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"We are so unwise that we
wander about in times that
do not belong to us, and
do not think of the only
one that does; so vain that
we dream of times that are

not and blindly flee the

only one that is.’

- Blaise Pascal, Pensées
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Abstract

In this thesis we obtain an abstract continuity theorem for the drift associated with a product of
isometries in both Gromov hyperbolic spaces and symmetric spaces as well as the Lyapunov expo-
nents for a product of linear operators over some Hilbert space. We obtain these results by following
a recipe of having large deviations estimates and an avalanche principle; a result which allows us
to take conclusion of global nature from local hypothesis.

As a main example, we apply the results to cocycles over Markov systems, where we prove the
aforementioned large deviations estimates hold, thus providing a large class of examples. Upon
presenting the linear setting we also mention the case of quasi-periodic linear cocycles. Whilst
exploring Markov systems we also obtain a Fiirstenberg type formula.

From the perspective of Gromov hyperbolic spaces, we prove their group of isometries is a
topological group and how random products of isometries follow a multiplicative ergodic theorem

for the drift, thus describing the behaviour of typical orbits.

Keywords: Large deviation estimates, multiplicative ergodic theory, abstract continuity the-

orem, avalanche principle
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Resumo Alargado

Um topico que surge naturalmente em diversas dreas da matematica e das suas aplicacdo ¢ a com-
preensao de produtos aleatdrios de operadores, escolhidos segundo alguma regra estocastica ou de-
terministica. Realisticamente, ndo podemos esperar obter muita informacao sobre o produto neste
nivel de generalidade, uma vez que tipicamente o comportamento assimptotico do produto deve
divergir para alguma no¢ao de "infinito” do espaco. Para combater este problema, é costume in-
troduzir alguma informagao que descreve o comportamento assimptotico do produto. Um exemplo
paradigmatico de tal quantidade descritiva € o exponente de Lyapunov e a filtracao de Oseledets que,
através do teorema multiplicativo ergddico de Oseledets, descrevem completamente a dindmica de
um produto aleatério de matrizes.

Pelo teorema subaditivo ergddico de Kingman, a forma usual de garantir que tais quantidades de-
scritivas existem ¢ garantir que elas sao subaditivas em relagdo ao produto. Isto acontece tanto com
o maior exponente de Lyapunov como com o drift linear no caso de semicontrac¢des em espagos
métricos. Obtendo assim a existéncia destas quantidades, tentamos obter um teorema multiplicativo
que explique o seu comportamento. e assim o comportamento do produto.

Uma vez percebida a dindmica do produto, uma questdo interessante € - o que acontece com
estas quantidades, que podem ser vistas como fungdes, se perturbarmos subtilmente os elementos
do produto, quer escolhendo elementos semelhantes, quer mudando a forma como sao escolhidos?
Chamamos a esta questao o problema da continuidade. Este ¢ um problema bastante rico e complexo
que iremos focar ao longo do resto do texto.

Outro problema interessante ao qual nos dedicaremos sera perceber a taxa de convergéncia
associada ao teorema de Kingman, uma vez que este nada nos diz sobre o tipo de convergéncia
associado a existéncia das supracitadas quantidades descritivas. A forma natural de considerar esta
taxa de convergéncia ¢ utilizando a teoria de grandes desvios. Infelizmente, grandes desvios, tal
como a continuidade, podem ser problematicos, uma vez que em geral, dada a complexidade da
regra que escolhe os operadores, sdo dificeis de obter.

Em 2001 Goldstein e Schlag, estabeleceram uma conexao entre os dois problemas provando

que, para coéciclos de Schrodinger, estimativas de grandes desvios levam a continuidade. Além
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disso, esta continuidade pode ser quantificada pela for¢ca do desvio. Mais tarde, Duarte e Klein
provam esta relagao em geral para o exponente de Lyapunov de operadores lineares em dimensao
finita. A esta conexao entre a propriedade estatistica de grandes desvios e a continuidade chamamos
de teorema abstracto de continuidade.

Nesta tese iremos apresentar varios problemas. Em primeiro lugar iremos resolver € a existéncia
de um teorema abstracto de continuidade para o drift em espagos hiperpélicos no sentido de Gromov.
Por outras palavras, iremos considerar produtos de isometrias destes espacos € ver que o mesmo tipo
de resultado obtido por Duarte e Klein para o exponente de Lyapunov também ¢ valido para o drift.
Em segundo lugar iremos abordar o topico do drift em espagos simétricos. Estes espacos formam
uma class de exemplos one a curvature pode tomar o valor zero para a qual temos varias ferramentas
a nossa disposicdo. Umas dessas ferramentas das quais iremos fazer uso sdo as representacdes
lineares. Assim sendo aproveitamos para apresentar as versdes lineares dos resultados que iremos
depois utilizar.

A parte principal do argumento do teorema abstracto de continuidade ¢ a possibilidade de trans-
portar controlos a uma certa escala finita em frente no tempo de forma a obter resultados validos
nas escalas seguintes. Na base desta possibilidade estd um resultado pilar ao qual chamamos prin-
cipio da avalanche. Dito isto, a novidade da tese € a obtengdo de principios da avalanche nos casos
abordados anteriormente. O nome da tese, "Geometric Avalanche Principle” surge da natureza

geométrica do principio da avalanche e das suas aplicagdes ao longo do texto.

Dedicamos o capitulo 2 aos espagos hiperbolicos de Gromov. Estes espagos sdo ferramentas
fundamentais no estudo da teoria geométrica de grupos, uma vez que apresentam uma forma sis-
tematica de obter resultados de natureza algébrica a partir de argumentos geométricos para uma
vasta classe de grupos. Grupos hiperbdlicos, como sdo chamados, t€ém sido objecto de estudo deste
os anos 80 e continuam a inspirar bastante investiga¢do. Neste texto ndo estamos interessados no
caso mais geral em que um grupo arbitrario, nao necessariamente hiperbolico, actua por isometries
nestes espacos. Assim sendo, este capitulo inclui uma breve apresentagao dos conceitos essenciais
de dinamica e ergodicidade necessarios. Em particular, provamos aqui um teorema ergodico que
governa o comportamento do produto de isometrias.

No capitulo 3 apresentamos o teorema abstracto de continuidade do drift em espagos hiperboli-
cos. O resultado ¢ obtido utilizado um argumento indutivo baseado na existéncia de grandes desvios
e no principio da avalanche. Iremos também para além da continuidade, também podemos obter
um critério abstracto de positividade do drift.

Seguimos entdo para o capitulo i, onde iremos aplicar a teoria a sistemas de Markov. Assim

provaremos que sistemas de Markov satisfazem grandes desvios para em seguida aplicar directa-

viil



mente o teorema abstracto de continuidade. Apresentamos também neste capitulo uma prova directa
de continuidade para passeios aleatorios utilizando a férmula de Fiirstenberg, o que permite uma
formulagdo mais simples do resultado neste caso. Por fim mostramos que para passeios aleatdrios,
se existir um numero finito de operadores possiveis, com assumpgdes fracas o drift é analitico.

E no capitulo [§ que focamos o caso linear em dimensao infinita. O método serd novamente o
mesmo, procurar por estimativas de grandes desvios e provar que principio da avalanche ¢ valido
para dai obter um teorema abstracto de continuidade. Em seguida apresentamos um guido sobre
como a vasta literatura sobre estimativas de grandes desvios de cociclos quasi-periddicos se adapta
ao caso em dimensao infinita.

Terminamos a tese com o capitulo [, onde descrevemos o teorema abstracto de continuidade
para o drift em espagos simétricos. A ideia aqui € que os grupos de isometrias destes espacos
admitem representagdes lineares, logo o resultado segue do resultado linear, fazendo assim um

simples reducao a um caso anterior.

Virios capitulos terminam com uma sec¢ao de notas bibliograficas sobre o que foi discutido
ao longo do capitulo. Isto serve para mencionar trabalhos relevantes sobre o tema que ndo citimos
anteriormente e fazer uma melhor contextualizacdo da tese em relagdo que ¢ conhecido.

Os ingredientes principais da tese sdo estimativas de grandes desvios, principio da avalanche e
o teorema abstracto de continuidade. Estes irdo aparecer varias vezes em variadas formas e por isso
alertamos o leitor para uma possivel fatiga na leitura da tese. Por outro lado isto mostra a forga dos
argumentos utilizados. Para reduzir este problema, nos capitulos [§ e | os argumentos resumem-se
a reducdes a casos anteriores ou feitos em alguma bibliografia. Apesar do baixo destaque dado a
estes capitulos a sua importancia para a motivagao do trabalho da tese ndo pode ser desprezada,
sendo assim fundamentais para completar a historia deste trabalho.

Uma palavra também ¢ necessaria no que toca a pré-requisitos. A tese cobre uma vasto leque de
topicos e apresenta-los do zero ndo é o nosso objectivo. Assim sendo, assumimos que o leitor esta
familiarizado com topicos de teoria ergodica e sistemas dindmicos, algebra multilinear em espacgos
de Hilbert, geometria Riemanniana, grupos de Lie e espacos simétricos.

A ultima nota para o leitor trata o facto de que alguns teorema vém seguidos de uma referéncia.
Isto acontece quando ou ndo foi incluida uma prova para o resultado, ou a prova segue as linhas da

referéncia citada sem alteracdes significativas.

Palavras-chave: estimativas de grandes desvios, teoria ergéodica multiplicativa, teorema ab-

stracto de continuidade, principio da avalanche
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Chapter 1
Introduction

A topic that naturally appears in many areas of mathematics is that of a product of random operators,
which are chosen according to some sensible rule. Realistically, we can’t hope to obtain much
information about the product itself as it may end up going to some notion of ”infinity”, so the typical
solution has been to introduce descriptive information that encodes the asymptotic behaviour of the
product. A paradigmatic example of such an encoding quantity is given by the Lyapunov exponents
and Oseledets filtration which, through the Oseledets multiplicative ergodic theorem, fully govern
the dynamics of random products of matrices.

Following Kingman (1968) ergodic theorem, the typical way to device the existence of such
average limit quantities tracking the product has been to guarantee they are subadditive. This is the
case with the top Lyapunov exponents in the linear case as well as the drift for semicontractions in
metric spaces. Then we try to obtain some sort of multiplicative ergodic theorem that describes the
behaviour of these quantities.

Once we are past understanding the dynamics of the product, an interesting question to consider
is - what would happen to these limit quantities if we were to slightly perturb the elements of the
product, either by choosing similar operators or changing the rule in which they were picked? We
refer to this question as the continuity problem. This is a rich an complex problem which will be
our focus throughout the text.

Despite its remarkable applications, Kingman’s theorem doesn’t tell us anything about the rate
of convergence towards the limiting quantities. The natural way to study this rate of convergence
is in measure, through large deviations estimate, which estimate the probability of being close to
the limit quantity at a finite scale. Large deviations, just like continuity, pose a difficult problem as
they can be hard to obtain since the rule responsible for picking the operators may be complicated
to describe.

Goldstein and Schlag (2001) establish a connection between the two concepts by proving that,
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for Schrodinger cocycles, large deviation estimates lead to continuity. Moreover the modulus of
continuity may be quantified by the strength of the deviation. Later, Duarte et al/ (2016), prove
this in general for linear operators of finite dimensional spaces. We call this connection the abstract
continuity theorem.

In this thesis we aim at multiple problems. The main problem we shall tackle is the existence of
an abstract continuity theorem for the drift in hyperbolic spaces. In other words, we will consider a
random product of isometries of a Gromov hyperbolic space, consider its drift, and see if the same
type of results hold. Then we concern ourselves with trying to look for other metric spaces where
this type of results hold. A natural first place to look are symmetric spaces of noncompact type
as these include cases of zero curvature whilst providing a myriad of tools to our study. In this
direction we obtain a reduction of the problem to the heavily studied linear setting.

A pillar step in the argument associated with the abstract continuity is the ability to push local
and finite scale controls forward in time to obtain results of global nature. At the core of this
argument is the Avalanche Principle. With that, one of the novelties of the thesis is obtaining an
avalanche principle for strongly hyperbolic spaces and extending the linear avalanche principle of
Duarte and Klein to Hilbert spaces. To obtain these types of avalanche principles we will focus on
geometric tools, thus the name of the thesis, ”Geometric Avalanche Principle”.

We dedicate chapter 2 to present Gromov hyperbolic spaces. These spaces appear as a funda-
mental tool in geometric group theory as they yield a systematic way to use geometry to obtain
results of algebraic nature about a big class groups. Hyperbolic groups, as they are called, have
been object of study since the late 1980’s and continue to inspire a lot of research. In this text we
study the more general problem of a group, not necessarily hyperbolic, acting on a hyperbolic space.
In this chapter we also briefly discuss dynamics and ergodicity, thus explaining what we meant by
’sensible” rule of choosing the operators. Of special importance here is the dynamics in hyperbolic
spaces, which is governed by a multiplicative ergodic theorem which we introduce.

In chapter 3 we present the abstract continuity theorem for the drift on hyperbolic spaces. We
obtain this result through an inductive argument based on the existence of large deviation estimates
and a tool which quantifies the loss in passage from local to global analysis of the terms of a product.
This tool allows us to transport quantities further in time at the cost of a quantified loss. The same
argument is then used to obtain a criteria for the positivity of the drift.

We then proceed to chapter f, where we obtain large deviation estimates for the drift in Markov
systems, thus allowing us to obtain continuity. We also do a reinterpretation and simplified proof of
the result for the case of random walks. We will use Markov systems as our main class of examples
for the thesis.
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Chapter [ is dedicated to take a closer look at the infinite dimensional linear setting. The method
will once again be the same, look for large deviation estimates and avalanche principle, and then
proceed to obtain an abstract continuity result. As an application we succinctly present how to
obtain large deviations estimates for the quasi-periodic setting.

We end with chapter [, where we obtain and describe an abstract continuity theorem for the drift
in the case of symmetric spaces. The idea here is that the isometry groups of symmetric spaces admit
linear representations, so the result should follow from the linear one. Thus most of the chapter is
based on representations so we can do this reduction.

Some chapters finish with a section on bibliographic notes on what was discussed. This serves
to mention relevant works on the subject which we didn’t find a way to cite previously without
breaking the flow of the text.

As the reader could notice by now, the three main ingredients of the thesis are large deviation
estimates, the avalanche principle and the abstract continuity theorem. These will appear repeatedly
in multiple form so be ready for some possible exhaustion. We did our best to combat this problem
by reducing some proofs to previous case and attempting to clean the presentation whenever possi-
ble. This makes chapters [§ and [j a lot less developed from a point of view of examples and rigor,
as there we explore what is known from previous chapters and other texts. On the other hand, we
feel these chapters are essential to tell the story of the thesis.

Another word of caution we give the reader concerns the array of topics we discuss in the thesis.
To fully present these subjects from the ground up would neither be feasible nor a goal of this work.
Thus we assume the reader has some familiarity with ergodic theory (see [Viana and Oliveira (2016),
Viana (2014)), multilinear algebra in Hilbert spaces (see Temam (2012)), Riemannian geometry, Lie
groups and symmetric spaces (see Helgason (2001))). We will recall these references during the text
when they are relevant.

The last note to the reader is that in some theorems and propositions we present a reference to
where the result may also be found. We do this when either we didn’t include a proof, thus pointing
the reader to a place where it can be found, or when we include a proof which boils down to a
rewriting of the cited one.

We finish this introduction by mentioning that some of the material in the thesis can be found

on ArXiV in Sampaiqg (2021]) and Sampaig (2022) and is already submitted to peer review.
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Chapter 2

Geometry and Dynamics on Gromov

Hyperbolic Spaces

The theory of negatively curved spaces dates back to the first half of the 19th century, with the ad-
vent of hyperbolic geometry. Since then the theory immensely grew in both depth and applications.
One of the central topics in the study of negatively curved spaces, dating back to Poincaré, is un-
derstanding the behaviour of isometric actions on such spaces, namely when the group responsible
for the action is discrete. For example, such is the case with Fuchsian and Kleinian groups, which
are discrete subgroups of isometries of H? and H?, respectively.

During the twentieth century, new tools from differential and algebraic geometry allowed for
further developments in the theory. Despite its importance, differential geometry can be too restric-
tive by requesting that our space has some differentiable structure. The realization of this fact led
to an attempt at reconstructing most of the classical Riemannian theory from a purely metric point
of view. One of the pioneers of this work was Alexandrov who reintroduced concepts like angle,
length and curvature among others.

Alexandrov’s notion of CAT(k) space (see Bridson and Haefliger (2013)), which in simplistic
terms is a space whose curvature is bounded above by k, would come to prominence in the 1980’s
at the hand of Gromov, who used CAT(0) spaces to describe the global geometric properties of
such spaces as well as the groups acting isometrically on them. It was known by Gromov’s time
that groups acting cocompactly on negatively curved manifolds had nice properties; for example,
the word problem was solvable in them. Gromov thus attempted to identify directly such groups
independently of the action, which led him to propose another class of negative curved spaces which
are now coined Gromov hyperbolic spaces.

In this chapter we do a light presentation on a Gromov hyperbolic spaces; from definitions to
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basic properties to more intricate results we will need later. For a more thorough exposition on the
topics check Viisila (2005) and Das et al. (2017).
2.1 Generalities

Let X be a metric space, define the Gromov product in X as

(d(z,y) +d(z,y) — d(z, 2)) Vr,y,z € X.

DN | —

(x, 2)y =

Definition 1 (Hyperbolic space). We say that X is a Gromov hyperbolic space, or d-hyperbolic

space when we want to make 0 evident, if for every z,y, z and w in X,

<£L’, Z>w > min{(x, y>w7 <y7 Z>UJ} — 0. (21)
We call (R.1)) the 4-point condition of hyperbolicity or Gromov’s inequality.

We say that a group is word-hyperbolic if its Cayley graph is a Gromov hyperbolic space. Rie-
mannian manifolds with pinched negative sectional curvature, or more generally CAT(-1) spaces,
Cayley metrics on word-hyperbolic groups, Green metrics on word-hyperbolic groups and finitely
punctured oriented surfaces are examples of Gromov hyperbolic spaces. A classical theorem (The-
orem 3.3.7 in Das et al| (2017)) states that, in some sense, almost every finitely generated group is
word-hyperbolic.

A metric space X is said to be geodesic if for every two points x and y in X, there exists an
isometric embedding v : [0, d(z,y)] — X connecting z to y. Throughout the text X will denote a
separable, geodesic although not necessarily proper hyperbolic metric space. For geodesic spaces,
Gromov hyperbolicity has more geometric flavour (Proposition 4.3.1 in Das et al) (2017)): X is
0-hyperbolic if there exists & > 0 such that for every triangle in X, any side is contained in a
30-neighbourhood of the other two, in other words, geometrically, triangles are thin.

In this thesis we will be interested in studying the behaviour of sequences approaching infinity
in X, the natural way to deal with this convergence problem is to consider boundaries. Fortunately,
hyperbolic spaces carry a natural boundary, called the Gromov boundary, which we now present.

We say that a sequence (x,,) in a hyperbolic space X with basepoint x( is a Gromov sequence if
(X, Tm) s, tends to infinity as m and n tend to infinity. Two Gromov sequences (z,,) and (y,,) are
equivalent, (x,,) ~ (yn), if (,, Yn)s, tends to infinity as n tends to infinity. Gromov’s inequality
implies that this is an equivalence relation. The Gromov boundary, denoted by 0.X, is the set of

equivalence classes of Gromov sequences.
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The Gromov product in X may be extended to its Gromov boundary: given £, € 90X and
y,z € X, let

(€, m), = inf{liminf(xn, YUm)s : (Tn) €E, (ym) € ?7} ,

n,Mm—00

(@, €), = (€, ), = inf{liminf(xn, 2), ¢ (1) € g}.

n—o0

Denote by Bord X the set X U 0X. Given 1 < b < 25 and z € X consider the symmetric map
Pz : BordX x BordX — R given by

prp(&,m) = b &M,

Definition 2 (Strongly hyperbolic space). We say that a hyperbolic space X is a strongly hyperbolic
space if there exists 1 < b < 2'/° such that for every x € X the map p,, satisfies the triangle

inequality, in particular p, ; defines a metric in 0.X.

In general, p,; doesn’t have to be a metric in 0.X, however the Gromov boundary is still
metrizable. Fix zp € X and denote by p, := p,,5. Using the Gromov inequality, for every
&,m,¢ € BordX

po(§, ) < 2max{py(§, ), p(C, M)}

By the classic Frink metrization theorem (see Frink (1937)), the map D, : BordX x BordX — R
given by

n—1
Dy(&,n) = infz po(&i s Eiv1)
i=0

where the infimum is taken over finite sequences of points &; such that §, = ¢ and &,, = 7, satisfies

the triangle inequality. Moreover the following visual condition holds:

pb(é; 77)/4 < Db<§7 7)) < pb(§7 7]) for every 5777 € 0X. (22)

Using Dj, we are now able to contruct a metric for the whole Bord X .

Proposition 1 (in Das et al| (2017)). For every £, € BordX let

Dy(&, ) := min {(logb)d(&, n); Dy(&, 1)},

using the convention d(&,m) = oo if either £ or n) belong to 0X and & # 1. Then Dy, is a metric
in BordX inducing in X the same topology as the metric d. Moreover, if X is complete then so is
Bord X.
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Proof. All conditions are immediate except for the triangle inequality. If Dy, (&, n) = (logb)d(&,n)
and Dy(n, () = (logb)d(n, (), then

Dy(&,¢) < (logb)d(g, ¢) < (logb)d(&, n) + (logb)d(n, ¢) < Dy(§,n) + Dy(n, C),

and the same holds if D, (£, 1) = Dy(€,m) and Dy(n, () = Dy(n, ¢).
So we focus on the case where the minimums are given by different expressions. Without
loss of generality, assume Dy, (¢,71) = (logb)d(£,n) and Dy(n,¢) = Dy(n, (), fix e > 0 and take

N = Yo, Y1, ---Yn = C, a sequence such that

[y

n—

b—<yi S Yit1)ag < Db(n7 C) +e

Il
o

Consider also another sequence x; = y; for ¢ > 0 and zp = £&. Now we use the immediate in-
equalities b= < slogb + b=+ for every t,s > 0 and (2,%)s, < (x,2)4, + d(y, 2) for every
x,y, z € BordX, to obtain

b= Eunleo < log(b)d(&,m) + p—(my1)eg

were we used ¢ = (€, y1),, and s = d(&, n). Hence

)_l

Dy(€,¢) < Dy(&, Q) SZ

1=0

— &yl + Z plvi s vi-1)
=1
n—1

< (logb)d(&,m) + b~ E¥i=0 4y~ plui it

i=1

< (logb)d(&,m) + Dy(n,C)e
= Dy(&,n) + Dy(n,C) + €.

Making ¢ as small as we want we obtain the intended result.

Let (z,) be a converging sequence in X to some = with respect to d, then there exists an order
p € N after which Dy(z,,z) = (logb)d(x,, x), so (z,) converges for the metric D,. The reverse
process implies a sequence converging in X with respect to D, converges with respect to d. Hence
the two metric yield the same converging sequences in X, so they induce the same topology.

Finally, suppose X is complete and let (x,) be a Cauchy sequence. Then, for example by
Ramsey’s theorem, (z,,) is Cauchy for either D, or d. If (z,,) is Cauchy with respect to d, then
it converges since X is complete. If (,,) is Cauchy with respect with Dy, then (z,,) is a Gromov

sequence, so it also converges. O
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Example 1. Notice that Bord X is bounded as D, < 1. Typically one actually wants the boundary
of a space to be compact. Unfortunately that is not always the case. Consider X C R? a set given by

countably many half-lines emanating from the origin in R?. Given x,y € X, consider the distance

||z —yl| , if x and y belong to the same half-line
[lz|| + |y|| ,otherwise.

