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Abstract  

In this article, we formulate the concept of generalize bonvexity/pseudobonvexity functions. We formulate duality results for 

second-order fractional symmetric dual programs of G-Wolfe-type model. In the next section, we explain the duality theorems 

under generalize bonvexity/pseudobonvexity assumptions. We identify a function lying exclusively in the class of generalize 

pseudobonvex and not in class of generalize bonvex functions. Our results are more generalized several known results in the 

literature.  
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1. Introduction 

In the recent years, there has been a great deal of research on the fractional optimization problem with 

multiple objective functions, leading to a number of optimality and duality results for these problems 

because there are more factors involved. Second order duality has the practical benefit of offering tighter 

boundaries for the value of the objective function of the primary problem. Numerical programming's 

dualities have meritorious applications in a variety of computational and speculative advancements, like in 

financial problems, control hypotheses, business issues, and other diverse sectors. In-depth research on the 
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fractional optimization problem with multiple objective functions has been going on for a while now 

(Dubey et al., 2020) and duality conclusions have been produced for these situations. 

 

Numerous writers (Mond, 1978; Zhang and Mond, 1998) have examined fractional programming problems 

containing square roots of positive semidefinite quadratic forms. The commonality of this kind of issue 

stems from the fact that the dual can be defined simply even though the target and limitation capacities 

cannot be differentiated. Using psuedo-invex functions and cone constraints, Kim et al. (1998) investigated 

pair of multiobjective symmetric dual programs. Devi (1998) developed pair of second-order symmetric 

dual problems and involving second-order invex discovered dualities. The second order symmetric dual 

nonlinear programming problem was described by Mishra (2000) as follows: 

 

Primal (RP)  

Minimize  𝐾(𝑥11, 𝑥12) − [𝑥12
𝑇𝛻𝑥12

 𝜇𝑇𝐾(𝑥11, 𝑥12)]𝑒 −
1

2
ξ0

𝑇𝛻𝑥12𝑥12
 𝜇𝑇𝐾(𝑥11, 𝑥12)ξ0 

Subject to  (𝑥11, 𝑥12) ∈ 𝐶1 × 𝐶2,  

𝛻𝑥12
 𝜇𝑇𝐾(𝑥11, 𝑥12), 𝛻𝑥12𝑥12

 𝜇𝑇𝐾(𝑥11, 𝑥12)ξ0 ∈ 𝐶2
∗,  

𝜇 ≥ 0, 𝜇𝑇𝑒 = 1, 
 

Dual (RD)  

Maximize 𝐾(𝑢11, 𝑢12) − [𝑢11
𝑇∇𝑥11

 𝜇𝑇𝐾(𝑢11, 𝑢12)]𝑒 −
1

2
ξ1

𝑇𝛻𝑥11𝑥11
 𝜇𝑇𝐾(𝑢11, 𝑢12)ξ1 

Subject to  (𝑢11, 𝑢12) ∈ 𝐶1 × 𝐶2,  

−𝛻𝑥11
 𝜇𝑇𝐾(𝑢11, 𝑢12), 𝛻𝑥11𝑥11

 𝜇𝑇𝐾(𝑢11, 𝑢12)ξ1 ∈ 𝐶1
∗, 

𝜇 ≥ 0,  𝜇𝑇𝑒 = 1,  
 

where, 𝐾 is a ξ −vector and e = (1,1, … ,1) ∈ ℛξ.  
Yang et al. (2005) discussed following Wolfe type second-order multi-objective symmetric duality 

problem: 

 

Primal (RP)  

min
𝑢11,𝑢12,𝜇,𝑥12

𝐹ξ(𝑥11, 𝑥12 , 𝜇, ξ) = Φ(𝑥11, 𝑥12) − [𝑥12
𝑇∇𝑥12 𝜇

𝑇Φ(𝑥11, 𝑥12)]𝑒𝑘 −

[𝑥12
𝑇∇𝑥12𝑥12 𝜇

𝑇Φ(𝑥11, 𝑥12)ξ]𝑒𝑘 −
1

2
ξ𝑇[∇𝑥12𝑥12 𝜇

𝑇Φ(𝑥11, 𝑥12)ξ]𝑒𝑘, 

 

Subject to  ∇𝑥12 𝜇
𝑇Φ(𝑥11, 𝑥12) + ∇𝑥12𝑥12 𝜇

𝑇Φ(𝑥11, 𝑥12)ξ ≦ 0, 

𝜇 > 0,  𝜇𝑇𝑒𝑘 = 1, 
 

Dual (RD)  

max
𝑢11,𝑢12,𝜇,𝑥12

𝐹𝐷(𝑢11, 𝑢12, 𝜇, 𝑦) = Φ(𝑢11, 𝑢12) − [𝑢12
𝑇∇𝑢12

𝜇𝑇Φ(𝑢11, 𝑢12)]𝑒𝑘 −

[𝑢12
𝑇∇𝑢12𝑢12

𝜇𝑇Φ(𝑢11, 𝑢12)𝑥12]𝑒𝑘 −
1

2
𝑥12

𝑇[∇𝑢12𝑢12
𝜇𝑇Φ(𝑢11, 𝑢12)𝑥12]𝑒𝑘, 

 

Subject to  𝛻𝑢12
𝜇𝑇Φ(𝑢11, 𝑢12) + 𝛻𝑢12𝑢12

𝜇𝑇Φ(𝑢11, 𝑢12)ṭ ≧ 0, 

𝜇 > 0,   𝜇𝑇𝑒𝑘 = 1,  
where, Φ: ℛ𝑛 × ℛ𝑚 → ℛ𝑘 , ξ ∈ ℛ𝑚, 𝑢12 ∈ ℛ𝑛, 𝜇 ∈ ℛ𝑘 , 𝑎𝑛𝑑 𝑒𝑘  =  (1,1, … ,1)𝑇 ∈ ℛ𝑘.  
 

Due to a few global qualities that it possesses, convexity is one of the most frequently used assumptions in 

simplifying hypotheses. Since convexity presumptions are routinely violated in real-world problems, it was 
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necessary to weaken them. The quasi/pseudo-convexity is one of the ways to generalization of convexity 

problems. The higher-order cone-convex functions listed below were defined by Suneja et al. (2018): 

 

Primal (RP)  

K-Minimize Φ(𝑥11) 

Subject to  −Ψ(𝑥11) ∈ 𝑄, 
 

where, Φ: 𝑆 → ℛ𝑚, Ψ: 𝑆 → ℛξ vector-valued differentiable functions, 𝑆 is non-empty open subset of 

pointed cones  ℛ𝑛, 𝐾 & 𝑄 are closed non-empty interiors convex in ℛ𝑚 and ℛξ respectively. 𝑆0 = {𝑥11 ∈
𝑆; −Ψ(𝑥11) ∈ 𝑄} is the set of all feasible solutions. 

 

Dual (RD) 

K-Maximize  Φ(𝑢11) + h(𝑢11, ξ) − ∇ξℎ(𝑢11, ξ)ξ + [𝜇𝑇Ψ(𝑢11) + 𝜇𝑇k(𝑢11, ξ) − ξ𝑇∇ξ(𝜇𝑇k(𝑢11, ξ))]𝑒 

Subject to  [∇ξ𝜇𝑇ℎ(, 𝑢11, ξ) + ∇ξ𝜇𝑇𝑘(, 𝑢11, ξ)] = 0 and 𝜇𝑇𝑒 = 1. 

𝑒 ∈ int 𝑘, 𝜇 = 𝐾+ ∖ {0}, 𝑢11 ∈ 𝑆.  
 

Ying (2012) discussed the following multiobjective fractional symmetric dual problem: 

 

Primal (RP) 

Minimize 𝐿(𝑥11, 𝑥12, ξ) = {𝐿1(𝑥11, 𝑥12, ξ1), … , 𝐿𝑘(𝑥11, 𝑥12, ξ𝑘)}𝑇 

Subject to  

∑  𝜇𝑖

𝑘

𝑖=1

[(∇𝑥12
𝑓𝑖(𝑥11, 𝑥12) − 𝑥𝑖𝑖 + ∇ξ𝑖

𝐻𝑖(𝑥11, 𝑥12, ξ𝑖))

− 𝐿𝑖(𝑥11, 𝑥12, ξ𝑖) (∇𝑥12
Ψ𝑖(𝑥11, 𝑥12) + 𝑥𝑖𝑗 + ∇ξ𝑖

𝐺𝑖(𝑥11, 𝑥12, ξ𝑖))] ≦ 0, 

𝑥12
𝑇 ∑  𝜇𝑖

𝑘

𝑖=1

[(∇𝑥12
𝑓𝑖(𝑥11, 𝑥12) − 𝑥𝑖𝑖 + ∇ξ𝑖

𝐻𝑖(𝑥11, 𝑥12, ξ𝑖))

− 𝐿𝑖(𝑥11, 𝑥12, ξ𝑖) (∇𝑥12
Ψ𝑖(𝑥11, 𝑥12) + 𝑥𝑖𝑗 + ∇ξ𝑖

𝐺𝑖(𝑥11, 𝑥12, ξ𝑖))] ≧ 0, 

𝜇 > 0, 𝜇𝑇𝑒 = 1, 𝑥𝑖𝑖 ∈ 𝐷𝑖, 𝑥𝑖𝑗 ∈ 𝐹𝑖 , 𝑖 = 1,2,3 … , 𝑘; 𝑖 ≤ 𝑗. 

 

Dual (RD) 

Maximize 𝑀(𝑢11, 𝑢12, υ) = {𝑀1(𝑢11, 𝑢12, υ1), … , 𝑀𝑘(𝑢11, 𝑢12, υ𝑘)}𝑇 

Subject to 

∑ 𝜇𝑖

𝑘

𝑖=1

[(∇𝑥11
𝑓𝑖(𝑢11, 𝑢12) + 𝑟𝑖 + ∇υ𝑖

𝜙𝑖(𝑢11, 𝑢12, υ𝑖))

− 𝑀𝑖(𝑢11, 𝑢12, υ𝑖) (∇𝑥11
𝑔𝑖(𝑢11, 𝑢12) − 𝑧𝑖 + ∇υ𝑖

𝜓𝑖(𝑢11, 𝑢12, υ𝑖))] ≧ 0, 

υ𝑇 ∑ 𝜇𝑖

𝑘

𝑖=1

[(∇𝑥11
𝑓𝑖(𝑢11, 𝑢12) + 𝑟𝑖 + ∇υ𝑖

𝜙𝑖(𝑢11, 𝑢12, υ𝑖))

− 𝑀𝑖(𝑢11, 𝑢12, υ𝑖) (∇𝑥11
𝑔𝑖(𝑢11, 𝑢12) − 𝑧𝑖 + ∇υ𝑖

𝜓𝑖(𝑢11, 𝑢12, υ𝑖))] ≦ 0, 

 

𝜇 > 0,  𝜇𝑇𝑒 = 1, 𝑟𝑖 ∈ 𝐶𝑖, 𝑧𝑖 ∈ 𝐸𝑖 , 𝑖 = 1,2,3 … , 𝑘,  
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where, 𝑖 = 1,2,3 … , 𝑘, 

𝐿𝑖(𝑥11, 𝑥12, ξ𝑖) =
𝑓𝑖(𝑥11, 𝑥12) + 𝑆(𝑥11|𝐶𝑖) − 𝑥12

𝑇𝑧𝑖 + 𝐻𝑖(𝑥11, 𝑥12, ξ𝑖) − ξ𝑖
𝑇∇ξ𝑖

𝐻𝑖(𝑥11, 𝑥12, ξ𝑖)

