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We propose a formulation of quantum mechanics in an extended Fock space in which a tensor product
structure is applied to time. Subspaces of histories consistent with the dynamics of a particular theory are
defined by a direct quantum generalization of the corresponding classical action. The diagonalization of
such quantum actions enables us to recover the predictions of conventional quantum mechanics and reveals
an extended unitary equivalence between all physical theories. Quantum correlations and coherent effects
across time and between distinct theories acquire a rigorous meaning, which is encoded in the rich temporal
structure of physical states. Connections with modern relativistic schemes and the path integral formulation

also emerge.
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I. INTRODUCTION

Quantum mechanics (QM) is a mathematical framework
for the development of physical theories [1]. This frame-
work assigns an operator acting on a Hilbert space for each
observable of a given system, e.g., the position of a particle.
In particular, the Hamiltonian operator corresponds to the
energy of the system and determines its quantum evolution,
defining thus the particular theory. On the other hand, the
spectral properties of a general Hamiltonian preclude the
introduction of a time operator, a result known as Pauli’s
theorem [2—4]: in the canonical formulation of QM, time is
treated “classically” (i.e., it is not part of the framework as
an observable) [3].

This manifest asymmetry between space and time is in
clear contrast with the covariance of classical (relativistic)
physics, a problem partially overcome in canonical for-
mulations of relativistic quantum field theories: classical
theories are quantized on a time slice [5], and space
becomes an index indicating the site of an “oscillator.”
In this way, transformations mixing space and time (e.g.,
Lorentz transformations) can be introduced. However,
since the latter is an external parameter, not the index of
a site, at the Hilbert space level, an asymmetry is still
present [6,7]: a tensor product structure is applied to space
but not to time, as observed in Refs. [8—14]. This is a
manifestation of fundamental open problems concerning
the proper treatment of general covariance on Hilbert space
[8,15-19], which are an important motivation for the recent
interest on the introduction of time in a purely quantum
framework [3,6,7,10-16,20-27]. However, the asymmetry
is present in any composite system [10,11]. In particular,
this prevents the representation of trajectories in a Hilbert
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space (see Sec. Il A) and the use of conventional tools for
describing quantum correlations in time [28,29].

In this work, the conventional framework of QM is
generalized to remove the above-stated asymmetry. This is
accomplished by formulating quantum mechanics in an
extended Fock space in which a tensor product structure is
applied to time (previous attempts in this direction include
Ref. [9]; see the discussion in Sec. II A). The formalism is
presented in Sec. II, together with the concept of spacetime
quantum actions and the definition of physical states. The
case of quadratic theories is analyzed in detail in Sec. I, in
which connections with other formalisms through second
quantization and relativistic considerations are also exam-
ined. Different proposals for obtaining physical predictions
in the general case within the present extended framework,
including states at a given time through quantum foliation
and path integrals, are discussed in Sec. IV. A final
discussion is provided in Sec. V.

II. FORMALISM

A. Hilbert space for quantum trajectories

We introduce in this section a Hilbert space H suited for
representing trajectories (see Fig. 1) of a set of bosons defined
by operators a;, a;, [ai,a;] =&, laja;] =0, for i, j
arbitrary quantum numbers (e.g., i may represent a discre-
tized position x), which generate a “conventional” Fock
space $ of states [[;(a;)"|0) (with a;|0) = 0). For this
purpose, we define creation/annihilation operators A;(t),
A’ (1) on “each” time slice, satisfying [A;(¢), A;(¢)] = 0 and

[Ai([)?A;([/)] = 5(t — 1')dy, (1)
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FIG. 1. Representation of two classical (distinguishable) par-
ticles moving in flat spacetime whose trajectories can be para-
metrized as (f,q,(7),q,(f)) (top left). Conventional QM
describes this situation by employing a basis of product states
|7) = |q.) ® |gq,) which represent the positions at a given time in
the Hilbert space $. Instead, in H, the whole paths are
represented by |¢(1)) = |q4(1)) ® |g,(1)) x ®; |qar,) ® |qn,)
[Eq. ()], where |g,(t)) o ®; |g;,,) (top right), which establishes
a completely symmetric application of the tensor product to
spatial and temporal degrees of freedom. Moreover, classical time
evolution ¢(t) — q(z + Ar) can be seen from a passive point of
view as a displacement ¢t — r— Ar of the whole manifold.
In our formulation, quantum time evolution emerges from
ePi(=20|q(1)) = |q(t + Ar)). The symmetry between space
and time is further depicted on the bottom panel with a different
example: The tensor product in space of a conventional quantum
field theory is extended here to spacetime.