This space is a tree, hence it is 0-hyperbolic. Notice however that the Gromov boundary of X is
N with the discrete topology, which isn’t compact. This is a consequence of the fact that locally

compactness fails at the origin.

Proposition 2 (Proposition 3.4.18 in Das et al| (2017)). The metric space (Bord X, Dy) is compact
if and only if X is proper.

As a final note, the action of Isom(.X ), the group of isometries of X, on X extends to an action
by homeomorphisms on Bord X by taking every (z,,) € £ € 0X to (gz,) € g € 0X. Hence we
equip Isom(X) with the topology of uniform convergence tracking its behaviour in Bord X. With
effect, given 1 < b < 2/9 take

(g1, 92) = maX{ sup  Dy(01€,92€); sup  Dy(g; '€, 9215)} ,
¢€BordX £€BordX
for every g1, go € Isom(X). We will prove that Isom(.X) is a topological group when equipped

with dg. In particular, dg is a distance.

2.2 Horofunction Compactification

Let X be a Gromov hyperbolic space. From the visual condition (2.2) D, < 1, in particular, Bord X
is a bounded space when equipped with this metric. The main drawback of this construction is that
in general Bord X does not have to be compact. To remedy this problem we will construct another
boundary of X and relate it to 0.X.

The horofunction compactification, which we present shortly, was also introduced by Gromov
and can be considered for every metric space. With that said we will present the general construction

and then explore the properties specific to hyperbolic spaces.

2.2.1 Construction

Let M be a separable metric space with basepoint z( (up to homeomorphism the construction will

be independent of the choice of x). Consider the injective map

p:M— C(M)
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x> hy () =d(-,x) — d(z, zp).

where C'(M) stands for the set of continuous functions in M. Throughout the text we will also

make use of the forms

hal2) = d(z, 70) — 2{z . ), 23)
=(r, x0), — (T, 2)so- 2.4

Notice that h, are all 1-Lipschitz and satisfy h,(x¢) = 0.

Endow the space C'(M) C RM with the product topology, that is the topology of pointwise
convergence, which is equivalent to the compact-open topology. Then, using the triangle inequality
one has

—d(z,x0) < hy(2) < d(z,z0),

hence p(M) may be identified with a subset of 11,y [—d(z, x¢), d(z, x¢)] which, by Tychonoft’s
theorem, is compact for the product topology. Therefore the closure p(X) =: M" will be a compact
set called the horofunction compactification of X. The elements in M" are called horofunctions of

M.

Proposition 3. The horofunction compactification is compact, Hausdorff and second countable

(hence metrizable).

Proof. By hypothesis, M is a separable metric space, hence Hausdorff and second countable. Since
R is also Hausdorff and second countable, so is C'(M) (for the compact-open topology). However
for the subspace of 1—Lipschitz functions normalized by taking the value 0 at x, the compact-open

topology and the topology of pointwise convergence agree. O

If M is a proper space then the pointwise convergence coincides with the uniform convergence
on compact sets from the usual construction of the horofunction compactification, in this case M"
contains M as an open and dense set. In the nonproper case, the image p(//) may not be open in

p(M), so we may not have a compactification in the usual sense.

Proposition 4. Let Isom(M ) be the group of isometries of M. Then the action of Isom(M ) in M

extends to an action by homeomorphisms on M", defined by

g-h(z) :=h(g~"'z) — h(g 'z), (2.5)

for g € Isom(M) and h € M".

10
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Proof. We naturally transport the action on M to the action on p(M) via g - h, = hg,. Then

9 ha(z) = hga(2)
=d(z,97) — d(gx, o)
= d(g_lz7 J}) - d(l’7 g_lxo)

= ho(97'2) — ha(g7 "),

which we can transport to the whole of M". It is immediate that if h, — h pointwisely, then

g+ hn — g - h pointwisely, whence the action of Isom()) on M™" is continuous. I

In this proof we set the notation g - h, = hgy, which we will use henceforth without mention.

2.2.2 Horofunctions of a Gromov Hyperbolic Space

We will now explore the special properties of horofunctions in Gromov hyperbolic spaces. Let X
once again be a Gromov hyperbolic space with basepoint zy. We start by partitioning the horofunc-

tion compactification X" in two: its finite part

Xh:={he X" : inf(h) > —o0}
and its infinite part

X" ={he X" . inf(h) = —c0}

Both X and X" are invariant for the action of Isom(X) on X". Clearly one has p(X) C X7
and, in well behaved cases, one may actually get the equality. Another important remark to make

concerns the fact that X’ need not be compact. Let us look again at example [[.

Example 2. Recall X C R? is a set given by countably many half-lines emanating from the origin

in R?. Given z,y € X, consider the distance

l|z — vl ,if z and y belong to the same half-line

llz|| + |ly|| ,otherwise.
The sequence of horofunctions £, given as a limit of sequences h,, , where z;, 1s the point at distance
k from the origin in the n-th ordered half-line. Let y be a point in n-th half line, then h,,(y) = —||y||

whose infimum is —oo, that is, h,, € X" . However that h,, — h,, which belongs to X%, hence

X" is not compact.

11
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Having access to two different boundaries of the space X we need to understand how the two
interact with one another. For our purposes once we relate both boundaries we work with X" when
compactness is needed and 9X if the problem requires a metric. We will start relating X" and 90X
by proving that there exists a continuous, surjective G —equivariant map between X" and 9X. With
that in mind, we will notice that horofunctions in X" arise as limits of sequences of horofunctions

(hg, ) where (x,,) is Gromov.

Lemma 5 (Lemma 3.8 in Maher and Tiozzo (2018)). Let X be a 6-hyperbolic space with basepoint
xo. Then for every horofunction h € X" and points x,y € X, the following inequality holds:

(€, Y)ao = min{=h(z), —h(y)} =4,
moreover, for every z € X,
(T, Y)oo = min{—ha(2), —hy(2)} = 6.
Proof. Let z € X. Using the triangle inequality one has
(@ 2o = 5 {d(e0,2) + d(z0, 2) — d(z, 2)

> d(zg,2) — d(z, 2)
= _h.(z). (2.6)

Now, from the definition of hyperbolicity

<x7 y>xo > min{<$7 z>mo ) <Za y>xo} -0
> mll’l{—hz(l‘) ) _hz(y)} — 0.

The claim follows from the fact that every horofunction is the pointwise limit of functions of the
form h,.

The second inequality is analogous using (x , 2),, > —h.(z). O

Lemma 6. Let h € X! be an horofunction and (x,) a sequence such that h,, — h and (y,) a

sequence such that h(y,) — —oo . Then the sequences (x,,) and (y,) are Gromov.

Proof. Using the first inequality in Lemma [,
im (Yo, Ym)s, = lim min{—h(y,), —h(ym)} — 0 = +o0,

7,M—00 7,M—+00

hence (y,,) is Gromov.

12
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Using Lemma [§ again, for every z € X

(Tp, T)eo > min{—h, (2), —h,, (2)} —6.
Taking the limit as m, n go towards infinity yields

lim (z,, ®my)z, > — inf h(z) — 6 = +oc.

n,Mm—00 zeX

]

Proposition 7. Let h € X" be an horofunction. Let (x,) and (y,) be Gromov sequences such that
hy, — h and h(y,) — —oo, respectively. Then (x,,) and (y,) are Gromov sequences and (x,,) ~

(Yn), in particular all sequences (y,,) such that h(y,) — —oo converge to the same boundary point.

Proof. All that is left to prove is that (z,,) and (y,) are equivalent. Using Gromov’s inequality
together with Lemma [§ and (2.6)

<xna yn>xo Z min{(wn, $m>:c07 <xm7 yn>x0} - 5
> min {(Zy, , Tm)ay, —Pa,, (Yn) } — 0.

Taking the iterated limits towards infinity, we obtain

lim (2, , Yn)ze > lim liminfmin {{(z, , 1)z, =Pz, (Yn)} — 0
n—oo n—oo Mm—oo

= min { Jim lminf(r, )., Jim —h) } =5

= +00.

Proposition [l motivates the following definition:
Definition 3 (Local Minimum Map). Define the local minimum map ¢ : X — 90X given by
¢(h) = lim y, = ¢,
n—oo
where (y,,) € € is such that h(y,) — —oc.

The local minimum map is Isom(X )-equivariant, continuous and surjective. Proofs for these
properties of the local minimum map can be found in Maher and Tiozzg (2018), and we will include

them as well for the sake of completeness.

Proposition 8 (Lemma 3.12, Proposition 3.14, Corollary 3.15 in Maher and Tiozzo (2018)). The

local minimum map ¢ : X" — 0X is

13
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1. Isom(X)—equivariant;
2. continuous;
3. surjective.

Proof. 1. Let h € X! take (y,) such that h(y,) — —oo as n — oco. Then, by definition of the

action, one has

g h(gyn) = h(yn) — h(g~'ao) = —o0
hence ¢(g - h) = go(h).

2. Let (h,,) be a sequence of horofunctions in X" converging to some h € X . Pick sequences
() and (Y, ») such that h(z,,) — —oo and h,(ym.n) — —00 as m — oco. We will now prove
that lim,,_, . (¢(hy), ¢(h))z, = 00, which implies that lim,, o ¢(hy,) = ¢(h).

Let N > 0. Since (z,,) is Gromov and h(zx,,) — —oo, there exists m such that
M) < —N —1

and for every m, m’ > my
<xmaxm’>xo 2 N + 1

Due to h being a pointwise limit, there exists m; = m4(V, n) such that for every m > m; > my
ho(zm) < —N

for n large enough. However, by definition of y,, ,,, the same remains true for h,, (v, ). Hence by

Lemma [§ we have
<xm07 ym,n>x0 2 min {_hn<xm>> _hn<ym,n)} Z N7

and using Gromov’s inequality, for every m, m’ > m,

<xm’a ym7n>mo > min{ <5Emoa ym,n>mo ) <xmv xm’>1’o} —0>N -4

Thus (¢(hy), @(h)) sz, = sup liminf,, ./ (T, Ymon)w, > N — 0, Which concludes the proof of point
2.

3. Let{ € 0X and take (z,) € & Due to compactness, h,, admits, up to a converging
subsequence, a limit h € X". Since infh,, < h, (z,) = —d(zg,r,) — —oo, h must in fact

belong to X" . Finally, by Proposition [7, we can see that ¢(h) = £. O

The previous proposition points out that ¢ behaves like a quotient map. Consider in X" the

equivalence relation hy ~ ho if sup,,  |h1(2) — ho(2)] is finite. We dedicate the rest of this section

14
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to proving that the pre-images of the local minimum map are exactly the equivalence classes of ~
in X" . As a consequence we will obtain that X" / ~ is homeomorphic to the Gromov boundary.
This homeomorphism is a well known result for proper spaces (see Coornaert and Papadopoulos
(2001))). In the nonproper cases, a mention of the result can be found in Maher and Tiozzg (2018),
although a proof is not known to the author. We will not use this homeomorphism, although we
believe it may help the reader with a better understanding on hyperbolic spaces.

Let us begin by associating each element £ in X with a function. Then we proceed to relate

such functions with the limit horofunctions of h,, , where (z,,) € &.

Definition 4 (Busemann Function). Given ¢ € 0X, we define the Busemann function associated
with £ as
Bf(’z) = <£7 x0>2 - <£7 Z>moa

for every z € X.

In the following two lemmas we explore the continuity of the Gromov product. With effect we
understand its behaviour upon considering Gromov sequences as arguments. This will also allow us
to understand what we gain when we pass from Gromov hyperbolic to strongly hyperbolic spaces,

as the latter are very well behaved at infinity.

Lemma 9 (Lemma 3.4.7 in Das et al| (2017)). Let (z,,) and (y,) be two Gromov sequences in a
0-hyperbolic space and fix y,z € X. Then

limsup (z,, , ¥). < liminf(z,, , y), + 0

n—o00 n—o0

limsup (z,, , Ym). < liminf(z,, , Ym). + 20
n,Mm—00

,M—00

With the limits existing if the space is strongly hyperbolic.
Proof. Fix ny,n, € N. By Gromov’s inequality

<xn1 ) Z/>z > min{(:cm ) xn2>27 <l’n2 ) y>2} — 0.
Taking the lim inf over n; and the lim sup over ny gives

liminf(z, , y), > min{ liminf (z,,, , ©,,)., limsup (x,, , y}z} -0
n,M—00 n1,n2—00 ng—00

= limsup(x,, , y). — J.

n—oo

Where the last equality comes from (z,,) being a Gromov sequence.

15
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The second inequality is analogous using the following inequality which is immediate from

iterating the 4-point condition of hyperbolicity:

<.’L’, U)>u Z min{(x, y>u7 <y7 Z>u7 <Z7 w)u} - 25
As for the statement regarding strongly hyperbolic spaces, notice we have the inequality

b_<517n1 7ym1>z < b_<517n2 7ym2>z + b_<$n1 7$n2>z + b_<ym1 1ym2>z’

so taking the lim sup in ny, m; and the lim inf in ny, mo gives

b_ lim infm,n%oo@?n 7ym>z < b_ lim Supm,naoo@'fn 7ym>z

and by continuity of the exponential the result follows. [l

As a consequence, for strongly hyperbolic spaces we have the relation lim,, 00 (T , Ym). =
(€, m),, forevery (z,,) € £ and (y,,) € n. In other words, in strongly hyperbolic spaces, the Gromov

product is continuous. For regular hyperbolic spaces we incur in a loss upon doing the limits.

Lemma 10 (Lemma 3.4.10 in Das et al. (2017)). Fix &, n € 0X and y,z € X. Forall (x,) €
and (y,) € 1, we have

1. <€7 y>z - 5 S hmlnfn—>oo <$n7 y>z S lim Supng)oo <5En7 y)z S <§7 y>z + 6;

2. (6, m). — 20 < liminf, ;o0 (T, Ym)o < limsup,, oo (T, Ym)2 < (€, M) + 20

Proof. The two leftmost inequalities are trivial and are included for symmetry We now prove 1. as

the proof of 2. is analogue. Suppose that we are given two sequences (), (22) € &, let
x}w ,if n is even
x%nﬂw , if nis odd.
By the hyperbolicity condition, for every n,
(@0, p)ag = min {2, 3)a, (7, Tn)we } = 0,
which yields (x,,) € £. Applying the previous lemma to x,, implies
gﬁg@g@ﬂ%,mzﬁgg@ggﬂﬁmwz+d

Now

liminf (z2, y). — 6 < limsup (22, y). — 0

n—oo n—o00

16
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< liminf(z) , y).

n—oo

< limsup (z},, y).

n—oo

< liminf (22 , y), + 0.

n—oo

Taking the inf over all (z,) € £ one obtains the statement. ]

In particular, these two lemmas tell us that in strongly hyperbolic spaces, the Gromov product is
continuous. Finally we show that all horofunctions in X" are close to a Busemann function, with

the two concepts agreeing for strongly hyperbolic spaces.

Theorem 11. Fix £ € 0X and z € X. For all (z,,) € & we have

Be(z) — 26 < liminf h,, (z) < limsup h,,(2) < Be(z) + 20

n—o0 n—o00

Proof. The proofis a direct application of the previous Lemma to (2.4) and the expression of Buse-

mann functions. L]

Corollary 12. Let ~ be the equivalence relation on X" given by

hi~hy & sup |h1(2) — h2<2)| < 0
zeX

Then the local minimum map descends to an homeomorphism from X" | ~ onto 0X. Moreover, if

X is strongly hyperbolic, then ~ is the equality relation.

Proof. Let us recall that we already have continuity and surjectivity. Using Proposition [ and The-
orem [L1 we have that the image of two horofunctions k1, hy € X" under the local minimum is the
same if and only if ||h; — hs|| < 45; hence it descends to a continuous bijection between X" / ~
and 0X. Finally, in X" we consider the induced topology by X”. Since X" is compact, any closed
set in X" is compact, hence its image in X is also compact, thus closed since X is Hausdorf¥.
This implies that ¢ is closed, hence the local minimum map descends to a closed map. Therefore

X" / ~ and X are homeomorphic. 0]

In our work, we often need to work with arbitrary sequences that escape towards the Gromov
boundary. Thus a bad behaviour of 9.X could make our study a lot more difficult. With that in mind

we will restrict our class of hyperbolic spaces to those with a good behaviour at the boundary

Definition 5 (Basic Assumption). We say that a Gromov hyperbolic space satisfies the basic as-

sumption (BA) if the local minimum map is a homeomorphism.

17
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Notice that all strongly hyperbolic cases satisfy (BA), so it seems we have lost word-hyperbolic
groups. This is not known however, since it remains as an open problem to know if every hyperbolic
group admits a group of generators for which its Cayley graph satisfies (BA) (see Section 4 of Gilch
and Ledrappier (2013)).

If X satisfies (BA) we set the notation he whenever ¢(he) = £ € 0X, where ¢ stands for the
local minimum map. Notice that this notation extends the previously used notation /, for points in
X, thus obtaining a consistent notation in Bord X.

We finish this subsection by proving a result that should be thought of as saying that the operator
norm || Al|,, with A € SL(2,R) and the norm || A||; = max{||Aei||, ||Aez||}, where {ey, 2} stands

for the canonical basis, are equivalent.

Lemma 13. Let X be a hyperbolic space satisfying (BA) and & # n € 0X. Take hy and ho such
that ¢(hy) = £ and ¢(hs) = n, then for every g € Isom(X) there exists a constant K(9,&,1n)
depending on the hyperbolicity constant § and the points & and n such that

max hi(gwo) < d(gxo, z0) < max hi(gzo) + K(6,€,n).

Proof. Forevery g € G
d(gxo, v0) = hy;'n(gfco) + 2<yrin7 GT0) -
Let (3! ) be Gromov sequences such that hyi — h; fori = 1,2 whence, using the Gromov inequal-
ity
d(gzo, 7o) = max hy; (g70) + 2 min(y,, , 970},

< maxhy; (920) + 2(n, » Y )ao + 20

By Lemma [ and Proposition [l we know (4! ) and (12,) are not equivalent, so taking the inferior

limit in m one obtains
max hi(gxo) < d(gzo, z0) < max hi(gzo) + K (6,€,n),

for a constant K (9,&, 1) = 2(¢, 1)z, + 49. ]

2.3 Group of Isometries

Some of the nice properties from hyperbolic spaces pass to their group of isometries Isom(X). In
particular we will prove in this section that Isom(X) is a topological group. We start by noticing

how Isom(X') behaves on the boundary. The results in this chapter can be found in Sampaio (2021)).

18



CHAPTER 2. GEOMETRY AND DYNAMICS ON GROMOV HYPERBOLIC SPACES

Proposition 14. Let X be a Gromov hyperbolic space g € Isom(X) and &, n € BordX, and take
hy and hy such that ¢(h,) = & and ¢(hy) = n then

Y

1 b*%[hl(g71x0)+h2(g71x0)] < Dﬁ(g§7 977) < O(a)bf%[hl(g’lxo)+h2(g’lxo)]
C(9) — Dy&,m) T

where C(8) = 4b%. Moreover, C(8) = 1 if X is strongly hyperbolic.
Proof. We start by using the visual condition (2.2)

Lpo(9€s gn) _ Dl9€s gn) _ , po(9€, gn)

4 p(&m) = Do(&m) T pl&m)
Using the definition of Gromov product and some computations yields
1
<$, y>z - <ZL‘, y>x0 - §(<fli, $0>Z - <J}7 Z>ﬂc0 + <y> m0>z - <y> Z>$o)

Take (x,,) € £ and (y,,) € 7. Substituting in the equality above z by z,,, y by y,, and z = g~ 'z and
taking limits, by Lemmas P and [L0 we obtain

(hl(g_ll‘o) + hg(g_ll’o)) + 65

N | —

1 _ _
5(711(9 1xo) + ha(g lﬁo)) — 66 < (¢, n>g*110 — (&, My <
Finally one has

po(§ . M) ’

and the result follows. Il

o9& gn) b7(<g£,gn)zof<£,n)zo) _ b_(<£777>97110_<5177>x0)

Recall now that we set a metric in Isom(.X') by the expression

dec (91, 92) ::max{ sup Dy(91€,926);  sup Db(9115,921§)}-

£€eBordX £€eBord X

As we alluded to, we now prove the following theorem

Theorem 15. Let X be a Gromov hyperbolic space and Isom(X) its group isometries, then dg is

a metric in Isom(X). Moreover (Isom(X ), dg) is a topological group.

Proof. Since Dy, is a metric, we are left with proving that d(g1,g2) = 0 implies that g; = g».
Suppose dg (g1, g2) = 0 and let x € X. Notice gy and gox are both in X so

Dy(g12, g2w) > po(g1, g2w) /4 > 0

hence Dy(g1x, gox) = log(b)d(g1x, gox). Therefore d(gyx, gox) = 0 for every € X, implying
g1 = 9a.
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All that remains is to see that the map (g,¢’) — g~ '¢’ is continuous. This will follow from a

series of inequalities. First, for every (g,¢'), (91,97) € G x G,

de(g7'g o' ay) <dc(97'9,g7'd) +da(g7 g}, 91 91).

Clearly do(g7 g}, 97 g)) < da(g7 ", 97) = da(g, g1). Moreover, given ¢ € BordX we have

d(g7'9'€, 97" 91€) = d(¢'€. g:€).
Next use Proposition |14 to obtain

Db(g‘lg’&g‘lglﬁ)
Db(g’f 915) (95 glf)

< OB Dy (g gt
< C(0)bomm) Dy ('€, g1€),

Dy(g7'g'¢, 971 g1€) =

for some horofunction Ay, hy € X". Splitting into the two possible cases we have either

Dy(g '€, 97" 1€) = (logb)d(g g€, g 91€) < Dy(97'g'¢, 97" 91€)

or
Dy(97'9'¢, 97" d1€) = Dy(97'd'¢, 97" 91€) < (logb)d(g~'g'¢, 97" g1).

In either case, the previous controls yield

Dy(g7g'€, 97 91€) < C(0)b™9™0™)dg (g, g}).

Taking the supremum over ¢ yields

da(g7'g, 971 9)) < dal(g, g1) + C(8)bM9™0™)ds (', g1).

2.4 Generalities on Dynamics and Ergodicity

2.7)

A dynamical system consists of a trio of notions - space, time and evolution. Typically a point

in the space describes the state of a system at a particular ¢tsme. The study of dynamical systems

focuses on describing the evolution of points in space. Such problems arise naturally in other parts

of mathematics as well as everyday applications. On top of that, these problems are typically hard,

thus making dynamical systems a very active area of research in mathematics.
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In some systems describing the state of the space is quite difficult, this happens for example if
we try to model an ideal gas inside a container. In such cases, a full deterministic approach may not
be reasonable, as the complexity of the problem is too vast, so we focus on the average behaviour
of the system, thus studying the system as a whole. In such systems we describe dynamics with
respect to some measure, and we call this area of mathematics Ergodic theory.

In this section we very briefly go over ergodic theory although we assume that the reader is
familiar with some terms as well as the main theorems, such as Birkhoff’s and Kingman’s ergodic
theorems. As a reference, the reader can find these topics in [Viana and Oliveira (2016) or in the
lecture notes of Sarig (2009). A lot of notations used in Chapter [ are laid here.