𝑔𝑖(𝑥11, 𝑥12) − 𝑆(𝑥11|𝐸𝑖) + 𝑥12
𝑇𝑟𝑖 + 𝐺𝑖(𝑥11, 𝑥12, ξ𝑖) − ξ𝑖

𝑇∇ξ𝑖
𝐺𝑖(𝑥11, 𝑥12, ξ𝑖)

 

and  

𝑀𝑖(𝑢11, 𝑢12, υ𝑖) =
𝑓𝑖(𝑢11, 𝑢12) − 𝑆(𝑢12|𝐷𝑖) + 𝑢11

𝑇𝑟𝑖 + 𝜙𝑖(𝑢11, 𝑢12, υ𝑖) − υ𝑖
𝑇∇υ𝑖

𝜙𝑖(𝑢11, 𝑢12, υ𝑖)

𝑔𝑖(𝑢11, 𝑢12) + 𝑆(𝑢12|𝐹𝑖) − 𝑢11
𝑇𝑧𝑖 + 𝜓𝑖(𝑢11, 𝑢12, υ𝑖) − υ𝑖

𝑇∇υ𝑖
𝜓𝑖(𝑢11, 𝑢12, υ𝑖)

, 

 

where, 

Φ𝑖: ℛ𝑛 × ℛ𝑚 → ℛ; Ψ𝑖 ∶  ℛ𝑛 × ℛ𝑚 → ℛ; 𝐻𝑖, 𝐺𝑖 ∶  ℛ𝑛 × ℛ𝑚 → ℛ 𝑎𝑛𝑑 𝜙𝑖, 𝜓𝑖  ∶ ℛ𝑛 × ℛ𝑚 × ℛ𝑛 → ℛ are 

twice differential functions for all 𝑖 = 1,2,3 … , 𝑘. 𝐶𝑖, 𝐸𝑖 are compact convex sets in ℛ𝑛, and 𝐷𝑖, 𝐹𝑖 are 

compact convex sets in ℛ𝑚, 𝑖 = 1,2,3 … , 𝑘, 𝑒 =  (1,1, … ,1)𝑇 ∈ ℛ𝑘 , ξ𝑖 ∈ ℛ𝑚, υ𝑖 ∈ ℛ𝑛, ξ =
(ξ1, ξ2, … , ξ𝑘), υ = (υ1, υ2 … , υ𝑘).  
 

In order to create a vector optimization program under cones, they were able to develop higher-order 

sufficient optimality assumptions and duality theorems (Kumar et al., 2022). The extended Jacobian has 

recently been used by Gutierrez et al. (2015) to create various conceptions of (K1, K2)-pseudoinvexity-I and 

II using 𝐾1,𝐾2 ∈ {𝐶0
𝑐 , (𝐼𝑛𝑡. 𝐶)𝑐} for a locally Lipschitz function, where C ⊆  ℛ𝑛 has a non-empty interior, 

a closed convex pointed cone and 𝐶0 = 𝐶 ∖ {0}. They used them to take variational-like discrepancies with 

Lipschitz functions into account while calculating productivity. In a recent formulation, Kumar et al. (2021) 

created a nondifferentiable multiobjective Schiable type dual and established duality results for second-

order (𝐾 × 𝑄) − 𝐶 − type − I functions. Readers are urged to consult (Khurana, 2005; Ojha, 2012) and for 

additional information on fractional programming (Stancu-Minasian, 2013; Dubey, 2019; Dubey and 

Mishra, 2019; Dubey and Mishra, 2020). 

 

The structure of this article is as follows: we provide some definitions, introductions, and the fundamental 

concept of (G, λ, θ) −bonvex/pseudobonvex functions. in Section 2. We also illustrate a non-trivial 

numerical example, which is function of (G, λ, θ) −pseudobonvex, but not (G, λ, θ) −bonvex functions. In 

section 3, we formulate a new type fractional G − Wolfe type problem and derive duality outcomes under 

aforesaid assumptions. In the final section, we add conclusion section. 

 

2. Abbreviation and Definitions 
Assume that 𝑆1 ⊆ ℛ𝑛 & 𝑆2 ⊆ ℛ𝑚 are open set and function Φ(𝑥11, 𝑥12) is real-valued differential and 

defined on 𝑆1 × 𝑆2. Assume 𝐺 ∶  ℛ → ℛ be a function of strictly increasing in the rank G ∶ 𝐼Φ(𝑆1 × 𝑆2) →
ℛ and 𝐼Φ(𝑆1 × 𝑆2) is the range of Φ, 𝜂1, 𝜂2 ∶ 𝑆1 × 𝑆2 → ℛ𝑛, λ ∈ ℛ & 𝜃 ∶ (𝑆1 × 𝑆2) → ℛ. 

 

Definition 2.1 Φ(𝑥11, 𝑥12) is (𝐺, 𝜆, 𝜃) −bonvex at 𝑢11 ∈ 𝑆1 for fixed 𝑢12 ∈ 𝑆2 w.r.t. 𝜂1, ∃ λ and 𝜃, such 

that for 𝑥11 ∈ 𝑆1 & υ ∈ ℛ𝑛, we have 

𝐺(𝑓(𝑥11, 𝑢12)) − 𝐺(Φ(𝑢11, 𝑢12)) ≥ 𝜂1
𝑇(𝑥11, 𝑢11) [𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11

Φ(𝑢11, 𝑢12) +

{𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12) (∇𝑥11

Φ(𝑢11, 𝑢12))
𝑇

+ 𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12)}υ] −

1

2
υ𝑇 [{𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥11

Φ(𝑢11, 𝑢12) (∇𝑥11
Φ(𝑢11, 𝑢12))

𝑇
+ 𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11

Φ(𝑢11, 𝑢12)}] υ +

                                                                                                                                               λ‖𝜃(𝑥11, 𝑢11)‖2.   
 

Remarks 2.1 When sign changes in above inequality to ≤, then Φ is referred to as (G, λ, θ) −boncave at 

𝑢11 ∈ 𝑆1 w.r.t. 𝜂1. 
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Definition 2.2 Φ(𝑢11, 𝑢12) is (𝐺, 𝜆, 𝜃) −bonvex at 𝑢12 ∈ 𝑆2 for fixed 𝑢11 ∈ 𝑆1  w.r.t. 𝜂2, if ∃ λ and 𝜃, such 

that for  𝑥12 ∈ 𝑆2 & ξ ∈ ℛ𝑚, we have 

𝐺(𝑓(𝑢11, 𝑥12)) − 𝐺(Φ(𝑢11, 𝑢12)) ≥ 𝜂2
𝑇(𝑥12, 𝑢12) [𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11

Φ(𝑢11, 𝑢12) +

{𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12) (∇𝑥11

Φ(𝑢11, 𝑢12))
𝑇

+ 𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12)}ξ] −

1

2
ξ𝑇 [{𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥11

Φ(𝑢11, 𝑢12) (∇𝑥11
Φ(𝑢11, 𝑢12))

𝑇
+ 𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11

Φ(𝑢11, 𝑢12)}] ξ +

                                                                                                                                                     λ‖𝜃(𝑥12, 𝑢12)‖2.  
 

Remarks 2.2 When sign changes in above inequality to ≤, then Φ is referred to as (G, λ, θ) −boncave at 

𝑢12 ∈ 𝑆2 w.r.t. 𝜂2. 

 

Definition 2.3 Φ(𝑥11, 𝑥12) is (𝐺, 𝜆, 𝜃) −pseudobonvex at 𝑢11 ∈ 𝑆1 for fixed 𝑢12 ∈ 𝑆2 w.r.t. 𝜂1, if 

∃ λ and 𝜃, such that for 𝑥11 ∈ 𝑆1 & υ ∈ ℛ𝑛, we have 

𝜂1
𝑇(𝑥11, 𝑢11) [𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11

Φ(𝑢11, 𝑢12)

+ {𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12) (∇𝑥11

Φ(𝑢11, 𝑢12))
𝑇

+ 𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12)}υ] ≥ 0  

⇒ 𝐺(𝑓(𝑥11, 𝑢12)) − 𝐺(Φ(𝑢11, 𝑢12))

+
1

2
υ𝑇 [{𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥11

Φ(𝑢11, 𝑢12) (∇𝑥11
Φ(𝑢11, 𝑢12))

𝑇

+ 𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12)}] υ − λ‖𝜃(𝑥11, 𝑢11)‖2 ≥ 0.  

 

Remarks 2.3 When sign changes in above inequality to ≤, then Φ is referred to as (G, λ, θ) −pseudobonvex 

at 𝑢11 ∈ 𝑆1 w.r.t. 𝜂1. 

 

Definition 2.4 Φ(𝑥11, 𝑥12) is (𝐺, 𝜆, 𝜃) −pseudobonvex at 𝑢12 ∈ 𝑆2 for fixed 𝑢11 ∈ 𝑆1 w.r.t. 𝜂2,, if 

∃ λ and 𝜃, such that for 𝑥12 ∈ 𝑆2 & ξ ∈ ℛ𝑚, we have 

𝜂2
𝑇(𝑥12, 𝑢12) [𝐺′(Φ(𝑢11, 𝑢12))𝛻𝑥11

Φ(𝑢11, 𝑢12)

+ {𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12) (∇𝑥11

Φ(𝑢11, 𝑢12))
𝑇

+ 𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12)}ξ] ≥ 0, 

⇒ 𝐺(𝑓(𝑢11, 𝑥12)) − 𝐺(Φ(𝑢11, 𝑢12))

+
1

2
ξ𝑇 [{𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥11

Φ(𝑢11, 𝑢12) (∇𝑥11
Φ(𝑢11, 𝑢12))

𝑇

+ 𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12)}] ξ − λ‖𝜃(𝑥12, 𝑢12)‖2 ≥ 0. 

 

Remarks 2.4 When sign changes in above inequality to ≤, then Φ is referred to as 

(G, λ, θ) −pseudoboncave at 𝑢12 ∈ 𝑆2 w.r.t. 𝜂2. 

 

In the following numerical example, we will try to show that a function which is pseudobonvex, but it is 

not bonvex at the same point.  
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Example 2.1 Let 𝑋 = [0,
𝜋

2
], consider the function Φ: 𝑋 × 𝑋 → ℛ defineD by  

Φ(𝑥11, 𝑥12) = 𝑥11 + 𝑠𝑖𝑛𝑥12. 
 

Next, consider 𝐺: 𝑋 → ℛ given by 

𝐺(𝑟) = 𝑟2. 
 

Let 𝜂: 𝑋 × 𝑋 → ℛ given by  

𝜂(𝑥11, 𝑢11) = 𝑥11 − 𝑢11,  
and  

𝜃 (𝑥11, 𝑢11) = 𝑥11 𝑢11. 

Also, let υ = 1 ∈ [0,
𝜋

2
].  

 

Next, we have to claim that Φ is pseudobonvex at 𝑢11 = 0 ∈ [0,
𝜋

2
], i.e., it is sufficient to show that 

 

𝜂1
𝑇(𝑥11, 𝑢11) [𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11

Φ(𝑢11, 𝑢12) +

{𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12) (∇𝑥11

Φ(𝑢11, 𝑢12))
𝑇

+ 𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12)}υ] ≥ 0.  

 

⇒ 𝐺(𝑓(𝑥11, 𝑢12)) − 𝐺(Φ(𝑢11, 𝑢12))

+
1

2
υ𝑇 [{𝐺′′(Φ(𝑢11, 𝑢12)) 𝛻𝑥11

 Φ(𝑢11, 𝑢12) (∇𝑥11
Φ(𝑢11, 𝑢12))

𝑇

+ 𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12)}] υ − λ‖𝜃(𝑥11, 𝑢12)‖2 ≥ 0. 

