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ABSTRACT. In this paper, we investigate the H?(G) — L?(G), 0 < p < 1, bounded-
ness of multiplier operators defined via group Fourier transform on a graded Lie group
G, where HP(G) is the Hardy space on G. Our main result extends those obtained in
[Collog. Math. 165 (2021), 1-30], where the L'(G) — L1*°(G) and LP(G) — LP(G),
1 < p < o0, boundedness of such Fourier multiplier operators were proved.
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1. INTRODUCTION

Many problems in harmonic analysis and partial differential equations are related to
the study of Fourier or spectral multipliers for certain function spaces. We start by
recalling the classical Mihlin multiplier theorem. It says that if a function o(§) defined
on R™\{0} has continuous derivatives up to (|n/2] 4+ 1)-th order, and satisfies

0o (€)] < Calg]™ (1.1)
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for all £ € R"\{0} and all multi-indices o € N} with length |o| < |n/2]| + 1, then the
Fourier multiplier operator T, associated with o, initially defined for f € S(R") via

T,f=F o)),

extends to a bounded operator on LP(R") for all 1 < p < co. Hérmander [23] improved
this result by showing that the regularity condition on ¢(§) could be allowed to be of
fractional order. More precisely he proved that if o € §’'(R™) satisfies

sup [|n(-)o (t:) lween) < o0 (1.2)
>

for some s > n/2, where 7 is a function in C§°(R"\{0}) such that |[p(£)] > ¢ > 0 on
some annulus {r; < [£| < ro}, then T, extends to a bounded operator on LP(R™), for
all 1 < p < co. Here W2(R™) denote the Sobolev spaces on R". Tt is well known that
condition is weaker than condition (L.I). Calderén and Torchinsky [4] extended
Mihlin and Hormander’s multiplier theorem to the case 0 < p < 1, proving that if
o satisfies for some s > n(1/p — 1/2), then T, is bounded on the Hardy space
HP(R™).

Multipliers for Lebesgue or Hardy spaces have also been studied extensively in the
context of Lie groups. For spectral multipliers on Lie groups associated to one (or
several) opeartors such as a sub-Laplacian, see, for example, [22] 5, 27, 17, 1, 25] 26]
and the references therein. Note that the optimality of a Mihlin-Hormander condition in
terms of the topological or homogeneous dimensions for spectral multipliers on stratified
groups is a very difficult problem which has so far only been solved in the case of 2-step
[26], 17, 28, 25]. Concerning Fourier multipliers on Lie groups, to our best knowledge,
the first work was done by Coifman and Weiss in [6], where they studied the Fourier
multipliers of SU(2), see also [7]. After that, investigations of Fourier multipliers on
compact Lie groups has been focused on the central multipliers [32], 33, 34], untill the
appearance of the recent works of the third-named author and Wirth [30, 31] and Fischer
[12]. The rest of the literature concerning Fourier multipliers on Lie groups is restricted
to the motion group [29] and to the Heisenberg group [8| 24 2].

Recently, Fischer and the third-named author [I3] investigated Fourier multipliers
on graded Lie groups. One of their main results is the following Mihlin-type Fourier
multiplier theorem for LP spaces on graded Lie groups. (Basic concepts concerning
graded Lie groups and representation theory, and the definition of difference operators
will be recalled in Section [2])

Theorem A (see [I3, Theorem 1.1]). Let G be a graded Lie group with homogeneous

dimension Q. Let o = {o(m),7m € @} be a measurable field of operators in LOO(G).
Assume that there exist a positive Rockland operator R (of homogeneous degree v) and
an integer N > /2 divisible by the dilation weights vy,--- v, (see Section @far their

definition) such that
[o]

sup A% ©(R) ™+ 2y <X (1.3)
el

and "
sup |m(R)™ ACXUHX(HW) < 00, (1.4)
TeG

hold for all a € N§ with [o] < N. Then the Fourier multiplier operator T, defined via
FalT,f)(x) = o(x) f(7) (1.5)
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is of weak type (1,1), and is bounded on LP(G) for all 1 < p < oo.

Examining the proof of Theorem A (given in [I3]), we find that the condition ([1.3)
is sufficient to give the weak (1,1) estimate of T,. The latter along with the L*(G)-
boundedness of T, (which follows from the Plancherel theorem) and an interpolation
argument yields the LP(G)-boundedness of T, for 1 < p < 2. Note that T = T,«,
where 0% = {o()*, 7 € G}, and that if o satisfies then o* satisfies . Hence,
if o satisfies and (L.4)), then both T, and T are bounded on LP(G) for 1 < p < 2,
which implies that T}, is bounded on LP(G) for all 1 < p < oc.

