Conditions at infinity for the inhomogeneous filtration equation

Gabriele Grillo*, Matteo Muratori’ and Fabio Punzo!

Abstract

We investigate existence and uniqueness of solutions to the filtration equation with an
inhomogeneous density in RN (N > 3), approaching at infinity a given continuous datum of
Dirichlet type.

1 Introduction

We provide sufficient conditions for existence and uniqueness of bounded solutions to the
following nonlinear Cauchy problem (given T' > 0):

pdu=A[G(u)] in RY x (0,T] =: Sr
(1.1)
u = U in RY x {0},

where p = p(z) does not depend on ¢. Concerning the density p, the initial condition ug and
the nonlinearity G’ we shall mostly assume the following:

() peC(RY), p>0;
(ii) G e C'(IR), G(0) =0, G'(s) >0 for any s € IR\ {0},
(Hop) G’ decreasing in (—4,0) and increasing in (0, )
if G'(0) =0 (6 > 0), for some ¢ > 0;
(i) uo € L®°(IRN) N C(R").

A typical choice for the function G is G(u) = |u/™ lu for some m > 1. In this case, for
m > 1, the differential equation in problem (1) becomes the inhomogeneous porous media
equation, which arises in various situations of physical interest. We quote, without any claim of
generality, the papers [13], [14], [6], [21], [4], [5], [22], [23], [I6]-[20], [11], [8], [9] as references
on this topic, and the recent monograph [24] as a general reference on the porous media
equation.

As it is well-known, if assumption (Hy) is satisfied, then there exists a bounded solution
of problem () (see, e.g., [14], [7], 21]). Moreover, if N =1 or N =2, and p € L®(R"Y),
then the solution to problem (LT) is unique (see [10]).

When N > 3, we can have uniqueness or nonuniqueness of bounded solutions to problem
(T, in dependence of the behavior at infinity of the density p. In fact, given R > 0, set
Br :={z € R" : |z| < R} and B := R" \ Bg. Suppose that p does not decay too fast at
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infinity, in the sense that there exist R > 0 and pE C([R, 0)) such that p(z) > p(lz]) >0
for all z € B%, with S5 mp(n)dn = oo. Then problem (1)) admits at most one bounded

~

solution (see [16], [20]). A natural choice for p above is p(n) := =% (n € [R,00)) for some
a € (—00,2] and R > 0.

On the contrary if p decays sufficiently fast at infinity, in the sense that T's p € L°(RR"),
where T is the fundamental solution of the Laplace equation in IRY, then nonuniqueness
prevails (see [I6], [20] and also [12] for the linear case, namely G(u) = u). To be specific, for
any function A € Lip [0, 7] with A(0) = 0 there exists a solution u of problem (LI)) such that

1
lim ——— U(x,t) — A(t)|do = 0 1.2
din i [t - a) (12)
uniformly with respect to ¢ € [0, T], where
t
Uz, 1) ::/ Glu(z, 7)) dr Y(zt) € Sr. (1.3)
0

The condition I' x p € L>°(IR™) can be replaced by the following stronger (but more explicit)
condition: there exists R > 0 and p € C([R, 00)) such that p(z) < p(|z|) for all 2 € B, with
f;o np(n)dn < oo. Then, instead of (L2), we can impose that

lim |U(z,t) — A(t)] =0 (1.4)

|z|— 00

uniformly with respect to ¢ € [0,7T] (which clearly implies (I.2)), with U defined in (I3]). A
natural choice for 7 as above is p(n) :=n~% (n € [R, o)) for some a € (2,00] and R > 0.

Observe that equalities (L.2) and (L4 can be also regarded as nonhomogeneous Dirichlet
conditions at infinity in a suitable integral sense. From this point of view, it seems natural
to study whether imposing conditions at infinity in a pointwise sense that resembles more
closely the usual Dirichlet boundary conditions restores existence and uniqueness of solutions.
In fact, up to now, it was only known that there exists at most one solution u € L*(Sr)
to problem (L)) satisfying condition (L2)) or (I4]) either when G(u) = u (see the important
results obtained, in such linear case, in [12]) or when uy > 0 and A = 0 (see [7]). However,
the methods used to obtain the mentioned uniqueness results did not work for general G and
A.

