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Abstract

Using the higher tame symbol and Kawada and Satake’s Witt vec-
tor method, A. N. Parshin developed class field theory for positive
characteristic higher local fields, defining reciprocity maps separately
for the tamely ramified and wildly ramified cases. We prove reciprocity
laws for these symbols using techniques of Morrow for the Witt symbol
and Romo for the higher tame symbol. We then extend this method of
defining a reciprocity map to the case of positive characteristic local-
global fields associated to points and curves on an algebraic surface

over a finite field.
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Introduction

In the study of class field theory of algebraic curves, the local field associated
to each point on the curve is used to define a ring of adeles for the curve.
This ring provides the domain for a reciprocity map for the global field of
functions of the curve. In this thesis, we extend this approach to the case of
an algebraic surface over a finite field, using reciprocity maps for higher local

fields in analogy with the classical case.

The study of higher local fields was initiated in the 1970s by Y. Ihara, with
further work done by A. N. Parshin in the positive characteristic case and K.
Kato in the general case. We recall the inductive definition: an n-dimensional

local field K is a complete discrete valuation field F' with ring of integers
O :={a € F:vp(a) >0}

and maximal ideal

mp = {a € F:vp(a) > 0}

such that the residue field Op/mp is an (n — 1)-dimensional local field. One-
dimensional local fields are the usual local fields, i.e. finite extensions of Q,
and IF,((¢)), for a prime p. This thesis will concentrate on two-dimensional
local fields, so the field F,((u))((¢)) is a useful example to have in mind for

a reader unfamiliar with higher dimensional number theory.

The class field theory of higher local fields has been extensively studied, with
different methods applied. Kato used cohomological methods to define the
reciprocity map, see [9, Section 5] for an overview or [15], [16] and [17] for
full details. Fesenko provides an explicit version of the class field theory,
as Neukirch (see [29]) did in the classical case - see [9, Section 10] for an

overview or [4] and [5] for full details.

In his papers [33] and [34], Parshin developed a reciprocity map for positive
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characteristic higher local fields by gluing together three separate maps for
unramified, tamely ramified and wildly ramified extensions. The unramified
part of the map is as usual a valuation map associated to the Frobenius
element. See [9] section seven for a review of this theory. In higher class field
theory, the domain of the reciprocity map is a Milnor K-group, in particular
the group K!°P(F) for an n-dimensional local field F. See 1.1 for a definition
of this group. Note that if n = 1, then K'P(F) = F* so this theory is

compatible with the usual one-dimensional theory.

The map for tamely ramified extensions came from the higher tame symbol,
which is a higher dimensional generalisation of the tame symbol,

v(g)
e £
(.9} = (Cypero Lo

for f, g elements of a local field with valuation v. The higher tame symbol
can be viewed as a map with domain the Milnor Ks-group of the local field.
This symbol has been studied extensively, and the reciprocity laws described
below proved using several different methods. In particular for a study of
the tame symbol for an algebraic surface, see the work of Romo, [35], [12],
[36] and [37], Osipov, [30], and Osipov and Zhu, [31]. See section 1.2 for a

definition and discussion of the higher tame symbol.

The map for wildly ramified extensions is the Artin-Schreier-Witt pairing,
which uses Witt vectors to study p-extensions in characteristic p. The method
of using the Witt pairing to define a reciprocity map for wildly ramified
extensions of fields of positive characteristic was first developed by Kawada
and Satake in their paper [21]. They proved the class field theory for local
fields and function fields of positive characteristic. Parshin’s method is a
higher-dimensional generalisation of Kawada and Satake’s method, using K-
groups. See section 1.4 for a full definition of the Witt symbol and associated

local reciprocity map.

We will now provide a brief description of the Witt vectors. Firstly, for a

positive characteristic ring R, the Witt vectors of length m, W,,(R), are
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vectors with m entries from the ring R. Addition and multiplication are
defined co-ordinate wise by polynomials with integral coefficients, depending
only on the characteristic of R. The Witt ring of R is then defined as the
projective limit,

W/(R) = lim W, (R).

For those unfamiliar with Witt vectors, the most important examples of these

rings for our purposes are:
W (Fp) = Z/p™ Z

and

Comparison with the Class Field Theory of an Algebraic

Curve

Before we state the main theorems of the thesis, we recall the classical theory
of the class field theory for an algebraic curve, and compare this to the case

of an algebraic surface.

For the function field k(y) of an algebraic curve y, the adeles are defined as
the restricted product of the completions k(y), at each point =z € y, with
respect to the rings of integers Oy,),. The ideles J, are the multiplicative

group of the adeles.

We then define a reciprocity map
&y : Jy — Gal(k(y)™/k(y))

as the sum of local reciprocity maps ¢y ,,.
The kernel of ¢, is the diagonal embedding of the global field k(y). The
theorem that for all f € k(y),

Sy(f) = buy(f) =0

TEyY

3



is the reciprocity law for the curve y.

Now we briefly outline the theory for an algebraic surface X, making the
comparison with the one-dimensional case outlined above. We refer to the

relevant sections later in the thesis where more information can be found.

Firstly, in analogy with the information provided by a point x on our curve
y, we consider points x on curves y on the surface. As stated above, we can
associate two-dimensional local fields F , to each such pair, which arise as
completions of the function field F' of the surface - compare with k(y), above.

See 1.1 for full details of this process.

Then we define an adelic group, using the Milnor Ks-groups instead of the
multiplicative group. This adelic group is still a restricted product, this time
with respect to “two-dimensional rings of integers” - see 3.1 for the definitions

of these groups.

The reciprocity map for the surface X can be defined as the product of the
local reciprocity maps ¢, ,, in this case the maps defined by Parshin in [33].
The domain is the adelic K-group from the previous paragraph. To find
the kernel, we must prove two reciprocity laws, both of which are found in
chapter 2. Firstly, we fix a curve y and prove a reciprocity law which looks

very like the one-dimensional case: for f € F, we have:

Z Guy(f) =0,

rey

where F), is a field associated to the curve y discussed below and defined fully
in 2.1.

For the second reciprocity law, we first fix a point € X. Then we consider

the curves y passing through the point x, and prove that for f € F}:

Z Guy(f) =0,

Yo



where F), is a ring associated to the point x, discussed below and defined
fully in 2.1.

We will actually prove these reciprocity laws separately for the different parts
of the reciprocity map - the part associated to the Witt pairing, and the part
associated to the higher tame pairing. We will discuss this in more detail in
the ‘Structure’ section below. Chapter two is concerned with proving these

reciprocity laws.

Once the reciprocity laws are proved, as with the one-dimensional case we
then must prove that these diagonal elements are ezactly the kernel of the
reciprocity map. This allows us to define an injective reciprocity map and
provides the full power of Witt and Kummer duality to show it has dense
image in the Galois group. Chapters four and five prove this for the separate

cases of a fixed curve and a fixed point.

Structure

We now discuss the structure of this thesis. Chapter one provides some
preliminary material, firstly defining higher local fields and the K-groups
needed for the reciprocity map. Sections 1.2 and 1.3 then define the local Witt
symbol and higher tame symbol, and section 1.4 states the main theorems

of the higher local class field theory proved by Parshin.

The structure of Chapter 2 is as follows. The first section recalls the rela-
tion of the symbols to Galois theory for a higher local field, and shows how
this can be used to get a map to the absolute abelian Galois group of a
semi-global field. The next two sections use this method to glue together the
symbols in this Galois group, and prove reciprocity laws around a point and
along a curve on the algebraic surface X. The proofs of the reciprocity laws
for the Witt symbol are new, and use a method similar to Morrow’s work
on reciprocity laws for differentials, adapted for our different situation which

also uses methods of Witt, Kawada and Satake. The gluing together of the



symbols in the global situation is also new work, we use Galois theory and
appeal to the one-dimensional case.

When gluing the two symbols together to prove the reciprocity laws, we first
prove separate reciprocity laws for each symbol, then use the homomorphism
to the absolute abelian Galois group to get a reciprocity law for the glued

symbols. This method is used because the higher tame symbol takes values

X

o+ So the reciprocity law is in the form of a

in the multiplicative group F
product, and the Witt symbol takes values in the additive group F, with
reciprocity law in the form of a sum. Hence it is more clear to keep the two
symbols separate outside of the Galois group and combine the reciprocity

laws after applying the reciprocity map.

Chapter three deals with the global situation. It begins by defining an adelic
group associated to the algebraic surface, and its Milnor K-group. In analogy
with the one-dimensional case, this K-group of the adelic group will provide
the domain for the reciprocity map. We then define the global Witt and
higher tame pairings as a sum and product (respectively) of the local pairings,

and prove these are well-defined.

Chapters four and five then study these pairings over two types of ‘semi-
global’ field, which will be discussed below, proving duality theorems which
enable the proof of semi-global versions of Parshin’s higher local class field

theory.

We now introduce the semi-global fields, and then state the main theorems

of chapters four and five.

Our set-up is as follows: let X be an algebraic surface over a finite field k£ of
size ¢, with function field F'. Closed points of the surface will be denoted =,

and curves on the surface by y.

We associate a product of higher local fields to a point x lying on a curve

y on the surface X by a series of completions and localisations of the local



ring ) x,z - see section 1.1. This process is similar to the classical association
of a local field to a point on an algebraic curve. We can then define a
product of semi-global fields associated to a curve y and a product of rings
associated to a point x. Complete definitions can be found at 2.1.1, for now
it is enough to think of F as a complete discrete valuation field over a global
field, isomorphic to k(y)((t,)), and F, the ring generated by the complete
local ring Ox ., and F', the field of functions of X.

The class field theory of these objects has been studied before, primarily by
Kato and Saito. See their papers [18], [19], and [20] for details. The approach
used is similar to Kato’s local class field theory. They also provide class field
theory for the function field F' of a surface X. Another method for the class
field theory of arithmetic surfaces was proposed by Wiesend and developed
by Kerz and Schmidt - see [22]. Their method only considers the global case,

without the use of local or local-global class field theory.

As in the classical case, most of these class field theories become very com-
plicated when discussing the p-part of the reciprocity map in characteristic
p. Kawada and Satake’s Witt vector method greatly simplifies this in the
one-dimensional case, and Parshin and Fesenko’s methods both build on this
work in the higher local case. This paper extends those methods to provide
a more simple description of the p-part of the map in the semi-global case,

while defining compatible reciprocity maps for the non-p-divisible parts.

We will write Gal(F®?/F) for the p-divisible part of the absolute abelian
Galois group. We write Gal(F*"*™ /F’) for the part of the absolute abelian
Galois group, isomorphic to Z, which is related to the algebraic closure of
the finite field [F,.

The main new results leading to the reciprocity map are duality theorems.
We define certain subgroups of the K-groups of the adelic group of X - see
section 3.1 - and also define the global Witt and higher tame pairings as sums

along a curve or around a point, then prove the following theorem.



Theorem 0.1.1. Let x € X be a closed point and y C X a curve. Then we

have the isomorphisms

Sy

The theorems can be found at 4.1.2, 4.1.11, 5.1.2 and 5.1.9.

These theorems are important for two reasons. The first is to define the
reciprocity map: Witt duality and Kummer theory show that we can define
a map from the groups on the left to the absolute abelian Galois group. The

second is to prove the reciprocity map is injective.

Using these theorems to define the reciprocity maps ¢, ¢, for a fixed curve
and point respectively, we can then prove the main theorems of the class field

theory:

Theorem 0.1.2. Let X/F, be a reqular projective surface, x € X a closed

point and y C X an wrreducible curve. Then the continuous maps

[Toe, Ko™ (Fry)
i =~ — Gal(F*/F,
YAy e
and op
' KPP(F,
P - oo (Fry) Gal(F™/F,)

A(Ky™ ()

are injective with dense image and satisfy:

1. ¢y, ¢, depend only on Fy, F, - not on the choice of model of X;



2. For any finite abelian extension L/F,, the following sequence is exact:

leley’,ﬂ'(z’):z Kéop(Lx/) N
A(K;OP(L))OHIZ’EQ/,W(z’):z K;Up(Lx’)

T JAKP(F)NT,  —2 Gal(L/F,) — 0

7

and the same sequence applies for a finite extension L/F,.

3. For any finite separable extension L/F,, the following diagrams com-

mute:
T/ AKP (L)) —22 Gal(L®/L)

T,/ AKI(F,)) —2—~ Gal(F®*/F,)

where V' is the group transfer map, and

To/AKYP (L)) —2£ Gal(L®/L)

T,/ AKI(F,) —2 Gal(Fe*/F,)

and the same diagrams apply for a finite extension L/F,.

The theorems for Fj, F, can be found at 4.1.17 , 5.1.15 respectively. Note
that the injectivity of the reciprocity map is a result that has not been seen
in other class field theories for these local-global fields. Previous studies of
the subject have used Milnor K-groups for the domain of the map, instead
of the topological K-groups used in this thesis, which meant that the maps

were not injective.

The definition of the global and semi-global Witt pairings first appeared in
the author’s paper [39], which proves the reciprocity laws for the Witt and
higher tame pairings - an important result for the class field theory in this
paper.

The proofs of the four duality theorems all follow the same basic pattern.

Using basic theorems on the structure of the K-groups, and the definition

9



of the adelic groups, we may restrict to a small set of generators for the
adelic K-groups. Similarly, we find a “nice” form for the right-hand side of
the pairing - in the case of F,*/(F;)*" and F)/(F})"" we also find some
generators. The case of the Witt vectors is more difficult - we can prove a
useful general form for the entries in the Witt vector which allows us to show
the non-degeneracy of the pairing. We also use techniques such as reducing
back to the classical case for a fixed curve, and then applying the classical
reciprocity law for a curve - see [13, II1.7.14]. For a fixed point, we reduce
to the regular case, where the proof uses basic symmetries of the associated

local fields and is much more simple than the general case.

The deduction of the main theorems of class field theory, as stated above at
0.1.2 then follows from Witt duality and Kummer theory. The commutative
diagrams follow from the local theory in [33] and the reciprocity laws from
[39].

The bulk of the work to prove these theorems is in proving that each section
of the map is injective, and the exactness of the sequence in property 2.

These follow from the duality theorems and properties of the K-groups.

It remains to mention one major obstacle to the proof of the duality theorems
- the fact that we must consider singular points and curves which are not

irreducible.

For the case of a fixed curve y, we first look only at a smooth irreducible
curve, and prove the above theorems for such an object. We then note
that our adeles for a reducible curve are just the product of the adeles for
the irreducible components - and the same applies for the K-groups and
the semi-global fields we originally associated to the curve. So each group
in theorem 0.1.1 separates into a product over the irreducible components
z C y, and so every isomorphism from the theorem holds, as we have proven

them for each z.

For a fixed point z, it is a little more complicated. We first prove the duality

10



theorems 0.1.1 for a point satisfying condition f:

“The surface X has only normal crossings, so we can assume k,(z) = k()

for all y > x and x has just two curves passing through it.”

The arguments for both the Witt and higher tame pairings follow fairly

simply from combinatorial arguments and K-groups identities in this case.

We then generalise this case to the case where the point z lies on more than
two curves. This is much more difficult than the curves case above, as it
means the ring Ox, is a more complicated - i.e. non-regular - ring, rather

than splitting as a product of rings we have already seen.

To prove the generalisation, we must look closely at the structure of the
K-groups and their adelic groups and find generators for these groups. We
can then calculate the pairings on these generators, and check using case
1 when the value is trivial. This enables us to prove non-degeneracy when
quotienting by the diagonal elements, and complete the proof of the duality
theorems 0.1.1 in the general case for a fixed point. The class field theory,

theorem 0.1.2, follows from the duality theorems as explained above.
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1 Preliminary Material

This chapter provides the preliminary material necessary for the remainder
of the thesis. We begin by defining higher local fields and their K-groups
and proving some properties of these objects. We then define the local Witt
pairing and higher tame pairing, again proving basic properties needed for
the reciprocity map. The chapter concludes with a section stating the main

theorems of the higher local class field theory as proved by Parshin.

1.1 Two-Dimensional Local Fields and their Milnor K-

groups

Define an n-dimensional local field inductively as a complete discrete valua-

tion field F' with ring of integers

Op :={a € F:vp(a) >0}
and maximal ideal

mp = {a € F:vp(a) > 0}

such that the residue field Or/mp is an (n — 1)-dimensional local field. One-
dimensional local fields are the usual local fields, i.e. finite extensions of Q,

and IF,((t)) for a prime p.

We will discuss the class field theory of two-dimensional local fields, which

have the following classification theorem.

Theorem 1.1.1. Let F be a two-dimensional local field with valuation vp.

Then F' is isomorphic to a field of one of the following types:

1. F,((w)((t)) for some prime power q and vi (3 a;it’) = min{i : a; # 0};

2. K((t)), where K is a finite extension of Q, for some prime number p

and vp (> a;t") = min{i : a; # 0};

12



3. K{t}} =D ait" : a; € K, inf{lvg(a;)} > —o0,vg(a;) — 0 as i — —oo}

where K is a finite extension of Q, for some prime p and vy (3. a;t’) =

inf{lug(a;)}, or a finite extension of such a field.
Proof. See [9] section 1. O

We will only consider fields of type 1, the positive characteristic two-dimensional
local fields. In this case we say u and t are local parameters for F'.

Given the following data:

1. A smooth projective algebraic surface X over a finite field k;
2. A reduced irreducible curve y C X;

3. A closed point x € y;

F

we can associate a product of two-dimensional local fields F, , = Hzey(x) .z

to the pair (x,y), where y(x) is the set of local irreducible branches of the
curve y at x.
For each z € y(x), let t, € Ox, be alocal equation for z at  and u, ., € O, ,

a local parameter at . Then

Frz = k() ((ua,2))((22))

is a two-dimensional local field over the finite field k,(x), where k,(z) is the
residue field of the local ring of the point x on the curve z. To show this
process is independent of the choices of u, , and t,, the field F), , is constructed
through a series of localisations and completions which are outlined below.
For full details, see [28, section 3].