The purpose of the present paper is to extend Theorem A to the case 0 < p <1 by
investigating the H?(G) — LP(G) boundedness of T,,, where H?(G) is the Hardy space
on GG. Our main results is the following

Theorem 1.1. Let G be a graded Lie group with homogeneou;g dimension Q). Let
o = {o(r),7 € G} be a measurable field of operators in L*(G). Let 0 < p < 1.
Assume that there exist a positive Rockland operator R (of homogeneous degree v) and
an integer N > Q(1/p — 1/2) divisible by the dilation weights vy,--- ,v, such that

sup HA"U W(R)¥

TeG
holds for all o € N with [a] < N, Then the Fourier multiplier operator T, defined by
is bounded from HP(G) to LP(Q).

< o0

L (Hx)

Some remarks concerning Theorem [I.1] are in order.

(1) Taking p = 1 in Theorem [1.1} we have the H*(G) — L*(G) boundedness of T,
under the assumption that o satisfies for some integer N > /2 which is
divisible by the dilation weights vy, -+ ,v,. Thus (by interpolation) our result
also implies the LP(G)-boundedness of T, stated in Theorem A under the same
assumptions.

(2) In the abelian Euclidean setting, that is, (R™, 4) with the usual isotropic dilation
with R being the Laplace operator, is equivalent to ([1.4)), and each of them
reduces to ([1.1]). Indeed, the Euclidean abelian setting, all the dilations weights
vy, -+, v, are equal to 1, and 7(R) reduces to |£|?, where ¢ is the (Fourier) dual
variable.

(3) As we mentioned before, the optimality of the Mihlin-Hérmander condition for
multipliers on Lie groups is a very deep problem. It is known that on any 2-step
stratified group the sufficient and necessary condition for LP-boundedness of a
spectral multiplier F'(£) (where £ is a sub-Laplaican) is that F satisfies a scale-
invariant smoothness condition of order s > n/2, where n is the topological
dimension of the group (see [26]). It is natural to ask whether the condition
N > Q(1/p — 1/2) in Theorem can be replaced by N > n(1/p — 1/2).
However, we do not indent to study this problem in the present paper.

To prove Theorem we shall mainly use an atomic decomposition of H?(G), the
Littlewood—Paley decomposition, and a Taylor formula with integral remainder on ho-
mogeneous groups which is due to Bonfiglioli [3]. Hulanicki’s theorem will also play an
important role in our proof.

This paper is organized as follows. In Section [2] we recall basic notions concerning
graded Lie groups, basic representation theory, the group Fourier transform, Rockland
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operators and difference operators. In Section [3] we recall some basic facts about Hardy
spaces on graded Lie groups, including their atomic decomposition. The proof of our
main theorem will be given in Section [4]

Notation. We use Ny to denote the set of all nonnegative integers. For a nonnegative
number s, we denote by |s| the largest integer less than or equal to s. If H; and H, are
two Hilbert spaces, we denote by Z(Hi, Hz) the Banach space of the bounded linear
operators from #H; to Ho. When Hy; = Hy = H then we write £ (Hq, Ha) = L (H).
The letter C' will denote positive constants, which are independent of the main variables
involved and whose value may vary at every occurrence. By writing f < g we mean
that f < Cg. If f < gand g < f, we also write f ~ g.

2. PRELIMINARIES

2.1. Graded Lie groups and their homogeneous structure. A Lie group G is
said to be graded if it is connected and simply connected, and its Lie algebra g is
endowed with a vector space decomposition g = &322, g, (where all but finitely many of
the gx’s are {0}) such that [gx, gx/] C grsw for all k, k&’ € N. Such a group is necessarily
nilpotent, and the exponential map exp : g — G is a diffeomorphism. Examples of
graded Lie groups include the Euclidean space R", the Heisenberg group H" and, more
generally, all stratified Lie groups.

We choose and fix a basis { X1, -, X, } of g, so that it is adapted to the gradation,
e, {X1, -, Xn, } (possibly () is a basis of g1, {Xn, 11, s Xnyino (possibly () is a
basis of g2, and so on. Via the map

R" > (21, ,x,) = exp(r1 Xy + -+ 2, X,) =2 € G, (2.1)

each point (x1,---,x,) € R™ is identified with the point x € G. This map takes the
Lebesgue measure on R” to a bi-invariant Haar measure o on G. We denote the group
identity of G by e.