In this paper we shall then address existence and uniqueness of bounded solutions to prob-
lem (L) satisfying at infinity suitable nonhomogeneous Dirichlet conditions in a pointwise
sense. More precisely, at first we shall prove that if p decays sufficiently fast at infinity, the
diffusion is non-degenerate in an appropriate sense, ug € C(IR") and lim| g o0 uo() exists
and is finite then for any a € C([0,T]) with

a(0) = lim wo(z) (1.5)

|| =00
there exists a bounded solution u to problem (1) satisfying

lim w(z,t) = a(t) uniformly for ¢ € [0,T] (1.6)

|z|— o0

(see Theorem [Z2]). Furthermore, we can remove the assumption of nondegeneracy of the
diffusion for suitable classes of initial data uy and conditions at infinity a. Indeed if ag :=
lim| ;o0 uo(7) exists and is finite and (Hp) holds true, then there exists a bounded solution
to problem ([I)) such that

lim wu(z,t) =ag uniformly for t € [0,T] (1.7)

|| =00



(see Theorem 2.3 and Remark 2.4)).

Moreover, if (Hy) holds true and p decays sufficiently fast at infinity, then there exists a
bounded solution u to problem (1)) satisfying (L) for any a € C([0,T]) with a > 0 in [0, 7],
provided ug complies with (L5) (see Theorem 2.5).

Let us explain that in [I6], generalizing arguments used in [12], the prescription of con-
ditions ([L2) for solutions to (LI)) is made by constructing suitable barriers at infinity, that
are sub— or supersolutions to appropriate associated linear elliptic problems. Instead, in the
present case to impose at infinity Dirichlet conditions in a pointwise sense we will construct,
in a neighborhood of each ¢ty > 0, suitable time-dependent barriers at infinity, that are sub—
or supersolutions to proper associated nonlinear parabolic problems.

Actually, in the existence results, hypothesis (L5 can be removed, upon requiring that
the Dirichlet condition at infinity is attained uniformly for ¢ € [r, T}, for any 0 < 7 < T (see
Remark 26) and, in the degenerate case, a further technical condition holds.

Finally, we shall prove that the weaker condition

lim wu(z,t) =a(t) Vtel[0,T) (1.8)

|z|— 00

implies uniqueness for general G satisfying (Ho)(éi), bounded p and a € C([0,T]) (see Theorem
28). Arguments used in proving uniqueness are modeled after those in [I] (where p =1, N =
1) and [10] (where N = 2), for cases in which uniqueness was proved in the class of solutions
not satisfying additional conditions at infinity. Although this is not our case, we use an
analogous strategy, combined with the fact that solutions attain a datum at infinity in a
pointwise sense. This permits to conclude.

We thank the referees for their careful reading of the original version of this manuscript. In
particular we thank one of them for pointing out that our arguments could be modified to
yield the conclusions discussed in Remark 2.6, the other one for some suggestions that have
improved the presentation.

2 Existence and uniqueness results
Solutions, sub- and supersolutions to problem ([LI]) are always meant in the following sense.

Definition 2.1 By a solution to problem (LIl) we mean a function uw € C(St) N L*(St)
such that

/T/ {pud + Gu) Ay} dadt :/ p [u(z, 7)¢(z, 7) — uo(z)y(z,0)] do
0o Jou Q

+ /O /a N G(u)(Vep, v) dodt

for any bounded open set Q; C IRYN with smooth boundary 90, T € (0,T], ¥ € C>1 (0 x
[0,7]),% > 0,9 =0 in 9Q; x [0,7]. Here v denotes the outer normal to Qq and (-,-) the scalar
product in RN .

Supersolutions (subsolutions) to (L) are defined replacing “ = 7 by “ <7 (“ > 7,

respectively) in 2.1]).

These kind of solutions are sometimes referred to as very weak solutions. Observe that,
according to Definition 211 solutions to problem (IIl) we deal with are in Sp.

(2.1)

2.1 Existence

In the case of nondegenerate nonlinearities, we have the following result.



Theorem 2.2 Let N > 3. Assume that p € C(IRY), p > 0, G € C'(IR) with G(0) = 0,
G'(s) > ag > 0 for any s € R and up € C(IRY) with lim,|_,« uo(z) existing and being finite.
Assume also that there ezist R > 0 and p € C([R, 0)) such that p(z) < p(|z|) for any z € B,

with (7 np(n) dn < oo.
Finally, let a € C([0,T]) and suppose that

a(0) = lm wg(x).

|| =00
Then there exists a solution to problem (LTl such that

lim wu(x,t) =a(t) uniformly for ¢t € [0,7].

|| =00

For appropriate classes of data and possibly degenerate nonlinearities of porous media
type, we shall prove the following results.

