X(t),Y(t),Xs(t),u)

ueChy

<G (1+ X (1) + [T (O +

Xs (1) ‘2) , P®Leb—as.
Then, following a similar argument to T in the proof of Proposition 3.2.3, we see that L,

satisfy Assumption* III (i).

The Hamiltonian and Adjoint Equation
Regarding the control problem (3.4.1), we define a Hamiltonian H,; : [0, T] x
R" x R" x R" x U x R" x R" x R"™" x R"™™ — TR in a similar fashion to (3.1.16)
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considered in [29] as

Hlld (t/ x/ y/ Z/ u/ P/ rl hp/ hr)

=(b(t,x,y,z,u),p)+ (o (t,x,y,z,u),hy) —G(t,x,y,zu) (3.4.9)

+((x=Ay—eMz),r).

Similarly to the argument used in Section 3.3.1, this Hamiltonian and the associated
adjoint equations (specified below) can be derived by using Theorem 2.6.2 (iii) as stated

by the following theorem.

Theorem 3.4.1. Assume that Hypotheses* I & 11 hold and that the function L, defined by
(3.4.6) is convex with respect to (x,,z, Zs Zy, N, hy). In addition, assume that b, o, G and
g in (3.4.2) and (3.4.3) are continuously differentiable with respect to (x,y,z) and (x,y)
respectively. Suppose that (X,Y) € V1 x Vy and (P, P“,Q) € V, x V, x lL%,_1 together
satisfy (2.6.6) and (2.6.7), where 1, is defined by (3.4.7). Then, there exists a it € U realizing
(3.4.1) with (i1, X, P, P?) satisfying

(i) Z = (X,Y) is the unique strong solution of the controlled SDDE (3.4.4)-(3.4.5) with u

replaced by ii;

(ii) (P,Hp) and (P°, Hp.) are solutions of the adjoint equations with (X, Y, X, u) replaced
by (X, Y, X(g, L_l).‘

dp (t) = — {a;‘xd () +E [a;{;‘* (t+46) Iz () ‘}"(t)] } at
+ Hp (t)dW (t), te€]o,T], (3.4.10)
P(T) = 3 (x(1),Y(T))
4P (8) = ~ T8 (1) Hp (AW (1), £ [0,T]

(3.4.11)

where Hp and Hp. are respectively specified by P and P? via (2.4.18). Here we have used

the shorthand notation

OMbat () = TP (5, (1), ¥ (1), X5 (6),u (1), P (1), P* (1), Hp (8), Hpe ()

and similarly for the partial derivatives aH“d (t+9)and aH“d (t);
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(iii) P ® Leb-a.s.,

Has (020, (), o0, 00, P (0, P (), Hp () Hp ()
= maxHaa (1, X (£), ¥ (1), %5 (1), P (£), P* (), Hp (), Hpa (1)

The proof of the above theorem uses the essentially same techniques as that for
the proof of Theorem 3.3.1. For example, let L; be the conjugate convex function of L,.
Then, satisfying (2.6.6) implies that it is necessary that there exists a i € U such that
the 'sup max’ in

L (1, 5(5) —E | Q(t + ) oo (5| F(D)] , D(1), Q(1), (1), P*(£), Hp(t), Hps (1))
= sup max{ <x,13 (t) — [Q (t+0) Iior—g (t) ‘F(t)} > + <y, P (t)>

(x,y,z) ER"*3 uey

< > (t,x,y,z,u),P(t)) + (o (t,x,y,zu),Hp(t))

H((x- Nz2), (1) ~ G txyz ) |,

is attained at (X,Y, Xy, i), P ® Leb-a.s. Similarly, satisfying (2.6.7) implies that the
supremum in
la (=Pr,—=P1) = sup {{x,=Pr)+(y,—Pf) =g (x,y)}
(xy)eRm<
is attained at (X(T), Y(T)), IP-a.s. Then, similarly to the argument to that for the proof
of Theorem 3.3.1, the above two equations enable us to obtain the adjoint equations

(3.4.10)-(3.4.11) and the maximizing equation (3.4.12).

Although the Hamiltonian (3.4.9) is similar to (3.1.16), the above adjoint equations
are different from (3.1.17)-(3.1.19) introduced in [29]. Instead of a triple of classical
BSDEs, the adjoint equations (3.4.10)-(3.4.11) are coupled BSDEs, where (3.4.10) is an
anticipated BSDE expressed in a similar fashion to (3.3.1) for the stochastic optimal
control problem with discrete delay and (3.4.11) is a classical BSDE expressed in a

similar fashion to (3.1.6) for Markovian optimal control problems.

A Stochastic Maximum Principle
Similarly to Theorem 3.3.2, reversing the arguments in the proof of Theorem 3.4.1,
we obtain a stochastic maximum principle for the control problem (3.4.1) as stated by

the following theorem.
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Theorem 3.4.2. In addition to Hypotheses* I & 11, we assume further that b,o, G and g in

(3.4.2) and (3.4.3) are continuously differentiable with respect to (x,y, z) and (x, y) respectively

satisfying
2 2
E /OT{\;’i(t,x<t>,y<t>,x5<t>,u<t>> +\§;<t,x<t>,Y<t>,x(s<t>,u<t>>
2
+'§Si(t,X(t),Y(t),X(g(t),u(t)) }dt]
g 2
HE | |55 (XM, Y (M) | <o, (3.4.13)

where x; = x,Y,z; and that the Hamiltonian H .4 given by (3.4.9) is concave with respect to
(x,y,z,u). Let i € U, Z = (X,Y) be the unique strong solution of the controlled SDDE
(3.4.4)-(3.4.5) with u replaced by i1, and (P, Hp) € L% x L% and (P*, Hp.) € L3 x IL% be
solutions of the adjoint equations (3.4.10) and (3.4.10) with (u, X, Y) replaced by (i1, X, Y). If
(i1, X,Y, P, Hp, P?, Hp. ) satisfies (3.4.12), then i is an optimal control of the stochastic optimal

control problem with both discrete and exponential moving average delays (3.4.1).

The proof of Theorem 3.4.2 uses the essentially same techniques as the proof of
Theorem 3.3.2 for the stochastic optimal control problem with discrete delay. In partic-
ular, the concavity condition imposed on H,; ensures that L, is convex with respect to
(x,9,2,2x, zy, My, hy) as required in the reformulation to the corresponding convex prob-
lem. More precisely, following a similar argument to that in the proof of Proposition

3.2.5, L, can be re-expressed in term of H,; as

La (t/ x/ y/ Z/ ZX/ Zyr hXI hy)

B s {{zop) + (holtp) + zr) + () (3410
(Pﬂ‘zhp,hr) cR" x R" x R1xm x Rnxm

- ?:lad (tl x/]//Z/ p/r/ hp/hi’) }/

where H,, (t,%,Y,2,p,7,hp, hy) = sup Haa(t, x,y,2,u, p, 1, hp, hy). Then, under the giv-
en condition that H,; is concave :Ailtjh respect to (x,y,z,u), we see that L, in (3.4.14)
is a convex function. This, together with Hypotheses* I & II, ensures that the control
problem (3.1.15) can be reformulated as the convex problem (2.6.1) with L, and I, so

defined as required for the proof of Theorem 3.4.2.
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If the controlled SDDE (3.4.2) and the cost function (3.4.3) are independent of
Xg, then the corresponding Hamiltonian and adjoint equations coincide with those
obtained in Section 3.3 for the control problem with discrete delay. Hence, our results

in Section 3.3 become a special case of those for the control problem (3.4.1).

Comparing the above results with those obtained in [29, Theorem 2.2] and [30,
Theorem 3.1], Theorem 3.4.2 does not require any adjoint process to be identically zero
and also allows g in (3.1.14) to depend on y corresponding to Y(T) = X,(T). This
enables us to remove the restrictions in [29, 30] mentioned in Section 3.1.1 which will

become clear by the example below.

Example 3.4.3. For simplicity, we set m = n = r = 1. Suppose that U = R and
U =1L% as in Examples 3.2.1 & 3.3.3; that b and ¢ in (3.4.2) are given by

b(t,x,y,z,u) =ax+ fiy+ b1z + ciu,

(3.4.15)
o(t,x,y,z,u) = ax+ foy + baz + cou;
and that G and g in (3.4.3) are given by
G(txyzu) = %C3u2 and g (x,y) = azx + fay, (3.4.16)

where a1, a3,a3,b1, b2, c1, ¢, c3 are as given in Example 3.3.3 and f1, f2, f3 € R are given
constants. By the techniques used in part (I) of Example 3.2.1, the controlled SDDE
(3.4.4)-(3.4.5) with b and ¢ so defined admits a unique strong solution and the cost
function (3.4.3) with G and g so defined is integrable for any u € U = L%.

Combining the arguments used in part (II) of Example 3.2.1 and part (I) of Example
3.3.3, we see that this control problem can be reformulated as the convex problem (2.6.1)
with L, and I, respectively defined by (3.4.6) and (3.4.7), where Assumptions* I, II & III
are satisfied.

It follows from (3.4.9) that

Haa (t,%,y,2,u,p,1,hp, hy)

1
= (a1x + fiy + biz + cru) p+ (azx + foy + bz + cou) hy — §C3u2 (3.4.17)

+ (x — Ay — e’)“sz> 7,
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which is linear in (x,, z) and is quadratic with u, where the coefficient of u? is negative,
so that it satisfies the concavity condition required in Theorem 3.4.2. This particularly
gives the convexity of L,. The adjoint equations (3.4.10)-(3.4.11) for this control problem

are expressed by
dP (t) = —{alP (t) + P (t) +aHp (t)

+E [{blp (t+0) — e MP? (t+0)

(3.4.18)
+boHp (£+6) }or_g) (¢) ’]—"(t)} }dt
+Hp(t)dW (), te]0,T],
P (T) = —das3,
dP* (t) = — {fiP (t) — AP" (t) + foHp (t)} dt + Hpa (t) dW (1),
te[0,T] (3.4.19)

P(T) = —f.
This can be regarded as a higher-dimensional anticipated BSDE with respect to (R, Hr),
where R = (P, P?) and Hg = (Hp, Hps). Then, as for (3.3.20), these adjoint equations
admit a unique solution (R, Hg) € IL3® x IL%. Taking the derivative, with respect to u,

of H,4 given by (3.4.17), we obtain that, 7 given by

i(t) = C13 (1P (£) + c2Hp (1)), (3.4.20)

achieves the maximum in (3.4.12), where (P, Hp) and (P?, Hp.) are the solutions of the
adjoint equations (3.4.18)-(3.4.19) with u replaced by ii. We also have i € 1L% since
(P,Hp) € L% x IL%. Therefore, by Theorem 3.4.2, ii is an optimal control of the control
problem.

Note that this control problem usually cannot be solved using the results either
of [30, Theorem 3.1] or of [29, Theorem 2.2] as, for the former, ¢ in (3.4.16) needs to
be independent of y corresponding to X,(T) and, for the latter, the parameters in
the model need to satisfy certain constraints. More precisely, for the latter case, the

parameters in (3.4.15) and (3.4.16) need to satisfy

ef)\dfl
by

f3e_/w = baz, by 75 0 and —A=a+ ble/w' (3421)
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Then,

a(t) = _”iie(ﬂﬁblf“)(”), vt € [0,T]. (3.4.22)
3

This is due to one of the adjoint processes in [29, Theorem 2.2] needs to be identically
zero. If we set the parameters f; and f; to satisfy the conditions (3.4.21), Figure
3.2 gives an example of such (P, P?) and i using the backward induction algorithm
described at the end of Section 3.3.2, where Hp = Hp. = 0. The solid and dash lines
in Figure 3.2 (c) respectively represent the corresponding results using (3.4.20) and
(3.4.22). By increasing the accuracy, for example, Figure 3.2 (d) shows a segment part
of this comparison. It implies that the numerical discrepancy can be narrowed down
to any fixed e > 0 so that these two stochastic maximum principles give numerically
indistinguishable results for this control problem if the parameters in the model satisfy
the conditions (3.4.21). On the other hand, Figure 3.3 gives another example of such

(P, P") and i1 where, in particular, the conditions (3.4.21) are not satisfied. O

3.5 Discussion

3.5.1 Extension to Regime-Switching Models

Using the Markov chain « and the associated canonical martingales M described
in Chapter 2, the results obtained in the preceding sections of this chapter can also be
extended to involve regime-switching. Note that this subsection only investigates the
stochastic optimal control problem with both discrete delay and regime-switching. It
can be generalized to include X, with an appropriate modification.