Let  

𝜏1 = 𝜂1
𝑇(𝑥11, 𝑢11) [𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11

Φ(𝑢11, 𝑢12)

+ {𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12) (∇𝑥11

Φ(𝑢11, 𝑢12))
𝑇

+ 𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12)}υ]. 

 

 

Substituting the values of Φ, 𝐺Φ, 𝜂1
𝑇 , λ & υ, we get  

 

𝜏1 = (𝑥11 − 𝑢11)[2𝑢11 + 2 𝑠𝑖𝑛 𝑢12 + (2 + 2(𝑢11 + 𝑠𝑖𝑛 𝑢12))υ]. 

 

 

The value of above expression at the point 𝑢11 = 0 ∈ [0,
𝜋

2
], we have 

 

𝜏1 = 𝑥11[2 sin 𝑢12 + 2υ + 2 sin 𝑢12]. 
 

At υ = 1 ∈ [0,
𝜋

2
], the above expression reduced to 

 

𝜏1 = 𝑥11[4 sin 𝑢12 + 2]. 
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Figure 1. 𝑥11[4 sin 𝑢12 + 2]. 

 

 

It is clear from the Figure 1, that 𝜏1 ≥ 0. 
 

Next, Let  

𝜏2 = 𝐺(Φ(𝑥11, 𝑢12)) − 𝐺(Φ(𝑢11, 𝑢12))

+
1

2
υ𝑇 [{𝐺′′

(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12) (∇𝑥11

Φ(𝑢11, 𝑢12))
𝑇

+ 𝐺′
(Φ(𝑢11, 𝑢12))∇𝑥11

Φ(𝑢11, 𝑢12)}υ] + λ‖𝜃(𝑥12, 𝑢12)‖2. 

 

 
 

Figure 2. 𝑥11
2 + 2𝑥11 sin 𝑢12 + 1 + sin 𝑢12. 
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Putting the values of Φ, 𝐺, λ & 𝜃, we get  

𝜏2 = (𝑥11 + sin 𝑢12)2 − (𝑢11 + sin 𝑢12)2 +
1

2
υ2[2 + 2𝑢11 + 2 sin 𝑢12] − λ‖𝑥11𝑢11‖2. 

 

On simplifying and the value of above expression at the point 𝑢11 = 0 ∈ [0,
𝜋

2
], we have 

 

𝜏2 = 𝑥11
2 + 2𝑥11 𝑠𝑖𝑛 𝑢12 + 1 + sin 𝑢12. 

 

It is clear from Figure 2, that 𝜏2 ≥ 0, ∀ 𝑥11, 𝑢12 ∈ [0,
𝜋

2
]. 

 

Hence, Φ is pseudobonvex at 𝑢11 = 0 ∈ [0,
𝜋

2
]. 

 

Then, we assert that at point 𝑢11 = 0 ∈ [0,
𝜋

2
], Φ is not (G, λ, θ) −bonvex at the same point. 

 

 

 
 

Figure 3. 𝑥11
2 + 2𝑥11 𝑠𝑖𝑛 𝑢12 − 2𝑥11[2 𝑠𝑖𝑛 𝑢12 + 1] + [1 + 𝑠𝑖𝑛 𝑢12]. 

 

For this, we have to show that 

 

𝐺(Φ(𝑥11, 𝑢12)) − 𝐺(Φ(𝑢11, 𝑢12)) − 𝜂
1
𝑇(𝑥11, 𝑢11) [𝐺′

(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12) +

{𝐺′′
(Φ(𝑢11, 𝑢12))∇𝑥11

Φ(𝑢11, 𝑢12) (∇𝑥11
Φ(𝑢11, 𝑢12))

𝑇
+ 𝐺′

(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12)}υ] +

1

2
υ𝑇 [{𝐺′′

(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12) (∇𝑥11

Φ(𝑢11, 𝑢12))
𝑇

+ 𝐺′
(Φ(𝑢11, 𝑢12))∇𝑥11

Φ(𝑢11, 𝑢12)}υ] −

                                                                                                                                                 λ‖𝜃(𝑥12, 𝑢12)‖2 < 0.  
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Let 

𝜏3 = 𝐺(Φ(𝑥11, 𝑢12)) − 𝐺(Φ(𝑢11, 𝑢12)) − 𝜂1
𝑇(𝑥11, 𝑢11) [𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11

Φ(𝑢11, 𝑢12) +

{𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12) (∇𝑥11

Φ(𝑢11, 𝑢12))
𝑇

+ 𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12)}υ] +

1

2
υ𝑇 [{𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥11

Φ(𝑢11, 𝑢12) (∇𝑥11
Φ(𝑢11, 𝑢12))

𝑇

+ 𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12)}υ] −

                                                                                                                                                   λ‖𝜃(𝑥12, 𝑢12)‖2 < 0.  
 

Substituting the values and simplifying, at the point ṿ = 0, we get 

 

𝜏3 = 𝑥11
2 + 2𝑥11 sin 𝑢12 − 2𝑥11[2 sin 𝑢12 + 1] + [1 + sin 𝑢12]. 

 

It is clear from Figure 3, that 𝜏3 < 0. Hence, function Φ is not (G, λ, θ) −bonvex at 𝑢11 = 0 ∈ [0,
𝜋

2
]. 

 

3. Second-Order Fractional Symmetric Duality Model 
In this section, we discuss the following model: 

 

Primal (SWP): 

Minimize 

𝐺(Φ(𝑥11,𝑥12))−𝑥12
𝑇[

𝐺′(Φ(𝑥11,𝑥12))∇𝑥12Φ(𝑥11,𝑥12)

+{𝐺′′(Φ(𝑥11,𝑥12))∇𝑥12Φ(𝑥11,𝑥12)(∇𝑥12Φ(𝑥11,𝑥12))
𝑇

+𝐺′(Φ(𝑥11,𝑥12))∇𝑥12𝑥12Φ(𝑥11,𝑥12)}ξ
]

𝐺(Ψ(𝑥11,𝑥12))−𝑥12
𝑇[

𝐺′(Ψ(𝑥11,𝑥12))∇𝑥12
Ψ(𝑥11,𝑥12)

+{𝐺′′(Ψ(𝑥11,𝑥12))∇𝑥12Ψ(𝑥11,𝑥12)(∇𝑥12Ψ(𝑥11,𝑥12))
𝑇

+𝐺′(Ψ(𝑥11,𝑥12ṭ))∇𝑥12𝑥12Ψ(𝑥11,𝑥12)}ξ
]

  

 

−
1
2

ξ𝑇 {𝐺′′(Φ(𝑥11, 𝑥12))∇𝑥12
Φ(𝑥11, 𝑥12) (∇𝑥12

Φ(𝑥11, 𝑥12))
𝑇

+ 𝐺′(Φ(𝑥11, 𝑥12))∇𝑥12𝑥12
Φ(𝑥11, 𝑥12)} ξ

−
1
2

ξ𝑇 {𝐺′′(Ψ(𝑥11, 𝑥12))∇𝑥12
Ψ(𝑥11, 𝑥12) (∇𝑥12

Ψ(𝑥11, 𝑥12))
𝑇

+ 𝐺′(Ψ(𝑥11, 𝑥12))∇𝑥12𝑥12
Ψ(𝑥11, 𝑥12)} ξ

 

 

Subject to 

[𝐺(Ψ(𝑥11, 𝑥12)) − 𝑥12
𝑇 [𝐺′(Ψ(𝑥11, 𝑥12))∇𝑥12

Ψ(𝑥11, 𝑥12) +

{𝐺′′(Ψ(𝑥11, 𝑥12))∇𝑥12
Ψ(𝑥11, 𝑥12) (∇𝑥12

Ψ(𝑥11, 𝑥12))
𝑇

+ 𝐺′(Ψ(𝑥11, 𝑥12))∇𝑥12𝑥12
Ψ(𝑥11, 𝑥12)} ξ]]  

−
1

2
ξ𝑇 [{𝐺′′(Ψ(𝑥11, 𝑥12))∇𝑥12

Ψ(𝑥11, 𝑥12) (∇𝑥12
Ψ(𝑥11, 𝑥12))

𝑇
+ 𝐺′(Ψ(𝑥11, 𝑥12))∇𝑥12𝑥12

Ψ(𝑥11, 𝑥12)} ξ] 

[𝐺′(Φ(𝑥11, 𝑥12))∇𝑥12
Φ(𝑥11, 𝑥12) + {𝐺′′(Φ(𝑥11, 𝑥12))∇𝑥12

Φ(𝑥11, 𝑥12) (∇𝑥12
Φ(𝑥11, 𝑥12))

𝑇
+

𝐺′(Φ(𝑥11, 𝑥12))∇𝑥12𝑥12
Φ(𝑥11, 𝑥12)} ξ] − [𝐺(Φ(𝑥11, 𝑥12)) − 𝑥12

𝑇 [𝐺′(Φ(𝑥11, 𝑥12))∇𝑥12
Φ(𝑥11, 𝑥12) +

{𝐺′′(Φ(𝑥11, 𝑥12))∇𝑥12
Φ(𝑥11, 𝑥12) (∇𝑥12

Φ(𝑥11, 𝑥12))
𝑇

+ 𝐺′(Φ(𝑥11, 𝑥12))∇𝑥12𝑥12
Φ(𝑥11, 𝑥12)} ξ] −

1

2
ξ𝑇 {𝐺′′(Φ(𝑥11, 𝑥12))∇𝑥12

Φ(𝑥11, 𝑥12) (∇𝑥12
Φ(𝑥11, 𝑥12))

𝑇
+ 𝐺′(Φ(𝑥11, 𝑥12))∇𝑥12𝑥12

Φ(𝑥11, 𝑥12)} ξ]  
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[𝐺′(Ψ(𝑥11, 𝑥12))∇𝑥12
Ψ(𝑥11, 𝑥12) + {𝐺′′(Ψ(𝑥11, 𝑥12))∇𝑥12

Ψ(𝑥11, 𝑥12) (∇𝑥12
Ψ(𝑥11, 𝑥12))

𝑇
+

                                                         𝐺′(Ψ(𝑥11, 𝑥12))∇𝑥12𝑥12
Ψ(𝑥11, 𝑥12)} ξ] ≤ 0,  

 

𝑥11 ≥ 0. 
 