Theorem 2.3 Let N > 3. Let assumption (Hy) be satisfied. Suppose that

lim wo(x) = ag (2.2)

|z]—o0
for some ag € IR. Then there exists a solution to problem (LI such that

‘ l‘im u(z,t) = ap uniformly for ¢t € [0,T].
&T|— 00
Remark 2.4 Let assumption (Hy) be satisfied and suppose that p does not decay too fast at
infinity in the sense that there exist R > 0 and p € C([R,00)) such that p(x) > p(|z|) > 0 for
any x € BE, with L%o np(n)dn = oco. Assume also that [2.2)) holds. Then by the uniqueness
result recalled in the Introduction, and by Theorem [Z3, the unique solution to problem (L))
necessarily satisfies

‘ l‘im u(z,t) = ap uniformly for ¢t € [0,T].

Tr|—00
Theorem 2.5 Let N > 3. Let assumption (Hy) be satisfied. Suppose that there exist R>0
and p € C([R,00)) such that p(z) < p(|z|) for any x € B, with J5 mp(n)dn < oco. Let
a € C([0,T1), with a(t) >0 for all t € [0,T]. Assume also that

a(0) = lm wg(x).

|| =00
Then there exists a solution to problem (LTl such that

| l|irn u(z,t) = a(t) uniformly for ¢ € [0,T].

xr|—0o0

Remark 2.6 (i) In Theorem [2.2, if we do not assume that a(0) = lim|, o uo(x), then
the conclusion remains true, replacing the property lim ;o u(z,t) = a(t) uniformly for
any t € [0,T] by the following:

for any 7 € (0,T), lim wu(z,t)=a(t) uniformly for ¢ € [r,T]. (2.3)

|| =00

(ii) In Theorem [2.3, if we do not assume that a(0) = lim|;| o uo(x), then the conclusion
remains true, provided we replace the property lim| o u(z,t) = a(t) uniformly for any
t €10,T] by @3) and we also require that

I'= inf wo(z), S:= sup a(t), 2G(I) > G(S) (2.4)
z€BE, te(0,¢)



for some Rg,e > 0. Clearly, (Z4)) is technical and is needed to make our proof hold
under more general assumptions. We do not know whether the result is still valid without
assuming it, but notice that (Z4) certainly holds if I is large enough compared to S, so
that possible problems occur only if the initial datum is, in a suitable sense, small at

infinity.

See the end of Section [3] for comments on the minor changes needed in the proof of the
corresponding theorems to obtain statements (i) — (i3).

Remark 2.7 Note that the hypotheses made in Theorem [23 allow to assume as initial data
functions ug which may be nonpositive in some compact subset K C RN .

2.2 Uniqueness

We shall prove the following uniqueness result in the general case of possibly degenerate
nonlinearities.

Theorem 2.8 Let N > 3. Let assumption (Hy) be satisfied, and suppose that a € L*(0,T), p
€ L>®°(IR"). Then there exists at most one solution to problem (L) such that

lim w(z,t) = a(t) for almost every ¢t € (0,T).

|| — o0
From Theorems and 2.8 we deduce the following.

Corollary 2.9 Let N > 3. Let assumption (Hy) be satisfied, and suppose that p € L>°(IR"N).
Then there exists a unique solution to problem (1)) such that

lim w(z,t) =ap uniformly for ¢t € [0, T].

|| =00

Remark 2.10 When (Hy) is satisfied, p belongs to LOO(IRN) and fulfils the assumptions
appearing in Remark then the conclusion of Corollary is in agreement with such
Remark.

As a consequence of Theorems and [Z8 we get

Corollary 2.11 Let N > 3. Let the assumptions of Theorem be satisfied, and suppose
that p € L=(IR™). Then there exists a unique solution to problem (1) such that

lim wu(x,t) = a(t) uniformly for ¢t € [0,T].

|z|— 00

Finally, in the case of nondegenerate nonlinearities, from Theorems and 2.8 we obtain
the following.

Corollary 2.12 Let N > 3. Let the assumptions of Theorem be satisfied, and suppose
that p € L>°(IR™). Then there exists a unique solution to problem (1) such that

lim w(z,t) = a(t) uniformly for ¢t € [0,T].

|z|— 00

3 Existence: proofs

In view of the assumptions on p made in the hypotheses of Theorem 2.2 or 28] there exists a
function V = V(|z|) € C2(BC§) such that

AV < —p in Bf, (3.1)

V(lz]) > 0 VzeBj,



|z| = V(]z|) is nonincreasing,

lim V(z) = 0; (3.2)

|z|— 00

here R > 0 can be assumed to be equal to the one that appears in the hypotheses of Theorem
or 2]

In some of the forthcoming proofs we shall make use of the function G~!, whose domain
D need not coincide with R. As we are dealing with bounded data u (and, by the maximum
principle, with bounded solutions), this makes no problem since one can modify the definition
of G(x) for |z| large so that such a function is a bijection from R to itself, without changing
the evolution of uyg.