with A;(1)|Q) =0 V¢t e [-T/2,T/2], which generate an
extended Fock space H. Here, |Q) = ®; (0),, where the
tensor product is to be interpreted as the continuum limit of
equally spaced discrete time “sites” with spacing e, such that
t] = €j, ] e”Z andA,»(tj) = Ai[/_/\/g, with Ai1/|0>1‘j =0and
[Aifj’Aj’t./] = 0,;;76;7. The algebra of Eq. (1) is recovered
J

from 6(1; —t;) = 6,7 /e.

The extended Hilbert space H of states [[; ; (A} )"1]Q)
can then be written as H = Q; 51,- with Sj,j the Fock space

generated by the operators Ajr, (fixed j). Note also that we
can write H = ®; 9, and then

LJ

with §;; = sf)i,j, which is the aimed Hilbert space sym-
metry between “space” (index i) and time (see Fig. 1).
This construction allows us to specify, up to quantum
uncertainty, a classical trajectory in phase space as a
coherent history state, i.e., a product state of the form

o) =exp | [arat-a'0) )i, @)

where a(r)-A'(t) = 3, a;(1)Al(f) (or an integral for
continuum labels).

Here, exp [[ d1O(t)] = ®; exp [eO(t;)], where O(t)=
O(A(1),A'(1), 1), such that

A(1)|e(1)) = a(1)|a(r)). (3

Note that (7)) = e*'|Q), where A" = [ dra(r) - A'(1)/a
with a = [ [ dt|a(1)|]'/?, is a “collective” trajectory boson
creation operator. The (over)complete set of these trajecto-
ries span H:

~—

/ Da(e ) P () @) =1, @)
where Da(t) = [];; dza;[(t")
Alternative bases are provided, for example, by operators

Q(1) = Am%{;(l), P(1) 2%, such that

(0(0). P(!)] = is(1 — )3 (5)

(we set i =1). Then, we can define the corresponding
eigenstates |q(7)), |p(7)), satisfying

0(1)lg(1)) = q(1)lq(1)),

Explicitly, we can write [30], [31,32]
I
() =exp |- [ @a"0)- (40 - 220 |90 7

such that |¢(1)) = ®; 7,lq,,),, with q, = /eq(t)), v; =
e and ,,(4:,141,);, = 5(g — ¢'). The completeness

relation reads fDq(t)e_fd'|q<’)|2|q(t)><q(t)| =1(Dgq(t) =
11 dq;(t;)\/me). Similar formulas hold for |p(7)). These
spacetime bases enable a novel approach for path integral
representations, as will be discussed in Sec. IV B.

While H is isomorphic to a tensor product of copies in
time of $, we have not specified any particular time
evolution yet. We have only introduced a suitable “geo-
metrical” scenario (which may be indicated as spacetime)
in which any laws of physics may be defined. In fact, a ket
in ‘H does not “evolve,” but it can contain by itself all the
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time information (or history) of a given system. Some
condition must establish which ones of these histories is
compatible with a particular theory, an intuition which
leads us to the definition of physical subspaces Hp. It turns
out that if we propose that the trivial theory (null
Hamiltonian) is defined by those coherent states invariant
under time translations a natural definition for all theories
follows. This result, which is presented in Sec. II C, relies
on the extended unitary equivalence between theories that
we introduce in Sec. II B.

We also note that a similar discrete tensor product in time
Hilbert space is employed in the context of the “consistent-
histories” approach to quantum mechanics introduced by
Isham [8], with the aim of providing a novel way of
representing the corresponding decoherence functional.
The latter is the central quantity in the scheme developed
in Refs. [33,34], concerning the joint probability of finding
a sequence of properties at a series of times. In Isham’s
approach, a copy of the original Hilbert space is involved
for each of these times. In its continuous-time formulation
[9], the basic operators also satisfy Eq. (1). Nevertheless, in
the present formalism, this enlarged Hilbert space, rather
than a tool for representing histories, is considered as
fundamental. In particular, time evolution is derived from
properties of the corresponding time translation operator
and encoded in physical states, while the “number of time
sites” is arbitrary. Quantities such as the decoherence
functional can be obtained a posteriori.