Dual (SWD): 

Maximize 

𝐺(Φ(𝑢11,𝑢12))−𝑢11
𝑇[

𝐺′(Φ(𝑢11,𝑢12))∇𝑥11Φ(𝑢11,𝑢12)

+{𝐺′′(Φ(𝑢11,𝑢12))∇𝑥11
Φ(𝑢11,𝑢12)(∇𝑥11

Φ(𝑢11,𝑢12))
𝑇

+𝐺′(Φ(𝑢11,𝑢12))∇𝑥11𝑥11
Φ(𝑢11,𝑢12)}υ

]

𝐺(Ψ(𝑢11,𝑢12))−𝑢11
𝑇[

𝐺′(Ψ(𝑢11,𝑢12))∇𝑥11Ψ(𝑢11,𝑢12)

+{𝐺′′(Ψ(𝑢11,𝑢12))∇𝑥11Ψ(𝑢11,𝑢12)(∇𝑥11Ψ(𝑢11,𝑢12))
𝑇

+𝐺′(Ψ(𝑢11,𝑢12))∇𝑥11𝑥11Ψ(𝑢11,𝑢12)}υ
]

  

 

−
1
2

υ𝑇 {𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12) (∇𝑥11

Φ(𝑢11, 𝑢12))
𝑇

+ 𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11𝑥11
Φ(𝑢11, 𝑢12)} υ

−
1
2 υ𝑇 {𝐺′′(Ψ(𝑢11, 𝑢12))∇𝑥11

Ψ(𝑢11, 𝑢12) (∇𝑥11
Ψ(𝑢11, 𝑢12))

𝑇
+ 𝐺′(Ψ(𝑢11, 𝑢12))∇𝑥11𝑥11

Ψ(𝑢11, 𝑢12)} υ
 

 

Subject to 

𝐺(Ψ(𝑢11, 𝑢12)) − 𝑢11
𝑇 [𝐺′(Ψ(𝑢11, 𝑢12))∇𝑥11

Ψ(𝑢11, 𝑢12) +

{𝐺′′(Ψ(𝑢11, 𝑢12))∇𝑥11
Ψ(𝑢11, 𝑢12) (∇𝑥11

Ψ(𝑢11, 𝑢12))
𝑇

+ 𝐺′(Ψ(𝑢11, 𝑢12))∇𝑥11𝑥11
Ψ(𝑢11, 𝑢12)} υ] −

1

2
υ𝑇 [{𝐺′′(Ψ(𝑢11, 𝑢12))∇𝑥11

Ψ(𝑢11, 𝑢12) (∇𝑥11
Ψ(𝑢11, 𝑢12))

𝑇
+ 𝐺′(Ψ(𝑢11, 𝑢12))∇𝑥11𝑥11

Ψ(𝑢11, 𝑢12)} υ]  

[𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12) + {𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥11

Φ(𝑢11, 𝑢12) (∇𝑥11
Φ(𝑢11, 𝑢12))

𝑇
+

𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11𝑥11
Φ(𝑢11, 𝑢12)} υ] − [𝐺(Φ(𝑢11, 𝑢12)) − 𝑢11

𝑇 [𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12) +

{𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12) (∇𝑥11

Φ(𝑢11, 𝑢12))
𝑇

+ 𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11𝑥11
Φ(𝑢11, 𝑢12)} υ]] −

1

2
υ𝑇 [{𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥11

Φ(𝑢11, 𝑢12) (∇𝑥11
Φ(𝑢11, 𝑢12))

𝑇
+ 𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11𝑥11

Φ(𝑢11, 𝑢12)} υ]  

[𝐺′(Ψ(𝑢11, 𝑢12))∇ṣΨ(𝑢11, 𝑢12) + {𝐺′′(Ψ(𝑢11, 𝑢12))∇ṣΨ(𝑢11, 𝑢12) (∇ṣΨ(𝑢11, 𝑢12))
𝑇

+

                                                             𝐺′(Ψ(𝑢11, 𝑢12))∇ṣṣΨ(𝑢11, 𝑢12)} υ] ≤ 0,  

𝑢12 ≥ 0, 
 

where, Φ ∶ 𝑆1 × 𝑆2 → ℛ 𝑎𝑛𝑑 Ψ ∶ 𝑆1 × 𝑆2 → ℛ+ ∖ {0} are differentiable functions. Vectors ξ & υ are in 

ℛ𝑚 & ℛ𝑚 respectively. The aforementioned primal-dual problem can be expressed as: 

 

(ESWP) Minimize r: 
Subject to 
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𝐺(Φ(𝑥11, 𝑥12)) − 𝑥12
𝑇 [𝐺′(Φ(𝑥11, 𝑥12))∇𝑥12

Φ(𝑥11, 𝑥12) +

{𝐺′′(Φ(𝑥11, 𝑥12))∇𝑥12
Φ(𝑥11, 𝑥12) (∇𝑥12

Φ(𝑥11, 𝑥12))
𝑇

+ 𝐺′(Φ(𝑥11, 𝑥12))∇𝑥12𝑥12
Φ(𝑥11, 𝑥12)} ξ] −

𝑟𝐺(Ψ(𝑥11, 𝑥12)) − 𝑥12
𝑇 [𝐺′(Ψ(𝑥11, 𝑥12))∇𝑥12

Ψ(𝑥11, 𝑥12) +

{𝐺′′(Ψ(𝑥11, 𝑥12))∇𝑥12
Ψ(𝑥11, 𝑥12) (∇𝑥12

Ψ(𝑥11, 𝑥12))
𝑇

+ 𝐺′(Ψ(𝑥11, 𝑥12))∇𝑥12𝑥12
Ψ(𝑥11, 𝑥12)} ξ] = 0,  (1) 

𝐺′(Φ(𝑥11, 𝑥12))∇𝑥12
Φ(𝑥11, 𝑥12) + {𝐺′′(Φ(𝑥11, 𝑥12))∇𝑥12

Φ(𝑥11, 𝑥12) (∇𝑥12
Φ(𝑥11, 𝑥12))

𝑇
+

𝐺′(Φ(𝑥11, 𝑥12))∇𝑥12𝑥12
Φ(𝑥11, 𝑥12)} ξ − 𝑟𝐺′(Ψ(𝑥11, 𝑥12))∇𝑥12

Ψ(𝑥11, 𝑥12) +

{𝐺′′(Ψ(𝑥11, 𝑥12))∇𝑥12
Ψ(𝑥11, 𝑥12) (∇𝑥12

Ψ(𝑥11, 𝑥12))
𝑇

+ 𝐺′(Ψ(ṣ, ṭ))∇𝑥12𝑥12
Ψ(ṣ, ṭ)} ξ ≤ 0,                     (2) 

 

𝑥11 ≥ 0.                                                                                                                                                          (3) 

 

 

(ESWD) Minimize z: 

Subject to  

𝐺(Φ(𝑢11, 𝑢12)) − 𝑢11
𝑇 [𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11

Φ(𝑢11, 𝑢12) +

{𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12) (∇𝑥11

Φ(𝑢11, 𝑢12))
𝑇

+ 𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11𝑥11
Φ(𝑢11, 𝑢12)} υ] −

𝑧𝐺(Ψ(𝑢11, 𝑢12)) − 𝑥12
𝑇 [𝐺′(Ψ(𝑢11, 𝑢12))∇𝑥11

Ψ(𝑢11, 𝑢12) +

{𝐺′′(Ψ(𝑢11, 𝑢12))∇𝑥11
Ψ(𝑢11, 𝑢12) (∇𝑥11

Ψ(𝑢11, 𝑢12))
𝑇

+ 𝐺′(Ψ(𝑢11, 𝑢12))∇𝑥11𝑥11
Ψ(𝑢11, 𝑢12)} υ] = 0,        (4) 

𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12) + {𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥11

Φ(𝑢11, 𝑢12) (∇𝑥11
Φ(𝑢11, 𝑢12))

𝑇
+

𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11𝑥11
Φ(𝑢11, 𝑢12)} υ − z𝐺′(Ψ(𝑢11, 𝑢12))∇𝑥11

Ψ(𝑢11, 𝑢12) +

{𝐺′′(Ψ(𝑢11, 𝑢12))∇𝑥11
Ψ(𝑢11, 𝑢12) (∇𝑥11

Ψ(𝑢11, 𝑢12))
𝑇

+ 𝐺′(Ψ(𝑢11, 𝑢12))∇𝑥11𝑥11
Ψ(𝑢11, 𝑢12)} υ ≥ 0,         (5) 

𝑢12 ≥ 0.                                                                                                                                                       (6) 

 

Let set 𝑃0 and 𝑄0 be the set of feasible solution of (ESWP) & (ESWD), respectively. 

 

 

Theorem 3.1 (Weak Duality Theorem). Let (𝑥11, 𝑥12, r, ξ) ∈ 𝑃0 & (𝑢11, 𝑢12, z, υ) ∈ 𝑄0. Let  

(i) Φ(. , 𝑢12) be (𝐺, λ1, 𝜃1)-bonvex and Ψ(. , 𝑢12) be (𝐺, λ2, 𝜃2)-boncave at 𝑢11 for fixed 𝑢12 w.r.t. 𝜂1, 

(ii) Φ(𝑥11, . ) be (𝐺, λ3, 𝜃3)-boncave and Ψ(𝑥11, . ) be (𝐺, λ4, 𝜃4)-bonvex at 𝑥12 for fixed 𝑥11 w.r.t. 𝜂2, 

(iii) 𝜂1(𝑥11, 𝑢11) + 𝑢11 ∈ 𝐶1 and 𝜂2(𝑢12, 𝑥12) + 𝑥12 ∈ 𝐶2, 

(iv) 𝐺(Ψ(𝑥11, 𝑢12)) > 0, 

(v) λ1‖𝜃1(𝑥11, 𝑢11)‖2 − 𝑧λ2‖𝜃2(𝑥11, 𝑢11)‖2 ≥ 0, 

(vi) λ3‖𝜃3(𝑥11, 𝑢11)‖2 − 𝑟λ4‖𝜃4(𝑥11, 𝑢11)‖2 ≤ 0. 

Then, 𝑟 ≥ 𝑧. 

 

Proof: Using hypothesis (i), we get 
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𝐺(Φ(𝑥11, 𝑢12)) − 𝐺(Φ(𝑢11, 𝑢12)) +
1

2
υ𝑇 [{𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥11

Φ(𝑢11, 𝑢12) (∇𝑥11
Φ(𝑢11, 𝑢12))

𝑇
+

𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11𝑥11
Φ(𝑢11, 𝑢12)} υ] ≥ 𝜂1

𝑇(𝑥11, 𝑢11) [𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12) +

{𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12) (∇𝑥11

Φ(𝑢11, 𝑢12))
𝑇

+ 𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11𝑥11
Φ(𝑢11, 𝑢12)} υ] +

                                                         λ1‖𝜃1(𝑥11, 𝑢11)‖2,                                (7) 

and 

 

−𝐺(Ψ(𝑥11, 𝑢12)) + 𝐺(Ψ(𝑢11, 𝑢12)) −
1

2
υ𝑇 [{𝐺′′(Ψ(𝑢11, 𝑢12))∇𝑥11

Ψ(𝑢11, 𝑢12) (∇𝑥11
Ψ(𝑢11, 𝑢12))

𝑇
+

𝐺′(Ψ(𝑢11, 𝑢12))∇𝑥11𝑥11
Ψ(𝑢11, 𝑢12)} υ] ≥ −𝜂1

𝑇(𝑥11, 𝑢11) [𝐺′(Ψ(𝑢11, 𝑢12))∇𝑥11
Ψ(𝑢11, 𝑢12) +

{𝐺′′(Ψ(𝑢11, 𝑢12))∇𝑥11
Ψ(𝑢11, 𝑢12) (∇𝑥11

Ψ(𝑢11, 𝑢12))
𝑇

+ 𝐺′(Ψ(𝑢11, 𝑢12))∇𝑥11𝑥11
Ψ(𝑢11, 𝑢12)} υ] −

                                                       λ2‖𝜃2(𝑥11, 𝑢11)‖2.                          (8) 

 

Inequality (8) Multiplying by z and combining with (7), we have 

𝐺(Φ(𝑥11, 𝑢12)) − 𝑧𝐺(Ψ(𝑥11, 𝑢12)) − 𝐺(Φ(𝑢11, 𝑢12)) + 𝑧𝐺(Ψ(𝑢11, 𝑢12)) +
1

2
υ𝑇 [{𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥11

Φ(𝑢11, 𝑢12) (∇𝑥11
Φ(𝑢11, 𝑢12))