Hereafter, for any j € IN, (; will always be a function having the following properties:
Cj S CEO(BJ) with 0 S Cj S 1 and Cj =1in Bj/g.

Proof of Theorem [Z4. Since a € C([0,T]) and G € C'(IR) is increasing, for any ¢, € [0, 7],
o > 0 there exists § = §(o) > 0 such that

G '[G(a(ty)) — o] < a(t) <G '[G(alty)) + o] VtE [tsLs], (3.3)

where t;5 := max{tyo — d,0} and &5 := min{to + d,T}. Moreover, in view of the assumptions on
ug, for any o > 0 there exists R = R(c) > R such that

G '[G(a(0)) — 0] < uo(z) < G7[G(a(0)) +0] Vz € B§. (3.4)

For any j € IN, let u; € C(B; x [0,T]) be the unique solution (see, e.g., [I5]) to the problem
pOu=A[G(u)] in B;x (0,T)

u = a(t) on 9B; x (0,T) (3.5)
u = ug,; in B; x {0},

where o
Ug,5 = CJ’UJQ—F(l—CJ)a(O) in Bj.

By comparison principles,
luj| < K := max{||ug|loo, [|@]lc} in Bj x (0,T). (3.6)

It is a matter of usual compactness arguments (see, e.g., [I5]) to show that there exists a
subsequence {uj, } C {u;} which converges, as k — oo, locally uniformly in R™ x (0,T) to a
solution u to problem (I)).

Hence, it remains to prove that

lim wu(z,t) = a(t) uniformly for ¢ € [0,7].

2] =00
To this end, let tp € [0,T]. Define
w(a,t) =G [ = MV(z) — o+ Glalto)) — At — t0)*] V(x,t) € BG x (L5,15)
where M > 0 and A > 0 are constants to be chosen later. By the assumptions and (B1]),

2X(t —to)

p(%)atﬂ — A[G(M)] = —p(ZC) G’ (w)

+ MAV < p(x) (2—)\6—M> <0 (3.7)

Qg

in B x (t5,T5)

6



providing that

M 220 (3.8)
0

For any j € IN, 7 > R, let -
NRJ' I:Bj\BR,

R being as in [34). We have

w(z,t) < —K V(x,t) € 0Bgr x (L5, ts) (3.9)
provided
G(lalls) = G(=K)
> .
> S (310)
Furthermore,
w(z,t) <G G(alty)) — o] V(z,t) € OB; x (Ls,1s). (3.11)
When t5 = 0 there holds
w(z,t) <G G(alty)) — o] V(z,t) € Nrj x {ts5}, (3.12)
whereas when t; > 0 we have
w(z,t) < G 'G(alty)) — A0°] < —K  V(z,t) € Ngj x {t5} (3.13)
provided

52

Suppose that conditions B.8)), (BI0) and BI4) are satisfied. Hence, from B1) and (B.9)-
BI3) we infer that w is a subsolution to the problem

patu = A[G(u)] n NR)j X @5,%5)
uw=—-K on B X (ts,1s)
(3.15)
u = G7'[G(a(ty)) — o] on OB; x (ts,15)
u=—-K in Ngj x {ts}
when t5; > 0, whereas it is a subsolution to the problem
patu = A[G(u)] n NR)j X @5,%5)
u=—-K on dBp x (t5,t5)
(3.16)

u = G7[G(a(ty)) — o] on dB; x (t5,t5)

u=G"! [G(a(to)) — U} in NRJ‘ X {ﬁé}

when t5 = 0.

