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Abstract
In this article, we formulate the concept of generalize bonvexity/pseudobonvexity functions. We formulate duality results for
second-order fractional symmetric dual programs of G-Wolfe-type model. In the next section, we explain the duality theorems
under generalize bonvexity/pseudobonvexity assumptions. We identify a function lying exclusively in the class of generalize
pseudobonvex and not in class of generalize bonvex functions. Our results are more generalized several known results in the
literature.
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1. Introduction

In the recent years, there has been a great deal of research on the fractional optimization problem with
multiple objective functions, leading to a number of optimality and duality results for these problems
because there are more factors involved. Second order duality has the practical benefit of offering tighter
boundaries for the value of the objective function of the primary problem. Numerical programming's
dualities have meritorious applications in a variety of computational and speculative advancements, like in
financial problems, control hypotheses, business issues, and other diverse sectors. In-depth research on the
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fractional optimization problem with multiple objective functions has been going on for a while now
(Dubey et al., 2020) and duality conclusions have been produced for these situations.

Numerous writers (Mond, 1978; Zhang and Mond, 1998) have examined fractional programming problems
containing square roots of positive semidefinite quadratic forms. The commonality of this kind of issue
stems from the fact that the dual can be defined simply even though the target and limitation capacities
cannot be differentiated. Using psuedo-invex functions and cone constraints, Kim et al. (1998) investigated
pair of multiobjective symmetric dual programs. Devi (1998) developed pair of second-order symmetric
dual problems and involving second-order invex discovered dualities. The second order symmetric dual
nonlinear programming problem was described by Mishra (2000) as follows:

Primal (RP)
o 1
Minimize K(x11,%12) — [9C12T|7x12 .uTK(xll'xlz)]e - EEOTquxlz 1K (x11,%12)80
Subject to (%11,%15) € C; X Cy,
Ve, WK (11, X12), Vi ey, T K (11, %12)%0 € C5,
u=0  ule=1,
Dual (RD)
o 1
Maximize K(uqy,u12) — [ullTvxll .UTK(ull:ulz)]e - EleVxnxn UK (ugq,u12)%
Subject to (Uq1,Uq2) € C; X Cy,
Ve, MUK Uy, U12), Ve xy, 7K (U1, u12)%; € CF,
nw=0,ufe=1,

where, K isa & —vectorand e = (1,1, ...,1) € RE.
Yang et al. (2005) discussed following Wolfe type second-order multi-objective symmetric duality
problem:

Primal (RP)

min Fz(x11,x12 T, 8) = D(xqq,X12) — [3512Tvx12 #T‘D(xn,xu)]ek -
Uq1,U12,1X12

1
[xlvax12x12 ur @ (xyq, le)E] €k —3 g [vx12x12 ur @ (xyq, x12)§] €k

Subject to Vi, ur @ (x1q,X12) + Viiox1s pr®(xq1,%12)§ =0,
‘Ll > O, MTek = 1)

Dual (RD)

max  Fp(uyq,Usp, i, y) = @y, ugp) — [u12TVu12#TCD(u11ru12)]ek -
U1, U12,1X12

1
[u12TVu12u12#T¢(u11» u12)x12]ek - §X12T[Vu12u12#T<D(u11: u12)x12]ek,
Subject to Vi @1, U12) + Vo, 7 P (g1, Ut 2 0,
u>0, ule, =1,
where, ®: R™* x R™ - Rk, £ € R™, u,, € R u € R¥,and e, = (1,1,...,1)T € R,

Due to a few global qualities that it possesses, convexity is one of the most frequently used assumptions in
simplifying hypotheses. Since convexity presumptions are routinely violated in real-world problems, it was
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necessary to weaken them. The quasi/pseudo-convexity is one of the ways to generalization of convexity
problems. The higher-order cone-convex functions listed below were defined by Suneja et al. (2018):

Primal (RP)
K-Minimize  ®(x11)
Subject to —¥(x,1) €0Q,

where, ®:S —» R™, ¥:S - R? vector-valued differentiable functions, S is non-empty open subset of
pointed cones R™, K & Q are closed non-empty interiors convex in R™ and R? respectively. S, = {x;, €
S; —W(x11) € Q} is the set of all feasible solutions.

Dual (RD)
K-Maximize  @(uq;) +h(uqy,8) — Veh(ugq, 9+ [T (uy1) + 1 k(ug4,8) = ETVE(#Tk(un' 8)le
Subject to [Veu"h(ug1,8) + Veu"k(uqp,§)] = 0and p'e = 1.

e e lntk,l,l = K+ \{0},u11 € S.

Ying (2012) discussed the following multiobjective fractional symmetric dual problem:
Primal (RP)

Minimize L(x11,%12,8) = {L1(x11,%12,81), oo, L (X11, X12, Ek)}T
Subject to
k

z Hi [(Vxlzfi(xll; xlz) —Xxj + VEiHi(xllelzv El))

=1

~

— Li(x11, %12, ) (Vx12lpi(x11'x12) +x; + VEiGi(xll'xlz'Ei))] =0,

T

X12 Hi [(Vxlzfi(xll;xlz) — Xt VEiHi(xll'xlz'Ei))

k
i=1

— Li(x11,%12,8) (Vxlzlpi(xn’xu) + x5 + VE,-Gi(xn,xu.Ei))] =0,
1% > 0,,uTe = 1'xl'i (S Dl-,xl-j (S Fi,i = 1,2,3 ,k,l S]

Dual (RD)
Maximize M (U1, U12,0) = {M;(Uy1, U2, V1), oo, My (U1, U1, 05}
Subject to

k

Ui [(qufi(un;uu) + 1+ Vy, ¢ (w1, u12'Ui))
e

1

= M;(uq1,u12,9;) (qugi(ull'un) —z;t+ Vuil/’i(unruu'\)i))] =0,
K
v’ z Hi [(qufi(un:uu) +7+ Vvi¢i(u11;u12rvi))
i=1

— M;(uq1,u12,9;) (qugi(un:un) -z + Vui¢i(u11,u12,Ui))] =0,

u>0,ufe=11,€C,z €E,i=123..,k,
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where, i = 1,2,3 ..., k,
fiCx11,x12) + S(x14|C) — x12TZi + H;i(x11,%12,§) — E?VEiHi(xn:xlz' )
9i (11, X12) — SCe11|E) + %1577 + Gy (%11, %12, 8) — & Ve, Gi (%11, %12, )

Li(x11,212,8) =
and
fitug1,u12) = Suiz|D;) +ugs "1y + @i (uqg, ugp, ;) — UiTVui(Pi(uu'ulz:Ui)

9i(uq1,Usz) + SUi2lF) — ug1 "z + i (Ugg, ug2,0) — UiTVuill’i(uu'ulz'Ui)’