Suppose that the filtration FF is generated jointly by W and a. Let b : [0, T] x R" X
R"XUxI—R"and o : [0,T] x R" x R" x U x I — R"*™ be two given functions
and the continuous F(t)-adapted state process X : Q) x [—J, T| — R" be described by

the controlled SDDE with regime-switching

AX (1) = b (t, X (£), X5 (£),u (t),a () dt
+o(t,X(t),Xs (t),u(t),a(t)dW(t), tel0,T], (3.5.1)

X(t)=¢(t), te[=6,0], a(0)=ipel,

83



Evolution of F on [0, T] Evolution of 7 on [0, T

] 25
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#
0.5 o £ E 1.063
=
0 : . . 1.0625 . . . . =
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Tirne ¢ Time #

() ]

Figure 3.2: Evolution for P, P and @ with parameters T = 5, § = 0.2, A = 0.1
(t)y=t+1fort € [-6,0],a1 =a3 =1,bp = =2,¢c1 = —1and c3 = 3; f1 and f; are
given by using (3.4.21).

where «, iy are as defined in Section 2.3. For given functions G : [0, T] x R" x R" x
UxI— Randg:R" xI — R, the cost functional J; is given by
T
Ji(u) =E [/0 G(t,X(t),Xs(t),u(t),a(t))dt+g(X(T),a(T))|. (3.5.2)
Then, the so-called stochastic optimal control problem with both discrete delay and
regime-switching associated with the state system (3.5.1) and the cost function (3.5.2)
is to find u € U realizing

inf Ji (u). (3.5.3)

where the admissible control set Uf is defined in a similar fashion to that in (3.1.9). It is
straightforward to see that, if I = {i}, then the above control problem reduces to the

one with discrete delay.
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Evolution of F on [0, 7] Evolution of £ on [0, T

0 2
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-1
-3

-1.A

-2 y - : - 34 - y . y
0 1 2 3 4 = 0 1 2 3 4 =
Time ¢ Time ¢

Evolution of & on [0, T

Figure 3.3: Evolution for P,P? and i with parameters T = 5, § = 0.2, A = 0.1,
é(t)y=t+1fort € [-6,0],ay =a3 =1,y = =2,¢cq = —landcz = 3; f1 = 1 and
h=2

Adapting the method used in Section 3.2, we reformulate the control problem
(3.5.3) to a particular convex problem (2.3.26) as follows. For every (w, t) € Q x [0, T],
x, ¥,z € R" and h € R"™"™, we define the set C* = C*(t, x,y,z,h,a(t)) by

C*(t,x,y,z,h,a(t))
={ueU|lz=b(t,x,yu,a(t)) andh =0 (t,x,y,u,a(t))}.

Using C*, we take L and I respectively to be

inf G(t,x,y,u,a(t)), ifC*#Q,
L(w,t,x,y,zh) = uec

00, otherwise,
and
Hw, x) =g (x,a(T)).
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Following a similar argument to that used in Section 3.2.2, L and I so defined satisfy
Assumptions I, IT & III given in Section 2.3.2 under certain hypotheses on b,0, G and g
which can be necessarily modified from Hypotheses I & II. Moreover, by the similar
techniques as those used in Theorems 3.3.1 & 3.3.2, we can derive a stochastic maximum
principle for the control problem (3.5.3) described in a similar fashion to Theorem 3.3.2,

where the Hamiltonian is given by
Hg (t/ x/ y/ u/ p/ hp/ l)

= (b(t,x,y,u,i),p)+ (hpo(t,x,yu,i))—G(txyui),

and the adjoint equation is given by

dp (t) = — {a;‘f () +E [a;’f (t+6) o r_g) (£) ]f(t)] } dt
+ Hp (t)dW (t) +Kp (t) edM (t), t€[0,T], (3.54)
P(T) = 3 (X(T),a(1)).

Note that the last term on the right-hand-side of the first equation of (3.5.4) is due to
the results in Proposition 2.4.3. Note also that these Hamiltonian and adjoint equation
and the associated stochastic maximum principle generalize those studied in [9] to the

corresponding discrete delay context.

3.5.2 A Stochastic Calculus Approach

In this subsection, we use the Hamiltonian (3.4.9) and the adjoint equations (3.4.10)-
(3.4.11) to offer a stochastic maximum principle as stated by the following theorem,
which is in a similar fashion to those studied in [6, 9, 15, 25, 29, 30, 46], and prove it by

some techniques of stochastic calculus.

Theorem 3.5.1. Suppose that the controlled SDDE (3.4.2) admits a unique strong solution
and the cost function (3.4.3) is integrable for each u € U. In addition, assume that b, o, G
and g in (3.4.2) and (3.4.3) are continuously differentiable with respect to (x,y,z) and (x,y)

respectively, satisfy (3.4.13) and

2
+

o 2

5 (X (1), Xa (1), X5 (1), u (1)

2
}dt

IE[/{ (4 X(1), X (1), X5 (1), u (1)

128 (6 x (1), X (), X5 (), (1)

< 0.
u
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Let it € U, X be the unique strong solution to the controlled SDDE associated with i, and
(P,Hp) € L3 x L% and (P°, Hp.) € 1L3° x IL% be solutions of the adjoint equations
(3.4.10)-(3.4.11) associated with (i1, X) such that, for any u € U and the unique strong
solution X of the controlled SDDE associated with u,

2

el [ |HE () (%0 - x@0) + [HE () (% () - X0 (1)
L imoso-xofdmowo-wef

_ 2
+ ‘((r(t) —a(t))TP(t)‘ }dt] < oo,

where we have used the shorthand notation

g(t)y =0t X(t),X.(t),Xs(t),a(t)),

o) =0(t,X(t), X, (t),Xs(t),u(t)).
If the Hamiltonian M,y given by (3.4.9) satisfies the condition that, for every t € [0,T],
Haa(t,x,y,z,u, P(t), P?(t), Hp(t), Hpa(t)) is concave with respect to (x,y,z,u), P — a.s.
and if (3.4.12) holds, then ii is an optimal control of the stochastic optimal control problem with

both discrete and exponential moving average delays (3.4.1).

Proof. Fix u € U. If X is the corresponding strong solution of the controlled SDDE
(3.4.2), then

T
Jat (1) = o ) =E| [ {6 (6, X (1), % (1), Xs (0,0 ()
—G(t,X(t),Xa (t), X5 (t),u(t)) }dt] (3.5.6)
+E[g(X(T), X (T)) = g (X(T), Xa (T))] -
Under the given condition that g is convex and is continuously differentiable with

respect to (x,y), the terms within the second bracket on the right-hand-side of (3.5.6)

give us that

E[g (X (T),X(T)) =g (X(T), X (T))]

<k | (x(1)-x(1), E (X (1), %(7) 657)

Now, applying the It6 formula to ((X(t) — X(t)), P(t)) for t € [0, T], we have
(X(T) - X(T)),P(T))
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:—/OT{<(X(t)—X(t)),a§i”d (t)—HE[aZ;ad (t+0) Ijo,r—g )\F(t)b

[P0, @ 1)~ ) AW 1)+ [ R0~ X (1)), Ho () aw (1)
where i
Pt (1) =2 (1, % (1), %o (), K5 (1), (6), P (6), P (1), Hp (), Hip. (1),

b(t) =b(t,X(t),Xa(t),Xs(t),a(t)),
b(t) =b(t,X(t),Xa(t),X () u(t)),
Hlag 24 (t+¢) and i d( ). Then, taking expecta-

tions on the both sides of the above equation and noting the terminal value in (3.4.10),

the second term on the right-hand-side of (3.5.7) becomes
E [<(X(T) —X(T)),gi(X(T) Xa<T))>}
e[ [T &o-xw), 2 ) 4 (g -xew), o) s
st z

—(P(1), (B(H) —b(1)) — (Hp (1), (0 (t) — o (1)) }dt].

Here, we have used the fact that

T _ T
E| [ (P0),@®) = @)W @)+ [ (X0~ X(0),Hp ()W ()] =0

due to (3.5.5), and we have applied the relationship between X and X; to make the

following simplification

e[ [ ((R)-x 0.8 [ 72 (140) 1oz ) |7 0] ]

T/ o oH,
—_E [/ <(x5 () = X (1)), 25 (t)> dt] .
0 z
Similarly, applying the Itd formula to ((X,(t) — X,(t)), P?(t)) for t € [0, T] and then

taking expectations, the third term on the right-hand-side of (3.5.7) becomes

E K(x (T) - X, m»ﬁj (X(T), %, (T))ﬂ

[ { (0500 )

- <P” (t) { (X (F) — AR, (t) — e X, (t))

- (X (F) — AR, (t) — M X, (t)) }>}dt}

(3.5.9)
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On the other hand, using the expression (3.4.9) for H,4, the first term on the right-hand-

side of (3.5.6) can be re-expressed as

(3.5.10)

which implies

Jad () = Jaa (u) < E [/OT<(a ) —u(t)),a;:i“d (t)>dt] —0

for any u € U, where the last equality follows from (3.4.12). Hence, i € U is an optimal

control of the control problem (3.4.1). O

Note that, to apply the conjugate duality method, some conditions in Theorem 3.4.2
are stronger than those in Theorem 3.5.1. In particular, the concavity condition imposed
on the Hamiltonian in the former needs to be satisfied for each (p, h,) € R" x R"*™,
However, in practically, it seems impossible to verify that the corresponding concavity
condition in the latter for almost every (w, t) € Q) x [0, T]. On the other hand, to use the
techniques of stochastic calculus in the proof, Theorem 3.5.1 requires more integrability

conditions than Theorem 3.4.2 does.
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CHAPTER 4

THE AUXILIARY HJB EQUATION IN STOCHASTIC

OPTIMAL CONTROL PROBLEMS WITH DELAY

4.1 Introduction

This chapter turns our attention to improving the method of dynamic programming
studied in [22, 23] for stochastic optimal control problems with discrete delay and those

with both discrete and exponential moving average delays.

4.1.1 Literature Review

We first summarize some basic concepts and results of dynamic programming in
Markovian optimal control problems taken mainly from [45, Chapter 4]. Then, we
describe some known generalizations [22, 23] for this method to stochastic optimal
control problems with delay which motivate our work in this chapter.

Similarly to Chapter 3, let (Q), F,P) be a complete probability space on which
W = {W(s) }sc[o,1] is @ m-dimensional standard Brownian motion where T € (0, )
is the given deterministic terminal time, and write IF = {F (s) }s¢[o,7] for the filtration

generated by W.

The Markovian Optimal Control Problem
Recalling that the method of dynamic programming for solving a Markovian op-
timal control problem is to vary its initial times and states to obtain a family of such

control problems. By the Bellman principle of optimality, one can establish a relation-

90



ship among these control problems via a partial differential equation (PDE), which
is called the Hamilton-Jacobi-Bellman (HJB) equation. Then, rather than solving a
particular control problem, one uses the HJB equation to solve all the control problems
in that family (see [45, Section 4.3]).

For every t € [0, T], to put the Markovian optimal control problem (3.1.3) in-
to a framework suitable for applying the method of dynamic programming, we let
{Fi(s) }sepr,7) denote the filtration generated by {W(s) — W(t)|s € [t, T|} such that the
usual conditions hold, and let U[t, T| consist of all u|; 1), where u : QO x [0, T] — U C
R" belongs to the admissible control set U/ as defined in (3.1.3) and u|[t,T] denotes the
restriction of u to [t, T|. Note that {F;(s) }sc; 1) is independent of {F(s) }s(o) since
{W(s) —W(t)|s € [t, T]} is independent of {W(s)|s € [0,t)}. Note also that, condition-
ing on F(t), ul,r) is {Ft(s) }sept, r)-adapted for u € U. Then, we associate the control
problem with a family of cost functions with various starting times and initial values

via conditional expectation:

T
]Wﬁw)zﬁm{/(N&Xwﬂﬁdﬂﬁk+gﬂﬂﬁﬁ, (4.1.1)

t
where G and g are as defined in (3.1.2); X" denotes the unique strong solution of
the controlled SDE (3.1.1); E"* denotes the expectation with respect to the law of
X", conditioning on F(t) with X*(t) = x € R”; and u € UJt, T]. It is easy to see
that J(u;0,x9) = J(u) and J(u; T, x) = g(x) which is independent of u, where J(u) is
defined by (3.1.2).

As the independence between {F¢(s) }se ;1) and {F(s) }se(o,, it follows that, condi-
tioning F () with X" (t) = x, X"(s) is equal to X"(s) in law for s € [t, T], where il € U,
u = il|; 7] and X" satisfies

dxX" (s) =b(s, X" (s),u(s))ds+o (s, X" (s),u(s))dW(s), seltT], ‘1o

X () = x € R™. 412
Here b and ¢ are given functions as those defined in (3.1.1). Accordingly, we have
associated the Markovian optimal control problem (3.1.3) with a family of control
problems described by

inf it 413
uegl[m](u x) (4.1.3)
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with different starting times t € [0, T] and initial values x € R, where the state system
and the cost function are respectively given by (4.1.2) and (4.1.1).
Define a function V : [0, T| x R"” — R by

V(t,x)= inf J(u;t,x), (tx)€][0,T]xR" (4.1.4)
uel[t,T]

This is called the value function of the Markovian optimal control problem (3.1.3) (see
[45, page 178]). In particular, V (0, xp) is the optimal value of the control problem. As
noted above, to obtain the H]B equation, we use the Bellman principle of optimality.

That is, for any f € [t, T|, the value function V satisfies

V(t,x)= inf EY /th(s,X” (s),u(s))ds +V (£ X" ()|, (4.15)

uel|t,T)

where X" is the strong solution of the controlled SDE (4.1.2) (see [45, Theorem 3.3]).
The above equation is also referred to as the dynamic programming equation. It can
be seen from (4.1.4) that (4.1.5) tells us that if i is optimal on the interval [t, T| with
the initial value x, then it must be optimal on [f, T| with the initial state X" (f) (see [45,

page 160]). Furthermore, if V is sufficiently smooth,

lim o {EY [V (5 X" ()] =V (tx)) (4.1.6)

fst+ t—1t
can be expressed in terms of V by using the It6 formula. This, together with (4.1.5),
implies that V solves the second-order PDE, i.e. the HJB equation,

)% ) 1% *V
5 (t,x) +ulg£g <t,x,u,ax (t,x),W (t,x)> =0,

(t,x) € [0,T) x R", (4.1.7)
V(T,x)=g(x), xeR",

where G is given by

G(t,x,u,p,q) =Gt xu)+ (pb(txu))+ %tr (crch (t,x,u) q) . (4.1.8)

The function G is called the generalized Hamiltonian (function) which is different
from the Hamiltonian H defined by (3.1.5) in the context of the stochastic maximum

principle.
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The advantage of applying the dynamic programming method is that an optimal
control il € U[t, T] can be constructed via a solution of the HJB equation. More precisely,
suppose that the HJB equation (4.1.7) admits a solution V, where the corresponding
infimum is attained at a B([0, T] x R")-measurable function u(t, x) for all (t,x) €

[0, T] x R". Then, as noted in [45, Section 5.5.1], i defined by

ia(s)=ug(s,X(s)), VseltT],

is an optimal control of the control problem (4.1.3) and also V coincides with the value
function, where X denotes the strong solution of the controlled SDE (4.1.2) with u in
b(s,x,u) and o (s, x, u) replaced by up. The above procedure for obtaining such a i is
called the stochastic verification technique.