Let (2, 3, i) be a standard probability space with measure y and o-algebra 5. Wesay T : Q) —
(2 is an ergodic transformation with respect to y if it is measurable, preserves measure (u(A) =
u(T~1A) for every measurable set A) and every measurable invariant set A = T~ A has measure
0 or 1. Typically we denote an ergodic transformation by (7', i), where 2 and [ are implicit in the
measurability of 7.

Given a topological group GG, we say that G acts by semicontractions on M if for every g € G,
d(gx, gy) < d(x,y). Notice that this includes actions by isometries. Given an ergodic transforma-
tion 7', we say that a measurable map a : N x () — ( is a right multiplicative cocycle in G over T’
ifa(n +m,w) = a(n,w)a(m,T"w). Given a Borel measurable g : 2 — G consider its associated

right multiplicative cocycle

a(n,w) = g™ (w) = g(w)g(Tw)..g(T" 'w),

for every n € N and w € Q. The cocycle a is thus comprised of the information (g, 7T, €2, /3),
whenever it is clear we identify the cocycle with g. Fixed a basepoint g € M, we will refer to

g™ (w)xy as the process.

Definition 6 (Integrable Cocycle). Let z be a basepoint in M. We say that a cocycle (g, 7, €2, 5)

is integrable if
/d(g(w)aco,xo)du(w) < 00.
Q

One of the fundamental characteristics of an integrable cocycle is its drift

1
((g) := lim — [ d(¢g"™(w)zo,x0)du(w) = lim ld(g(”)(w)xg,xo),

n—oco N Jo n—oo 1

where these limits exists by Kingman’s ergodic theorem and the second is constant for almost every

w due to ergodicity, moreover none of these limits depend on the basepoint x.
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In this thesis we are mostly interested in exploring continuity of the drift with respect to the
cocycle g, this requires us to choose a space a cocycles and endow it with a topology. We devote
this section to introducing this class of cocycles.

Let G C Isom(X) be a subgroup of isometries of some Gromov hyperbolic space X. Let
1 <b<2Y Giveng: Q — G we denote by g~' : Q — G the map that sends w to g(w)™*.
Consider S(Q, G) to be the space of integrable cocycles g : 2 — G such that g~ ! is also measurable
and

doo(g) = sup bd(g(w)xo,xo) < 00
weN

Define the following pseudometric

oo (915 92) 7= €8S 5UPeqda(91(w) , g2(w)),

for every g1,92 € S(€,G). Analogously to the construction of L>°, we define the equivalence

relation
g1~ 92 € doo(91,92) =0
in S(€2, G), so the set of equivalence classes S°°(€2, G) becomes a metric space when equipped with
oo
We can now think of the drift as a map

0:S%(Q,G) > R

g~ g).

The drift is given by the speed at which we move away from the basepoint x,. This is exactly
why we introduced boundaries in the previous section. The following theorem by Karlsson and
Gouézel makes this notion precise by guaranteeing the existence of a horofunction that tracks the
process. In other words, there exists a specific direction that the trajectory follows towards the

boundary.

Theorem 16 (Theorem 1.3 in Gouézel and Karlsson (2020)). Let (g,T, %2, ) be a cocycle, for

almost every w, there exists an horofunction h,, € M" such that

lim lhw(g(”) (w)zo) = —L(g)-

n—oo M

Moreover, if M is separable and () is a standard probability space, one can choose the map w — h,,

to be Borel measurable.
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The intuition behind the result is that we can think of ¢"(*) as the distance between a point
associated to h and z. In other words the theorem states that the sequence g™ (w)x, approaches a
certain point related to / at a linear rate given by the drift. Although the intuition is quite direct and
this result is one of our stepping stones, its proof is quite intricate and long for our purposes.

Notice as well how general the Theorem is, as no hypothesis are placed in M. Less general
versions of the result also exist as in Karlsson and Margulis (1999) or Karlsson and Ledrappier
(2006).

2.5 Dynamics in Hyperbolic Spaces

Our goal in this section is to describe the typical behaviour of ¢(™ (w)zy when X is a hyperbolic
space and G is its group of isometries. We do that by adding information to Karlsson and Gouézel’s

theorem:

Theorem 17 (Hyperbolic Multiplicative Ergodic Theorem). Let X be a separable geodesic Gromov
hyperbolic space and (g, T, <, B) a cocycle with positive drift. For almost every w in () there is a
filtration of the horofunction boundary

XMw) c XM (w) = X",
such that:
1. forevery h € X! (w)\X"(w)

lim lh(gw (w)xo) = (9);

n—oo N

2. forevery h € X"(w)
1
lim ~A(g™ (w)zo) = ~L(g),
n—oo M

and given hy, hy € X", one has sup,. y |hi(2) — ha(2)| < oo.
Moreover the filtration is G—invariant, that is,
g(w) - X" (w) = X" (Tw)
and is measurable provided () is a standard probability space.

Remark 1. In the case of (BA) and strongly hyperbolic spaces more can be said regarding X" ; in
fact it consists of a single horofunction which is picked measurably, that is, the map w — h, €
X" (w) is measurable. This fact will be very important later when we obtain large deviations for

the Markov setting.
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In this version, the theorem describes the behaviour of all horofunctions. The idea here is that in
negatively curved we are able to see every point at infinity from every other point at infinity as we
can connect them by a quasi-geodesic (or a geodesic if the space is proper). Hence horofunctions
in X" see the process getting closer whilst horofunctions X" see the process going away, however
since they are connected by a quasi-geodesic the rate is the same for both.

When we reach curvature zero curvature the property of connecting points at infinity by quasi-
geodesics, typically called visibility, is lost (see Chapter 9 in Bridson and Haefliger (2013)), hence
the result becomes more complicated allowing the limit of k(g™ z¢) /n to take a continuum of values
in the interval [—¢(g), £(g)]. For proper CAT(0) spaces, the limit is given by (2sin(6/2) — 1){(g),
where 6 is the angular distance between the point at infinity associated to the horofunction and the
hitting point of the process, lim,,_.., ¢ (this is a consequence of Karlsson and Margulig (1999)

ray approximation and Proposition 9.8 in Bridson and Haefliger (2013))).

Proof of Theorem [[ 7. By Karlsson-Gouézel’s theorem, for almost every w € ) there is a measur-
ably chosen horofunction such that

lim ~(g® (w)0) = —£(1).

n—oo N,

This choice being measurable is what makes the filtration measurable.

For such w € (), set

Xh(w) = {h c X" . lim lh(g(”)(w)xo) = —E(,u)} :

n—oo M

Let he, h, € X" (w) for some &, 77 € 9X. Then, by Proposition 14, for 1 < b < 21/9 we have

—(n _(n _1 () () ™) (w)zn)] =
Dy(g™ " (W)€, g~ (w)n) > b 3l V@i by e ) (2.8)

C(9)

Using the fact 9.X is bounded and taking n large enough, we see that Dy, (¢ , 1) must be zero. Clearly,
the same argument using (2.8) shows that there is no other equivalence class of horofunctions for
which lim,,_, (g~ (w)z,) takes a negative value.

Now

n—oo M

X\ X" (w) = {h c XM liminflh(g(")(w)xo) > 0}

Let h € X (w)\X"(w) and h; € X" (w), using (2.8) again together with the fact D, is bounded
from above by 1, we obtain that for every n € N

C < h(g"™ (w)zo) + hi (g™ (w)z0),
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for some C' € R. However, notice that |h(w"zo)| < d(w"xq, %), whence
C = ha(g"™ (w)zo) < hg"™ (w)zo) < d(g™ (W) , w0)
for every n € N. Dividing both sides by n and taking limits one has

() = lim ——hy (¢ (w)zo) < lim ~h(g"(w)zo) < £(12)

n—00 n n—oo 1

which proves the statement.

For the G-invariance of X", first recall we are using the right action.

lim ~g(w) - hlg™wre) = tim — ((g(w) ™ g (@)x0) — hlg(w) "20))

n—oo M n—oo 1

_ (n-1)
lim ——" (g (Tw)zo)
for every h € X", in particular, gy - X" (w) = X" (Tw) O

Consider S°(€2, G) to be the subspace of S*(2, ) consisting of the elements g € (€2, G)
with positive drift. By the previous theorem, for every g € S°(Q2, G) we can consider the almost
everywhere defined map

& Q= 0X
w = £(g,w).

Denote by S*(£2, 0X) be the space of bounded measurable maps from € to 9.X where we consider

the metric

mmﬁ%§AM%WMMWWM,

forevery fi1, fo € S'(Q,0X). Since 2 is standard, £, belongs to S*(£2, 9.X) due to the ending point
of Theorem [17. Finally we define the map

¢:8P(0,G) — 51(Q,0X)

g—&
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Chapter 3
Abstract Continuity Theorem

Our goal in this chapter is to study the continuity of the drift and tracking point maps, ¢ and &,
respectively. With effect we are interested in obtaining a general criteria for this continuity to occur.
Duarte et al, (2016) explore the statistical property of large deviation estimates together with the
avalanche principle to obtain this sought after continuity for the Lyapunov exponent. Just like
the Lyapunov exponent, the drift is obtained as a limit of a subadditive process. We explore this
similarity to transport the ideas to the metric setting.

With this in mind, we will start by proving an avalanche principle type result for hyperbolic
spaces. Then we proceed to use large deviations with the avalanche principle in an inductive way to
obtain our continuity result. In this chapter we stick to strongly hyperbolic spaces, as that is where
our avalanche principle will be valid.

By the end of the chapter we also explore a positivity criteria for the drift using the avalanche

principle and a similar inductive process as we have used before for continuity.

3.1 Statement of the Theorem

Let X stand for a strongly hyperbolic metric space with basepoint x,. Define the finite scale drift
of g € S®(Q,G) attime n € Nas

()= 5 [ dlg™ @)ro, aoldute),
which clearly satisfies ¢,,(g) — ¢(g) as n goes to occ.

Henceforth we fix C C S*°(€2, ) a class of cocycles equipped with some distance d¢ such that
de(g1,92) > dso(g1, g2). We do this as in some cases we need some extra restriction on the cocycles
we consider, thus making it not enough to work with the entire S*(€2, G). In the same spirit we
will denote by C, the set C N S(€2, G).
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Definition 7 (Large deviation estimates). Fix zy € X. A cocycle g € C is said to satisfy a uniform
large deviation estimates of exponential type if there are constants » > 0, C', ¢ > 0 and for every

e > 0 there exists 7 = n(e) such that

ld(ggn) (w)xo, l’o) - gn(gl)

n

,u{wEQ:

> 5} < Qe =n

for every g; € C with d¢(g, g1) < r and every n > n.

Let b > 1, since " = b"°%(°) one can replace the exponential with any base in the large
deviations. For computational reasons it will make sense to work with the same 1 < b < 2'/% as in
the metric Dy,

We are now ready to state the main theorem of the chapter.

Theorem 18. Let X be a strongly hyperbolic metric space and (T, ), i1, ) be a measure preserving
dynamical system. Given a class of cocycles C, suppose every g € C. satisfies a uniform large

deviation estimate, then
1) The drift { : C — R is continuous;
2) Thedrift ¢ : C. — R is locally Holder continuous;
3) Moreover, & : Cy — SY(Q,0X) is locally Hélder continuous.

The theorem yields not only continuity but also quantifies it. Exploring the proof one can obtain
the explicit constants associated with the local Holder continuity as well as the size of the neigh-
bourhood where these hold.

3.2 Avalanche Principle

In its linear form the avalanche principle is a theorem that allows us to take conclusions of global
nature on a product of linear mappings from local hypotheses on each map. Our goal in this section
is to obtain a metric version of the result in hyperbolic spaces, where we are allowed to take con-
clusions of global nature based on the local nature of the objects at hand. The theorem itself will

read as follows.

Theorem 19 (Avalanche Principle). Let X be a strongly hyperbolic space, xy, ..., x, be a sequence

of points in X and p, o > 0 constants such that
G) d(xi,l,a:i) Z P, 1= 1, A
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A) (T, %i1)e, <o, 1=1,...,n—1;
P) 20 < p— 26,

Then, for every2 < k <mn,
1) (o, xp)e, , <0+ @bz"_p”‘s,

2) d(zg,zx) > p+ (k—1)(p — 20 — 26),

3) and the following inequality holds

k—1 k—1
1 _
d(zo, k) + Z d(rir, ;) — ) d(zio1,41)| < 2(k — 1)—10gbb2" P20,
1=2 i=1

For CAT(—1) spaces, condition P) may be replaced with sinh(p — o) > 2sinh(p/2), which is
more general, specially for small values of p (see Oregdén-Reyes (2020)). Our version applies to
more general spaces and suffices for our applications.

Before we tackle the proof, let us make two remarks; first that the hypothesis imply
(Timt, Tig1)a, +(Tis Tiga)a,yy < 20 < p—20 < d(w, i) — 26, (3.1)

secondly, that the left-hand side of the conclusion may be rewritten as

k k—1

d(zo, z1) — Z d(wi_1, ;) + 2 Z(xi—lv Tit1)a; | - (3.2)

=1 i=1

Proof of Theorem [19. We will base the proof in establishing two simple claims.
Claim 1:

’<'T07xk>$k—l - <xk*27xk>$k71’ < 0.

Let us use induction: The case k = 2 is trivial. For £ > 2, notice that

<$07$k—2>xk_1 = d(xk—la 90k—2) - <$07 $k—1>mk_2
> d(xg—1,Tk—2) — (Th—3, Th—1)ay_, — O by induction,
> <xk*27 xk)»kal +9 by ()

Proceeding with the definition of hyperbolicity

<xk727 xk>xk,1 Z mil’l{<l’0, xk72>xk717 <xk> xO)xk,l} - 67

29



CHAPTER 3. ABSTRACT CONTINUITY THEOREM

where the minimum must be (z, x¢),_,, otherwise we would get (xx_2, Tx)z,_, > (Tr—2, Th)ay_, -
Whence

(X0, Tk)ayy < (T2, Th)ap_, + 0.

Changing the roles of =, z;,_» we get the claim.

Claim 2: Our second claim is in fact item 1),

(@0, Th)ay_y — (T2, Th)ay_y | < @b2o—p+25_

Applying Lagrange’s mean value theorem with f(x) = =%, followed by claim 1, the fact that X
is strongly hyperbolic and the inequality (zo, Tx—2)s, , > d(Tk—1,Tp—2) — (Tk—3, Th—1)z,_, — O
obtained in claim 1, yields

‘SL
logb
1

~ logb

‘<x07$k>xk_1 _ <$k—2>$k>xk_1 poaxt(zo.k)ay g (Tr—2.2k)ap_y b | (@0Th)ap_y = {Tr2.Tk)ay_y

bo+5b—<xo,xk—2>zk_l

< po O p{eh—38k—1)ay_p—d(@k—1,2k—2)+0
~ logb

< 1 an—p+25

~ logb
These claims were motivated by the relation
d(ﬂfo, xn) = d(l‘o, wn—l) + d(xn—la In) - 2<$0, wn)xn_p

which makes it so by controlling (o, ¥,)s,_, — (Tn_2, Tn)s,_,| by some quantity, then (B.2) can
be controlled by (n — 1) times said quantity. [

Remark 2. Notice that for hyperbolic spaces in general, claim I implies that

n—1 n—1
d(l‘o, ZEn) + Z d(xi_l, l’z) — Z d([L‘Z‘_l, xi—i—l) S 2(n — 1)5
=2 =1

Example 3. Let us look at the hyperbolic plane H2. The hyperbolic plane is strongly hyperbolic
with b = e and for every isometry g, d(gzo, xo) = 2log||g||. Consider go,...,gi-1 € SL(2,R)

isometries of H?. Finally take 2o = i and z; = gY)x,. Then the hypothesis read as follows
G) d(zi—1, i) > p < 2logllgiall = p & [lgial]* > e = p;
A ) llgi—19l| - e .
A) (Tio1, Tin)e; S0 & R 2 €7 =0

P) il < e 20,2,
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whilst the conclusion reads

n—1 n—1

loglg™ ||+ _logllgi 1|l = > loglgiagill| < 2(n = 1)e* 2 = 2¢¥(n - 1)

=2 =1

1

2’

Which is a restatement of the SL(2, R) version of the Avalanche principle, from Duarte and Klein
(2017).

3.3 Continuity of the Drift

In this section we prove the first assertion of Theorem [L8. This is done by following a specific route
where we start by proving the continuity at a finite scale, then we transport the control to larger scales

by an inductive step based on the Avalanche principle and the existence of large deviation estimates.

3.3.1 Finite Scale Continuity

Let us start by proving that at a finite scale the drift is continuous as well as understand this continuity

rate, this is fulcral for the next step where we try to transport these controls forward in time.

Lemma 20. Given C > 0, set Go = {g € G : d(gzo,x9) < C}. The map Gc — R defined by

g — d(gxo, xg) is Lipschitz continuous.

Proof. Letgy, g2 € Ge. Notice that |d(g120, 20)—d(g20, o) | < d(g120, g220), S0 if Dy(g120, g2x0) =
(log b)d(g170, goo) We are done, otherwise use the inequality (logb)x < b*/2

’d(glxoa xO) - d(92x07 I0)| < d<91x0792$0)

1 pg1z0,9220)/2

~ logb
pHUg1zo,20)/2+d(x0,9220)/2

pdg120,920)/2—d(g120,20) /2—d(z0,9220) /2
logb

C
S I_Ogbb_@lﬂ?mgzxo)xo S Db(gll’o,ggl‘g) S DG(91,92).

We will use this trick multiple times throughout the text. [

Lemma 21. Let g € S*(2, G), there exist C = C(g) > 0andr > 0 such thatif g1, go € S®(Q2,G)
with du (g, g) < rfori = 1,2, then for everyn € N and pi-a.e w € Q

1. doo(gl) < C;
2. da (g (W), 95 (W) < nC™da (g1, go)-

31



CHAPTER 3. ABSTRACT CONTINUITY THEOREM

Proof. Point 1. is an immediate consequence of the continuity proven before. Denote by 7" : Q2 — ()
the ergodic transformation at hand. From the proof that Isom(X) is a topological group, for every

w € (2, one has

do (91" (W), 95" () < da(g1 (W), ga(w)) + bI@ @020 g (gD (1), g8 (Tw))
< doo(g1, 92) + Cd (9" (Tw), g5V (Tw))

so the claim follows upon taking the supremum. O

Proposition 22 (finite scale continuity). Let g € S®(2, G). For every g1, g € S¥(2, G) and for
almost every w € () there exists C = C(g) > 0,

L (g )0, 0) — 26 @)0,70)| € (g, 92) < ol , )
n 91 0, Lo n 92 0,%o)| > log(b) 91,92) > log(0) oo\g1 5 §2)-
where Cy := log, (C), in particular,

Cin

1€0(91) — £a(g2)| < meO(ghgz)~

Recall that ¢,, stands for the finite scale drift, hence the bottom inequality in the proposition

follows from the upper one after integration on w.

Proof. To soften notations, let us omit w throughout the proof. explore this

d(ggn)xo’ :UO) o d(gén)$oa .’L'()) S d(ggn)an ggn)lh)
< 1

~ log(b)
(n)

pdlat" w0,20)/2+d(g5 w0 ,20) /2
<
- log(b)

Cn n n
< logbdc(g§ (), 98" ()

CQn

<
- nlogb

bd(9§n>xo 79571)960)/2

(n)

b*<9§n)wo 195 20) g

doo(gla 92)

Which concludes the proof, by using C? as the C' from the statement in the proposition. [

This proposition implies the continuity of the maps /,,. Since the drift ¢(g) may be given as

inf,>1 £, (g), the upper semi-continuity of ¢(g) follows from the following lemma.

Lemma 23. Let M be a metric space and f,, : M — R be a sequence of upper semi-continuous
functions. Then, f(x) = inf,>1 f.(z), the pointwise infimum of these functions, is upper semi-

continuous.
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Proof. Let x € M and take inf,>; f,(x) = g(x) < r, there must be i > 1 such that f;(z) < r.
Since f;(z) is upper semi-continuous, there must be a neighbourhood V' of x such that for every
y € V one has f;(y) < r. Since g;(y) < fi(y) for every y, we obtain g(y) < r forevery y € U

thus proving the Lemma. [

Since ¢ is upper semi-continuous, it is continuous in the neighbourhood of the cocycles g € C
in which it is zero. With that said we focus cocycles in C, where we obtain a stronger modulus of

continuity.

3.3.2 Inductive Step

In this section we will understand how to pass the previously estabilished controls forward through
an inductive step based on the large deviations estimates and the avalanche principle. Throughout
the inductive process we will incur in some errors, we start with a lemma showing these errors are

of the order of magnitude we want to control.

Lemma 24. Let g € S* (02, G), if n,ng,ny, v € N are such that ny = nngy + r where 0 < r < ny,
then

n n
—2 logb(C)n—? L 1no(9) < Loy (9) < lung () + 21og, (C )n—?-

Proof. Givenn, = nng+rwhere0 < r < ngwe have, forevery w, ¢ (w) = ¢ (w)g" (T"™w),

whence
(g™ (w)mo , m0) < d(g"™ (w)xo , x0) + d(g" (T " w)mo , o),

integrating both sides, one has

which gives

T T
bur (9) < buna(9) + -~ (£ (g) — €T (g)] < lrny(g) + 2 log, ()~

For the leftmost inequality write n; = (n+1) ng+q where ¢ = no—r and proceed similarly. [
The following proposition is the important step towards proving continuity of the drift. Its
content is that if we obtain some control for time ng, then we can transport it to time n, larger than

ng. To do this we break the orbit at time n; into smaller pieces of size ny which we then relate back

with the larger piece of size n; by using the avalanche principle.
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Proposition 25 (Inductive step). Let g € Cy and c,n be the uniform large deviation parameters.

Fix e = {(g)/100 > 0 and denote ¢, := Se*. There are constants C = C(g) > 0,7 = r(g) > 0,

o = p(g) € N, such that for any ng > ny, if the inequalities

gno(gl) - eQno(gl) <o
|€7L0(91> - Eno(g)| < ‘90

holds for any g1 € C such that d(g1, g) < r and if the positive numbers 1, 6y, satisfy
0o + 2n9 < l(g) — 4e,

then for every ny such that Iny — e“*™| < 1 one has

01 (92) + rg(02) = 2oy )] < C 72 (3.3)
Furthermore,
Uy (1) = Lan, (1) < 34
[, (91) = £ny (9)] < 61 (3.5)
where

No
Ql :Qo+47]0+0—
ny
= C—
1
From this point on in the text we will use the notation a < b to convey that there exists a

~

universal constant C' such that ¢ < Cb.

Proof. Throughout the proof C' will stand for some constant which isn’t a priori always the same.
We start the proof with some assumptions, in particular, making r smaller if necessary, every ¢,
with d (g, g1) < 7 satisfies large deviation estimates. We can also assume 75 to be large enough
so that |¢,,(g) — ¢(g)| < € for n > Ry which comes from the fact /,,(g) converges to £(g).

With that said, let g; be in the conditions above. Assume n; = nng as otherwise we obtain an
extra error of order ng/n; which, by the previous lemma, is along the size of our control. Fix x, a

basepoint in X and define, for every 0 < ¢ < n — 1, the sequence of points
ri(w) = g™ (W)g" (T™0w) .. g™ (T ™w)
so that z,, = g(™)(w)x and for every 1 <i <n — 1,
d(z, 1) = d(g\™ (T ™0w) 2y , 20),
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d(zi_1, 2i41) = d(g! (no) (T(ifl)now>g§n0)(T(i)now> o, o) = d<g§2n0)(T(i71)now)x07 o).