𝑇
+ 𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11𝑥11

Φ(𝑢11, 𝑢12)} −

𝑧 {𝐺′′(Ψ(𝑢11, 𝑢12))∇𝑥11
Ψ(𝑢11, 𝑢12) (∇𝑥11

Ψ(𝑢11, 𝑢12))
𝑇

+ 𝐺′(Ψ(𝑢11, 𝑢12))∇𝑥11𝑥11
Ψ(𝑢11, 𝑢12)}] υ ≥  

𝜂1
𝑇(𝑥11, 𝑢11) [𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11

Φ(𝑢11, 𝑢12) +

{𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12) (∇𝑥11

Φ(𝑢11, 𝑢12))
𝑇

+ 𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11𝑥11
Φ(𝑢11, 𝑢12)} −

z {𝐺′(Ψ(𝑢11, 𝑢12))∇𝑥11
Ψ(𝑢11, 𝑢12) + {𝐺′′(Ψ(𝑢11, 𝑢12))∇𝑥11

Ψ(𝑢11, 𝑢12) (∇𝑥11
Ψ(𝑢11, 𝑢12))

𝑇
+

𝐺′(Ψ(𝑢11, 𝑢12))∇𝑥11𝑥11
Ψ(𝑢11, 𝑢12)}}] υ + λ1‖𝜃1(𝑥11, 𝑢11)‖2 − 𝑧λ2‖𝜃2(𝑥11, 𝑢11)‖2,  

 

Use hypothesis (v), the aforementioned inequality follows that  

 

𝐺(Φ(𝑥11, 𝑢12)) − 𝑧𝐺(Ψ(𝑥11, 𝑢12)) − 𝐺(Φ(𝑢11, 𝑢12)) + 𝑧𝐺(Ψ(𝑢11, 𝑢12)) +
1

2
υ𝑇 [{𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥11

Φ(𝑢11, 𝑢12) (∇𝑥11
Φ(𝑢11, 𝑢12))

𝑇
+ 𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11𝑥11

Φ(𝑢11, 𝑢12)} −

𝑧 {𝐺′′(Ψ(𝑢11, 𝑢12))∇𝑥11
Ψ(𝑢11, 𝑢12) (∇𝑥11

Ψ(𝑢11, 𝑢12))
𝑇

+ 𝐺′(Ψ(𝑢11, 𝑢12))∇𝑥11𝑥11
Ψ(𝑢11, 𝑢12)}] υ ≥

𝜂1
𝑇(𝑥11, 𝑢11) [𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11

Φ(𝑢11, 𝑢12) − 𝑧 {𝐺′(Ψ(𝑢11, 𝑢12))∇𝑥11
Ψ(𝑢11, 𝑢12) +

{𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12) (∇𝑥11

Φ(𝑢11, 𝑢12))
𝑇

+ 𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11𝑥11
Φ(𝑢11, 𝑢12)} +

{𝐺′′(Ψ(𝑢11, 𝑢12))∇𝑥11
Ψ(𝑢11, 𝑢12) (∇𝑥11

Ψ(𝑢11, 𝑢12))
𝑇

+ 𝐺′(Ψ(𝑢11, 𝑢12))∇𝑥11𝑥11
Ψ(𝑢11, 𝑢12)} υ}].     (9) 

 

Next by hypothesis (ii), gives 
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−𝐺(Φ(𝑥11, 𝑢12)) − 𝐺(Φ(𝑥11, 𝑥12)) −
1

2
ξ𝑇 [{𝐺′′(Φ(𝑥11, 𝑥12))∇𝑥12

Φ(𝑥11, 𝑥12) (∇𝑥12
Φ(𝑥11, 𝑥12))

𝑇
+

𝐺′(Φ(𝑥11, 𝑥12))∇𝑥12𝑥12
Φ(𝑥11, 𝑥12)}] ξ ≥ −𝜂2

𝑇(𝑢12, 𝑥12) [𝐺′(Φ(𝑥11, 𝑥12))∇𝑥12
Φ(𝑥11, 𝑥12) +

{𝐺′′(Φ(𝑥11, 𝑥12))∇𝑥12
Φ(𝑥11, 𝑥12) (∇𝑥12

Φ(𝑥11, 𝑥12))
𝑇

+ 𝐺′(Φ(𝑥11, 𝑥12))∇𝑥12𝑥12
Φ(𝑥11, 𝑥12)} ξ] −

                                                           λ3‖𝜃3(𝑢12, 𝑥12)‖2.                         (10) 

and  

𝐺(Ψ(𝑥11, 𝑢12)) + 𝐺(Ψ(𝑥11, 𝑥12)) +
1

2
ξ𝑇 [{𝐺′′(Ψ(𝑥11, 𝑥12))∇𝑥12

Ψ(𝑥11, 𝑥12) (∇𝑥12
Ψ(𝑥11, 𝑥12))

𝑇
+

𝐺′(Ψ(𝑥11, 𝑥12))∇𝑥12𝑥12
Ψ(𝑥11, 𝑥12)}] ξ ≥ 𝜂2

𝑇(𝑢12, 𝑥12) [𝐺′(Ψ(𝑥11, 𝑥12))∇𝑥12
Ψ(𝑥11, 𝑥12) +

{𝐺′′(Ψ(𝑥11, 𝑥12))∇𝑥12
Ψ(𝑥11, 𝑥12) (∇𝑥12

Ψ(𝑥11, 𝑥12))
𝑇

+ 𝐺′(Ψ(𝑥11, 𝑥12))∇𝑥12𝑥12
Ψ(𝑥11, 𝑥12)} ξ] +

                                                           λ4‖𝜃4(𝑢12, 𝑥12)‖2.                         (11) 

 

Multiplying r in inequality (11) and combining with inequality (10) then, we get 

−𝐺(Φ(𝑥11, 𝑢12)) + 𝑟𝐺(Ψ(𝑥11, 𝑢12)) − 𝐺(Φ(𝑥11, 𝑥12)) + 𝑟𝐺(Ψ(𝑥11, 𝑥12)) −
1

2
ξ𝑇 [{𝐺′′(Φ(𝑥11, 𝑥12))∇𝑥12

Φ(𝑥11, 𝑥12) (∇𝑥12
Φ(𝑥11, 𝑥12))

𝑇
+ 𝐺′(Φ(𝑥11, 𝑥12))∇𝑥12𝑥12

Φ(𝑥11, 𝑥12)} −

𝑟 {𝐺′′(Ψ(𝑥11, 𝑥12))∇𝑥12
Ψ(𝑥11, 𝑥12) (∇𝑥12

Ψ(𝑥11, 𝑥12))
𝑇

+ 𝐺′(Ψ(𝑥11, 𝑥12))∇𝑥12𝑥12
Ψ(𝑥11, 𝑥12)}] ξ ≥

−𝜂2
𝑇(𝑢12, 𝑥12) [𝐺′(Φ(𝑥11, 𝑥12))∇𝑥12

Φ(𝑥11, 𝑥12) − 𝑟{𝐺′(Ψ(𝑥11, 𝑥12))∇𝑥12
Ψ(𝑥11, 𝑥12)} +

{𝐺′′(Φ(𝑥11, 𝑥12))∇𝑥12
Φ(𝑥11, 𝑥12) (∇𝑥12

Φ(𝑥11, 𝑥12))
𝑇

+ 𝐺′(Φ(𝑥11, 𝑥12))∇𝑥12𝑥12
Φ(𝑥11, 𝑥12)} ξ −

𝑟 {𝐺′′(Ψ(𝑥11, 𝑥12))∇𝑥12
Ψ(𝑥11, 𝑥12) (∇𝑥12

Ψ(𝑥11, 𝑥12))
𝑇

+ 𝐺′(Ψ(𝑥11, 𝑥12))∇𝑥12𝑥12
Ψ(𝑥11, 𝑥12)} ξ] −

                                                          λ3‖𝜃3(𝑢12, 𝑥12)‖2 + λ4‖𝜃4(𝑢12, 𝑥12)‖2.                       (12) 

 

The inequality above indicates that under hypothesis (vi), 

−𝐺(Φ(𝑥11, 𝑢12)) + 𝑟𝐺(Ψ(𝑥11, 𝑢12)) − 𝐺(Φ(𝑥11, 𝑥12)) + 𝑟𝐺(Ψ(𝑥11, 𝑥12)) −
1

2
ξ𝑇 [{𝐺′′(Φ(𝑥11, 𝑥12))∇𝑥12

Φ(𝑥11, 𝑥12) (∇𝑥12
Φ(𝑥11, 𝑥12))

𝑇
+ 𝐺′(Φ(𝑥11, 𝑥12))∇𝑥12𝑥12

Φ(𝑥11, 𝑥12)} −

𝑟 {𝐺′′(Ψ(𝑥11, 𝑥12))∇𝑥12
Ψ(𝑥11, 𝑥12) (∇𝑥12

Ψ(𝑥11, 𝑥12))
𝑇

+ 𝐺′(Ψ(𝑥11, 𝑥12))∇𝑥12𝑥12
Ψ(𝑥11, 𝑥12)}] ξ ≥

−𝜂2
𝑇(𝑢12, 𝑥12) [𝐺′(Φ(𝑥11, 𝑥12))∇𝑥12

Φ(𝑥11, 𝑥12) − 𝑟{𝐺′(Ψ(𝑥11, 𝑥12))∇𝑥12
Ψ(𝑥11, 𝑥12)} +

{𝐺′′(Φ(𝑥11, 𝑥12))∇𝑥12
Φ(𝑥11, 𝑥12) (∇𝑥12

Φ(𝑥11, 𝑥12))
𝑇

+ 𝐺′(Φ(𝑥11, 𝑥12))∇𝑥12𝑥12
Φ(𝑥11, 𝑥12)} ξ −

𝑟 {𝐺′′(Ψ(𝑥11, 𝑥12))∇𝑥12
Ψ(𝑥11, 𝑥12) (∇𝑥12

Ψ(𝑥11, 𝑥12))
𝑇

+ 𝐺′(Ψ(𝑥11, 𝑥12))∇𝑥12𝑥12
Ψ(𝑥11, 𝑥12)} ξ].     (13) 

 

On adding inequalities (9) and (13), we have 

𝐺(Φ(𝑥11, 𝑢12)) − 𝑧𝐺(Ψ(𝑥11, 𝑢12)) − 𝐺(Φ(𝑥11, 𝑥12)) + 𝑧𝐺(Ψ(𝑥11, 𝑥12)) +
1

2
υ𝑇 [{𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥11

Φ(𝑢11, 𝑢12) (∇𝑥11
Φ(𝑢11, 𝑢12))

𝑇
+ 𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11𝑥11

Φ(𝑢11, 𝑢12)} −

𝑧 {𝐺′′(Ψ(𝑢11, 𝑢12))∇𝑥11
Ψ(𝑢11, 𝑢12) (∇𝑥11

Ψ(𝑢11, 𝑢12))
𝑇

+ 𝐺′(Ψ(𝑢11, 𝑢12))∇𝑥11𝑥11
Ψ(𝑢11, 𝑢12)}] υ −
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𝐺(Φ(𝑥11, 𝑢12)) + 𝑟𝐺(Ψ(𝑥11, 𝑢12)) − 𝐺(Φ(𝑥11, 𝑥12)) + 𝑟𝐺(Ψ(𝑥11, 𝑥12)) −
1

2
ξ𝑇 [{𝐺′′(Φ(𝑥11, 𝑥12))∇𝑥12

Φ(𝑥11, 𝑥12) (∇𝑥12
Φ(𝑥11, 𝑥12))