Let m C Ox_, be the maximal ideal associated to x and p C m a prime ideal
associated to z. Note that we may take ¢, to be any generator of p, u, . to

be an other generator of m and Ox , a localisation of k(z)[u, .][t.] such that

13



its completion with respect to m is Oy, = k(z)[[te.., t-]]-

Take p to be any image of p in Ox,, i.e.
pe {q C @X,x : q is an ideal of @X,x, qNOx, = p} :

Localise with respect to p to get the ring (@X,x);s- Completing with respect
to the ideal p(Ox.)s produces the ring

(OX,:v)ﬁ = kz(x)((ux,z))[[tz]]

Finally localising this ring with respect to a minimal prime ideal will produce
the field F, . = k.(v)((us,2))((t2)). Then F,, is the product of these two-

dimensional local fields.

We define the topology on the multiplicative group of a two dimensional local

field of positive characteristic as follows:

Take the product topology of the discrete topology on k,(z)* = (O,./m, .)*
and the discrete topologies on the groups generated by the local parameters
Uy », t,. For the remaining generating elements, the group of principal units,
we use the topology induced from the topology on F) ., which we now de-

scribe.

Fix the local parameters ¢, and u, ., and a lifting from F, , = k,(2)((u,.)).
The topology is usually defined inductively, starting from the discrete topol-
ogy on k(x) - but as this gives the usual topology on the local field k,(x)((u; ),
we just discuss the induction step to F ..

An element « of F, , is the limit of a sequence of elements v, in F , if and

’y7
following conditions. For every set {U; : —oo < i < oo} of neighbourhoods

only if given any series oy, = Y, 0,t}, we have o = Y 0t} , satisfying the
of zero in Fz,z and every 17, for almost all n the residue of 8,,; — 6; is in U; for
all 7 < ip. Now we may call a subset U of F}, . open if and only if for every
a € U and every sequence o, having o as a limit, all but finitely many «,

are in U. For further details of this definition, see [6].
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Milnor K-groups

In higher local class field theory, the Milnor K-groups play the role of the
multiplicative group of the field in the one-dimensional case. We define these

groups and prove some useful properties.
Definition 1.1.2. For a ring R, let

I, = {a1®~--®an€ (R)®": o + aj = 1, some 1 §i,j§n}.
Define the n'" Milnor K -group of R as:

Ko (R) == (R*)®"/I,.

For a higher local field L, denote elements of K, (L) by {a,...,a,} and
define the symbol map ¢ : (L*)" — K, (L) by (cq,...,a,) — {ag,...,a,}.
The group law on K, (L) will be written multiplicatively.

We will also use the Milnor K-groups K»(Op) and

Ks(Op,pr) = ker (K2(Or) = K2(OL/pr))

where p; is the prime ideal of O made up of the elements of valuation

greater than zero, i.e.

pr={a €O v (a) > 1}

For a product of fields F, , at a singular point x, we define the group K, (F )
to be the product of the K-groups K,,(F; .) at the branches z € y(x).

We now mention some basic properties of these groups. For n > 1 and a
discrete valuation field L with residue field L, there is the boundary homo-
morphism

§: Ku(L) = Kn_1(L).
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For n = 2 this can be explicitly calculated as
§({a, BY) = (—1)"(@¥(®) qu(B) g—v(e).

See [10] chapter seven section two for details, and the next section on the
higher tame symbol on an algebraic surface for calculations when n = 3. The
boundary homomorphism enables us to investigate the relationship between
the Milnor K-groups of a discrete valuation field and those of its residue field

- in particular we will use the Bass-Tate theorem:

Theorem 1.1.3. Fizn > 1. Let E be discrete valuation field, F = E(X) and
v run through the discrete valuations of F trivial on E, with 6, : K,(F,) —

K,_1(F,) the boundary homomorphism for each v. The sequence

0 —— K (BE) — Ko(F) 2% @,K,_1(F,) — 0

1s exact and splits.
Proof. See [10], 7.4.2. O

Next, for L/M a field extension of prime degree, we wish to define a map
N : Ky(L) — K3(M) to be the analogue of the norm map. Following [10,
9.3], Ko(L) is generated by symbols {«, 8} with « € L, B € M. So for v a
symbol purely of this form, we can take N(v) = N({o, 5}) = {Np/m (), B}
- where Ny /ps is the usual norm map L — M - and extend linearly. This is

independent of the choice of representative for ~.

Definition 1.1.4. N : Ky(L) — Ky(M) is called the norm map, or the

transfer map.

We finally define a quotient group of the Milnor K-groups, which allows us to
describe an injective reciprocity map for higher local fields. For full details on
the following definition, see [6]. Endow K, (F, .) with the strongest topology
such that negation and the symbol map (F,,)" — K, (F} ) are sequentially

continuous.
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Definition 1.1.5. Define the n' topological Milnor K-group, K°P(F,.), as
the quotient of K, (Fy ) by the intersection of all its neighbourhoods of zero.

Fesenko proves that
Kzop(Fx,z) - Kn<Fa:,z)/ mlzl lKn(Fz,z)

in [6].

As discussed in [9, 6], the convergent sequences in the topological K-groups
are the same as in the Milnor K-groups, and so a series converges in K+ (F)

if and only if its terms converge to zero.

The structure of the topological K-groups of a two dimensional local field

can be described as follows.

Theorem 1.1.6. Let F' be a two-dimensional local field of positive character-
istic, u, t a system of parameters and o € KEOP(F). Then « is a convergent

product of symbols of the form.:

1. {u,t};
2. {a,u}, a € FY;
3. {a,t}, a € Fy;
4.
IT I {0 +aut,ul,
J>N2 i>Ni(j)
Ny >0, Ny >0 if Nay=0, ptj, aij in a fivred basis of F,/F,,.
.

IT I (1 + et e,

J2N2 i>N1(j)

Ny >0, Ny >0 if Ny=0, pti,j, a;; in a fived basis of F,/F,,.

17



In fact, the topological closure of the elements of these forms spans Ky (F),
and no elements of differing types are in the closure of each other - hence we

may say these elements form a “topological basis” of KSOP(F).
Proof. See [33], section 2 proposition 1. ]

The boundary map 0, and the norm map N : Ki*(L) — K3*(F) when
restricted to the topological K-groups are well-defined, which comes from
the fact that K5 (L) = Ky(L)/ Ni>1 Ka(L) - see [6, 4.8] for details.

1.2 Witt Vectors and Duality

For a field FF of positive characteristic, let W,,(F) denote the Witt vectors of

length m with entries in F and
W (E) = Jim W, (F)

the Witt ring of F - see [38]. The projective limit is taken with respect
to the truncation maps 7' : W, (F) — W,,_1(F) where T(wy,...,wn_1) =

(wo, c. ,wm_2>.

We will work with a two-dimensional local field F} ., with local parameters
t; and t5. Recall that in the positive characteristic case, the module of

differentials Q%w /7, 18 free of rank one, generated by the symbol dt; A dts.
Next we recall the definition of the residue homomorphism.

Definition 1.2.1. Let F, . a two-dimensional local field of positive charac-
teristic, and fiz an isomorphism F, , = k,(x)((t1))((t2)), where k.(x) has size

q. Define the residue homomorphism
reSFzyz . Q%z,z/kz(x) — ]Fq
by resp, (W) = Tri, ()/r,0-1,-1 where

W= a0t 52t A dby.
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The residue map is independent of the choice of local parameters ¢; and t,,
see [32] section one.

Now let A be the fraction field of the ring of Witt vectors of F, and L =
A((t1))((t2)). This lift to characteristic zero is necessary to define the follow-
ing auxiliary co-ordinates and polynomials, but notice that in the end the
formulae will be ‘denominator free’, so the reduction back down to positive
characteristic is well-defined.

Let * = (xg,x1,...) € L, and for each m € Z introduce the auxiliary co-

ordinates
m m—1
x(m) =x5 +pry A+ +p T

and the polynomials P,,(Xo, X1, ..., Xn) € Z[p~'][Xo][X1] . . . [X:n] such that
P, (2(0),z(1),...,2(m)) = p.

Definition 1.2.2. Let f1, fo € F),, g € W(F,.) and g € W(L) an element
such that g mod p = g. Define the Witt pairing by

(f1, f2l9)e,z = (Trp, /r,wi)is0 € W (F))

where for each i € Z,

wi:Pi(resL( (0 )i{l Cj{;) .., Tesy (g()cj{ll Cj{;z)) mod p

where the g(j) are the auziliary co-ordinates for the Witt vector g. Then for

a curve y with branches z, define

z€y(z)

Proposition 1.2.3. The Witt pairing satisfies the following properties:

1. (f1-f1, falgley = (f1, ol 9lay+(fLs folgley and (f1, fo-folgley = (f1; folgley+
(f1, 13192y

2. (1, falg + Play = (f1, fol9)ay + (f1s f2lP]ay;
3. (flv 1— fl|g]x,y =0
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4. (f1; folGlay = (wo,we, . ..) = (f1, folgPley = (Wi, wi, ... );

5. (f1, f2lglzy ts continuous in each argument;

0. (f17f2|g(]7"'7gm—1]m,y = (UJO, .. 7wm—1) - (f17f2’907 cee 7gm—2]x,y =

(U)(),...,U)m_g);
7' (f17f2’0>g17 cee agmfl]x,y = (07 (flaf2‘gla e 7gmfl]x,y)-

Proof. In [33, 3.3.6], Parshin proves this for a single higher local field. We
will prove it here for the case where x is a singular point of y and so we must
sum the pairings over each branch of y at x.

Property 3 follows straight away, and properties 1 and 2 follow from the fact
that trace distributes over addition.

Property 4 is true as

<f17 f?‘gp]cﬁ,y = Z (fl? fQ‘gp]fE,Z = Z (wg,x,wwzl?,x,z? c )

z€y(z) z€y(z)

p

_ P _ (D D
= E Wh gy | = E Wozyze | 5o | = (Wi, wl,..0)
)

z€y(x) zey(x

where equality holds as the sum of Witt vectors is given by polynomials in
their coefficients, and when taking powers of p we just raise each coefficient
to the power p.

Property 5 follows from the continuity of trace and addition. 7 is true be-
cause when summing Witt vectors, the n'" term depends linearly only on the
0 ... (n — 1)" terms of the vectors being summed: so if the 0 term is 0
for all z € y(x) then it will be in the sum also.

Finally, property 6 follows straight from [33], and the fact that Witt vector

summation depends only on lower terms as mentioned above.
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Properties one and three show that the Witt symbol is a symbol on Ky(F} ) ¥
FX
xz,y"

In his extension of Kawada and Satake’s local theory, Parshin proves the

following proposition.

Proposition 1.2.4. For an n-dimensional local field L of characteristic p,

the symbol (| |1, defines a non-degenerate pairing

([]z: K7(L)/p" K, (L) x Win(L)/(Frob — 1)Wo (L) — Win(Fy)
where Frob is the Frobenius map.
Proof. See [33, 3.3.7]. O

Let (L) = lim Wy, (L)/(Frob—1)W,;,(L) be the projective limit with re-
spect to the mappings V' : (yo, -+, Ym-1) — (0,90, - -, Ym—1). Then following
Kawada and Satake’s argument from [21, Chapter 2] gives the pairing

K'P(L) x W(L) — Q/Z

which is non-degenerate in the second argument. The kernel with respect to
the first argument is KP(L )05, see [33, 3.3].
This section is concluded with a lemma describing some properties of the

residue map.

Lemma 1.2.5. Let F, . be a two-dimensional local field of positive charac-
teristic over By, and t, a generator of the mazimal ideal of OF, .. The residue

map res, . satisfies:

1. res, .(w) =0 for allw € Q??Fx,z/ﬂ*‘ .

q

2. resy. . (i—x A ‘%) =resp, (%) for allz € OF .

T
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Proof. 1. Fix an isomorphism F, . = F,((t1))((t2)) and let f € O, .. We
can restrict to the case w = adt; A dt; where a € Op, , and t; and ¢,
are the local parameters of F;, .. Decomposing a as a series

a = Z Z ai,jtﬁtg

i>I §>0

gives the result.

2. First let x = 1 + at, some a € Og. Then

dx dt _
?/\?:I' 1da/\dt€QéK/Fq

and so its residue is zero - but resp, _(d7/r) = 0 also, so we are done
in this case.
The symbol dt/t is additive with respect to multiplication by ¢, so we

can now restrict to the case z € F*, x =  + bt with b € Of. Then

res d_x/\@ = res —d(j+bt)A@ =resg @
N\ D) T Czrne Tt ) T M\ z

by expanding (T + bt) ™.

1.3 The Higher Tame Symbol on an Algebraic Surface

Again, let X be an algebraic surface over £k and z € y C X a point on a
curve contained in X. The higher tame symbol takes values in k,(x). First
let  be a smooth point of y. If f, g and h are elements of F,, then the

higher tame symbol is expressed as

e W
9 W = (217 (gvy(f)vz(h)vy(h)vz(f)hy(f) 7@ ) mod my,,

where:

gy = Vy(f)vy(9)02(h) + vy (f)vy (h)0:(g) + vy (g)vy(R)vL(f)+
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vy (f)02(9)02(h) + vy (9)0: ()2 (h) + vy (h) 0. (f)V2(9);

vy is the surjective discrete valuation induced by y and v, is the function
Uy By, — L

defined by v,(3) = vx,y(p(t;%(ﬂ)ﬁ)), where p is the projection map from O, ,
to F,, and v, is the discrete valuation on the local field F, ,. Finally, m,,,

is the maximal ideal of O, ,,.

Parshin introduced this symbol without the sign (—1)®¥ - this was first
defined by Fesenko and Vostokov in their paper [11]. They gave a simpler
definition of the symbol using a two-dimensional discrete valuation. Let
v = (U, v,) = (v1,v2). Then the symbol (fy, fa, f3)s, is equal to the (¢—1)™"

root of unity in F;* which is equal to the residue of
b1 pbo b b
R f(=1)

in [F;, where

b= wi(bi)vs(b))b;,

$,1<]J
b; is (—1)7~! multiplied by the determinant of the matrix (v;(f;)) with the
5" column removed and bfjj is the determinant of the matrix with the i*" and

4% columns and s** row removed.

Notice the relation to the boundary homomorphism of K-theory - for L an

n-dimensional local field with first residue field L, there is a map

See [10], chapter seven for details of this homomorphism.

If x is not a smooth point of the curve y, we can define the higher tame symbol

for each local branch 2 € y(z) and thenlet (, , )uy = [ Ly Nea@y/r, (5 5 s
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In [33], Parshin proved the following analogue of Kummer theory, related to

ramified extensions of higher local fields of degrees prime to the characteristic.

Proposition 1.3.1. Let L be a local field of dimension 2 and l an integer di-
viding q—1. The higher tame symbol defines a continuous and non-degenerate
pairing

(y ) KSP(L)JIKYP(L) x L*)(L*) — Z)IZ.

1.4 Higher Local Class Field Theory

This section will state the class field theory for a two-dimensional local field
of characteristic p, using Parshin’s methods in [33]. Let L = F,((u))((¢)) be

a two-dimensional local field and L® the maximal abelian extension of L.
Theorem 1.4.1. There exists a canonical reciprocity map
or - K3 (L) — Gal(L®/L)

such that:

1. ker(¢yp) is trivial and im(¢r) is dense in Gal(L®/L).
2. For M/L an abelian extension, the sequence

Ky s KoL) —2 Gal(M/L) — 1

15 exact.

3. For M/L a finite separable extension, there are the following commu-

tative diagrams:

KIP(M) 24 Gal( M /M)

T d

K'P(L) -2t Gal(L®/L)
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KIP(M) -2 Gal(Mat /M)

! l

KiP(L) -2t  Gal(L®/L)
where V' is the group transfer map.

4. The diagram
KIP(L) =2t Gal(L%/L)

| l

KP(L) 2 Gal(L®/L)
18 commutative.

Proof. Parshin defines the map as the pasting together of three separate
maps, for unramified, tamely ramified and wildly ramified extensions. We
will describe this map, for full proofs of compatibility and the commutative

diagrams, see [33] and [34].

Let Frob be the canonical generator of the maximal unramified extension of

L. Define the unramified map by
GrLun(a, B) = Frobvz6(@h)r)

The isomorphism of our analogue of Kummer theory, and then the usual

Kummer isomorphism show that
KiP(L)/UKL (L) = Hom(L* /(L*), Z,/1Z)
>~ Gal(L®/L)/(Gal(L*"*™ /L)Gal(L®? /L))
yielding the tame part of the map.

The isomorphism of Artin-Schreier theory, [29, 4.3], shows
Gal(L**/L) = Hom(L/(Frob — 1)L, Q/Z).

Together with the non-degenerate pairing 77, this isomorphism shows that

Gal(L*P/L) is dual to 20(L). Then Witt duality yields the map
o1, - K3 (L) — Gal(L®?/L).
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The exactness of the sequence in i is proved in [34], and i is proved in the

same way. For property iv, see [33], section four, theorem one. ]

Remark 1 The proof of Parshin’s local class field theory is unchanged for an

n-dimensional local field, where n > 2.

Remark 2 These theorems can also be proved using Fesenko’s explicit class
field theory, which defines the reciprocity map using similar methods to

Neukirch’s method for the one-dimensional case - see [4], [5] and [29].
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2 Reciprocity Laws

The aim of this chapter is to prove reciprocity laws for the Witt and higher
tame symbols on an algebraic surface. We begin with a section defining some
global objects associated to curves and points on the algebraic surface X, and
then discussing the relation of the symbols to the reciprocity map via Galois
theory and valuation theory, which is necessary in order to glue the symbols
together. We then prove a reciprocity law for curves around a point, then

finally a reciprocity law for points on a curve.

2.1 Objects associated to the Surface X and Relation
to Higher Class Field Theory

Let X be a smooth projective algebraic surface over a finite field k. We define

several fields and rings related to X.