At this point we are going to use the large deviation estimates to verify the conditions of the
avalanche principle are satisfied, with effect for every m > 7 there exists a set 3, whose measure

does not exceed e~ such that for every w ¢ B,
— < —d ln(g) <
ex — (9" o, x0) — bm(g) <&

in particular, if w ¢ 5,

no no
> lng(g1) — €
> o (g) — 0g — €
>l(g) — 6y —¢

whence,
d(g{"™ (W), 20) > no(£(g) — B — ) = po.
Through the same process we obtain for every w ¢ Ba,,

1 " n
—d(g\ 7" (W), o) > L) (g1) — ¢

as well as

1 no
—d(g") ()0, 70) < by (91) +
0

—d(fh H(T70w) 20, 70) < Lng(g1) + €
for every w ¢ B,, UT " 8,,. Hence, for every w ¢ Ba,, U B,,, UT B,

2n
<x07 'r2>ac1 = <x07 gg 0)(W)x0> (no)(w)xo

1

P (d(g(n )(w)xo, o) + d( (Tnow)fﬂm%) d(9§2n0)(w)$0>$0)>

S nO(gno - 6277,0 + 2€)a

in oher words,
(To, 22),, < no(no + 2¢) =: 0o.
Similar computations yield the same controls for every 1 < i@ < n — 1, under appropriate

assumptions. Moreover, by hypothesis, 200 — py = no(1n0 + 3¢ + 6y — £(g)) < —eng so choosing
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no large enough so that —eng < —20, the AP applies outside the set B, = Ul T B,,, where we

obtain the control

n—1 n—1
1 20 +26
d(xo, x,) + iz:;d Ti_1,T;) ;d(xl_l,xzﬂ) <2(n— l)log(b) 0=poT20
which translates to
n—1 n—1
d(wo, g™ (W)wo) + D d(g"(TD™w) 2g, o) — > d(gi™™ (T ™ w)ag , 2p)| < nb=e"
i=2 i=1
Dividing both sides by n; = n ng, one now obtains
1 1301
—d (n1) - —d (no) T('L 1) no
—d(an, 9" )$0)+n;no (9" (T070w) 4., 70)

257 Ly o) gt .
= i—1)n < peno.
E o w)To, To)| S

n n
=1 0

Let f(w) denote the bounded function on the left side. Notice that, for every w ¢ B, , |f(w)| <
b=, while in B;; the control | f(w)| < C remains valid for some C' = C(g) since g; € C. On the

other hand,
n—2 2(n—1)

[ 1) = b (an) + () - nol91),
hence
n—2 2n — 1
b9 + =20 (90— 20V, )] < [ rdnte)
n n Q
/ (@)l duw) + / (@)l dulw)
B, o
< b 4 Ou(Bs,)
§ b—E?’LO + Cb—C17L0
<prom <o
n
Having
n—2 2(n —1) no
Cry (g1) + " Cro(g1) — - long(g1)] < Cn1

one may write

b 01) + 1) = 2 01) = 2 (00 = fa ()] < €22

so that (B.3) holds:

n
|€n1 (gl) + gno(gl) - 262710(91)’ < Cn—(l)
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The same process may be used to obtain (B.3) at times 2r;. Then by an immediate triangle inequality

one obtains (B.4).
To prove (B.3) start by rewriting (B.3)) as

€y (91) = lng(91) + 2[lng (91) — Lang(91)]] < C%.

So

1

1€y (1) = ny (9)] < [€ny (91) = Lo (1) + 2[ng (9) — Lany(9)]]

+ |€n1(g) - gno(Q) + 2[6710(9)

— Lan(9)]|

+ 2%”0 (g1> - €2n0 (gl)’ + 2|€n0 (g) - £2n0 (g>|

+ g (9) = by (91)]
<00+4770—|—C@ = 01
ny

3.3.3 Rate of Convergence

In this section we shall use the inductive step to understand exactly how pushing the controls though

the natural numbers affects the convergence rate of the quantities at hand. In particular we obtain

the rate convergence associated with the functions /,,. These however will be too slow, hence we

also look at —/,, + 205,

Lemma 26. Let {z,,} be a sequence converging to x such that for every n € N,

then, for everyn € N

|xn_37’ S

Proof. Letn € N, then we can use a telescopic sum to write

E Toip — Toit+lpy

Z logb (2'n logb

n

I
as the sum of the series is of order ==

37
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Proposition 27. Let g € C. There are constants r1 > 0, ng € N, ¢c5 > 0, K < 00 all depending on
g such that the following hold

log, n

[€(g1) = lulgy)| < K

10(g1) + u(g1) — 2Can(g1)| < b7,
for everyn > ng and g1 € S®(Q, G) with d.(g, g1) < r1.

Proof. Let us use the constants ¢, ¢;, C, r and ny given in the inductive step. Consider the quan-
tities ny = g, ng = b™ and set Ny := [ny,ng]. We shall also define r; = min{r, b=3¢170},

Then, by the finite scale continuity, for every ny € Nj, we have

|£2no(gl) - £2n0(9)| < b201n0d00(91792) S b_CITTO S g,

choosing ng large enough for the effect. Likewise

’gno(gl) - gno(g” <ée= 607

Moreover
€200 (9) = no (9)] < |lane (9) — £(g)] + [€(g) — Lng(9)] < 2e,
so that
[€2ne (9) — no(9)| < 2e =: 1o,
and we have

0o + 2n9 = be < K(g) — bGe.

. . . _ = + —
Using the inductive process we now have n; = 0", nf = b"0 and define N} = [n], n{]

If ny € Nj then ng < log,(n1). Now,

n log, n
[ (91) + Lo (1) — 2lang (91)] < C2 < k=210
nl nl
for some constant /K. Moreover
oy (91) = Con, (91) <m
’gnl (gl> - gnl (g>| < 61
where
|
0y = Oy + 4o + O-2 < 13¢ + K~
ny Ny
1
n = C@ < KM
nl nl
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Furthermore,

lo
91+2n1<135+3Ki < 16¢ < {(g) — 6.
1

Hence we can repeat the process, let n, = b1 ,n} = 671, and define Ny = [n;, ni], then, if
p p 2 2 25 Mg

ng € Na, there exists n; € N such that ny < log,(n2)

n log, n
|€n2(gl) + Em (91) - £2n1 (gl)| < C—l < K &b 2.
%) %)
Moreover
£n2 (gl) - €2n2 (gl> <72
’gnz (g1> - €7L2 (g>| < 62
where
1 1
0y = 0, + 4y —i—CE < 13 + 5K 08y 11 + K 0gbn2,
na ny gy
Ny = C’E < Klogﬂ
N9 N9

Inductively repeating the process we obtain intervals A, whose union cover all natural numbers
greater than n,. Hence given n > ny, there exists £k > 0 such that n € N1, so there is also
ni € Ny, so that

n = nk+1 = bClnk.
Moreover
log, ng+1
gnkﬂ(gl) - @2n,€+1(g1) <M1 < K————
k41
and
‘gnk+1 (gl) - gnkJ’,l (g]_)’ < 9k+1
n
< Op +4n +C
Tk+1
log, n log, n
< 135+5KZK 08y Mi | p 108 Mt
i=1 i Nk+1
however, since n, increase super-exponentially, the series Zl>0 %%, is convergent with sum of
order logb Ly

Wlth that, for every n > ny we obtain

log, n
lo(g1) — lon(g1) < K S
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whence 1
0g, n
1n(g1) — L(g1)] < K—=t"
Now,
log, n
M”k-H (gl) + Enk (91) — 2627% (gl)‘ < Kb—k'H
Tk+1
< Keyngb™ ™ < bf%l"
SO
[(91) + Lny (91) = 2o, (g1)] < 26737 < b7 3™
hence the result follows for n > ny. -

3.3.4 Holder Continuity of the Drift

We are finally ready to prove the first two items of Theorem

Proof. Consider iy € N, 7, > 0,7 > 0, ¢, as in proposition 7. Let g € C,. with £(g) > 0 and take
the function from C to R
fn = _gn —+ Zggn

clearly f,,(g) — ¢(g), moreover an exponential rate of convergence holds for every n > g,
[€(g91) — falg1)| = [€(g1) + ln(g1) — 262 (gr)| < ™"
Consider now do (g1, g2) < log(b)b~2(C1+e2)™ “and pick n > @7 such that
b—4(01+82)n < doo(gl, g2> < b—Q(Cl-i-Cz)TL'

Then for m equal to either n or 2n one has
b201n

1 —/ <

de(g1, g2) < b>"
thus
| fu(91) = fa(g2)] < [€n(g1) = ulg2)] + 2|l2n(g1) — L2n(g2)]
< 3pEen L pmen,
Finally one has
[6(g1) — Ug2)| < [€(gr) = falg)] + | fu(91) = fulg2)| + [€(g2) — fulg2)|
< 3p-can
< 3de(g1, 92)°,
where a = m.
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3.3.5 Large Deviations Remark

Given g € C,, by the rate of convergence, there exists a neighbourhood V' of g in C and n; € N
such that the finite scale drifts ¢,, converge uniformly to £ on V' for every n > 7n7. Hence, for every

e > 0 there exists 71(¢) such that for every n > 7i(¢) and g; € V,

[€(g1) — Llg)| <
10n(g1) — Ug1)] <e.
Therefore large deviation estimates can be considered in a stronger manner

Definition 8 (Uniform large deviation estimates). Given g € C, There exists a neighbourhood

V C C of g and a constant ¢ > 0 such that for every € > 0, there exists 77y such that

1
,u{wEQ:

~d(gy" (w)o , xo) — £(gn)
for every g, € V and n > n,.

2

>eh <o,

n

3.4 Continuity of the tracking point

Proving the continuity of the tracking point is similar to proving the continuity of the drift although
some of the hard work has already been done.

Let g € C, we start by considering the positional maps
pé”) Q=X
w = g™ (w)xg
and consider their limit in Bord X
P (w) = lim p? (w),

whose existence we shall discuss later in section 4.4.2. Notice that if g € C, then for almost every
w e

Given g1, go € C we define the quantity

m%wwzém@wm@wmww. (3.6)

The route to prove continuity of £ is the same as the one done before for the drift /. We check the
finite scale continuity with respect to d; first and then we compute the rate of convergence. Since

the space is strongly hyperbolic we then obtain
01 (€, (©), £ (@) = Tim d () 02
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3.4.1 Finite Scale Continuity

Proposition 28. Let g € (€2, G), there existc = c(g) > 0,7 > 0, > 0and Cy = Cy(g,€) < 00
such that for every g1, go € S®(Q, G) with d(g, ;) < 7ifn > 7i(e) and duo (g1, g2) < b=, then
for every w outside a set of measure < pnes
Dy(py) (W), pi) (@) < b7
Hence
di(pl?, piY) S b7

Proof. Consider c to be the large deviation parameter. By the continuity of /(g), take 0 < v, <
¢(g) < 72 close enough so that

< inf{f(g.) : g. € S®(Q,G) and duo(g, g.) < 1}
< sup{l(g.) : g« € S™(Q,G) and do(g, 9.) <7} < 72,

as well as € > 0 so that
ce? <y < l(g) —e < l(g) +e <

for every g, € S*°(Q2, G) and d (g, g«) < .

For every n > 7i(¢), the deviation sets

(o) = {w €0 s a0, a0) - b0

-

have their measure bounded by < e’
Letw ¢ B,(g1) U B,(g2), then fori = 1,2

(g™ (w)wo, 20) < n(l(gs) + £) < nya,
d(g" (w)zo, x0) > n((gi) — €) > nm.

At this point, notice as in the proof of Proposition

n n 1 (n) W )T (n) w)x
g @)z, g5 (w)ro) < oo (o s S
b

< ———duo (g1, G2)-
_log(b) (91 92)

Finally, choosing Cy > o, provided do (g1, g2) < b“2",

(n)

) n n —{g™ w)x w)To) e
Db(pgl)(w),pE,Q)(w)) < bt (Wao, 95" (W)ao)ag

Ld(g™ (@)20,98" (w)z0) —d(9{™ (w)zo,20) ~d(g5™ (w)zo,z0)
<b

< bfn’)/l < b*TLCEQ.
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3.4.2 Rate of Convergence

Proposition 29. Let g € S7°(2, G). There are constants v > 0, € > 0 and iy € N, all depending
on g, such that

d1<pgl ’pél ) < b nee?

Jorall n > 1y and for all g, € S®(Q, G) with dw (g1, g) < r. In particular, pgj’") is well defined.

Proof. Consider v; and ¢ given as in the proof of the previous proposition and c the large deviation

-

paramenter. As well as the deviation sets

Bulon) = {0 € 0 s | (ol 0. 20) b0

Recall the control, d.(g1) < C, for every w ¢ B,,(¢1)

_ (n) —d(e™*D ()
Du(g" (@)0, 6" (w)o) < b3 1oz Al @roszo)—dlgi™ )ao.ao)
<Vop ™
Hence, for every m > n
Dy(g"” W)z, 9™ (w) ZDb w)zo, gt (w)wo)

<V Z b=
vC

p—"mn

L —
S1-b

hence g%n)( )z is @ Gromov sequence, in particular it converges to some point in 90X . With this
we obtain Db(pél : péfo ) < b= Integrating over w yiels the result. I

The proof of item 3) in Theorem |1 § is now analogue to that of item 1).

3.4.3 Large deviations remark

Given g € S3°(Q2, G), by the rate of convergence, there exists a neighbourhood V' of g in S, (£2, G)
and 77 € N such that the finite scale drifts ¢,, converge uniformly to ¢ on V. Hence, for every ¢ > 0

there exists 71(¢) such that for every n > ni(¢) and g; € V,

(1) — (g)| < e
[0,(g1) — £(g1)| < e.

Therefore large deviation estimates can be restated in a stronger manner
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Definition 9 (Uniform large deviation estimates). Given g € S°(€2, G) There exists a neighbour-
hood V' C S*(Q2,G) of g and a constant ¢ > 0 such that for every ¢ > 0, there exists 7y such

that
1

~d(g1"”(@)z0., o) — €(g1)

,u{wGQ : >€}<b‘cn82,

forevery g1 € V and n > ny.

3.5 Positivity Argument

In the previous sections we have seen that the avalanche principle can be used to transport continuity
further in time. We now apply these techniques to transport positivity forward. Once again our
secondary tool will be large deviation estimates, which for this purpose don’t need them to be as
strong. We say that a cocycle satisfies large deviation of polynomial type if there are constants
C, o > 0 such that for every n € N,

/Q 1

~d(g™ (w))zo, x0) — ln| dp(w) < CKn™°, 3.7)
where K := sup,,y Sup,cq ~d(9™ (w)zo, xo).

n

Theorem 30 (Positivity criteria). Let G be the group of isometries of a )-hyperbolic space X with
basepoint xq and let (Q, B, u, T') be an ergodic measure transformation and g : Q0 — G. Assume
that there exists ¢ € N such that, for every n > q the large estimates (3.7) hold for some given o.
Then, there exists ng = ng(0,0) € N such that if n > ng satisfies

U > Kig=7/*, 39)
Uy — Lo < 238,

then { > (/2.

Notice that here we only request that our space is hyperbolic, this happens as we will use the

remark to [19, which makes the conclusion of the avalanche principle

n—1 n—1
d(xg, x,) + Zd(azi_l, x;) — Zd(azi_l, zit1)| < 2(n —1)d.
=2 i=1

Lemma 31 (Inductive Procedure). Let ng, k > 0 such that, for every n > ng the polynomial large

deviation estimates are satisfied. If

On > Kng?/t,
° 0 (3.9)
g

lry — lony < 2,
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and A
6K — 2 Y
Ksm Kni™7/* > 34, (3.10)
then defining ny, = ny™™ where T = %O’, one has
1, — 2oy + lny| < C(R) K2, (3.11)
n

Moreover,
—o/4
by, > Kny ',

(3.12)
lny = lony < C(R)E™ < 1,

8
Proof. Consider ¢ > 0 and r < ng such that n; = gng + r and, for 0 < ¢ < ¢ set

z; = g™ (w) g (T0w)...g ") (T D)) .

Due to Lemma P4, we can once again assume that » = 0 as otherwise we incur in an error of
the order of our control. We also consider o < 8/3 so that 7 < 1. This is not a huge loss, as if
we have large deviation estimates estimates for ¢ > 8/3, then they also hold for o < 8/3. The

aforementioned LDT estimate implies
p{we : (g™ ()0, T0) — nolpy| > Keng} < Ce 'ng”.

Using the large deviation in this form with Ke = ¢, /x, one has

k—1

. 1
min d(x;,T;41) = <in d (g(”O)(T”Oz(w))a:O, xo)) > noly, — E?’Lgéno =

TLOK
0<i<q 0<i<q o’

on a set B; C () such that
1(Q\G1) < Celqng? = Cqnong > *ng”*e™ < kCnyng ' ~** < kCny™.

In the same fashion, there is a set By C 2 such that ;(Q\By) < kCn, " on which

1 , A
, . - Z1d (gno)(Tmot d (gm0 (Tmo(i=1)
e (e, 9ict), = e [(9 (17" (@), a0) + (g T @)y, )

_d (g(no)(Tno iw)g(no)(T”O(i_l)w)xo , xo)

< = [no(lny, + Ke) — ng(lan, — Ke)]

1
= Ny (éno - €2n0 —|— Eéno)
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1 1 K+ 8
< gnogno + Enogno = 8—ﬁn0€no-

"‘T_lnofno — 2§ is an immediate consequence of condition (B.10), whence

Now, 2558ny(,,, <
the Avalanche Principle applies,

qg—1

d (g(nl)(w)xo ) l’o) + Z d (g(nO) (TnOiw)xO ) :CO)

q
_ Z d (g(no)(Tno(i+1)w)g(no)(Tnoiw)xo ’ -TO)

=1

< 2q0.

Dividing both sides by ny, one has

1 18521
—d (g(”l)(w)xo, wo) + - —d (g(”O)(T"mw)xo, wo)
n1 q= "o
2811 . | 26
— 2N d (g (T H D) o) (Tl 2 L o) | < ==
2 g (T Ty, ) | < 7

Call f(w) the left-hand side of the inequality, integration over w yields

| s)dute) - /g H)dne) + | fedue

Q\G1NG2

20
< — +2kKny"
no

n
<K=,
ny

asng’ =mng/npand 7 < 1 (Cy = 20 4 2k)) . In other words

2
Uny = 2oy + by — = [l — Lany]| < C1E 2
q

ni

thus proving (B.11)), as £, — lon, < ny/8 < K/8.
For the upper inequality in (B.12)), notice

Cny > Loy — 2Ly — long) — CLE 2
n
20 Un
> lpy — —2 — C1 K—
- 0 8 ! 1
—o/4
> 3Kn, / _ C’lK@
4 1
—o/4

Provided that n is large enough.
For the first lower inequality, simply use the Avalanche Principle once again for the times 2n

and subtract in (B.11]); whilst the second is true provided n is large enough. O

46



CHAPTER 3. ABSTRACT CONTINUITY THEOREM

Proof of Theorem B(. Making n, large enough, the existence of x in Lemma B1] is obvious and
consider C' = C(k) > 0 as in the Lemma. Now given n > 7ig in the conditions of Theorem B0, we

will apply the previous Lemma inductively starting with ny = n to obtain

[, 1 — 2oy, + | < CK—2 (3.13)
' Mj+1
and
boyer > K
o i T (3.14)
g”jJrl - e%jﬂ < CKn?il < JTH
where 1 = n;*" for T = 0.
Whence
j
bryoy > Uy = 2(0n, — lon;) — CK
Tj+1
> 0, —3CK2
%
J N
> Uy — 2(Uny — lony) — 3CK [Z n+1]
1=1
> 34, —3CK i: &
4" i1 v+l '
Since Y ., n”il is asymptotic to n, ", the intended result follows since ¢,,, > Kn,, o/, O

Having explored the proofs, something more can be said about how large ng must be. First
assume it is large enough so that there exists « satisfying

6k — 24
8k

Kng'~/* > 34,

7o (o) must satisfy ]
1%70/4 N (25 - 2/€) n—0730/8 > n—ofa(1+30/8)/4'

Remark 3. In negatively curved Riemannian manifold with non-negative Ricci curvature, horo-
functions are known to be plurisubharmonic functions (see Cheeger and Gromoll (1971)). Hence
the argument used later in chapter [ for quasi-periodic cocycles can be applied to this setting.
We chose not to do it as it would require us to introduce additional notation from ergodict theory,

harmonic analysis and potential theory which could disperse the thesis topics even further.
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3.6 Bibliographic Notes

The drift in the metric hyperbolic setting has a quite similar behaviour to the Lyapunov exponents
in the linear cocycle setting. In fact, if we consider SL(2, R) acting isometrically on the hyperbolic
upper-half plane H? the two concepts overlap. We explore this common playground to use tech-
niques that were originally obtained for the study of the Lyapunov exponents in SL(2,R), while
working around the metric technicalities.

The type of abstract continuity and positivity results obtained in this chapter for hyperbolic
spaces is new. The techniques employed however date back to Goldstein and Schlag (2001]), where
the first linear version of the avalanche principle for SL(2, R)-cocycles appears. In their paper,
Goldstein and Schlag (2001)) use the avalanche principle to obtain continuity and positivity of the
Lyapunov exponent of quasi-periodic Schrodinger cocycles. The continuity argument for general
SL(d, R)-cocycles as well as cocycles over non-invertible cocycles appeared later in Duarte et al.
(2016). Note that the case of higher dimension Schrodinger cocycles in SL(d, R) can also be found
in Schlag (2013)). Han et al, (2020) deals once again with the problem of positivity of the Lyapunov
exponent; here large deviations estimates are replaced with other quatifications of the convergence
sets. The spirit of the argument however remains the same.

The continuity of the tracking point is related to the continuity of the Lyapunov filtration for
SL(2)-cocycles presented in Duarte et al| (2016)), in fact for SL(2)-cocycles the two concepts once
again agree.

In this work we decided to use large deviations of exponential type. These can be relaxed to
weaker type of deviations yielding weaker modulus of continuity.

Despite the similarities, there are several interesting natural actions of groups acting by isome-
tries on hyperbolic spaces that escape the linear setting such as rank one semisimple Lie Groups act-
ing on their symmetric spaces, Gromov hyperbolic groups acting on their Cayley graphs, mapping
class groups on their curve complexes, the Cremona group acting on the Picard-Manin hyperbolic
space among others (see Maher and Tiozzg (2018)). In some of these examples the fact we drop
the usual properness condition is quite important.

A gain in our versions of the avalanche principle is that every constant is explicit and the result
verses on chains of points rather than the operators themselves. A first version of the avalanche prin-
ciple for CAT(—1) may be found in Oregén-Reyes (2020). The geometric applications presented

by Oregéon-Reyes exhibit the importance of working with chains of points.

48



Chapter 4
Markov Systems

In this chapter we apply the abstract continuity theorem to cocycles of isometries of hyperbolic
space, where the base dynamics is governed by Markov systems. In view of the previous chapter
all we must do is prove that exponential type large deviations hold. This path will only lead us to
continuity in strong hyperbolic spaces.

In the second part of the chapter we assume (BA) holds, and prove continuity with respect
to the measure in the case of random walks on the group. Random walks are simple examples of
Markov systems where each successive element is picked in a random independently and identically
distributed way. In other words, a measure on the group is enough to obtain a random walk, as the
elements are picked with respect to this measure. We shall endow the space of probability measures

with a topology to describe continuity in this setting.