On the other hand, 3), (34) and B.) show that the boundary data for the solutions
to B3) and BI5), BI0) are correctly ordered on each part of the parabolic boundary of
Ng,j % (t5,t5). In particular, we deduce that u; is a supersolution to problem (B.I5]) when
ts > 0, while it is a supersolution to problem (B.I0) when t; = 0. Therefore, by comparison
principles,

w < U in NR)j X (ﬁé,f(;). (317)



Now let us define
W(x,t) = G [MV(2) + 0 + G(alty)) + At — t0)*] V(x,t) € B x (Ls, 1) ,

with

_ 2\ G(K) — G(—|all«)
MZmaX{a—O, V(R) }7

and

G(K) — G(—lall=)

52 '
By arguments analogous to those used above, we can infer that w is a supersolution to the
problem

A >

patu = A[G(u)] n NRJ‘ X (L;,f(;)
u=K on B X (ts,1s)
(3.18)
u = G7'[G(a(ty)) + o] on OB; x (t5,15)
u =K in NRJ' X {L;}
when t5; > 0, whereas it is a supersolution to the problem
patu = A[G(u)] n NR)j X @5,%5)
uw=K on B X (ts,1s)
(3.19)
u = G7'[G(a(ty)) + o] on OB; x (t5,15)
u =G ' [G(alto)) + 0] inNg;x {t;}

when t5 = 0.
As before, from [B33), (34) and (3:6]) we deduce that u; is a subsolution to problem (B.I])
when t5 > 0, while it is a subsolution to problem ([BI9) when ¢; = 0. By comparison principles,

uj <W in Ng; % (ts,ts) - (3.20)
From TI7) and (20) with j = ji, sending k¥ — oo, we then obtain
w<u<w in Bf X (tss)- (3.21)
By (B21) and ([B.2]) we get that for |z| large enough, independently of to € [0,T], there holds
G '[G(a(ty)) — 20] < u(z,to) < G '[G(a(to)) + 20] .
In order to complete the proof one just lets o — 0. g

Proof of Theorem [2.3. As in the proof of the previous result note that, thanks to ([2.2]), for
any o > 0 there exists R = R(o) > 0 such that

G '[G(ag) — 0] <uo(z) < G [G(ag) + 0] Vz € Bf.

In view of assumption (Hy), by standard results (see, e.g., [1]), for any j € IN there exists
a unique solution u; to the problem

pOwu=A[G(u)] in B;jx(0,7T)
u = aop on dB; x (0,T)

U = ug,;j in Fj X {0},



where B
ug,j := Cjuo+ (1 —¢j)ap in Bj.

Note that, by the results of [3], u; € C(B; x [0,T]). By comparison principles,
luj| < K := max{||uo||oo, |ao|} in B; x(0,T).

By usual compactness techniques (one can use [2 Lemma 5.2] and a diagonal argument),
there exists a subsequence {uj, } C {u;} which converges, as k — oo, locally uniformly in
RY x (0,T) to a solution u to problem (L))

Let
D(z) =T(jz|) := |z*Y vVoze RY\{0}.
Clearly,
AT' = 0 in R™\ {0},
I >0 in R\ {0},
lim T(|z]) = 0. (3.22)
|| =00
Define .
W(z) =G '[MT(z) + 0+ Glag)] Vae RV \ {0},
where GUK) — Glao)
_ — ao
> —I. .
M= S (3.23)
Then
A[GW)] =0 in RV \{0}. (3.24)
In view of (B:23) there holds .
W(x)> K Ve 0Bg. (3.25)
Furthermore, we have L
W(I) >ag Vre 8BJ (326)
and
W(z) > G '[G(ag) + 0] Vz€Ngj. (3.27)
From ([B.24)-@.27) it follows that W is a supersolution to the problem
pOu = A[G(u)] in Ng; x (0,T)
u=K on 0Bg x (0,T)
(3.28)
u = ag on 0B; x (0,T)
u =G '[G(ap) + 0] inNpgj;x{0}.

On the other hand, u; is a subsolution to problem (B3.28). Hence, by comparison principles,
u; <W in Ng; x (0,T). (3.29)
Now let us define
W(z):=G'[— MI(z) — 0 + G(ag)] Vz e RY\{0},
where
Glao) = G(—K)

M= R

9



By arguments similar to those used above we can infer that W is a subsolution to the problem

pOu=A[G(u)] in Ng; x (0,T)
u=—-K on 0Br x (0,7
(3.30)
u = agp on 0B; x (0,T)
u=G"! [G(ao) —U} in NR)]‘ X {0}

On the other side, u; is a supersolution to problem (3:30). Hence, by comparison principles,
W <w; in Ng,;x(0,T). (3.31)

From [329) and B.31) with j = j, sending k — co, we obtain
W<u<W in B%x(0,T). (3.32)

Letting |z| — oo in B32), from [B:22)) we have that for |z| large enough, independently of
t € [0, T, there holds

G '[G(ao) — 20] < u(z,t) < G [G(ag) + 20] .
The proof is completed by letting o — 0. O

In order to prove Theorem we need some intermediate results.

