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One-body information loss in fermion systems
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We propose an entropic measure of non-classical correlations in general mixed states of fermion
systems, based on the loss of information due to the unread measurement of the occupancy of single
particle states of a given basis. When minimized over all possible single particle bases, the measure
reduces to an entanglement entropy for pure states and vanishes only for states which are diagonal
in a Slater determinant basis. The approach is also suitable for states having definite number parity
yet not necessarily a fixed particle number, in which case the minimization can be extended to
all bases related through a Bogoliubov transformation if quasiparticle mode measurements are also
considered. General stationary conditions for determining the optimizing basis are derived. For a
mixture of a general pure state with the maximally mixed state, a general analytic evaluation of
the present measure and optimizing basis is provided, which shows that non-entangled mixed states
may nonetheless exhibit a non-zero information loss.
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I. INTRODUCTION

Quantification of non-classical correlations in quantum
systems is one of the main topics in quantum information
theory. Quantum entanglement is the most famous and
best studied manifestation of such correlations, mainly
because of its central role as a resource for quantum tele-
portation |I] and quantum computation [2-4]. Never-
theless, quantum entanglement is not the only type of
non-classical correlation. It is now well-known that non-
entangled mixed states can also exhibit non-classical fea-
tures, which may be relevant in mixed-state based algo-
rithms such as that of Knill and Laflamme [5,16]. A great
effort has therefore been devoted in recent years to un-
derstand and quantify the quantumness of correlations
[7]. Various measures of these correlations beyond en-
tanglement have then been proposed, which start with
the quantum discord [8-{11] and the one-way information
deficit [12,113]. The latter has been extended to more gen-
eral entropic forms [14], as a measure of the information
loss due to a local measurement. Various other related
measures have also been later introduced |7, [15-21]].

While these correlation measures have been intensively
investigated in systems of distinguishable components,
less attention has been given to their extension to systems
of identical particles [22], and in particular to fermion
systems. In these systems particles cannot be accessed
individually because of indistinguishability, thus prevent-
ing the straightforward extension of the correlation mea-
sures defined for systems of distinguishable components,
which are based on the tensor product structure of the
state space. This property no longer holds for indis-
tinguishable components, turning the characterization of
correlations more complex. Various approaches for de-
scribing and quantifying entanglement in fermion sys-
tems have been introduced, based on quantum correla-
tions and particle-like entanglement [23-31] and also on
mode-type entanglement [32-35].

In a previous work [31] we analyzed the problem of
quantifying entanglement in pure and mixed states of

fermion systems having definite number parity, yet not
necessarily a fixed particle number. The approach is
based on a consistent definition of the measurement of
the occupancy of a single-particle (sp) mode, and of the
reduced state of such a mode and its orthogonal com-
plement in the sp Hilbert space S. It leads to an en-
tanglement entropy which is explicitly invariant under
particle-hole (and also Bogoliubov) transformations, and
which extends previous treatments for states with fixed
particle number [23], providing at the same time a link
between mode-based and particle based approaches.

In this work we start by considering again the correla-
tions between a sp mode and its orthogonal complement
and define an entropic measure that quantifies the loss
of information in the state of the system due to the mea-
surement of the occupancy of that mode. Such loss is
directly related to the entanglement generated between
the system and the measurement device. We then con-
sider the sum over all states on a given basis of S, mini-
mized over all such bases, of this quantity as a measure of
the minimum loss of information due to an unread mea-
surement in this basis, extending the minimization to all
bases related through a Bogoliubov transformation [36]
if the occupancy measurement of quasiparticle modes is
also allowed. It is then shown that this measure is a non
negative quantity which is zero if and only if the state
of the system is a convex combination of Slater deter-
minants in the same sp basis, reducing for pure states
to the entanglement entropy defined in [31], in analogy
with its counterpart [14] for systems of distinguishable
constituents. General stationary conditions for the opti-
mizing basis are also derived. An analytic evaluation of
this measure for a mixture of a general pure state with
the maximally mixed state is provided, which shows that
in this case the optimizing quasiparticles are just those
diagonalizing the generalized one-body density matrix,
and that the present measure can be non-zero in non-
entangled mixed states. Explicit comparison with the
fermionic entanglement of formation in a specific case is
also made. Two fermion states are as well discussed.
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II. FORMALISM

A. Single mode measurement and entanglement
entropy

We first consider a pure state |1) of a fermion system
with an n-dimensional single-particle (sp) Hilbert space
S. The system is described by a set of operators {c;, c;, }
satisfying the canonical anti-commutation relations

{eivei} =0, {eicl} =6y, (1)

such that {|j) = c;-|0>, j=1,...,n} is an orthonormal
set of one fermion states states (|0) denotes the vacuum
of the operators ¢;). We will work within a grand canon-
ical context, so the state [¢)) does not necessarily has a
definite particle number N = ", chk. Nonetheless, we
will always assume that [¢)) has a definite number parity,

Ply) = £|y), P =explinN] = [[(1 —2¢fer), (2)
k

in agreement with the standard superselection rule [37].
We will also denote by d the dimension of the Fock space
of the system.

We now counsider a partition (A, B) of a particular basis
of S (see Appendix), where A denotes the single mode or
“level” k and B its orthogonal complement. Due to the
anticommutation relations, the operators

I = chep, Mg =cpel, M+ 10 =1, (3)

constitute a basic set of orthogonal projectors, defining
a standard projective measurement on the level k. The
operator I, (IIj;) projects the state onto the subspace of
states with level &k occupied (empty), so the set describes
the measurement of the occupancy of this level. The
ensuing post measurement states are |¢y) = IIx|v)/\/Dk
and [v) = Ie|¢)//pr, with pe = (cpe) = (Ylepexlv)
and p = (crel) = 1 — pg, such that

¥) = VPrl¥r) + VPEIVE) - (4)

For any operator O4 (Op) that depends only on the op-
erators cy, cL ({5, c},j # k}) we have, using (2,

(W10aB) V) = Pre(Vr|O s |r) + PR{VE|IOAB) [VR)

= TrpA(B)OA(B)v (5)

where
pa = prcg|0)(0lex + prl0) (0], (6)
pE = prcklvr) (Yrlcl + prlvr) (Vg - (7)

play the role of reduced states for A and B.