𝑇
+ 𝐺′(Φ(𝑥11, 𝑥12))∇𝑥12𝑥12

Φ(𝑥11, 𝑥12)} −

𝑟 {𝐺′′(Ψ(𝑥11, 𝑥12))∇𝑥12
Ψ(𝑥11, 𝑥12) (∇𝑥12

Ψ(𝑥11, 𝑥12))
𝑇

+ 𝐺′(Ψ(𝑥11, 𝑥12))∇𝑥12𝑥12
Ψ(𝑥11, 𝑥12)}] ξ ≥

𝜂1
𝑇(𝑥11, 𝑢11) [𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11

Φ(𝑢11, 𝑢12) − 𝑧 {𝐺′(Ψ(𝑢11, 𝑢12))∇𝑥11
Ψ(𝑢11, 𝑢12) +

{𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12) (∇𝑥11

Φ(𝑢11, 𝑢12))
𝑇

+ 𝐺′(Φ𝑢11, 𝑢12)∇𝑥11𝑥11
Φ(𝑢11, 𝑢12)} +

{𝐺′′(Ψ(𝑢11, 𝑢12))∇𝑥11
Ψ(𝑢11, 𝑢12) (∇𝑥11

Ψ(𝑢11, 𝑢12))
𝑇

+

𝐺′(Ψ(𝑢11, 𝑢12))∇𝑥11𝑥11
Ψ(𝑢11, 𝑢12)} υ}] −𝜂2

𝑇(𝑢12, 𝑥12) [𝐺′(Φ(𝑥11, 𝑥12))∇𝑥12
Φ(𝑥11, 𝑥12) −

𝑟{𝐺′(Ψ(𝑥11, 𝑥12))∇𝑥12
Ψ(𝑥11, 𝑥12)} + {𝐺′′(Φ(𝑥11, 𝑥12))∇𝑥12

Φ(𝑥11, 𝑥12) (∇𝑥12
Φ(𝑥11, 𝑥12))

𝑇
+

𝐺′(Φ(𝑥11, 𝑥12))∇𝑥12𝑥12
Φ(𝑥11, 𝑥12)} ξ − 𝑟 {𝐺′′(Ψ(𝑥11, 𝑥12))∇𝑥12

Ψ(𝑥11, 𝑥12) (∇𝑥12
Ψ(𝑥11, 𝑥12))

𝑇
+

                                𝐺′(Ψ(𝑥11, 𝑥12))∇𝑥12𝑥12
Ψ(𝑥11, 𝑥12)} ξ].                                                                          (14) 

 

Using hypothesis (iii) and constraint (5), we get 

(𝜂1(𝑥11, 𝑢11) + 𝑢11)𝑇 [𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12) +

{𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12) (∇𝑥11

Φ(𝑢11, 𝑢12))
𝑇

+ 𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11𝑥11
Φ(𝑢11, 𝑢12)} υ −

z𝐺′(Ψ(𝑢11, 𝑢12))∇𝑥11
Ψ(𝑢11, 𝑢12) + {𝐺′′(Ψ(𝑢11, 𝑢12))∇𝑥11

Ψ(𝑢11, 𝑢12) (∇𝑥11
Ψ(𝑢11, 𝑢12))

𝑇
+

                              𝐺′(Ψ(𝑢11, 𝑢12))∇𝑥11𝑥11
Ψ(𝑢11, 𝑢12)} υ] ≥ 0,  

or  

(𝜂1(𝑥11, 𝑢11))𝑇 [𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12) +

{𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12) (∇𝑥11

Φ(𝑢11, 𝑢12))
𝑇

+ 𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11𝑥11
Φ(𝑢11, 𝑢12)} υ −

z𝐺′(Ψ(𝑢11, 𝑢12))∇𝑥11
Ψ(𝑢11, 𝑢12) + {𝐺′′(Ψ(𝑢11, 𝑢12))∇𝑥11

Ψ(𝑢11, 𝑢12) (∇𝑥11
Ψ(𝑢11, 𝑢12))

𝑇
+

𝐺′(Ψ(𝑢11, 𝑢12))∇𝑥11𝑥11
Ψ(𝑢11, 𝑢12)} υ] ≥ −ṿ𝑇 [𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11

Φ(𝑢11, 𝑢12) +

{𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥11
Φ(𝑢11, 𝑢12) (∇𝑥11

Φ(𝑢11, 𝑢12))
𝑇

+ 𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11𝑥11
Φ(𝑢11, 𝑢12)} υ −

z𝐺′(Ψ(𝑢11, 𝑢12))∇𝑥11
Ψ(𝑢11, 𝑢12) + {𝐺′′(Ψ(𝑢11, 𝑢12))∇𝑥11

Ψ(𝑢11, 𝑢12) (∇𝑥11
Ψ(𝑢11, 𝑢12))

𝑇
+

                             𝐺′(Ψ(𝑢11, 𝑢12))∇𝑥11𝑥11
Ψ(𝑢11, 𝑢12)} υ].                                                                         (15) 

 

Similarly using inequality (2) and hypothesis (iii), we get 

−(𝜂2(𝑢12, 𝑥12) + 𝑥12)𝑇 [𝐺′(Φ(𝑥11, 𝑥12))∇𝑥12
Φ(𝑥11, 𝑥12) +

{𝐺′′(Φ(𝑥11, 𝑥12))∇𝑥12
Φ(𝑥11, 𝑥12) (∇𝑥12

Φ(𝑥11, 𝑥12))
𝑇

+ 𝐺′(Φ(𝑥11, 𝑥12))∇𝑥12𝑥12
Φ(𝑥11, 𝑥12)} ξ −
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𝑟𝐺′(Ψ(𝑥11, 𝑥12))∇𝑥12
Ψ(𝑥11, 𝑥12) + {𝐺′′(Ψ(𝑥11, 𝑥12))∇𝑥12

Ψ(𝑥11, 𝑥12) (∇𝑥12
Ψ(𝑥11, 𝑥12))

𝑇
+

                            𝐺′(Ψ(𝑥11, 𝑥12))∇𝑥12𝑥12
Ψ(𝑥11, 𝑥12)} ξ] ≥ 0,  

or  

−(𝜂2(𝑢12, 𝑥12))𝑇 [𝐺′(Φ(𝑥11, 𝑥12))∇𝑥12
Φ(𝑥11, 𝑥12) +

{𝐺′′(Φ(𝑥11, 𝑥12))∇𝑥12
Φ(𝑥11, 𝑥12) (∇𝑥12

Φ(𝑥11, 𝑥12))
𝑇

+ 𝐺′(Φ(𝑥11, 𝑥12))∇𝑥12𝑥12
Φ(𝑥11, 𝑥12)} ξ −

𝑟𝐺′(Ψ(𝑥11, 𝑥12))∇𝑥12
Ψ(𝑥11, 𝑥12) + {𝐺′′(Ψ(𝑥11, 𝑥12))∇𝑥12

Ψ(𝑥11, 𝑥12) (∇𝑥12
Ψ(𝑥11, 𝑥12))

𝑇
+

𝐺′(Ψ(𝑥11, 𝑥12))∇𝑥12𝑥12
Ψ(𝑥11, 𝑥12)} ξ] ≥ 𝑥12

𝑇 [𝐺′(Φ(𝑥11, 𝑥12))∇𝑥12
Φ(𝑥11, 𝑥12) +

{𝐺′′(Φ(𝑥11, 𝑥12))∇𝑥12
Φ(𝑥11, 𝑥12) (∇𝑥12

Φ(𝑥11, 𝑥12))
𝑇

+ 𝐺′(Φ(𝑥11, 𝑥12))∇𝑥12𝑥12
Φ(𝑥11, 𝑥12)} ξ −

𝑟𝐺′(Ψ(𝑥11, 𝑥12))∇𝑥12
Ψ(𝑥11, 𝑥12) + {𝐺′′(Ψ(𝑥11, 𝑥12))∇𝑥12

Ψ(𝑥11, 𝑥12) (∇𝑥12
Ψ(𝑥11, 𝑥12))

𝑇
+

                          𝐺′(Ψ(𝑥11, 𝑥12))∇𝑥12𝑥12
Ψ(𝑥11, 𝑥12)} ξ] ≥ 0.                                    (16) 

 

From inequalities (14), (15) and (16), we get 

𝐺(Φ(𝑥12, 𝑢12)) − 𝑧𝐺(Ψ(𝑥12, 𝑢12)) − 𝐺(Φ(𝑥11, 𝑥12)) + 𝑧𝐺(Ψ(𝑥11, 𝑥12)) +
1

2
υ𝑇 [{𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥11

Φ(𝑢11, 𝑢12) (∇𝑥11
Φ(𝑢11, 𝑢12))

𝑇
+

𝐺′(Φ(𝑢11, 𝑢12))∇𝑥11𝑥11
Φ(𝑢11, 𝑢12)}] υ − 𝐺(Φ(𝑥11, 𝑢12)) + 𝑟𝐺(Ψ(𝑥11, 𝑢12)) − 𝐺(Φ(𝑥11, 𝑥12)) +

𝑟𝐺(Ψ(𝑥11, 𝑥12)) −
1

2
ξ𝑇 [{𝐺′′(Φ(𝑥11, 𝑥12))∇𝑥12

Φ(𝑥11, 𝑥12) (∇𝑥12
Φ(𝑥11, 𝑥12))

𝑇
+

𝐺′(Φ(𝑥11, 𝑥12))∇𝑥12𝑥12
Φ(𝑥11, 𝑥12)} − 𝑟 {𝐺′′(Ψ(𝑥11, 𝑥12))∇𝑥12

Ψ(𝑥11, 𝑥12) (∇𝑥12
Ψ(𝑥11, 𝑥12))

𝑇
+

𝐺′(Ψ(𝑥11, 𝑥12))∇𝑥12𝑥12
Ψ(𝑥11, 𝑥12)}] ξ ≥ −𝑢11

𝑇 [𝐺′(Φ(𝑢11, 𝑢12))∇𝑥12
Φ(𝑢11, 𝑢12) +

{𝐺′′(Φ(𝑢11, 𝑢12))∇𝑥12
Φ(𝑢11, 𝑢12) (∇𝑥12

Φ(𝑢11, 𝑢12))
𝑇

+ 𝐺′(Φ(𝑢11, 𝑢12))∇𝑥12𝑥12
Φ(𝑢11, 𝑢12)} . υ −

z𝐺′(Ψ(𝑢11, 𝑢12))∇𝑥12
Ψ(𝑢11, 𝑢12) + {𝐺′′(Ψ(𝑢11, 𝑢12))∇𝑥12

Ψ(𝑢11, 𝑢12) (∇𝑥12
Ψ(𝑢11, 𝑢12))

𝑇
+

𝐺′(Ψ(𝑢11, 𝑢12))∇𝑥12𝑥12
Ψ(𝑢11, 𝑢12)} υ] + 𝐺′(Φ(𝑥11, 𝑥12))∇𝑥12𝑥12

Φ(𝑥11, 𝑥12) −

𝑟{𝐺′(Ψ(𝑥11, 𝑥12))∇𝑥12
Ψ(𝑥11, 𝑥12)} + {𝐺′′(Ψ(𝑥11, 𝑥12))∇𝑥12

Ψ(𝑥11, 𝑥12) (∇𝑥12
Ψ(𝑥11, 𝑥12))

𝑇
+

𝐺′(Ψ(𝑥11, 𝑥12))∇𝑥12𝑥12
Ψ(𝑥11, 𝑥12)} ξ.  

 

Using equations (1) and (4), it follows that 

(𝑟 − 𝑧)𝐺(Ψ(𝑥11, 𝑢12)) ≥ 0. 
 

By using hypothesis (iv), this gives 

𝑟 ≥ 𝑧. 
Hence, the result. 
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Remark 3.1 Due to the fact that all bonvex functions are pseudobonvex. Similarly, can say every 
(G, λ, θ) −bonvex function is (G, λ, θ) −pseudobonvex, consequently, the aforementioned weak duality 

theorem follows in a similar path. 