Lemma 3.1 Let N > 3. For any o, R, M > 0 there exists a subsolution u, to the equation
—A[G(u)] = 0 in RN which is bounded, continuous, radial, nondecreasing as a function of
|z|, satisfies im 3| 400 uo(x) = a and is equal to —M in Bpg.

Proof. Define

Uo(z) == G(a) — b

2] Ve e B,

where 0 < e <7y := m It is easily seen that (N > 3)
—AUy(z) <0 Ve BS.
Then Ty := G~*(Up) is a subsolution to —A[G(u)] = 0 in BE. Consider the function
Up := max {ﬂo, —M} in BS.

Since wg solves —A[G(up)] < 0in BE, from Kato’s inequality we deduce that 2 is a subsolution
to —A[G(u)] = 0 in IRY \ B.. Now observe that g = —M in B, \ B, so that the function

ao in Bg
Uy =
—M in B.

is a subsolution to —A[G(u)] = 0 in R™. The fact that u, is bounded, continuous, radial,
nondecreasing as a function of |z| and satisfies the limit property at infinity is clear by con-
struction. The constant condition in Bg is achieved by choosing 8 = R (G(a) — G(—M)).
O

10



Lemma 3.2 Suppose that, besides the assumptions of Theorem [2.0, there exists a function
ug having the properties stated in Lemmal31] and such that, for a suitable e > 0 small enough,

uo(x) > ug(z) Voe RN,

lim uy(Jz]) = min a(t) —e > 0. (3.33)

|z]—o00 te[0,T]

Moreover assume that, for the same ¢ given above,

2G < min_a(t) — 5) > G(llallso) - (3.34)

t€[0,T]
Then there exists a solution to problem (L)) satisfying condition (L6l).

Proof. First we repeat the proof of Theorem up to the construction of the sequence {u;},
keeping the same notation. Note that, as in Theorem 2.3] when we allow for a degenerate
nonlinearity G, in view of hypothesis (Hy) existence of solutions to problem (B3] is due to
standard results (see, e.g., [1]). Again, by the results of [3], u; € C(B; x [0,T]).
Then notice that, by the assumptions on u,, 33), 334) and (Hp), we can find 8 > 0
and R > R such that for all R > R
ﬂ <o (R) s

2G (W (R)) = G(8) — G(llall) > 0. (3.35)

Still from the assumptions on u, we deduce that it is a subsolution to problem (B.35]). By
comparison principles we have

QO(|‘T|) < ’LLj(I,t) <K V(:E,t) € Bj X (OaT)a

where K is as in (3.6). Hence, by the monotonicity of uy,

ug(R) < uj(z,t) <K V(x,t) € Np; x (0,T). (3.36)

Let
= min G’ . 3.37
7= min (3.37)

Given o > 0, in view of (32) we can fix R = R(c) > R in (34) so large that in B3) we are
allowed to set

o= ZV(R). (3.38)

Note that 8 and ~ are independent of R and ¢§. Let ¢y € [0, T]. Define

Glalto) =~ Gup(R)) . 205

A= 5 M= (3.39)
From (335), 338)) and [B.39)) it follows that
~ MV(R) — o+ G(a(ty)) — A6* > G(B) (3.41)

for o > 0 small enough.
Now define

w(z,t) == G [ = MV(2) — 0+ Glalto)) — At —t0)?] V(z,t) € B x (ts,15).
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Since |z| — V(|x|) is nonincreasing, by (3.41])

w(x,t) > B V(x,t) € Npj X (t5,15) - (3.42)
Also, from (Hy)(i1), Bd), 342), G310 and B39)
_ o 22— t0) (229 )
o) - AGw] = o) 2 v <o) (B -yr) 0 ey
in B% X (L;,i;).
By B.40), )
w(z,t) <ug(R) Y(z,t) € 0BRr X (L5,15) - (3.44)
Furthermore,
w(z,t) <G G(alty)) — o] V(z,t) € OB; x (Ls,1s). (3.45)
When t5; = 0 there holds
w(z,t) < G G(alty)) — o] V(z,t) € N x {ts5}, (3.46)

whereas when t5 > 0 we have
w(z,t) < G [Gla(to)) = A0°] =ug(R) V(w,t) € Nrj x {ts}; (3.47)

here (8339) has been used.
From (343)-(B.47) we infer that w is a subsolution to the problem

pou = A[G(u)] in NR)j X @57¥5)
u = HO(R) on 0BR x (L;,E[;)
(3.48)
u = G7'[G(a(ty)) — o] on OB; x (t5,t5)
u = uy(R) in Nrj x {ts}
when t5 > 0, whereas it is a subsolution to the problem
patu = A[G(u)] n NR)j X @57¥5)
u = HO(R) on 0BR x (L;,E[;)
(3.49)
u = G7[G(a(ty)) — o] on OB; x (t5,15)
u =G '[G(a(ty)) —o] in Ng; x {ts}

when t5 = 0.