As shown in [31], for pure states the mode measure-
ment defined above allows to define an entanglement en-
tropy that quantifies the entanglement between the mea-
sured sp mode and its orthogonal complement in S. In-
deed, the reduced states ([@)—(7) have the same eigen-
values {pg, pr}, and hence the entanglement entropy for

such bipartition is the Shannon entropy of that distribu-
tion:

Ex([9) = —prloga(pr) — pr 10g2(pr) - (8)

The sum of (8) over all states on a given basis of S,
minimized over all sp bases, is the one-body entanglement
entropy |31

S () = %41? E —pi logy pr — pplogapi . (9)
Ck
k

The minimum in Eq. (@) is reached for those operators
{ex} that diagonalize the one-body density matrix p3; =

(cle;), ie., for those satisfying <c}ci> = A;0i; [31]. Hence,

SP([9)) = trh(p™), (10)

where h(p) = —plogyp — (1 — p)logy(1 — p) and tr the
trace in the sp space. It is clear then that S*P(|¢)) = 0 iff
there is a sp basis in which the state is written as a Slater
determinant, for in that case the eigenvalues of p°P are
either 0 or 1 ((p°P)? = p°?). Then Slater determinants
are considered here non-correlated states, in agreement
with [23].

If quasiparticle modes are to be allowed, then the min-
imization extends to all quasiparticle bases, i.e., sets of
operators {a;, az} related to the original fermion opera-

tors {c;, ¢l } through a Bogoliubov transformation [36]:

a; = Z UjiCj + V}lc; . (11)

J

Eq. () can be written as

(3)-w(3) w-(5E). oo

where the 2n x 2n matrix W should be unitary (UUT +
Vvt =1, UVT +VUT = 0) in order that a,,a] ful-
fill the fermionic anticommutation relations (1). It can
be shown [31)] that the minimum is reached for those op-
erators {ay,al,} that diagonalize the extended 2n x 2n
density matrix

(808 0= (1)

where k;; = (c;c¢i), —Rij = (c;cb and (1—p%P);; = (cjc;f).
Eq. (I3) is an hermitic matrix which can always be diag-
onalized by a suitable transformation (IZ), such that

_ a T — Wt asPyy) — f 0

1 <<aT>(a a’))=W'p W—<O 1)
with fr; = frdr and fr, 1 — fr the eigenvalues of p9P
(which come in pairs (fi, 1 — fi), with fx € [0,1]), entail-
ing (aLak> = k1 [, {(ara;) = 0. The generalized one-body
entanglement entropy is therefore

SEP(|Y)) = = > frlogy fr + (1 — fr)loga(1 — fi)
k

= —tr’ p¥Plog, pTP, (14)



with tr’ the trace in the extended single particle space.
Hence, S®P(|¢))) = 0 iff all eigenvalues fj, are 0 or 1, i.e.,
(p9P)2 = p%P which implies that p is a vacuum or in
general a quasiparticle Slater Determinant.

B. Information loss due to a single mode
measurement

Let us now consider a single mode measurement on a
general mixed state p of a fermion system (assumed to
satisfy [p, P] = 0). The state after finding that sp state
|k) is occupied or empty is pj = Iy pIly/px, or pf =
II; pI1; /pj respectively, with p, = <czck> = Trchck
and p; = 1—pi. Therefore, after an unread measurement
of that level the state of the system is

p'(k) = pk pi + pr P, = Ty p I + T p I, (15)
For instance, if p is a pure state [)(¢)| (Eq. @),

p' (k) = prlvow) (Vil + prlvR) (Vil - (16)

The ensuing reduced state of A is given by (6) while
PB = Pk CkpiCL+DE Pl Since p = p/ (k) +11pIT;+1T5 pll,
the last two terms are lost after such measurement.

The entropy S(p'(k)) = —Trp/'(k)log, p'(k) of the
post-measurement state (I5]) then cannot be lower than
the entropy S(p) of the original state, due to the infor-
mation contained in the lost elements. In fact, the eigen-
values of p/(k) are just the diagonal elements of p in a
basis different from that of its eigenvectors, and it is well
known that any such diagonal is always majorized by the
eigenvalues of p |38]. We have then

S(p'(k)) > S(p), (17)

with equality if and only if p’(k) = p. This last condition
is obviously equivalent to

[p.clex] =0, (18)

since if p = p/(k), Eq. (I8) holds, while if (IJ) is valid,
there is common basis of eigenvectors of p and ch;C and
hence p = p'(k). The difference

I(p) = S(p'(k)) = S(p) (19)
quantifies then this loss of information. It clearly satis-
fies I+ (p) > 0, with I°*(p) = 0 iff (I8) applies. It is
a fermionic version of the information deficit A7 (p) =
S(p") — S(p) [12], defined for systems of distinguishable
constituents (there is here no minimization involved be-
cause the occupation of mode |k) is a classical variable).
Furthermore, it is worth noting from (3] that

S(p'(k)) = S(k) + S(plk), (20)
where

S(k) = —prlogy pr. — prloga pr, = h(px)  (21)

is the entropy of mode k and

S(plk) = prS(pk) + PES(P}) , (22)

is the conditional entropy of the set of remaining modes,
given that the state of mode k (occupied or empty) is
known. Therefore, the deficit (I9) can be written as

S(p'(k)) = S(p) = S(plk) — (S(p) — S(k)), (23)

which is a difference of classical-like and quantum con-
ditional entropies with respect to mode k and repre-
sents the quantum discord |8] with respect to this mode.
Hence, for single-mode measurements the extension of
quantum deficit coincides with that of the quantum dis-
cord. For a pure state p = [1)(¥|, pj, and p} are both
pure (Eq. ([I6)), implying that I°* becomes coincident
with the entanglement entropy () of mode k:

I([9)) = S(k) = Ex(|¢)) - (24)

The conditional entropy (22)) can be interpreted, fol-
lowing the general results of [39], as an entanglement of
formation between the set of remaining modes k¥’ # k and
a complementary system (which can also be a set of new
fermionic modes) which purifies the whole system (see
Appendix, Eq. (A9))). Besides, the arguments of |13, [16]
imply that the information deficit ([I9) is an indicator
of the entanglement generated between the measurement
device and the system after a measurement of mode k.
In fact, by adding a qubit ancilla C' in an initial state
|0) to the fermionic system and performing the unitary

. = T .
transformation U = e "2 (¢¢)®% e obtain

U([£)10)) = Vprlve)|0) + vprlvp) 1) . (25)
Hence, for a general mixed fermion state p,
Tre[U(p © 0){0NUT] = p' (k). (26)

Therefore I (p) is the difference between the entropy
of the fermionic subsystem pr = Treprc = p'(k) in
prc = U(p ® [0)(0))UT and that of the whole system,
S(prc) = S(p). Such difference (the negative of the
conditional entropy S(prc)—S(pr)) can be positive only
if prc is entangled, according to the entropic separability
criterion [40-42], and is a lower bound to the one-way
distillable entanglement [13, [16, [43]. On the other hand,
if p'(k) = p, such that pr = 0 or 1 for any eigenstate of
p, then ppc is clearly separable and no entanglement is
created.