The Lie algebra g is equipped with a natural family of dilations {d,},~o which are
linear mappings from g to g determined by

X =r"X  for X € g

For each j € {1,---,n}, let v; be the unique positive integer such that X; € g,;. Then

we have 0, X; =r"%X;, j =1,---,n. The associated group dilation is given by
dpx = (r’txy, -, ray,),
for x = (x1,--- ,x,) € G and r > 0. The integers vy, - , v, are referred to as weights

of the dilations {0;};~0, and the positive integer
Q=) h(dimgy) = v,
k= j=1

1

is called the homogeneous dimension of G.
A homogeneous quasi-norm on G is a continuous function z — |z| from G to [0, c0)
which vanishes only at e and satisfies that |z7!| = |z| and |6,z| = r|z| for all z € G
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and r > 0. An example of homogeneous quasi-norm on G is given by

n 1/(2k)
2K/v;
|x’n = (Z Z; / ) ) (2.2)

j=1
where x is the smallest common multiple to the weights vy,--- ,v,. Any two homo-
geneous quasi-norms on G are equivalent (see [16]). Henceforth we fix a homogenous

quasi-norm | - | on G. It satisfies a quasi-triangle inequality: there exists a constant
~v > 1 such that

zy| < (] +[y]) (2.3)

for all z,y € G.
There is an analogue of polar coordinates on homogeneous groups with the homoge-
neous dimension ) replacing the topological dimension n, see [16]:

vrer'@) [ fadue)= [ [ 16 ot

where do is a (unique) positive Borel measure on the unit sphere & := {x € G : |z| = 1}.
This implies that for 0 <r < R < oo and 6 € R,

A10-Qd () — COY (R —r%) ifO+£0,
/T§$|§R| () = {C’log(R/r) if 6 =0. (24)

Consequently, if # > 0 then | - |?~9 is integrable near the group identity e, and if § < 0
then |- |?~@ is integrable near oco.

Since G' has been identified with R™ via the map given in , functions on G can
be viewed as functions on R", and vise versa. This leads naturally to the notions of test
function classes D(G), S(G) and the distribution spaces D'(G), §'(G). For example, a
function f is said to be in the Schwartz class S(G) if f o exp is a Schwartz function on
R™. The coordinate function G > = = (z1, -+ ,x,) — x; € R is denoted by z;. For
a multi-index a = (aq, -+, ) € Njj, we define 2 = 27" --- 2%, as a function on G.
Similarly, we set X* = X" --- X% in the universal enveloping Lie algebra l(g) of g.
We shall follow the usual custom of identifying each vector of g with a left-invariant
vector field on G and, more generally, we identify the universal enveloping Lie algebra
of g with the left-invariant differential operators. In what follows we keep the same
notation for the vectors and the corresponding operators. By the Poincaré-Birkhoff-
Witt theorem, the X®’s form a basis for the algebra of the left-invariant differential
operators on G.

In a canonical way the dilations {0, },~¢ lead to the notions of homogeneity for func-
tions and operators. For instance the degree of homogeneity of the function 2 and the
differential operator X is

[a] == Z vy
j=1
A function P : G — C is called a polynomial, if it is of the form

P(z) = Z Cot®

a€eNgy



6 QING HONG, GUORONG HU, AND MICHAEL RUZHANSKY

where all but finitely many of the complex coefficients ¢, vanish. The homogeneous
degree of the polynomial P is defined as max{[«a] : ¢, # 0}. For M € Ny, we set

Py = {all polynomials on G with homogeneous degree < M}

We denote by )21, e ,)Z'n the corresponding basis for right-invariant vector fields,
that is,

- d
X;f(x) = %f(exp(th)x)‘tzo, j=1,---,n

Also, for a € Njj, we set Xo = )?f‘l : )?3
If f and g are measurable functions on GG, then their convulution is defined by

/f gy~ z)dp(y /fxy1 du(y),

provided that the integrals converge. For any multi-index o € Njj and sufficiently good
functions f and g, we have (see [16, Chapter 1])

X(fxg)=fx(X), X°(fxg)=(Xf)xg, (Xf)xg=f*(X). (2.5)

2.2. Fourier analysis on graded Lie groups. The general theory of representation
of Lie groups may be found in [9]. Here we also refer to [I4] for a description which is
more adapted to our particular context.

A representation 7 of a Lie group G on a Hilbert space H, # {0} is a homomorphism
from G into the group of bounded linear operators on H, with bounded inverse. More
precisely,

e for every x € G, the linear mapping w(z) : H, — H, is bounded and has
bounded inverse;
e for every z,y € G, we have 7(zy) = m(x)7(y).

A representation m of G is called irreducible if it has no closed invariant subspaces.
7 is called unitary if 7(x) is unitary for every x € G, and is called strongly continuous
if the mapping 7 : G — Z(H,) is continuous with respect to the strong operator
topology in Z(H,). Two representations m; and 7y are said to be equivalent if there
exists a bounded linear mapping A : H,, — H,., between their representation spaces
with a bounded inverse such that the relation Am(z) = my(z)A holds for all z € G. In
this case we write m; ~ 79, and denote their equivalence class by [m1] = [m3]. The set of
all equivalence classes of strongly continuous irrg\ducible unitary representations of G is
called the unitary dual of G' and is denoted by G. In what follows, we will identify one
representation 7 with its equivalent class [r].