As mentioned in Chapter 1, there is a connection between the stochastic maximum
principle and dynamic programming for Markovian optimal control problems: the
adjoint process may be expressed in terms of the derivatives of the value function
together with the corresponding optimal control and the solution of the controlled SDE.
More explicitly, suppose that V is a solution of the HJB equation (4.1.7) so that, by the
stochastic verification technique mentioned above, one can obtain an optimal control
i1 € U[t, T] and that V coincides with the value function defined by (4.1.4). Then, the
pair (P, Hp) defined by

P(s)= -2 (5% (9)),

N
Hp(s) = 2 2 (5, X ()0 (5, X (5), 2 (5)),

satisfies the adjoint equation (3.1.6) with the initial time 0 replaced by t and (X, u) re-

Vs e[t T], (4.1.9)

placed by (X, i1), where X is the strong solution of the controlled SDE (4.1.2) associated
with 7 (see [2, page 402] and [45, Chapter 5]).

The Stochastic Optimal Control Problems with Delay

Extending the Markovian optimal control problem to the time-delay context, Larssen
in [22] first considers a stochastic optimal control problem involving general delay. For
every t € [0, T], write X(t—s, for the path segment of X from ¢ — ¢ to t composed with

the shift operator s — s + t for s € [—4,0]. That is,
Xp_sy () = X (t+5), s€[=5,0], (4.1.10)
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where 0 € (0, T). To use the dynamic programming, similarly to that for Markovian
optimal control problems, Larssen in [22, page 661] obtains the associated family of
control problems described as follows.

For (t,¢) € [0, T] x C([—4,0];R") and given functions b : [0, T| x C([—J,0];R") X
U — R"'and o : [0,T] x C([—6,0;R") x U — R"*™, let F(s)-adapted continuous
state process X" : Q x [t —J,T] — R”" be described by the controlled stochastic

differential delay equation (SDDE)

dx" (s) = b (s, Xyt (s)) ds+o (s, Xty gt (s)) AW (s),
se [t T], (4.1.11)
X"(s)=¢C(s—t), set—94,t],
where u is selected from a given admissible control set U[t, T| defined in a similar
fashion to that for the Markovian optimal control problem. For given functions
G :[0,T] xC([-6,0;R") x U — R and g : C([-4,0;R") — R, the cost function
Ja (u;t,&) is defined by

Jea (#;4,&) = E'E [/tT G (5, Xt 51 (s)) ds+3g (XE‘T_(SIT])} , (4.1.12)

where, in a similar sense to the conditional expectation E* in (4.1.1) together with the
argument related to X” and X" for Markovian optimal control problems, E*¢ denotes
the conditional expectation with respect to the law of the strong solution X" of the
controlled SDDE (4.1.11); and u € U[t, T}.

Then, for given (t,¢) € [0, T] x C([—0,0];R"), the stochastic optimal control prob-
lem with delay, associated with the state system (4.1.11) and the cost function (4.1.12),

is to find i € U[t, T] realizing

inf ; . 411
o g (31,0) (4113)

Note that the stochastic optimal control problem with discrete delay and that with both
discrete and exponential moving average delays studied in the previous chapter can be
regarded as special cases of the above problem. As for (4.1.4), Larssen in [22, page 662]

defines the corresponding value function by

V(S = inf Ju(568), (58) €[0T x C([=5,0R"). (4.1.14)

94



Note that V(T,¢) = ueiZ/l?[f . Joa (u; T,&) = g(¢)- Larssen in [22, Theorem 4.2] obtains

the dynamic programming equation expressed by

V(& = inf E'"
( C) ue}/{n[t,ﬂ

E I u
/t G (5, Xy (s)) ds+V <t,X[f ﬁ])] , (4115

where f € [t, T] and X" denotes the strong solution of the controlled SDDE (4.1.11).
Unlike in the above Markovian case, the value function V here may depend on the
entire initial path ¢ in a complicated way which causes certain difficulty in solving this
problem. More precisely, it is generally difficult to apply the It6 formula to express the
corresponding limit (4.1.6) in terms of V in a similar way to that for Markovian optimal
control problems except for some special cases.

For example, Larssen and Risebro in [23] (see also [5] and [22, Section 5]) study a
stochastic optimal control problem with both discrete and exponential moving average

delays, where they assume that the corresponding value function V depends on ¢ only

through x(¢) = ¢(0) and y(¢) = ff(s eM E(r)dr satisfying
V(£E) =V (x(8),y(S)) (4.1.16)

for (t,¢) € [0, T] x C([—0,0;R"]). If the function V on the right-hand-side of (4.1.16) is
sufficiently smooth, this hypothesis allows the authors to apply the It6 formula given
in [22, Lemma 5.1] to obtain the HJB equation

oV 1% VY
at(t,x,y)+<ay(t,x,y),(x Ay —e z)>

) oV 2
+ ul?{J gad <t/x/ylzl u, g (tlx/y)l W (t’x’y)) - O’ (4117)

(t,x,y,2) €]0,T) x R**3,

V(T,xy)=g(xy), (xy) R,

where the generalized Hamiltonian G, is defined by

gad (t/ x/ y/ 2:/ u/ p/ h)
1
=(p,b(t,x,y,z,u))+ St <0’0’T (t,x,y,z,u) h) +G(t,x,y,z,u).
Unfortunately, the stochastic verification technique associated with the HJB equation

(4.1.17) has a restriction: the solution V of the HJB equation, if it exists, is required to

be independent of z due to the hypothesis (4.1.16). This is not easily satisfied even
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when the model is independent of X; corresponding to z since the second term on the
left-hand-side of the first equation in (4.1.17) is due to the dependence on X, (see [22,
Lemma 5.1]). It is worth mentioning that Pang and Hussain in [31] try to eliminate
this restriction by increasing the time-delay in the exponential moving average delay,
defining

X, (s) = /Ooo MX (s+r)dr, VseltT].

This type of time-delay is referred to as completed memory of exponential moving
average delay in [31]. Then, Pang and Hussain impose a similar hypothesis on the
corresponding value function to the one described by (4.1.16) with y(¢) replaced by
S i)oo e &(r)dr. This allows them to obtain a HJB equation described in a similar manner
to (4.1.17), where the corresponding second term on the left-hand-side of the first
equation in (4.1.17) is <% (t,x,y),(x— )\y)> (see [31, Lemma 2.2]). Then, if the model
only depends on X,, the solution (if it exists) of the corresponding HJB equation is
generally independent of z.

Note that the techniques for deriving the HJB equation (4.1.17) cannot be adapted
to solve the stochastic optimal control problem with discrete delay since the hypothesis
(4.1.16) is not valid if the model is independent of X,. On the other hand, it is worth
pointing out that Kolmanovskii and Shaikhet in [19, Chapter 3] first introduce a function
V which satisfies V(t, x,y) = Vo(t, x) + V1 (t,y) and then study the method of dynamic
programming for a class of deterministic optimal control problems with discrete delay,
where the value function V' can be expressed in terms of V. This allows them to obtain

the following first-order PDE

)% ) W oV
o (t,x,y) + inf { <8x (t,x) + a—y (t+5,x),b(t,x,y,u)>

ueclU

+ G(t,x,y,u)} =0, (Lxy)el0,T)xR™?, (41.18)

V(T,x,y)=g(x), xeR"

Note that, although the above PDE is solved by V rather than the value function V, it
plays a similar role to the classical HJB equation which allows the authors to construct

an optimal control (see [19, Theorem 3.1.2]). However, to the best of our knowledge,
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the generalization of the PDE (4.1.18) to the corresponding stochastic case has not been
investigated in the academic literature.

Having obtained the HJB equation (4.1.17), the connection with the stochastic
maximum principle involving the adjoint equations (3.1.17)-(3.1.19) studied in [29] for
stochastic optimal control problems with both discrete and exponential moving average
delays has been carried out by Shi in [41, Theorem 3.1]. That s, if P = (P;, P,, P;) " and
H = (Hy,Hy) " are defined by

Piis) =~ 20 (5, % (5). K (5),
] 2V o
Ay (5) =~ 07 (5 X (5), % (5)) (5, % (5), Ka ), R (9),75),

P(5) =~ 30 (X (), %, 6),
12(5) = — g (3R (6), % ()0 5, % 5), R 5), %5 (6),5),
and i
D5 (s) = _aa‘z/ (s,X(s),X,(s)) =0 (4.1.19)

for s € [t, T|, where V is a solution of (4.1.17), then (P, H) solves (3.1.17)-(3.1.19) with
(X, u) replaced by (X, i1). Here, (X, i) is obtained in a similar way to that for the above
Markovian case. In particular, it can be seen from (4.1.19) that the requirement that
D5(t) = 0 discussed in Section 3.1.1 coincides with the requirement of independence of
z for V mentioned above. Since we have obtained the new adjoint equations (3.4.10)-
(3.4.11) in Section 3.4, we wonder whether there exists an HJB equation to connect with

those in a similar fashion to the above.

4.1.2 Main Results and Structure of the Chapter

This chapter investigates the method of dynamic programming for a class of sto-
chastic optimal control problems with discrete delay and those with both discrete and
exponential moving average delays, where the value functions are separable specified
in Definition 4.3.1. We adapt the technique in [19, Chapter 3] mentioned above to obtain
the so-called auxiliary HJB equations for the control problems in Theorems 4.3.3 & 4.6.2

and the stochastic verification theorems in Theorems 4.4.1 & 4.6.3 respectively. If the
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model just involves a discrete delay, the auxiliary HJB equation plays a similar role to
the HJB equation (4.1.7) for Markovian optimal control problems. If the model involves
both types of delays, our auxiliary HJB equation not only generalizes the H]B equation
(4.1.17) studied in [22, 23] but also removes the restriction there for some special cases.
The connections with the stochastic maximum principles presented in Theorems 3.3.2
& 3.4.2 are obtained in Theorems 4.5.1 & 4.6.5 respectively.

The reminder of the chapter is organized as follows. Section 4.2 puts the stochastic
optimal control problem with discrete delay into a suitable framework for applying
the dynamic programming method. Section 4.3 obtains the auxiliary HJB equation
for the control problem, where the value function is separable. Section 4.4 states
and proves the verification theorem. To demonstrate how to use the auxiliary HJB
equation to find an optimal control, a solvable example is provided. The connection
with the corresponding stochastic maximum principle studied in the previous chapter
is obtained in Section 4.5. Section 4.6 extends the results to include the exponential

moving average delay.

4.2 The Stochastic Optimal Control Problem with Discrete
Delay

We continue to work with the deterministic terminal time T, probability space
(Q), F,IP), Brownian motion W and filtration IF = {F(s) }s¢[o,r] introduced in Section
4.1.1. Recalling the stochastic optimal control problem with discrete delay studied in
Chapter 3 as follows.

For given functions b : [0,T] x R" x R" x U — R" and ¢ : [0, T] x R"” x R" x
U — R™™, let X : Q x [-J, T| — R” be the continuous F (s)-adapted state process

satisfying the controlled SDDE
dX (s) =b(s,X(s),Xs(s),u(s))ds
+0(s,X(s),Xs(s),u(s))dW(s), sel0,T], (4.2.1)
X(s)=2%(s), se[=6,0],
where ¢ € (0,T), o € C([—4,0;R") and u : Q x [0,T] - U C R" is an F(s)-adapted
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control selected from a given admissible control set ¢/, which is defined as before,
such that the controlled SDDE (4.2.1) admits a unique strong solution for every u € U.
Moreover, for given functions G : [0, T] x R” x R” x U — R and ¢ : R" — R, the cost

function J; is defined by

T
Jo(u) = E [/O G(s,X (s),Xs(s),u(s))ds +g(X(T))|. 42.2)

Then, the stochastic optimal control problem with discrete delay associated with the

state system (4.2.1) and the cost function (4.2.2) is to find @ € U realizing

inf J; (u). (4.2.3)

ueld

To ensure that, for any &y € C([—6,0];R") and u € U, the controlled SDDE (4.2.1)
admits a unique strong solution X* and the cost function J; is integrable, we consider

the following two hypotheses.

Hypothesis lll. The functions b and ¢ are continuous with respect to (t,u) €
[0, T] x U and are Lipschitz continuous with respect to (x,y) € R" x R" with the
Lipschitz constant independent of (¢, u) € [0, T] x U.

Hypothesis IV. The functions G and g are continuous such that, for any ¢y €

C([-4,0;R") and u € U,

T
E [/ |G (5, X" (s), X5 (s) ,u (s)] ds + [g (X" (T))[| < co.
0

Note that the differences compared with Hypotheses I & II are due to that we do not
need to transfer the control problem to a convex problem.