C. Omne-body information loss

We now take the sum, over all the states of a given
basis of S, of I°* in ([I9)),

I°(p) = > I*(p) = Y _ S(p'(k)) = S(p), (27)
k k



as a measure of the loss of information due to an unread
measurement in this basis. The minimum over all sp
bases of this difference,

I*P(p) = Min I¢(p) =Min » I°%(p), (28)
c {en} &

measures then the minimum loss of information due to

such type of measurement. This one-body information

loss clearly satisfies I°P(p) > 0, since it is a sum of non-

negative terms, with I°P(p) = 0 iff fermion operators ¢y

exist such that p'(k) = p V k, i.e., iff

[p,CLCk]:O, kzla"'vna (29)

which occurs iff p is diagonal in a set of Slater deter-

minants {Hk(cz)”k|0>} in the same sp basis (the com-

mon eigenvectors of all czck). Such states include the

typical uncorrelated thermal-like states p o exp[—SH],
with H = ", skchk, but also any convex combination
of Slater determinants in the same basis. These combina-
tions play here the role of “classically” correlated states.

Note that if 29) holds, for k # | we have <CLC[> =
<[c£ck,clcl]> = 0, so that the operators ¢ diagonalize
the sp density matrix: (chQ = Ai0ri. Therefore, even
though the operators minimizing 7¢(p) may not diagonal-
ize pP in general, they will if I°P(p) = 0. Thus, I¢(p) > 0
in all sp bases diagonalizing p°P imply I*P(p) > 0.

For a pure state p = |¢)(¢| equation ([24]) implies

Ie(j) = > S(k)=>_ hlpk), (30)
k k

which is just a concave function of the diagonal elements
of p°P. Therefore, in this case its minimum over all bases
is obtained when pj are its eigenvalues, i.e., when the
c’s are the fermion operators diagonalizing p°P:

FP(|)) = trh(p™) = SP(|4)). (31)

This result coincides with the entanglement entropy de-
fined in the previous section, in analogy with the infor-
mation loss for the distinguishable case [14], which also
coincides with the entanglement entropy for pure states.
On the other hand, it is seen from (20) that for a gen-
eral mixed state p, S(p'(k)) > S(k) = h(pr) and hence,

Min 3 S(/ (k) > trh(s™) (32)
fen}

As in the case of the one-body entanglement entropy, if
quasiparticle mode measurements are to be allowed then
the minimization extends to all quasiparticle bases, i.e.,
sets of operators {ay, aL} related to the original fermion

operators {¢;, CI} through a Bogoliubov transformation
([@2). It can be seen by repeating the argument used
above that this information loss,

Iqsp(p)zl{\gir}l [S(p'(K)) — S(p)] (33)
g

satisfies I%P(p) > 0, with equality iff quasiparticle oper-
ators ay exist such that

[p,azak]:O, k=1,....n, (34)

i.e., iff p is diagonal in a set of quasiparticle Slater deter-

minants in the same basis (common eigenvectors of all

alak). Moreover, as this extended minimization includes

the previous one as a particular case, we have
I (p) < I (p) - (35)

For pure states, the minimum I9P is obtained for those

aL diagonalizing the extended density matrix (I3]), which
in analogy with (3I)) yields

I¥P(|y)) = —tr'p¥Plogy pI = STP(Jy)),  (36)

where S%P is the generalized entanglement entropy (I4]).
As in the previous case, if (34]) holds, the operators ag
diagonalize p%P, implying that even though such oper-
ators may not minimize I®(p) in general, they will if
19P(p) = 0.

Let us also remark that I°P(p) remains invariant under
standard unitary one-body transformations

p— UpU', U = exp|—ut Z hijclei], (37)
4,
with h;; = hj;, since they just imply a unitary transfor-
mation of the fermion operators ¢ = (cy,...,¢,)T:
c — UcU' = exp|ith]ec, (38)

with p°P — exp[ith]p®P exp[—th]. These transformations
map Slater determinants onto Slater determinants. Sim-
ilarly, I%P(p) remains invariant under general one-body
transformations

p— WpWT, W = exp|—itH],

H = hijcle; + 504 (cle] + ¢5er) (39)
5,
1 C o h A
_§(CTC)H(CT>, H_<—A* _h*)v (40)
where AT = —A, since they just imply a Bogoliubov

transformation of the fermion operators:

(;) — exp[utH] (CCT)

with p®P — exp[tH]p®P exp[—1tH]. Therefore, evolu-
tion under Hamiltonians H of the previous form will not
alter the value of 9P (p).

Finally, it is worth remarking that

1%(p) =0, (41)

for any state p with support in a two-dimensional sp
space (n = 2) which commutes with the parity P.
Proof Let

p=D 4y W)WY+l ) (W] (42)

v=1,2



be the spectral decomposition of such p, with

7)) = (a¥c] +abeh)|0y, [9%) = (BY + Byche))o)

its odd and even parity orthogonal eigenstates (a? =

(=)Yaj_;, B7 = (—)7B3_;). It is easily seen that these
states can be all written as 0, 1 or 2-quasiparticle states
in a common basis. In fact, (che)) = (¢f — g3 )atal,
(ehely = (¢f — ¢F)BLBL. Hence, in terms of the quasi-

particle operators ar that diagonalize p®P ((ala;) =

(a7 — a3)a'y0’s = 0, (abal) = (fh* —q)FB1 = 0),
necessarily |w ) o a1|0) |92 ) o a2|0’> |¢+> o |0’) and

Y2 ) o abal|0’) if ¢ # i, with |0) the vacuum of these
quasiparticles (of the same parity as |0)). And in case of
degeneracy we may always choose the eigenstates |14 ) of
the previous forms. Hence p is always diagonal in a quasi-
particle Slater determinant basis, implying I%P(p) = 0.
Note, however, that I°P(p) > 0 unless [p, N] = 0, i.e.,

<c£c]£> = 0, and that p is not necessarily of the uncorre-

lated form o< exp[— ZV:L? eyala,] unless (aiala;@} =
(a}ar)(abaz), ie., af = (a1 +a;)(a; +43). O
On the other hand, if the support is a three dimen-
sional sp space (n = 3), then I%¥P(p) = 0 for any p of
definite parity (but not for any p commuting with P).
Proof: Let p = Zi:l qu ¥ Y{¥"| be the spectral decom-
position of p. If its eigenstates have all odd parity, i.e.