Definition 2.1.1. 1. Let F = k(X) be the function field of X. F is a

function field in two variables over k.

2. For an irreducible curve y C X, let @X,y be the completion of the local
ring aty and F, its field of fractions. F, has the structure of a complete
discrete valuation field with residue field a function field in one variable

over a finite extension of k - i.e. a global field of positive characteristic.

3. For a closed point x € X, define the ring F, to be the ring generated
by @ny and F. This is a subring of ch(@X@) where each function in

the ring will have only globally defined poles.

4. Fiz an irreducible curve y C X, and chose a point x € y. If y is smooth
at x then define the finite field k,(x) to be the quotient of @yﬂ; by the
prime ideal defined by x - in the case the field is equal to k(x).

If y is not smooth at x, then (;)y’m 15 a local ring with several minimal
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prime ideals, so the definition becomes more complicated. Denote the

branches of y at x by y;, so we have

Frac(O, ;) = H Frac(O,, ;)

a finite product of one-dimensional local fields. We then denote the

residue field of each of these local fields by k,(z), and ky(z) = [, ky, ().

5. For a singular curve y, the local parameter t, is the element of the
product of fields F,, with a local parameter t,, in each entry. The ring

O,y 1s the product | (@) Oy,

Yi€yY

We have the inclusions
F,, +— F,

[

F, «—— F.

Define the topological K-groups of these global objects in the same way as

for the local fields discussed in section 1.1.

Both the higher tame symbol and the Witt symbol are related to higher local

class field theory. The Witt symbol was first used by Kawada and Satake to

get a reciprocity map in the wildly ramified case for local and global fields of

positive characteristic in [21]. In [33], Parshin used both symbols to define

the ramified part of the reciprocity map for higher local fields, via some well-

known dualities. We will outline these dualities below, but for full details

see [33]. The higher tame symbol and the Witt symbol are both sequentially
continuous, so can be seen as symbols on K57 (F,,).

Firstly, the higher tame symbol is related to the Kummer extensions Fq((ti/ Nt/ Fpy
where [ divides ¢ — 1. The higher tame symbol is a non-degenerate pairing

on
Ky (Foy)/(q = DS (Foy) x Frfy /(FY)"™ = Fy
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inducing an isomorphism

following from Kummer duality, where GGy is the Galois group of the extension
Fo((1/ ™)) (7)) [ oy,

Similarly, the Witt symbol is related via Witt duality to the Galois group
of all p-extensions of F,,. The method of using such a pairing to exploit
this duality was first applied to one-dimensional local and global fields by
Kawada and Satake in their paper [21]. Taking the Witt symbol as a pairing
on the topological Ks-group of F,, and the Witt vectors of F,,, we get a
pairing

Ky (Foy) [ K™ (P )tors X W (Fry)/(Frob — YW (F

x?y

) = Zy
where Z, = W(F,). The pairing induces an isomorphism
K;OP<Fx,y)/K;OP<Fx,y)tors = Hom(W (Fy,)/(Frob — 1)W (F;,), Z;) = Geor

where G®? is the Galois group of the maximal abelian p-extension of F,
and the second isomorphism follows from Witt duality.

This is the setting in which we will prove reciprocity laws for the symbols -
viewing them both as taking values in the Galois group allows us to prove
reciprocity laws which work for both symbols at the same time, in a way we
could not if just viewing them as described above, as the higher tame symbol
takes values in the multiplicative group F;* and the Witt symbol takes values
in the additive group W (F,).

We will now examine how to view these pairings when summing about a
point or along a curve.

First, fix a closed point € X. Let L/F, be a finite étale extension with
Galois group G (see [24] or [40]), Oy, the integral closure of O, in L and py,
its maximal ideal. As mentioned at the start of section two, every height one

prime ideal q C p;, determines a two-dimensional local field L,, 4. Spec(Oyp)
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is a normal two-dimensional scheme over the residue field [, a finite extension

of k(x), and we have a finite morphism
¢ : Spec(Or) — Spec(Ox.).
For a height one prime ideal q of Oy, define the stabiliser

Go={9€G:yg(q) =q}

If q, q" are two such primes, and ¢(q) = ¢(q') then G, is conjugate to G in
G.

Now let L/F, be an abelian extension - then the homomorphism
Gal(Ly, o/ Fry) = Gy — G = Gal(L/F,)

is independent of the choice of ¢, where q is any prime ideal such that ¢(q)
is the prime ideal of @X@ associated to the curve y. Of course, this (and the
statement below for curves) is just basic valuation theory - see [2], chapter
VL
So the product of all the symbols

[[ 557 (Fey) — Gal(Fe*/Fy)

Yy
is well-defined. It remains to check this product of symbols converges by
proving that for f, g and h € F, b’ € W(F), both symbols (f,g,h),, and
(f, 9|z, are trivial for all but finitely many y > « - this will be done in the
following section.
Now fix a reduced irreducible curve y C X. Our method is very similar to the
one above for a fixed point, using only basic Galois theory and decomposition
groups. Let L/F, be a finite Galois extension with Galois group G - then
L will also be a complete discrete valuation field over a global field. The
extension of residue fields L/k(y) determines a finite morphism of curves
71y — vy, where ¥ =y xr L and k(y') = L. For each point x € y, we have

the decomposition
L ®Fy vay = @m/ey/,ﬂ(gy/)szx/7y/
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where the L,/ are products of two-dimensional local fields. Each term in
the product is a finite extensions of F} ., where z is a branch of y passing

through .

For each 2’ € 3 with w(z') = z, define
Go={9€G: g(@) = 2'}.

As before, for another #” such that m(z”) = z, the groups G, and G, are
conjugate in G. We have Gy = Gal(L, /[ Fy ).

Now let L/F, be an abelian extension. Then the homomorphism
Gal(Lx/,y//Fm) = Gx/ — G = Gal(L/Fy)

is independent of the choice of 2.
So the product of the symbols

[[&57(Fey) = Gal(Fg*/F,)

rey
is well-defined. Again, we must check that this converges in the group
Gal(F*/F,) - see the section on reciprocity for curves below.
This is the context in which we will prove reciprocity laws for the symbols -
viewing their values as elements of the Galois group of the maximal abelian

extension of the fields associated to the point x and the curve y.

2.2 Reciprocity at a Point

In this section we will prove a reciprocity law for the gluing together of the
higher tame symbol and the Witt symbol in the Galois group Gal(F%/F,).
Our first step is to prove the lemma promised above, i.e. that the sum
converges in Gal(F/F,) - it is simpler to prove that the value of each
symbol is trivial in F) or W(F,) for almost all y >  rather than working in
the Galois group at this stage. We will keep the pairings separate to avoid

confusion.
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Lemma 2.2.1. Let f,g € F, h € W(F) and fix a point x € X. Then for all
but finitely many y passing through x, the Witt symbol (f, g|h|,, is zero.

Proof. For each y > = and z € y(zx), fix a local parameter of the curve

t. € Ox, and a local parameter at x, u, . € k(z). Then

Flfz = k() X (ugs) X (ts) X Uy,

)

where U, . is the group of principal units in Oy .

Then f,g and each entry h; can be expanded in each F, as, eg. [ =
o Ul Heg . With o, € k()% i,j € Z and &, € Uy,.. Then for all but
finitely many y > x, the exponent of ¢, will be zero - this is because each ¢,
represents an irreducible polynomial in F,, and any element can be divisible
by only finitely many of these.

So for all but finitely many y with z € y(x), we have f, g and P;(ho, ..., hi—1) €
O,,.. The following lemma will complete the proof. ]

Lemma 2.2.2. Let F, , be a two-dimensional local field over F,. The residue
map satisfies

resp, . (w) =0 for all w € Q?ﬂpx,z/qu'

Proof. Fix an isomorphism F, . = F,((t1))((t2)) and let f € Op, .. We can
restrict to the case w = adt; Adt; where a € OF, , and t; and ¢, are the local

parameters of F, ,. Decomposing a as a series

a = Z Z ai,jt’itg

i>1 §>0

gives the result. O]

Now we move on to the higher tame symbol.

Lemma 2.2.3. Let f,g,h € F* and fir a point v € X. Then for all but
finitely many curves y passing through x, the higher tame symbol (f, g, h)s,

1$ equal to one.
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Proof. We proceed in a similar fashion to the proof for the Witt symbol.
Again, we may decompose our elements as products ozxyyufr’ytgsx,y, with 7 =0
for all but finitely many y. If we fix a j € Z, then there are only finitely
many expansions of a fixed element with the exponent of ¢, being j and the
exponent of u,, being non-zero. So the number of y with ¢ and j not equal
to zero is certainly finite. So for all but finitely many vy, f, ¢ and h will all
be in the group k(z)* X Uy,.

Basic properties of the higher tame symbol show it is trivial if any entry
is in the group of principal units U, ,, and a simple calculation shows it is

X

also trivial if more than one of the entries is in k(x)*, which completes the

proof. O

The triviality of the symbols in these groups of course proves the triviality of
the symbols after the homomorphism to the Galois group. We now discuss
reciprocity laws in the same way - keeping the symbols separate and in W (IF,)
and F,*, proving that the sums and products over all y > x are trivial, then
observing this implies the same in the abelian Galois group to glue the two

symbols together.

Theorem 2.2.4. Let f,g € F*, h € W(F). Then the sum

Z(fvg‘h]r,y = 0

Yoz

in the ring of Witt vectors W (F)).

We will proceed in a very similar manner to Morrow in [27], section 3, which
deals with reciprocity laws for residues on an arithmetic surface. We begin

with a positive characteristic analogue of Morrow’s lemma 3.4.

Lemma 2.2.5. Let F, be the field associated to v € X as above, (’A)va =
kE(z)((t1))((t2)). Then every element of F, is a finite sum of elements of the

form

Oém,}/n
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where a,~ are distinct irreducible polynomials in k(z)(t1)(t2), f € Ox., and

m,n > 0 with at least one greater than zero.

Proof. Following [27], we begin with an element of the form 1 /7] 732 75* with

the m; distinct irreducible elements of @xz and the n; > 1. Then we have

1 = i)'y + Bomy® for some (1, B € Ox, and hence

LB, B
ni_ns_n3  _n3 ni, . nz-’
T Tg™ Ty T3 T Tg

For the general case, we write any element of F), as a/b with a,b € @X@. We
may uniquely factorise b as uvy;* ...~l* where u € (’A))XM, the ~; are irreducible

la and

polynomials and all exponents are > 0. We may replace a with u~
so suppose u = 1. Then repeated application of the first part of the proof

decomposes a/b into a sum as required. O]
We now proceed to the proof of 2.2.4.

Proof. We first prove that if (’A)X7r is regular, then for each w € Q%/Fq,
> yma Lr,/F,7€8:(w) = 0. By lemma 2.2.5, it is enough to reduce to the

case

B

w = —dtl VAN dtQ
am,yn

where 8, a, v, m,n are all as in lemma 2.2.5 and Ox , = k(z)[[t]][[t2]].
Let y be a reduced irreducible curve containing x. Then y is associated to an
irreducible polynomial ¢, € @X@- Fix u,, a local parameter of z at y such
that (t1,%2) = (us,,t,). Suppose first that ¢, is not equal to either a or 7.
Then f/a™~", t; and ty all belong to the completion of @X7x at the prime
ideal ty(ﬁxyx, ie. Op,,. Then ty I cannot have a non-zero coefficient in
dt dty dt dt
amﬁ’yn (du:,y " d_tj * d_tzl/ A du;,)

and so
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res, ,(w) = coeff —1,-1 ( b < dty A dat, + dty A ﬂ) disg y N dty> = 0.

vevty s\ qman \ du,, d_ty d_ty dug
Similarly to [27], theorem 3.6, this reduces us to proving that
TrFq/FpreSx:a(w) + TrFq/Fp res$,7<w) = 0.

This part of our proof is much easier that Morrow’s case, as the bulk of his
proof involves passing between the different characteristics found in residue
fields of a arithmetic surface.

We must use an important property of the higher residue symbol: let K be
a higher local field with final local parameter ¢. The for any = € Oy,

(dx dt) (df)
reSg (| —A— | =resg | — | .
T t T

To see this, first let x = 1 4 at, some a € O. Then

de dt —1 2,cts
?/\7212 da/\thQOK/Fq

and so its residue is zero - but resg(dz/z) = 0 also, so we are done in this
case.

The symbol dt/t is additive with respect to multiplication by ¢, so we can
now restrict to the case Z € F*, x = Z + bt with b € O. Then

res dx/\dt e d(i+bt)/\dt ~ rese dzx
K\ ") 77K Uz ) TR

by expanding (z + bt)~'.

Now take y to be the curve associated to the prime ideal aOx .. Then we
may take a to be the local parameter for y in F,,. Expand 3 as a sum
Zi,j bijv'a?, b;; € F, - we may assume that o and 7 generate the maximal

ideal of O Xz, as otherwise the residue is certainly zero. Then

byl
reSg o (El,j 7]7 ( dtl A @ + % A ﬂ) du%y AN da)

amyn dug, do do  dug,
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b A
— res, ((Zz i,m—17) ) ( dty i dtsy ) du, y) ‘
0l dug,  dug, ’

Then apply exactly the same argument for z as for the curve y - the only
prime of k(y) for which this residue can be non-zero is 4. Again we may take

7 to be the local parameter at x, and see that the residue equals b1 ;5 —1.

Following the same argument, but first taking y to be the curve defined by ~,
we see the residue in this case will be —b,,_1 ,,,—1, the negation coming from

the equality

Dlipbigved (dty dty dty  dt
k2 R (et RN At dv A d
resy ( e <d7 A Jo + & A dux,y) YA do

b (dty dty dty,  dt
:—rest(Zw—’ﬂ( A2 A 2)(104/\61")/).

amyn % da W dug

So we have proved the reciprocity law in the regular case.

Now we suppose @X@ is a two-dimensional, normal complete local ring of
characteristic p with finite final residue field k() - these assumptions match
the assumption that X is a normal projective surface over a finite field F,.
It is easy to prove a positive characteristic version of Morrow’s lemma 3.7
in [27]: by [3], theorem 16, Oy, contains a subring By such that Ox., is a
finite By-module and By is a two-dimensional local ring with residue field
k(z). Set i : F[[t1]][[t2]] — Bo an isomorphism. Then to show Ox, is a
finite By-module, we proceed exactly as in Morrow’s proof. So there is a ring
B between Ox, and F, such that B = k(z)[[t1]][[t2)] and Ox is a finite
B-module.

The usual local-global trace formula tells us that for w € Q%

O JF, and y 3 ,

TrF/Frac(B) (U)) = Z TrFy/FraC(By) ((.U) :
Yy

Then using the functoriality of the residue map - see [33], lemma 3.4.4 - we
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have

res, T p/prac(p) (W) = ZresyTrFY JFrac(By)( ZTrk )/F resy (w).
Yy Yy

Finally applying Trr,/r, to both sides yields

TTIFq/]F l“eSyTI‘F/FraC ZTl"k )/Fp l“eSy )

Yly
Now we complete the proof in the case where X is not assumed to be regular.

Let 2’ be the image of x in B. We have

Z Try(2) /7, TSy (W Z Z Try(2)/r, (Tesyw) = Z Trg, /p,res, (Try r, (W)

Yoz y3z' Yy yo '

by the reciprocity law for regular rings proved above.

The case for a general Witt vector follows by induction. The case for a one-
dimensional Witt vector is done above, so we suppose that the sum is zero for
all f, g € F and h € W,,_1(F), the ring of truncated Witt vectors of length
m—1. Let h = (hg,...,hm_1) € Wi(F). By property 6 in proposition 1.2.3,

(f,91(ho, - - hn—1)]ay = (wo, - - -, Win-1)
implies

(fs9l(ho, -+ s hin—2)]ay = (wo, .. ., Wi —2).
Suppose there exists h € W, (F) such that > _ (f,g|hl., # 0 for f, g € F,
le

ST (F.l(ho, - Bunt)]ay # 0.

yo r

But by our induction hypothesis,

Z(f) g|(h0, sy hm—?)]ﬁt,y = 07

Yo
so the only non-zero term in (wy, ..., w,_1) can be the last entry. By the
definition of the Witt pairing, this means that h,,_; can be the only non-zero
term of the Witt vector h. Now using property 7 from proposition 1.2.3, we

can reduce back to the one-dimensional case for a contradiction. ]
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Theorem 2.2.6. Let f,g,h € F*. Then the product
H H Nkz(x)/Fq<f7g7 h‘)x,z - 1
Yo zey(x)

in the group Fy.

There have been many proofs of this proposition, however some neglect the
norm from k. (x) to k(z) and so are not quite correct. We offer a corrected

explicit proof below.

Proof. We use the decomposition
Fa?fz = kz(x)x X <t1> X <t2> X ux,za

where t; and ¢y are any two local parameters generating the maximal ideal

at x, to look at several different cases.

Firstly, it is easy to see from the definition and the discussion at the beginning
of section four that none of the entries can be from U, . and at least two must

not be constants in k,(z).

If two of the entries are a prime ¢, without loss of generality we assume they
are the entries in the group Ki(F,.) - i.e. the first two entries. Then we

use the K-group relation {¢,t} = {t, —1} to return to the above case.

So we are left with the case where either the first two entries are local equa-
tions of different curves passing though = and the last is a constant, or all

three entries are different equations of curves.

For the first of these case, we let the two curves whose equations appear in

the symbol be z; and 25 and compute

H H Nkz(x)/]Fq(f7 g, h)x,z = Nk’zl (x)/IFq(fv g, h)w,m Nsz(x)/IFq<f7 g, h)x,zg

Y3z z€y(w)

as the symbol is trivial where-ever f, g and h are not local parameters of the

curve related to the field. This is then equal to
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N, @5, (B mod py.g) Ni._, a/r, (B9 mod pyg)

where the vy and v, appear as we may take the equations f and g to be
the other local parameters in the fields F, ., and F} ., respectively. A final

computation reveals this is equal to
(h mod p )=o) — 1

where (f, g), = dimg, (Ox./(f,g)) is the local intersection number at .