For any (t,¢) € [0, T] x C(]—¢,0];R"), using a similar argument for Markovian
optimal control problems described in Section 4.1.1, we associate the control problem
(4.2.3) with a family of cost functions with different starting times and initial paths via

conditional expectation:

T
Ja (u;t,8) = E [ | GX (5),XE (), u(s)ds + (X (1)), (424)
where E*¢ denotes the expectation with respect to the law of X*, conditioning on
F(t) with X;_s ) = ¢, and u € U[t, T|. Then, comparing (4.2.4) with (4.2.2), we have
Ja(4;0,80) = Ja(u) and
Ja(w;T,8) = g (¢ (0)),
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which is independent of . It follows from the independence between {F(s) }sc (1]

and {F(s) }sepo, that, conditioning F(t) with X,

i = ¢ X"(s) is equal to X"(s) in

law for s € [t, T|, where il € U, u = ﬁ|[t/T] and X" satisfies

dX" (s) =b(s, X" (s), X} (s),u(s))ds
+o(s, X" (s), X5 (s),u(s)dW(s), sel[tT], (4.2.5)
X' (s)=¢(s—t), se[t—o,t],

Note that, if the controlled SDDE (4.2.1) admits a unique strong solution X T then X"
is a continuous process so that Xﬁ_ 5, 18 F(t)-measurable and, given F(t), Xﬁ_ 5, 18
determined and lies in C([—4,0]; R"). Note also that, under Hypotheses III & IV, the
controlled SDDE (4.2.5) has a unique strong solution and the cost function (4.2.4) is
integrable for any ¢ € C([—4,0];R") and u € U|[t, T]. Hence, similarly to (4.1.3), we

have associated the stochastic optimal control problem with discrete delay (4.2.3) with

a family of control problems

inf s t, 4.2.6
Janf Ja(u;t,¢) (4.2.6)

with different starting times t € [0, T| and initial paths ¢ € C([—4,0];R"), where the
state system and the cost function are respectively given by (4.2.5) and (4.2.4).

Similarly to that in Markovian optimal control problems, we define the value
function V : [0, T] x C([—4,0];R") — R by

V(Le) = dnf Ji(ite), (68)€[0.T) X C([=8,0[;R"). (4.2.7)

In particular, V(0, o) is the optimal value for the control problem (4.2.3). Since the
control problem (4.2.6) can be regarded as a special case of (4.1.13), we can rewrite the
dynamic programming equation (4.1.15) as

V(t,& = inf E"%

uel|t,T) t

/fG (s, X" (s), X% (s),u(s))ds+V <f, Xff_ M])] (4.2.8)

for any (t,&) € [0,T] x C([—6,0;R") and any f € [t, T]. Note that the above value
function V generally depends on the initial path ¢ in a complicated way which makes
the control problem (4.2.6) less easily solvable. As discussed in Section 4.1.1, it is

usually difficult to apply the classical Itd formula to the above dynamic programming
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in a similar way to that for Markovian optimal control problems and the hypothesis in
[23], described by (4.1.16), is not valid in this context. Thus, the results of [23] cannot

be applied to our control problem.

4.3 The Auxiliary HJB Equation

To overcome the difficulty mentioned in the previous section, this section first
adapts the technique used in [19, Chapter 3] to introduce a so-called auxiliary function
for a class of stochastic optimal control problems with discrete delay, where the value
functions are separable as stated by the definition below, and then generalizes the PDE

(4.1.18) to the stochastic context.

Let C2([0, T] x IR") be the space of continuous functions F : [0, T] x R" — R such

that the partial derivatives %—f and %&fxl_ fori,j € {1,2,...,n} exist and are continuous.

Definition 4.3.1. The value function V for the stochastic optimal control problem with
discrete delay (4.2.3) is called separable if there are two functions Vy, V; € Cl2( [0, T] x

R"), with V4(T,-) = 0, such that, for any (t,¢) € [0, T] x C([—¢,0];R"),

V(t,¢) =Vo(,¢(0)) + V1 (min{t +4,T},Z(0))

min{t+4,T}
-/ Vi (5, & (s — 06— 1)) ds.
t aS

(4.3.1)

If V is separable, we call
V(t,xy)=Vo(tx)+Vi(ty),
an auxiliary function of V.

Note that, if the value function V' of the control problem (4.2.3) is separable, we can

also re-express (4.3.1) as

V(tE) =V (tE(0),5(=0)+C(tE(-—1)), (4.3.2)
where
C(tEG(-—1) =V (t+,5(0)) = V1 (t,¢(—9)) s
_ t't+‘sf’,c)‘:1(s,g(s—5—t))ds, -

101



and where we have taken V; (f,x) = 0 for all t > T for notational simplicity. Note also
that, for a given separable value function V, the functions Vy and V; are not unique.
More precisely, if Vy and V; satisfy (4.3.1), then Vy + F and V; — F also satisfy (4.3.1)
for any continuously differentiable function F on [0, T| with F(T) = 0. Nevertheless,
the function C(t, (- — t)) corresponding to V; — F is identical to that corresponding to
V), i.e. it is invariant with respect to the change from V; to V; — F. On the other hand,
the auxiliary function V is uniquely defined. Indeed, if YV is also an auxiliary function
of V, then there is a continuously differentiable function F with F(T) = 0, such that
V(t,x,y) = Vo(t, x) + Vi(t,y) = V(t,x,y) + F(t). One may take Vo (t, x) = Vo(t, x) and
Vi(t,y) = Vi(t,y) + F(t). Since C(t,&(- — t)) is invariant with respect to the change
from V) to V), the expression (4.3.2) for V in terms of V and V implies that V = V. In
the following section, we shall give certain conditions to guarantee that the control

problem (4.2.6) admit an auxiliary function.

When the value function V is separable, although it generally still depends on the
entire initial path ¢, we are able to express the limit (4.3.4) (see below) in terms of
the auxiliary function V. As noted in Section 4.1.1, the expression for the limit (4.1.6)
in Markovian optimal control problems plays an important role in deriving the HJB

equation from the dynamic programming equation.

Lemma 4.3.2. Assume that Hypotheses III & 1V hold. Suppose that the value function V
for the stochastic optimal control problem with discrete delay (4.2.3) is separable associated
with an auxiliary function V(t,x,y) = Vo(t, x) + V1(t,y). Then, for any (t,¢) € [0, T] x
C([—6,0];R") and u € U]t, T},

El_i}rtr}r fit {IEt"-f [V (t Xft M]ﬂ — V(t,g)}, (4.3.4)

where t € [t, T], can be expressed as

)6 (=9))

+"’a‘;<t+(s £ (0 >>),b<t,c<o>,é<—5>,u<f>>>

20
V
oy

2
( & (=8),u(t)) (a Yo (1,2 (0))

U

(4.3.5)
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where X[‘; 5 is defined by (4.1.10) with t replaced by f and X" is the strong solution of the

controlled SDDE (4.2.5).

Proof. For simplicity of notation, we extend the domain of V; to [0, T + J] x R" such
that Vi (t,-) =0fort > T.

Fixu € U[t, T] and f € [t, T], and write X" for the corresponding strong solution of
the controlled SDDE (4.2.5). Then, by (4.3.1), the term within the bracket in (4.3.4) can

be rewritten as

E% [V <t X M])] - V(tQ)
= (B v (1, x" ()] - W (12 0))}

B [V (146, X% ()] = Vi (46,2 (0))
+{/tt+(5aail(S,C(s—é—t))ds—lEt’C /f+5a;:1( X“())d”-

Applying the Itd formula to Vo (s, X"(s)) for s € [t, f], we obtain that

(4.3.6)

Vo (£, X" () = Vo (£, (0))
M (o 3o Mo (o 3o

/ { 1 " SV " ’b(5)> (4.3.7)
w5 (er" 50 X0 (0)) s

[ (Pexe).cmane),

where we have used the shorthand notation

b(s) = b(5, X" (), X¥ (5),u(5)),
7(5) = 0 (5, X" (5), XY (5) ().

Then, taking conditional expectations E'¢ on the both sides of (4.3.7), we see that the

(4.3.8)

terms within the first pair of brackets on the right-hand-side of (4.3.6) can be expanded

in the form as
EY [V (1, X" ()] = o (1,2 (0))
e[ [0 o x 9)+ (D2 (o x ) 09 439)

gt (007 0 52 6 x 6 Jasl.
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Similarly, application of the Itd formula to Vi (s + 6, X"(s)) for s € [t,f] gives the
following expansion of the terms which the second pair of brackets on the right-hand-

side of (4.3.6):
E" [V (f+5,X” (B)] = Vi (t+6,E(0))

:lEt’é

1 T 82 Vl u
+2tr<mf ()ay2(+5X()) ds|.
In particular, using the relationship between X and X, we re-express the first term of

the right-hand-side of (4.3.10) as
)%
& 1 u
E /t Sls+o.X ())d]

t+z> a])
ey t,é 1 u
E /+5 as( X" (s (5))ds]

+EY

v
=" /t a—sl(s,X5 (s))ds

[T xm)d]

6 ),
—/t Cl(s,8(s—5—1)ds.
Thus, substituting (4.3.9) and (4.3.10), as well as using the above equality, into the
right-hand-side of (4.3.6), we obtain that

E* [V <t X 54)] —V(¢)
/t{<<aaio( X“(>>+2‘j<s+5,xu<s>>),b<s>>

2 2
w3 (e ) (G 6 X @)+ G X () ) )

:]Et’g

(4.3.11)

+ 8;: (s, X" (s), X5 (s)) }ds].

Finally, dividing by f — t on the both sides of (4.3.11) and letting f — t+, we have the
required equation (4.3.5), where the existence of the limit follows from the continuity

of b and ¢ described in Hypothesis III. O

With the result of Lemma 4.3.2, we derive a PDE solved by the auxiliary function V

of the value function for the control problem (4.2.3) as follows.
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Theorem 4.3.3. Assume that the conditions of Lemma 4.3.2 hold. Then, the auxiliary function
V(t,x,y) = Vo(t, x) + Vi(t,y) of the value function for the stochastic optimal control problem

with discrete delay (4.2.3) is a solution of the following terminal value problem of the second-

order PDE:
9V
oF (t,x,y)
2
+ inf G, t,x,y,u,% (t,x) + M (tJrzS,x),M (t,x)
uel dx dy dx?
. (4.3.12)
+ W; (t—i—é,x)) =0, (txy)el0,T)xR"™?,
V(T,x,y) =V (T,x) =g(x), xeR"
where Gy : [0, T] x R" x R" x U x R" x §" — R is given by
gd (t/ x/}// u, p/ Q)
(4.3.13)

1
=(p,b(t,x,y,u)) + 5 tr <0’0’T (t,x,y,u) q) +G(t,x,y,u),

and where S" denotes the space of n X n symmetric matrices.

As (4.3.12) is a PDE solved by the auxiliary function V, rather than the value
function, and is expressed in a similar form to the HJB equation (4.1.7) for Markovian
optimal control problems (see [45, Chapter 4]), we shall call it the auxiliary HJB equation
for the control problem (4.2.3), where the function G; defined by (4.3.13) is referred to
as the corresponding generalized Hamiltonian.

Note that the proof below uses essentially the same technique as that for the
Markovian case described in [45, Proposition 3.5]. For completeness, we give the

details as follows.

Proof. Fix (t,x,y) € [0,T] x R" x R" and u € U (i.e. value for a control). Let ¢ €
C([—9,0];R") be a path such that x = ¢ (0) and y = ¢ (—0); v € U[t, T] be the control
such that v(f) = u; and X" be the corresponding strong solution of the controlled SDDE
(4.2.5) with u replaced by v.

It follows from the dynamic programming equation (4.2.8) that

V(&) <E"*

/fc (5,X7 (5), X5 (5),0(5)) ds + V (f’xzf”f]” '
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where f € [t, T]. Then, dividing by f — t on the both sides of the above inequality, we
obtain that

0 S;Et’g
t—t t

fit {JEf'g [V <t X‘[’t M])] —V(t,g)}.

Rewriting the value function V on the right-hand-side of the above inequality in terms

/t G (s, X% (s), XY (s),0 (s)) ds]
(4.3.14)

of the auxiliary function V, and then letting f — t and using (4.3.5) for the limit, we

obtain that
_V
<=5 (t,x,y) +G(t,x,y,u)
W Y
+<< > ( +871(t+5 x)>,b(t,x,y,u)> (4.3.15)
1 BZVO 82V1
ey (oo o (52 00+ St o).
This gives that
)Y . Mo W 3V,
< — - i
0 <57 (b + ing (1, 0 () + G0 (1 0,0), G20 (03)

4.3.16
+ Vi (t+6,x) ( )
ayz

On the other hand, it follows from the dynamic programming equation (4.2.8) that, for

any sufficiently small e > 0, we can find a v* € U[t, T| such that

V(tE) +e(f—t) >E*

/tf G (S, X (s) ,ng (s),v* (s)) dS]

+ E% [V (E, XZ[’; ‘”M :

Then, as that for (4.3.14) and (4.3.15), we divide by f — t on the both sides of (4.3.17) to

(4.3.17)

get the following inequality

€ ZfllEtr‘:

/i C (s, X (s), XY (s),0° (S)) ds]

t

fit {Etlg {V (t Xz[)t (St])] —V(t,g)},

which, letting f — t and using (4.3.5), implies that

?(t x,y)+G(tx,y,u)
(T n+ G er60) beryw)
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]. T BZVO 82V1
+otr (cm (t,x,y,u) (89(2 (t,x) + e (t+6,x)

)% ) AZ A% 0%V
>__ i} il - 7v
>= (t,x,y)+;&fjgd (t,x,y,u, pp (t,x) + 3y (t+9,x), 532 (t,x)

0V,

Finally, combining the above inequalities with (4.3.16), we obtain (4.3.12), where the
boundary condition follows immediately from the definitions of both the value and

auxiliary functions given in (4.2.7) and Definition 4.3.1 respectively. O

If 6 = 0, X; is identical with X. Under the conditions given in Theorem 4.3.3
with 6 = 0, the corresponding C (¢,¢ (- —t)) defined by (4.3.3) is identically zero.
Consequently, there exists a function V : [0, T] x R" — R such that V(t,x) = V(t, x, x)
which coincides with the value function given by (4.1.4). Then, noting Definition 4.3.1,
the corresponding auxiliary HJB equation and generalized Hamiltonian coincide with

(4.1.7) and (4.1.8) respectively.