M;(uqq,Uq2,0;) =

where,

P R"XRM™ >R, W;: R"XR™ > R; Hj,G;: R"XR™ - Rand ¢p;,P; : R" X R™ X R™ - R are
twice differential functions for all i = 1,2,3...,k.C;, E; are compact convex sets in R™, and D;, F; are
compact convex sets in R™, i=123..k e = (1L1.., DT ER" §eR™v,ER", E=
(EIIEZI ---'Ek)'U = (Ul'UZ ---rUk)-

In order to create a vector optimization program under cones, they were able to develop higher-order
sufficient optimality assumptions and duality theorems (Kumar et al., 2022). The extended Jacobian has
recently been used by Gutierrez et al. (2015) to create various conceptions of (K1, Kz)-pseudoinvexity-1 and
Il using K; K, € {Cg, (Int.C)} for a locally Lipschitz function, where C & R™ has a non-empty interior,
a closed convex pointed cone and C, = C \ {0}. They used them to take variational-like discrepancies with
Lipschitz functions into account while calculating productivity. In a recent formulation, Kumar et al. (2021)
created a nondifferentiable multiobjective Schiable type dual and established duality results for second-
order (K x Q) — C — type — I functions. Readers are urged to consult (Khurana, 2005; Ojha, 2012) and for
additional information on fractional programming (Stancu-Minasian, 2013; Dubey, 2019; Dubey and
Mishra, 2019; Dubey and Mishra, 2020).

The structure of this article is as follows: we provide some definitions, introductions, and the fundamental
concept of (G, A, 6) —bonvex/pseudobonvex functions. in Section 2. We also illustrate a non-trivial
numerical example, which is function of (G, A, 6) —pseudobonvex, but not (G, A, 8) —bonvex functions. In
section 3, we formulate a new type fractional G — Wolfe type problem and derive duality outcomes under
aforesaid assumptions. In the final section, we add conclusion section.

2. Abbreviation and Definitions

Assume that S; € R™ & S, € R™ are open set and function ®(x,4,x,,) is real-valued differential and
defined on §; X S,. Assume G : R — R be a function of strictly increasing in the rank G : I4(S; X S,) —
R and I4(S; X S,) istherange of @, 791,71, : S; XS, 2 RHAER & O : (51X S,) = R.

Definition 2.1 ®(x;4,x;,) is (G, A,0) —bonvex at u,, € S; for fixed u,, € S, w.r.t. n;, 31 and 6, such
that for x,; € §; & v € R™, we have

G(f(xn,uu)) - G(cb(un,um)) = 7]1T(x11,u11) [G’(q)(un,u12))vx11¢(u11,u12) +
T
{G”(cb(un,u12))vx11¢(u11: Uqz) (qu‘b(un: u12)) + G’(q)(un,u12))vx11¢(u11;u12)}1’] -

1 " T !
EUT [{G (Cb(un,uu))vxn‘fb(un: Uq2) (qu‘b(un: u12)) +G (q)(un,u12))vx11®(u11,u12)}] v+
A6 (g1, ug )%

Remarks 2.1 When sign changes in above inequality to <, then & is referred to as (G, A, ) —boncave at
Uq1 € S W.Irt. nq.
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Definition 2.2 ®(uy4,uy2) is (G, A, 0) —bonvex at u,, € S, for fixed u,; € S; w.r.t.n,, if 3 A and 6, such
that for x;, € S, & § € R™, we have

G(f(u11:x12)) - G(¢(u11:u12)) > 1,7 (%12, Us2) [G'(‘D(uu:u12))vx11q’(u11'u12) +

{G”(q)(un'u12))vx11q’(u11'u12) (Vxncb(un'un))T + G'(‘D(un'u12))vx11q’(u11ru12)}§] -

%ET [{G”(‘b(un:u12))vx11¢(u11;u12) (quq’(un; u12))T + G'(q’(un’u12))vx11q’(u11;u12)}] &+
M6 (xq2, us) 1%

Remarks 2.2 When sign changes in above inequality to <, then & is referred to as (G, A, ) —boncave at
ulz e SZ W.r.t. 1’2.

Definition 2.3 ®(x;4,x4,)is (G, A,0) —pseudobonvex at u,, € S; for fixed u,, €5, w.rt n,, if
3 Aand 6, such that for x;; € S; & v € R™, we have

771T(x11:u11) [G’(¢(u11,ulz))VxndD(un,ulz)
+ {G”(‘D(un; u12))vx11q’(u11’u12) (Van’(un;uu))T
+ G'(q)(un'u12))vx11‘b(u11;u12)}1)] 20
= G(f(xn:uu)) - G(‘D(un'uu))
+ %UT [{G”(¢(u11, u12))vx11‘b(u11ru12) (Vxn‘b(unruu))T
+ G'(q’(un'u12))vx11¢(u11'u12)}] V= MO (xq1,u )| = 0.

Remarks 2.3 When sign changes in above inequality to <, then & is referred to as (G, A, 6) —pseudobonvex
atuqq € Sy w.rt. nq.

3 A and 6, such that for x;, € S, & £ € R™, we have

UzT(x12»u12) [G'(q’(un' u12))7x11q’(u11'u12)
+ {G”(Cb(un, ulz))van’(un;un) (Van’(un’un))T
+ G'(q’(un»u12))vx11¢(u11;u12)}z] =0,
= G(f(un'xm)) - G(Cb(un:uu))
+ %ET [{G”(Cb(un; u12))vx11¢(u11:u12) (Van)(un:um))T
+G' (P (uys, ulz))qu(b(un,ulz)}] &= MlOCerz us)ll* 2 0.

Remarks 2.4 When sign changes in above inequality to <, then & is referred to as
(G, A, 8) —pseudoboncave at u,, € S, W.r.t. n,.

In the following numerical example, we will try to show that a function which is pseudobonvex, but it is
not bonvex at the same point.
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Example 2.1 LetX = [O, %] consider the function ®: X x X — R defineD by

(D(xll, x12) = X11 + Sinxlz.

Next, consider G: X — R given by
G(r) =r2
Letn: X X X - R given by
n(x11, 1) = X110 — Ugy,
and
6 (x11,U11) = X114 Uyq-
Also, letv=1€ [0%]

Next, we have to claim that @ is pseudobonvex at u,; = 0 € [Og] i.e., it is sufficient to show that

N1 (%11, U11) [G,(cb(ull'ulz))vxncb(ullvulZ) +
T
{G”(q)(ulbulz))vxuq)(ull'ulz) (Vxllcb(ull'ulz)) + G’(cb(ullvulz))vxucb(ullrulz)}u] = 0.