Finally, we have the case where f, g and h are all equations of different curves
passing through x. We can use blow-ups to reduce to the case where x lies
on only two curves - see [13], V.3 - but we must check this doesn’t change

the value of the higher tame symbol.

Let z be a branch of a curve y at x and 2’ its preimage after the blowing-up
¢, ' the preimage of x and f’, ¢’ and h’ the preimages of f, g and h. We
wish to show that

(f7 97 h)SC7Z = (fla 9/7 h/)x/,z/'

We take local parameters t1, ty at x and s;, sy at 2’ such that ¢*(¢1) = s;

and ¢*(t2) = s152 - see [13], 1.4

Now we can proceed to calculate both symbols using Fesenko’s determinant
method - it is easy to see using these local parameters that we have just
replaced our matrix by one with a column of the matrix added to another,
and thus the determinant remains unchanged. So we have returned to the

above case and the proof is complete. O

We mention some other methods of proving this theorem, all of which take
singular points into account. A recent approach uses central extensions to
construct the higher tame symbol as an analogue of a commutator, then
proves that the extension is trivial for global elements. Romo uses a simple
version of this argument to prove reciprocity for a curve in [35], see the next

section for more details. In [31], Osipov and Zhu use a similar but much
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more general method to get higher tame reciprocity laws. They define the
category of central extensions of a group by a Picard groupoid and then get
a ”commutator map” with three entries for a 2-category. They then apply
this specifically to semi-global adelic complexes on an algebraic surface and
a certain central extension of the general linear group of a two-dimensional
local field. The resulting commutator is the higher tame symbol. They then
show the extension can be trivialised, and the reciprocity law follows. Note
that many of these papers refer to the higher tame symbol as the Parshin
symbol.

2.3 Reciprocity along a Curve

This section will discuss reciprocity laws along curves on an algebraic surface
for both the Witt symbol and the higher tame symbol, again treating them
separately before gluing them together as a map to the abelian Galois group.
We first prove the reciprocity law for the Witt symbol, which similarly to
above will take the form of an argument for the one-dimensional case, then
a simple induction. For the case of a curve, the proof is much simpler than
in the characteristic zero case in [27], as the mixed characteristic higher local

fields complicate matters greatly.

Theorem 2.3.1. Let f, g € F, h € W(F) and fix an irreducible curve
y C X. Then for all but finitely many x € y, the Witt symbol (f, g|h|s, is

zero, and the sum

Z(fa g’h]x,y = O

ey

Proof. The first statement follows similarly to lemma 2.2.1. For the second
statement, first let w € Q% 7, Fix a local parameter ¢, € O, for z a branch

of y and expand
w = Z n; N\ tidtz
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where 7; € Q}g(z) ¥, Then we know by definition that res, .(w) = res;(n-1).

So we have reduced to the case for a curve,
Zresx7z(w) = Z res,(n-1) =0
xEZ rEZ

which is well-known, see e.g. [13], II1.7.14. For a general Witt vector, we can

now sum over all branches of y and induct as in 2.2.4.

We treat the higher tame symbol similarly to the previous section.

Theorem 2.3.2. Let f, g, h € F* and fix an irreducible curve y C X. Then
for all but finitely many x € y the higher tame symbol (f, g, h)s., is equal to

one, and the product

H Nkz(x)/IFq<f, 9, h)x,y = 1.

TEY

We provide a proof similar to the proof above for the Witt symbol, showing
we can reduce to the one-dimensional case. This method is well-known, but
not with the norm from k,(z) to F, taken into account. We also provide a

discussion of other methods of proving this theorem.

Proof. By rearranging the definition of the higher tame symbol given at the

start of section 3, for any x € z € y(x) we can write

(f9:ae = (2= (1) ). Dt (9)9) P x

(p(t2"*(9)9), p(t-* (W)h)) P %
(p(t " (h)h), p(t2 > () )@ x (=1)%

where p, v, and v, are all as defined in section 3, the symbol ( , ), is the

tame symbol and

o = v2(f)02(9)02(h) + v:(f)v=(R)02(9) + v2(g)v2(h) 2 (f).
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Now by Weil reciprocity, the product of each tame symbol [[,..(, ). = 1,
so we just need to check that the product [], . (—1)" is also equal to one.

We have
H(_l)vz(f)vxg)ﬁz(h) = (= 1) Dee@)(Eae: () — 1

xrEZ

by the theory of valuations on a curve. By symmetry this works for all terms

of 5, and so the formula

H Nkz(m)/]Fq (f? g7 h’):c7z - 1

xrEeZ

holds. Now we write

Hfga zy HHNkZ )/ (fy 95 )z =

rey zey zey(x

where we may rearrange the product as needed by the argument in lemma

6.3. This completes the proof.
O

The methods of Osipov and Zhu in [31] also work for reciprocity along a
curve. In [35], Romo uses an algebraic construction to show the product of
higher tame symbols around a point is one. He shows that the tame symbol
is the unique continuous Steinberg symbol in the cohomology class of the

commutator symbol given by the central extension
0—>k(v)x—>EN§—>Zj—>0

where Y, is the fraction field of a discrete valuation ring with residue field
k(v). The Parshin symbol can then be realised (up to a sign) as the compo-
sition of two of these commutators. The reciprocity law follows very easily,
via an analogy to Tate’s residue theorem (see [41]). Romo’s approach has
much in common with Osipov and Zhu, but is much more explicit about this

particular case when compared to their categorical constructions.
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3 The Pairings on the Adelic Group

This section will define the Witt pairing, higher tame pairing and various
groups associated to an arithmetic surface X. Section 3.1 will the adelic
objects associated to the algebraic surface X, and discuss their structure.

3.2 and 3.3 will define the global versions of the pairings.

3.1 The Adeles and their K-groups

We define the geometric adeles associated to X and subspaces associated
to a curve y and a point x. The following definitions appeared originally
in [7], where the characteristic zero and mixed characteristic cases are also
considered. For alternative definitions see [43]|, where the adeles are defined

for n-dimensional schemes using completion functors and simplices .

Definition 3.1.1. For a curve y C X and r € Z, define the adelic object A}
by:

A; - { (Z aivmt;) = Zazt; a; = (ai,:p)xEy = (ai,:p,z)xez,zey(m)
TEY

iP>r P>r

€ H O,y 15 the lift of an adele a; € Ak(y)}.

rey

Define also
Ay = Uz = Al ']

So we have defined a “higher adelic object” associated to each curve on the
surface X. Notice we use the adeles of the underlying (one-dimensional)
global field associated to the curve and the two dimensional structure of
the surface to limit which coefficients can occur, similarly to the classical
definition of adeles. We now define the geometric adeles associated to the

surface, using the above definition.
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Definition 3.1.2. The geometric adeles associated to a surface X are
/
Ax =[] A,
yCX
where the restricted product is taken with respect to the rings O, and A,

i.e. Ax is the set of (agpy)vey = (Og2)zez 2cy@) Such that :

1. y runs through curves on the surface X;
2. (Qyy)zey € Ay forally C X;
3. for all but finitely many y, az, € O,y for all x € y;

4. 3r € Z such that (azy)eey € A} for ally C X.

For more properties of the geometric adeles, see Fesenko’s paper [8].

We also define
IBX = H A(Fy) QAX,

yCX

zeX
where A is the diagonal embedding of the rings F;, and F,. These two adelic

rings provide us with adelic analogues of the semi-global rings F, and F;.
Similarly to the diagram of fields above, we get

Ax%BX

[

Cx «—— F
where F' injects into the adeles via the diagonal map as in the one-dimensional
case.
As in the local case, Milnor K-groups will replace the multiplicative group

in higher global class field theory. We define:
Fs(Ax) = (AY)?/ <a®(1-a) € (A}) >.
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Defining the topological K-groups as the quotient of the K-groups by the
neighbourhood of the identity as before, we have (f,,)reycx € Ko (Ax) if
and only if:

L. foy € K3 (F,,) for all z and y;
2. For all but finitely many y, f., € K5?(O,,,) for all x € y;

3. 3r € Z such that (fs)zey € K37 (A7) for all y C X.

Note that we write K37 (R,.,) = Iyey) K3 (Ry,,) for any ring R, asso-

ciated to a singular point x on a curve y with irreducible components y;.

The following will define our analogue of the idele group and some important

subgroups.
Definition 3.1.3. Denote Ky (Ax) by Jx. Some useful subgroups of Jx
will be denoted:

1. Ty =A{(foy) €ETIx: foy =1V Y #y curves on X};

2. To i =A{(foy) € Ix : fory =1V &' # x points on X };

8. Jh is the intersection of Jx with the diagonal image of [],x Ky (F,)
“mn Hz,y Kégp(nyy);
4. Jo is the intersection of Jx with the diagonal image of [[,cx K5 (Fy)

mn Hax,y KEOP(F%Z)‘

J1 and J5 are the K-group analogues of Bx and Cx respectively. The next
proposition proves that these groups depend only on the underlying field and
not on the model of X (i.e. the choice of embedding into the algebraic closure

X xp F9) - an important fact for class field theory.

Proposition 3.1.4. J, and J, are independent of the choice of model of X .
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Proof. J,: For each component y; C y, F,, has the structure of a complete
discrete valuation field over k(y;). By the usual theory of complete discrete
valuation fields - see [25] - we may fix an isomorphism F,, = k(y;)((t,))-
The points on (the normalisation of) y; correspond to the valuations of k(y;).
Hence the local fields F} ,, are given by k(y;).((y,)), which is well-defined -
see [28, Section 3]. So the product

[T K (Ey)

Ty
is also well-defined.
The following exact sequences follow from the local theory. The second se-
quences follows from the standard facts about the local boundary maps,
which each have kernel K5(0,.,) and surject onto the (product of) residue
fields k(y),. The first sequence follows from the surjection from the groups
K3?(0,.,) to the final residue fields @, (k. (), which has kernel the prin-

cipal units.

By the theory of complete discrete valuations fields and the boundary map

of K-theory, the sequences are independent of the choices of the t,,.

1 2 o
0 — TLe,&r), % &, —  The, K" (Ouy)
L @xEy EBZEy(a:) kz(x)>< — 0

and

0 — [T, Ki%(0s,) — T, =25 11 k(y); — 0

€Y T€Y;,Yi€yY(T)

where pr and dx are defined as follows. The first term of the first sequence
will be defined below, as the kernel of the map pr. Note that the restricted
product and direct sums appearing in the final terms of the second sequence
corresponds to the usual one-dimensional adelic products, i.e. all but finitely

many terms are in Oyy,), -

The boundary homomorphism § : K5 (F,,.) — K (F,.,,) induces

ix:Jx = D Ay,

yiCyCcX
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where the range is because of the definition of Jx. The projection map

KSOP(Oz,y) — K;OP(FW) induces the surjective map
/
pr: H K; p<OI:y) - @ @yiey(w)kyi(x)x'
€Y TE€Y
The kernel of pr is given by

" o(1) (2)
H 5Fz,y X ng,y

TEY

where 5;?2, =11 59(5]331, and the &,(CJ;Z for j = 1,2 are respectively generated

by the elements of types v and v in 1.1.6.

yi€y()

Ky (Fy).
As we know the independence of the k(y;), and k(z) from the choice of

These exact sequences and maps characterise 7, in ery
model (this is a consequence of basic valuation theory, see [28]), we just
need to show the independence of [T El(mlz)y X Sl(fi)y. This will enable the

TEY
K3y*(0,,) in the first sequence, and

/

independent characterisation of [[,.,

hence that of J, in the second sequence.

H;Ey S}?’y X Eg)y is generated as a group by elements {1 + ¢y (uay, )15, B},
where k > 1, ¢p(uyy,) € k(2)((usy,)) and f is one of the local parameters
Uy, and t,,. Hence if o = (v, )0y, such that {a,,,, 5} € H;ey 51%)11 X Sl(ri)’y,
there is a decomposition

gy = H(1 + ¢k,x,yi(u:¢,yi)t§i)a
k>1

which enables us to construct 5352 X 5;52?3 from F,,. This proves J, is well-
defined as a topological group by F,.

J:: Let R be a two-dimensional reduced excellent local ring of characteristic
p, m its maximal ideal and p C m a prime ideal of height one. A ring is
excellent if it satisfies some technical conditions, see [28, remark 4.11] for a
simple discussion of these rings, or [1, Section 7| for a full definition.

Define Jr C [], K5” (Rmy), where Ry, is constructed by a series of locali-

sations and completions as in section 2.1, by the commutative diagram with
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exact rows:

0 — [, K3 (Rup) — Tr s B K1 (Ky) — 0

! l l

o] o, g O, I
0 — HpKé P(Bup) — Hp K, "(Knp) — Hp K P(Knp) — 0

where Ky, = Frac(Rnm,) and the vertical arrows are injective.

Now for a pair (X, z), a two-dimensional scheme over a finite field and a
point z € X, let R = @X@ and define J, = Jr. Then we have defined 7,
depending only on O X,z O

Hence J, depends only on the completion of Ox ,, and J, only on the prod-
uct of fields F, - so for a complete discrete valuation field L with global
residue field, it makes sense to write [J;, for the topological K-group of its

adeles.
Structure of Jx

We now look at the structure of this group, providing us with some useful

decompositions and a topology.
As above, we have the boundary homomorphism

5X : jX — @Alj(y)

yCX

Since in each local factor, 6({c, B}) = (—1)v(@vB)qv(B) 3—v(e) (see [10, 9.2.3]),

we have

ker(6x) = [] T K6"(Ouy) = Tx 00 [ T] K57 (Ou)-

yCX x€y yCX x€y

So the map pr is a map with domain the kernel of dx.

Locally, the structure of ker(pr) is clear by the structure theorem for the
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topological K-groups of higher local fields, but globally we must define the
restricted product

' (1) (2)
L., & <é, ¢ I1 AOuy i} < {Ony ey}

rey,yCX

As above, if a = ()., such that {a,,, 5} € H;ey 5%2 X S}?y, there is a

decomposition

gy = H H(l + ¢k,x,z(ux,z)t];)-
zey(z) k>1
We have {a, 8} € [[,c, €5, x €& if and only if for all k > 1 and all y C X,
(Pr,z,z)wez,zey(x) € Hzey(l,) Aj(z). The decomposition is unique, see [33, Sec-

tion 2, Proposition 3.
Topology

To define the topology of Jx, we follow Fesenko’s definition from [7, Section
2]. Fesenko shows that our group Jx is isomorphic to the group which is
defined as followed. Let Vx be the image of the K-group symbol map on the
subgroup of the adeles Ay where for each pair (z,y), the entry a,, isin O,
and its image in the residue field is in the ring of integers Oyy,),. Then Jx
is isomorphic to:

Vi + @ueyex Ko(ky()).

See [7, Section 2] for more details.

We give Vx the product topology from the subgroup of the adeles, and then
Jx the sequential saturation of the topology induced by the product of this
and the discrete topology on the K terms.

3.2 The Global Witt Pairing

In this section we will define the global Witt pairing as a sum of the traces of

local Witt pairings, prove that it is a well-defined sum and check some basic
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properties. For some related background on residue pairings on algebraic
surfaces, see [14], [44] and [43] by Yekutieli and [27] and [26] by Morrow.

Definition 3.2.1. For each positive m € Z, define the global Witt pairing
(1 x o TIx X Win(Ax) = Win(F,)

by
({(few)zeys (Gry)eey H (hay)zey]x

— Z Z Ter(kzi () /W (Fp) (fa:,zia 9z,z; |hx,zz]FlzZ .

yCX zey,zicy(z)
We now check that this sum converges.

Lemma 3.2.2. Let ( | ]p,, be the Wilt pairing associated to the product of
two-dimensional local fields F, ,, and let m € Z. Then the map

A X A x W, (Ax) — W (Fp)
((fac,y>r€yv (gac,y):rEya (h:fc,y>x€y)

=YD Trw e, @)W () (fas Gzl hag ey

yCX zey,z;€y(x)
is well-defined, i.e. there are only finitely many non-zero terms appearing in

the sum.

Proof. We induct on the length of the Witt vectors.
m = 1: Firstly note that the pairing is symbolic as in the local case (see

proposition 1.2.5 property #ii) so in fact we consider a pairing
jX X AX — Fp.

From the discussion of the structure of Jx above, if we let I' be the image

o:Ix =P ] k)L

yCX zey,z;€y(x)

of a section of d0x

50



then Jx can be decomposed as

Ix=Tx [ [ K™(O.0)
yCX zey,z;€y(x)
Note here that when we write K;Op (O.y:), we mean the topological quotient
of the tensor product O, ® Oy, by LN (OF, ® O ).

From the additive property of the local Witt pairing, we can evaluate on I’

and [[,cx [Loeyzieue) Ky*(0O,...) separately.

For [T, cx [Toeyzicy@ K3y?(0,...), as the last term in the pairing h = (hy,)
satisfies h, ., € O, ,, for all but finitely many (z, z;) we may apply property
¢ in lemma 1.2.5. Hence the pairing takes only finitely many non-zero values
here.

Let I' be generated by the section

y Aty )

where 7 is the lift of 4 induced by F,, = k(y).((t,)) - this does depend on
the choice of t,, but we will see this does not affect the proof. By lemma

1.2.5 i, we have

({7t}

_ dﬁ/
hx,zi}Fz ., — IeSE— (hx,ziT)
324 F:c,zz /-y

so we have reduced to the one-dimensional case. It is well-known from the
study of differential forms on curves that there are only finitely many non-
zero values here, so the base case is complete.