4.4 A Stochastic Verification Theorem

As mentioned in Section 4.1.1, the stochastic verification technique for Markovian
optimal control problems offers one way to construct an optimal control 7 € U[t, T]
via a solution of the HJB equation (4.1.7). For the stochastic optimal control problem
with discrete delay (4.2.3), although we do not in general have an HJB equation that
the value function V satisfies, it is possible to have the following stochastic verification

theorem in terms of auxiliary functions when V is separable.

Theorem 4.4.1. Assume that Hypotheses 111 & 1V hold. Suppose that there exist Vo, Vi €
C'2([0, T] x R™) with V1 (T, -) = 0 such that

V(t,x,y)=Vo(t,x)+ Vi (ty)
satisfies the auxiliary HJB equation (4.3.12). Then, for any (t,¢) € [0, T] x C([—J,0];R"),
Ja (;t,8) 2V (£,£(0),8(=0)) +C (& (- — 1)) (44.1)

forall u € U[t, T], where C (t,& (- — t)) is given by (4.3.3) with V; replaced by V1. Moreover,
if there exists a B([0, T] x R"*?)-measurable function ug : [0, T] x R" x R" — U such that
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the infimum in (4.3.12) is attained at uo(t, x,y) for all (t,x,y) € [0, T] x R" x R" in the

sense that

oV,
gd <t/ x/]/, Uup (tl X, y) 7 aixf) (t/ x)

M Vg V1
. (4.4.2)
. 0
N ulgl[fj Ga (t' Y ox (£ x)

oV 02V 0?V
+W(t+5/x)/ ax2 (t1x>+ ayz <t+5’x) ’

where G is defined by (4.3.13), then the control i, defined by
i(s)=uo(s,X(s),Xs(s)), VseltT], (44.3)

is an optimal control of the stochastic optimal control problem with discrete delay (4.2.6),
where X denotes the strong solution of the controlled SDDE (4.2.5) with u in b(s, x,y, u) and

o(s, x,y,u) replaced by uy.

Proof. As before, for notational ease, we extend the domain of V; to [0, T + 4] x R”
such that V(t,-) =0fort > T.

Fix u € U[t, T] and ¢ € C([—0,0];R"), and write X" for the corresponding strong
solution of the controlled SDDE (4.2.5). Then, it follows from the condition that

V(t,x,y) = Vo(t,x) + V1 (t,y) that

= {4 [0y (1, x* (1)) - Vo (46 (0)) } (4.4.4)
+ {BE [V (X5 (1)) - M (1€ (-0)) ],
where f € [t, T|. The terms in the first pair of brackets on the right-hand-side of (4.4.4)

can be expanded by (4.3.9) with V) replaced by V. For the terms within the second

pair of brackets on the right-hand-side of (4.4.4), we write

A

E [V (£ X5 ()] =V (8¢ (=9))
= {0 (1, X4 ()] - M (£ +6,8(0)) } (4.4.5)

+{Vi(t+6,8(0)) = Vi (tE(=9))}.
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Applying the It formula to Vi (s, X4(s)) for s € [t + 6,f] and using the relationship

between X and X, we have
Vi (£ X5 (£)) = Vi (t+6,8(0))
f—o6 a a
_/ { VL (s 45, X" (s ))—|—<avyl(s+5,X”(s)),b(s)>

2
+ 3 (00T (6 SRt 4,0 5) }ds

+/t <a;;1( +0,X"(s)), <S>dW(S)> (4.4.6)

2
+ %tr <0’0’T( )aa;é (s+9,X" (s ))) I[t,?—&] (s) }ds

+/t <aa];1( £6,X(s)), (s)dW(s)>
[ s myas

t
where we have used the shorthand notation b(s) and o(s) given by (4.3.8). Then, taking

conditional expectations E'¢ on the both sides of (4.4.6), we have that
E" [V (], X% (F))] = V1 (t+6,E(0))

/tt {aail (s, X5 (s)) + <aa);l (s+0,X"(s)), b(5)> If-g) (s)

2
+ %tr <00T( ) aa; (s+9,X"(s ))> I[t,ffd] (s) }ds]

(4.4.7)
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Now, substituting (4.4.7) and the corresponding (4.3.9) into the right-hand-side of (4.4.4)

and then letting F = T, we obtain that

E"* [Vo (T, X" (T))] =V (£,¢(0),¢ (=6)) = C (£, (- — 1))

| {?,‘j( X*(s), X4 (5)
[T @)+ G0 x ) 06))  aag)
rge (e 0 {GRex )

ero)))o

where the indicator function in (4.4.7) is eliminated since V;(t,-) = 0 for all t > T.

:lEt’C

QJ
<

+

N\'—‘/\

Furthermore, rearranging the terms in (4.4.8) and using the expression (4.3.13) for Gy,

we have that

V(8(0),8(=6) +C (LS (- — 1))

=" [/T G (s, X" (s), X4 (s),u(s))ds+ Vo (T,X"(T))

| [0 {%’% X" (s), X4 (5)

#Ga(5 X4 9), X0 9), 09, 52 5, (5)
2
#4009, S0 (5K (9)

0%V "
+8y2 (s+0,X ())) ds|.
If V is a solution of the auxiliary HJB equation (4.3.12), then we have Vy(T, x) = g(x)

so that, noting (4.2.4), the above equation is equivalent to

V(8(0),8(=0) +C (1S (- —1))

:]d (I/l} £ g)
e
—Efﬁ[/t {aa‘:<s,xu<s>,xs’<s>>
+gd<s,x“ (s), X! (s),u(s),aalio( X" (s)) (4.4.9)
391 82T/O

+ e (5+0,X"(s)), 52 (5, X" (s))
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27 .
+ £ (s+6,X ())>}ds]
This implies that

V(t,6(0),(=0)+C(tE(-—1))
<Ja(u;t,¢)

_ Rt [/tT {aaf (s, X" (s), X5 ()

: u u aV u
+inf G (5,X0(5), XE (5),, 50 (5, X" (5)
oV; " %V, "
P 0 x0(9), 5 (6, X7 (6)

*V .
+ ayzl( s+0,X ()))}ds]
so that

Ja(w;t,8) =2V (£,8(0),6(=0)) +C (L (-— 1)),

giving the conclusion (4.4.1).

Since u is Borel-measurable with values in U, Hypothesis III implies that the
functions b(t,x,y,uo(t, x,y)) and o(t,x,y,uo(t, x,y)) are also B([0, T] x R"*? x U)-
measurable. Then, the corresponding controlled SDDE (4.2.5) admits a unique strong
solution (see [6, Theorem 2.2]). Hence, the control i given by (4.4.3) is in U[t, T|.
Furthermore, substituting # described by (4.4.3), as well as the corresponding strong

solution X of (4.2.5), into the right-hand-side of (4.4.9) and noting (4.4.2), we have

V(t,6(0),5(=0)+C(tE(-—1))
=Ja (a;t,é)
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=Ja (i;t,¢)

_]E[/tT{aaE(s,X(s),X(g(s))

. oo Vo, o
+ inf G <S,X(s),X5 (s),u,a—xo (s, X (s))

-
+a—(s+5,X(s)),%(51X(s))

=Ja (#;1,¢),
where the last equality is due to the fact that ) is a solution of the auxiliary HJB equation

(4.3.12). By (4.4.1), we have that J; (iZ;t,8) < J;(u;t,¢) for every u € U[t, T] which

implies that i is an optimal control of the control problem (4.2.6). O

One of the immediate consequences of Theorem 4.4.1 is that, if one can find a
solution V of the auxiliary HJB equation (4.3.12) and the associated 1 as required in
Theorem 4.4.1, then the equality in (4.4.1) holds with respect to i1 given by (4.4.3). This
offers the sufficient conditions for the existence of auxiliary function as stated by the

following corollary.

Corollary 4.4.2. Assume that Hypotheses Il & IV hold. If there exist Vo, V1 € CY2([0, T] x
R"™) with V1(T,-) = 0 such that V (t,x,y) = Vo (t,x) + Vi (t,y) satisfies the auxiliary HJB
equation (4.3.12); and the associated infimum is attained at a B([0, T] x R"*?)-measurable

function ug(t, x,y) forall (t,x,y) € [0, T] x R" x R" in the sense of (4.4.2), then

V(tE)=Ja(@t,8) =V (£,5(0),5(=0)) +C (L (- — 1))

for any (t,&) € [0,T] x C([—6,0];R"), where C (t,& (- — t)) is given by (4.3.3) with V;
replaced by V1 and 1 is given by (4.4.3). Hence, V is an auxiliary function of the value function

for the stochastic optimal control problem with discrete delay (4.2.3).

441 An Example

Although we do not have conditions which guarantee the existence of a solution of

the auxiliary HJB equation (4.3.12), the following provides an example to demonstrate
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the existence of auxiliary function.
For simplicity, we set m = n = r = 1. Suppose that U = R and & = IL%; that b and
o in (4.2.5) are given by

b(s,x,y,u) =a1x+ciu,
(4.4.10)

1
o(s,x,yu) = (azx2 + boy* + p)?,
where a1, a;, b, and p are given constants such that ap, b, > 0 and p > 0; and that G and
gin (4.2.4) are given by

(c3u? + asx* + bsy*) and g(x) = 1a4x2, (4.4.11)

G(s,x,yu)= >

N[ =

where a3,a4,b3 and c3 are given constants such that c3 > 0. Note that, since the
corresponding Hamiltonian given by (3.2.24) is not concave with respect to (x,y, u)
if a3 and b3 are negative, neither the conjugate duality method described in Theorem
2.5.2 nor the stochastic maximum principle described in Theorem 3.3.2 can be applied

to this problem.

(I) Verifying Hypotheses Il & IV

Clearly, the functions b, 0, G and g defined by (4.4.10) and (4.4.11) are continuous
with respect to (f, x,y, 1) and x respectively. Moreover, it has been seen in Examples
3.2.1 & 3.3.3 that b is Lipschitz continuous. On the other hand, for every x,x’,y,y/,u €

R, we obtain that
o (t,x,y,u) —o (t,x,y,u)]
<l|ot,x,y,u)—o(tx,y,u)|+|o(t,x",yu) —o(tx,y,u)]

4

<2 x_¥|+
az

by /
v

where the second inequality is due to the fact that the derivatives of o, with respect

to x and y, are bounded by a>//a; and b,/ /b, respectively. This indicates that o is
Lipschitz continuous with respect to (x,y) so that Hypothesis III is satisfied. Applying
the technique used at the beginning of Example 3.2.1, the controlled SDDE (4.2.1) with
b and o so defined admits a unique strong solution X for every il € U = L% with

X, Xs € L%. This implies that the corresponding controlled SDDE (4.2.5) admits a
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unique strong solution X* satisfying X", Xj € LZ ([t, T|;R) for every u € U[t, T] =
ILZfzt ([t, T];R), where IL%_% ([t, T};R) is defined in a similar fashion to IL% in Section 2.3.
Also, similarly to Example 3.2.1, the cost function (4.2.2) with G and g so defined is

integrable.

(I1) Applying Theorem 4.4.1
It follows from (4.3.12) that the auxiliary HJB equation for the control problem
(4.2.6) with b, 0, G and g so defined is

oV
= (Lxy)
+1¢1211fj{2 (azx” + by” + c3u”) + < p (t,x) + 3y (t+9,x) | (a1x + cru)

1 (9, ?*V 2 2
+ 5 <8x2 (t,x) + 32 (t+(5,x)) (a2x” + by + p) } =0,

(t,x,y) €[0,T) x R?,

V(T,x,y) =WV (T, x)= %a4x2, x € R.
(4.4.12)

To find a solution V(t, x,y) = Vo(t,x) + Vi (t,y) of the above auxiliary HJB equation,

we suppose that Vy(t, x) and V; (¢, y) take the form

Vo (£ x) = % (A(t) ¥ +C(t) and Wy (t,y) = %B o (4.4.13)

where A, B and C need to be determined, and satisfy the condition that A, B and
C are R-valued continuously differentiable functions on [0, T] with B(T) = 0. For
simplicity of notation, as those in the proofs of Lemma 4.3.2 and Theorem 4.4.1, we
extend the domain of B to [0, T 4 6] such that B(t) = 0 for t > T. Substituting V defined
by (4.4.13) into (4.4.12) and taking the derivative, with respect to u, of the function
within the bracket on the left-hand-side of the first equation of (4.4.12), we see that the
corresponding derivative is zero if and only if

U= —%1 (A(t)+B(t+0))x. (4.4.14)
3

Then, taking the function u( in Theorem 4.4.1 to be —c; (A (t) + B (t +0)) x/c3, we see
that g satisfies the required conditions since A and B are continuously differentiable
and the function within the bracket on the left-hand-side of the first equation of (4.4.12)

is convex with respect to u.

114



Define a control 7 via u as

i(s) = —% (A(s)+B(s+0))X(s), Vselt,T], (4.4.15)

where X is the unique strong solution of the corresponding controlled SDDE (4.2.5)
with u in (4.4.10) replaced by ug. Note that such a it is in U[t, T] = ILZ ([t, T]; R) since
X € LZ([t, T|;R) and A and B are continuous. By Theorem 4.4.1, & described by

(4.4.15) is an optimal control of the control problem.

(1) Solving the Auxiliary HJB Equation
Substituting (4.4.13) and u( obtained by (4.4.14) into the auxiliary HJB equation

(4.4.12), we see that A, B and C satisfy

dA dB dcC

iy

= {CS (A(t) +B(t+6))> — (2a1 +a2) (A(t) + B(t+0)) — a3} 2 (4.4.16)

—{(A(t)+B(t+0)) b+ b3} y* —p(A(t) + B(t+9)).
Then, comparing the corresponding coefficients of x> and y? on the both sides of (4.4.16),
we see that (4.4.16) is satisfied if A and B solve the system of ordinary differential
equations (ODEs):

Wty = D (AW +B(t+0)
c3

— (201 +ay) (A(t)+ B(t+6)) —as, tel0,T], (4.4.17)
A (T) = Qy4;
dB
S (D =—(AO)+B(+0)ba—bs, te[0T],
(4.4.18)
B(t)=0, tel[T,T+/];

where the terminal values are derived from those in (4.4.12); and that C satisfies
T
(1) :/ p(A(s)+B(s+0))ds, Vtelo,T]. (4.4.19)
t

Note that, since the function F(x,y) = c3(x +y)?/c3 — (2a1 + a2)(x + y) — a3 corre-
sponding to the terms on the right-hand-side of the first equation of (4.4.17) is not
Lipschitz continuous with respect to (x,y), this system of ODEs only admits a local
solution ([4, Theorem 2.8.1]).