On the other hand, from B.3]), B4) (which, recall, holds true as a consequence of (L3]))
and (3.30) we easily deduce that u; is a supersolution to problem (B.48) when ¢; > 0, while it
is a supersolution to problem ([B:49) when t; = 0. Hence, by comparison principles,

w<wu; in Ng;jX(ts ts)-
Finally, let us define
W(x,t) = G [MV(2) + 0 + G(alty)) + At —t0)*] V(x,t) € B x (Lg,1s) -
By construction,

w > mi t) in B% x (ts,15).
w_tg[lgg]a() in BE X (ts,t5)

12



Choose

7> NG G(K) — G(—|lall=)
Mz {mintem ) VB }
and
T s GUE) = G(—llall)

52
Thanks to arguments analogous to those used above, we can infer that w is a supersolution
to problem (B.I8) when t; > 0, whereas it is a supersolution to problem (3.I9) when t5 = 0.
On the other hand, from B3], (34) and (B.0) we easily deduce that u; is a subsolution to
problem (3I8) when t5 > 0, while it is a subsolution to problem (3I9) when t5 = 0. As in the
proof of Theorem 23] by means of a compactness argument which makes use of [2, Lemma
5.2] and a diagonal procedure we deduce that there exists a subsequence {u;, } C {u;} which
converges, as k — 0o, locally uniformly in R™ x (0,T) to a solution u to problem (LI). We
then conclude arguing as in the final part of the proof of Theorem O

Proof of Theorem[Z3. First consider a datum a(t) at infinity such that, for some ¢ > 0, (B:34)
holds and min;e[o, 77 a(t) — ¢ > 0. Consider then the function u, given in Lemma [3.1] with
the choices a = mins¢[o, 1) a(t) — ¢, R great enough so that ug(x) > minge(o 77 a(t) — ¢ for all
z € B and M = max(0, — inf, c g~ ug(x)). Clearly, under these assumptions, ug(z) > ug(x)
for all z € IRY. Therefore the assertion of Lemma holds true and the theorem is proved
for such af(-).

If there exists no € > 0 such that a(t) fulfils (334) in the time interval [0, T, we can always
find €, 7 > 0 small enough such that

2G ( min  a(s) — 5) > G ( max a(s)> Vi € [0,T).
sE[t,(t+7)AT] sE[t,(t+T)AT]

This is a consequence of the uniform continuity of G(a(t)) and of its strict positivity in [0, 7).
Hence we get existence in the time interval [0,7]. Repeating this procedure starting from
t = 7 we get existence in the time interval [, 27 A T with initial datum u(7) and hence, by
Definition 21T] existence in the time interval [0,27 A T]. A finite number of iterations yields
the claim. O

On Remark[2.6. Note that (i) follows from the same proof of Theorem 2.2 taking ¢y > 0,
and 0 < § < tp in (B3). As for (i), it is enough to observe that ([2.4) permits to repeat the
proof of Theorem 2.8 up to choosing R > Ry and 7 < e.

4 Uniqueness: proofs

Let uq,us be any two solutions to problem (). Define

W if uy(x,t) # ua(a,t)

q(z,t) :=
0 if uy(x,t) = ua(a,t)

for all (z,t) € Sp. Observe that, in view of (Hp)(44), ¢ > 0 in Sy and ¢ € L*°(Sr). Fix
€ (0,T). Consider a sequence {g,} C C°(Sr) such that for every n € IN there hold

1 1 .
F < gn < ||Q||L°°(ST) + ﬁ mn Qn,‘r = By X (057-)

and

—0 asn— 0. (4.1)

ozt
Van

L2(Qn.7)
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For any n € IN, let v,, € C? (@7”) be the unique solution to the backward parabolic problem
Paﬂ/)n + QnAwn =0 in Qn,f

Y =0 on 0B, x (0,7) (4.2)

Y =X in B, x {7},

where y € C(IR"), 0 < x <1 and supp x C B, for some fixed ng € IN.

The following lemma will play a central role in the proof of Theorem 2.8

Lemma 4.1 For every n € IN let 1, € C*(Q,,,) be the unique solution to problem (E2).
Then
0< ¥y <1 in Qnr. (4.3)

Furthermore, there exists a constant C > 0 such that for every n > ng

1\(/;'71 <(Vi,vn) <0 on 0B, x (0,7), (4.4)
n

where v, = vp(0) is the outer normal at o € B, .