= G(f(xn,ulz)) - G(q)(ulll ulZ))

1 T 1 T
+ EU [{G (‘D(un; u12)) Vx11 D (uq1,uq2) (Vxn‘b(un,un))

+ 6 (Dt11,16))Vay, Dt 1120} 0 = OG0 2 0.
Let
T, = 77{(9511;”11) [G,(q)(ull'ulz))vx11¢(u11'u12)

T
+ {G”(cb(ullvulZ))Vxllq)(ull'ulz) (Vxn‘b(ull,un))
+ G,(q)(ullJulZ))Vxlch(ull'ulz)}U]-

Substituting the values of @, Gy, 11,2 & v, we get

T = (X171 — u11)[2u11 +2sinuq, + (2 + 2(uqq + sin ulz))U].

The value of above expression at the pointu,; =0 € [0%] we have
T1 = X111 [2 Sinulz + ZU + 2 sin ulz].
Atv=1¢€ [0, g] the above expression reduced to

T1 = X111 [4 sin Uqo + 2]
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Figure 1. x;,[4 sinu,, + 2].

It is clear from the Figure 1, that t; = 0.

Next, Let
T, = G(‘D(xn:un)) - G(d’(un: u12))

1 " T
+ EUT [{G (¢(u11' u12))vx11cb(u11: Uq2) (Vx11d>(u11,u12))

+ G’(CD(ull,ulz))quCD(un,ulz)}v] + 7\”9(3512;“12)”2-

Figure 2. x;,% 4 2x;; sinuy, + 1 + sinuy,.
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Putting the values of ®, G, A & 8, we get

1
T, = (x11 + Sinu12)2 — (u11 + Sinulz)z + EUZ [2 + 2u11 + 2 Sinulz] — 7\||x11u11||2.
On simplifying and the value of above expression at the pointu;; =0 € [0, g] we have
T, = X112 + 2% Sinug, + 1 + sinuy,.

It is clear from Figure 2, that 7, > 0,V x4, Uy, € [0, g]

T

Hence, @ is pseudobonvex at u;; = 0 € [O'E]'

Then, we assert that at point u;; =0 € [0, %] @ is not (G, A, 8) —bonvex at the same point.

Figure 3. x112 + 2x11 Sin u12 - 2x11[2 Sin u12 + 1] + [1 + Sin ulz].
For this, we have to show that
G(q)(x11:u12)) - G(‘D(uu: u12)) - U{(xu»uu) [G (q’(uu' u12))vx11¢(u11' Ugp) +

n T r
{G (q’(uu'u12))vx11¢(u11'u12) (Vxncb(uu: u12)) +G (‘D(un'u12))vx11q’(u11:u12)}1’] +

1 " T I
EUT [{G (q’(un:ulz))van)(unruu) (Van)(un' u12)) +G (q)(un;u12))vx11¢(u11:u12)}v] -
M6 (x12, uq2) 1> < 0.
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Let
— T !
T3 = G(®(x11,u12)) — G(@(uyg, wr2)) — 0 (11, u11) [G (@Qu11,112)) Vi, @ (ugg, ug2) +

T
{G" (@ (us1,u12) )V, @ (ug, ugy) (Vxll‘b(un'un)) + G’(Cb(ulpulz))van’(un;ulz)}U] +

1 " T ’
EUT [{G ((D(ull'ulZ))Vxlch(ullvuIZ) (Van)(ulpulz)) + G (‘D(un»u12))Vx11¢(u11ru12)}U] -
M6 (e us)I* < 0.

Substituting the values and simplifying, at the point v = 0, we get
T3 = x112 + 2x11 sin Uy — 2x11[2 sin Uqz + 1] + [1 + sin ulz].
It is clear from Figure 3, that T3 < 0. Hence, function @ is not (G, A,0) —bonvex at u;; = 0 € [0%]

3. Second-Order Fractional Symmetric Duality Model
In this section, we discuss the following model:

Primal (SWP):
Minimize
G (P (x11,X12))Vay, P(X11,212)
T
+{G”(¢‘(x11»x12))vx12 CD(xll,xu)(Vxlz ¢(x11,x12)) +G' (P (X11,%12)) V5215 <I>(x11,x12)}§
G'(W(r11,%12)) Vi, P(X11,X12)
+{

T
G (W(x11,%12))Vxy, ‘P(x11.x12)(vx12 Lp(xlerIZ)) +G'(W(x11%120) Vg 5012 ‘P(xn,xlz)}ﬁ

G(P(xq1,212)) %127

G(‘P(xn‘xn))—qul

1 T
- jo {G"(Clb(xn, x12))vx12q’(x11,x12) (Vxlzcb(xn' x12)) + G’(CID(x11, x12))vx12x12q’(x11; x1z)}§

1 T
-7 gr {G"(‘P(xn' x12))vx12lp(x11,x12) (Vxlzlp(xn' x12)) + G'(qj(xn; x12))vx12x12lp(x11, x12)}§

Subject to

G(q’(xn,xn)) — X157 [G'(lp(xn' x12))vx12lp(x11,x12) +

. T

G”(lp(xlli xlz))quLP(xll, X12) (Vx12W(x11, xlz)) + G'(qj(xn' x12))vx12x12qj(x11: xlz)} E”

1 T " T 12

_EE [{G (Lp(xn'x12))vx12q’(x11,x12) (Vxlztp(xnlxm)) +G (lp(xn:x12))vx12x12qj(x11,x12)} E]

- T

G’(CD(xn,xlz))quCD(xll,x12) + {G”(‘D(Xn, X12))Vx12q)(x11,x12) (Vxlzq)(xn,xu)) +

G'((D(Xn,X12))Vx12x12¢(x11,x12)} E] - [G(Cb(xnl X12)) —x15" [G’(cb(xn,x12))vx12¢'(x11,x12) +
T

G”(cb(xn'xlz))vxlzq)(xll»xu) (Vx12d>(x11, x12)) + G'(cb(xnrx12))vx12x12¢(x11:x12)} E] -

1 " T ’
EET {G (q’(x11;x12))vx12‘b(x11:x12) (Vxlzcb(xll»xlz)) +G (cb(xn'x12))vx12x12q’(x111x12)} E]
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T
[G’(Lp(xn,le))Vxlz‘P(xn, X12) + {G"(qj(xn' xlz))qu‘P(xn,xlz) (Vxlzlp(xn:xu)) +

G'(qj(xn: x12))vx12x121{1(x11:x12)} E] <0,

X11 > 0.