For a unitary representation of G, the corresponding infinitesimal representation
which acts on the universal enveloping algebra $l(g) of the Lie algebra g is still denoted
by m. This is characterized by its action on g:

m(X) = d=om(e), X eg.

The infinitesimal action acts on the space H:° of smooth vectors, that is, the space of
vectors v € H, such that the function G > x — 7(x)v € H, is of class C*°.
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The Fourier coefficients or group Fourier transform of a function f € L'(G) at m € G
is defined by

Fof(w) = Fim) = vl) = [ f@)rta) duto)
It is readily seen that

1F (2t < [1fllere)
For f,g € L*(G), we also have

fxg(r) = g(m) (7).

There exists a unique positive Borel measure i on G , called the Plancherel measure,
such that for any continuous function f on G with compact support, one has

/ (@) Pdu(z / 1 Fof () sioey ),

where || - || ms(n,) denotes the Hilbert-Schmidt norm on the space HS(Hy) ~ H. @ Hx:
of Hilbert- Schmldt operators on the Hilbert space H,. Since L'(G) N L*(G) is dense in
L%(@), the Fourier transform Fg extends to a unitary operator from L%(G) onto L2(G).

By the general theory on locally compact unimodular groups of type I (see e.g. [9]),
if T is an L2-bounded operator on G which commutes with left-translations, then there
exists a field of bounded operators T'(7) such that for all f € L2(G),

Fo(Tf)(x) =T(x)f(x) ae. 7eq.
Moreover, we have
1T\l 2z2(c)) = sup | T(m) || 230
TelG
where the supremum here is understood as the essential supremum with respect to the

Plancherel measure pu. Conversely, given any o = {o(7), 7 € @} € L"O(@), there is a
corresponding operator T, given by

Fe(T,f)(m) = o(m)f(r), fel’G).
By the Plancherel theorem, T, is bounded on L*(G) with [|T, (| 2(z2(c)) = ol 1~ (@)-

If 7 is a unitary irreducible representation of G and r > 0, we define r - 7 to be the
unitary irreducible representation such that

r-n(z) =n(x), ze€d.

2.3. Rockland operators. Let G be a graded Lie group. A left-invariant differential
operator R on G is called a Rockland operator if it is homogeneous of positive degree
and for each unitary irreducible non-trivial representation 7 of G, the operator m(R)
is injective on H>°. Rockland operators may be defined on any homogeneous group,
however it turns out that the existence of a Rockland operator on a homogeneous group
implies that (the Lie algebra of) the group admits a gradation. This is the reason why
we and the authors in [I3] consider the setting of graded Lie groups. On any graded
Lie group G, the operator

n v 2¥0

Z(‘l)chXj N

j=1
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with ¢; > 0 is a Rockland operator of homogeneous degree 2 if vy is any common
multiple of vy, -+, v,.

We will mainly consider positive Rockland operators. A Rockland operator R is said
to be positive, if

/G R () F@)dp(z) > 0

for all f € S(G). If a Rockland operator R is positive then R and 7(R) admit self-
adjoint extensions on L*(G) and H,, respectively. We use the same notation for their
self-adjoint extensions. By the spectral theory, we have

R = / AER()\) and m(R) = / AE,z)(N),
0 0

where Eg(A) (resp. Err)(A)) is the resolution of the identity associated to R (resp.

For any bounded Borel function ¢ on [0, 00), the operator

o(R) = / o dER()

is bounded on L*(G), and commutes with left translations. Thus, by the Schwartz
kernel theorem, there exists a distribution K,z € S’(G) such that

gO(R)f = f * K'@(R)7 Vf c S(G)
Note that the point A = 0 may be neglected in the spectral resolution, since the pro-
jection measure of {0} is zero (see [2I] or [I4, Remark 4.2.8]). Consequently we should
regard ¢ as a function on (0, c0) rather than on [0, 00).
We now recall Hulanicki’s theorem, which will play an important role in the proof of
our main result.

Theorem 2.1 (Hulanicki [20]). Let G be a graded Lie groups and let R be a positive
Rockland operator on G. For any My € N and My > 0, there exist C = C(My, My) > 0
and k = k(M;, My), k' = K'(My, M) € Ny such that, for any ¢ € C*(0,00), the
convolution kernel K,y of p(R) satisfies

| df
> [ R @I+ el du@) € sup (14 0)" | ).
el A€(0,00) dA
[a] <My £e{0,1,-- k}
2e{0,1,- K"}

The same result with the right-invariant vector fields )?j s instead of the left-invariant
vector fields X;’s also holds.

Corollary 2.2. Let R be a positive Rockland operator on a stratified Lie group G. If
is a function on (0,00) such that ¢ = @|(o.x) for some € S(R), then K ) € S(G).