Proof. First notice that 1) = 0 is a subsolution, while 1) = 1 is a supersolution to problem
#2), so that by comparison we get (£3). Now, since

Yn=0 in 8B, x (0,7)
for all n € IV, from ([@3)) we deduce that
(Vhn,vp) <0 in 9B, x (0,T). (4.5)

For every n > ng set
E, := B, \ By, -

From (@3] and the fact that supp x C B, we infer that, for all n > ng, the function v, is a
subsolution to problem

POy + @AY, =0 in E, x (0,7)
Y =1 on 9B, x (0,7)
(4.6)
Y =0 on 9B, x (0,7)
P =0 in B, x {r}.
Define o -
~x|cT T —nt
z(x) = N Vo € By,

where C is a positive constant to be chosen. It is easily seen that, for C=C (ng) sufficiently
large, the function z is a supersolution to problem (&6]). Furthermore,

Yo =2 =0 on 9B, x (0,7);
hence,
(2—-N)Cnt=N

<V1/)n, Vn> Z <VZ, Vn> = W on 8Bn X (O,T) (47)
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for all n > ng. From ([@X) and @Z), @4) follows with C := (N — 2)C/(1 — n2~N). This
completes the proof. O

Proof of Theorem[Z8. Let u1, us be two bounded solutions to problem (1)) satisfying

lim wi(z,t) = lm wus(z,t) =a(t) for almost every t € (0,T).

Clearly, by dominated convergence, this implies that for any 7 € (0,7")

R}gr(l)o N 1/ /aBR (u1(z,t)) — G(uz(z,t))| dodt = 0. (4.8)

Put w := uy; — us . By Definition 211

/ pw(z, 7)Y (x, T)dx —/ {pwipr + [G(u1) — G(u2)]A¢ }dxdt
Q1 Q1

/ /8 (un) — G(uz)| (Ve v)dodt

for any 7, 1 and 1 as in Definition 2.1}
Moreover, multiplying the first equation in ([@2) by A, /p and integrating by parts we
obtain (recall that p € L®(IR")), for any n € IN,

/T/ Gn (A% dadt < C (4.10)
0 Bn

for some constant C' > 0 independent of n.
Taking Q1 = By, and ¢ = 1, in (@) we get, for any n € IN,

/ pw(z, T)x da:—/ / q — qn) WA, dxdt — / / w(NV Yy, vy) dodt. (4.11)
B, OB,

We shall prove that both integrals on the right-hand side of inequality (£.I1l) tend to 0 as
n — oco. In fact, from (@1 and [@I0) we have:

(/0 /B (- qﬂ)WA¢ndxdt> i
<C /0 ’ / n

where C = (||u1 |00 + [|u2]s)?-
Moreover, by ([@4) and ([£38), for every n > ng there holds

) (4.12)
qd— Qn

dxdt/ / Qn| A, |Pdxdt — 0 as n — oo,
0 n

G(u2) | (Vi vy )dodt

w(Vibn, vn) dodt‘

OB, OB,

gxggfuwn,m/o /é)Bn\G(ul)—G(uz)\dadt (4.13)

< Jg—l/ / |G(u1) — G(uz)|dodt — 0
n o JoB,

as n — oo. Sending n — oo in ([@IIl), from @I2) and (@I3)) it follows that

/ p(x)x(z)w(z,7)dr =0 (4.14)
RN

15



for any 7 € (0,7) and any x € Cgo(lRN) with 0 < x < 1.
Now fix any compact subset K C IR". Define

1 ifze K and w(z,7) >0,

C(x,7) =

0 elsewhere.

Pick a sequence {x,} C C®(RY), with 0 < x,, < 1, such that x,,(z) — ((z) as n — oo for
any « € IRY. In view of {@I4) we deduce that, for any n € IN,

/ p(x)xn(@)w(z,7)dx =0. (4.15)
RN

Letting n — oo in ([{I5), by dominated convergence we get

/ pl@)w(z,7)dx = 0.
Kn{w(-,7)>0}

Hence w(z,7) < 0 for any = € K. Since the compact subset K ¢ R" and 7 € (0,T) are
arbitrary, we get

w<0 in RN x(0,T),
that is

u <up in RY x (0,7).

Interchanging the role of u; and us we obtain also the opposite inequality, and this completes
the proof. ([
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