Dual (SWD):
Maximize

G’ (¢(u11;u12))vx11 ®(u11,u12)
G(P(uyqur))—us "

T
+{G”(¢(u11'u12))vx11 d>(u11,u12)(Vxllcb(ull,ulz)) +G' (P (u11,U12)) Vg 244 Q(ull,ulz)}v
G’ (W(ug1,112) )V, WUggte2) }

T
+{G”(‘P(u11'u1z))vx11 "P(u11'u12)(vx11 ‘~P(u11,u12)) +G' (W (U11,%12)) Ve g xq4 "P(uu'ulz)}u

G(W(uq1,u12))-us,T

T
v’ {G”(‘b(un'u12))vx11q’(u11,u12) (Van)(un,uu)) + G'(q’(un,u12))vx11x11q’(u11;u12)}v

N N =

v {G”(‘P(un' u12))vx11lp(u11'u12) (quqj(un'uu))T + G’(‘P(un,ulz))VxnanP(un,ulz)}U
Subject to

G(lp(un:un)) —uyy " [G,(qj(ull'ulZ))VanJ(ullJulz) +

G”(qj(ulbulz))vxlllp(ull'ulZ) (Vxlllp(ull; ulz))T + G,(lp(ullrulZ))Vxllxnlp(ullrulz)}u] -
%UT [{G”(qj(ulbulz))vxllqj(ull'ulz) (Vxlllp(ull'ulz))T + G'(qj(ull'u12))vxnx11lp(u11:ulz)}U]
:G’(cb(ulliulz))vxllq)(uID ugp) + {G”(cb(uIDulz))vxllcb(ull'ulz) (Vxllq)(ull'ulz))T +

G,(q)(ull'ulz))vxllxllq)(ulbulZ)}U] - [G(q)(ullJulZ)) —ug;" [G’(cb(ull'ulz))vxllq)(ull'ulz) +

T
G”(cb(un,u12))vxn¢(u11' Uqz) (Vxncb(un' u12)) + G'(‘D(un;u12))vx11x11q’(u11,u1z)}U]] -
1 T 124 T !
sV G (cb(un,uu))vxncb(un' Uy3) (Vxncb(un' u12)) +G (‘D(un,u12))vx11x11¢(u11,u12) v
T
[G/(q’(un' u12))vslp(u11, ugz) + {G”(‘P(un, u12))vsq’(u11.u12) (Vsqj(un.un)) +

G'(¥(u1, u12))vs$q’(u11: u12)} U] <0,

U 20,

where, @ : §; XS, > Rand ¥ : §; X S, - R, \ {0} are differentiable functions. Vectors £ & v are in
R™ & R™ respectively. The aforementioned primal-dual problem can be expressed as:

(ESWP) Minimize r:
Subject to
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G(¢(x11,x12)) - x12T [G’(QD(xn, xlz))qudD(xn, X12) +

{G”(‘I’(xn' x12))vx12¢’(x11;x12) (qudD(xn, x12))T + G'(q’(xn:x12))vx12x12q’(x11;x12)} E] -

rG (Lp(xn: x12)) - x12T [G'(qj(xn; xlz))quLP(xn, X12) +

{G”(‘{J(xn,xlz))quLP(xn, X12) (Vxlzlp(xn; x12))T + G'(q’(xn’x12))vx12x12q’(x11;x12)} E] =0, (1)
G'(GD(xn,le))VledD(xn,x12) + {G”(GD(xn,xlz))quCD(xn,xlz) (Vx12<b(x11,x12))T +

G’(GD(xn, x12))vx12x12¢(x11' x12)}§ - rG’(LP(xn, xlz))qu‘P(xn, X12) +
{G”(lp(xn'x12))vx12‘y(x11'x12) (Vxlzll’(xn, x12))T +G'(P(5, D)V 2, P (s, F)}E <0, 2)

X11 > 0. (3)

(ESWD) Minimize z:
Subject to

G(‘b(un'uu)) - u11T [G'(‘b(un'u12))vx11‘b(u11'u12) +

{G”((b(un,ulz))qudJ(un,uu) (quq’(un’uu))T + G'(q’(un:u12))vx11x11q’(u11'u12)}U] -
ZG(q’(ull:ulz)) - leT [G’(lp(u11:u12))vxulp(u11:u12) +

{G”(q’(ull»u12))Vx11q’(u11:u12) (Vanj(un:ulz))T + G’(LP(un,ulz))Vxnxn‘P(un,ulz)}v] =0, 4)
G’(¢(u11:u12))vx11¢(u11:ulz) + {G”(q)(un:ulz))van)(un'ulz) (VXHCD(un, ulz))T +
G'(‘b(un'u12))vx11x11q’(u11'u12)}U - ZG’(LP(un:u12))Vx111P(u11'u12) +

T
{G”(‘I—’(un,ulz))qu‘P(un,u12) (Vxnlp(un:uu)) + G’(‘P(un,ulz))Vxllxu‘P(un,ulz)}u =0, )
Uqp = 0. (6)

Let set P? and Q° be the set of feasible solution of (ESWP) & (ESWD), respectively.

Theorem 3.1 (Weak Duality Theorem). Let (x;4,%;5,T,8) € P® & (uy1,uq5,2,0) € Q°. Let
(i) D(.,uqy) be (G,A4,0;)-bonvex and W(.,u,,) be (G, A,, 6,)-boncave at u,, for fixed u,, w.r.t. n4,
(i)  D(xqq,.) be (G,A3,65)-boncave and W(x,4,.) be (G, 7,4, 8,)-bonvex at x;, for fixed x;; W.r.t. n,,
(i) m1(xq1,uq1) + ugq € Gy and 0z (Uga, X12) + x12 € Gy,
(iv) G(W(xll,ulz)) >0,
V) All61Cer ur DI = 2251102 (1, us DII? 2 0,
(Vi)  AsllO3(xqp, us )N — 12411604 (x11,u1)]1* < 0.
Then, r > z.

Proof: Using hypothesis (i), we get
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1 " T
G(q’(xn'uu)) - G(‘b(un; u12)) + EUT [{G (‘b(un:u12))vx11q’(u11’u12) (qu‘b(un;uu)) +
G'(q’(un'u12))vx11x11¢(u11'u12)}U] > 11" (X11,U11) [G’(‘D(un’u12))vx11q’(u11;u12) +

T
{G”(‘D(un:u12))vx11¢’(u11; Uqz) (Vxn‘b(un; u12)) + G'(Cb(un’u12))vx11x11q’(u11;u12)}U] +

Apl161(x11, u11)||2, (7)
and

1 " T
—G(‘P(xn'uu)) + G(q’(un; u12)) - EUT [{G (Lp(un:u12))vxnlp(u11’u12) (Vx11W(u11,u12)) +
G'(W(ull,ulz))VxnanP(ull,ulz)}u] > =1, " (%11, U11) [G'(Lp(un;u12))vx11lp(u11;u12) +

T
{G”(qj(ulbulz))vxlllp(ull'ulz) (Vxnlp(ull; ulZ)) + G,(lp(ullrulz))vxllxnlp(ullrulz)}u] -
A2 1165 Cxy 1, ug )2 8