2.4. Difference operators. The Mihlin condition (I.1)) is formulated in terms of the

derivatives with respect to the Fourier variable £. However, for a field o = {o(r), 7 € G}
of operators, there is no direct way to define an analogue of derivatives with respect to
the Fourier variable . To generalize the symbolic conditions to the setting of graded
Lie groups, Fischer and Ruzhansky [14] introduced the so-called difference operators,
whose definition we now recall.
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For a,b € R, we denote by £, (L2(G), Li(G)) the subspace of all T € Z(L2(G), L (G))
which are left-invariant. Here L?(G) is the Bessel potential space (fractional Sobolev
space) defined in [I5]. Define

Kap(G) := {K € §'(G) : the operator S(G) > f +— f* K extends to
a bounded operator from L2(G) to Lg(G))}

and define LS (CAJ) to be the space of all fields o = {o(7), 7 € G} such that
ol @) = = sup [w(I + R)*o(m)m(I +R) ¥ || 21, < o0
red

From [I4, Proposition 5.1.24] we see that, if o € L2(G () then the Fourier multiplier
operator T}, corresponding to o belongs to XL(LQ(G), L(G)) with

1760l 22 (e, LX(G) = HUHL‘X’ (@)
Conversely, if T' € £ (L2(G), L}(GQ)), then there exists a unique o € L2 (@) such that

Fa(Tf)(m) =o(m)f(x), feLXq).
In this case, denoting by K € K,;(G) the convolution kernel of T', we define
FeK =0 and Fjlo=K.

This extends the definition of Fourier transform to the space K, ;,(G). See [14, Definition
5.1.25].

For o € N and 0 = {o(n),7m € G} € Lgf’b(@), the difference operator A® acting on
o is defined according to the formula (see [14, Definition 5.2.1])

A0 (1) = Fa(quFg'o)(m) for ae. € G,

where ¢, () = 2. Analogously to the derivatives in the Euclidean setting, the operator
A® satisfies the Lebnitz rule [I4], Section 5.2.2]:

Cor s A% (0)A (1), a,7 € L5(G). (2.6)

a1toas=a

3. HARDY SPACES ON GRADED LIE GROUPS

A comprehensive theory of Hardy spaces on general homogeneous groups was built
by Folland and Stein [16]. Since all graded Lie groups are homogeneous, the theory in
[16] applies to our setting.

In what follows, G is always a graded Lie group with homogeneous dimension Q).

3.1. Definition of Hardy spaces on GG. We first introduce some maximal functions.
Given a function ® € S§(G), we defined the nontangential maximal function Mg f and
the radial maximal function M2 f of f € §'(G) by

Mo f(x) == sup [f®i(y)] and Mgf(w) = sup|f+y(z)],

|lz—1y|<t t>0
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respectively, where ®;(x) := t~?®(§,-1x). We then define the grand maximal function
My f for each N € N by

Mny f(z) = sup Moy f(z),
2eS(G), 1Pl (<1

where

1@l vy = sup (14 [af) V@I XOD(2)).
|a|<N,zeG

Moreover, given N € N, we define the grand maximal function M) f of f € S'(G) by
Definition 3.1. For 0 < p < oo, the Hardy space H?(G) is defined as
HP(G) = {f S SI(G) : M(Np)f < OO},
where
N, :=min{[o] : « € Nj with [o] > Q(1/p—1)}.
The quasi-norm on H?(G) is defined by

| fllzcy = M) fll o) -

The Hardy spaces H?(G), initially defined via grand maximal function, can be char-
acterized by radial maximal function and nontangential maximal function equivalently.
To recall these maximal characterizations, we need the notion of commutative approx-
imate identities introduced in [I6]. A commutative approximate identity on G is a
function ® € S(G) such that [, ®(z)dr = 1 and &, x Py = §;, x O, for all 5, > 0. On a
graded Lie group it is easy to construct a commutative approximate identity. Indeed,
if R is a positive Rockland operator on G, and ¢ € S(R) such that ¢(0) = 1, then the
convolution kernel of the operator (R) is a commutative approximate identity.

Proposition 3.2. ([16, Corollary 4.17]) Suppose 0 < p < co and ® is a commutative
approzimate identity. Then for f € S'(G), the following are equivalent:
(i) Mgf € LP(G);
(ii) Mo f € LP(G);
(iii) Mn,)f € LP(G).
Moreover, we have

M3 fllzr @y ~ |Ma fll o) ~ IMn,) fllLr(e)

with the implicit constants depending only on ® and p.

Remark 3.3. If 1 < p < oo, the spaces HP(G) and LP(G) coincide with equivalent
norms. See [16, p. 75].

3.2. Atomic decomposition. Atomic decomposition is a very useful tool for the study
of boundedness of operators on Hardy spaces. Analogously to the Euclidean case, Hardy
spaces on graded Lie groups also admit an atomic decomposition, which we now recall.
See [16] for more details.