3
=
j=1

then <C;Ck> = Y, a(@ay + diklaf?), <CTC;T€> =
— ZU L Q€ af , with € the fully antisymmetric ten-
sor. Hence, if expressed in terms of the quasiparticle
operators ay, that diagonalize p¥P (c; — a;-, |0y — |07),
with (a;ak> = [0k, <a}a£> = 0), the previous

relations together with (¢”[y"") = Zi:l e '; = o

imply, for distinct ¢”’s, o/}, o< 61, ie. [¢¥) o al[0),

c; +afckebeD)oy, v=1,...,4,

v v
Ozj —>Ozj,

v=1,2,3 and [¢*) x agagal{|0’>. Hence p is diagonal in
a quasiparticle Slater determinant basis and 9P (p) = 0
(but I®P(p) # 0 if [p, N] # 0). The same procedure can
be applied for an even parity p (which can be recast in
the previous odd-parity form after a particle-hole trans-
formation cl-L — ¢; of one of the operators).

Note, however, that if p contains eigenstates of dif-
ferent parity, I9P(p) can be positive since the fermion
quasiparticle operators of the normal form for each par-
ity will not coincide in general. [l

D. General stationary condition

Let us now derive the general stationary equations that
must be satisfied by the set of operators {ay} minimizing
the generalized one-body information loss ([B3). After a
measurement of the occupancy of a corresponding level k,

the ensuing state p'(k), Eq. (IT), has eigenstates |¢Z(E)>
with eigenvalues

Consider now a small variation of the measurement basis
determined by a general one-body transformation

W = exp[—1eH] ~ 1 —1cH,

with H of the general form (B9)-@0). We then have
5q;:(7€) = —Z€<¢Z(;;)|[PaH]|¢Z(;;)> up to lowest order in e,

which implies, for the information loss (33)),

1% (p) = Y f'(a)3ay + f'(a})dq;
k,p
= —eTr ([Z (o' (k H) . (43)
k
where f'(p) = —logyp. The condition §I%¥P(p) = 0

for arbitrary H then leads to the stationary equations

Te (3, f/(0'(F)), plele; = 0, Te [, f/(0' (k). plefel =
V 1, 7, which reduce to

Tep /(o' (0) + /(0 (D) afar) =0, (44)
Tep [FF ) + £(F hvalal) =0, (49

V k # | when expressed in terms of the quasiparticle oper-
ators determining the measurement basis ([p’(k), a;fcak] =
0V k), since Tr[f'(p(k)), platar = 0 if j # k # I, and also
if j =1 =k. In the case of I*P(p), just eq. (@) is to be
considered (A =0in H).

For a pure state p = ) (|, Eqs. [@)—-{H) become

— g(m) + g (¥lajarlv) = 0, (46)
l9(p) — 9(pg) + 9(p1) — g(p))(®laka]|vw) = 0, (47)

for k # 1, where g(p) = f'(p) and py,;, are the probabili-
ties of finding state k occupied (empty) in |t). It is then
verified that they are fulfilled by those aj diagonalizing
the extended density matrix (I3)) ((akal> (alaﬂ 0).

[9(px) — 9(pE)

E. Generalized one-body information loss

We may directly extend all previous considerations to
more general entropic forms. We first consider the gen-
eralized trace form entropies |42, |44]

Si(p) =Tr f(p), (48)

where f : [0,1] — R is a smooth strictly concave real
function satisfying f(0) = f(1) = 0. For f(p)

—plog, p, Sy(p) becomes the von Neumann entropy S(p),
whereas for f(p) = 2p(1 — p), it becomes the quadratic
entropy S2(p), which is just a decreasing function of the
purity Tr p? and corresponds to the linear approximation



—plnp = p(1—p). It does not require the explicit knowl-
edge of the eigenvalues of p, being then easier to deter-
mine than S(p) |44, 46]. Moreover, the associated gen-
eralization of the one-body entanglement entropy (I4l),
STP(Jy)) = tr' f (') [31], becomes

SFP(v) = 260" pP (1 = p*P) =4 fi(1 = fi), (49)
k

which is just the sum of the fluctuations of the occu-
pancies of all single quasiparticle levels. More generally,
these entropies include the family of Tsallis entropies [47],
obtained for f(p) = (p — p9)/(1 — 2179) with ¢ > 0,
q # 1, which become proportional to the von Neumann
and quadratic entropies for ¢ — 1 and ¢ = 2 respec-
tively. We use here the normalization Trf(p) = 1 for a
maximally mixed single qubit state p.

A function f defined with the properties stated above
ensures that all entropies Sy(p) satisfy [42,!44] i) Sy (p)
0Vp, with Sy(p) = 0 iff p* = p, ii) S;(3; 6ps)
> 4iSy(pi) for ¢; >0, 3. ¢i = 1 (concavity) and iii),

p=p=Ssp) = Ssp) (50)

where p’ < p indicates that the sorted set {q}} of eigen-
values of p' (q; > ¢} if i < j) is majorized |14, 38, 42] by
the sorted set {g;} of eigenvalues of p:

k k
i=1 =1

with Ele qi = E'Z:l ¢i- Therefore, Sy(p) increases with
increasing mixedness of p.

This last property allows the straightforward extension
of the results of the previous section to the present more
general entropic forms. Indeed, p/(k) in (IH) is majorized
by the original state p, p'(k) < p, implying S¢(p’(k)) >
S¢(p) and hence

I (p) = S5 (p'(K)) — S¢(p) = 0, (51)

with I (p) = 0iff p'(k) = p. Eq. (1)) is a measure of the
information loss due to the unread measurement of the
occupation of sp state k, and is also an indicator of the
entanglement generated between the system and mea-
surement device, according to the generalized entropic
separability criterion [42]. By summing over all states in
a basis and minimizing over all possible bases of & we
obtain

IP(p) = Min S 1% = Min 3 S5/ (8) = S5(0) » (52)
{ex} A {ck} A

AVAY

which satisfies I7”(p) > 0, with I3 (p) = 0 iff p is diago-
nal in a set of Slater Determinants in the same sp basis
([p, chk] = 0V k). The minimization may again be ex-
tended to all quasiparticle bases through a Bogoliubov
transformation, leading to the quantity

17 () = Min 3 S0 (0) = S5(p). (59)
g

which satisfies 0 < I?*P(p) < I3°(p), with IF(p) = 0
iff p is diagonal in a gasis of quasiparticle Slater deter-
minants ([p, alak] = 0V k). For pure states p?> = p,
IfP(p) = S;(p®P) becomes the generalized entropy of
the extended one-body density matrix. Let us remark
that the general stationary conditions ([@4)—-(@T) remain
valid for the present generalization, with f’ denoting now

the derivative of the entropic function f.