4.1 Markov Systems

We now introduce Markov systems. For such systems the current configuration does not depend
on the past nor the future but only on the present. We will begin by introducing the probabilistic
language which we will use later, and then briefly present how to translate it into the dynamical
language used previously through the Markov shift. Our presentation on the subject follows that of
Duarte et al. (2016).

Definition 10 (Markov Kernel). Let I' be a metric space and let F be its Borel o-algebra. A Markov
kernel is a function K : I' x F — [0, 1] such that

1. forevery wyg € I', E — K(wo, F) is a probability measure on I’;

2. The mapping wy — K (wo, ) is continuous with respect to the weak-* topology in Prob(T").
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CHAPTER 4. MARKOV SYSTEMS

3. forevery FE € F, the function wy — K (wo, F) is F-measurable.

A probability measure i on (I', F) is K -stationary if for every F € F,

/ K U.)[), dwo)

A set E € F is said to be K-invariant when K (wy, F) = 1 for all wy € E and K (wg, E) = 0 for
all wy € T\ E. A K -stationary measure p is called ergodic when there is no K-invariant set £ € F
such that 0 < p(E) < 1. Using the usual argument through Krein-Milman’s theorem, ergodic
measures are the extremal points in the convex set of K -stationary measures. A Markov system is
a pair (K, uu), where K is a Markov kernel on (I", ) and p is a K -stationary probability measure.

In Duarte and Klein (2017), the considerations above are only done for compact I as this easily
yields the existence of stationary measures, in this work however we will also need to work with
non-compact spaces. Fortunately we will be able to find stationary measures for the non-compact
cases that interest us.

We can define the iterated Markov kernels inductively, setting K' = K and
Kn+1 /Kn wl, wo,dwl),

forn > 1.

Given (K, i) a pair formed by a Markov Kernel a not necessarily stationary measure p €
Prob(I"), consider 2 = I'N the space of sequences w = (w,) in I'. The product space §? is metriz-
able. Its Borel o-algebra B = F is the product o-algebra generated by the B-cylinders, that is,
generated by the sets

C(Ep, ... Ep) ={weQ :w; € E;, for0 <j <m},

where Ey, ..., E,, € F.

The set of F-cylinders forms a semi-algebra on which

P,[C(Ey, ..., En)] = /m [E pldeco)]

defines a pre-measure. By Carathéodory’s extension theorem, it extends to a measure, still denoted

m

K(wj_1, dw;).
1

[P, and often called the Kolmogorov extension of (X, 11), on (€2, B).

Given a random variable ¢ : 2 — R, its expected value with respect to p in (I', F) is

—~ /Q CdP,.

If 1 1s 4, the Dirac measure at w, then we soften the notation by setting P,,, = Ps, and E,,, = E;

wo wo
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By construction, the sequence of random variables e,, : Q@ — T, given by e,(w) = w, for
w = (wy,) € Q, is a Markov chain with initial distribution y and transition kernel K, that is, for

everyw € 'and F € F,
1. P,leg € E] = pu(E),
2. ]P)H[en ek ‘ €En—1 = wn,l] = K(wn,l, E)

Moreover the process { e, }nen 18 stationary with respect to (2, 7, IP,,) ifand only if 2 is /-stationary.

We now proceed to make sense of the dynamics behind Markov systems. Consider the shift
map T : Q — Q, T'(w,) = (wps1). The shift 7" is continuous and hence B measurable. It also
preserves the measure IP,. We call the triplet (2, P,, T') a Markov shift.

Definition 11 (Strongly Mixing). Let B be a Banach space contained in L>°(I"). We say a Markov
system (K, p1) is strongly mixing in B if there are constants C' > 0 and 0 < o < 1 such that for
every f € Byallz € "andn € N,

< Co"||f|lB.

[ Fenr e den) = [ St

Strongly mixing property of a Markov system is related Markov shift being mixing.

Definition 12. (Mixing transformation We say that a measure preserving transformation (2, 7, 1)
is mixing if for all measurable A and B in B

lim p(ANT™"(B)) = p(A)u(B).

n—oo

If we pick A = B a T-invariant set in the definition of mixing, we obtain u(A) = u(A4)?, so A
has either measure 0 or 1. In other words, mixing implies ergodic. The converse is not true. The

two concepts of mixing now come together in the following proposition.

Proposition 32 (Proposition 5.1 in Duarte et al| (2016)). If the Markov system (K, i) is strongly
mixing, then Markov shift (0, P, T') is a mixing dynamical system.

Suppose now that ¥ is compact, any continuous g € C(X x X, G) C S®(X x X, G), where
S°(X x X, G) is the subspace of S*°(£2, G), consisting of cocycles which depend only on the first
two variables, defines a cocycle in G over the Markov shift (2,P,,T'), a : N x  — G given by

a(n,w) = g™ (w) = g(wo, w1)g(w1,ws)...9(Wn—1,wn).

From this point on we will also omit the reference to the w’s in (™ (w) whenever there is no room

for confusion, by simply writing g™,

51



CHAPTER 4. MARKOV SYSTEMS

4.2 Large deviations for the drift in Markov systems

In this section we obtain that exponential type large deviations hold for the drift over Markov sys-
tems. Although the method used is based in Nagaev (1957), we will apply Duarte et al| (2016)
recipe. In §4.2.1 we describe the recipe and ready the ingredients laid by Duarte and Klein whilst
§#.2.2 is devoted to proving the large deviations. Many of the arguments displayed here are an
adaptation of what was done in Sampaio (2021)) for random walks, which will reappear in the next
section.

Let us recall the reader once more that X stands for a 0-hyperbolic metric space with a basepoint
o, G for its groups of isometries and b for a real number between 1 and 2'/°. We use ¥ for a compact
metric space where a Markov system (K, i) lives.

Nagaev’s method, also called the spectral method, is based on the contracting properties of suit-
able operators on Banach spaces. In order to ensure such properties hold, we need some hypothesis
on the Markov system. We say that a cocycle g € S®(X x X, G) is irreducible with respect to
(K, i) if there is no map h : ¥ — X" such that

g(wn—la wn)h(wn—l) = h(Wn)

for IP,-almost every w,,. We now set Z(K) to be the class of irreducible continuous cocycles with
respect to (K, u) in C(X x X, G) C S®(X x X, G). One can prove such a class is open in
S>®(X x 3, G).

Theorem 33. Let X be a compact metric space, (K, 1) be a strongly mixing Markov system over ¥

and g € I(K) be a cocycle with positive drift. Then g satisfies uniform large deviations estimates.

And as a corollary, by the abstract continuity theorem we finally obtain continuity of the drift

in Z(K'), moreover this continuity is Holder in a neighbourhood of cocycles with positive drift.

Theorem 34. Let X be a strongly hyperbolic space, 3 be a compact metric space and (K, ) be
a strongly mixing Markov system over . Then the drift ¢ : Z(K) — R is continuous, moreover it
is locally Holder continuous when restricted to the subset Z(K), C Z(K) formed by the cocycles
with positive drift. Lastly, € : T(K), — SY(3 x X,0X) is locally Hélder continuous.

4.2.1 The Method

Consider a Markov system (K, 11) on a metric space I" and let © = I'. Given some Borel measur-
able observable ¢ : I' — R, let ¢ : © — R be the Borel measurable function ¢ (w) = ¢(wp). We call
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a sum process of ¢ : I' — R the sequence of random variables {5,,(¢)} on (2, B),

n

1 n—1

@
Il
o
<.
Il
=)

An observed Markov system on I is a triple (K, i, () where (K, 1) is a Markov system on I" and
¢ : I' = R is a Borel-measurable function.

Recall that P,,, stands for the Kolmogorov extension of (K, d,, ).

Definition 13 (Large deviations of exponential type). We say that ( satisfies large deviation of
exponential type if there exist positive constants b, C, k, £y and ng such that forall n > ny, 0 < € <

goand wy € I,
g (0)w) - Mo' > } < oy,

]P’WO{wGQ:
n

We will obtain the large deviations in Theorem 34 by exploring the properties of contracting op-
erators on suitable Banach spaces. Let us start by introducing the operators. Consider K a Markov

kernel on a metric space I, the operator Qk : L>°(I") — L>(I"), given by

(@) (o) = /F F(wn) K (w0, deor),

is called the Markov operator. The Markov operator allows us to characterize stationary measure

in a more useful way, with effect, ; is K -stationary if and only if

[ axsdu= [ sau

for every f € L'(T"). Let now (K, p, ¢) be an observed Markov system on a given metric space T,
then we call the operator Q. : L>(I") — L>(I") given by

(@Queef)wn) = / F ) K (w, deon),

and b > 0 the Laplace-Markov operator.

We will now follow closely Duarte et al) (2016) as we introduce a series of assumptions, eleven
to be exact, which yield an abstract LDT. In the next section we make sense of this setting and
prove the assumptions hold as to obtain the large deviations. The main difference between the two
settings is the fact that we apply these results to not necessarily compact spaces.

Let (M, dist) be a metric space of observed Markov systems (K, 11, ) on a given metric space
I". Consider as well a scale of Banach algebras (B,, || - ||«) indexed in o € [0, 1], where each B,
is a space of bounded Borel measurable functions on I'. We assume that there exists seminorms

Vo : Bo — [0, 4+00) such that for every 0 < a < 1,
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AD [ flla = valf) + [[f]loos

A2) By = L>*(X) and || - ||o is equivalent to || - ||,

A3) B, isalattice, i.e., if f € B, then f,|f| € B,,

A4) B, is a Banach algebra with unity 1 € B, and v, (1) = 0.
Assume also that forevery 0 < ap < a3 < ay < 1,

B1l) B,, C B,, C Ba,,

B2) Vo, (f) < Voo (f) < vao(f), forevery f € B,

a2—a] X170

B3) o, (f) < Vao(f)227%0 va,(f) =270, for every f € Ba,.

The assuptions Ax) and Bx) exhaust our assuptions on the Banach algebras and will be the sim-
ple part of what is to come. Finally, for our assumptions on M, assume there exists an interval

[, ap] C (0, 1] with oy < ap/2 such that for every a € [, o) the following properties hold,
Cl) (K, pu,—(¢) € M, whenever (K, u1,() € M.

C2) The Markov operators Qi : B, — B, are uniformly strongly mixing. That is, there exist
C > 0and 0 < o < 1 such that for every (K, u,() € M and f € B,,

HQ}%f— [ fdntian

< Co"||flla-

C3) The operators () . act continuously on the Banach algebra B,, uniformly in (K, 1, () € M.
With effect, we assume, there are positive constants ¢ and M such that fori = 0,1,2, |2| < ¢
and f € B,
Qr,c(f¢) € Ba and || Qg (fC)]| < M| fl]a-

C4) Consider the family of maps (K, p, () = Qx,.c indexed in |z| < ¢, there exists 0 < 0§ < 1
such that for every |z| < b, f € B, and (K1, p1, (1), (Ks, o, (o) € M,

||QK1,ZC1f - QK2,zC2f||oo S MHfHOcdiSt((Kla:uval)7 (K27M27C2))6 .

Under all these assumptions the following abstract LDT theorem holds:
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Theorem 35 (in Duarte et al. (2016)). Given (Ko, ti9,(o) € M and 0 < s < oo large enough
(Which can be made precise), there exists a neighbourhood V of (Ko, o, ) € M, C >0, g9 > 0
and ng € N, such that for every (K, u,() € V, 0 < e < gy, wp € X andn > ny

Pan || 3500 - Bul0)

82
> 5} <Cbh 5",
which averaging over wy with respect to | yields

P, [[250(0) - B0

62
> e] <Cb "

Remark 4. By choosing a large s andn > n(e) we can make C' = 1, thus obtaining large deviations
as in Definition |13

4.2.2 Obtaining the Large deviations

Let X be an Hyperbolic metric space, X", X denote its horofunctions compactification and Gro-
mov boundary, respectively. We denote by Dj, the visual metric on X, where 1 < b < 21/ is
fixed. In this section we use Theorem B3 to obtain our large deviations for the drift. From this point

on Y stands for a compact metric space and I' = ¥ x X x 0X

Verifying Conditions A*) and B¥)

Given 0 < o < land f € L>(I"), define

Ua(f) = sup ’f(wl’w2’£> — f(w17w27 77)‘

(w1,w2)EXXE Db(gan)a ’
§#n

[ lle := 11 flloo + valf),

and set

Ho(l) :={ f € L=(I') : || flla < oo}
the space of boundary Holder continuous functions in I". We call v, (f) the boundary Holder expo-
nent of f.

Proposition 36. The family {H.(I')}, for 0 < a < 1, consist of Banach algebras with norm || f||a
satisfying the conditions Ax) and Bx).

Proof. 1t is a standard proof that H,(I") are Banach algebras. Now points A1), A3), B1), B2) are
either clear or follow from some immediate computation. For point A2) notice that for &« = 0 we

have || f||a < 2||f||s- Point A4) follows from the immediate inequality

Val(f9) < [ fllecValg) + [lg]locvalf)-
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For point B3), notice that given ayg, oz, s € [0, 1],

| f(wi,wa, &) — flwy,wa,n)|*H1—)

Vsa 1-s)a f = sup
o+( ) 2( ) (01.02) XX Db(§’ n)sao—i—(l—s)ag
§#n
< sup |f(W17W2a§)—f(W17w2777>|8
N (w1,w2)EXXY Db(é-?n)sao
§#n
% sup |f(w17w27€) _f(whw??n)l(lis)
(w1,w2)EX XX Db(f) n)(l_S)QQ
§#n
= Vqyq (f)svaz (f)l_sa
picking s = £2=°4 the result follows. ]

Verifying Conditions C*)

Recall the space S>®(X x X, G) of bounded measurable cocycles g : ¥ x 3 — G introduced in
section 1.3. Each cocycle g € S>(X x X, () defines a Markov kernel on I' given by

[_(g(w()awlag) = / 5(w1,w2,g(w1,UJ2)_1£)K(w17dw?)a

P

as well as an associated Markov operator ), : L>°(I') — L*(I") with expression

(@) (wor1,€) = / F(@r, wa, g(wr, wa) ") (wn, ds).

The reason for looking at the action of the inverse comes from the relation (2.3). For each g €
C(X x 3, G) consider the measurable observable (, : I' = R

Cg(WU,Wl,S) = hf(g(w()awl)z[))- (41)

where h¢ 1s the horofunction related to § through the local minimum map homeomorphism. Mea-
surability of ¢, follows from continuity. Notice that the set @ C I'V consisting of sequences
o = (a1, @, &), Where & = (g(wo,w1)g(wr,ws)-.g(wn-1,wn)) "6 and notice that this s

a set of full measure. The sum process in XV is

(5,0 = Y (i, &)

n—1

= he,(g(wi,wip1)o)

=0
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i
L

(9(wo, w1)g(wr, wa)...g(ws, wi+1))_l + he, (gizo)

S
ol
- O

hey (9D (w)0) = he, (9 (w)x0)

-
I
o

& (9" (W)ao).

These equalities are mostly a consequence of the property g - he = hye and (Z3). In what follows
we will prove that provided g € C(X x X, G) is irreducible with positive drift, then there exists a
unique K g-stationary measure which we denote by 1,. Finally we consider the space of observed

Markov systems
M = {(K,, 11y, £(,) : g € C(X x 2, G), gis irreducible and ¢(g) > 0},
where 11, 1s the K ;-stationary measure, with the metric

diSt((I_(glﬂ Hgy s Cg1)= (l_(gw Hgas <92)> = dOO(gb 92>.

Due to the metric used, neighbourhoods in M are naturally identified with neighbourhoods in C'(3 x

Y., ). Our main goal for the remainder of this section is to prove the following proposition:
Proposition 37. The space M satisfies the Cx) conditions.

Notice that the (Q, f)(wo, w1, £) does not depend on the variable wy. So we define H, (X x .X)
to be the space of functions f in H,(I") that do not depend on wy. Notice as well that 1, (3 x 0X)
is still a family of Banach algebras satisfying Ax) and Bx). Our first goal is to prove that this space

is invariant under the action of @g:
Proposition 38. The space H, (X x 0X) is invariant by the action of Q) for o small enough.

The proof of this proposition is based of the Lemmas BY, #0 and §1|. First, given g € C(X x
Y, ) and 0 < a < 1 define the average Holder constant of g as

Dy(g=™M¢, g=Mp) ) a]
ki (g) = E., .
cx(g) woesgg#n |: ( Db(g ) 77)

The relevance of £(g) becomes evident in the following lemma where we relate it with the con-

tracting behaviour of the Markov operator of g.

Lemma 39. Given g € S®(X X X, G), f € Ho(X x 0X) andn € N,

Ua(@;f) < ka(g)va(f)-
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Proof. Let f € H(X x 0X) and (wo, §) € 3 x 0X, recall as well the random variables e,, : Q@ — X

given by e, (w) = w,. Then notice

(@5 /) (w0, &) = Eu, [flen, g~ ™E)] .

Hence

Eu, ‘f(en,g_(”)f) - f(en,g_(”)n)‘

va(Qpf) < sup

woEX E#£NEOX Db(é? 7])
Dy(g~"¢, g~ ") \"
<vo(f) sup E, {( < wva(f) ki(9)
( )woez,#n ’ Dy(€., m) () kel
[
Lemma 40. Given g € S™®(X x X, G), the sequence (kl(g)) is sub-multiplicative, that is,
kit (g) < ka(g)ki(9)
Proof. Forevery &, nin 0X and wy € X
E KDb(g("””)é, g""*”’n))a}
o Db(£7 77)
cp | Pelg” ™ o T~ Mg, g~ o Ty~ ) (Db(g‘(")f 7 g‘(”)n))a
- Dy(g=m¢, g; ") Dy(&, m)
[/ Dy(g=™¢ . g™\ ° Dy(g=me" . gy ™)\ "
<E, ( b(g~"E, g 77)) ] up Excngun ) b(g 5/ 9 AN
i Dy(&, m) ¢r4n €0X Dy(&", 1)
Taking the supremum over £ and 7 yields the result. U

Lemma 41. Given g € S®(X x X, G) andn € N, for every 0 < o < % there exists a constant
C = C(g), such that
ka(g) < C(0)dw(9)-

Proof. Given wy € ¥ and € # 7 in 0X, using Proposition [14,

Dy (g~ "¢ g(n)n)>a] 2 (he (g™ (n)
E. ’ < C(H)E, [b 3 (he (9™ 0)+hn (g 900))]
’ l( Db(é-? T]) ( ) 0

< B, bt oo

< E,, [bomoe)]

taking the supremum in wy and & % 7 we obtain the statement using Lemma 21. [
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The following Lemma is where the necessity for the hyperbolic multiplicative ergodic theorem
appears. The last part of the proof is analogous to that of Bougerol (]1988) for the uniformity of the

limit for Lyapunov exponents.

Lemma 42. Let g € C(X x 3, G) positive drift,

lim ~E,, [h(g™0)] = £(g) 42)

n—oo M

uniformly on (wg, h) € ¥ x X"

We warn the reader that in the following proof we work with I'; = X x ¥ x X", We do this as
we need compacity. With that in mind we are going to use the Markov Kernel in ['; analogous to

the one used in I, that is

Kg(“JO; W1, h) = / (S(wl,WQ,g(w1,w2)—1-h)K<w1> de)a
%

which in turn gives rise to a Markov operator in the typical fashion. By compactness of I';, there
exists at least one K ,-stationary measure £. In what follows we drop the g in K, and denote by P
the Kolmogorov extension measure with respect to some K -stationary measure in Q = I,

The strategy of the proof is to first prove that the limit exists for every horofunction / and p
almost every w. Then prove it is uniform on % and finally obtain its uniformity on wy. With that in
mind we will prove four claims, are the Lemma should follow once those are done.

Claim 1: For every h € X", lim,_,o 2h(9™ (w)zo) = £(g) holds for P’ almost every w.

Proof of Claim 1. Consider the observable (: I'y — R defined by

((wo, w1, k) = h(g(wo,w1)zo)

which is clearly continuous. Denote by Proby (I'y) the space of K -stationary probability measures
on I'y, which is non-empty by compactness of I';. Just as before, consider the sum process 5,,(
generated by ( along a K-Markov process on I'; with initial state (wg,wy,ho) € I'. This sum

process can be realized as the process on £ = X defined by

—_

n—

(SnQ)(w) = C(ws, wit1, b)) = hO(g(n)(W) o)

.
Il
=)

where h; 1 = g(w;_1,w;) " - by for every i > 0.
By Furstenberg-Kifer Theorems 1.1 and 1.4 in Furstenberg and Kifer (]1983), letting

B = sup{/FCdn NS ProbK(Fl)}
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then for P-almost every w € )

lim sup — ho (g™ (@)o) = limsup — (Su¢)(w) < 8.

n—oo 1 n—oo TN

We claim now that fn ¢ dn = (3 for every measure 7 € Probg (I';). Then changing ¢ by —( ,
the same argument implies that for P-almost every w

lim S ho(9™ (w)x) = B.

n—oo 1

By the Theorem [17 and its remark we must have = {(g). N
Claim 2: fFI ¢ dn = f3 for every measure 1 € Proby (I'y).

Proof of Claim 2. 1f the claim were false there would be an ergodic measure 7 € Probg (I';) such
that [, (dn = B, < (. Consider the map

F:QOx X" QxXx"
(w, h) = (ow, g(wo,wr) "+ h)

which preserves the ergodic measure P x 7. The observable ¢ can be extended to (: Q x X" — R,

((w, h) = ((wo, w1, h). Moreover, with this notation, (.5,,¢)(w) = Z?;()l C(FI(w, hy)) is a Birkhoff
sum. By Birkhoff’s ergodic theorem, for -almost every hy € X" and P-almost every w € €,

1
lim —ho(g™ (w)zo) = lim

n—
1
n—oo N n—oo 1, <

C(FY(w, ho)) = B

gl

i
o

which together with Theorem [17 implies that 3, = —¢(g) and hy € X"(w). Next consider the
family of sets
Swo = {hEXh: ]P’wO{wEQ:hEXE(w)}zl}.

The previous argument shows that S,,, # () for P-almost every w € ). Again by the remark to
Theorem [17 the set S, must be a single horofunction S,,, = {s(wp)} and the function s: ¥ — X,
is measurable. The invariance of X" in Theorem [17 now implies that g(wp, w:) - s(wp) = s(w1),

which proves that g is not irreducible. This contradiction implies that the claim is true. [
Claim 3: The convergence is uniform h.

Proof of Claim 3. Let us start by proving the uniformity in h, arguing by absurd, suppose there is

a sequence of horofunctions (h,,) C X" converging to some / in X" and ¢ > 0 such that

1
lim —E,, [ha(9™ )] < £(g) — ¢

n—oo M
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Due to the compactness of X" we can assume that h,, converges. Take (y"),, € X and &, € 0X
two families of sequences such that hyn — h, =: he, and y,;, — &, as m — oo. Then

lim h,(g™xo) — d(g™zo, 29) = lim lim hyp (9™ x0) — d(g™ 0, w0)

n—oo n—00 M—00

= lim lim d(y", g™ o) — d(y",, x0) — d(g™ 0, 0)

n—00 M—o0

-1 i —20n o™
M, lim =20, 9™ o)y

= lim —2(&, 9" 20)u,,

n—o0

where the last equality is a consequence of the continuity of the Gromov product in strongly hy-
perbolic spaces. Notice that the quantity (&,, "™ z¢), goes to infinity if and only if both &, and
g™z converge to the same point in 0.X . If this were the case, by Proposition 4 in Sampaio (2021)),
lim,, 00 (g™ 2¢) = —00, hence h € X" (w). Therefore (£,, "™ x¢),, must P,,, almost surely be

finite as otherwise i € S,,, = (). Using dominated convergence theorem again,

lim —E, [ha(9"™20)] = lim —E,, [d(g™x0, 2)] + lim —Ey, [hn(9™x0) — d(g™ 0, w0)]

n—oo M, n—oo 1N n—oo M

= {(g) +0={g),
which yields the claim. O
Claim 4: The convergence is uniform in wy.