A triplet (p, q, M) is said to be admissible, if 0 < p <1< g < o0, p# qgand M € Ny
with M > max {[a] : o € N§ with [a] < Q(1/p—1)}.

Definition 3.4. Given an admissible triplet (p,q, M), we say that a function a on G
is a (p, q¢, M)-atom, if it is a compactly supported L? function such that
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(i) there is a ball B such that suppa C B and ||a||z« < u(B)Ya1/P;
(ii) for every P € Py, [, a(x)P(z)dp(z) = 0.
The atomic decomposition of HP(G) can be stated as follows.

Proposition 3.5 ([16]). Let (p,q, M) be an admissible triplet. Then there is a constant
c1 > 0 such that for all any (p,q, M )-atom a, one has

lallzr(c) < e

Conversely, given any f € HP(G), there exist a sequence {a;}52, of (p,q, M)-atoms
and a sequence {\;}32, of complex numbers such that f = Z;}il Aja; with convergence

in §'(G) and

o 1/p
(Z |>\j|p> < ol fllae(a)
j=1

where co 1S a constant independent of f.

4. PROOF OF MAIN RESULT

We need the following Taylor’s formula with integral remainder on homogeneous
groups, due to Bonfiglioli (see [3, Theorem 2]). Note that in [3] it is assumed that
v; = 1, in which case one has [M| = M.

Lemma 4.1. Suppose f € CMTYG) for some M € Ny. Let y PiM(y) denote the
right Taylor polynomial of f at x of homogeneous degree M. Then there exists a positive
group constant Cyy such that

flyz)—Ply)y= Y Xf@) | Y. Cupy’

o] <[M| B:[B]=[c]
[a]>M+1

L N\M
+ Z Z o’ /(Xaf)(y(t)x)%dt,
} 0 :

la|<[M]+1 \ B:[B]=[a
[a]>M+1

where

Y(r) = eXp (Z tijj) = (tyr, - tYn),
j=1

[M] :=max{|a|: a € N§ with [a] < M}, and Cop, C;, 5 are constants.

«

Lemma 4.2. Suppose that o = {o(w), 7 € CA}'} is a measurable field of operators, R is
positive Rockland operator (of homogeneous degree v), and N is an integer, all of which
satisfy the hypothesis of Theorem|[1.1 Let p € S(R) such that supp ¢ C [277,2"] and

D p@N) =1 VA€ (0,00).

JET
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Let oj() :== (2 - m)p(7(R)) and K; := F; 0 for j € Z. Then for any o € N?, there
exits a constant C (depending on «) such that

/G (1+ )[R F (2) Pdp(x) < C. (4.1)

Proof. Let ¥ € S(R) such that ¢y =1 on [277,2"]. Then ¢(\) = p(A)(A) for all A € R.
Consequently

0j(m) = o;(m)Y(7(R)).
Letting W be the convolution kernel of ¢(R), it follows that
XK, () = X (U Kj)(z) = (X*0) * K (@),
where we used (2.5). From the quasi-triangle inequality (2.3)) we have
(14 2™ < (1 + ey DY+ [y)™,

which yields

(L + JaDM[(X0D) « K ()| S [+ ] VX[ [+ ] DV (2)
By Hulanicki’s theorem (see Corollary [2.2), we have ¥ € S§(G), which implies

(L+]-DV[X"U| e LY(G).
Hence by Young’s inequality,
[+ a1 B o))

S Jra+ 1 DR « [0+ DM

12(0)

< /G (1 + 2 |5 () Pdp(y)

~ [ N ) Pt

where | - |, is the homogeneous quasi-norm defined by (2.2)).
Since N is a common multiple of the dilation weights vy, - -- , v, and & is the smallest
such common multiple, (1 + |z|?*)/* of the form

(L 2V =) ela”)?.
BISN

Inserting this into (4.2)), and using the Plancherel theorem and the Lebniz rule ([2.6)),
we have

/G (1+ a])? | XK () Pdpu(z)

S 3 1[0 (@ e (R | g (4.3)
[BI<N

L2(G)

S Y |@emarprm))|

[B1+[8"]<N
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Inserting the powers m(R)¥1/¥ each term in the above sum can be estimated as follows:

(A% ;) (M)A [p(r(R))]|

£2(G)
<|la?e, [8')/v }) ~[81/v AP ‘ (4.4)
<@ ame@P|| =R A [ @),
= El'EQ.
For the factor E;, we have
i Ll P
= sup ||2P1(AP 6 (27 - m)m (R)EI
weg ( )( ) ( ) L (Hxr)
=sup |[(AP ) (27 - m)[(27 - 7) (R /v (4.5)
sup || )@ -m[@-m®]
= sup [|(A o) (m) [r(R)] V"
el £ (Hr)
< Cp,

where the last inequality follows from the Mihlin-type condition ({1.3]).
Using Hulanicki’s theorem (2.2)) and the fact that ¢ vanishes near the origin, one can
show that (see the proof of Proposition 4.9 in [I3] for details)

FEy = HW(R)*[B’}/VA@/ [QO(TF(R))} ‘ 12 < Cﬁ/’gn. (46)
Combining (4.3) through (4.6)) yields the desired estimate ({4.1J). O

Now we give the proof of our main result.