We summarize the above by the following theorem.
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Theorem 4.4.3. If the system of ODEs (4.4.17)-(4.4.18) admits a solution (A, B), then
V(t,x,y) = Vo(t,x) + Vi(t,y) described by (4.4.13) is the solution of the auxiliary HJB
equation (4.4.12), where C is obtained by (4.4.19), and the control i described by (4.4.15) is
optimal to the stochastic optimal control problem with discrete delay (4.2.6), where b, o, G and

g are respectively defined by (4.4.10) and (4.4.11).

(IV) The Backward Induction Algorithm
It is generally difficult to find an analytic solution of the above system of ODEs.
Hence, we solve it numerically using a similar backward induction algorithm to the

one given in Example 3.3.3, as follows.

Step 1. Suppose that t € [T —4,T]. Then, B(t +J) = 0 and the ODE (4.4.17)

becomes
dA 2
= %AZ (t) — (201 +a2) A(t) —as, te[T—6,T],
A (T) = dy4.

This allows us to obtain A(t) in [T — J, T]. Then, B(t) for t € [T — ¢, T] is obtained by
the ODE (4.4.18) in which A(t) is already obtained and B(t + ) = 0.

Step k. Moving backward to the interval [T — (k +1)J, T — ké], where k € IN™ such
that T — (k+1)0 > 0. Note that B(f + ¢) is already known by Step k — 1. Then, the
corresponding numerical solutions for A(t) and B(t) are obtained in a similar way to

Step 1.

Using the above backward induction algorithm, Figures 4.1 & 4.2 below give an
example of such A, B and C and the corresponding pair (X, it) respectively, where a3

and b3 are negative.

4.5 Connection with the Stochastic Maximum Principle

Having studied the dynamic programming method for the stochastic optimal
control problem with discrete delay (4.2.3), this section investigates its connection with

the stochastic maximum principle obtained in Section 3.3.
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Evalution of 4 in [0,T] Evolution of B in [0,T]
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Tirme ¢ Tirme ¢
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0 05 1 15 2
Time ¢

Figure 4.1: Evolution of A, B and C with parameters T = 2, = 0.1, a1 = 3,22 =
2,a3 =—-3,a4 =2,bp =2,b3 = -3,c1 = —3,c3 =2and p = 4.

Let C2(]0, T] x R") be the space of continuous functions F : [0,T] x R — R

such that the partial derivatives aatgi and axigif T fori, j,k € {1,2,...,n}, exist and
are continuous. To explore such a connection, in addition to Hypotheses I1I & IV, we

assume further in this section the following hypothesis.

Hypothesis V. The functions b,  and G are continuously differentiable with respect
to (x,y) € R" x R"; the function g is continuously differentiable with respect to x € R";

and U = R".

Theorem 4.5.1. Assume that Hypotheses III, IV & V hold. Suppose that there are V, V; €
C'3([0, T] x R"™) with V1 (T, -) = 0 such that V(t,x,y) = Vo(t,x) + Vi(t,y) is a solution
of the auxiliary HJB equation (4.3.12). Suppose further that the infimum of (4.3.12) is attained
at a B([0, T] x R"*2)-measurable function ug in the sense of (4.4.2). Let i be the optimal
control defined by (4.4.3) and X be the strong solution of controlled SDDE (4.2.5) with u in
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Evolution of X and @ in [0, T

Figure 4.2: Evolution of X and # with parameters T = 2,6 = 0.1, &(¢t) = t+ 1 for
t € [-0.1,0],a; = 3,ap = 2,a3 = —3,a4 = 2,bp = 2,b3 = —3,c;1 = —3,c3 = 2 and
p=4.

b(s,x,y,u) and o(s,x,y,u) replaced by ug. Then, for any (t,¢) € [0, T] x C([—J,0];R"),
(P, Hp) defined by

500 [N o A% S

P = {52 xE+ P +axen),

ij Lo 9%V - 92y _
Hj (s) = — 1{axia£k (S’X<S))+ayia;k (s~|—§,X(s))} Vs € [t,T], (45.1)

x 0y (s, X (s), X5 (s), 1 (s)),

wherei € {1,2,...,n}and j € {1,2,...,m}, satisfies

1P () =~ {5 () + B[ (s 6) yr gy 9) |7 (0)]

+Hp(s)dW (s), se€tT], (4.5.2)

where the Hamiltonian H, is given by (3.2.24); and

oHg4

Oy -
o =%

(s,X(s),Xs(s),

AN|
—~
»n
SN—

~
el
—~
1)
N~—
~
el
~
)
N—
N—

and similarly for the partial derivative % (s+9).
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Proof. Under the conditions that V(t, x,y) = Vo (¢, x) + Vi (t,y) solves the auxiliary HJB

equation (4.3.12), we have

oV
=— (t,x,y)+ G (t,x,y,uo(t,x,y))

0 at(
) 0
+<< B]jco (t,x) + avyl (t+9, x)) b (8 x,y,up (t,x,y))> (4.5.3)
1
2

+tr <00T (t,x,y,u0 (t,x,y)) <882;;0 (t,x)+ aa;;l (t+9, x)> )

In addition, since ug attains the infimum in (4.3.12) in the sense of (4.4.2) and U = IR,
we obtain that the derivative, with respect to u, of the function on the right-hand-side
of (4.5.3) vanishes at u = uy(t,x,y). Then, for any € [t, T], differentiating the both
sides of (4.5.3) with respect to x; and then evaluating at (¢, x,v) = (£, X(f), X5()), we

have that
Vo s o s
atay, (X (B))
G oo o
:_az(ffx(f)fxo'(f)/ﬂ(f))
u OV n oo P2V . o S A
_];{ <8x1830c] LX) ayia;/j (f+9, (t))> b (£,X (), X5 (F) ()
Mo 2 iy o M g N o
—i—(ax?(t,X(t))—l—ay;(t—l—é,X(t))>x]i(t,x(t),xé(t)/u(t))}
107 83)_}0 R 83171 X o
_zgg{m(tX(t))+ayiayﬁw(t+5,x(t))} (4.5.4)
x {i (ojrr) (£ X (E) , X5 (F) 2 (f))}
r=1
m n n aZVO A az)—/l A .
‘?1]2{ Z{ (seam (X O) + 5ot (46X (1)

where, for the last summation on the right-hand-side of (4.5.4), we have used the fact

that
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LB ere- g 0-xm)
x oy (5, X (8), X5 (), (F)) }

Similarly, differentiating the both sides of (4.5.3) with respect to y;, evaluating at
(t,x,y) = (F+6,X(f+6),X(f)) and then taking the conditional expectation with

respect to F (), we have that

W o
aiay; 1O X ()
G . o
=—E a—yi(t+(5,X(t+(5),X(t),u(t+5))
Sy 2 s x4 6)) + 20 (126, % (P 46))
= L ox; 9yj
ob; o
a—y(t+5,X(t+§),X(t),u(t+5)) (4.5.5)
m n n aZVO R R aZVl R }
+ t+0,X(t+06 t+25, X (t+9
EE{E (s (o @ea) « 0+ 2 %+0)

Under the conditions that Vy, V1 € C3([0, T] x R"), we apply the Itd formula to P;

defined by the first equation of (4.5.1) to get

SN PV, 9%V
dp; (s) = — { {ax-a (s, X (s)) + 3705 (s+6,X(s ))}
L 82V0 . 02V
{ax 0% X(s)+ Y9y,

M

5+X()}

X bj (s, X (s),Xs(s),1(s))

SR a31}0 S 83)_/1 _
2EZ{MW( X(S))+ayiayjayk<s+5,X(s))} (4.5.6)

X {i (0jr0%r) (5, X (), X5 (s) 1 (s))} }ds

r=1

L[ 0PV, i, 92y )
- {Bxia;)cj (s, X(s)) + ayia;j (s+6,X (s))}
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X iajr (s,X(s),Xs(s),(s))dW,(s).

Then, the substitution of (4.5.4) and (4.5.5) into the first bracket on the right-hand-side
of (4.5.6) leads to

which coincides with (4.5.2) by noting the expression (3.2.24) for H;, where the terminal
value for P follows immediately from that for the auxiliary HJB equation (4.3.12)

together with (4.5.1). O

By Corollary 4.4.2, the function V required in Theorem (4.5.1) is an auxiliary function
of the value function V for the control problem (4.2.3). Hence, (4.5.1) generalizes (4.1.9)
for Markovian optimal control problems and shows that the adjoint process (4.5.2) can
be expressed in terms of the auxiliary function together with the corresponding optimal

control and the solution of the controlled SDDE.

In the reminder of this section, we give an example to verify the result obtained in

Theorem 4.5.1.

Example 4.5.2. We revisit the control problem studied in Example 3.3.3. Recalling that

m:n:r:1,1U:]Randl/{:lLarz;thatbandaaregivenby

b(s,x,y,u) =a1x + by +ciu,

o (s,x,y,u) = axx + boy + cou,
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and that G and g are given by
L o
G(s,x,yu)= §C3u and g (x) = azx,

where a1, a2,a3,b1,by,¢1,c2 € R and c3 > 0 are given constants. Note that, following
the arguments used in Examples 3.3.3 & 3.2.1, Hypotheses III, IV &V are satisfied for

this problem.

(I) Applying Dynamic Programming
It follows from (4.3.12) that the auxiliary HJB equation for this control problem is
expressed by

( 9V
o (t,x,y)

1 oV, 0
+ iglfJ {C3M2 + (O (t,x) + M (t+ 5,x)> (a1x + b1y + cqu)
u

2 ox ay
1 82 Vo 82V1 2 457
2<aﬂ(L@+—W20+&x0(@x+by+qm }:Q (4.5.7)

(t,x,y) €[0,T) x R?,

+

V(T,x,y) =V (T,x) =azx, xR

Noting the terminal value in (4.5.7), we suppose that a solution V(t, x,y) = Vy(t, x) +

V1(t,y) of the auxiliary HJB equation (4.5.7) can be expressed in the form
Vo(t,x) =C(t)+ A(t)x and Vy (t,y) = B(t)y, (4.5.8)

where A, B and C are as defined similarly to those in (4.4.13). Then, applying the
technique used in part (II) of Section 4.4.1, we see that the functions ug required in

Theorem 4.4.1 is described by

o (£ %,y) = —% (A(t) +B(t+96)) (4.5.9)

which gives an optimal control

i(s) = —Z—;(A(s)—FB(S—I—&)), Vs € [t 1],

of the control problem (4.2.6) with b, o, G and g so defined. It is easy to see that 7 is in
Ult, T] = ]L%TZr ([t, T]; R) since A and B are continuous. To obtain A, B and C, similarly to

part (III) of Section 4.4.1, substituting (4.5.8) and u( obtained by (4.5.9) into the auxiliary
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HJB equation (4.5.7), we see that V' defined by (4.5.8) is a solution of (4.5.7) if A and B

satisfy the system of ODEs:

)= (AW +BE+O)m, te0T],

(4.5.10)
A (T) = a3,
dB
() =—(A(t)+B(t+6)b, te[0,T],
dt (4.5.11)

B(t)=0, telT,T+/];
and if

T 2
qo:—lzémﬁmw@+®f@ vt € [0,T].

Unlike (4.4.17)-(4.4.18), the above system of ODEs admits a unique solution since
the function F(x,y) = —(x +y)a for a = ay, by, corresponding to the terms on the
right-hand-side of the first equation of (4.5.10) and (4.5.11) respectively, is Lipschitz
continuous with respect to (x,y). As for (4.4.17)-(4.4.18), this system of ODEs can be
solved numerically by the backward induction algorithm presented in part (IV) of
Section 4.4.1.

Figure 4.3 below gives an example of such A, B and C and the corresponding
optimal control 7 with b, o, G and g so defined, where the parameters are the same as
those in Example 3.3.3. Note that, since aaz% (t,x)+ aaz% (t+0,x) = 0under (4.5.8), 0
in this case can be any function which satisfies Hypothesis III.

(I) Comparing with the Stochastic Maximum Principle.

For Vy (t,x) = C(t) + A(t)x and V; (t,y) = B (t)y, the conditions required in
Theorem 4.5.1 are satisfied. Then, applying Theorem 4.5.1 and setting t = 0, we see
that the pair (P, Hp) defined by

P(t)y=—(A(t)+B(t+9)),
te0,T],
H P (t) = O,
satisfies the adjoint equation (3.3.20) obtained in Example 3.3.3. Figure 4.4 below gives
an example of such a P and compares it with the numerical result shown in Figure
3.1. Note that, by increasing the accuracy, Figure 4.4 (b) shows a segment part of

this comparsion which indicates that the numerical discrepancy between these two

methods for this case can be narrowed down to any fixed € > 0. ]
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Ewolution of A in [0,T] Evolution of B in [0,T]
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Figure 4.3: Evolution of A, B, C and i1 with parameters T = 10,6 = 0.5, {(t) =t +1
fort € [-4,0],a1 =a3=1,b = —2,c1 = —1land c3 = 3.

4.6 Inclusion of the Exponential Moving Average Delay

Similarly to the extension studied in Section 3.4, we can generalize the results
obtained in the preceding sections of this chapter to take exponential moving average

delays into consideration.