Induction: Suppose ({ foy, Gzy} ey, = 0 for all but finitely many (x,y),
where h = (hyy) € Wy—1(Ax). By viii in proposition 1.2.3,

<{fz7y7 gw,y}|(h07 s 7hm*1)$7y]Fz,y = (U}O, s 7wm*1)

implies

({fm,ya g:):,y}’(h% cee 7hm72)z,y]FI,y = (w0> ce 7wm72)'
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Suppose there exists h € W,,(Ax) such that the pairing ({2, 9o,y }Pwy)Fo.,
takes infinitely many non-zero values for some f,g € Ax. Any pair (z,y)

such that

({fx,yy gx,y}|(h07 ey hm—l)a},y]Fﬂ,y - (w07 cee 7wm—1) 7é 0

has
({fﬂc,y? gx,y}|<h07 R hm*2>$,y]Fz,y = (w07 ce >wm*2)

SO W,,_1 must be the only non-zero term for all but finitely many such values
of the pairing.

By definition of the Witt pairing, it can be seen that this implies h,, =
(0,0,...,0, hpm_1)sy for almost all of the pairs (x,y) giving non-zero values.
But by induction on relation vii in proposition 1.2.3, we can reduce to the

case m = 1, which gives a contradiction. O

The lemma above shows this pairing is well-defined. By [33, 3.3.1], the com-
ponents of each local pairing are polynomials in the components of f, ., ...
and h, ., proving continuity of the local pairing. Since there are only finitely

many non-zero terms this extends to continuity of the global pairing.

We now restate the reciprocity law for the Witt pairing, proved above in

sections 2.2 and 2.3.

Proposition 3.2.3. Reciprocity Law
For a fived curvey C X, m € Z, f,g € F,C and h € W,,,(F,),

Z Trw,, (ky, @)/ Won () (L 25 Gz H Py B, = 0.

T€Y,yi€y(z)
For a fized point x € X, m € Z, f,g € F, and h € W,,,(F)
Z Trw,, (ky (2))/ Wi (B) (> Gy ey Er oy = 0.
Yo
Corollary 3.2.4. For each m € 7Z there is a continuous pairing

(s =2

X Wl E)/(Frob = )Wiu(F) = Z/p"2.
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Notice the relation to one-dimensional class field theory - the quotient here is
an analogue of the quotient of the idele group by the global elements to obtain
the idele class group. The higher tame symbol described below will also take

values on this group, as a similar reciprocity law is proved in the paper above.

In the following chapters, we aim to prove that the Witt pairing is non-
degenerate on certain subgroups and quotients of the groups on which it is

defined, along with similar results for the higher tame pairing.

3.3 The Global Higher Tame Pairing

This section begins with a definition of the global higher tame pairing then
proceeds in a manner similar to the previous section on the Witt pairing -

we check the pairing is well-defined and prove basic properties.

Definition 3.3.1. For a surface X over a finite fieldk, {f, 9} = ({fo.ys Yoy })ay
€ Ix and h = (hyy ).,y € Ax, define the global higher tame pairing by

({f?g}ah)X = H H Nkzi(x)/k({fx,zmgm,zi}ahx,zi)x,zi

yCX zey,z;€y(z)
where for each pair (x, z;), the symbol (, Vo, : Ko (Fy,) X Fyno — k is the

local higher tame symbol.

Lemma 3.3.2. The global higher tame pairing is well-defined, i.e. for fived
({fo Gz Py € Ix, h € Ax, as (z,z) range over all points on all branches
of the curves y on X, the value of ({fry, 9y}, Poy)s,z is not equal to one for

only finitely many pairs (x,y).

Proof. First fix x € X. For each z > x, we may decompose our elements
fezs Gezy he o as products o, ,ul tie, ., with j = 0 for all but finitely many

r,z"z

2, 0, € k.(x) and €, . a principal unit of O, _.
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If we fix a j € Z, then there are only finitely many expansions of a fixed
element with the exponent of ¢, being j and the exponent of u, , being non-
zero. So the number of z with ¢ and j not equal to zero is certainly finite.
So for all but finitely many 2, f,.,¢.. and h, . will all be in the group
ko(2) X Uy .

Basic properties of the higher tame symbol show it is trivial if any entry is
in the group of principal units U, ., and a simple calculation shows it is also
trivial if more than one of the entries is in k,(z)*, which shows there are

only finitely many values not equal to one for a fixed point.

Now we fix a curve y, and proceed in exactly the same way to the case for a

fixed point. Putting these two cases together, the proof is complete. O]

We now restate the reciprocity law for the higher tame symbol, proved in 2.2
and 2.3.

Proposition 3.3.3. For a fired curve y C X, f, g, h € Ff, the product

H Nkzi ($)/k({f7 g}7 h)x,zi - 1

zey,z;i€y(x)

For a fixed point x € X, f, g and h € F,, the product

T Ve, ({f: 93 D)ay = 1.

Yoz
Corollary 3.3.4. The higher tame symbol defines a pairing

() ) JIx

—= X AY = k%,
T+ T X

In the following sections, we will use Kummer theory to get duality theorems
which will enable us to define the tamely ramified part of the reciprocity map
for X.

In the following chapters, we proceed by splitting into the two semi-global
cases of a fixed curve and a fixed point, proving the duality of the Witt
pairing for F}, and Fj.
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4 Class Field Theory of Complete Discrete
Valuation Fields over Global Fields

In this chapter we fix a curve y C X, and hence a product of fields F, =
[1,.c, k(yi)((t,,)) - each one a complete discrete valuation field over a global

field k(y;). We will denote the finite constant field of k(y;) by k,,, and let
ky = Hiny kyi'
We begin with a definition of a subgroup of the adeles for the curve y. This

will be the subgroup on which the Witt pairing is non-trivial.

Definition 4.1.1. Define J, := [[Lc, K5*(Opy,Myy). Recall the definition

TEY

of the restricted product is from 3.1.2.

The first theorem we aim to prove is the following Witt duality theorem for
a non-singular curve. The Frobenius element Frob is the canonical generator
of the Galois group of the maximal unramified extension of F,. It acts on

each term of the Witt vectors.

Theorem 4.1.2. For a fixed non-singular curve y C X and m € N, the
pairing
Ty (K5 (Fy) 0V Jy) I8 % Wi (E,)/(Frob — 1YW (Ey) + Wa(k(y)) — Z/p™Z

Y

is continuous and non-degenerate, and the induced homomorphism from J,/(Ky (F,)N

Jy) IV to
Hom(Win(E,)/ (Frob — )W (Fy) + Wi (h(y)), /5" 2)

s a topological isomorphism.

We will proceed by induction on m. To prove the theorem for m = 1, we

need a series of technical lemmas.
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We first discuss why the pairing is taken on this group. The quotient by
the diagonal elements K™ (F,) is because of the reciprocity law 3.2.3, and
the quotient by ng is because of 1.2.3, properties four and seven. From
Parshin’s calculations in [33, 3.2.5] we see that for each field F} ,, elements of
the K-group containing principal units and elements of the finite field &, (z)
are the only elements where the Witt pairing can take non-zero values. We
quotient by the constant elements as these are the ones related to unramified
extensions, i.e. p"-powers of the Frobenius element. The following lemma

on the structure of the K-groups will complete this discussion.
Lemma 4.1.3. Fiz non-singular y C X. Then KP(F,) is generated by
symbols of the form:
1. {a,t,} with a € k(y)*;
2. {a,b} with a,b € k(y)*;
3. {1+ath,t,} with a € k(y)*, k> 1;
4. {1+ atf, b} with a,b € k(y)*, k> 1.
The proof of this lemma is exactly the same as for a two-dimensional local

field, see 1.1.6. Notice again we are choosing a smooth irreducible curve y -

the discussion of the singular case follows at the end of the section.

For fixed y C X, x € y, let 8393 be the group generated by the symbols
with entries as in proposition 1.1.6 part four in the first position, and 8,52?3
the group generated with symbols in part five in the first position, and local

parameters in the second. Using proposition 1.1.6 we can now write

H;CXH;EyK;OP(Ox’y’ Myy) = H;CXH;eyga(c,l; X Sfy)

and using the lemma above, we know the two groups we quotient by are

generated by symbols
{1+ at];,ty} witha € k(y)*, k>1; {1+ at’;,b} with a,b € k(y)™, k> 1.
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We examine the structure of this group further.

Lemma 4.1.4. Let a € ery X 5(2) Then o can be decomposed as

aWa? | where:

all) = {el).¢,}, with £{!) € )
and
(2) = {exy, Uy oy, with P 5;73

are unique expansions for each x € y. The unique decomposition of the eg)y

can be rewritten as:

1 .
el =TT+ &2, (uay)t)

j>1
8552,7); H(1 + ¢j:py(ul‘,y)t;)
jzl

where qﬁgziy(uxy) € k(y). satisfy:

1. (qb(l) (Ugy))zey € Argy) fori=1,2 and for all j;

1,2y

2. If k is such that gzﬁjxy(uw y) =0 forall j <k, then qﬁkxy(um y) contains

no powers ul, , with pli.

3. If k is such that plk and ¢§292y(uxy) =0 forallj <k, then ¢,(€2;y(uzy) =
0.

4. For all k and for all x € y, gb;f;y(um y) = Vray(uh,) for some series
Uray € k(y)[[X]].

Proof. By the structure theorem for K5 (F,), the decomposition o = aMa/?
is clear. The uniqueness follows from [33], corollary to proposition 4, section
one.

Property 1 follows from the induced (by our definition of the adeles) restricted
product of the groups &&2, 83(62?3

Suppose k is such that ¢§132y(uxy) = 0 for all j < k. Since the product in

5&3 is taken over the indices not divisible by p, the only powers u;y with pli
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(1)

must come from sums terms in ¢, ;

(ugy) for j < k - but these are all zero.
So property 2 is proved.

Suppose k is such that p|k and gbg%zy(ury) = 0 for all j < k. The product
in &EZ; is taken over the indices with p not dividing the index of ¢,, so 3 is
proved in the same way as 2 above.

Finally, for any k and x € y, the product in &Ez; is taken so that the second

index is divisible by p, so property 4 is clear. O

We now look at the expansion given above for elements of K3 (F,). This
will give us a general form for elements of the diagonal group, enabling us to
prove that elements of the kernel of the Witt pairing are exactly the diagonal

elements.

Lemma 4.1.5. Let {1+ atf,t,}, {1+ ht!,b} € Ki(F,) for some k,1 >
0, a,b,h € ky(x) and ay, oy their respective images in J,. Then for o:

0 if 1<k

a mod k(y)2 if j=k

T

1
qbg‘,:z,y (uf&y) 1=

¢.§‘72x),y(ul‘,y)1 =0 j S k.

For ag, let 1 = (12)zey € Ak be defined by:

db dn,
htg b~ —— ey—— € k(y)P.
u Y dum,y +u ’yduz,y (y)a:
Then:
0 if 7 <
1
ng',:z,y(um,y)? =
e, ifj=1I
@ 0 if g <l
¢j,z,y(u$7y)2 = d
g b~ gl gy = if =1

Proof. First consider a;. For j < k, the claim is clear. Let 6 = (6;)zey €
Ay, be defined by

a =05 (Uny) + 0u(tay)?
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: : . 1) 2
with &, € k(y),. Such a delta exists by the expansion of a!) € 51(%,3, X E}z)y
For any j € Z, define J, >, as

/
{Of € H c K;Op(ox,yvm:v,ﬁ (. z(',lx),y)acEy =0 and (ﬁbgy)méy =0Vi< ]} :
z€y
It is enough to show that

{1+ a2tk b} = {1+ ath t, 11— o) (wa ).t} € T2, 50

as then we have the correct value modulo p!-powers, and the remaining
terms affect only ¢§1:2y(ury) with j > k.
If p|k, then {1 + 62tk t,} € JP, so assume p { k. We have the identity:

AL TR

{1462tk —oPth} =1

Ty’ Y

by definition of the K-groups. Hence

{14 o8ty t,} = {1+ 8,7ty 0, }* mod Jy>pp1.

T Y?

See 7?7 in the appendix for the details of this calculation.

So now consider ay. Let f;, g; € k(z). We have:

il P i jgju‘?; ! to !
{1+ fiu 1), } = {1 + fiuxvyH—,?ty»“x,y} mod K" (Oxy, m,),
gjUz,y

see appendix, ?77.

Let h =3, fiul, and b= [];(1 + gjui ), so that

db jgult
(X))

J

Hence

db
{1+ht, b} = {1 + ux,yb—lwté, u%y} mod K37(0,,, mi 1)
Z,Yy

and so
dn,
{1+ ht;, b} = {1 + gbl(i:)’y(ux’y)t;, ux,y} {1 — um’y-dun _t;, u%y}
x?y
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modulo K3 (0, mit), if we let gbl(f,p),y be as required.

We have the relation

{1 — vl ) upyt = {1 + logl, 2 £} mod K3 (Oyy, mih)

for p 14, v; € k(). See ?7 for details. So if we let n, =3 mgul, ,, we get

dnw l . l to l
{1 B uf’ymtw“x’y} = {1+ nat,, ty} mod Ky (Opy,mif,).

Combining the two calculations, we see

{140t 0} = {1+ 612 (o )th, ey} + {1+ In,t!, t,} mod K3P(O,,, mbt))

Ty

so we may let gbl(,lx{y(uw) = In, as required. Note that we need only to
prove the lemma mod K3 (0O,,, m." ) as higher terms will affect gb%y with

g > 1. O

Remark The uniqueness of the decomposition means that if we show an ele-

ment of .J, can be written in the above form, then it is in the diagonal image
of KiP(F,).

The next lemma will provide a simple form for the elements of F,/(Frob —
1)F,.k(y), enabling us to prove non-degeneracy on the right-hand side of the
Witt pairing.

Lemma 4.1.6. Let f € F,/((Frob — 1)F, + k(y)). Then f has a unique

representation as a finite sum

F=Yfuth

k<0

with fi, € k(y) and if plk, fx € Ry, a fizved set of representatives for k(y)/k(y)P.
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Proof. Decompose f as f = Zkzvy(f) fkt’;. If v, (f) > 0, consider the conver-
gent (for v, (f) > 0) sum:

2

fr=EN+E0P+ED0+

with f = f? — f' € (Frob— 1)F,. So modulo (Frob — 1)F, we need only
consider the terms with £ < 0.

Suppose k < 0 is the least such with p|k and fj, € R,. Then
o=+

some f; € Ry, g € k(y). Replace fi by f and fi/, by fr/p+ g to get another
representation of f, and continue this process until the representation is as
required.

Uniqueness: Suppose Zkgo fkt’yg and Zkgo f,’gt’yf represent y in the required

form. Then:

Z(fk - fk (Z hktk> Z hktk hP — (%)

k<0

some h € Fy.
Then fy — f§ = hi — ho € (Frob — 1)F, + k(y), which implies fo = f{.
Let k < 0 be the least k with f; # f;. Then for i > 0,

hpik — hpik + fpik - f;/ﬂk
But equating coefficients in (x) gives:
'Lk;+fpp flk hii—lk

and hence h, = hii by induction.

But for large enough 4, we have h,i;, = 0, so h; = 0 and we must have

ptk
(—hr/p)?  plk

contradicting our choice of k. O

fo—fi= 0
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We can now calculate the value of the Witt pairing on elements of .J, and
F,/(Frob—1)F,.k(y) in these useful forms.

Lemma 4.1.7. Fiz some k > 1, | < —1. Let a,(gl) € J, be an element

of the form described in 4.1.4 such that ¢§2y(uw) =0 for all j # k and

gbﬁzy(uwy) =0 for all j. Let a,(f) € J, be an element of the form described

in 4.1.4 such that qb(l) (uzy) =0 for all j and qﬁymy(ux y) =0 forall j # k.

j,,y
Let f, € k. Then:
E+1>0

(a1 it} = o
> vey Tri(y/m) (vese(fidoy ) (Usy))) k+1=0

and
0 k+1>0
(04;2)|flt§,]y =\~ Dwey Mh()/k (Fesm (fzkﬁbf;y( my)%)) kE+1=0, ptk
0 k+1=0, plk.

Proof. For each = € y, we have:

A(Ghony ()t} §£g>

(a (1)|fltl] = Tres,, fﬂfl
T\ o) ()t

which is equal to

(1)
I%w<ﬁ“’ Wiz ny) -l)z

1+ oM (upy)th 1ty resz(fld¢kxy<um ) k+1=0

kyx,y y

by expanding (1 + qﬁ,&l’i’y(uLy)t’;)*l and using property 3.4.1, 7. Summation
over x € y gives the first part of the lemma.

Similarly, we have

2
L+ o) (g )th Uy

( (2)|fltl] = I€Szy (flté, ¢kxy( ,y) LA Yoy
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which is equal to

(2)
2o\ Uz, dt dit,
res,,, (flktgrk O, ’y< v) y p Loy ’y>

1+ 00 (g )t by Uay

0 E+1>0
_res, (flkgbkxy(uw)%) kt1=0.
exactly as for o). As before summing over = € y gives the lemma. n

Denote the set of elements with both gbj 2y(Uzy) =0 and gb]x y(Uzy) =0 for

all 7 < k by J, >k. combining these two lemmas gives:

Corollary 4.1.8. Fix k > 1 and let a>, € Jy>,. We may decompose this

element as sy = a>pr104, where oy, = oz,(C )oz,(i,) as in the lemma above. Let

I < —1. Then (asg|fitl], is given by

0 k+1>0
ZLEyTTk Vk(ﬂ$$<f}<d¢kzyﬁ%y) k¢kLy( )“”;))) E+1=0.

We now move on to studying the case k + [ = 0, treating the two cases
p 1k and p|k separately for now. Note that we have not mentioned the case
k+1 < 0 yet, as this will not be needed in the proof of the main theorem. The
following lemmas prove non-degeneracy of the Witt pairing on the subspaces

Jy >, modulo the higher powers and the diagonal elements.