Eq. (50) remains also valid for Schur-concave functions
of p [38], which include, in particular, increasing func-
tions of the previous entropies S¢(p). An example is pro-
vided by the quantum version of the Renyi entropies [48],

_ logy(Trp?) _ logy[l — (1 —2"79)Sy(p)]
Si(p) = e = =4

where ¢ > 0, ¢ # 1, which are just increasing func-
tions of the Tsallis entropies S,(p) and approach the
von Neumann entropy for ¢ — 1. The definition of
information loss straightforwardly extends to these en-
tropies. The logarithm in (B4) implies additivity, i.e.,
SE(p@o) = SE(p)+ Sk (o), which ensures that the addi-
tion of an uncorrelated ancilla to the system (p = p® o)
has no effect on the associated information deficit [49]
Ir,(p) = >, SE(p'(k)) — SFE(p). Nonetheless, the op-
timization problem for Ir (p) is the same as that for
I4(p) = 321 Sq(p'(K)) — Sq(p)-

We finally mention that for fermions we may consider
yet another way of adding an ancilla to our system .S, by
expanding its sp Hilbert space S — S @& A. A non corre-
lated state of the system S + A will then have the form
pspa, where pa and pp involve creation and annihilation
operators of single particle states in S and A respectively
(see Appendix). We have Trpgpa = Tr ps Trpa if traces
are taken in a grand canonical ensemble (as we are here
assuming), and hence S¥(pspa) = SE(ps) + SE(pa).

IIT. APPLICATION

A. Mixture of pure state plus maximally mixed
state

Let us now consider the mixture

w

Iy, (55)

p=whs) (] +

with 0 < w < 1 and d the dimension of the state space.
After an unread measurement of mode |k) the state reads

1—w

P’ (k) = wpr|r) (Vx| + prlvg) (Wr]) + Ia, (56)

with pyy = (chk> (<ckcL>) the probability of finding
mode k occupied (empty) in [¢p). Its eigenvalues are



= wWpk(r) 1= and 5%, so that

flq ) + f(q;;)
= S(p)]

dk(k)
Sf(p’(k))

:Z (a) + flar) = flw+252) = f(H5458)
k

We now show that the minimum of IJ‘E(p) over all sp ba-

sis of S is reached for the operators {c}.} that diagonalize

the one-body density matrix p;; = (c; ¢i), while the min-

imum over all quasiparticle basis is attained for those
{a} diagonalizing the corresponding extended one-body
density matrix p%°P.

Proof. Denoting with {\; = (¢}, 4 c).)} the set of eigen-
values of the one-body density matrlx p°P, such that
<C’LC’ i) = AkOg;, this distribution nlajorizes any other di-
agonal of the matrix, implying {p, = <ckck>} = {/\k} for
the sorted sets. Hence, {gr} < {¢'i} if qk = wh; + =¥
and 0 < w < 1, and also {qz} < {q}} if ¢f = wA; + ;w
since {pr} < {/\k} implies {pr = 1—pr} < {A; = 1= Ax}.
Therefore, Eq. (50) leads to

S fla) + flap) =D @)+ FdR),  (59)
k k

implying I3"(p) = Mine I§(p) = IC (p). This result also
follows dlrectly from the concav1ty of f and the relation
Uiy = dom [Ukk*d'1s ), with U the unitary matrix
diagonalizing p°P.

When quasiparticles are also considered, we note that
both pr and p; = 1 — pi are diagonal elements of p9P,
so that the enlarged sorted set {pg,pz} is majorized by
the whole sorted set { f = <a£ak), /i =1— fi} of eigen-
values of p¥P (<a£al> = k1 [k, (azaj) = 0). Therefore,
{ae ai} < {d' s a5} for @' yy = whiw) + +3%, implying
Eq. (59) and hence I3 (p) = I#(p). This result also fol-
lows from the relation g, = >, [Wi |2¢’;, between the
elements of the enlarged sets, with W the matrix diago-
nalizing p%P. O

These results are valid for the von Neumann entropy as
well as for the generalized entropic forms S¢, and are evi-
dently in agreement with the stationary conditions (44—
([H), since for the state (B3] they become proportional to
Eqs. [@8)—ET). They also hold if p has a definite parity
P, i.e., if I stands for the projector onto the same parity
as that of |¢), in which case d — d/2 in (B5)—(EJ). And
if [¢) has definite fermion number N, they are also valid
in a canonical ensemble, with d — (J).

The previous arguments also imply that if |¢') is a
state whose one body density matrix is majorized by that
of [}, PP < P, and g/ = wly!) | + (1 — w)la/d,
then

IFP(p") = I3 (p) (60)

Vw € [0,1] and V Sy. This general inequality reflects the
rigorously stronger entanglement of |1}, in the sense that
SFP(ly')) = Sy(p'*P) > Sy (p%P) for all entropies Sy if
0 asp < p%P, and indicates that the value of I3*" in the
mixture (B8 is indeed driven by the entanglement of the
pure state. The same relation holds for 13" if p™” < pP.

Let us point out that I7™(p) is a strictly increasing
function of w for any concave f, with I3#*(p) > 0 for any
w > 0. From Eq. (B8) it is seen that it exhlblts for small
w a untversal initial quadratic increase, given by

I (p) ~ w?|f"(d”

|ka L= fi), (61)

with fi the eigenvalues of the p®P determined by |[¢),
which is just proportional to the quadratic entanglement
of [¢)), Eq. (@9). For I}"(p) we should just replace f by
the eigenvalues A\; of p*P. In the case of the quadratic
entropy Sz, Eq. (61) is of course exact V w € [0,1] and
independent of d (|f"(d~1)| = 4).