Proof of Claim 4. Consider now, for wy € 2

i) = sup {| 2B [1(gaw)] — 1) e x0,

and notice the uniform bound |g,,(wo)| < log,(d(g)) + £(g). Due to the uniform limit in & proven

above, using dominated convergence theorem

lim [ py(o)du(o) =0.

n—o0 )

Let £ > 0. Consider n > p to be specified later and take a = a(p) := sup,, g,(wo)

LB [0l 0)] = )| < |1 [570 Hg"P0) 4 150 — t(0)
< B [P 0] = )| + 1B (150
n-p 1 ®) 1y () )] — P a
< ("2 [ [ B [t 0] - 80| + Litta) +.0),
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from which
0n(0) < (Q"gu-y) (w0) + 2(£(g) + ).

Now, taking p and n large enough, one has the following inequalities

Plt(g) = ay/n < ¢/3,

n

as well as
/ don(@)dp(0) < 2/3,
>

moreover, by the strongly mixing condition

sup
WoEX

(@0-)en) = [ dus()d(o)

¥

<e/3,
provided p is large enough and taking n large enough. Hence

qn(wo) < /anp(a)dy(a) +2/3 <e.
]

In the following proposition we will use the relation, which is an immediate consequence of
Proposition [14,

@< s B[]
weX, £e0X

Proposition 43. Given g, € Z(K) with positive drift, there exists a neighbourhood V of g, in
C(X x 3,G) and constants ng € N, 0 < oy < ap/2 < ap, C = C(g1) >0, and 0 < 0 < 1 such
that

kg(g2) < 00n7
Jorall go € V, n > ngy, a € [, o] and f € Ho(E x 0X).

Proof. By Lemma |55,
lim sup |E,, [hg(g(")xo)} — 6(91)| = 0.

n—o0 geax
In particular, there exists ny € N such that E,,, [hg (g(”O)xo)} > @ > 0 for every £ € 0X.

Let r > 0 to be specified later and consider in C'(X x X, ) the neighbourhood of ¢; given by
the ball

V=B (q1) ={g2€ C(Ex2,G) : doo(g1, g2) <1}

Let g2 € B.(g1), wo € %, € in 9X. Use the inequality
22
b" < 14 log(b)z + log(b)2?b|z‘,
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to obtain,
E., {b‘ah@"‘”“)} <1- alog(h)E,, [h5(9§no)$o)]

2
" log(b)Q%Ewo [(hs(9§"°)xo))2blahs<g§ 0>Io)|:|

log(b)?

<l—a+ aQba ( ng logb(c)ZCnologb) ’

where C' is a constant depending on g;. Hence there exists o small enough so that the right-hand
side becomes smaller than 1, which implies the existence of constants o and a; < ag/2 such that
kot (g1) <p <1

To extend this control to nearby cocycles let us introduce the following continuity type relation,
using the mean value theorem and the argument around finite scale continuity in Proposition

(ng) (no) n [
) prahe(ey Vo) | < (log b) n}?’ébd(gi ) z0,20) hg(g§ O)xo) _ hg(gé O)xo)‘

E,, [b~" (91" o0
0

< C"d(g{" o, 95" o)
< ngC*™d (g1, g2)

We can now choose r small enough to ensure there exists p* € (p, 1) such that

Eo, pehe(9)"wo) _ p-ahe(os"wo)| < p-—p-

Hence

(ng) (ng)

B, [b7he@™ )| <, bk )] 4

]EwO [biah{(génw:m)] - Ewo [biah&(ggnO)xO)]‘

(ng) (ng)

(no) b—cyhg(g1 z0) b_ah5(92 o)

<E,, [prone™ )] + R,

<p+(p—p=p <1

Due to the submultiplicativity, picking o = (p*)%, for every n € N there exists a constant
C' > 0 such that
()
Kalg2) < B, [pote o)) < com,

which completes the proof. [

The previous proposition now allows us to obtain the existence and uniqueness of the K, sta-

tionary measures /i, in a neighbourhood of g irreducible with positive drift.

Proposition 44. Let g € S*(X x X, G) have positive drift. If for somen € N and o < 1
kalg)" < 1,

then there exists a unique K, stationary measure.
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Proof. The proof is mostly taken from Sampaio (2021)). The seminorms v,, are norms in the space
Ho(T')/C1. Since Q71 = 1, by hypothesis, Q' acts in H(I")/C1 as a contraction. Using spectral
theory (see chapter IX in Riesz and Nagy (2012) for example), there exists and invariant space Hy,
isomorphic to H,(I")/C1, such that H,(I') = Hy & C1. Given f € H,(I') we may write it as
cl + h where ¢ € C and h € H,. With that in mind, define

A:H,(T)—C
cl+h—c

Now notice that @, is a positive operator, therefore so is A as

cl= lim (c1+Q"(h)) = lim Q(f) >0,

n—oo n—oo

provided f > 0. Hence ¢ = A(f) > 0. Positivity also implies continuity with respect to the

uniform norm as
AR < [A(]ellso DI = [|¢]]oo-

Now since [ is a metric space, the set of bounded Lipschitz functions in 0.X is dense in the
space of bounded uniformly continuous functions Cy(I"). With effect, given f € C,(I") one can

take the functions
fa(§) = gg{f(n) —nDy(& )},

which are all bounded Lipschitz and uniformly converge to f. Since the space is bounded, the set
of Lipschitz functions is contained in the space of Holder functions, so H, (L") is dense in Cy(I").
Hence, A extends to a positive linear continuous functional A : Cy(I") — C.

Riesz-Kakutani-Markov for non-compact spaces (Theorem 1.3 in Sentilles (1972)) applies, so
there exists a measure v € Prob(I') such that A(f) = fp fdv for every f € Cy(T"). Finally, writing
f once again as cl + h yields

/ Gofdv = K@,f) = c = A(f) = / fdv.
T T

By yet another density argument, this holds for all f € L'(T"), therefore v is K -stationary. This
density of C,(0X) in L*(T") also justifies the uniqueness of the measure satisfying A(f) = Jp fdv.
O

Henceforth M is welll defined and condition C1) is immediate. We now focus the remaining

conditions.
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Proposition 45 (Proposition 5.22 in Duarte et al| (2016)). Given ¢; € C(X x X, G) such that

(K gy, thg1,Cq) € M, there exist a neighborhood V of g1 in C(X x X, G), constants 0 < a; <
ap/2 < apg<1,C>0and0 < o < 1such that forall g, € V, and f € H(X x 0X),

Proof. Take the neighbourhood V' from the previous proposition, given g» € V' and any K, sta-

< Co"|| flla-

07

Qnf - /E F()dptgy ()

tionary measure /i,,

o (@f = [ 1)) = 0a@s) < lDhEa) < Collflle @

So it remains to prove

for possibly some other C' < ccand 0 < o < 1.

Qnf - / F()dpigy ()

‘ <2||@n 1]l < Co™[f]lon (4.4)

For this purpose, consider as well as the operator @) : L>(X) — L>®(X)

Q) (wr) = / £ (w2) A, (2).

There is a natural projection 7 : ¥ x X — X which induces a bounded linear embedding

7 L®(X) = Ho(X x0X), n* f := fom. Notice that the range of this embedding is the subspace
TLP(E) = {f € Ha(E x X") : va(f) =0}

and the following diagram commutes for every n € N

=) L5 Loy

.| |-

HO‘(E X 8X) S HQ(E X 8X)
Qn

Given f € Ho(Z x X"), by (#.3) the iterates Q™ f converge exponentially fast to the closed
subspace L>®(X) = 7 L>°(X) C Hqo(X x X"). On the other hand by assumption () is strongly

mixing on L*°(X). Combining these two properties and the fact that Markov operators do not
expand we get (4.4). O

The Laplace-Markov operator (), . of the observed Markov system (K, p,, (,) is given by

(Qgoof) (wo, w1, €) = /2 Flwr,wa, glwr, wa) ~1E)belW192)70) K (11 dusy).
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Lemma 46. Given g1, g, € S®(X X X,G) and b > 0, there is a constant Cy > 0 such that for all
f €HL(E x 0X) and all z € C such that Re z < ¢,

HQgLZf - QgZ,ZfHOO S CZdoo(glagQ)aHfHa-

Moreover, Cy is bounded on a neighborhood of ¢,.
Proof. Let £ € 0X. Start by noticing that writting z = x + yi with x < ¢

|bzh5(g1mo) i bzhg(92zo)| < 52211)5 bcd(gizo,zo) |C hg(gﬂo) _ Chg(ggx()”

< cdoo(g1, 92) MaX dos(9:)"-
Hence
Qi f = Quaye f < By [0 fe1, g1 1€) — b71(220) f (e, g5 €]
<1 llooBuy (701700 = b€ 20| 4 ma doc () By [1.f (€191 78) = fler, 957€)]
< ¢do(91,92) Max doo(9:)°| | l|oo + max doc(9:)“va(f)Eus [Do(91€, 92 7€)"]
< Cof|flladoo (91, 92)"

where Cy = max {c max;—; 2 doo(g;)¢, max;—1 » dw(g;)¢} which are bounded in a neighbourhood
g1. The last inequality is a consequence of do (g1, g2) < doo(g1,92)* < 1 and Dy(g; €, g5 '€) <
doo (917 92) D

Proof of Proposition 37. Point C1) is obvious. For C'3) recall from (4.1 that ||6%|| o, = |[b"970) ||, <
do(g) which is finite, hence (, € H,(X x 0X). Therefore (), . acts on H, (X x 0X) as the latter
is a Banach algebra. Point C2) is a consequence of Proposition #3 while C'4) follows from the

previous Lemma. [
With this, we can now obtain the large deviations.

Proof of Theorem 34, Using Theorem B3, there exists V a neighbourhood of g € S*°(K) and con-
stants €, C, k > 0 such that forevery g, € V,0 < e < g, h € Xgo andn € N

P |

Using Lemma 5 in Sampaio (2021)), one obtains that there exists an horofunction » € X such that

1 n
h(gé )fo) - 5(92)

n

>e| < v

h(gén)l“o) < d(gén)%’o, To) < h(gén)xo) + K (9).

where K (9) is a constant depending on . Using this inequality we obtain the large deviations with

a possible loss in the constant C'. O
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4.3 Random Walks Setting

In this section we slightly adjust the setting. Here we will be interested in random walks, in other
words, we consider probability measures on the group and then tackle the same problems we have
worked so far in this case. This change in setting requires that we reintroduce some concepts.

Let now Prob(/) and Prob.(M) denote, respectively, the space of Borel probability measures
and its subspace of with Borel probability measures with compact support in some metric space M.

Let GG be a topological group acting on a metric space M, we define the convolution
* : Prob.(G) x Prob(M) — Prob(M)

(M,V)Hu*vrz/vadu(g),

where gv is the pushforward of v under the action of g, in other words, the convolution is the average
of the pushforwards with respect to p. In particular, GG acts on itself on the right, this allows for the
definition of u™ for every u € Prob.(G) as the n — th convolution of i with itself. Let us stress the
fact we are considering G acting on itself through the right action. As a side-note recall that if both
1 and v have compact support then so does . * v.

Working in the degree of generality we intend to keep in this thesis, a problem could arise here.
We need G to be second countable in order for the support of a measure in Prob(G) to be well
defined. Whence we restrict our attention to closed separable groups of isometries G C Isom(X).
With this in mind, throughout this section G always stands for a closed separable groups of isome-
tries acting on a hyperbolic space X satisfying (BA).

Let 41 € Prob.(G) then we will consider the product measure " which has compact support in

Q= G". Givenw = (g0, 91, -+, Gn, ---) € §2 we set the notation

w" = god1---Gn—1,

as well as defining the Bernoulli shift 7 : Q@ — Q sending w = (g0, 91, ---9n,.-.) t0 Tw =
(g1, -, Gn, ---). We will denote by w™" the inverse of w", that is, (w™) . Notice that T is an ergodic
transformation with respect to z.

Given p € Prob.(G), by compacity we have

/G d(gzo, 20)dpu(g) < oo,

so we can define the drift

.1 .1
O(p) == lim — [ d(gxo,x0)du™(g) = lim — [ d(w"xg,x0)du™ (w).

n—=0o N Jo n—oco N Jo
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Notice that the measurability of the integrand functions follows from continuity. Moreover, due
to ergodicity, by Kingman’s Ergodic Theorem the limit is z"N-almost surely equal to the limit of
d(w"zg, xg)/N.

Our goal this time is to understand the behaviour of ¢(y) with respect to both small perturba-
tions in x. To understand what we mean by small perturbations in ;. we shall introduce the Holder
Wasserstein distance. Let L>°(G) stand for the space of Borel measurable functions ¢ : G — R
bounded in the sup norm. For every 0 < a < 1 and ¢ € L*(G) define the a-Holder constant

G lp(9) — o(g")]
U (p) =  sup —F———
() 0.0€G,g2g 4G (g, q')>

For every p, v € Prob.(G), we define the Wasserstein distance between them as

/sodu—/sodv
G G

A detailed discussion on Wasserstein distances can be found in Villani (2009). One now feels

Wa(p,v) = sup
PEL>(G),v§ (p)<1

tempted to consider the continuity of the drift with respect to the Wasserstein distance. This may be
problematic as we could consider very close measures . and p; where the support of 1; contains
elements that expand an arbitrarily large quantity which are picked with an equally small probabil-
ity. Then the distance between p and p; would be small but the drift could be incommensurably

different. To work around this problem, given 1 < b < 2'/9 for every A > 0 set
Gy = {ge G : bl < \1.

For Markov systems we introduced the concept of irreducibility. We now reintroduce it in the

language of random walks.

Definition 14 (Irreducible measure). We say that ;1 € Prob.(G) is irreducible if there is no horo-
function h € X" such that g - h = h for p-almost every g.

One can prove (see Proposition 5.3 in Duarte and Klein (2017)) that being irreducible is an open
condition in Prob.(G). Density seems a bit more delicate since in some cases, such as X = R, there
are no irreducible measures. However, due to the convexity of the space of probabilities, irreducible
measures, if they exist, form a dense set. Thus the set of irreducible measures is either generic or
empty.

Let once again M be a metric space on which G acts. Given y1 € Prob.(G), a measure v €
Prob. (M) is p-stationary if 1 v = v. The existence of stationary measures is extremely important
to us. It is actually easy to see that when M = X" the existence of stationary measures follows
from compactness. Our technique will actually allow for the existence of stationary measures in

0X, which will require a finer treatment similar to what we have done in the previous section.
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Theorem 47 (Furstenberg type formula). Let X be a hyperbolic space satisfying (BA) and G be a
closed separable group of isometries of X. Let p be an irreducible measure in Prob.(G). Then for
every [i-Stationary measure V € Prob 8X

w=[ [ hegmarieauto)

The Fiirstenberg type formmula is a consequence of Claims 1 and 2 of the proof of Lemma [53.
Notice that a y stationary measure in X yields a stationary measure in X" C X" by pushing
forward through the inverse of the local minimum map. Hence the result follows.

Notice that it also makes sense to define a Wasserstein distance in Prob(0.X ). Using this fact,
show that every measure in a neighourhood of an irreducible measure with positive drift admits a
unique stationary measure. Then we show that is stationary measure varies continuously to obtain

the following theorem.

Theorem 48. Let X be a hyperbolic space satisfying (BA) and G be a closed separable group of
isometries of X. Given A > 0, let 1 € Prob.(G)) be irreducible and {(i) > 0. Then there are
constants 0 < o < 1, C < oo and r > 0 such that for every iy, piz € Prob.(Gy) if W (i, pt) <,
1 =1,2, then

€)= £(pa)| < C Walar, o).

4.3.1 Wasserstein Distance and Convolution

Let now G C Isom(X) be a closed separable group. In this section we will explore the interplay

between the Wasserstein distance and convolution.
Proposition 49. Given \ > 0, let ji1, pia, 1, V2 € Prob.(G)), for every 0 < a < 1
Wapn x pro, 1 % v2) < W (i, 1) + C(0)* AN W (2, v2).

Proof. Some parts of this proof will feel similar to the proof of Theorem [L5. We also start with an
inequality of the type

W1 * pro, 11 % va) < W (i * pa, p1 * v2) + Wo(pt1 * va, 11 * 13).

Let ¢ € L>=(G) with v () < 1, using the ideas from the previous proof,

/G o(g19)dsir (91) — /G (019 (g0)] < /G o(919) — (916" dpus(91)

< /G de(919, 01g' )" dpun (g)
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< C(0)*Ndg(g, g')*.

In other words the map g — [, ¢©(g19)dp1(g1) is a-Holder with constant < C'(0)*A*d¢ (g, g')".

Hence

//80(9192>dﬂl(91)duz(92)—//@(9192)@1(91)‘1”2(92) < C0)* N Wz, v2).
¢Ja ¢Ja

Transporting the inequalities from the proof of Theorem [l § once again, we obtain
0(992) — (' 92)| < dc(992,9'92)" < de(g, )",
hence

<

‘/G/G<P(91g2)dm(91)d’/2(92)—/G/Gso(glgg)dyl(gl)dUQ(QQ)

< [ | cgdmia) - [ clog)dn(o)| dvuise)
¢lJa a
< Walpa, v1),
taking the supremums over ¢ in the conditions above yields the result. [

Corollary 50. Given \ > 0, let j1, v € Prob.(G)). Then " € Prob.(Gxn) and for every 0 < aw < 1
andn € N

n—1

Walu", ") < Walp,v) Y C(6) N

1=0

Proof. For the first statement, notice that by the triangle inequality, for every gi, go € G

pdlg19220,20) < pdlgrzo,m0)+d(g220,20) — pd(g120,70) pd(9220,20) < \2.

Direct applications of the previous Proposition yield the second statement as

Wo (1" v"™) < Wo(u", px ") + W (ux v v™)
< Wo(p,v) + C(O) N Wy (", v

n—1

< Walp,v) Y C(8) N,

=0
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4.3.2 Existence and Uniqueness of the Stationary Measure

Forevery f € L>*(0X) and 0 < a < 1 define
£ (&) — f(n)l

e S D
[l = 11 lloe + valf)-

Set
Ho(0X) :={ f € L*(0X) : |[f|la < oo},

the space of boundary Holder continuous functions in 9.X. We call v, (f) the Holder constant of f.
The space H,(0X) is Banach algebra with unity 1.
Given i € Prob.(G), define the Markov operator ), : LP(0X) — L?(0X) by

(Quf)(E /fg ) dpu(g

for 1 < p < co. A simple computation yields that for every v € Prob(0X) and f € L'(0X)

/(@u /dX/fg 1) dja(g)dw (€)

= | f(duxv(§),
X
which yields the following proposition.

Proposition 51. Let ;1 € Prob.(G), then v € Prob(0X) is u—stationary if and only if for every

f e LY(0X)
/ (Q,.f)dv —/ fdv
X 8X

We also have the following identity

:/G/Gf(ggllg‘lf)du"‘l(g)du(gn—l)

_ /G Q-1 f(9,1€)dpa(gr)
= (Qu(Qu1 1)),

in other words, for every n € N, Qn = Q7.
Given p € Prob.(G) and 0 < « < 1 define the average Holder constant of y as

n L Db(gilgagiln) “ n
= s [ (Hhe) wo.
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Lemma 52. Forevery f € Ho(0X)

Va(Qpun f) < KL (p)va(f).
Proof. The proof is analogue to the proof of Lemma 9. [

In particular, the previous Lemma implies that the Markov operator restricts to a well defined
operator in ), : Ho(0X) = Ho(0X). In the following Lemma we prove k(1) is submultiplica-

tive, which emphasises the spectral character of the measurement k.

Lemma 53. Let i1 € Prob.(G), for every m,n € N

k™ () < k2 (p)kg (p)-
Proof. The proof is analogue to the proof of Lemma 4. [

Proposition 54. Let ;i € Prob.(G). If for somen € Nand 0 < o < 1
ko)™ < 1,

then there exists a unique p-stationary measure v € Prob(0X). Moreover, for every f € Hq(0X),

Tim Q(f) = ( /a ) fduu) 1

Proof. For the second assertion, the seminorms v, are norms in the space H,(9X)/C1. Since
Q1 = 1, by hypothesis, Q7, acts in Hy = H,(9X)/Cl1 as a contraction. Then lim Q};(f) must be
a constant function; by Proposition 51 it must be the constant function displayed in the statement.

The remainder of the statement is equal to the Markov case. [

We will now focus on proving k(1) < 1 in a neighbourhood of i, provided i is irreducible
and /(p) > 0.

Lemma 55. Let j1 € Prob.(G) be irreducible and () > 0, then

tim ~ [ h(gzo)d(g) = (1)

n—=00 N Jx

uniformly on h € X

Proof. Is an immediate adaptation of the Markov version. O
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Applying Proposition (14 one now has the inequality

K2 (1) < C(6)* sup / beho0) 4,7 (g).
G

heXh

Since for every horofunction h € X" and ¢1, g, € G
h(g1920) = (h(g19270) — h(g120)) + (R(g120) — h(0))

= g7 " - h(g2z0) + h(g120),

one can easily verify that the process sup,c yu |, o b=ohl90)qy™(g) is submultiplicative. This fact is
relevant to us since it allows us to pass from the spectral quantity £ () to a more manageable one
at the loss of a multiplicative constant. With that in mind we now take a closer look at the quantity

on the right, in particular, next lemma tells us that g — b~*"(90) is Holder continuous.
Lemma 56. Given \ > 0, for every g1, g2 € G one has

[prentme) — prekleo] < X2dg(gy, ga) "

Proof. Start by noticing that x +— z® is a-Holder with Holder constant 1. Then we only need to
control [p~g1w0) — p=h(9220)| "which we can do using the mean value theorem and the fact horo-

functions are Lipschitz
[p~"orzo) —p=hle2m0)] < og(b)A [A(g170) — h(g20)| < A(log b)d (g1, gao)-

If Dy(g;y *wo, g5 "w0) = log(b)d(g; *wo, g5 'wo) We are done, otherwise and immediate computation

yields
(log b)d(glffo,gﬂo) < pdlgizo,9220)/2 < pld(g1zo,0)+d(g270,20))/2 = (9120 , 9220) ¢
< ADy(g120, gao)
so we are done. O
Remark 5. In the course of this result we have proven that g — h(gxo) is Lipschitz.

Proposition 57. Given A > 0 let i € Prob.(G)) be an irreducible measure with ((p) > 0. There
are numbersrT > 0,0 < a < 1,0 < k < 1andn € Nsuch that for every p; € Prob.(G)) satisfying
Weo (g, 1) < rone has k2 (p) < k.