Lemma 4.1.9. Fiz k > 1 with p{ k. Then the map

( | ]y : Jyzk/(A(K;Op(Fy)) n Jyzk)‘]y,zkﬂ X ty_kk(y) - ky

is a non-degenerate pairing of ky-vector spaces. The induced homomorphism
Jy,zk/(A(K;Op(Fy)) N Jy k) Sy >k1 — Hom(k(y), ky)

s an isomorphism.
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Proof. Let ay € Jy >, By lemma 4.1.4, o>y, is uniquely determined modulo

1 2
Jyzis1 by ¢;iy<um,y> and 67 (t,) € Argy.
Further, (b,my(um y) contains no p-powers and qﬁ,(f;y(umy) contains only p-

powers, so the pairing becomes a pairing on the groups:
<Ak(y)/Ai(y) © Ak(y)> x k(y) = ky

which maps (gb,(;;y(uxy), qbgf:)c (W), fok) tO

dity,
> Tregayi, (resx (f_k (d¢’(“1’i’y(“x»y) = i (1) u y)))

TeY z,y

by corollary 4.1.8.

This reduces us to the classical one-dimensional case. By [42], chapter IV
2.3, the pairing
Ax(y) X Ak (2,) =

mapping ( f,, w,) to ery Tri, () /&, (T84 ( fggwx)) is a continuous non-degenerate
pairing of vector spaces such that k(y)* = Q,lc(y), where Ay, (€,) is defined
to be

{(wx)mey € H Q,lc(y)x/ky : Uzp(wy) > 0 for all but finitely many z € y} :

Tey

This reduces us to showing the map

/A @A — Ay (Ql)/Q/,lc

k(y)
sending <¢§:;y<uz,y> Oy (ty)) 10 dOR (1) — kS (1) S22 i a sur-
jection, with kernel the diagonal elements as characterised in lemma 4.1.5.
Let w € Q,ﬁ(y)x C Ay (). Then w decomposes as P(uy,)du,, for some
P(ug,y) € ky(z)(ugy)) as Qllc(y) is a ky(x)-module generated by du,,. It is
clear this decomposition can be rewritten in the required form for suitable
gzﬁ,(:?i’y(ux,y), gb,fi?y(uz,y), so the map is surjective.

For the kernel, let gzﬁ,(i;y(ux,y), gb,(f;y(uzy) € Ay(y) and suppose w = (Wy)zey €
Q) is such that

e = doy) (tsy) — koL (tsy)
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for each x € y.
As Q}c(y) is a rank one k(y)-module, we may choose a,b € k(y) such that

w=—ka—.

b

As in lemma 4.1.5, define 7(a, b) € Ay) uniquely by

_, db Nz (a,b)
17 REASS RS P
atly b iy + Uz y ., € k(y)?

for each x € y. Then for each point x:

db 2(a,b)\ du,
d(kn(a,b»—k(aum,ybl (@ >) i

Ug,y
dug dug Ug,y

= d(kn(a, b)) — kab~'db — kdn(a,b) = w.

But then by the uniqueness of the decomposition of w, we have

1
(bl(e,i,y(ul”,y) = knx

and
db dn,

(2) -1
Ugy) = AUy b —— + Uy yy——
o ( ,y) Y dux,y T+ Ugy du%y

k,xy

for each x € y, as required.
The surjection Homeops(Agy), ky) — Hom(k(y), ky) combined with the in-
duced map Ay, (Q,) — Hom(Agy), k,) from the pairing above proves the

required isomorphism:
Tok/ (AES™ (Fy) N Isk) Iokir = Ary) /AL, © AL

- Ak(y)(ﬂgl;) — Hom(k(y), ky).

O

The following lemma is similar to the above, but considers the case p|k.
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Lemma 4.1.10. Fiz k > 1 with p|k. Then the pairing
Ty ok ) (AT (Fy)) N Ty k) Tokin X Ry(k(y)) = ky

mapping (o, f-x) to (Ock\f,kty_k]y is non-degenerate. The induced homomor-

k
. Jy,Zk —y Hom < <y> 7ky)
(A(K™(Fy) N Ty >k) Sy, >kt1 k(y)r

s an isomorphism.

phism

Proof. Let asy, € J, >, be uniquely determined up to Jy, >5+1 by (ﬁ,(:g)c y(uw)
and ¢,(€2:)Ey(uxy) From lemma 4.1.4, we know gbk w(ux y) =0 and (b,m o (Uay)

contains no p-powers. Hence there is an isomorphism

Ty >/ Ty >k1 = Bry) /AL

mapping vy t0 (), (try) mod k(y)2)eey.
Lemmas 4.1.6 and 4.1.7 show it is enough to prove that the pairing

Ay % k(y)
(Ap(y) + k() k(y)r

— ky

sending (04, (tay)seys F-r) 10 3 pe, Trugay/m, (tess (frddl)  (us,y))) is non-

degenerate and induces an isomorphism

Ak(y) om [ W)
(A7) + k) —h (k(y)”’ ky) ‘

Fix s € k(y) and suppose eryTrk )k, (T8 (12ds)) = 0 for all (r;) € Ag.

Letting w = ds € Q;, from the non-degenerate pairing in the lemma above
we see w = 0, i.e. s € k(y)P.

Fix (ry)zey € Agw) and suppose > o Trie)k, (ves,(rzds)) = 0 for all s €
k(y). Then:

Z Trie)/k, (resz(rzds)) = Z Try(2)/k, (resy (d(ras) — sdry))

TEY €Y

= — Z Ty 2y, (resz(sdry)).

ey
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As k(y)*t = Q}g(y) with respect to the pairing in the lemma above, we have

(dr,) € Q}C(y). Then the commutative diagram with exact rows:

d
0 —— k()/ky) —— — Q) 0

l l !

d
0 —— Ak(y)/Ai(y) B Ak(y)(Q;) E— Ak(y)(Q;) — 0

implies (ry) € k(y) + A}, as required.

Finally the continuous injections of &, vector spaces

k(y)/k(y)" — Qllc(y) — Ak(y)(Ql)

)

induce

Ay = Homeons (A (), ky) — Hom(Qqy) ky) — Hom(k(y)/k(y)", ky)

Y

where the first map is an isomorphism.

We can now use these final two lemmas to prove theorem 4.1.2.

Proof. m = 1:

[]

Firstly we prove the pairing is non-degenerate in the second argument. Let
f =Y k<o frly be a representative of F,/((Frob— 1)F, + k(y)) and assume
(a|f]y = 0 for all @ € J,. Assuming f # 0, let [ be the least index with

fi #0, and let a_; € J, ;. Then

0= (ol fly = (| fity]y

and lemmas 4.1.9 and 4.1.10 show f; = 0, a contradiction.

We now prove the map to the homomorphism group is an isomorphism, which

will also prove non-degeneracy in the first argument. Let

2 FyJ(Frob — 1)F, + k(y)) — Z/pl

67



be a homomorphism. By lemma 4.1.6, x can be described by a family of
continuous maps
p k(y) — Z/pZ
sending fj to M(fkt’;) for each k < 0.
We will inductively construct an « € J,/JP such that

(@l fly = u(f)

for all f € F,/(Frob—1)F,.k,, and such that « is unique up to A(K5"(F,))N
Jy.

For any o € J,/JF, let a>1 € Jy >1 be the element defined by gb,(gliy(uxy) and
gbl(fiy(uxy) for £ > 1 in the expansion of «, and «a; the element defined by

QSgl;y(uxy) and ¢§23:y(uxy) Inductively, define
A>j = OjA>j+1-

By corollary 4.1.8,
(O‘|f—kt;k]y = Z (O‘j|f—kt;k]y
1<j<k
so (a|fly, = p(f) for all f € F,/((Frob—1)F, + k,) if and only if
(ol forty ly = e (fi) = Y (gl foity ¥y
1<j<k
for all £ > 1.
By lemma 4.1.9 and 4.1.10, there exists such an ay, uniquely defined up to
(Jy sk NA(KSP(F,)))J, k41 for each k. Letting o = [ ;51 @, we obtain the

required element.
Induction

Suppose we have

Jy =~ Hom Wm(Fy) m
(A(K;Op(Fy)) N Jy)Jéjm =H <(F1"Ob — D)W, (Fy) + Wm(k’(y))’Z/p Z)
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for some m € Z.
Let i € Hom (Wi (F)/((Frob — )W 41(Fy) + Winia (k(y)), Z/p" 7).
Then if

p': Win(Fy)/(Frob = YWou (Fy) + W (k(y))) — Z/p™Z

is the map sending (fo, ..., fm—1) to V(u(fo,..., fm—-1,0), where V is the
usual map in Witt theory (zg,z;...) — (0,20, 21,...), then u' is a homo-
morphism.

So we can associate a € J,/(A(Ky*(F,)) N Jy)JE" to e

(@l fo, - fmaaly = V(ulfo, -, fn-1,0).

Now, for (0,...,0, fm) € Wint1(F,)/((Frob— 1)W1 (Fy) + Wint1(k(y))), we
have
(a|0,...,0, fnly = (0,...,0, (a|finly) € W1 (Fp).

W (Fy)
Frob—1) Wiy, (Fy)+ Wi (k(y))

If we consider the Witt vector (0,...,0, f,,) € ( , then

we see
(a0,..., fly = (0,...,0,(a| fin]y)
in W,,,(k,). But also

(a|0,...,0, finly = V(1(0,...,0, £, 0)) = p(0,....,0, fin)

(in Wint1(Fy)), as V' commutes with any homomorphism of Witt vectors.

This gives:
(O“fﬂy .- '7fm—1afm]y = (a|f0, <. 7fm—1>0]y + (a|07 cee a07fm]y

= w(Wo, - frme1,0) + p(0,...,0, frn) = p(fos - -+ fn—1s fin)

as required. To see that « is unique up to me+1, use proposition 1.2.3 sv. [

For a singular curve y C X, we see that the above theorem holds for each

irreducible component y; C y, as the fields F,, and F} depend only on the
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normalisation of y. So the theorem is also true for the products J,, F, and

k, in this case.

We next prove a similar duality theorem for the higher tame symbol, enabling
us to define the tamely ramified part of the reciprocity map. Our ultimate

aim is the following theorem.

Theorem 4.1.11. Fiz a non-singular curve y C X and define J, to be the
ring generated by the subgroup of the K-groups

[T (@) ta} x Ghyf@)s ) X {1t}

i.e. the elements of J, with either one entry in the constant field and one
entry a local parameter for either y or some x € y, or both entries the local
parameters for y and some x € y. The restricted product is because J, is a

subgroup of J,. Then the global higher tame pairing on

S/ (AR (F) 03,)307 % /() = B
s continuous and non-degenerate.

By the reciprocity law 3.3.3, we know that the intersection with K3 (F,)
is contained in the kernel of the left hand side of the pairing. Proceeding
in a similar way to the method used for the Witt pairing, we will look at
the structure of the group on the left hand side and prove non-degeneracy
by a combinatorial argument. It may be noted that the higher tame pairing
requires only linear algebraic methods to understand, and so the argument
will be much more simple than in the case of the Witt pairing, as the p-part

of the reciprocity map is harder to understand.

We briefly recall Parshin’s argument from [33, 3.1.3], that is, the proof of

duality for a single higher local field. In our language, we fix a point z and

just discuss the case of a two-dimensional local field. Fix a (¢ — 1)™ root of
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unity ¢ € F,, so that the left hand side of the pairing is generated by the

elements
{C7 ux,y}v {Cv ty} and {Um,za ty}-

The higher tame pairing takes non-zero values when the above elements are
paired with

ty, Uz, and ¢
respectively. But these three elements generate the group F),/(F),)7 ",

which in the local case is the right hand side of the pairing, as required.

Lemma 4.1.12. Fiz a (¢ — 1) root of unity ¢ € F,. Then the group
F)J(F) )T is generated by the elements

¢, ty, and for each x €y, Uy,.

Proof. 1t is well known that the first residue field, isomorphic to a one-
dimensional global field F,(u), has multiplicative group generated by ¢ and
the primes of the field. These primes are in bijective correspondence with

the points x € y and can be represented by the equations u,, € F,.

Then under the isomorphism F, = F,(u)((t,)), it is clear from the theory of
complete fields that we need only to include ¢, to generate the multiplicative
group F°. All of these elements have order ¢ — 1 in the quotient group, so

they also generate F,</(F;)%". O

Now we examine the structure of the elements of the groups J, and J,/
(A(KP(F,)) N Jy)J4 which will give non-zero values when paired with
elements of the form in the above lemma.

The non-degeneracy on the right hand side of the pairing with J, is easy to

see. Pairing:

1. the root of unity ¢ with an element of J, with {u, ,, t,} in the z-position

and trivial everywhere else;
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2. the local parameter ¢, with an element with {(, u,,} at the z-position

and trivial everywhere else;

3. any parameter u,, with the element with {¢,¢,} at the z-position and

trivial everywhere else

all yield non-zero values. We must check that these remain non-zero when
we quotient by the diagonal elements, and prove non-degeneracy on the left
hand side.

In the following lemma, and throughout the rest of the section, we will refer
to the “point at infinity”. By this, we mean the following: let k(y) be
isomorphic to the field F,(u). Then the element 1/u must be considered as a
prime element, and taken into account when we prove reciprocity laws. We
will refer to this point of the curve y as the point at infinity. See [42] for

more details of this definition from the classical theory.

Lemma 4.1.13. Let a € A(KyP(F,))NJ,. Then a is a product of elements
of the form:

1. {tgy, ty} in the z-position and the position corresponding to the point

at infinity, ones everywhere else;

2. {C,uzy} in the x-position and the position corresponding to the point

at infinity, ones everywhere else;

3. {¢,t,} in every position.

Proof. Lemma 4.1.3 gives us four types of elements that appear in K5 (F,),
but the elements of types 3 and 4 contain principal units and hence are not
in the group when intersected with J,. So we are left with the diagonal
embeddings of elements of types 1 and 2, i.e. {a,t,} and {a,b} where a and

b are lifts of elements in k(y)*.

We can decompose the elements of k(y)* = k,(u)* as products of elements

of k; and primes which may be represented as parameters u,,. Then we
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can restrict to elements of type {¢,¢,} and {u,,,t,} from the first type of
element, and {(, u,,} from the second type - we know that K5 (k,) = 0 and

{ugy, uzy} = {—1,us,}, so these are the only elements of the second type.

So we now investigate the diagonal elements of each of these types of ele-
ments. The elements of J, with {(,,} at every place cannot be reduced into

a more simple form, so this is the third type of element in the list above.

The elements of type {(, u,,} will take this form at the z-position and the
point at infinity, but at other positions the parameter u, , can be decomposed
as a product of principal units and elements of k,, as it is not a prime at these
points. But these elements are all either trivial in the topological K-group

or not in the intersection with J,, so we are left with an element of type 2.

The elements of type {u,,,t,} will take this form at the z-position and
the point at infinity. At the other positions, u,, is not a prime and so
can be decomposed as a product of principal units and elements of k,. We
can renormalise the other local parameters w, ,, where x # 2/, so that u,,
decomposes just as a principal unit in each place. Then when we take the
intersection with J,, these elements are all trivial and only the element of

type one remains. O

We use this simple form of elements in the diagonal embedding of K3 (F,)

to study the elements in the quotient.

Lemma 4.1.14. Let a € J,/(A(KYP(F,)) NJy)J5". Then a can be written

as a finite product of elements of the form:

1. {uy,., t,} in the position corresponding to the point at infinity, for some

x €y, and trivial in every other position;

2. {a,uy,} in the position corresponding to the point at infinity, for some

x €y and a € ky, and trivial in every other position;

3. An element {a,,t,} in any z-position, where a, € k,,.
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Proof. From our definition of J, in 4.1.11, we know any element of J, is a
product of elements {u,,,t,}, {a,u,,} and {a,t,} where z runs through the
closed points of y. We prove that when quotienting by the diagonal elements,

these generators take the above form.

Firstly, for an element with {u,,,t,} in the z-position, we multiply by the
element of A(Ky”(F,)) with {ud?,t,} in the z-position and the point at

infinity to obtain an element which is a product of those of type one in the

lemma.

For an element with {b, u,,} in the z-position, where b € k,(z), we must do
slightly more work. If b € k,, similarly to the above we can just multiply by
the element with {b, ugj} in the x-position and the point at infinity to obtain
an element which is a product of elements of type two. But if b € k,(z) \ &,

this will not work.

We know that the higher tame symbol will take the value Ny, (z)/k,(b) When
the element {b, u,,} is paired with ¢, - and that this is true for all conjugates
of b in the extension ky(x)/k,. So if we can show that b is equivalent to its
norm in the quotient, then we may replace b with Ny (&, (0) € k, and

proceed as above.

Let k, have size ¢ and k,(x) have size ¢". Then the Galois group of the
extension k,(z)/k, is generated by the map o — a?. So our element b differs
from each of its conjugates b9, b*,... by a (q — 1)"-power. Hence it differs
from its norm Ny, (2y/k,(b) = bbb ..., a product of n terms, by a (¢ — 1)"-
power also. So these elements are all products of elements of the second
type.

For an element made up of symbols {b,,t,} in each z-position, b, € k,(z), we
may use the above method to show b, is equivalent to a, = Ny, )/, (by) € ky.
Then an element containing entries only of this type is an element of the third

type, as required.

The product is finite because of the intersection with the adelic group. [
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We can now complete the proof of theorem 4.1.11. Following Parshin’s local
approach detailed above, we provide each of the generators of F</(F;)7!
with exactly one of the generators of J,/(A(Ky*(F,)) N Jy)3¢ " with which

it has a non-zero value when the higher tame pairing is applied.

Let ¢ be a primitive (¢ — 1) root of unity in Fj, i.e. a lift of a generator of
k,. Then as above, F, is generated by (, ¢, and a local parameter u,, for

each x € y.

We pair ¢ with the element of J,/(A(Ky*(F,)) N Jy)JE " with {ugy,t,} at
the position corresponding to the point at infinity for some z € y, and trivial
everywhere else. This is independent of the choice of x € y: the value of
the tame pairing depends on the valuation of u,,, which here is related to
the degree of the polynomial u,, when written as a polynomial in a fixed
variable u. So the non-trivial case is when u, , has degree greater than one,

which coincides with the case k,(x) # k.