Previous results are then similar to those obtained for
distinguishable bipartite quantum systems [14], where
the role played here by the basis diagonalizing p%P cor-
responds there to the local part of the Schmidt basis of
the pertinent pure state.

B. The case of four single particle levels

We now focus on the special case of a fermion system
with n = dim(S) = 4, where the entanglement of for-
mation for general states can be analytically evaluated
[23, 131]. For simplicity we will consider mixed states
with definite parity, which will be choose as odd. A gen-
eral pure state will be then a linear combination of single
fermion states and three fermion states. Therefore, it can
be written as

4
) = (icl|0) + B;cil0)), (62)
where [0) = clelelel|0) is the fully occupied state

and «, B are four-dimensional complex vectors satisfying
|ar|? +|B]? = 1. It can be shown [31] that the eigenvalues
of the generalized one-body density matrix p®*P of such
state are four-fold degenerate and given by

fo = VI, -

where C(|1)) = 2|37« is the generalized Slater correla-
tion measure, satisfying 0 < C < 1. This result implies
that there is always a quasiparticle basis in which the
state ([62) takes the normal form

= (Vs al +

L~ frajafa))lo),  (64)



with |0) denoting now the vacuum of the operators a;. In
terms of C' the entanglement entropy (I4]) becomes then

14+4/1-C2(|y
< E { >>>7 (65)

so C(J1)) plays the role of a fermionic concurrence. As
in the two-qubit case, for a mixed state p the convex roof
extension of STP can be similarly evaluated as

14+4/1-C2(p)
fp) : (66)

where C(p) is the convex roof extension of the pure state
concurrence defined above [31]. This quantity vanishes
iff p can be written as a convex combination of particle
or quasiparticle Slater determinants.

Let us now consider the state (IBEI) with a maximally

entangled state [¢) = \/5(@1 + a2a3a4)|0> which leads

STP([¢)) = 4h

se() = an (

to f+ = 1/2. The fermionic concurrence is then C(p) =
Max|[(7w — 3)/4,0] |46] and therefore, Eq. (66]) leads to

0 w < 3/7
qsp — —7w
ST(p) =9 41 <4+ 7[1+8w(6 7 )]) w37 (67)

The information loss I3°"(p) can be easily evaluated from
Eq. (B8), since all single particle levels have probability
1/2 of being occupied:

3 3 1 7 1 1—
I (p) = A2 (355) — f(BH) — (9] (68)
o T T T T -
d
190 (p)
0.8} v
L¥(p)
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2 S $:90(p)
H y
S 04} //'/
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FIG. 1. Quadratic (dashed line) and von Neumann (solid

line) information loss 19°P(p) and entanglement of formation
SUP(p) (normalized to their maximum values), as a function
of w for the mixture (B8] with n = 4 and definite odd parity,
for a maximally entangled state |¢).

Fig. [ depicts this information loss in the von Neu-
mann case (f(p) = —plog, p) and in the quadratic case
(f(p) = 2p(1 — p)), together with the corresponding en-
tanglement of formations S9P(p) and S5°F(p) = 4C?(p),
as a function of w. While there is a threshold value,
w = 3/7, below which the state remains separable,

IF(p) > 0 as soon as p departs from the maximally

mixed state, as given by Eq. (61]), implying that the in-
formation loss detects “non classical” correlations beyond
entanglement. In addition, it is worth noting that while
1P (p) is an upper bound to S5°P(p) for the present states
Y w € (0, 1), this is not strictly the case for the von Neu-
mann based quantities, as TP (p) < STP(p) for w below
but very close to 1.

C. Two fermion states

We now assume |¢) in (B3 is a two-fermion state.
These states are of the form

Z Mucjc; (69)

where M is a n x n complex antisymmetric matrix sat-
isfying 2TrMMT = 1. As shown by Zumino in [5(], for
any such matrix there is a unitary matrix U such that
UTMU = D, where D is a block diagonal matrix with
2 x 2 blocks of the form

o=V (*5). (70)

with A\; a real number. With the corresponding unitary
transformation ¢ = Ua of the fermion operators, we can
then split the sp space as S = S4 D Sp and rewrite the
state (69) in the normal form

Y) = Z \/EGL(A)GL(B)|O> . (71)
k

Eq. () is the Slater decomposition [23] of [¢),
fermionic analogue (for two fermion states) of the
Schmidt decomposition for distinguishable bipartite sys-
tems. The associated one-body density matrix is

p? = MM'=UDD"UT, (72)
which entails that the numbers )\, are its eigenvalues
(twofold degenerate), as is also evident from Eq. ().
The Slater basis then diagonalizes pP (and hence p%P, as
there are here no pairing contractions). We then obtain
SEP(|ah)) = S(|¢)) = 2>, h(Ax), which is the sum of
the entanglement entropies of all sp modes of the Slater
basis. We also have S3°(|¢)) =237, f(Ar) + f(1 = ).

Let us now consider the the one-body information loss
I;p(p) for the ensuing mixture (B5). Since the operators
ar(ay, ax(p) are the fermion operators where the one-
body density matrix is diagonal, the measurement mini-
mizing I}°(p) (which coincides here with I9P(p)) is that
on the Slater basis of [¢)) and is then a function of the
eigenvalues Ag:

IP(p) =2 [flwhe +152) + flw(l = M) + 152)
k

—flw+52) — f(52)], (73)



with d = 2" in a grand canonical ensemble, d = 27!
. . _ n(n-1) .

in an even parity ensemble and d = ——— in a canon-
ical ensemble. Present results are then formally similar
to those obtained for similar mixtures in bipartite dis-
tinguishable systems |14], with the Slater basis replacing
the local Schmidt basis.

IV. CONCLUSIONS

We have discussed the problem of quantifying one-
body discord-like correlations in general pure and mixed
states of fermion systems, which may not have a fixed
particle number (but which commute with the num-
ber parity). First, the correlation between a single-
particle mode and its orthogonal complement in the
single-particle state space & is considered. The mea-
surement of the occupancy of a single-particle mode is
properly defined and an entropic measure of the loss of
information due to this projective measurement is intro-
duced. The sum over all modes in a given basis of S of
this quantity, minimized over all such bases, is defined
as the one-body information loss, a measure of the mini-
mum loss of information due to an unread measurement.
It is a non-negative quantity, invariant under arbitrary
unitary transformations in S, which vanishes if and only
if the state of the system can be written as a convex com-
bination of Slater determinants in a common basis of S,
i.e., if it remains invariant after the unread measurement
of the occupancy of any sp level of this basis. For pure
states it reduces to the fermionic entanglement entropy
defined in [31]. These properties still hold if quasiparti-
cle level occupancy measurements are allowed, in which
case minimization is to be extended to all bases related
through a Bogoliubov transformation. The defined quan-
tities are then extended to more general entropic forms,
including trace form entropies and quantum Renyi en-
tropies. The general stationary condition to be satisfied
by the minimizing measurement was also derived.