B. Time translations and spacetime quantum actions

Consider the generator of time translations P, in the
present scenario, defined as

P, = /da) wA' (@) - A(w) (8a)

/thT( ) iA () (8b)

:%/dt[P(t) -Q(1) = Q(1) - P(1)]. (8¢)

where A( ) is the Fourier transform (FT) of A(z), such
that A f do A e~ (continuous notation; see
Appendlx A) and 1A f Ao

the site derivative [Eq (A3)] We assume periodic con-
ditions A(—7/2) = A(T/2). The operator P, satisfies

Ywe™ ! coincides with

eiP,AtA(t)e—ﬂ’fo = A(t + At), (9)

which for At — 0 leads to

[P A(1)] = —iA(2), (10)
in agreement with Eq. (8b).

Remarkably, the integrand in (8c) has the form of the
Legendre transformation which connects the Hamiltonian
with the Lagrangian in classical mechanics. This suggests
the introduction of a new object that for the trivial theory
reduces to P,: we define

j::/dt[AT(t)-iA(t)—H(A(t),AWt)vt)]v (11)

which will be indicated as spacetime quantum action
operator (not to be confused with Schwinger’s action
[35,36]) for its formal coincidence with the classical
one. Here, [dtH(A(t),A%(r),t)=>,H(A, A} 1) for
H(a,a’,t) a conventional (quantum) Hamiltonian (and
dt =€), in accordance with the convention of J having
units of P,. A remarkable result is that J and P, are
unitarily related (see the proof in Appendix B):

J=VPYV = /da)a);ﬁ(w) A(“’) (12a)

/ datAt(1) - id (1) (12b)

= [ @b -0~ 00 Pl (120

where

Pt = 7 exp {—i / dr / "drHA()
)

is a tensor product in time of conventional time evolution
operators  U(t, 1) =T exp[~i [} d'H(a,a", 7)) (I
denotes time ordering applied to ') and

A'(r).0)]  (13)

Alw) =VA(w)V,  A(r) =VA()Y, (14)
with A(¢) the FT of A(w) [similarly, Q(r) = VQ(¢)V,
P(t) = VIP(t)V]. Here, t, is a reference time such that
A(ty) = A(ty). In particular, for H time independent,

VT:exp[—i/dt(t—to)H(A(t),AT(t)) . (15)

Since in this context [J is the operator that defines a
particular time evolution (Sec. I C), the result (12a) is
unitarily relating all theories to the trivial one. This also
means that in H all physical theories appear unitarily
related between themselves. Such a general result is a
consequence of the remarkable property of the spacetime
quantum actions of having the same spectra regardless of
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the Hamiltonian. This should be compared with the
obvious fact that different Hamiltonians have different
spectra, which also means that such a unitary relation
between theories could have never been revealed in a
Hamiltonian formulation.

The proof of (12a) is based on the basic properties of P,
as the generator of time translations and assumes periodic
conditions for finite 7" (something which in principle can
always be “enforced” or implemented by a “well-behaved”
‘H in the limit 7 — o). Notice that Egs. (9) and (12) entail

eTMA (1) e TA = A(t + Ar) (16)

such that 7 is the generator of time translations in the
“normal” basis for a non-null Hamiltonian. Therefore, the

operators A(t) satisfy

7. A(1)] = —iA(1), (17)

in accordance with (12b). In fact, they are the unique
annihilation operators fulfilling (17) and A(f) = A(to).
The uniqueness is an immediate consequence of (16),
which implies

A1) = VDA (1)) e T A (18)

when At = t — t,. The relation (18) is a remarkable result
on its own and provides an expansion in powers of Az of the
evolved operator V'A(t)V (see also Appendix B and the
discussion below). In the context of the consistent histories
approach, and for the particular case of a time-independent
harmonic oscillator, an analogous action complying with
Eq. (18) was introduced in Ref. [37].

Before proceeding to the definition of physical subspa-
ces, we would like to stress that as a consequence of (12)—
(14) the information of conventional time evolution is
already encoded in the operators A (¢): From Eq. (13), it is
clear that the operator Zl(t) corresponds to the operator
a(t) = U(t, ty)aU'(t,1y), which acts on §,. Since an
underlying tensor product is involved, this statement is
rigorous for discrete time, in which case we can also speak
properly of “instants” and sites. In Sec. IV, these ideas and
the discrete regularization will be employed to derive (and
interpret) different ways to obtain physical predictions from
the inner product of H. On the other hand, the expressions
involved can also be obtained straightforwardly in the @
basis by employing the normal operators A(w) of (12a),
which satisfy

7. AT ()] = 0A(w). (19)

In this basis, the limit ¢ — 0" is well defined, and a map
with conventional states in $ can be easily introduced.