Proof of Theorem[1.1. Let 0 < p < 1 and let o, R and N satisfy the hypothesis of
Theorem We fix an integer M such that

M > max {[a] : @ € N} with [a] < Q(1/p—1)} (4.7)
and

%+W+D—N>Q (4.8)

The condition (4.7)) means that (p,2, M) is an admissible triplet. Hence, to prove that
T, is bounded from H?(G) to LP(G), by Proposition it suffices to show that there
exists a constant C' such that for an arbitrary (p,2, M)-atom a,

|Toallr@@) S 1. (4.9)

Suppose a is a (p, 2, M )-atom associated to a ball B = B(xg, 7). Since T, commutes
with left translations, we may assume without loss of generality that xq = e, i.e., the
ball B is centered at the group identity e. Let ¢ be a sufficient large positive constant.
We write

HTaaHip(@ = /B( )|Taa(x)\pdu(x) +/ |Tya(x)|Pdu(z)

B(e,cr)c
= ]1 + [2.
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First we estimate [;. Indeed, by the Plancherel theorem and Holder’s inequality,

_P
I S Tl | Ble,er) 8 S il g lalai Ble,en) S 1 (4.10)

Next we estimate I5. Choose a function ¢ € S(R) such that supp ¢ C [277,2"] and

D p2A) =1 VYA€ (0,00).
JEZ

By the spectral theorem (recalling that 0 can be neglected in the spectral resolution),
a—Zgo IR)a in L*(G).

JEZL
Consequently (using the L%-boundedness of T,,) we have
ZTagp 27" R)a(z), ae. z€G. (4.11)

JEZ
We set
oj(m) = 0(2 - m)p(n(R)),
5j(m) =027 - m) = o(m)p(277 - 7(R)),
Kj = ,FG_IO']‘,
KJ = félgj
Then (4.11)) can be rewritten as
=37 a(a) 2/ Ky w)aly)duly) = 3 Fi(x)
JET jEZ jEz

where
File)s= | )Kj(ylm)a(y)du(y)‘
B(e,r
Using (3 u;)P < 325 |usf? (0 < p < 1) and Holder’s inequality, it follows that

Tya(x)|Pdu(x) = Fi(z)| dp(x
[ /()Z (@) du)
< Pd
Z/( o) du)

=S N B dua) (412

JET (e,cr)e

S )

JEZ

_P

(/B(evcr)c |$‘2N|E($)|Qd#(a:>) |

P

@=p)Q@_,N 2N 2 :
~y o o P Pdu(a)

=

M

Here we also used the assumption that N > Q(1/p — 1/2), which implies % > () and

2pN
hence the function |- |~ is integrable on B(e, cr)e.
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Let jo be the unique integer such that 2770 < r < 279F! (je. r ~ 279). To estimate
the last integral in (4.12]), we shall consider two cases: j > jp and 7 < jo.

Case 1: j > jo. Observe that |z| ~ |y~'z| whenever x € B(e,cr)® and y € Ble,r).
Hence for all x € B(e,cr)©,

[ ()| =[] ™

i )f?j@lx)a(y)du(y)]

~ / R )t ldny)

_ 3
< lall ( / ( )|y—1x|2N|Kj<y—1x>|2du<y>)

_1 _ i _
p ( / IR 1x)|2du(y)>

It follows by Fubini’s theorem, the fact that [?j (z) = 29 K;(d552), and Lemmam that

1
2

=

S [Ble, )]

/ 22V |F () Pdp)
B(e,cr)c
SiBentt [ ( / |y-1x|2N|ffj<y-1x>|2du<y>) du(x)
B(e,cr)c B(e,r)

et [ ([ IR P ) dut
<IBe.n) [ y ([ 1P o) Pt )t

~[Bten) [ y ([ eI duta) )t
1B [ PR @) Pdute)

— |Ble,r) P i2i@2V) /G 2PN K () Pdul)

(4.13)

< p3)R0i@—2N),

Case 2: j < jo. Let ng,( 17 be the right Taylor polynomial of K ; at z of homogeneous
degree M. By the vanishing moments of a, we have, for each x € B(e, cr)©,

A= [ R = P )] atwin) (114)
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Using Lemma @ we can write

Ky(y'x) - P, = Y XKj(@)Paly)
la<[M]
[@]>M+1

+ > Py /X“K)(( )(t)a:)&dt,

!
|| <[M]+1 M!
[a]>M+1

(4.15)

where both P, and P, are polynomials on G of homogeneous degree [a], and

(v e :zexp( Zyg > —tyr, s —tyn).