Let v,, be the linear factor of u,, corresponding to the valuation on F,,,.
Now, as discussed in the above proof, in the z-position the element u,, =
Ni,(2)/k, (V) differs from the factor v,, by a (¢ — 1)"-power. So again,
modulo the power of (¢—1), the pairings have the same value in this position,

and hence also when shifted to the point at infinity.

We pair the parameter ¢, with the element of J,/(A(Ky7 (F,))NJ,)J¢ ! with
{¢,uy,} at the point at infinity for some = € y and trivial everywhere else.

As above, this is independent of our choice of x € y.

Finally, for each z € y, we pair the parameter u,, with the element of
3,/ (AKYP(E)) N Jy)3¢ " with {¢,t,} in the z-position and trivial every-
where else.

For a singular curve y C X, we may use the above construction for each
irreducible component y; of y which will induce a non-degenerate pairing on
the groups F,¢ and 3,/ (A(KSYP(F)) NJ,)JL, both direct sums over y; C y,

where the case for y; again follows as the fields involved depend only on the

75



normalisation of the curves.

We will now construct the reciprocity map for a product of complete discrete
valuation fields over a global field, associated to a curve on an arithmetic
surface. We recall the argument from section 2.1, which constructs homo-
morphisms from the K-groups to the absolute abelian Galois group, using
the Witt and higher tame symbols. Hence we obtain a well-defined map,
using the product of the Witt and higher tame symbols:

/
HxEyKé P(Fy,y) — Gal(F/F,).

In addition, we must define the unramified part of the reciprocity map. The
unramified closure of the field F is the field generated by F and F,, and
its Galois group is canonically isomorphic to Z, generated by the Frobenius

automorphism of F,, Frob.

Definition 4.1.15. Let 6 : K?(F,,) — K\ (F,,) be the boundary homo-
morphism of K-theory. We define the map

A

Unyy : K3 (Fy,) — 7

by
{o, B} > Frobe Ceph)

where vp, = is the valuation map of the local field Fy,.

We define Un,, to be the product of the Un,,. Note that this product is well-

/
xrey

the component {a ,, B,,} is in K57(O,,,) and the value of §({ay, Bey}) is
1.

defined on the adelic group [T, K57 (Fyy), as for all but finitely many x € v,

The unramified part of the map also obeys the reciprocity law: it follows
straight from the reciprocity law for k(y). So we may define the product of

all three maps
/

11 . K (F.,) — Gal(F}*/F,).
TEY
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Define
. ! top
Yy HwaKz (Fuy) = Gal(L/Fy)

as the product of the ¢, ,(L).

Lemma 4.1.16. Let L/F, be a finite abelian extension. Then for almost all

x €y, we have ¢, ,(L) =1, and hence ¢, is a continuous homomorphism.

Proof. By [33] section four, it is sufficient to prove the lemma in the three
cases L = F(v), L/F, an Artin-Schreier extension with v¥ —~y = « for some
a € F,, L =F,(B) is a Kummer extension where 3 = ¢ for some I|g — 1 and
§ € F,, and L/F, is unramified.

This is sufficient as the abelian closure, F;b /F, is generated by the maximal
unramified extension, the maximal ramified and prime to p extension, and
the maximal p-extension. These three types of extension are disjoint, except

for the unramified p-extension, where the maps are compatible.

For the first case, the local residue symbol is described by the relation

Py (Way) (2) = (Wa |y (2)

for w,, € Ki(F,,) and we know this is zero for almost all x € y from

lemma 3.2.2 above.

For the Kummer extension, the local residue symbol is described by the

relation
st,y(ww,y)(z) = (ww,ya 5)w,y

and similarly we know this is trivial for almost all z € y by lemma 3.3.2. The

comment below definition 5.1.12 proves the lemma in the unramified case.

The continuity of the reciprocity map follows, as the preimage of any open
subgroup of Gal(Fg"/F,) has only finitely many non-zero elements of J,.
But from the definition of the topology, this is exactly what is required in
the direct sum and product topology. O]
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From [33] section four, we see that these maps are compatible for different

abelian extensions L/F,, so we have a continuous homomorphism
!/
to, a
By : Hmeng P(Fyy) — Gal(Fo/F,).

We now prove the main theorem of this section. Recall that the restricted
product of the groups K3 (Oy,y) is given by the intersection of the product
with the adelic group Ax.

Theorem 4.1.17. Let X/F, be a regular projective surface and y C X an

wrreducible curve. Then the continuous map

By : HmeyKé”p(Ox,y) — Gal(F}"/F,)

is injective with dense image and satisfies:

1. ¢, depends only on F,, not on the choice of model of X ;

2. For any finite abelian extension L/F,, the following sequence is exact:

H;/Ey’,ﬂ'(z’):z K;OP(LQ:/) N
A(KSP(L)N[T, K3°P (L)

ey, m(z! )=z

T IAEP(FE)NT, — —2> GalL/F,) — 0.

3. For any finite separable extension L/F,, the following diagrams com-

mute:

T/ AKEP(L)) —2  Gal(L*/L)

T,/ AKI(F,)) —2— Gal(F®*/F,)

where V' 1s the group transfer map, and

T/ AKEP(L)) —2  Gal(L*/L)

! !

T,/ AKI(F,)) —2— Gal(F®/F,).
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Proof. By propositions 3.2.3 and 3.3.3, we know ¢, (K45”(F,)) is trivial in the
absolute abelian Galois group. We again separate into the three cases of an

Artin-Schreier extension, a Kummer extension, and an unramified extension.

For the unramified extension, the commutative diagram

Ty AKSP(F)) — TToe,k(w): /k(y)* — 0

%l Pr(y) l

Gal(Fy*/F,) —— Gal(k(y)*®/k(y)) —— 0

and the fact that the right vertical map is injective with dense image show

the left map is injective and has dense image.
Artin-Schreier-Witt duality and theorem 4.1.2 induce the isomorphism

m

T/ (AKS™(F)) N J) " = G /(@)

and passing to the projective limit gives the decomposition
T/ (AUKEP(F) 014,) > lim Jy /(ACKEP(F) 012" 2 G

and hence the wildly ramified part of ¢, has dense image.

To show ¢, is injective, we must show
ﬂm(A(K;OP<Fy)) N Jy)ng = A(Kéop(Fy)) N Jy'

Now, for each x € y we have N, K3 (O,y, pey)? = {1} - see [33, Section
2, Lemma 3] - and hence this is true for the adelic product also. Hence
the above equality holds, and so the wildly ramified part of the map in the

projective limit is injective.

We now study the tamely ramified part of the reciprocity map. Kummer

duality and theorem 4.1.11 induce the isomorphism
Jy/ (AT (F)) N33 — G
showing that this part of the map is injective with dense image also.
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Finally, noting that (IT,e, 55" (Ouy))/ K™ (Fy) N [T, Ko™ (Ouy) = Jy x 3y
and that the Galois group the Witt and Kummer dualities generate is iso-
morphic to Gal(F¢*/F,)/Gal(F,"*" /F,), we see that the whole reciprocity

map is injective and has dense image.

For the remaining properties, 1 follows from theorem 3.1.4. For 2, consider

the commutative diagram with exact lower row

[T/ K57 (L) N Moy Ko™ (Fry) dy
AR (LN ES™ (L) ARG (Fy)N[They K57 (Fuy) Gal(L/Fy) —— 0
al o H H
Gal(L®/L) — Gal(F*/F,) —— Gal(L/F,)) — 0.

The exactness of the upper row follows from the fact that the image of the
norm map N is closed [9, section 6] and that the images of the first two

vertical maps are dense.

The commutative diagrams follow straight from the corresponding local prop-
erties - see [33] - without the factorisation by the diagonal elements, and
then the reciprocity laws from 3.2.3 and 3.3.3 prove them with the factorisa-

tion. O
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5 Class Field Theory of Arithmetic Two-Dimensional
Local Rings

We will now fix a point x € X and study a ring of the type F} described in
definition 2.1.1 part 3. As in the preceding section, we will first study the
Witt pairing for the wildly ramified part of the class field theory, then the

higher tame pairing for the tamely ramified part.

Definition 5.1.1. Define J, =[], Ky (O yyyy,).

This group will be related to the Witt symbol, and is the analogue of J,
in the preceding section. Note that the product is finite, so need not be a

restricted product.
Firstly we will consider the case where our point x € X satisfies condition f:

“r € X has strictly normal crossings, i.e. all intersections are transversal
and ky(x) = k(z) for all y > z.”

We let the point z lie on two curves, defined by parameters u and ¢, so that

the two dimensional local fields associated to z are:

Fug = k(z)((w)((t)) and Fiy = k(z)((£))((«)).
We aim to prove the following theorem:

Theorem 5.1.2. Fiz a point x € X. Then the pairing
T Win(F2)
(A(KE(F) 0 J) 2 (Frob — )W, (Fy)
1s continuous and non-degenerate for each m € N. The induced homomor-
phism from J,/(A(KYP(F,)) N J)JE™ to
Wi (Fy "
fom ({0

s a topological isomorphism.

— Z/p"7
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We will prove this theorem in case { and then prove we can always reduce to
this case.
We begin with some lemmas on the structure of the K-groups similar to the

lemmas in the preceding section.

Lemma 5.1.3. Fiz x € X, and let u,t generate the maximal ideal of (’A)va.
Let y, 3y run through the local irreducible curves in a neighbourhood of x such
that Spec(Ox ) Ny (resp. y') determines a curve in a neighbourhood of x
with equation t, (resp. t,). Then KyP(F,) is generated by symbols of the

form:

1. {ty, ty}
2. {a,t,} with a € k(x)*

3. {1+ au't? t,} with a € k(z)*, 4,7 > 1.

Proof. Let &, be the group generated by the elements
{a € @_,Xm ra=1mod p,} = {1+bu't’ : b€ k(z)"i,j>1}.
Then we can decompose the multiplicative group as
Ff =& Xk(x) x®, <t,>

where the direct sum is taken over the curves as in the statement of the
lemma. This is because the irreducible curves in a neighbourhood of x define
a prime ideal of height one in Ox , generated by the equation t,, and it is
easy to see that these are exactly the part of /) not contained in the group
generated by by the constants and the principal units of O x,z- Once we have

this decomposition, the lemma follows exactly as in the curve case 4.1.3. [J

Lemma 5.1.4. Let a € J, with x € X satisfying t. Then « is a product of

symbols:
) {1 -+ ai,juitj,t} pJ(u
in Fyy: o
{1+but’,u} pli, andifp|yj, bi; =0;
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{1+ ait’u',t} p|jandifpli, a;;=0;

{14 b t0u",u} ptJ;

m Ft,u :
fori,7 € N.

Proof. This follows immediately from theorem 1.1.6 and the fact that for
z € X satisfying f, the product [] ., Ky*(0,.,,m,,) becomes the product

of elements of types 4 and 5 in theorem 1.1.6 for the fields F,; and F;,. O

Let 2 = ¢;ju~t™9 € Wp,(F,)/(Frob—1)W,,(F,). Notice that exactly as in
lemma 4.1.6, at least one of the pair (7, j) must be greater than zero. Sim-
ilarly to the case of a fixed curve, we will look at the values of the pairing
for a pair (7, ) and distinguishing the cases depending on whether i or j is

divisible by p.

Lemma 5.1.5. Suppose p 1 i, p | j and let « = ({1 + a; u't/, t}, {1 +
bi jt'u’,t}) € J, and z = cu*t' € F,/(Frob — 1)F,. Then

ic(ai,j—bi,j) Z+k’=0, ]‘f’k:O

(alz], =

0 t+k>0andj+1>0.
Symmetrically, if p | i and p 1 j, let B = ({1 + aj ju't/ ,u}, {1 + b ;t7u’, u}),
then
jebi;—ai;) i+k=0,j+1=0
(5’2]x = ’ ’
0 t+k>0andj+1>0.

Proof. This is a simple calculation of residues, following as in lemma 4.1.7.
O

Lemma 5.1.6. Suppose p1i,j. Let a = ({1 +a; ju't’, t}, {1+ b jt/u’, u}) €
J. and z = cu*t' € F,/(Frob — 1)F,. Then

c(z’ai,j —|'ij7]) Z+l€:0, ]"—l:O
(alz]s =
0 t+k>0andj+1>0.
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Proof. As for lemma 5.1.5. m

For (i,7) € N?, define J, >;; to be the set of elements with both a; and by,
equal to zero for all k < 1, [ < j, when expressed as a product of elements of

the form given in lemma 5.1.4.

Lemma 5.1.7. Let x € X satisfy t and fiz (i,5) € N*> withpti, p|j. Then
the map

QIR X ut k() - k(o)
(AKYP(Fe)) N e >ig) - Je i g-Jo>i g

is a non-degenerate pairing of k(x)-vector spaces. The induced homomor-

phism

Iy >i

(AKSP(F)) N Ty zig) - o sistg-Josij

— Hom(k(x), k(x)) = k(x)
s an isomorphism.

Proof. Let a>;; € Jy>ij. By lemma 5.1.4, as;; is uniquely determined
modulo J; >it1j.J5 >ij+1 by the pair (a;;,b; ), where a; ; is represented by
({14 a;ju't? t}, {1 + b jt7u’, t}).

Let z = ¢;;u~t™7, and suppose (as;jlz], = 0. Then by lemma 5.1.5,
ic; j(a;; — b;j) = 0. Since we are assuming z ¢ (Frob—1)F, and as;; # 0,
we must have a; ; = b; ;. Hence a>; ; € A(KYP(E)) N Jz>ij, and the pairing
is non-degenerate.

The isomorphism to the homomorphism group follows easily, as the left hand

side is obviously isomorphic to k(z). O

The case (i,7) € N2, pt 7, p | is identical to the above lemma.

Lemma 5.1.8. Let x € X satisfy t and fix (i,7) € N> with pti,j. Then the

map

QIR < ut k(@) — k()
(A(KY"(FL)) N Jo>ig)-Jo>ir1j-Je i
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is a non-degenerate pairing of k(x)-vector spaces. The induced homomor-

phism

Iy >i

(AT (Fy)) N Jozig)-Jozivt-Jozije

— Hom(k(x), k(x)) = k(x)
s an isomorphism.

Proof. As in the proof of lemma 5.1.7, o>, ; € J; >;; is uniquely determined
modulo J, >;11j.Jz >ij+1 by (aij, bi ;) and represented by ({1+a; ju't?, t}, {1+
biyjtjui, U})

Let z = ¢; ju~"t™7, so that by lemma 5.1.6 we have
(azijl2le = cijliai; + jbi;).

Suppose (a>; ;2] = 0. As in the lemma above, we must then have jb; ; =

—1ia; j, 1.€.
asij = ({14 a; u't? 1}, {1 — (i f)a; t/u’, u}).
We use the K-group identity from 77
{1 — v’ u} = {1+ jou't? £} mod K5 (Opu, Pra)-
S0 a>; ; can be represented by:
({1 + a; 't 1}, {1 + a; u't? 1)) € A(KSP(FL)) N Jpsi -

Hence the pairing is non-degenerate and the proof ends exactly as in lemma
5.1.7. O

We now proceed to the proof of theorem 5.1.2, in the case z satisfies hypoth-

esis 7.

Proof. m=1: We first prove non-degeneracy in the second argument. Let z =
> i Ciju't! be a representative of F,/(Frob — 1)F,, and suppose (a|z], = 0
for all @ € J,. Assume z # 0 and let (¢,7) be the least index with ¢; ; # 0
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ordered lexicographically.

Let a_; _; € Jy—;—j. Then
0 = (ai—jlzle = (ami—jleiju't]s

by lemmas 5.1.5 and 5.1.6, but also by these lemmas, this is a contradiction.
Hence the pairing is non-degenerate in the right argument.
Now let

w: F./(Frob — 1)F, — Z/pZ

be a homomorphism. We describe 1 via a family of homomorphisms
Wi k(z) = Z/pZ

mapping ¢; ; to u(c; ju't?) for each (i,j) not both greater than zero.

We will construct an « € J,./JP such that
(el2le = p(2)
for all z € F,/(Frob—1)F, and such that « is unique up to A(K3* (F,))N.J,.
Similarly to the proof of theorem 4.1.2, for « € J,./J? we inductively define
A>ij = Qi jA>it1,j¥>ij+1

and oy the element defined by a;; and b;; in our expansion of a as a
product of elements of the form given in lemma 5.1.4.

By lemmas 5.1.5 and 5.1.6, we have
(ale;_ju™t7], = Z (agale—s_u~"t™],
1<k<i, 1<I<j
and so (a|z], = u(z) for all z € F,/(Frob — 1)F, if and only if
(i jlemi—ju ™t ) = pijlcoi—y) — Z (akle—p—u "7,
1<k<i, 1<I<j
for all pairs (7, j) not both less than zero.

Now by lemmas 5.1.7 and 5.1.8, there does exist such an «; ; for each pair
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(i,7), uniquely defined up to (A(K5P(Fy)) N Jpsij)-Josit1j-Jesijr. S0 let
a = [ a;;, and we have the required element. Hence the proof is complete
for m = 1.

The induction follows exactly in the proof of theorem 4.1.2. m

We now study the global higher tame pairing for a fixed point on the surface
X. We first define J, to be the ring generated by

H/{k($)vty} X H {ty, by }.

Y3z vy dx,y' #y
We will proceed very similarly to the case of a fixed curve, aiming to prove

the theorem below.

Theorem 5.1.9. Fiz a point x € X, and let k(z), the residue field at z, be
a finite field of size ¢ Then the global higher tame pairing on

3z/(A(K;op(Fx)) ﬂﬁz)ﬁg_l X Fxx/(FIX)q—l — F;
s continuous and non-degenerate.