(I) The Control Problem

We continue to work with (Q), F,IP), W and IF = {F (s) }s¢[o,] introduced in Section
4.1.1, and recall the stochastic optimal control problem with both discrete and expo-
nential moving average delays studied in Section 3.4 as follows. For given functions
b:[0,T]xR"xR"xR"xU - R"and ¢ : [0, T] x R" x R" x R" x U — R"*™, let
the F(s)-adapted continuous state process X : Q) x [—J, T] — R" be described by the
controlled SDDE
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Evolutinn of # in [0, T] between TF and SWP Evolution of £ in [0, T] between DF and SWP
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Figure 4.4: Evolution of P respectively obtained by the dynamic programming (DP)
and the stochastic maximum principle (SMP) with parameters T = 10,6 = 0.5, {(t) =
t+1fort e [-6,0],a1 =a3=1,bp =—-2,c1 = —1land c3 = 3.

dX (s) =b(s,X(s),Xa(s),Xs(s),u(s))ds

+0(s,X(s),Xa(s),Xs(s),u(s))dW(s), sel0,T],
0 (4.6.1)
X, (s) :/ﬂse)‘rX(s—kr)dr, A >0,

X(s)=28(s), se[=6,0],

where Cy, 0 and X; are as defined before and the control u is selected from the given
admissible control set U/ as defined in a similar sense to that in (4.2.3). Moreover, for
given functions G : [0,T] x R" x R" x R” x U — Rand g : R” x R" — R, the cost

function J,; is defined by

Jat ) = | [ 65X (5), %, (9), X (), () di 4. (X (D), X, (T))] . 462)

Then, the stochastic optimal control problem with both discrete and exponential moving
average delays, associated with the state system (4.6.1) and the cost function (4.6.2), is
to find @ € U realizing

inf Jq (u). (4.6.3)

ueld

Similarly to Hypotheses III & IV, we make the following two hypotheses to ensure
that, for any ¢p € C([—J,0];R") and u € U, the controlled SDDE (4.6.1) admits a

unique strong solution X" and the cost function J, is integrable.
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Hypothesis* lll. The functions b and ¢ are continuous with respect to (t,u) €
[0, T] x U and are Lipschitz continuous with respect to (x,y,z) € R" x R" x R" with
the Lipschitz constant independent of (¢, u) € [0, T] x U.

Hypothesis* IV. The functions G and g are continuous such that, for any ¢p €

C([-4,0;R") and u € U,
T
B| [ 165X (9), X (5), X¢ (5),(5)) | s
0
+E[|g (X*(T), Xa (T))[] < eo.
To apply dynamic programming, we use a similar argument used for the discrete
delay case to associate the control problem (4.6.3) with a family of control problems with
different starting times and initial paths. That is, for any (¢,¢§) € [0, T] x C([—4,0];R"),

to find @ € U[t, T| realizing

inf T (u:t,8), 464
uelbffl[m]d(“ Z) (4.6.4)

where the state system is given by
AX" (s) = b (s, X" (s), X! (s), XY (s) ,u (s)) ds
o (s, X" (s), X! (s), XL (s), u(s)dW (s), se[,T],  (465)
XU (s)=E(s—t), selt—o1,

and the cost function J,;(u; t, ) is given by

T
Ja 058,0) =B | [ G (5,31 (5), X (5), X (5) 10 (6) oo

T+ [g (X" (T), X2 (T))].
Note that, following the corresponding argument used for the discrete delay case,
X" is equal to X" in law for s € [t, T], where & € U, u = il ) and X" is the strong
solution of the controlled SDDE (4.6.1) with u replaced by 7. Note also that, for any
¢ € C([-6,0; R"), Jaa(1;0,80) = Jaa(u) and

w8 =g (¢0), [ eenar),

which is independent to u. Then, similarly to (4.1.14) and (4.2.7), the corresponding
value function V : [0, T] x C([—4,0]; R") — R is defined by

V(t7)

u

Ei{/r{l[f,ﬂ T (u;t, &), (£E) €[0,T) x C ([=5,0]; R™).
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(1) The Auxiliary HJB Equation
As mentioned in Section 4.1.1, it is generally difficult to apply the classical It

formula to the dynamic programming equation

f
Ve = nt B [ 16X (9, XE (9, X (5)u(5) ds

wv(ix )| vien,

in a similar way to that for Markovian optimal control problems to get the correspond-
ing HJB equation and also, under the hypothesis (4.1.16), the H]B equation (4.1.17)
has a restriction. Thus, similarly to Section 4.3, we investigate a class of the control
problems described by (4.6.3), where the value function V is separable in a similar
sense to that in Definition 4.3.1.

Hereafter, let C>1([0, T] x R"*?) be the space of continuous functions F : [0, T] x

R" x R" — R such that the partial derivatives %—f, aiz(.icv and g—;, fori,j€{1,2,...,n},
i04j i

exist and are continuous.

Definition 4.6.1. The value function V for the stochastic optimal control problem with
both discrete and exponential moving average delays (4.6.3) is called separable if
there are two functions Vy € CY*1([0, T] x R"™?) and V; € C**([0,T] x R"), with

Vi(T,-) =0, such that, for any (t,¢) € [0, T] x C([—46,0];R"),

V(t,¢) =W (t,§ (0), /_0(5 eME(r) dr> + V) (min{t+6,T},(0))

min{t+4,T} oV;
B /t 05

(4.6.7)
(s,(s—0—t))ds.

If V is separable, we call
V(tx,y,z) =V (t,x,y)+ V1 (t2),
an auxiliary function of V.
Similarly to the discrete delay case, we can rewrite (4.6.7) as
Ve =V (LE0), [ FTmane-0) +c,e( 1),

where C (t,¢ (- —t)) is defined by (4.3.3) with respect to V; above and, for a given

separable value function V, the auxiliary function V is uniquely. Furthermore, having
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introduced the auxiliary functions, we can re-express the corresponding limit (4.3.4) in
terms of the auxiliary function in a similar fashion to (4.3.5). This allows us to obtain

the auxiliary HJB equation as follows.

Theorem 4.6.2. Assume that Hypotheses* 111 & 1V holds. Suppose that the value function V for
the stochastic optimal control problem with both discrete and exponential moving average delays
(4.6.3) is separable associated with an auxiliary function V(t,x,y,z) = Vo(t, x,y) + V1(t, z).
Then, V satisfies the second-order PDE:

BV aV() Y
o (t,x,y,2) + <8y (t,x,y), <x —Ay—e z>>
. NV oV 0%V
+J&fjgad (t,x,y,z,u, x (t,x,y) + e (t+6,x), 52 (t,x,y) w6
R 6.
+ aazvzl (t+9,x) ) =0, (txy,z)€l0,T)x R™3
V(T,x,y,2) =W (T,xy) =g(xy), (xy) €R?
where Gyq 1 [0, T] x R" x R" x R" x U x R" x S — R is given by
gad (tl xl y/ Z/ M, p/ h)
(4.6.9)

=G (t,x,y,z,u)+ (b(t,x,y,z,u),p)+ %tr (JO’T (t,x,y,z,u) h) .

The proof of Theorem 4.6.2 uses the essentially same techniques as those in the
proofs of both Lemma 4.3.2 and Theorem 4.3.3. The main difference is that, instead
of (4.3.7), we apply the It6 formula given in [22, Lemma 5.1] to Vy(s, X" (s), X%(s)) for

s € [t, ] to obtain

Vo (6,X% (B), X" (1)) = Vo <t,g(0),/0

eME(r) dr)

:/tt {aazo (s, X" (s), X} (s))+ <a;j) (s, X" (s), X" (s)),b(s)>

+ <aa];0 (s, X" (s), X5 (s)), (X” (s) — AXY (s) — e XY (s) )> (4.6.10)

2
+ 3 (00T () 52 6X0 6), X¢ 5))) }ds

+/tf<aa]io(s,xu(s),XZ(S)),o(s)dW(s)>, vie [t T],

where we have used the shorthand notation b(s) and o (s) defined in a similar manner

to (4.3.8). Note that the third term on the right-hand-side of (4.6.10) leads to the second
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term on the right-hand-side of the first equation of (4.6.8). Note also that if V is
independent of z, corresponding to the case where V) is a function defined on [0, T] and
soC (t,¢ (- —t)) = 0, the value function V reduces to the one which satisfies (4.1.16).
Then, since V; only depends on ¢, the corresponding auxiliary HJB equation (4.6.8)
reduces to (4.1.17) obtained in [22, 23].

(1N Stochastic Verification Theorem
Similarly to Theorem 4.4.1, we have the following stochastic verification technique

for the control problem (4.6.3).

Theorem 4.6.3. Assume that Hypotheses* III & IV hold. Suppose that there exist V €
C21(]0, T] x R™*2) and V1 € CY*([0, T] x R") with V1(T,-) = 0 such that

V(t,xyz)=Vo(t,xy)+V1(t2)

satisfies the auxiliary HJB equation (4.6.8). Then, for any (t,¢) € [0, T] x C([—4,0];R"),

Jo (43,8 >V <t,c<o>, [ e dn@(—&)) LCE( 1),

forall u € U[t, T], where C (t,& (- — t)) is given by (4.3.3) with V; replaced by V1. Moreover,
if there exists a B([0, T] x R"*3)-measurable function ug : [0, T] x R" x R* x R" — U
such that the infimum in (4.6.8) is attained at uy(t,x,y, z) for all (t,x,y,z) € [0, T] x R" X
R"™ x R" in the sense that

oV
gad (t/ X, y/ Z,Ug (tl X, ]// Z) 7 aixo (t/ X, y)

oWy 9%V 92V,
+¥(t+5,x), ox2 (t,x,y) + 022 (t+5,x)>
’ (4.6.11)
=inf G, t, x zuM(tx)
_MGU ad ’ /y/ a4 ax ’ /y
oV 92V 02V,
+¥(t+5,x),ﬁ(t,x,y)‘}_?(t—i—é,x) 7

where G4 is defined by (4.6.9), then the control i, defined by

i(s)=up(s,X(s),Xa(s),Xs(s)), VseltT], (4.6.12)

is an optimal control of (4.6.4), where X denotes the strong solution of the controlled SDDE

(4.6.5) with uin b(s, x,y,z,u) and o (s, x,y,z,u) replaced by uy.
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Similarly to Corollary 4.4.2, the above theorem also illustrates that if the auxiliary
HJB equation (4.6.8) admits a solution V (¢, x,y,z) = Vo (t,x,y) + V1 (t,z) and if u
attains the infimum in (4.6.8) in the sense of (4.6.11), then ¥ must coincide with the
auxiliary function of the value function for the control problem (4.6.3).

The following example demonstrates how to use Theorem 4.6.3 to find an optimal
control. Note that this control problem cannot be solved using the HJB equation
(4.1.17) obtained in [22, 23]. In fact, as o below depends on z corresponding to X, the

conditions given in [23, Theorem 5.1] cannot be applied to this problem.

Example 4.6.4. As before, we set m = n = r = 1. Suppose that U = R and U = LL%;

that b and ¢ in (4.6.5) are given by
b(s,x,y,z,u) =a1x+c1u,

1
o(s,x,y,z,u) = (a2x2 +byz? + p)*,

which are same as those in (4.4.10); that G and g in (4.6.6) are given by

1
G (s,%,y,2,u) = 5 (csu + asx + bsz*) + fay,

g(xy) = %a4x2 +asx + fay,
where ay,a3,a3,a4,by,b3,c1,c3, p are as given in Section 4.4.1 and as, f3, f4 are given
constants. By the technique used in part (I) of Section 4.4.1, we see that Hypotheses* III
& IV are satisfied.

It follows from (4.6.8) that the auxiliary HJB equation for this control problem is

given by
( aV YY) aVO
g(t,x,y,z)+(x—/\y—e z)ay(t,x,y)
. 1 %) V1
=+ ulgllfj {2 (C3u2 + a3x2 + b322) +f3]/ + (ax (t, x,y) + g (t + §,x)> (alx + C1u)

1 aZVO 82V] 2 2
+ E <ax2 (t,x,y) + TZZ (t+§/x)> (HZX +b22 + p) } = 0/

(t,x,y,z) €[0,T) x RS,

1
V(T,x,y,z) =V (T,x,y) = §a4x2 +asx + fay, (x,y) € R,
(4.6.13)

Adapting the technique used in part (II) of Section 4.4.1, we suppose that a solu-

tion V (t,x,y,2z) = Vo (t,x,y) + V1 (t,z) of the above auxiliary HJB equation can be
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expressed in the form

1
Vo (t,x) = EAl () x>+ Ay () x+B(H)y+D(t),

1 (4.6.14)

Vi(ty) = §C1 (1) 22+ Ca (1) 2,

where Ay, Ay, B, C1, C; and D are R-valued continuously differentiable functions on
[0, T] needing to be determined with C;(T) = 0 for i = 1,2. As before, for simplicity
of notation, we extend the domain of C; to [0, T + 4] by defining C;(t) = 0 for t > T.
Now, substituting (4.6.14) into the auxiliary HJB equation (4.6.13) and then, following
the argument used in part (II) of Section 4.4.1 for deriving (4.4.15), we obtain that an

optimal control described by

7(5) == (A1 (5) +Ci (s +) X ()

_%(A2(5)+C2(s+(5)), Vs € [t,T],

where X is the strong solution of the controlled SDDE (4.6.5) with respect to i as
specified in Theorem 4.6.3. Following the argument used at the end of part (II) of
~ , _ 22 .
Section4.4.1, 7 € U[t, T| = L% ([t, T|; R).
Similarly to Theorem 4.4.3, we obtain that if A1, Ay, B, C; and C; are solved by the

systems of ODEs
dA ?
o =LAt +Ci(t+0)?
— (2611 —|—El2) (Al (t) + Cl (i’ + 5)) — as, te [0, T] ’
Al (T) = dy4,

dcﬁz (1) = i (A1 (£) +Cr (£ +0)) (A2 () + C2 (£ +6))

—ay (A (1) +Co(t+0)) —B(t), te€][0,T],

Ay (T) = as,
f?]f(ﬂzw(t)—fa, teo,T],
B(T) = fa,
dc,
(= (A +Ci(t+8)ba~bs, te[0,T],

Cl(t)zo, tE[T,T+5],
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and if

D(t) = ;/tT{(Al (s) +C1 (s+5))p—i(A2 (s) +C (s+(5))}ds, Vit e [0,T],

then V (t, x,y, z) described by (4.6.14) is a solution of the auxiliary HJB equation (4.6.13).
Figures 4.5 & 4.6 below give an example of such Ay, A3, B, C1, C; and D and the corre-
sponding pair (X, i) respectively. O

Evolution of A; in [0,T) Evolution of Az in [0,T] Evolution of B in [0,T]
3 4

4
2 2 2
0 1 0
) 0 -2
] 1 2 ] 1 z2 1] 1 2
Timme ¢ Time ¢ Time ¢
Evolution of & in [0, Evolution of @ in [0,T] Ewolution of B in [0,T]
5] 1 4
]
4 2
-1
2 0
-2
0 3 -2
] 1 2 ] 1 2 ] 1 2
Time ¢ Tirme ¢ Time &

Figure 4.5: Evolution of Ay, Ay, B,C1,C; and D with parameters T = 2, § = 0.2,
C(t)y=t+1fort € [-02,0,A=2,ay =4,ap =1,a3 = —3,a4 = 2,05 = 3,bp = 2,b3 =
—3,C1 = —3,C3 = 3,f3 = 7,f4 = —2and p= 2.