 

Theorem 3.2 (Weak Duality Theorem). Let (𝑥11, 𝑥12, 𝑟, ξ) ∈ 𝑃0 𝑎𝑛𝑑 (𝑥11, 𝑥12, z, υ) ∈ 𝑄0. Let  

(i) Φ(. , 𝑢12) be (𝐺, λ1, 𝜃1)- pseudobonvex and Ψ(. , 𝑢12) be (𝐺, λ2, 𝜃2)-pseudoboncave at 𝑢11 for 

fixed 𝑢12 with respect to 𝜂1, 

(ii) Φ(𝑥11, . ) be (𝐺, λ3, 𝜃3)- pseudoboncave and Ψ(𝑥11, . ) be (𝐺, λ4, 𝜃4)- pseudobonvex at 𝑥12 for 

fixed 𝑥11 with respect to 𝜂2, 

(iii) 𝜂1(𝑥11, 𝑢11) +  𝑢11 ∈ 𝐶1 and 𝜂2(𝑢12, 𝑥12) + 𝑥12 ∈ 𝐶2, 

(iv) 𝐺(Ψ(𝑥11, 𝑢12) > 0, 
(v) (λ1‖𝜃1(𝑥11, 𝑢11)‖2 − 𝑧λ2‖𝜃2(𝑥11, 𝑢11)‖2 ≥ 0, 

(vi) (λ3‖𝜃3(𝑥11, 𝑢11)‖2 − 𝑟λ4‖𝜃4(𝑥11, 𝑢11)‖2 ≤ 0. 

Then, 𝑟 ≥ 𝑧. 

 

Proof: This proof adheres to the similar framework as theorem 3.1. 

 

Theorem 3.3 (Strong Duality Theorem). Assume the function Φ & Ψ be differentiable and (x̅11, x̅12, 𝑟̅, ξ̅) 

be an optimal solution of (ESWP). Consider 

(i) [{𝐺′′(Φ(x̅11, x̅12))∇𝑥12
Φ(x̅11, x̅12) (∇𝑥12

Φ(x̅11, x̅12))
𝑇

+ 𝐺′(Φ(x̅11, x̅12))∇𝑥12𝑥12
Φ(x̅11, x̅12)} −

𝑟̅ {𝐺′′(Ψ(x̅11, x̅12)) (∇𝑥12
Ψ(x̅11, x̅12)) (∇𝑥12

Ψ(x̅11, x̅12))
𝑇

+ 𝐺′(Ψ(x̅11, x̅12))∇𝑥12𝑥12
Ψ(x̅11, x̅12)}] is 

non-singular, 

(ii) x̅11
𝑇𝐺′(Ψ(x̅11, x̅12))∇𝑥11

Ψ(x̅11, x̅12) − x̅12
𝑇𝐺′(Ψ(x̅11, x̅12))∇𝑥12

Ψ(x̅11, x̅12) (𝐺(Φ(x̅11, x̅12))) +

x̅12
𝑇𝐺′(Φ(x̅11, x̅12)) (∇𝑥12

Φ(x̅11, x̅12)) − x̅11
𝑇𝐺′(Φ(x̅11, x̅12))∇𝑥11

Φ(x̅11, x̅12) (𝐺(Ψ(x̅11, x̅12))) =

0, 
(iii)  The equality 

ξ̅𝑇 [∇𝑥12
{𝐺′′(Φ(x̅11, x̅12)) (∇𝑥12

Φ(x̅11, x̅12)) (∇𝑥12
Φ(x̅11, x̅12))

𝑇

+ 𝐺′(Φ(x̅11, x̅12))∇𝑥12𝑥12
Φ(x̅11, x̅12)} ξ̅

− 𝑟̅ {𝐺′′(Ψ(x̅11, x̅12)) (∇𝑥12
Ψ(x̅11, x̅12)) (∇𝑥12

Ψ(x̅11, x̅12))
𝑇

+ 𝐺′(Ψ(x̅11, x̅12))∇𝑥12𝑥12
Ψ(x̅11, x̅12)} ξ̅] = 0, 

⇒          ξ̅ = 0.  
Then, (x̅11, x̅12, 𝑟̅, υ̅) ∈ 𝑄0 and objective values of (ESWP) & (ESWD) are equal. Additionally, the solution 

(x̅11, x̅12, 𝑟̅, υ̅) = 0) is the optimal for the weak duality theorem if all of its hypotheses are met (ESWP).  

 

Proof: Since primal problem (ESWP) has the optimal solution (x̅11, x̅12, 𝑟̅, ξ̅), 𝛼 ∈ ℛ, 𝛽 ∈ ℛ, 𝛾 ∈ ℛ𝑚, 𝜇 ∈
ℛ𝑛 so the following necessary conditions of Fritz-John (John, 1948) are met at (x̅11, x̅12, 𝑟̅, ξ̅): 

 

[𝛽 (𝐺′(Φ(x̅11, x̅12))∇𝑥11
Φ(x̅11, x̅12)) − 𝑟̅𝐺′(Ψ(x̅11, x̅12))∇𝑥12

Ψ(x̅11, x̅12) + ( 𝛾 −

𝛽x̅12)𝑇 (𝐺′′(Φ(x̅11, x̅12)) (∇𝑥12
Φ(x̅11, x̅12)) ∇𝑥11

Φ(x̅11, x̅12)) + 𝐺′(Φ(x̅11, x̅12))∇𝑥12𝑥11
Φ(x̅11, x̅12) −
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𝑟̅ {𝐺′′(Ψ(x̅11, x̅12)) (∇𝑥12
Ψ(x̅11, x̅12)) ∇𝑥11

Ψ(x̅11, x̅12) + 𝐺′(Ψ(x̅11, x̅12))∇𝑥12𝑥11
Ψ(x̅11, x̅12)}] + (𝛾 −

𝛽x̅12 −
𝛽ξ̅

2
) [∇𝑥11

{𝐺′′(Φ(x̅11, x̅12))∇𝑥12
Φ(x̅11, x̅12) (∇𝑥12

Φ(x̅11, x̅12))
𝑇

+

𝐺′(Φ(x̅11, x̅12))∇𝑥12𝑥12
Φ(x̅11, x̅12)} ξ̅ − 𝑟̅ {𝐺′′(Ψ(x̅11, x̅12))∇𝑥12

Ψ(x̅11, x̅12) (∇𝑥12
Ψ(x̅11, x̅12))

𝑇
+

                                     𝐺′(Ψ(x̅11, x̅12))∇𝑥12𝑥12
Ψ(x̅11, x̅12)} ξ̅] = 𝜇.           (17) 

 

( 𝛾 − 𝛽x̅12 − 𝛽ξ̅)
𝑇

[{𝐺′′(Φ(x̅11, x̅12))∇𝑥12
Φ(x̅11, x̅12) (∇𝑥12

Φ(x̅11, x̅12))
𝑇

+

𝐺′(Φ(x̅11, x̅12))∇𝑥12𝑥12
Φ(x̅11, x̅12)} − 𝑟̅ {𝐺′′(Ψ(x̅11, x̅12))∇𝑥12

Ψ(x̅11, x̅12) (∇𝑥12
Ψ(x̅11, x̅12))

𝑇
+

𝐺′(Ψ(x̅11, x̅12))∇𝑥12𝑥12
Ψ(x̅11, x̅12)} ξ̅] + (𝛾 − 𝛽x̅12 −

𝛽ξ̅

2
) [∇𝑥12

{𝐺′′(Ψ(x̅11, x̅12))∇𝑥12
Ψ(x̅11, x̅12) (∇𝑥12

Ψ(x̅11, x̅12))
𝑇

+

𝐺′(Ψ(x̅11, x̅12))∇𝑥12𝑥12
Ψ(x̅11, x̅12)} ξ̅ − 𝑟̅ {𝐺′′(Ψ(x̅11, x̅12))∇𝑥12

Ψ(x̅11, x̅12) (∇𝑥12
Ψ(x̅11, x̅12))

𝑇
+

𝐺′(Ψ(x̅11, x̅12))∇𝑥12𝑥12
Ψ(x̅11, x̅12)} ξ̅] = 0,                                                                                                (18) 

 

𝛾𝑇 [𝐺′(Φ(x̅11, x̅12))∇𝑥12
Φ(x̅11, x̅12) − 𝑟̅𝐺′(Ψ(x̅11, x̅12))∇𝑥12

Ψ(x̅11, x̅12) +

{𝐺′′(Φ(x̅11, x̅12))∇𝑥12
Φ(x̅11, x̅12) (∇𝑥12

Φ(x̅11, x̅12))
𝑇

+ 𝐺′(Φ(x̅11, x̅12))∇𝑥12𝑥12
Φ(x̅11, x̅12)} ξ̅ −

𝑟̅ {𝐺′′(Ψ(x̅11, x̅12))∇𝑥12
Ψ(x̅11, x̅12) (∇𝑥12

Ψ(x̅11, x̅12))
𝑇

+ 𝐺′(Ψ(x̅11, x̅12))∇𝑥12𝑥12
Ψ(x̅11, x̅12)} ξ̅] = 0,      (19) 

 

𝛼 − 𝛽 [𝐺(Φ(x̅11, x̅12)) − x̅12
𝑇𝐺′(Φ(x̅11, x̅12))∇𝑥12

Φ(x̅11, x̅12) +

{𝐺′′(Ψ(x̅11, x̅12))∇𝑥12
Ψ(x̅11, x̅12) (∇𝑥12

Ψ(x̅11, x̅12))
𝑇

+ 𝐺′(Ψ(x̅11, x̅12))∇𝑥12𝑥12
Ψ(x̅11, x̅12)} ξ̅ −

ξ̅

2
{𝐺′′(Ψ(x̅11, x̅12))∇𝑥12

Ψ(x̅11, x̅12) (∇𝑥12
Ψ(x̅11, x̅12))

𝑇
+ 𝐺′(Ψ(x̅11, x̅12))∇𝑥12𝑥12

Ψ(x̅11, x̅12)} ξ̅] −

𝛾 [𝐺′(Ψ(x̅11, x̅12))∇𝑥12
Ψ(x̅11, x̅12) + {𝐺′′(Ψ(x̅11, x̅12))∇𝑥12

Ψ(x̅11, x̅12) (∇𝑥12
Ψ(x̅11, x̅12))

𝑇
+

                                 𝐺′(Ψ(x̅11, x̅12))∇𝑥12𝑥12
Ψ(x̅11, x̅12)} ξ̅] = 0,            (20) 

 

( 𝛾 − 𝛽x̅12 − 𝛽ξ̅)
𝑇

[{𝐺′′(Φ(x̅11, x̅12))∇𝑥12
Φ(x̅11, x̅12) (∇𝑥12

Φ(x̅11, x̅12))
𝑇

+

𝐺′(Φ(x̅11, x̅12))∇𝑥12𝑥12
Φ(x̅11, x̅12)} − 𝑟̅ {𝐺′′(Ψ(x̅11, x̅12))∇𝑥12

Ψ(x̅11, x̅12) (∇𝑥12
Ψ(x̅11, x̅12))

𝑇
+

                                 𝐺′(Ψ(x̅11, x̅12))∇𝑥12𝑥12
Ψ(x̅11, x̅12)}] = 0,            (21) 

 

𝜇𝑇x̅11 = 0,                                                                             (22) 

 
(𝛼, 𝛽, 𝛾, 𝜇) ≠ 0, (𝛼, 𝛽, 𝛾, 𝜇) ≥ 0.                                       (23) 
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Since  

[{𝐺′′(Φ(x̅11, x̅12))∇𝑥12
Φ(x̅11, x̅12) (∇𝑥12

Φ(x̅11, x̅12))
𝑇

+ 𝐺′(Φ(x̅11, x̅12))∇𝑥12𝑥12
Φ(x̅11, x̅12)} −

𝑟̅ {𝐺′′(Ψ(x̅11, x̅12))∇𝑥12
Ψ(x̅11, x̅12) (∇𝑥12

Ψ(x̅11, x̅12))
𝑇

+ 𝐺′(Ψ(x̅11, x̅12))∇𝑥12𝑥12
Ψ(x̅11, x̅12)}]  

is non-singular, then from (21), we get 

  
𝛾 = 𝛽x̅12 + 𝛽ξ̅.                                                                                                                                          (24) 

 

Next, we want to demonstrate that 𝛽 ≠ 0. If it's possible, assume that 𝛽 = 0, in that case from (24), we get 

𝛾 = 0. From (20), we have 𝛼 = 0, which contradicts equation (23). This combined with (17), then we get 

𝜇 = 0. Hence, 𝛽 ≠ 0   ⇒   𝛽 > 0.  
 