Inequality (8) Multiplying by z and combining with (7), we have
G(cb(xn:un)) - ZG(lp(xllJulz)) - G(cb(ull'ulz)) + ZG(lp(ull'ulz)) +

1 n T A

EUT [{G (q)(u11JulZ))Vxlch(ull'ulz) (Vxllcb(ull'ulz)) +G (d)(ull'ulz))vxnxllq)(ullvulz)} -
T

Z{G”(lp(ull:u12))vanj(u11;u12) (Vanj(ull;ulz)) + G’(Lp(ull' ulz))vxnanj(un'ulz)}] v =

771T(x11' Uqq) G’(‘b(un: u12))vx11‘b(u11' Uqz) +

T
{G”(cb(un,u12))van’(u11' Upz) (Vxncb(un' u12)) + G'(‘D(un;u12))vx11x11q’(u11:u12)} -

T
z {G/(l}'(un' u12))vxnkp(u11,u12) + {G”(‘P(un, u12))vx11qj(u11.u12) (Vanj(un;uu)) +

G,(lp(ulljulz))vxllxlllp(ulljulz)}}] U+ A 1165 (1, ug )IIZ = 225110, (g1, ug DI,

Use hypothesis (v), the aforementioned inequality follows that

G(q)(xlliulz)) - ZG(lp(xllJu12)) - G(cb(ull'ulz)) + ZG(qj(ull'ulz)) +

%UT [{G”(q)(un;ulz))van’(ull'ulz) (Vxllcb(ull'ulz))T + G’(Cb(un'u12))vx11x11q’(u11'u12)} -
Z{G”(qj(ull'u12))vx11qj(u11:u12) (quqj(un:uu))T + G’(lp(un' u12))vx11x11lp(u11:u12)}] v =2
771T(x11'u11) [G'(cb(un;u12))vx11q’(u11; Ujp) — Z {G'(lp(unru12))vx11lp(u11'u12) +
{G”(Cb(ull,ulz))VxnCD(ull, Uqz) (qucb(un» u12))T + G’(Cb(un'u12))vx11x11q’(u11:u12)} +

{G”(Lp(un;ulz))vxqu(ull»uu) (qulp(un: u12))T + G'(qj(unru12))vx11x11qj(u111u12)}U}]- )

Next by hypothesis (ii), gives
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1 " T
—G(q’(xn'uu)) - G(¢(x11,x12)) - EET [{G (CID(xn,xlz))quCD(xn,xlz) (Vx12<b(x11,x12)) +
G'(q’(xn:x12))vx12x12¢(x11'x12)}]E > —1," (U2, %12) [G'(CD(xn,xlz))quCD(xn,xlz) +

T
{G”(‘D(xn'x12))vx12¢’(x11;x12) (quq)(xn' x12)) + G'(q’(xn:x12))vx12x12¢(x11;x12)} E] -

7\3“93(”12;3512)”2- (10)
and

1 " T
G(P(r11,u12)) + G(P(x11,%12)) + EET [{G (q’(xn'x12))Vx12q’(x11:x12) (Vxlzq’(xn'xu)) +
G’(lp(xn'x12))vx12xlzlp(x11;x12)}]E > 1" (U2, %12) [G,(lp(xll'xlz))vxlzlp(xllrxlz) +

T
{G”(qj(xllrxlz))vxlzlp(xlb X12) (Vxlij(xll'xlz)) + G,(lp(xll'xlz))vxllezlp(xllrxlz)} E] +
Aall64(ugz, x12)112. (11)

Multiplying r in inequality (11) and combining with inequality (10) then, we get
_G(q’(xn'uu)) + rG(‘P(xn'uu)) - G(‘D(xn'xu)) + TG(IP(xn'xu)) -

%ET [{G”(Cb(xn'x12))vx12‘b(x11;x12) (qudD(xn, x12))T + G’(db(xn,xlz))qule(b(xn,xlz)} -
r {G”(qj(xn:x12))vx12qj(x11; X12) (qulp(xn'xu))T + G’(LP(xn,x12))Vx12x121P(x11,x12)}] §=
—rlzT(u12:x12) [Gl(‘b(xn'x12))vx12¢(x11'x12) - r{G’(‘P(xll,xlz))quLP(xn,xlz)} +
{G”(cb(xn'x12))vx12q’(x11'x12) (Vxlzq’(xn»xu))T + G’(CID(xn,xlz))Vx12x12¢(x11,x12)}E -

T
r {G”(Lp(xn»x12))vx12qj(x11' X12) (Vxn‘l’(xn,xlz)) + G’(‘P(xn,xlz))VxlzquP(xn,xlz)} E] -
A3l103 (w2, x12)117 + Ay l104 (g2, x12) |17 (12)

The inequality above indicates that under hypothesis (vi),
_G(q’(xn'un)) + rG(‘P(xn'uu)) - G(cb(xlpxu)) + TG(Lp(xn,xn)) -

%ET [{G”(cb(xn'x12))vx12¢(x11'x12) (Vxlzq’(xn' x12))T + G’(CID(xll,xlz))Vx12x12¢(x11,x12)} -
r {G”(Lp(xn»x12))vx12qj(x11' X12) (Vxlzlp(xn»xu))T + G’(LP(xn,xlz))quxlzLP(xll,xlz)}] §=
—leT(u12»x12) [G'(q’(xn»x12))vx12q’(x11»x12) - r{G’(‘P(xll,xlz))VanP(xn,xlz)} +
{G”(cb(xn'x12))vx12¢(x11:x12) (quq)(xn;xu))T + G'(Cb(xnyx12))vx12x12¢(x11»x12)}E -

r {G”(qj(xn»x12))vx12qj(x11: X12) (quqj(xn;xu))T + G’(q’(xn:x12))vx12x12lp(x11;x12)} E]- (13)

On adding inequalities (9) and (13), we have
G(q’(xn'uu)) - ZG(W(xn:uu)) - G(Cb(xn: x12)) + ZG(W(xn'xu)) +

1 " T !
EUT [{G (CD(ull,ulz))VxnCD(ull, Uq2) (qucb(un» u12)) +G (cb(ull'ulz))vxnan)(ull'ulz)} -

T
Z{G”(qj(ull'u12))vx11‘{'(u11:u12) (Vx11W(u11,u12)) + G’(‘P(un, u12))vx11x11lp(u11'u12)}] L=
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G(q’(xn'uu)) + TG(qJ(xn'uu)) - G(¢(x11, x12)) + TTG(W(xn:xu)) -
%ET [{G”(‘I’(xn'x12))vx12¢‘(x11;x12) (quq)(xn; x12)) + G'(q’(xn:x12))vx12x12‘b(x11;x12)} -

r {G”(‘P(xn:x12))vx12q’(x11; X12) (quqj(xn' x12))T + G'(lp(xn:x12))vx12xlzlp(x11;x12)}] §=