As application, we considered the mixture of a general
pure state with the maximally mixed state for arbitrary
space dimension. The minimum information loss was
shown to be always reached for a measurement on the
basis diagonalizing the generalized one-body density ma-
trix, and to exhibit a universal quadratic initial increase
with the mixing parameter, proportional to the quadratic
entanglement entropy of the pure state. This fact implies
that it can measure non classical correlations beyond en-
tanglement, as explicitly verified for dim(S) = 4 (first
non-trivial dimension for definite parity).

The approach can be applied in both canonical and
grand-canonical ensembles, and for general states such
as mixtures of independent qusiparticle states or vacua,
being then suitable for studying correlations in strongly
interacting fermion systems and requiring just a sp basis
optimization. Its extension to more general partitions of
the sp space may yield further insight into the structure
of the state and is currently under investigation.

Appendix: Entanglement of partitions of the
fermionic single particle space

We discuss here the entanglement associated to a gen-
eral partition of a single particle (sp) space S of a
fermionic system. Let us assume S is of dimension n, and
consider a partition of S in two orthogonal subspaces S4
and Sp, generated respectively by m and n —m orthogo-
nal sp states of a given basis of S, such that S = SA®Sp.
Any Slater determinant in this basis can then be written,
except for a global phase, as

[Wsa) = T (e TT (€)™10) = ),

1€ESA JESE

where n;(;) = 0,1 is the occupation number of level i ()
and p = {n;,1 € Sa}, v ={n;,j € Sg} indicate the col-
lection of these numbers. The full set of states |uv), with
u=1...,2" v=1...,2""™ form an orthonormal ba-
sis of the full (grand canonical) space of many fermion
states in S, of dimension d = 2". Any pure fermion state
|1} with definite number parity can then be written as

[¥) = Cuvluw) (A1)

where the sum is restricted to states |uv) of the same
number parity as [1)) (i.e., |[++) or | ——) states for |1)) of
even parity). This implies that the matrix C of elements
C,v is blocked in two submatrices (C* and C~). After
a singular value decomposition C' = UDV', with D a
“diagonal” 2™ x 2™~™ matrix of non-negative elements
Dy = 0k6k1, and U,V unitary matrices, we may rewrite
this state as

[v) = Zak|kAkB>, (A.2)
e

with [kakp) = >, , UuVyj|pv) orthonormal states.
This is the Schmidt decomposition associated with this
partition. Of course, U and V are also blocked, so that
all states |kakp) have the same number parity as |1)).

The entanglement entropy associated with the previ-
ous partition is then

Eap=S(pa) =S(pp) =—> prlogapr,  (A.3)
k

with pr, = o the eigenvalues of CCT (or CTC) and
pa =Y (CC) ('] = pilka)(kpl, (A4)
k

Moot

pp =Y (CTOLu )| = prlk)(kal, (A5)

v, k

the reduced states associated with subspaces S4 and Sp,
such that any observable O 4(p) containing operators CI,
¢; with @ € S4(p) can be obtained as

(Oam)) = Trpar)Oap) -



A Slater determinant in a given sp basis is then com-
pletely separable, in the sense that F4p = 0 for any
bipartition (m,n —m) of S in this basis. On the other
hand, if a state is not a Slater determinant there is no
sp basis in which it is completely separable. Note that
pa(p) commutes with number parity but will contain in
general eigenstates of both parities.

In particular, if S4 contains just a single state (say k),

Eq. (AJ) becomes

’lﬂ> = Z CQU|OV> + ZClyl|1l/1>

= /Po [0%0) + +/p1 |1¢1) (A.6)
where p; = >, |Ci,|* and i) = >, Ciliv)/\/pi for

i = 0,1. Eq. (A8), equivalent to (), is the Schmidt
decomposition of |¢)) since the states |¢)g) and |1)1) have
opposite parity and are therefore orthogonal. The ensu-
ing entanglement (A3)) is then given by Eq. (8).

Let us now consider the entanglement of mixed states.
If a partition of Sp in two subspaces Sp, and Sp, is
made, we may define the associated entanglement of for-
mation of pp, Ep, B, (pB), as the minimum of the average
entanglement entropies

ZpaEBle |O¢ a| (A7)

Zpa p31

over all decompositions pp = > pala) (|, with p, > 0,
Y aPa =1, p%, the reduced state of By in the state |a)
and |a) normalized many fermion states in Sg, with the
restriction (since [pp, Pg] = 0) that all states |a) have
definite number parity. This implies that Ep, g, will be

10

the average of the entanglement of formations for each
parity, i.e., EBIB2 (pB) = p+EBle (PJEF;) + prBlB2 (PB)
if pp =pyps +p-pp-

In particular, if S4 is a single state, Eq. (A.6]) leads to

pB = poltho) (tho| + p1|v1) (¥1]

with |tg) and [11) of opposite parity. Therefore, in this
case the decomposition is unique and the entanglement
of formation reads

(A.8)

EBle = pOS(p%l) +p1S(p1B2) = (AQ)

where S(B1]A), equivalent to Eq. (22)), denotes the con-
ditional entropy of subsystem B after a measurement of
the single level of A in the mixed state pap,, in agree-
ment with the general result of [39].

It is worth remarking that a general fermionic mixed
state pa defined over a given sp space Sy (and com-
muting with P) can be purified in many ways, but in
particular (and efficiently) by the addition of a comple-
mentary fermionic sp space Sg, as is evident from the
previous discussion. In a grand canonical context, if pa
is, say, of rank 2", with 2" /2 eigenstates of each parity,
it is sufficient to add n orthogonal sp states generating
an orthogonal sp space Sp, and then form a pure state
like (A2)) or (A1), which should have a definite number
parity if physically realizable. If all eigenstates of p4 are
of the same parity then n + 1 sp states should be added
and just many fermion states of definite parity should be
considered.

The authors acknowledge support from CONICET
(NG) and CIC (RR) of Argentina. Work supported by
CIC and CONICET PIP 112201501-00732.