Proof. We can mimic the proof of proposition to obtain the existence of 0 < p < 1 and « small

enough so that | o b=ohlg0)qym(g) < p. Fix such « and p for the remainder of the proof.
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To extend this control to close measures notice that by the previous lemma g +— b~®"(9%0) jg
a-Holder with Holder constant A2 for every h € X". So taking y, j; with W, (u, p1) < 7, where

r 18 at least smaller than 1 and chosen later,

/ per0) o (g) — / b“"h(g””“)ui‘“(g)’ < NOWo (", pi0)
G G

n—

< Wa(ﬂqﬂl) C(a)ia)\(i-l-Q)a‘

1

[y

I
o

So we can now choose r small enough to ensure there exists p* € (p, 1)

- —lg n — —lg n *
/b M)y, 0(9)—/6 "o °)u1°(g)‘ <p"—p.
G G

Hence
/ breMam) i (g) < / prenam) o (g) + / T O / bah(gm)w(g)‘
G G G G
<p'<l

1
Due to the submultiplicativity, picking o = (p*)mo, for every n € N there exists a constant
C' > 0 such that

sup /b_o‘h(gxo)d,u"(g) < Co".
€

heXh

Finally as observed before we now have
K (u) < C(8)* C o™,

for every 1 with W, (1, 1) < 6. In particular, there exists n € N for which this quantity is smaller
than 1. [

4.3.3 Continuity

In the previous section we have proven that in a neighbourhood of every irreducible measure in GG
with positive drift all measures admit a unique stationary measure in 9.X. In the next Lemma we

explore how the stationary measures behave under perturbations on the measure in G.

Lemma 58. Given A > 0, let py, s € Prob.(G)) and v,,,v,, € Prob(0X) their respective
stationary measures. Suppose for some 0 < o < 1, max{kZ(p1), k' (p2)} < k < 1 (in particular,
vy, and v, exist), then for everyn € N and f € H,(0X)

/8 v, - /8 fdu, Val/)

1—k
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Proof. The Markov operators satisfy

1Qu f — Quafll < Sup

(o) - [ f(glé)duz(g)‘
< Ua(f)Wa(,ulaﬂZ)'

For the powers we get

H@zlf—ngmeSZHQLZ(QM Qua)( Q1 ()l
<ZH Qur — Q) Q17 ())]oe

<W :u17,u/2 Zva e 1(f))

=0
n

< Waljar, p2)va(f) S 7!

=0
S 1;&_(.]2 Wa(:ula ,UQ)

Now limy, 00 Qpu, f = ([, fdv,)1 and lim,, oo Qu, f = ( [,y fdpu,)1 s0

/fdym—/ fdv,,
X X

from which we obtain the result. O]

< SUPHQZIf—QZQmey

Proof of Theorem #8. Let v € Prob(0X), for every g, ¢ € G, applying the mean value theorem

with z — b~** as well as Lemma 56

/6 helgra)dvle) - / helgniv(e) < / helgmn) = hilofz0)] (e

max{bd(g$01$0) , bd(gl:DvaO)}

alogh ox

/ |b—ahs(gﬂco) _ b—ahs(g’ﬂco)wy(é’)
ax

|b—ah§(9wo) _ p—he(g'zo) |dy(€)

A

~ alogbh
3

da(9,9")%,

= alogbd

in particular, the map g — [, k(g™ 'xo)dv(g) is Holder continuous.
Let 11 € Prob.(G) be irreducible with (1) > 0. Then there exist 0 < o < 1 and a neighbour-
hood of 1 in which all measures satisfy k7 (11) < 1. Let pq, uo be in a neighbourhood of 1 and

V.., Vg, their respective stationary measures. Using the Furstenberg type formula.

[0(pr) — L(p2)| <

hs gxo)de d,ul // hg gxo quz §)dﬂz( )
0X e
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IN

he(gzo)dvy, (§)dua(g / /a he(gzo)dvy, (§)dua(g )‘

X X
// he(gzo)dv,, (§)dua(g // he(gwo)dv,, (§)dus(g )‘
0X o0X
23

a(logb)( _ k’) WO&(”MM?)'

10)

W,
< alogb (s pro) +

4.4 Analyticity of the Drift

Gouézel (2017), proved that the drift is analytic for random walks on word hyperbolic groups pro-
vided the measures have a fixed finite support. Despite solving the case of hyperbolic groups,
Gouézel left open the question of general groups acting on a hyperbolic space, which we now
tackle. The argument is similar to Gouézel’s and dates back to Peres (1991)). The method will boil
down to applying the same ideas from the previous sections once again.

We are interested in considering measures supported in a fixed finite set of isometries, say

F = {g1,...,94}. A probability measure ;1 in F' is directly identified with probability vector
p = (p1,p2, ..., pa) by

d
= Zpiégm
i=1

where J,, stands for the Dirac measure at g;. We will prove that the drift is analytic provided p is
irreducible and the drift /() is positive. This section is a joint work with Jamerson Bezerra and the

result of discussions between the two.

Theorem 59. Let F' = { g1, g2, ..., ga} be isometries of an hyperbolic space X satisfying (BA). Let
p = (p1,p2, ..., pa) be a probability vector and 11, = Zle Ppidg, a probability measure. If ((j1,) > 0,
Ly is irreducible and p; > 0 for every 1 < i < d, then ( is an analytic function in a neighbourhood

Of(plapZa "'7pd>'

Proof. The first step of the work is to consider our probability vector as living in C as this allows for
a direct description of analyticity through holomorphic functions. So we consider z = (z1, 2o, ..., 24)
such that Zle z; = 1, and take its Markov operator @, : L>(0X) — L>*(0X)

(Q-1)(8) = Z % f(g;7"€).

Notice that for each &, (Q" f)(&) are polynomials of degree n in the variables (z1, 23, ..., 24), hence

holomorphic. Next we use the results from the previous section regarding the contractive behaviour
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of the Markov operator. Notice as well that since p is irreducible and the drift is positive, as in

Proposition 57, we have
k() < C(8)7 C o™ (45)
where C' > 0, C'(9) is as defined in [l4 and o < 1.
We will now see that provided f is Lipschitz, then Q)7 f converges uniformly for every z in

n

Q= {(21,22,...,zd) eC": Z%ZL 2] < op for 1 §i§d},

i=1 ¢

where 1 < oy < o~ ! for the sigma given above. With effect, given £, € X, we have

((Q21)(€) — (QENH )] < Z |2(Q27 ) (977 '€) — z(Q f) (g7 n)]

< oy Z |pi(Q?71f><gi71§> — pz‘(@?ﬂf)(gflﬁﬂ
— o / (@ £)(g7€) — (@ F) (g )l dpn(9).

hence by induction

(@€ — @NEI <} [ 11a79) ~ Fa™ Dldislo).

n

Assuming f is L—Lipschitz, using (#.5), we obtain

[(Q2)(E) = (QL)(E)| < CLoga™Dy(&,n). (4.6)

Since Zle z; = 1, applying the previous equation with = g; '¢, we obtain

]~

(@ 1)(E) = (@QEN©)] = | ) «(Qf) g ) - (Q’Zf)(é“)‘

=1

M=

4 [(Q2f)(g:7€) — (Q21)(8)] |

1

]

< doyCL(c0p)",

thus obtaining the intended uniform convergence as ooy < 1. We can project the first d — 1 co-
ordinates of 2 onto an open set of C?~!, which defines an analytic structure on 2. The uniform

convergence now implies that lim,,_, (Q7 f)(&) is an analytic function of z, which by (4.6), doesn’t

depend on &.
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Now we use fi(£) = he(gizo). Notice that by the remark to Lemma 5 these are Lipschitz
functions. So the limit of the functions

d

Pu(z) = 3 2(Q.F)(©)

=1
converges uniformly in (2 to an analytic function P. Now let g = (¢1, g2, --., ¢») € €2 be a probability

vector. Then for every f;
(Qgf:)(&) = . filg™rOdul(g)

Hence
d

d
P.(q) = Z%(qui)(f) = /n (Z Qihglﬁ(gix0)> dpg (9),

where the rightmost side converges to the drift by the Fiirstenberg type formula argument (claims
1 and 2 in Lemma [9). [

4.5 Bibliographic Notes

In this chapter we explored Markov systems in hyperbolic spaces. This has been done very scarcely
in this degree of generality as most of the literature in the area sticks to random walks alone. In fact
Goldsborough and Sisto (2021) made a proposal towards the study of problems regarding Markov
chains in hyperbolic-like groups very recently. Thus the remainder of the references we present
here will be based on the random walks case alone.

When it comes to large deviations, one may find the case of random walks in Sampaio (2021),
which I decided to not include in the thesis as it intersects the more interesting case of Markov
systems. Our work in this problem meets Boulanger et al| (2020), where a large deviations principle
is proven in the setting of non-elementary measures in a countable group GG. More recently Aoun and
Sert (2022) obtained large deviation estimates as well as continuity in the proper case for cocompact
actions of G'in X. Our large deviations are weaker in the sense that the constants are local, although
they apply more generally. The local nature of our results are a consequence of the methods applied.
More precisely, we will use spectral techniques motivated by Duarte et al| (2016). Such methods
have also been used in the case of hyperbolic groups in Bjorklund (2010), where a central limit
theorem is presented.

Regarding continuity, it was known that if ;4 is non-elementary and supported on a finite set
of some hyperbolic group, the drift is known to be analytic with respect to measures supported in
the same set (see Gouézel (2017); Gouézel et al) (2018); Gilch and Ledrappiet (2013)), here we

expand this result to the case outside hyperbolic groups. As mentioned before, in the proper case
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our continuity results are also similar to the ones in Aoun and Ser{ (2022). Note however that
our work allows Holder continuity in compactly supported measures. As a consequence, we can
consider more general measures and also allow for closeby isometries to be considered.

Although we define irreducible measures, the case where 1 is non-elementary is also interesting
to us. In Maher and Tiozzo (2018), it was proven that in this case the drift is positive; however,
non-elementary measures are always irreducible by definition, in other words, our results apply in
such situations.

The Fiirstenberg type formula is another place where we borrow from Lyapunov exponents,
namely from Furstenberg and Kifer (1983). Multiple metric versions appear in many papers, in-
cluding the ones previously cited. Other references such as Carrasco et al. (2017) and Karlsson and
Ledrappier (2011)) are also relevant. We reprove the statement as these works don’t relate back with

irreducibility.
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Chapter 5
On the Linear Setting

In this chapter we present a different setting where the operators are now linear, instead of isometries
of some metric space, and we try to understand the average expanding factor of their product. It is
well known, see [Lian and Lu (2010), that the dynamics of product of linear operators are governed
by the multiplicative ergodic theorem of Oseledets and the top Lyapunov will take the role of the
drift.

Once again, questions regarding continuity of these limit quantities arises naturally. As is the
theme of the thesis, we will present an avalanche principle and large deviations estimates to obtain
an abstract continuity theorem; this time simply explaining how the tools for the finite dimensional
case still exist in the infinite dimensional one of what changes from the previous cases. The finite
dimensional version of these results can be found in Duarte et al) (2016). Here we will work with
Hilbert spaces, which is why we mentioned [Lian and Lu (2010). We recommend chapter 5 of
Temam (2012) for a more thorough presentation of the prerequisites for this chapter, namely when

it comes to exterior products and other multilinear algebra considerations regarding Hilbert spaces.

5.1 Generalities

Let H be a separable Hilbert space. We denote the natural norm in H by | - | and the operator
norm in H by || - ||. Denote as well by £L(H) the space of bounded linear operators from H to
itself. Given a bounded linear operator we will denote by A* its adjoint operator, which satisfies

(Au,v) = (u, A*v) for every u,v € H.

Definition 15. (Singular values) Given a bounded linear operator A : H — H, we define it’s k —th
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singular value by the expression

FcH ueklr
dim F=Fk [u[=1

Trivially s;(A) = || A]|, but we also have our disposal the relation s1(A)so(A) = ||A2A||, where
A? stands for the exterior power. In finite dimensions, we can assert that there are orthonormal
vectors uq, ..., u, € H such that |Au;| = s;(A). These vectors are the singular vectors and s;(A)
are the singular values from the singular value decomposition. For the infinite dimensional case,
singular value decomposition exists for example when A is compact. Nevertheless something may
be said in the noncompact case. With effect, since s;(A) are decreasing, define

Soo(A) = lim s;(A) = inf s5(A).

k—o0 k>1

Then we obtain the following theorem in the spirit of the singular value decomposition.

Theorem 60 (Chapter V, Proposition 1.3 in Temam (2012)). Let H be a Hilbert space and B its
unit ball. Let A € L(H) and assume si(A) > so(A) for some k € N. Then there exists a closed
subspace space E C H of dimension k such that A(B) is included in an ellipsoid £ which is a
product of the ball centered at 0 with radius and s..(A) in E*, and of the ellipsoid of E, whose

axes are directed along the vectors Av;, with length s;( A), where v; are the orthogonal eigenvectors
of A* A spanning E.

In particular, in the conditions of the theorem there exist two sets of orthonormal vectors {uy, ...uy }
and {vy, ..., vx } such that Au; = s;(A)v; and A*v; = s;(A)v;. We call u;’s the singular direction
of A. Notice for example that if s; > s the theorem implies that there exists a unique direction u
such that Au = s1(A)u.

Theorem 61 (Avalanche Principle). Let Ay, ..., A, € L(H) be such that for every 1 < i < n.
There are universal constants 0 < Cy < 1, Cy > 0 such that if for 0 < <n —1

G) gr(A;) = Ll > o

[|A; Aia]| .
A Ay 2 b
P) ol < Oy

Then, setting A™ = A, A, _,...A;

n—1 n—1
n n
log |A®]| 4+ tog|[A; 4l = 3 log |4 i || < Car.
=2 i=1
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Condition (7) asserts that there exists a gap between the two first singular values, which implies
some sort of contraction towards the most expanding direction, whereas condition A) requires a
certain alignment between the most expanded direction of a map and the most expanding direction
of the subsequent map. Finally condition P) quantitatively relates the two. Then we obtain a
conclusion saying that the product satisfies a similar relationship of being aligned with its parcels

in a quantifiable way.

Proof. See Duarte and Klein (2017). Having introduced the singular values and singular vectors,

the proofs follow as in the finite dimensional case. [

Let (2, 3, u) be a standard space, given an ergodic transformation 7" : 2 — (2, we say that a
measurable map a : N x Q — L£(H) is a multiplicative cocycle in L(H) over T if a(n + m,w) =
a(m,T"w)a(n,w). To every Borel measurable A : @ — L(H) we associate a right multiplicative

cocycle

a(n,w) = A" (w) = A(T""'w).. A(Tw) A(w),

where n € Nand w € . A cocycle is thus comprised of the information (A, 7', 2, §), whenever it

is clear we denote it simply by A. Cocycles of this kind are also called linear cocycles.

Definition 16 (Integrable Cocycle). We say that a linear cocycle (A, T, €2, ) is integrable if
[ tog” 14 dn(w) < o
Q

where log™ (z) = max{log(x),0}.

One of the fundamental characteristics of an integrable cocycle is its top Lyapunov exponent

n—oo M

1 . 1 .
Li(4) = lim - [ 1og |4 (w)Jdu(w) = lim - log | A”) )]

where the first limit exists by Kingman’s ergodic theorem whilst the second equality is true for
almost every w due to ergodicity. The Lyapunov exponent describes the exponential growth rate of

the norm along orbits. By Kingman’s ergodic theorem, the limits

1 .
Aj(4) = lim —log|| A7 A (w)[| = lim ~ Zlog (s:(A™ (),

where A? A denotes the j exterior power of A, also exist and are almost everywhere independent of

w. Then we may define the j-th Lyapunov exponent as

Li(A) = )\;(A) — \j_1(A) = lim l1og (s;(A™)).

n—oo N,
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Just as before we can now consider a class of cocycles where we tackle regularity problems.

Consider C,, indexed on m € N to be the space of integrable cocycles A : 2 — L(H) such that
1 Ai Alloo := sup || Ai A(w)]
we

is finite, for 1 < ¢ < m. Equipped with some metric d such that d(A, B) > ||A — B||, for every
A, B e,

We can now think of the Lyapunov exponents as maps

Ly : Cm — R

5.2 Abstract Continuity Theorem

Having the avalanche principle at our disposal an abstract continuity theorem for the top Lyapunov
exponent can now be proven. Just as in the metric setting, in order to apply the avalanche principle,
we need large deviations, however there is a small caveat this time, as the base dynamics provided

by the ergodic transformation also needs to satisfy some type large deviation estimates.

Definition 17. An observable ( : {2 — R satisfies a base large deviation estimates if for every ¢ > 0

there exist ¢ > 0 and ny depending on ((, ¢) and C' depending on ¢ such that for every n > ny

u{wGQ:

We will need these base large deviation estimates to prove that the conditions of the avalanche

n—

((Thw) - / Cdp

> 5} < (Ce .

1
1

n-
Jj=0

principle remain true through the inductive process as we will discuss later. Given a cocycle A
define

(A) = - / log (5:(A™(w))) du(w).

n

Definition 18. We say that a cocycle A € C,, satisfies uniform (fiber) large deviation estimates of
exponential type if there are constants 7, C, ¢ > 0 and for every ¢ > 0 there exists 7 = 7n(¢) such
that

1 n n
n{ocns | ogla - Lty

for every A; € C,, with d(A, A;) < r and every n > n.

> 5} < gen

Theorem 62 (Abstract continuity theorem). Consider an ergodic system (2, 3,11, T), a space of

measurable cocycles Co and a space of observables ©. Assume the following
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1. ©isdensein L*(Q, u);
2. Every observable ( € O satisfies a base large deviation estimate;

3. Everycocycle A inCy such that Ly — Ly > 0 satisfies a uniform fiber large deviation estimates.

Then the top Lyapunov exponent is continuous. Moreover it is locally Hélder continuous when

restricted to the cocycles satisfying L1(A) > Ly(A).

Remark 6. In the finite dimensional case we can work with determinants, which allows for a
stronger result, namely that if A € C,, where dim H = n, such that L1 — Ly > 0 satisfies a
fiber large deviation estimates, then every Lyapunov exponent is continuous. One can find this in

Corollary 3.1 in Duarte et al. (2016).

5.3 Large Deviations for Quasi-periodic Cocycles

Let T stand for the quotient group R/Z. Here R is the universal cover of T, thus making sense
of a topology, differentiable structure and Lebesgue measure ;. in T (which agrees with the Haar

measure). Let a € T, we consider the map

T,: T—=T

r—x+a modl.
Proposition 63. The transformation T, is ergodic with respect to y if and only if « is irrational.

Proof. Since T is compact, an alternative yet simple to verify it is equivalent, definition of ergodicity
is that a system (7T}, i) is ergodic if and only if all the functions f € L?(Q, u) satisfying fo T, = f
almost everywhere are constant almost everywhere.

Thus let f € L*(Q, 1) and expand it in its Fourier series f(z) = 3, f(k)e*™* and f o
To(z) = 3y f(k)e2™kee2mke . Now since ¢2™** are linearly independent and o are irrational,

f = foT,ifand onlyif f(k) = 0 for every n 0. With that we have proven (T}, 11) is ergodic. [J

For the remainder of the section we assume 7, is ergodic, in other words, « is irrational. How-
ever, in order to obtain the type of large deviations we want we must place an additional arithmetic

assumption on «, namely that it can’t be approximated by rationals with small denominators.

Definition 19. We say that o € T satisfies a Diophantine condition if

)
dk-a,2)> —
(b 2) 2 iog TR

for some vy and every k € Z\{0}.
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The group, R /Z can be identified with the interval [0, 1] with the endpoints identified, in other
words the circle S ¢ C. Explicitly, T — S given by z ~ ¢>™ is a homeomorphism. Using
this identification, we say that a function f on T has holomorphic extension to an open domain
T c Q C C, if there is an holomorphic function f : Q — C, such that f(z) = f(z) for every
x € T. Holomorphic extensions, when they exist, are unique by the interior uniqueness theorem.

Let now r > 0 and consider the annulus region of width r around T given by
A ={ze€C:1—-r<|z|<1+7r}

Definition 20. Let H be a separable Hilbert space, £(H) the space of bounded linear operators
from H to H with the operator norm and £(H )* its dual. Now we set GL(H ) as the set of invertible
bounded linear operators in H. We define C*(T, GL(H)) to be the set of all functions A : T¢ —
GL(H), such that for every f € L(H)*, f o A admits an holomorphic extension to .A,.

In C¥(T, GL(H)) we define the distance

d(A, B) = sup 1A(z) = B(2)Il,

making C¥(T, GL(H)) a complete metric space, since it is a closed subspace of the space of func-
tions T — GL(H ) with the L> norm.

Adapting the argument in Chapter 6 of Duarte et al. (2016) we obtain the follow large deviation

estimates theorem:

Theorem 64. Let A € C¥(T,GL(H)) be a cocycle over an irrational rotation T,, where « satisfies
a Diophantine condition. Let C < oo be a constant such that logsup,. 4 |A(z)| < C.
For every small ¢ > 0 there is ¢ = ¢(C') and n = n(e, C) € N such that for every n > n

1
u{x €T: ‘EIOgHA(")(fF)H - LW(A)\ > } <o

Notice that since deviation constants c, 7 only depend on the constant C, it is uniform. Thus the

abstract continuity apply, whence:

Theorem 65. Let A € C¥(T,GL(H)) be a cocycle over an irrational rotation T,, where « satisfies
a Diophantine condition. Then the Lyapunov exponent L : C¥(T,GL(H)) is continuous.
Moreover, if A € C¥(T,GL(H)) has positive Lyapunov exponent, L1(A) > Lo(A), then the

Lyapunov exponent is locally Hélder continuous around A.
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5.3.1 The argument

In this subsection we explore the argument behind theorem 4. The argument will use mostly
harmonic analysis, potential theory and number theory. No proofs will be included as these can be

found in Duarte et al. (2016); this is mostly a simple exposition on the steps.

Definition 21. A function u : 2 — [—00,00) is called subharmonic in the domain 2 C C if for

every z € (), u is upper semicontinuous at z and there exists 7o (z) such that ht mean value property

1
u(z) < / u(z + re?™)do,
0

for every r < ry(2).

A classical method for obtaining subharmonic functions is by considering log | f(z)| for some
analytic function f. Moreover, the supremum of a collection of subharmonic functions is subhar-
monic, provided it is upper semicontinuous, thus given an analytic A :  — GL(H),

u(z) = log[[A(2)[| =  sup  log|(A(z)v, w)]

[lvf|=llw||=1

is subharmonic in 2. The same arguments yields that ugl)(z) = Llog||A™(z)|| are subharmonic.

Moreover, one can easily prove that u%) (z) are uniformly bounded in z, 7 and A.

At this point we note that for every z € T

1 1 1. ||A(T o) A (Tz) Az)||
—log ||[A™ (x)|| — —log||A™(Tz)|| = —1

~log |4 ()| — ~log||A"(Tw)]| = ~ 1o AT

1

< —log [|A(T"z) | [|A(=)]]

_ 2sup.c, log | A(2)]

n
and an analogous control holds for L log || A" (T'z)|| — L log||A™ (z)]|, so that we get the invari-
ance principle
n n O
[y () — ) (T) < .

Using then the triangle inequality one has
n n ] O -
uf () - uf) (V)] < =

Thus picking R to be the integer part of log(n) for all x € T we have

-1

) _CR
Z (T7x —.

7=0
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Obtaining the invariance principle is why we require that our operators are invertible.

However, by Birkhoft’s ergodic theorem for almost every x € T

MRZM 0= [ ) = L)

This reduces the proof of large deviations to obtaining a quantitative version of Birkhoff’s ergodic
theorem, in other words we need to prove

R-1
1 n ] n —
u{:ce’]T : EZug)(TJx)—/ug) >€} <e
3=0 T

holds uniformly in a neighbourhood of A. The first step in this direction is writing the observable

u as its Fourier series u(x) = >, _, a(k)e?™™*. Since 4(0) = [, u we have

/U o E ka:c

k0

so with the Birkhoff averages we have
J (n) _ N 1 omikz  2mikjo
E u' " Tz Uy = u(k)—R e e .