771T(x11' Uqq) [G'(‘b(un:u12))vx11¢‘(u11; Ugp) — Z {G'(q’(un:u12))vx11q’(u11’u12) +

{G”(‘D(un:u12))vx11¢’(u11; Uq2) (Vxn‘b(un; u12))T + G'(q’un:u12)vx11x11q’(u11;u12)} +

{G”(Lp(un:u12))vx11q’(u11;u12) (qu‘ll(un, u12))T +

G'(q’(un:u12))vx11x11qj(u11'u12)}U}] —UzT(u12'x12) [G’(CID(xn,xlz))quCD(xn,xlz) -

T{G'(q’(xn'x12))vx12‘y(x11'x12)] + {G”(GD(xn,xlz))quCD(xn,x12) (qu(l)(xn,xlz))T +

G'(fb(xll,xlz))qule(b(xn,xlz)}E -r {G”(LP(xn,xlz))quLP(xn,xu) (Vxlzlp(xn:xu))T +
G'(qj(xn'x12))vx12x12qj(x11'x12)} E] (14)

Using hypothesis (iii) and constraint (5), we get

(M1 (11, u11) + ug1)” [G,(cb(ull'ulZ))Vxlch(uIDulz) +

{G”(q)(ulbulz))vxuq)(ull'ulz) (Vxllcb(ull'ulz))T + G’(cb(ull'ulz))vxnxncb(ull'ulz)}U -

ZG’(W(UMJulz))vanj(ull'ulz) + {G”(lp(ulljulz))vxllqj(ull'ulz) (Vxllw(ull'ulz))T +

G,(Lp(ullJulz))vxllxllqj(ull'ulz)}v] =0,
or

(M (xllJull))T [G,(cb(ulbulz))vxllcb(ullvulZ) +

{G”(cb(ulbulz))vxllcb(ull'ulz) (Vxllcb(ull'ulz))T + G’(cb(ull'ulz))vxnan)(ull'ulz)}U -

ZG’(W(UMJulz))vanj(ull'ulz) + {G”(lp(ulljulz))vxllqj(ull'ulz) (Vxllw(ull'ulz))T +

G,(lp(ullJulz))vxllxlllp(ulljulz)}v] > -y’ [G,(q)(ull'ulz))van)(ullfulZ) +

{G”(Cb(ull,ulz))VxnCD(ull, Uqz) (qucb(un» u12))T + G’(Cb(un'u12))vx11x11q’(u11:u12)}0 -

ZG’(‘P(ull,ulz))VanP(ull, ugp) + {G”(Lp(un:ulz))vxulp(un'un) (qulp(un'ulz))T +
G’(LP(ull,ulz))quanP(ull, u12)}U]- (15)

Similarly using inequality (2) and hypothesis (iii), we get

— (2 (U2, x12) + x12)7 [G'(d)(xll,xlz))Vx12d>(x11,x12) +

T
{G”(cb(xllixlz))vxucb(xll:xlz) (Vxlz‘b(xn: x12)) + G,(cb(xllrxlz))vxllezcb(xll'xﬂ)}E -
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T
TG'(‘P(XM' xlz))quLP(xn,xlz) + {G"(Lp(xn;x12))vx12lp(x11:x12) (Vxlzlp(xn’xu)) +

G’(‘{J(xn,xlz))VxlzquP(xn, x12)} E] =0,
or

— (M2 (U2, x12))" [G'((D(xn»x12))Vx12q’(x11:x12) +

{G”(q)(xn:x12))vx12q’(x11'x12) (Vxlzq’(xu»xn))T + G'(q’(xn:x12))vx12x12¢(x11'x12)}E -
rG'(W(x11,X12)) Vi, W (11, X12) + {G”(q’(xn'x12))Vx12q’(x11:x12) (Vx12W(x11,x12)>T +
G’(lp(xn:x12))vx12xlzlp(x11;x12)} E] > x15" [G,(cb(xll'xlz))vxlzcb(xll'xlz) +
{G”(q)(xllrxlz))vxlzq)(xll'xlz) (Vxlzcb(xll;xlz))T + G,(cb(xllrxlz))vxllezcb(xll'xlz)}g -
TG,(lp(xllrxlz))vxlij(xll'xlz) + {G”(Lp(xll'xlz))vxlij(xllrxlz) (Vxlzq',(xll'xlz))T +

G’(‘P(xn, xlz))quleLP(xn,xlz)} E] = 0. (16)

From inequalities (14), (15) and (16), we get
G(q)(xlz'uu)) - ZG(q”(x12'u12)) - G(‘D(xn'xu)) + ZG(‘P(x11,x12)) +

%UT [{G”(‘D(un;ulz))vxncb(ull'ulz) (Vxllcb(ull'ulz))T +
G’(‘b(ull:ulz))vxnxu‘b(un;ulz)}] v - G(cb(xllJu12)) + rG(qJ(xll'ulz)) - G(q)(xn:xlz)) +
rG(qJ(xllelz)) - %ET [{G”(cb(xll'le))Vxlch(xll'x12) (Vxlzq)(xn'xlz))T +
G,(q)(xlbxlz))vxllezq)(xID xlz)} - {G”(Lp(xlb xlz))vxlzw(x11'x12) (Vxlzw(x11'x12))T +
G’(lp(xll;xlz))vxllezlp(xll; xlz)}] §= —uqqy" [G,(q)(ull'ulz))vxlzq)(ull'ulZ) +
{G”(CD(uIIJulz))vxlzcb(ull'ulz) (Vxlzcb(ull'ulz))T + G’(cb(ull'ulz))vxllezq)(ull'ulz)}-U -
ZG’(W(UMJulz))vxlij(ull'ulz) + {G”(lp(ulljulz))vxlij(ull'ulz) (Vxlzw(ull'ulz))T +
G,(lp(ullJulz))vxllezlp(ulbulz)}u] + G,(cb(xll'le))Vxllech(xll'x12) -
T{G’(Lp(xllixlz))vxlij(xllr x12)} + {G”(Lp(xn: x12))vx12qj(x11'x12) (Vxlzlp(xnrxlz))T +

G'(lp(xn: xlz))VxlzquP(xn, x12)} 3

Using equations (1) and (4), it follows that
(r— Z)G(q’(xn: u12)) = 0.

By using hypothesis (iv), this gives

Hence, the result.
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Remark 3.1 Due to the fact that all bonvex functions are pseudobonvex. Similarly, can say every
(G, A, 06) —bonvex function is (G, A, 6) —pseudobonvex, consequently, the aforementioned weak duality
theorem follows in a similar path.