S(B1]A)

[1] C.H. Bennett et al, Phys. Rev. Lett. 70, 1895 (1993).

[2] M. A. Nielsen and I. L. Chuang, Quantum Computa-
tion and Quantum Information (Cambridge Univ. Press,
Cambridge, UK, 2000).

[3] R. Josza and N. Linden, Proc. R. Soc. London, Sect. A
459, 2011 (2003);

[4] G. Vidal, Phys. Rev. Lett. 91, 147902 (2003).

[5] E. Knill, R. Laflamme, Phys. Rev. Lett. 81 5672 (1998).

[6] A. Datta, S.T. Flammia, C.M. Caves, Phys. Rev. A 72,
042316 (2005).

[7] K. Modi et al, Rev. Mod. Phys. 84, 1655 (2012).

[8] H. Ollivier, W.H. Zurek, Phys. Rev. Lett. 88 017901
(2001)

[9] L.Henderson,V.Vedral J. Phys. A 34 6899 (2001);
V.Vedral Phys. Rev. Lett. 90 050401 (2003).

[10] W. H. Zurek, Phys. Rev. A 67, 012320 (2003).

[11] A. Datta, A. Shaji, C.M. Caves, Phys. Rev. Lett. 100,
050502 (2008).

[12] J. Oppenheim, M. Horodecki, P. Horodecki, R.
Horodecki, Phys. Rev. Lett. 89 180402 (2002).

[13] A. Streltsov, H. Kampermann, D. BruB, Phys. Rev. Lett.
106, 160401 (2011).

[14] R. Rossignoli, N. Canosa, and L. Ciliberti, Phys. Rev. A

82, 052342 (2010); Phys. Rev. A 84, 052329 (2011).

[15] B. Daki¢, V. Vedral, C. Brukner, Phys. Rev. Lett. 105
190502 (2010).

[16] M. Piani et al, Phys. Rev. Lett. 106, 220403 (2011).

[17] D. Girolami, T. Tufarelli, G. Adesso, Phys. Rev. Lett.
110, 240402 (2013).

[18] S. Luo, S. Fu, C.H. Oh, Phys. Rev. A 85, 032117 (2012).

[19] F.M. Paula, T.R. de Oliveira, M.S. Sarandy, Phys. Rev.
A 87, 064101 (2013).

[20] T. Nakano, M. Piani, G. Adesso, Phys. Rev. A 88, 012117
(2013).

[21] F. Ciccarello, T. Tuffarelli, V. Giovannetti, New J. Phys.
16 013038 (2014).

[22] F. Iemini, T. Debarba, R.O. Vianna, Phys. Rev. A 89,
032324 (2014).

[23] J. Schliemann, J.I. Cirac, M. Kus, M. Lewenstein, D.
Loss, Phys. Rev. A 64, 022303 (2001).

[24] J. Schliemann, D. Loss, and A.H. MacDonald, Phys. Rev.
B 63, 085311 (2001).

[25] K. Eckert, J. Schliemann, D. Brufl and M. Lewenstein,
Ann. Phys. 299, 838 (2002).

[26] H.M. Wiseman and J.A. Vaccaro, Phys. Rev. Lett. 91,
097902 (2003).



[27] C.V. Kraus, M.M. Wolf, J.I. Cirac, G. Giedke, Phys. Rev.
A 79, 012306 (2009).

[28] F. Iemini, R.O. Vianna, Phys. Rev. A 87, 022327 (2013).

[29] M. Oszmaniec, J. Gutt, M. Ku$, Phys. Rev. A 90,
020302(R) (2014); M. Oszmaniec, M. Kus$, Phys. Rev.
A 90, 010302(R) (2014); ibid 88, 0523328 (2013).

[30] G. Sérosi, P. Lévay, J. Phys. A 47, 115304 (2014); Phys.

Rev. A 90, 052303 (2014); ibid 89, 042310 (2014).

1] N. Gigena, R. Rossignoli, Phys. Rev. A 92 042326 (2015).

2] P. Zanardi, Phys. Rev. A 65, 042101 (2002).

3] Y. Shi, Phys. Rev. A 67, 024301 (2003).

4] N. Friis, A.R. Lee, and D.E. Bruschi, Phys. Rev. A 87,

022338 (2013).

[35] F. Benatti, R. Floreanini, U. Marzolino, Phys. Rev. A
89, 032326 (2014); X.M. Puspus, K.H. Villegas, F.N.C.
Paraan, Phys. Rev. B 90, 155123 (2014).

[36] P. Ring, P. Schuck, The Nuclear Many-Body Problem
(Springer, Berlin, 1980).

[37] N. Friis, New J. Phys. 18, 033014 (2016).

[38] R. Bhatia, Matriz Analysis (Springer, NY, 1997); A.
Marshall and I. Olkin, Inequalities: Theory of Majoriza-
tion and its Applications (Academic Press, 1979).

[39] M. Koashi, A. Winter, Phys. Rev. A 69 022309 (2004).

11

[40] R. Horodecki, M. Horodecki, Phys.Rev. A 54 1838
(1996).

[41] M.A. Nielsen M. Kempe, Phys. Rev. Lett. 86 5184
(2001).

[42] R. Rossignoli, N. Canosa, Phys. Rev. A 66 042306 (2002);
Phys. Rev. A 67 042302 (2003).

[43] M. Plenio, S. Virmani, Quantum Inf. Comp. 7, 1 (2007).

[44] N. Canosa, R. Rossignoli, Phys. Rev. Lett. 88 170401
(2002)

[45] R. Filip, Phys. Rev. A 65, 062320 (2002); H. Nakazato
et al, Phys. Rev. A 85, 042316 (2012); T. Tanaka, G.
Kimura, H. Nakazato, Phys. Rev. A 87, 012303 (2013).

[46] N. Gigena, R. Rossignoli, Phys. Rev. A 90 042318 (2014).

[47] C. Tsallis J. Stat. Phys. 52 479 (1988); Introduction
to non extensive statistical mechanics (Springer, Berlin
2009).

[48] A. Renyi, Probability Theory (North Holland, Amster-
dam (1970)); C. Beck, F. Schlogl, Thermodynamic of
Chaotic Systems (Cambridge Univ. Press, UK, 1993).

[49] N. Canosa, L.Ciliberti, R. Rossignoli, Entropy 17 1634
(2015).

[50] B. Zumino, J. Math. Phys. 3 1055 (1962).