We also remark that for a general periodic (or well behaved
in the limit 7 — oo) operator =exp| [dtM(A(t).AT(t).1)]
Eq. (9) yields (see Appendix B for details)

au
U =i— 20
Pl =i (20)
with % defined in (B7) through Eq. (10). For

M(A(t),A7(¢)) time independent, Eq. (B7) implies
[P, U] =0. If iM(A(t),AT(¢)) is also Hermitian, this
implies U'P,U = P,; ie., P, is invariant under time-
independent canonical transformations A(t) — UTA(t)U.
This means that without imposing any initial conditions the
diagonal form (12a) is not unique and implies

{U,/dtH(A(t),AT(t),t) —0=[U,J]=0. (21)

In particular, a time-independent symmetry of H,
[M(a,a’),H(t)] =0, is a symmetry of J: [, J] = 0, for
eM(A(1),A% (1)) = M(A,,A]). On the other hand, for H
time independent, it follows from Eq. (9) that /72’ satisfies
Eq. (21); i.e., J is invariant under time translations, and
hence [P,, J| = 0 [see also Eq. (B9)]. In Appendix B, we
discuss further symmetries of P, and J which are not
diagonal in time, together with the possibility to generalize
(12a) to “exotic” theories involving multiple times.

Finally, it is appropriate to mention that different
definitions of time localization are now possible; as it
happens for spatial localization in quantum field theories
(QFT) with important implications on spatial uncertainty
relations [38,39], time localization is now an emergent
aspect of the “lattice.” Different definitions of this notion
would also imply different energy-time uncertainty rela-
tions according to the operators involved. An example is
provided by the single particle (SP) time operator
T = [dttA" (1) - A(r), which reduces on SP states to the
Page and Wootters (PW) operator [40] (see Sec. IV D)
employed in other recent formalisms with quantum time
[3,6,7,15,20,22-25]. In this case, it can be shown that [see
Eq. (B7); here, T — 0]

[P, T]=IiN, (22)

where N = [diA'(1) -A(t) = [dwA'(w) - A(w) is the
number operator [e.g., N(A](£))"|Q) = n;(A](1))"|Q)].
Then, ATAP, > %|(N)| through the Cauchy-Schwarz
inequality in H. Despite the importance of the energy-time
pair in QM [4], this treatment is usually prevented by the
impossibility of introducing a time operator in $ [2,4,41].

C. Physical states

We are now in a position to formalize the postulates that
define a particular physical theory; consider the normal
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operators ;1((1)) defined by the representation (12a) of the
quantum action, fulfilling Eq. (19) and A(¢y) = A(t,), and
their vacuum |Q) = V'|Q). The corresponding Hp is
introduced as the linear space spanned by states
[T.(Al (@ = 0))"|Q), i.e., the Fock space generated by
the creation operators satisfying

[7.A"(0)] =0, (23)

which may be interpreted as a static (or timeless)
Heisenberg equation for A'(0). This definition is in
accordance with the proposal in Ref. [7], which originated
from relativistic considerations. In particular, since just
® =0 bosons are involved, J|¥) =0V |¥) € Hp, a
constraint which defines related quantum formalisms
[40,42] motivated by the Wheeler-DeWitt equation [43]
(see also Sec. III D). Equations (12a) and (23) also imply

(P Mis—gu) |¥) = 0, meaning that the average of the quantum

action 7 is stationary in Hp as a functional of A (w) [44].