(IV) Connection with the Stochastic Maximum Principle
To explore the connection with the stochastic maximum principle obtained in
Section 3.4, similarly to Hypothesis V, we assume the following hypothesis holds in

what follows of this section.

Hypothesis* V. The functions b, ¢ and G are continuously differentiable with re-
spect to (x,y,z) € R"™3; the function g is continuously differentiable with respect to

(x,y) € R"™2;and U = R".
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Evolution of X and & in [0, T)

Time ¢

Figure 4.6: Evolution of X and # with parameters T = 2,6 = 0.2, &(¢t) = t+ 1 for
t € [-02,0,A=2,a =4,ap =1,a3 = —3,a4 = 2,a5 = 3,bp = 2,b3 = —=3,c; =
—3,c3=3,f3=7,fa=—-2and p = 2.

Let C33([0, T] x R"*2) be the space of continuous functions F : [0, T] x R" x R" —

. . . 3V, 92V, 9V, 9V *Vy *Vy
R such that the partial derivatives 3ax;” Axdy;’ ydy; Ay’ ILIx 0y and T, 0% for

i,j,k€{1,2,...,n}, exist and are continuous.

Theorem 4.6.5. Assume that Hypotheses* 111, IV & V hold. Suppose that there are V, €
C133([0, T] x R"™?2) and V; € CY3([0, T] x R") with V(T,-) = Osuch that V (t,x,y,z) =
Vo (t,x,y) + V1 (t,z) is a solution of the auxiliary HJB equation (4.6.8). Suppose further that
the infimum of (4.6.8) is at a B([0, T] x R"*3)-measurable function ug in the sense of (4.6.11).
Let i1 be the optimal control defined by (4.6.12) and X be the strong solution of (4.6.5) with u in
b(s,x,y,z,u)and o (s, x,y,z,u) replaced by ug. Then, forany (t,&) € [0, T] x C([—4,0];R"),
(P, Hp) and (P, Hp.) are respectively defined by

D (s) = — {?;? (s,X(s),Xa(s))+ ?:ll (s—i—é,)_((s))},
.. n 2y, 2y,
H) (s) = -X {a‘iggk (s, X (s)) + aazi:;k (s+6,X(s), X (s))}
x 0% (s, X (s), Xq (s), X5 (s), 1 (s)),
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and

92V . ) ) ) ) ]
_ )» ayiaik (s,X(s),Xa(s))oxj (s, X (s),Xa(s),X;(s),i(s)),

Hga (s) =
fors € [t,T), wherei € {1,2,...,n}and j € {1,2,...,m}, satisfy
( 5] a,}:[ad a?:[ad
P (s) =~ { Tt () + | T2 (5 0) g (9)| 7 5)] s

+Hp (s)dW (s), se€|[tT],

\ ox
dpP® (s) = —az;{;d (s)ds+ Hpa (s)dW (s), seltT],
. B ag _ _
(T) = =5, X(T).Y(T)
where the Hamiltonian H .4 is given by (3.4.9); and
oH, oH, . . . _ _ _
2 (5) = 527 (5, X (), Ka (), X5 (), (5), P (5), P (), Hp (5), Hps (5))

and similarly for the partial derivatives % (s+6) and a?—y“d (s);

4.6.1 Discussion

The novelty of Theorem 4.6.3 is that we do not require the solution of the auxiliary
HJB equation to be independent of z although V does. In particular, this allows us to

improve the results in [22, 23, 41].

To show this, we consider the following simple stochastic optimal control problem
with both discrete and exponential moving average delays. Note that this control
problem usually cannot be solved using the HJB equation (4.1.17) unless the parameters
satisfy certain conditions (specified below). For simplicity, we set m =n =r =1 and

suppose that U = Rand U/ = ]L%_g ; that b in (4.6.5) is given by
b(s,x,y,z,u) =amx+ fiy + bz +ciy;

that o (s, x,y,z,u) in (4.6.5) is a function satisfying Hypothesis* II]; and that G and g in

(4.6.6) are given by

G(s,x,y,z,u) = csu?/2 and g (x,y) = azx + fay,
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where a1, a3, b1, c1,c3, f1 and f3 are as given in Example 3.4.3. By the argument used in

Example 3.4.3, we see that Hypotheses* III & IV are satisfied for this problem.

(I) Using the HJB equation (4.1.17)
Similarly to Example 4.6.4, since ¢ depends on z and u, the conditions given in [23,
Theorem 5.1] cannot be applied here. If o (s, x,y,z,u) = axx + foy, where a, and f, are

given constants, then [23, Theorem 5.1] gives that if
f3€_)us = blﬂg, fz = E)usﬂ]bl and E_A‘sfl — )\bl = ﬂ]bl + b%e”, (4615)

the corresponding HJB equation admits a solution V (£, x,y). Note that b; in (4.6.15)
must be nonzero otherwise the model is Markovian. On the other hand, by the tech-

nique used in [41, page 27], V (¢, x,y) has the form
V(tx,y) =Pt)x+Q(tH)y+R(t), (4.6.16)

where P and Q satisfy the system of ODEs:

(O =-aP()-Q(), teoT],
(4.6.17)
P(T) = a3,
”;? () =-AA()+AQ(H), te[0,T],
(4.6.18)
Q(T) = fs;
and
T 2
R(t) = — t ﬁPz (s)ds, Vtel0,T].

In particular, since V(t, x, y) described by (4.6.16) is required to be independent of z, P
and Q need to satisfy
e MQ(t) =bP(t), Yte|0,T].

Consequently, as noted in [41, Theorem 4.2], the parameters in the model satisfy

—Ad
f3€—/\5 = bz, b #0 and ebifl — A =ay + be?, (4.6.19)
1

which are less restrictive than those in (4.6.15), and the corresponding optimal control

is expressed by

06 BN, e,
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(1) Using the Auxiliary HJB equation (4.6.8)

Adapting the techniques used in part (I) of Example 4.5.2 and Example 4.6.4, we
see that V (t,x,y,z) = Vo (t,x,y) + V1 (t,z) with V (t,x,y) = A(t)x+ B (t)y + D (t)
and V; (t,z) = C (t) z is a solution of the auxiliary HJB equation (4.6.8) with b, o, G and
g so defined, where A, B and C satisfy the system of ODEs:

%‘(t) =—(A(t)+C(t+6))a —B(t), te€][0,T],

A (T) = a3,

éf(t) = —(A(t)+C(t+06))b+eMB(t), telo,T],

C(T)=0, tel[T,T+0],

Zﬂw:—muﬂcu+Mﬁ+wuytemﬂ,

B(T) = f3;
and where D is obtained by

T o2 5
D@:-[zémgwcg+®wm vt € [0,T].

As for (4.5.10)-(4.5.11), the above system of ODEs always admits a unique solution
(A, B, C) and can be solved numerically by the backward induction algorithm described
in part (IV) of Section 4.4.1. Then, applying Theorem 4.6.3, the corresponding optimal
control 7, specified by (4.6.12), is

m@:—%@u@+cg+®y Vs e [t 1],

In particular, if the parameters in the model satisfy (4.6.19), then we see that the above
system of ODEs recover (4.6.17)-(4.6.18), so that A(t) = P(t), B(t) = Q(t), C(t) =0
and D(t) = R(t) for t € [0, T|. Therefore, our results improve those in [22, 23, 41] for

this problem.
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CHAPTER 5

CONCLUSION

This thesis resolves some restrictions in using both the stochastic maximum princi-
ple and dynamic programming for stochastic optimal control problems with discrete
delay and those with both discrete and exponential moving average delays where
we have applied the conjugate duality method for deriving the stochastic maximum

principle instead of pure stochastic calculus.

We first study a stochastic convex problem with delay referred to as the primary
problem and then obtain the expression for the corresponding dual problem. This
generalizes the results obtained in [2, 44] into the stochastic case with delay. Moreover,
using the conjugate duality method, we get the conditions for optimality for these
problems which, by linking stochastic optimal control problem with delay with a par-
ticular type of convex problem, allows us to derive the stochastic maximum principle.
In particular, the corresponding adjoint equations and Hamiltonian are derived instead
of introduced. Furthermore, if the stochastic optimal control problem involves both
the types of delay and is jump-free, the stochastic maximum principle obtained in this
thesis improves those obtained in [29, 30]. More importantly, our approach of using the
conjugate duality method unifies the Hamiltonian and the associated adjoint equations
involved in the stochastic maximum principle for stochastic optimal control problems
with either just discrete delay or with both discrete and exponential moving average
delays: those for the former are a special case for the latter. The results in this part of

the thesis are going to appear in the journal of Advances in Applied Probability.

On the other hand, we adapt the technique used in [19, Chapter 3] to the stochastic
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context which enables us to consider a class of stochastic optimal control problems
with delay, where the value functions are separable that they can be expressed in terms
of auxiliary functions. This enables us to obtain the auxiliary HJB equation which
plays a similar role in the framework of dynamic programming as the classical HJB
equation does in the Markovian case. In particular, if both the types of delay are
involved, our auxiliary HJB equations generalize the HJB equations obtained in [22, 23]
and our verification theorem improves the stochastic verification theorem there. Note
that our approach of introducing the auxiliary function not only unifies the auxiliary
HJB equations involved in the dynamic programming for stochastic optimal control
problems with either just discrete delay or with both discrete and exponential moving
average delays, but also has certain connections to our stochastic maximum principles.

This work has been submitted to SIAM Journal on Control and Optimization.

5.1 Future Research

Although this thesis only considers the stochastic optimal control problems where
the model depends on the delayed term of state processes, it is straightforward to
generalize our results to the case where the model also depends on the delayed terms
of controls. Now, we introduce the following future directions which are much more

challenging to investigate.

Restrictions for Using Auxiliary HJB Equations

As discussed in Section 4.6.1, we do require V) to be independent of z when we
consider the stochastic optimal control problem with both discrete and exponential
moving average delays. This still causes certain restrictions for using the corresponding
auxiliary HJB equation in applications. Hence, we wonder whether there exists a way

to resolve this requirement.

PDEs Versus Anticipated BSDEs

It can be seen from Theorem 4.5.1 that the linear anticipated BSDE with respect
to (P, Hp) corresponding to the adjoint equation can be solved by the solution of the
PDE corresponding to the auxiliary HJB equation. On the other hand, the general (i.e.

nonlinear) classical BSDEs can be solved by the solution of a second-order PDE which
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is known as the Feynman-Kac formula (see [18, Proposition 4.3]). This plays a crucial
role in obtaining numerical solutions of classical BSDEs (see [11]). Hence, we wonder
whether there exists a type of PDE which can be connected to general anticipated
BSDEs which, more importantly, will motivate us to investigate the corresponding
numerical techniques for solving anticipated BSDEs. This has not been studied in the
academic literature.
Stochastic Recursive Optimal Controls with Delay

Shi, Xu and Zhang in [42] study the stochastic recursive optimal control problems
with both discrete and exponential moving average delays by both the stochastic
maximum principle and dynamic programming. In addition to the state process X
satisfying the controlled SDDE (4.6.1), the recursive case involves a pair of stochastic

processes (Y, Z) which is described by the controlled BSDE
—dY (t) =G (t, X (t), X (t),Xs(t),Y (), Z(t),u(t))dt
—Z(t)dW (t), te][0,T],
Y(T) = g(X(T), Xa(T)),
where G and g are given functions. Then, the aim of the so-called stochastic recursive

optimal control problem with both discrete and exponential moving average delays is

to find a # minimizing the cost function
T
J(u)=-Y(0)=—-E [/ G(tX(t),Xa(t),Xs(t),Y(t),Z(t),u(t))dt
0

+8(X(T), X (T)) |-

As the adjoint equations and the HJB equation in this paper are generalized from [29]
and [23] respectively, they have similar restrictions mentioned before as the classical
control problems with delay do. Thus, we wonder whether our approaches are still
valid in this context.
Stochastic Differential Games with Delay

We may generalize our approaches to study a stochastic differential game with
delay which essentially can be regarded as a control problem with a higher-dimensional
control. After that, it might allow us to concern some applications in finance, such as

risk minimization problems (see [27]).
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