Theorem 3.2 (Weak Duality Theorem). Let (x11,x12,7,%) € P° and (x14,%12,2,0) € Q°. Let
(i) D(.,uqy) be (G, Ay, 0,)- pseudobonvex and W(.,uq,) be (G,2,,0,)-pseudoboncave at u,, for
fixed u,, with respect to n4,
(i)  D(xq1,.) be (G, 23, 03)- pseudoboncave and W(x,4,.) be (G,A4,60,)- pseudobonvex at x;, for
fixed x;, with respect to n,,
(i) 7 Ogpug1) + ugg € G and 9y (ugz, X12) + 12 € Gy,
(iv)  G(P(x11,u12) >0,
V) Al (g, ug DI = 2A51160, (14, ug DII* 2 0,
(Vi) As3llO3Cry1, ugDII? = 1A 1104 (x4, us)II* < 0.
Then, r = z.

Proof: This proof adheres to the similar framework as theorem 3.1.

Theorem 3.3 (Strong Duality Theorem). Assume the function ® & P be differentiable and (X1, X, 7, £)
be an optimal solution of (ESWP). Consider
T
O {TCTEREIN) A TG ST (A TS ) IR ATCIC RIS 399) L ANE. T 01
T

A CTCRR ) [ RTINSO [ CAR TS 35 IR CTC ) AR TC S 1 1

non-singular,
(i) i11TG’(lp(>_<11;)_412))Vxnlp(>_<11'>_<12) - >_<12TG’(W(>_<11'ilz))vxlzw(in'ilz) (G(q’(in'ilz))) +

i1271(;’(‘1)()_411:>_<12)) (Vxlzq)()_(llj)_(lz)) - i11TG'(CI’(§11'ilz))vxn‘b(in'ilz) (G(q’(in'ilz))) =
OI
(iii) The equality

[T, {6 (@10, 512) (T @1 512)) (T @ar 5120
+ G'(CD()_(M»5_(12))Vx12x12q’(>_<11')_<12)}E
- f{G”(‘P()_(ll, 3(12)) (Vxlij()_(njn)) (Vxlij(;(n:)_hz))T

* G,(w(ill'ilZ))Vxlleij(in'ilz)} E] =0,

= £E=0.
Then, (X11,%12,7,0) € Q° and objective values of (ESWP) & (ESWD) are equal. Additionally, the solution
(X11,X12,7,0) = 0) is the optimal for the weak duality theorem if all of its hypotheses are met (ESWP).

Proof: Since primal problem (ESWP) has the optimal solution (X;,%;,,7,8), « € R, € Ry € R™ u€
R™ so the following necessary conditions of Fritz-John (John, 1948) are met at (X1, X12, 7, §):

|8 (6" (@11, %12)) V2, @ R0, %12) ) = 76 (W (Ra1, %12)) Vi, ¥ Ry, a2) + (7
,3§12)T (G”(q’(in: i12)) (Vxlzq)()_(n;)_(u)) qu‘b()_(n:in)) + G’(Cb(in')_(12))Vx12x11q)()_(11'§12) -
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f{G”(q’(in:in)) (Vxlzlp@_(n»?_ﬁz)) Ve, P X11,X12) + G'(q’@_{u:312))Vx12x11lp(>_<11r312)}] + (Y -
: T
BX12 — ?) [qu {G”((D@_(n:>_<12))Vx12¢(>_<11:>_<12) (Vxlzq)(in')_ﬁz)) +
_ T
G'((D@_(n'1_412))Vx12x12q)(>_<11'>_<12)}E - 77{G”(Lp(in:>_<12))Vx12lp(>_<11:>_<12) (Vxlzlp()_(ll')_(lz)> +

G'(q’(in'§12))Vx12xlzw(§11'§12)} E] = . 17)

CA T Wl LI CTCHEN) L AIEICIE SHY CACICHE 9) Bt
6" (®11,%12) Vs @G, 812)} = 767 (W a1, 5000 Vo, W 52) (Vg W1 )+
G'(qj@_{n:>_(12))Vx12x12‘y(>_(11'>_(12)} E] + (V — BX12 —

5 T
B_E) [Vx12 {G”(‘P()_(n' )_412))Vx12q’()_<11; X12) (qulp@_(n')_(u)) +

2

— T
ACICRRIN) AL TCIE 3511 4 T CTCI 39) L AT Y (AR T 39) B
G'(qj@_{n:>_(12))Vx12x12‘y(>_(11'>_(12)} E] =0, (18)

YT [G’(Cb(illi212))Vx12q)(§1b§12) - fG'(lp()_(n:)_(12))Vxlzlp(>_<11'>_<12) +
T _
{6 (0G0, %12))ay, D1, 52) (Vi O 502)) + 6 (D1, 502)) Vo, P Fan K1) -

T _
f{G”(q’(Xll»)_412))Vx12q’()_<11,)_<12) (Vxlzlp()_(n,)_hz)) + G'(q’(in')_412))Vx12x12q’(§11:212)} E] =0, (19

a—p [G(@(in.iu)) — %13 G'(®(R11,%12) )V, PR, Faz) +

{G”(q’()_(n' %12))Va,, ¥ (Ra1,%12) (vxlzkl’(in,ilz))T + G'(tv(in,212))\7;(12;(12‘1’(211,212)}E -
67 (W (0, 50)) Wy W02, %02) (Vo W1, %12+ 6 (¥ a1, 02)) Ve, WG, %12 ] -
A [HCICNE ) ARTCNE ISR I CTCE NN L AR TCIE Y CARTCHE 35) Bt

G'(Lp@_(n»212))Vx12x12q’()_<11')_412)} E] =0, (20)

T T
(v = B2 = B9)" [{67(0(10,5%120) Ty, ®Gar, 510 (Vi Oan 02)) +

T
TG LM T 351 T R CTC I 309) L A T ST C AR TGO 99) B

G’(qj@_(n'§12))Vx12x12q’(>_<11:7_412)}] =0, (21)
1y =0, (22)
(a,B,v,w0) #0,(a,B,y, 1) =2 0. (23)
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Since
T
[{G”((D(P_(n'>_<12))Vx12q’(>_<11:>_<12) (Vxlzcb(in»?_ﬁz)) + G'(q’@_(n:7_412))Vx12x12¢(>_<115<12)} -

T
f{G”(Lp@_(n'>_<12))Vx12Lp(>_<11:>_<12) (Vxlzlp(in»in)) + G'(lp(>_<11:>_<12))Vx12x12Lp()_<11r)_<12)}]
is non-singular, then from (21), we get

Y = BX1z2 + BE. (24)

Next, we want to demonstrate that g # 0. If it's possible, assume that § = 0, in that case from (24), we get
y = 0. From (20), we have a = 0, which contradicts equation (23). This combined with (17), then we get
uw=0.Hence,f #0 = f>0.