Now, it gives that (18) and (24) and condition (iii) that ξ̅ = 0. By (24), 𝛽 > 0 and since  𝛾 ≥ 0. From 

inequality (17), we get 

𝐺′(Φ(x̅11, x̅12)) (∇𝑥11
Φ(x̅11, x̅12)) − 𝑟̅{𝐺′(Ψ(x̅11, x̅12))∇𝑥11

Ψ(x̅11, x̅12)} =
𝜇

𝛽
≥ 0.                                     (25) 

 

Therefore, (x̅11, x̅12, 𝑟̅, υ̅) ∈ 𝑄0. 
The objective values of the problem must then be asserted to be equal. It is sufficient to establish 

𝐺(Φ(x̅11, x̅12)) − x̅11
𝑇𝐺′(Φ(x̅11, x̅12))∇𝑥11

Φ(x̅11, x̅12)

𝐺(Ψ(x̅11, x̅12)) − x̅11
𝑇𝐺′(Ψ(x̅11, x̅12))∇𝑥11

Ψ(x̅11, x̅12)

=
𝐺(Φ(x̅11, x̅12)) − x̅12

𝑇𝐺′(Φ(x̅11, x̅12))∇𝑥12
Φ(x̅11, x̅12)

𝐺(Ψ(x̅11, x̅12)) − x̅12
𝑇𝐺′(Ψ(x̅11, x̅12))∇𝑥12

Ψ(x̅11, x̅12)
. 

 

Now, multiplying (25) by ṣ̅𝑇 and using (22), we have 

x̅11
𝑇𝐺′(Φ(x̅11,x̅12))(∇𝑥11Φ(x̅11,x̅12))

x̅11
𝑇𝐺′(Ψ(x̅11,x̅12))(∇𝑥11

Ψ(x̅11,x̅12))
= 𝑟̅.                                                                                                         (26) 

 

Again, since  ξ̅ = 0, then from (24) we get 

𝛾 = 𝛽x̅12.                                                                                                                                                   (27) 

 

Further, using ξ̅ = 0 with (27) and (19), we get 
x̅12

𝑇𝐺′(Φ(x̅11,x̅12))∇𝑥12Φ(x̅11,x̅12)

x̅12
𝑇𝐺′(Ψ(x̅11,x̅12))∇𝑥12Ψ(x̅11,x̅12)

= 𝑟̅.                                                                                                            (28) 

 

From (26) and (28), we have 

x̅11
𝑇𝐺′(Φ(x̅11, x̅12)) (∇𝑥11

Φ(x̅11, x̅12))

x̅11
𝑇𝐺′(Ψ(x̅11, x̅12)) (∇𝑥11

Ψ(x̅11, x̅12))
=

x̅12
𝑇𝐺′(Φ(x̅11, x̅12)) (∇𝑥12

Φ(x̅11, x̅12))

x̅12
𝑇𝐺′(Ψ(x̅11, x̅12)) (∇𝑥12

Ψ(x̅11, x̅12))
 

i.e. 

{x̅11
𝑇𝐺′(Φ(x̅11, x̅12)) (∇𝑥11

Φ(x̅11, x̅12))} {x̅12
𝑇𝐺′(Ψ(x̅11, x̅12)) (∇𝑥12

Ψ(x̅11, x̅12))} =

{x̅12
𝑇𝐺′(Φ(x̅11, x̅12)) (∇𝑥12

Φ(x̅11, x̅12))} {x̅11
𝑇𝐺′(Ψ(x̅11, x̅12)) (∇𝑥11

Ψ(x̅11, x̅12))}.                                  (29) 

 

By hypothesis (ii), we get 
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x̅11
𝑇𝐺′(Ψ(x̅11, x̅12))∇𝑥11

Ψ(x̅11, x̅12)𝐺(Φ(x̅11, x̅12))

+ x̅12
𝑇𝐺′(Φ(x̅11, x̅12)) (∇𝑥12

Φ(x̅11, x̅12)) 𝐺(Ψ(x̅11, x̅12)) 

= x̅11
𝑇𝐺′(Φ(x̅11, x̅12)) (∇𝑥11

Φ(x̅11, x̅12)) 𝐺(Ψ(x̅11, x̅12)) +

x̅12
𝑇𝐺′(Ψ(x̅11, x̅12)) (∇𝑥12

Ψ(x̅11, x̅12)) 𝐺(Φ(x̅11, x̅12)).                                                                                (30) 

 

On subtracting (30) from (29) and after this we adding 𝐺(Φ (x̅11, x̅12))𝐺(Ψ (x̅11, x̅12)) of both sides, we 

have 

𝐺(Φ(x̅11, x̅12))𝐺(Ψ(x̅11, x̅12)) − x̅11
𝑇𝐺′(Ψ(x̅11, x̅12)) (∇𝑥11

Ψ(x̅11, x̅12)) 𝐺(Φ(x̅11, x̅12))

− x̅12
𝑇𝐺′(Φ(x̅11, x̅12)) (∇𝑥12

Φ(x̅11, x̅12)) 𝐺(Ψ(x̅11, x̅12))

+ x̅11
𝑇𝐺′(Φ(x̅11, x̅12))∇𝑥11

Φ(x̅11, x̅12) x̅12
𝑇𝐺′(Ψ(x̅11, x̅12))∇𝑥12

Ψ(x̅11, x̅12) 

= 𝐺(Φ(x̅11, x̅12))𝐺(Ψ(x̅11, x̅12)) − x̅11
𝑇𝐺′(Φ(x̅11, x̅12)) (∇𝑥11

Φ(x̅11, x̅12)) 𝐺(Ψ(x̅11, x̅12))

− x̅12
𝑇𝐺′(Ψ(x̅11, x̅12))∇𝑥12

Ψ(x̅11, x̅12)𝐺(Φ(x̅11, x̅12))

+ x̅11
𝑇𝐺′(Ψ(x̅11, x̅12))∇𝑥11

Ψ(x̅11, x̅12) x̅12
𝑇𝐺′(Φ(x̅11, x̅12))∇𝑥12

Φ(x̅11, x̅12). 

 

This can be rewritten as: 

𝐺(Φ(x̅11, x̅12)) − x̅11
𝑇𝐺′(Φ(x̅11, x̅12)) (∇𝑥11

Φ(x̅11, x̅12))

𝐺(Ψ(x̅11, x̅12)) − x̅11
𝑇𝐺′(Ψ(x̅11, x̅12)) (∇𝑥11

Ψ(x̅11, x̅12))

=
𝐺(Φ(x̅11, x̅12)) − x̅12

𝑇𝐺′(Φ(x̅11, x̅12)) (∇𝑥12
Φ(x̅11, x̅12))

𝐺(Ψ(x̅11, x̅12)) − x̅12
𝑇𝐺′(Ψ(x̅11, x̅12)) (∇𝑥12

Ψ(x̅11, x̅12))
. 

 

If (x̅11, x̅12, 𝑟̅) is not an optimal solution of (ESWD), then under the weak duality theorem, ∃ other 

(u̅11, u̅12, 𝑊) ∈ 𝑄0 such that 𝑟̅ ≥ 𝑊. We arrive at the conclusion that that 𝑟̅ ≥ 𝑊, which is in contradiction 

because (x̅11, x̅12, 𝑟̅) ∈ 𝑃0.. Thus (ESWD) has the optimal solution (x̅11, x̅12, 𝑟̅). This completes the proof. 

 

 

Theorem 3.4 (Strict converse duality). Assume function Φ & Ψ be differentiable and (ESWD) has the 

optimal solution (u̅11, u̅12, 𝑧̅, 𝜐̅). Consider 

 

(i) [{𝐺′′(Φ(u̅11, u̅12))∇𝑥11
Φ(u̅11, u̅12) (∇𝑥11

Φ(u̅11, u̅12))
𝑇

+ 𝐺′(Φ(u̅11, u̅12))∇𝑥11𝑥11
Φ(u̅11, u̅12)} −

𝑧̅ {𝐺′′(Ψ(u̅11, u̅12))∇𝑥11
Ψ(u̅11, u̅12) (∇𝑥11

Ψ(u̅11, u̅12))
𝑇

+ 𝐺′(Ψ(u̅11, u̅12))∇𝑥11𝑥11
Ψ(u̅11, u̅12)}] 

 is non-singular, 

 

(ii) u̅11
𝑇𝐺′(Ψ(u̅11, u̅12))∇𝑥12

Ψ(u̅11, u̅12) − u̅11
𝑇𝐺′(Ψ(u̅11, u̅12))∇𝑥11

Ψ(u̅11, u̅12) (𝐺(Φ(u̅11, u̅12))) +

u̅11
𝑇𝐺′(Φ(u̅11, u̅12))∇𝑥11

Φ(u̅11, u̅12) − u̅11
𝑇𝐺′(Φ(u̅11, u̅12))∇𝑥12

Φ(u̅11, u̅12) (𝐺(Ψ(u̅11, u̅12))) =

0, 
 

(iii)  The equality 
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𝜐̅𝑇 [∇𝑥11
{𝐺′′(Φ(u̅11, u̅12))∇𝑥11

Φ(u̅11, u̅12) (∇𝑥11
Φ(u̅11, u̅12))

𝑇
+

𝐺′(Φ(u̅11, u̅12))∇𝑥11𝑥11
Φ(u̅11, u̅12)} 𝜐̅ − 𝑧̅ {𝐺′′(Ψ(u̅11, u̅12))∇𝑥11

Ψ(u̅11, u̅12) (∇𝑥11
Ψ(u̅11, u̅12))

𝑇
+

𝐺′(Ψ(u̅11, u̅12))∇𝑥11𝑥11
Ψ(u̅11, u̅12)} 𝜐̅] = 0  

⇒   𝜐̅ = 0. 
 

Then, (u̅11, u̅12, 𝑧̅, 𝜐̅) ∈ 𝑃0 and objective values of (ESWP) & (ESWD) are equal. Additionally, the solution 

(u̅11, u̅12, 𝑧̅, 𝜐̅ = 0) is the optimal for the weak duality theorem if all of its hypotheses are met (ESWP).  

 

Proof: Due to a symmetricity along the lines of Theorem 3.3 the proof proceeds. 

 

4. Conclusion and Future Work  
In the present article, we have considered a pair of G-Wolfe type second-order fractional symmetric dual 

programming problem and derived weak, strong and converse duality theorems under 
(𝐺, 𝜆, 𝜃) −bonvexity/(𝐺, 𝜆, 𝜃) −pseudobonvexity conditions. This work can be implemented in multi-

objective fractional symmetric dual programs with arbitrary constraints. Extension of this work can also be 

applied in nondiffrentiable programming of multi-objective symmetric problems, in which cone objective 

function as well as cone constraints. This might be considered the researchers' upcoming task. 
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