At this point we must control both the Fourier coefficients and the functions e?7%%_ Controlling
Fourier coefficients is where we use the subharmonic properties. It is known that Fourier coeffi-
cients decay sublinearly (a(k) < 1/|k|) for continuously differentiable functions. Using Riesz
representation theorem one can prove the same holds for subharmonic functions. The part 7/«
is where the Diophantine condition is used. By quantifying how far j« is from being irrational we

also control how small |e?7**7| is,

5.4 Bibliographic Notes

We have now reached an important point in the thesis where the reader has tools for the drift,
Lyapunov exponent and, risking repetition, virtually any subadditive quantity over a dynamical
system. Albeit less relevant, we find that the drift yields a simple presentation of the topics, hence
we were more thorough with its presentation. With that said, the theory developed for Markov
systems also works for Lyapunov exponents, although one must be careful with substituting the
horofunctions compactification with the unit ball equipped with the weak™* topology.

As we have asserted before, the finite dimensional linear case was treated in Duarte et al. (2016).

During our talks, Duarte P. asked me about the possibility of an abstract continuity theorem in
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infinite dimensions. That is the novelty of our work here, the operators live in some arbitrary Hilbert
space. This may open new doors in the study of higher dimensional quasi-periodic Schrodinger
cocycles (see Embree and Fillman (2019) for the setting).

Literature on one-dimensional quasi-periodic cocycles is quite vast, namely on the continuity
problem. The study as expanded in multiple directions such as dropping the Diophantine condition
(see Avila et al. (2014); Jitomirskaya and Marx (2012)), this however comes at the cost of not being
able to quantify it in terms of Holder continuity, which at times is important; reduce the regularity
of the cocycles such as in Wang and Zhang (2015) or the noninvertible case allowing singularities
in Avila et al) (2014).

The higher dimensional case (in T?) is more involved and complex (see Duarte and Klein
(2017)). This is where the power of the abstract continuity theorem shows through. Our results
in section [5.3 work for rational independent rotations of the torus with the appropriate Diophantine
condition. Such treatment requires further analytic tools, for instance, pluri-subharmonic functions

that we didn’t want to touch upon in the thesis.
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Chapter 6
Drift in Symmetric Spaces

In this chapter we showcase a class of Riemannian manifolds - symmetric spaces - where despite
not having a direct avalanche principle, one can explore the algebraic properties associated with
the group of isometries to represent it in a linear group thus using the linear avalanche principle
and continuity theorems. Exploring these representations actually yields the correct framework as
under mild assumptions the contracting behaviour fails for the horofunction compactification.

Symmetric spaces are also interesting as they come with quite large groups of isometries, typ-
ically larger than the space itself. Our considerations on symmetric spaces done in this chapter
follow Helgason (2001) and Borel and Ji (2005).

6.1 Generalities

Let GG be a Lie Group and g its Lie algebra. We denote by C; the conjugation by g. Its differential at
e is the adjoint representation of G, Ad, € Aut(g). The map Ad : G — Aut(g) given by g — Ad,
is differentiable, and its derivative is the adjoint representation of g, ad : g — Der(g). It is well
known that, ad,(y) = [z, y].

The symmetric bilinear form on g
B(z,y) = tr(ad, o ad,)

is called the Killing form. A Lie algebra is semisimple if it is non-abelian and its only ideals are {0}
and g. A classical result asserts that a finite dimension Lie algebra over a field of characteristic zero
1s semisimple if and only if its Killing form is non-degenerate. Finally, a Lie group is semisimple
if its Lie algebra is.

Given g a Lie algebra and B its Killing form. We say that ¢ is a Cartan involution if By (z,y) =

—B(x,0y) is positive definite. Any semisimple Lie algebra admits a Cartan involution, which is
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unique up to conjugation by automorphisms. For matrix groups, z — —z* is a Cartan involution.

Since f is an involution, it admits only the eigenvalues +-1. We denote by ¢ and p the eigenspaces
corresponding to 1 and —1, respectively. This yields a Ad( K )—invariant decomposition of g = £@p
where

[, €] C & [€,p] Cp, [p,p] CE, (6.1)

£ is the Lie algebra of K and p may be identified with the tangent space 7, M of the symmetric
space M = GG/ K. Moreover the restriction of B to € x ¢ is negative definite. This decomposition
is called the Cartan decomposition and it is orthogonal with respect to the Killing form. Moreover
any subalgebra of p is abelian and all maximal abelian subalgebras are conjugate by K. This yields

a new Cartan decomposition of GG, namely, if A = expa, G = KAK.

Example 4. Let us consider G = SL(d, R) and K = SO(d, R). The associated symmetric space X
is the space of symmetric positive definite matrices. The lie algebra is the set sl(d, R) of trace zero
matrices. §(A) = —AT is the Cartan involution, yielding € = so(d) as the set of antisymmetric
matrices and p = sym(d) as the set of symmetric matrices of trace zero. The Cartan decomposition

is simply the known decomposition

1 1
xr = 5(93 —z7) + 5(3: + 7).

The Cartan decomposition of G = K AK is given by the singular value decomposition.

6.2 Gap Ratios

In previous iterations of the abstract continuity theorem we had either the distance between iterates
or the gap ratio playing a fundamental role in the description of the problem. In either case, the
requirement came from the contractive actions it would imply. In the case of symmetric spaces
M = G/K, the generalized algebraic varieties will take the role of the contracted space. These

appear naturally as quotients of GG by its parabolic subgroups.

6.2.1 Roots

Consider G = SL(d, C). One way to obtain the gap ratios is as eigenvalues of the map

Ady,:g— 9
A gAgt.

We shall use this idea to obtain gap ratios in this more general setting.
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Since the maximal subalgebras of p are conjugate under /i, let a be one of them. A linear form

A € a* is a root (or restricted root) if it is a nonzero form and the root space
gr={z €g: ady(z) = [h,z] = A(h)z, Vh € a} # 0.

The set of roots is a root system in a* denoted ¢ = ¢(g, a). The Weyl group W = W (g, a) may
be identified with Nk (a)/Zk(a), where Nk (a) and Zx(a) are, respectively, the normalizer and

centralizer of a:

Ni(a)={h €a: Ady(h) € a}
ZK(Cl) = {h ca: Adk<h) = 0}

Roots define hyperplanes H, = kera. The connected components of a — U,eqsH, are called
the Weyl chambers. The action of the Weyl group can also be defined as the the group of reflections
on H,. This group acts simply transitively in the set of Weyl chambers of a. Hence we will fix a

Weyl chamber, to be denoted by a™. We define the set of positive roots as
¢t =¢"(g,a) ={a€p: a>00na"}

Analogously we can define ¢, the set of negative roots. An element of ¢ that cannot be written as

a sum of two other positive roots is called simple. The set of simple roots is denoted by A = A(g, a).

Let
nzzgm n_zzga

a>0 a<0

By construction, these are nilpotent algebras exchanged by 6, normalized by a such that
g=n" ®j3(a) Dn,

where 3(a) is the centralizer of a. Notice as well that 3(a) = £ N 3(a) @ a, we will denote by m the
space £ N 3(a).

The roots can also be transported to A = exp a. Namely, given a € A and « a root. We define
@ = exp a(loga). We will call these maps the roots of A. We also set a positive Weyl chamber
A™. The Cartan decomposition of G = K AT K yields a well defined map p : G — AT called the

Cartan projection. Due to the Cartan projection, we will define the roots on all G as g* = u(g)*.

a

Root spaces can be defined directly through G as

g ={r€g: Ady(r) = a’x, Ya € A}
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Example 5. Let us consider the lie algebra s[(d, C), where we fix the maximal abelian algebra a,

consisting of trace zero real diagonal matrices. The set of roots is given by {«;; € a*}, i # j, where
Qg 0 a4 — R
diag(ay, ..., aq) = a; — a;

and g, ; consists of matrices whose entries besides the entry (i, j) are zero. The Weyl group is iso-

morphic to Sy, it acts by permuting coordinates on the diagonal. We fix the positive Weyl chamber
at = {diag(ay,...,aq) : a1 > as > ... > aq}.

Then the set of positive roots is given by {c; ; € a* : ¢ > j}, while the simple roots are of the form
Q41
The roots in A are of the form diag(ay, ..., ag)** = a;/a;. Hence for a matrix in g € SL(d, C)

one has g+ = s;/s; where s; stands for the i-th singular value of g.

6.3 Representations

As we have stated before, the theory for these groups will boil down to the linear theory since
they all admit a linear representation. In this section we broadly present the technicalities of this

approach. Most of the details may be found for example in Benoist and Quint (2016).

6.3.1 Weights

Denote a representation p : G — SL(V') by (p, V). As an abuse of language, we will also call the
tangent representation g — sl(V') by (p, V). Our representations are assumed to be faithful. For

every character y € a*, set its weight space
Vi, ={veV:Vaea, pla)v=x(a)v}.

Call the elements x € a* such that V, # 0 weights of p. The roots from the previous section are
the weights for the adjoint representation.

A representation (p, V) is said to be irreducible if there is no proper nonzero subrepresentation
(pw, W), W C V. Suppose now that (p, V') is irreducible. In that case, if we endow the set of

weights with a partial order given by

X1 < X2 & X2 — X1 1s a linear combination of positive roots with positive coefficients
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then there is a largest weight, called the highest weight. Let y be the highest weight and N the
unipotent radical subgroup of G (whose tangent space at the identity is n), set Vy := {v € V :
p(N)v = v} and denote by Vi, the intersection Viy NV, which we call the parabolic weight space
of x. We say a representation is proximal if dim Vi, = 1.

Recall that the Killing form defined an inner product on g which is transported to g*. For every

simple root « € A we define its associated fundamental weight w,,, by

(@Wa, A)
2———" = 0an, VA e A.
DYDY
Theorem 66. (in Tits (1971)) If G is a connected semisimple Lie group. For every simple root
a € A, there exists an irreducible proximal algebraic representation (p,,, V) whose highest weight

Xa IS a multiple of w,, the fundamental weight associated with .

Remark 7. Due to the defining expression of fundamental weights, one has that the roots for

(Pa, Vi) are of the form X, Xo — @ and xo — ¢ — ZﬁeA_a mga, where mg € N.

6.3.2 Good Norms

We are finally ready to build the promised good norms which will relate to the avalanche principle

via the presentations we have just constructed.

Lemma 67. Let G be a connected semisimple Lie group and (V, p) be an irreducible representation

of G with highest weight x. Then there exists an hermitian scalar product ¢ on 'V such that
* ¢ is K—invariant;
* Ya € A, p(a) is symmetric and diagonal;

* X(logu(g)) = log|p(g)l-

Proof. Let gc be the complexification of the Lie algebra of G and g = €+ ¢p its compact real form.
Denote by G e SL(V') a compact Lie group whose Lie algebra equals g. Given an inner product

(, ) on V, define the G-invariant inner product

6z, y) = / ez, Ky

G
By construction of G, this inner product is clearly K-invariant. Moreover p(a) are symmetric as
they are both real and hermitian. For every a € a™, the eigenvalues of p(e®) are the real numbers
eX'(*) where \’ is some weight, since Y is the highest weight, one must have y(a) = log|p(e?)],
thus proving the third point.

O
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6.4 Continuity of Lyapunov Exponents to the continuity of the
Drift

Let g € G and z( be a base point in X, then d(gx¢, x¢) = c|logu(g)|, for some constant ¢ > 0.
This makes the distance dependent solely on log 11(g). However, log 11(g) belongs to a™, a subset
of a for which there exists a basis given by the representatives of the simple roots. That is, given
the simple roots A, the elements {a,} € a, such that a(-) = (-, a), form a basis of a. Moreover, by

definition of fundamental weight w,,
(aa; aq)
logp(g) = D 5~ wa(log(9)).
acA

which is a closed formula depending on w, (log t(g)). With that said, the continuity of the drift
depends only on the continuity of lim,, ., (= log (g™ (w))) for every simple root c.

Using Theorem B8 recall that w,, (log 14(g)) equals to log | p.(¢)| up to a multiplicative constant.
Thus, given a cocycle g : 2 — M, the drift ¢(g) is related to the Lyapunov exponents of p,(g).

Definition 22. A space of measurable cocycles C is any class of measurable bounded g : (2 — G.

We say that amap g : 2 — G is bounded if sup,,q, |po © g(w)] is finite for every simple root o € A.

We will assume that C is equipped with a metric d, such that

d(g, h) > sup sup [ps 0 g(w) — pa 0 h(w)].
aEA we

Since by assumption g is bounded, ||p, © g|| € L>(1). We then have log ||p, © g|| € L' (), so

by Kesten’s theorem we can define the finite scale a-Lyapunov exponent
(n) 1 ()
La(g) = | —loglpa o A™||dp(x)
on

and the a-Lyapunov exponent L, (g). In what follows, stronger conditions on % log |pa 0 A™| are

needed, namely we need large deviations.

Definition 23. An observable ¢ : 2 — R satisfies a base LDT if for every € > 0 there exist C' > 0,
0 < b < 1 and ny depending on ((, ) such that for every n > ng

,u{wGQ:

We also need a large deviation for the cocycle itself.

n—

1
n

(1) = [ can

> 5} < Ceclem’,

1
J=0
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Definition 24. A cocycle g € C is said to satisfy an a—LDT estimate if for every € > 0 there exist
C' > 0,0 < b < 1and ng depending on (¢, ) such that for every n > ng

1
p {w €0 ’E log|pa © g™ (w)| — La(g)‘ > 5} < Cecem’

In order to obtain continuity on the cocycle one needs a stronger conditions, namely, that the

LDT estimates are uniform on a neighbourhood of the given one.

Definition 25. A cocycle g € C is said to satisfy a uniform a—LDT estimate if for every ¢ > 0
there exist 6 = (g,e) anda C' > 0,0 < b < 1 and ny depending on (¢, €) such that if A € C with
d(g,h) < 6 and n > ng then

1
wfocn: \— log | o h(w)] — La<h>] > e} < coon
n

We finish with the theorem in this setting.

Theorem 68 (Abstract Continuity Theorem). Consider an ergodic system (L2, 5, 1, T) a space of

measurable cocycles C and a space of observables ©. Assume the following
1. © isdensein L' (2, 1),
2. Every observable ( € O satisfies a base LDT.
3. Forevery a € A, every g € C for which g® > 0 satisfies a uniform fiber «—LDT estimate.

Then, for every a € A, L, : C — [—00,00) are continuous functions of the cocycle over the
distance d.

Moreover, if g% > 0 for every a € A, then the drift is locally Hélder continuous.

97



CHAPTER 6. DRIFT IN SYMMETRIC SPACES

98



Bibliography

Aoun, R. and Sert, C. (2022). Random walks on hyperbolic spaces: Concentration inequalities and
probabilistic tits alternative. Probability Theory and Related Fields, pages 1-43.

Avila, A., Jitomirskaya, S., and Sadel, C. (2014). Complex one-frequency cocycles. Journal of the
European Mathematical Society, 16(9):1915-1935.

Benoist, Y. and Quint, J.-F. (2016). Random Walks on Reductive Groups, volume 62. Springer.

Bjorklund, M. (2010). Central limit theorems for Gromov hyperbolic groups. Journal of theoretical
probability, 23(3):871-887.

Borel, A. and Ji, L. (2005). Compactifications of symmetric and locally symmetric spaces. In Lie

theory, pages 69—137. Springer.

Bougerol, P. (1988). Théoremes limite pour les systémes linéaires a coefficients markoviens. Prob-
ability Theory and related fields, 78(2):193-221.

Boulanger, A. R., Mathieu, P., Sert, C., and Sisto, A. (2020). Large deviations for random walks on
hyperbolic spaces. arXiv preprint arXiv:2008.02709.

Bridson, M. R. and Haefliger, A. (2013). Metric spaces of non-positive curvature, volume 319.

Springer Science & Business Media.

Carrasco, M., Lessa, P., and Paquette, E. (2017). A Furstenberg type formula for the speed of
distance stationary sequences. arXiv preprint arXiv:1710.00733.

Cheeger, J. and Gromoll, D. (1971). The splitting theorem for manifolds of nonnegative ricci cur-
vature. Journal of Differential Geometry, 6(1):119—128.

Coornaert, M. and Papadopoulos, A. (2001). Horofunctions and symbolic dynamics on Gromov
hyperbolic groups. Glasgow Mathematical Journal, 43(3):425-456.

99



BIBLIOGRAPHY

Das, T., Simmons, D., and Urbanski, M. (2017). Geometry and dynamics in Gromov hyperbolic

metric spaces, volume 218. American Mathematical Soc.

Duarte, P. and Klein, S. (2017). Continuity of the Lyapunov exponents of linear cocycles. Associagao
Instituto de Matematica Pura e Aplicada- IMPA.

Duarte, P., Klein, S., et al. (2016). Lyapunov exponents of linear cocycles, volume 3. Springer.

Embree, M. and Fillman, J. (2019). Spectra of discrete two-dimensional periodic schrodinger op-
erators with small potentials. Journal of Spectral Theory, 9(3):1063—1087.

Frink, A. H. (1937). Distance functions and the metrization problem. Bulletin of the American
Mathematical Society, 43(2):133-142.

Furstenberg, H. and Kifer, Y. (1983). Random matrix products and measures on projective spaces.
Israel Journal of Mathematics, 46(1):12-32.

Gilch, L. and Ledrappier, F. (2013). Regularity of the drift and entropy of random walks on groups.
Publ. Mat. Urug., 14:147-158.

Goldsborough, A. and Sisto, A. (2021). Markov chains on hyperbolic-like groups and quasi-
isometries. arXiv preprint arXiv:2111.09837.

Goldstein, M. and Schlag, W. (2001). Hoélder continuity of the integrated density of states for
quasi-periodic schrodinger equations and averages of shifts of subharmonic functions. Annals of

Mathematics, pages 155-203.

Gouézel, S. (2017). Analyticity of the entropy and the escape rate of random walks in hyperbolic
groups. Discrete Analysis, 2017(7).

Gouézel, S. and Karlsson, A. (2020). Subadditive and multiplicative ergodic theorems. Journal of
the European Mathematical Society, 22(6):1893—-1915.

Gouézel, S., Mathéus, F., and Maucourant, F. (2018). Entropy and drift in word hyperbolic groups.
Inventiones mathematicae, 211(3):1201-1255.

Han, R., Lemm, M., and Schlag, W. (2020). Effective multi-scale approach to the Schrédinger
cocycle over a skew-shift base. Ergodic Theory Dynam. Systems, 40(10):2788—-2853.

Helgason, S. (2001). Differential geometry and symmetric spaces, volume 341. American Mathe-

matical Soc.

100



BIBLIOGRAPHY

Jitomirskaya, S. and Marx, C. (2012). Analytic quasi-perodic cocycles with singularities and the
Lyapunov exponent of extended harper’s model. Communications in mathematical physics,
316(1):237-267.

Karlsson, A. and Ledrappier, F. (2006). On laws of large numbers for random walks. The Annals
of Probability, 34(5):1693-1706.

Karlsson, A. and Ledrappier, F. (2011). Noncommutative ergodic theorems. Geometry, rigidity,
and group actions, pages 396—418.

Karlsson, A. and Margulis, G. A. (1999). A multiplicative ergodic theorem and nonpositively curved
spaces. Communications in mathematical physics, 208(1):107-123.

Kingman, J. F. (1968). The ergodic theory of subadditive stochastic processes. Journal of the Royal
Statistical Society: Series B (Methodological), 30(3):499-510.

Lian, Z. and Lu, K. (2010). Lyapunov exponents and invariant manifolds for random dynamical

systems in a Banach space. American Mathematical Soc.

Maher, J. and Tiozzo, G. (2018). Random walks on weakly hyperbolic groups. Journal fiir die reine
und angewandte Mathematik, 2018(742):187-239.

Nagaev, S. V. (1957). Some limit theorems for stationary markov chains. Theory of Probability &
Its Applications, 2(4):378—406.

Oregon-Reyes, E. (2020). The avalanche principle and negative curvature. Mathematische
Zeitschrift, 294(3):1397-1412.

Peres, Y. (1991). Analytic dependence of Lyapunov exponents on transition probabilities. In Lya-

punov exponents, pages 64—80. Springer.
Riesz, F. and Nagy, B. S. (2012). Functional analysis. Courier Corporation.

Sampaio, L. M. (2021). Regularity of the drift for random walks in groups acting on Gromov
hyperbolic spaces. arXiv preprint arXiv.:2109.13060.

Sampaio, L. M. (2022). Continuity of the drift in groups acting on strongly hyperbolic spaces. arXiv
preprint arXiv:2204.08299.

Sarig, O. (2009). Lecture notes on ergodic theory. Lecture Notes, Penn. State University.

101



BIBLIOGRAPHY

Schlag, W. (2013). Regularity and convergence rates for the Lyapunov exponents of linear cocycles.
Journal of Modern Dynamics, 7(4).

Sentilles, F. D. (1972). Bounded continuous functions on a completely regular space. Transactions
of the American Mathematical Society, 168:311-336.

Temam, R. (2012). Infinite-dimensional dynamical systems in mechanics and physics, volume 68.

Springer Science & Business Media.

Tits, J. (1971). Représentations linéaires irréductibles d’ un groupe réductif sur un corps quelconque.
Journal fiir die reine und angewandte Mathematik, 247:196-220.

Viisila, J. (2005). Gromov hyperbolic spaces. Expositiones Mathematicae, 23(3):187-231.
Viana, M. (2014). Lectures on Lyapunov exponents, volume 145. Cambridge University Press.

Viana, M. and Oliveira, K. (2016). Foundations of ergodic theory. Number 151. Cambridge Uni-

versity Press.
Villani, C. (2009). Optimal transport: old and new, volume 338. Springer.

Wang, Y. and Zhang, Z. (2015). Uniform positivity and continuity of Lyapunov exponents for a class
of c2 quasiperiodic schrodinger cocycles. Journal of Functional Analysis, 268(9):2525-2585.

102



	Introduction
	Geometry and Dynamics on Gromov Hyperbolic Spaces
	Generalities
	Horofunction Compactification
	Construction
	Horofunctions of a Gromov Hyperbolic Space

	Group of Isometries
	Generalities on Dynamics and Ergodicity
	Dynamics in Hyperbolic Spaces

	Abstract Continuity Theorem
	Statement of the Theorem
	Avalanche Principle
	Continuity of the Drift
	Finite Scale Continuity
	Inductive Step
	Rate of Convergence
	Hölder Continuity of the Drift
	Large Deviations Remark

	Continuity of the tracking point
	Finite Scale Continuity
	Rate of Convergence
	Large deviations remark

	Positivity Argument
	Bibliographic Notes

	Markov Systems
	Markov Systems
	Large deviations for the drift in Markov systems
	The Method
	Obtaining the Large deviations

	Random Walks Setting
	Wasserstein Distance and Convolution
	Existence and Uniqueness of the Stationary Measure
	Continuity

	Analyticity of the Drift
	Bibliographic Notes

	On the Linear Setting
	Generalities
	Abstract Continuity Theorem
	Large Deviations for Quasi-periodic Cocycles
	The argument

	Bibliographic Notes

	Drift in Symmetric Spaces
	Generalities
	Gap Ratios
	Roots

	Representations
	Weights
	Good Norms

	Continuity of Lyapunov Exponents to the continuity of the Drift

	Bibliography