Now, it gives that (18) and (24) and condition (iii) that € = 0. By (24), 8 > 0 and since y > 0. From
inequality (17), we get

G'(PR11,%12)) (Vi P Ra1, K1) ) = (6" (PRt %12)) Ve, P Far, Ka2)} = § 2 0. (25)

Therefore, (X11,%42,7,0) € Q°.
The objective values of the problem must then be asserted to be equal. It is sufficient to establish

G(P(R11,%12)) = X11" G (P(R11,%12) ) Vi, , P(R11,%12)

G(Y(R11,%12)) = X11" 6" (W(R11,%12))Viep, P K11, %12)
_ G(PRq11,%12)) — Riz" G (P(Ri1,%12)) Vi, PRy, %12)
T G(YRy1,%12)) — Ka2" 6 (P (Ry1,%12)) Vi, P Ry1) Ra2)

Now, multiplying (25) by s and using (22), we have
7_(11TG’(¢(7_(11:§12))(Vx11‘13&11:)_(12)) _F
1176 (P a1%12)) (Vg W R11%12))

(26)
Again, since £ = 0, then from (24) we get
Y = BXq2 (27)

Further, using £ = 0 with (27) and (19), we get

)_(12TG'(<I>()_(11,)_(12))VX12CID()_(H,)_(“) _

)_412TG'(q’()—(n‘iu))vxlzq"()_(n‘)_(u) =T (28)
From (26) and (28), we have
%1176 (@F11,%12)) (Ve @ a1, %12)) | K12 6/ (91, %12)) (Vi , @ (a1, %a2) )
%1176 (W (a1, %12)) (Vo Y Fan %12))  Rap" 6 (P (Rap, %2)) (Vi ¥ R Ba2) )
i.e.
{21176 (@ (R11,%12)) (Vi @ Fr1, Fu2) ) HRa 6" (W R, %12)) (Vi ¥ Ran, Ra2) )} =
{21276 (@11, %12)) (i, @ a1, Ra2) ) HEun "6 (PR, 1)) (Vi W Roan, Bao) ) | (29)

By hypothesis (ii), we get
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X11' G’ (W11, %12) ) Vi, W a1, X12) G(P (R, K12))
+ %12T 6 (@(F11,%12)) (Vi @1, %12) ) (¥ (R, Ka2))
=%y1' G'(P(R11,%12)) (quq’(?_(n;?_ﬁz)) G(¥(X11,%12)) +
12" G'(P(X11,%12)) (Vxlzw(inﬂ_ﬁz)) G(P(X11,%12)). (30)

On subtracting (30) from (29) and after this we adding G(® (%11,%12))G (¥ (X11,%12)) of both sides, we
have

G(P(X11,%12))G(P(X11,%12)) — X116’ (P(R11,%12)) (Vxnlp(in')_ﬁz)) G(P(X11,%12))
— %3, "6 (D (Ra1,%12)) (Vi @1, B12) ) G(W Rar, Fu2))
+ XllTG,(q)()_(llvilz))vxucb()_(ll')_(lz) )_ilzTG’(qJ()_ill'ilz))vxlij(in')—(n)
= G(®(R11,%12)) 6 (Y (Fa1,%12)) = a1 "6 (@1, %12)) (Vo @ Far Fa2) ) 6 (¥ Ry, Baz))
—R12" G’ (W(R11,%12)) Vi, , P (R11,%12) G (P (R11,%12))
+ >_<11TG'(qJ(>_<11; )_(12))Vx11q',()_(llj X12) ilzTG’(qj()_(ll'212))Vx12d)()_<11' X12)-

This can be rewritten as:
G(®F11,%12)) — %1176 (P(Ra1,%12)) (Vi @(Ra1,Kaz) )
G(¥(R11,%12)) = %016 (P Ra1,%a)) (Vi W (Rar, B2
| G6(0(11,%12) — %126 (PRa1, %12) (Vi @R, 12))
(W1 %1) — %o 6 (Y Ran K1) (Vi W (a1, Ka2))

If (X11,%4,,7) is not an optimal solution of (ESWD), then under the weak duality theorem, 3 other
(Ty1, Uqp, W) € Q9 such that 7 > W. We arrive at the conclusion that that 7 > W, which is in contradiction
because (X11,%;2,7) € P%. Thus (ESWD) has the optimal solution (X;4,X;,7). This completes the proof.

Theorem 3.4 (Strict converse duality). Assume function ® & W be differentiable and (ESWD) has the
optimal solution (U4, Uy, Z,0). Consider

T

0) [{6" (@1, 112) Ty @ (Trr, T12) (Toyy @11, T12)) o+ 6 (DT, T12)) Vo2, P W)} -
T

Z_{G”(q’(ﬁn' 1_112))Vx11q’(1_111, Usz) (Vanj(l_lu, ﬁ12)) +G'(W(Uyq, ﬁ12))vx11x11qj(ﬁ11, 1_112)}]

is non-singular,

(i) T2 "G (P (a1, 012)) Vi, WOy, Trz) = gy " 6 (W (Er1, 012)) Vo, W0, 1) (G (@, 1)) ) +

3,7 6" (( Ty, Ty2)) Vi, @ (T, Tyz) — Ty "6 (D (g, Wyp)) Vi, (W1, W) (G (¥ (a1, Tn)) ) =
Ol

(iii) The equality
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T
g [Vx11 {G”(q’(ﬁn' l_112))Vx11c13(1_111' Uy2) (qucb(ﬁn, l_112)) +
T
6" (@1, 120y 1y, @ s, 102} 5 = Z{67 (¥ s, 112)) Vo, P s, W) (Ve P, W)) +
=0

CICIRS) AT 11T
= v=0.

Then, (U;4,1;,, 2 0) € P° and objective values of (ESWP) & (ESWD) are equal. Additionally, the solution
(ty1,U4q2,2, 0 = 0) is the optimal for the weak duality theorem if all of its hypotheses are met (ESWP).

Proof: Due to a symmetricity along the lines of Theorem 3.3 the proof proceeds.

4. Conclusion and Future Work

In the present article, we have considered a pair of G-Wolfe type second-order fractional symmetric dual
programming problem and derived weak, strong and converse duality theorems under
(G, 4, 8) —bonvexity/(G, A, 8) —pseudobonvexity conditions. This work can be implemented in multi-
objective fractional symmetric dual programs with arbitrary constraints. Extension of this work can also be
applied in nondiffrentiable programming of multi-objective symmetric problems, in which cone objective
function as well as cone constraints. This might be considered the researchers' upcoming task.
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