As above for the Witt pairing, we will apply condition | at first. We will
again use a combinatorial argument to give each generator of FX/(F))!
exactly one generator of the quotient group J,/(A(KsP(F,)) NJ,)J% " with

which it has a non-zero value when the higher tame pairing is applied.

From the description of F* in lemma 5.1.3, we see that F*/(F)?! is gen-
erated by a (¢ — 1) root of unity ¢ € k(x) and a local parameter ¢, for
each y passing through x - with condition {, we will have just two such local
parameters v and t. We study the elements in the diagonal embedding of

K;Op (F,), and use this to study the generators of the quotient group.

Lemma 5.1.10. Let o € A(KYP(F,)) N Ja, where x € X satisfies condition

t. Then « is a product of elements of the form:

1. ({¢ u}, {C ud);
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2 (G AGH);
3. ({u,t}, {u,t}).

Proof. As x satisfies {, we know by lemma 5.1.3 that K;Op(Fm) is generated
by the elements {¢,u}, {¢,t} and {u,t}, and the principal units which we
do not need to consider here. Embedding each of these elements diagonally
into J,, we get elements which are non-trivial in both local fields F,; and

F,, and can still be written in this form. O

Lemma 5.1.11. Let o € 3, /(A(KYP(F,)) N 3.)3%Y, where © € X satisfies

condition T. Then « can be written as a product of elements on the form:

1. ({¢u}, 1);
2. ({¢,t}, 1);
3. ({u,t},1).

Proof. Any element with non-trivial entries only in the first column clearly
satisfies the lemma because of the structure of the topological K-groups of a
higher local field. So suppose a = (3, 7) for some elements 3 € K (F, ) and
v € K¥P(F,,). Then multiplying by the element (7, 7)9% € A(K3P(F,))NJ,
gives us the element (87,1) € J,/(A(KYP(F,))NJ,)J9, which is a product
of elements of types 1, 2 and 3 as before. O

We may now very simply prove 5.1.9 in the case x satisfies . Recall we wish
to pair each generator of FX/(FX)?" with a generator of J,/(A(K*(F,))N
J2)3%7L so that the two elements have non-zero pairing, thus showing non-
degeneracy. We pair the elements ¢, v and ¢ with the elements of types 3,
2 and 1 respectively as defined in the lemma above. Each pair yields one of

the elements £¢ € IF,. This completes the proof when x satisfies .

We now prove the theorems without the condition {. We first look at the
case of the Witt pairing.
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Proof

We will proceed by considering a general element in .J,, and asking when
it can be a “degenerate element” - i.e. an element a which has (alh], =0
for every h € F,. We will use the local case, case t and consider the forms
the elements can take, and see that the only degenerate elements which can

occur must be diagonal elements.

We briefly introduce our argument. First, we take a typical element of .J,:
({1 + Blailfy{17 al}? {1 + BQO/;’Y%éa Oég}, s ) .
Then we have two options:

1. There exists a pair of local parameters ay, v, such that the entry in
one of the two local fields defined by the parameters is non-trivial, and

the entry in the other is trivial.

2. The entries in all pairs of local fields as described above are either both

non-trivial or both trivial.

In the first case, the local case and first part of the argument below will show
this type of element can never be degenerate. In the second case, condition f
shows that each pair of local parameters must have the same entry for both
the local fields defined, and an element with all entries of this form is itself

diagonal.

We now begin the rigorous argument by considering the general element
({1 + 51&?7{17 041}, {1 + 5205%2’7%27 a2}7 s ) € Jx7

where the 8 € ky, (z), and the ay, v, are local parameters for the localisation

of F, given by the prime y;, € Ox ;.

We examine when such an element can be degenerate in the left hand side

of the Witt pairing on

Jo/ MK (Fy)) x Fy/(Frob — 1)F,.
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If just one of the entries {1 + ﬁka;ffyi;’“, ag} is non-trivial, then we are in the
local situation and can always find an element of F, with which our element

has non-zero Witt pairing - here take
ho = a,j’“fy,;j’“.

See lemma 5.1.5 for the calculation. There is a further difficulty here if the
element is in K5 (F.,)P". Then we must pair it with an element in W,,(F,),

a part of the induction we will discuss more later.
So to be degenerate we must have more than one non-trivial entry.

We now look at the case where exactly two of the entries are non-trivial.
Suppose these entries are in localisations of F, with different local parameters
from each other, say corresponding to primes y; and ;. So the two non-trivial
entries are {1+ Bra*y/*, i} and {1+ Ba' v, a;}.

Then letting

— kA TR

we have ({1 + Bra®~v/*, i} holay~. = jrBk by lemma 5.1.5.

So if ji is not divisible by p, we have an element of F) which has a non-zero
pairing with the first entry and zero with the second, and hence non-zero
when summed. If p is the maximal power of p dividing ji, replace hg by the
Witt vector with hg in the m'® position to get the same result, by property 7
of lemma 1.2.3. Hence if our element is a product of local elements with all
the non-trivial entries in fields defined by different curves y; > x, then the

element cannot be degenerate.

We now consider the case where there are two entries from fields defined
by the same pair of local parameters, starting with this pair being the only

nontrivial entries.

Then we can apply the calculations from lemmas 5.1.7 and 5.1.8, where

condition ft is satisfied, to see that it must have identical entries in the two
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non-trivial places. But this is exactly the image of the element of K3 (F,)
with these entries diagonally embedded in J,, as they are trivial in all other

localisations. So we have proven non-degeneracy in this case.

Finally, we discuss the case where there are more than two non-trivial entries
in the element. Suppose first that there is an entry with local parameters
ag, Y& which aren’t local parameters for any of the other non-trivial entries,
i.e ap # oy and v, # v, for all [ with 5; # 0.

Then arguing as in the case of two non-trivial entries above, we have an

Uk ATk

7,?"“ € F, which has a non-zero pairing with {1 + Sraf~v/*, oy}

element a; ™

and zero with each other element. So to be degenerate, an element must

have at least two entries for each pair of local parameters.

But the only two fields which can be defined by these parameters oy, v are
the localisations with respect to the prime ideal generated by one of them,
and F.

a0 in fact

then the maximal ideal generated by both - i.e. I, .,
any degenerate element must be a sum of the type discussed above. But such
an element is the image, under the diagonalisation map, of the product of
all its entries - each parameter can be regarded as trivial in the topological

K-groups of the local fields where it is not a local parameter.

Hence the pairing is non-degenerate on the left hand side J,/A(KLP(F,)).

So we now must prove that the pairing is non-degenerate on the right-hand
side. Following from the calculations 5.1.7 and 5.1.8, we see this is equivalent
to proving that the elements of W,,(F,)/(Frob — 1)W,,(F,) are all of the
required form for each integer m, i.e. every entry f in the Witt vector is a
sum of elements of the form of the form f = B[], aj* where 8 € k(z), the
ay are primes of F,, and at least one of the i; is negative. This argument
follows as before, in lemma 4.1.6: suppose all coefficients are greater than
zero, then look at the convergent (with respect to the topology of Oy ) sum
[ = (=) +(=f)P+(=f)P"+..., hence f = f—f is trivial modulo (Frob—1).

So we can now complete the proof, as this shows the non-degeneracy on the
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right-hand side of the pairing.
This completes the proof of theorem 5.1.2.
Remark

One can use the work of Matsumi to understand the structure of F, /(Frob —
1)F,, then induct as in the case of a fixed curve. For a complete two-
dimensional local ring R of positive characteristic, Matsumi’s paper [23] finds
a simple form for the rings R/RP and F/FP, where F is the fraction field of
R.

We now complete the proof of theorem 5.1.2.

Proof. The above discussion uses the structure of the group J,, the argument
for the normal crossings case, and the structure of F,/(Frob — 1)F, to show

that
Jo

AEPEE o ((Frob i pZ) '

We can then induct on the length of the Witt vectors as in the proof of 4.1.2.

Suppose

Iy ~ Hom ( Wi (Fy)

(A(KSP(F,))JE" (Frob — )W, (F,)
for some integer m. Let u € Hom(W,, 1 (F,)/(Frob—1)W,,,1(Fy), Z/p™ 7).
Then as before we define the restriction p’ : W, (F,)/(Frob — 1)W,,(F,) —
Z./p™Z by

, Z/p’”Z>

,l/(f(), .- '7fm—1) - V(N(fOu s 7fm—170))'

Then g/ can be associated to o € J,/(A(KYP(F,))J?™. Then as in the proof
of 4.1.2, a will also associate to y in the same way, uniquely up to JP" as

required. O]

We now remove the necessity for condition t for the case of the higher tame

symbol and J,. We proceed in a broadly similar manner to the argument
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for the Witt symbol, reducing back down to the case of exactly two local

parameters and looking at the quotient by the diagonal elements.

Firstly, we note that F},/(F,)?! is generated by k(z), and a local parameter
t, for each curve y passing through x. Let k(z) itself be generated by the
(g — 1)™ root of unity .

We wish to pair ¢ and each ¢, with an element of J,, unique up to the
diagonal elements and a power of (¢ — 1), so that the elements we choose
generate J,/(A(K3P(F,))3%". As before, this is enough to prove Kummer
duality and the tame part of the reciprocity map.

We pair an element t, with an element with {(,%,} in the position corre-
sponding to a two-dimensional local field with ¢, and ¢,/ as local parameters
- there are two such fields in the adeles at x, but case { above shows that
this choice does not matter. We must show also that the choice of prime ¢,

does not matter.

The higher tame pairing will take the value

({C ty ) ty)e = Ctoty)s

where (t,,t,), is the intersection multiplicity at x. Since the intersection

multiplicity satisfies

(tya ty’)x = dimk(m) (OX,w/(tw ty’)) )

we see that the value of the higher tame pairing again differs by norms as
the choice of 3 varies, so as in the argument for a fixed curve, the choice of
y' in the quotient does not matter, as it will change only up to a power of
(¢ —1).

We pair the element ¢ with an element with {¢,,¢,/} in the position corre-
sponding to a two-dimensional local field with ¢, and ¢,/ as local parameters

and trivial everywhere else, where ¢, and t,, are distinct height one primes
of OX,x-
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To show our choice does not matter in the quotient, we argue as above.
Firstly the choice of fields Fty,ty, or Fty/,ty does not matter by condition { in

the preceding section.

Secondly, we consider our choice of y and 4. Up to a sign, the pairing
will take the value (("'v)=. If we change the primes to t,, and ty, this is
equivalent in the adelic quotient to multiplying by the element with {t,,, tyi}
in the place corresponding to the new primes, and {¢,,t,}?"2 in the place

corresponding to the old primes.

But by the same argument as before, we may replace all these elements by
their norms, which are (¢—1)**-powers in the adeles. Hence the above value of
the higher tame pairing is unchanged and the elements all become equivalent

in the quotient.

So we have paired each generator of F,/F?~! with a generator of the tame
part of the adeles at  modulo (¢—1)" powers, and hence can apply Kummer

theory as usual.

We now construct the reciprocity map for the ring F,. As in the previous
section, we recall the theory from section 2.1 to obtain a well-defined map
[[ 557 (Fey) — Gal(F/Fy).
kY
We now define the unramified part of the reciprocity map. The unramified
closure of the ring F is the ring generated by F and F,, and its Galois group

is canonically isomorphic to Z, generated by the Frobenius automorphism of
]Fq, Frob.

Definition 5.1.12. Let ¢ : Ki*(F,,) — K| (F,,) be the boundary homo-
morphism of K-theory. We define the map

A

Ungy : Ky (Fhy) — 7

w7y

{a, B} — Frob"Few (5({0"5}),
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where vg, = is the valuation map of the local field F,,.

We define Un, to be the product of the Un,, over the local irreducible
curves y 5 x. Note that this product is well-defined on the adelic group

H;91K50p(Fz7y), as for all but finitely many y > z, the component {«, ,, 5y}

is in K3(0,,) and hence the value of 6({a,.,, Bsy}) is 1.

Lemma 5.1.13. The map Un, obeys the reciprocity law, i.e. for an element
{a, B} € K3P(F,), we have Un,({a, B}) = 1.

Proof. Using lemma 5.1.3, we may calculate the image of K. SOP (F,) under the

map Un,. We have:
0oy ({ty, by }) = ty;
Oy ({tys tyr }) = —ty;
Ory({a,ty}) = a;
Ory(1 4+ au't! t,} = 1;
and all other values are trivial. Hence the image of K. (F,) is generated by
the images of the elements

ty - ty/, a

in k(y)), where y and 3’ range through the curves passing through = and
a € k(z)*. Now to find the image of Un,, we sum the valuations of the
image of & over the curves y 5 x. It is easy to see that in both cases the sum

of the generators over the two non-zero values is zero. O

So the product of all the symbols

/

[T K& (Fy) = Gal(Fe/F)
Yy x
is well-defined. By lemmas 3.2.2 and 3.3.2, we know the product converges.

Now we define
s - | |/ K (F.,) — Gal(L/F},)
oz 2 Y
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to be the sum of the ¢, ,(L).

Lemma 5.1.14. Let L/F, be a finite abelian extension. Then for almost all

y > x, we have ¢, (L) =1, and hence 1, is a continuous homomorphism.

Proof. By [33] section four, it is sufficient to prove the lemma in the three
cases L = F,(7), L/F, an Artin-Schreier extension with 7” —~ = « for some
a € F,, L = F,(8) is a Kummer extension where 3" = § for some I|g — 1 and

d € F,, and an extension of only the base field k(z).

This is sufficient as the abelian closure, F%°/F, is generated by the maximal
unramified extension, the maximal ramified and prime to p extension, and
the maximal p-extension. These three types of extension are disjoint, except

for the unramified p-extension, where the maps are compatible.

For the first case, the local residue symbol is described by the relation

Py (Way) (2) = (Wa |y (2)

for w,, € KyP(F,,) and we know this is zero for almost all y € x from

lemma 3.2.2.

For the Kummer extension, the local residue symbol is described by the

relation
¢x7y(w$’y)(z) = <w$:y7 5)1’,y
and similarly we know this is trivial for almost all y € x by lemma 3.3.2.

For the extension of k(z), using the calculations in lemma 5.1.13 we see
that ¢, is non-trivial only in the case where the component is of the form
{t,,t,}, which by our adelic restrictions can happen in only finitely many

places.

The continuity of the reciprocity map follows, as the preimage of any open
subgroup of Gal(F%/F,) has only finitely many non-zero elements of .J,.
But from the definition of the topology, this is exactly what is required in
the direct sum and product topology.
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We now prove the main theorem of the section.

Theorem 5.1.15. Let X be a reqular projective surface over the finite field

F,, and v € X a closed point. Then the continuous map

Vot Tof/ AR (Fy)) — Gal(F}" [ Fy)
is injective with dense image. It also satisfies:
1. For any finite abelian extension, the following sequence is exact

i I1,/5. ;OP(Ly/t) N . 7 /A(KtOp(F )) L GCLZ(L/F ) .0
AP (D)N[ Ty 500 K3P (Ly) r 2 z r

2. For any finite separable extension L/F,, the following diagrams com-

mute:

T/ DK (L)) 25 Gal(L*/L)

To/ MK (F,)) % Gal(Fet/F,)

where V' 1is the group transfer map, and

T/ AKEP(L)) —2  Gal(L*/L)
To/ AKYP(Fy)) —2 Gal(F®/F,).

Proof. As in the case for a fixed curve, the commutative diagrams follow

from the local case proved in [33] and the reciprocity laws in 3.2.3 and 3.3.3.

We now show 1), is injective with dense image, using the basic facts of Artin-

Schreier-Witt and Kummer duality in a similar manner to the proof of 4.1.17.
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Artin-Schreier-Witt duality and theorem 5.1.2 induce the isomorphism
Jo/(ACKS" (Fe)) N L) T2 — Gal(E*? [ Fy) [(Gal(Fy*7 [ Fy)P™
and passing to the projective limit gives the decomposition
Ty (A(KL (F2)) N Jp) = m J, [ (A(K™ (Fy) 0 ) JE" = Gal(E*? [ Fy)

and hence the wildly ramified part of ¢, has dense image.

To show ¢, is injective, we must show
N (ARG (FL)) N ) I = AKSP(F)) N T,

Now, for each y > = we have Ny, K5 (O4y, puy)?” = {1}, and hence this is
true in the adelic product also. So the wildly ramified part of the map is
injective.

We now study the tamely ramified part of the reciprocity map. Kummer

duality and theorem 5.1.9 induce the isomorphism
Jo/ (AU (F) N 3a)IEH = Gal(Fy"/Fy) [(Gal(F? [ Fy) Gal(F™ ™ [ F))

showing that this part of the map is injective with dense image also.

We complete this part of the proof by checking that the part of the reciprocity
map related to the algebraic closure of k(z) is injective with dense image.

Since the image is Z C Z, the density of the image is clear.
To show this part of the map is injective, we use the commutative diagram:

Tz 0 N @y%z’dl})g O
A(KSP(Fy)) S(A(KLP(Fy)))

Qal(F®/F,) —— Gal(k(z)®/k(z)) — 0.

Both the rows are exact, and the kernel of the first map on the top row is
[1,=. K3 (0,,,) which is the part of the group related via the reciprocity
map to the kernel of the first map on the bottom row, by definition of the
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Galois groups. Hence this part of the reciprocity map is injective also, and

this part of the proof is complete.

Finally, to prove exact sequence 1, we consider the commutative diagram

with exact lower row:

[Ty 50 K57 (Ly) N IT, 50 K57 (F) Yo
AR (D)5 00 Ko™ (L) AL (Fa) [T K5 (Fry) Gal(L/F,) —— 0
al A H ||
Gal(L®/L) — Gal(F®™/F,) — Gal(L/F,) — 0

where N is the product of the local norm maps. The commutivity follows
from property two of this theorem and Galois theory. Now as in the corre-
sponding theorem in the previous section, the density of the images of the
first two vertical maps and the fact that the image of /N is closed complete

the proof that the top sequence is exact. O
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