Inserting (4.15)) into (4.14)), and using the Cauchy-Schwarz inequality and the size con-

dition of atoms, we have

mwis 3 [ RE @R a0

o] <[M|
[o]>M+1

+z/

la|<[M
[a]>M+1

< 3 bhe ( /
o] <[M] Bler)

[a]>M+1

(-1 /
+ (27
Z ( B(e,r)

laf<[M]+1
[a]>M+1

_. (M (2)
= F; () + F;7 ().
Thus,

[ ePE@Pd S [ P @R + [ e @) Pdao)
B(e,cr)c B(e,cr)e B(e,cr)e

We first estimate | B(e.cr)e
Fubini’s theorem,

[ aPIEP @) dua)

B(e,cr)c

< ¥ 7-“2)@/ WN(/
la|<[M]+1 B(e,cr)c B(e,r)

[a]>M+1

1
S 03 / o / ( /
o <[M|+1 Beer)e 0 \/B(er)

[a]>M+1

/ (KR (5 ) S

i la(y)|du(y)

N 5 1/2
XaKj(x)Pa(y)‘ du(y))

)M

/0 PL) (XK, () ) T

i dt

9 1/2
du(y)>

(z)|*dp(x). Indeed, by Minkowski’s inequality and

1 ) N 1-t)M
/0 PLy)(XK;) ((y~ )@)w)(M!)

dt

2
du(y)> dp(z)

2

1/2
PL(y)(X*K;) (v wz) ‘2 du(y)> dt] du(z)

IN
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2

1
< 3 0e /0 (/B( )c’x‘QN/B()

la|<[M]+1
[a]>M+1

1/2
P&(y)(fo‘f?j)((y‘l)u)x)’2du(y)du(x)> dt]

2
_ (1-2) ! / YT - 2 v
= > e imwr [ e R e dewduw)) ]

la|<TM|+1
[a]>M+1

Note that if y € B(e,r), € B(e,cr)® and t € [0,1], then |(y~')@nz| ~ |z|. Thus, for
every y € B(e,r) and ¢ € [0, 1],

[ el R (7o)

~ /B( . !(yfl)(t)g;‘zzv|()?a[?j)((y71)(t)x)|2du<x>

" dulx)

o

< [ PR R ) @) (o)

:2j(Q+2[a}2N)/ |$|2N|()’ZQK])($)|QCZ/L(I)
G

< 9i(Q+2la]-2N).

where for the last line we used Lemma [1.2] Inserting this estimate yields

2
/ (22¥|FD () Pdp(a)
B(e,cr)c

1 12 1?2
< 3 0 hegi@is-ay [ / ( / \Pé(y)IZdM(y)) dt]
lal<[M]+1 0 \WBer)
[a]>M+1
_2 ; al— «
< Y O-hegi@s 2N>/ P du(y)
ol <[M]+1 Bexr)
[a]>M+1
~ Z (2 2)Q+2lal 9j(Q+2a]-2N)
la|<[M]+1
[a]>M+1
With a similar but easier argument, we get the analogous estimate
[ @) 5 3 ey @,
Blecr)e o <[M]
[a]>M+1
The details are left to the interested reader.
Therefore, we have
/ PV Fy () Pdu(a) S Y r@TRQelgi@2iel2n) (4.16)
B(eser)e o <[M]+1

[a]>M+1
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Inserting (4.13)) and ( into , and using that r ~ 2790, we obtain
| ma@pdut)

B(e,cr)c

%
2
sy (] LW”E@W@@O
B(e,cr)c

JEZ

< Z (2— p)Q_pN[ (2—*)Q2J(Q 2N + Z Z 2-pQ p)Q —pN [T(Q—%)Q—&-Q[a]2j(Q+2[a]—2N)}

J=jo J<jo |a|<[M]+1
[a]>M+1
~ Z oli=do)p(§=N) Z Z 9(i—go)p(§ +[a]-N)
Jj>jo J<Jjo |a|<[M]+1
[a]>M+1

Since N > Q(1/p —1/2) > @Q/2, we have

Z 9(i=jo)p(Q/2=N) < 1

JZjo
Note that the index set Z := {a € Nj : |a| < [M | +1, [a] > M +1} has finite elements.
Moreover, the condition 1) implies that Q + [a] = N > 0 whenever a € Z. Thus

Z Z 9(i—jo)p(§ +la]—N) <1

J<jo |a|<[M]+1
[a]>M+1

Therefore,
L= [ [a@Pdut) £ 1 (417)
B(e,cr)

Combining (4.10) and - we obtain

||Taa||L2(G) 5 ]_
This completes the proof of Theorem [1.1] O
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