To show that the present formalism yields (in a physical
subspace) the same predictions of conventional QM, we
establish an isomorphism £:$ — Hp such that

c([Tlaiym0)) = TTIA 0) 19, (24)

We will say that |¥) = L(|y)) is the history of |y) € $
with the Hamiltonian that defines 7. In particular, for a

coherent state |y) = ¢*4'|0), Eq. (24) leads to
1) = expla-A'(0 = 0)0) —exp | [ SEa- 4100 10)
VT
=V'exp [/%a -AT(t)} |Q), (25)

which is a product of evolved states when V' is the operator
(13). Thus, the time invariance proposed for history
coherent states of the trivial theory (H =0, Vi =1)
unitarily defines any other. An important property follows
from (24): if |®) is the history of |¢), then

(@) = (L(@), L(¥))) = (@lw), (26)

and in particular, (¥|¥) = (y|w), a relation which holds
for any 7, as it follows from [Ai(O),A;(O)] = 0.
Moreover, even if an infinite extent of time is considered,
a natural approach emerges: the formalism treats @ as a
usual continuous quantum number with an associated
eigenfunction expansion. This may be regarded as an
eigenbasis associated with different physical theories
labeled by w; a state can be normalized if a quantum

uncertainty in the physical theory is allowed (see
Appendix C).

ITII. QUADRATIC CASE

A. Quadratic spacetime quantum actions

In the following, we explicitly develop the case of
bosonic quadratic theories as an important example of
(11). For a general quadratic Hamiltonian [45,46]

-l (30 20)(2) b

where w (y) are Hermitian (symmetric) matrices and y =
(%) satisfies
3)
-1/

= % / A ()TIN() - W (DK ()W(D)].  (27)

K (1),

0=y y=yy" —(p)y) = G)

the quantum action (11) becomes

with W(7) = (A(1),AT(2))!, [¥(2), ¥ (¢)] =1S8(¢t = 7). Tt
is first verified that under any constant Bogoliubov trans-
formation (BT) (1) — W ¥(r), where WiITW,, = II (lin-
ear time-independent canonical transformation), the form

of J is preserved (with K — W(T)K Wy). It is then seen that
the diagonal form (12a)

j:% / dr ¥ (119 (1) :% / do 0¥ (0)¥(0) (28)

can be achieved by applying in (27) a diagonal in time BT
W(r) = W(r)¥(1), (29)
where W(¢) satisfies the Heisenberg equation [47]
iW(t) = TIK ()W (1) (30)

with W(ty) = 1 in order that ¥(zy) = ¥(z,) [implying
Wi()[IW (1) =TIV ¢]. This is in agreement with
Eqgs. (13)-(14) since in the present case V=
exp[l [ di¥T(1)M(1)¥()] with e ™) = W(z), and

VW)Y =¥(), V¥ (e)V=%¥w (31)
are BTs equivalent to (29).
This is the only solution satisfying the initial condition

A(ty) = A(ty), as we proved in Eq. (18).

B. Time structure of physical states

It is important to remark that the states |¥) € Hp
constructed with Eq. (24) already contain all time infor-
mation of the system, in a nontrivial way. In fact, general
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physical states |¥) = L(|y)) have a complex time structure
and in particular exhibit in general entanglement in time,

even for decoupled oscillators: by considering H =
S wi(ala; +1) [48], Eq. (27) becomes

7=Y [ dvfo-op) (@ +3) o

such that A;(w) =A;(w+ o)) in (12a) and
A,(t) = e'™'A,(t), in agreement with (29)—(30). Then, a
SP state

It dt iwf)t _ ﬁ
Aw=oe) = [ FLemaioe - [

is a W-like state in the time representation (unlocalized in
time), where we have written |ri) = Al (r)|Q). A general SP
physical state then has the formal appearance of a PW state

[3,22] (see also Sec. IIID) |¥) = f Z wie ’W0’|tz>
However, more general Fock states, e.g.,

eiw{)z|”->

(33)

dt, dt,
f f

et AT (1)A] (1) Q).

(34)

(A1(0))°12) =

have even a richer structure.
On the other hand, an initial coherent state leads to
coherent product state [Eqs. (2) and (25)]

L)) = |a(1)) = %eXp [ L0t

\/T/e

aj |2 69)

ie., (a(t)); = Gke™

( La; |a> /Hda ). (36)

We conclude that the physical subspace of time-indepen-
dent stable quadratic systems corresponds to the linear
space of quantum trajectories |a(7)), where a(f) is a
solution of the classical equations of motion. These
“almost” classical trajectories also have a “classical time
structure,” namely, separability in time, which is an
appealing property. Remarkably, L(|w)) has the same
formal expansion of |y) in this basis, although notice that
such superposition of separable (but composite) states will
in general be entangled.

o/, implying

C. Physical predictions

Physical operators defined by Eq. (31) satisfy, for K time
independent (At =t — 1),

eiP,At\ij(Q)e—iPrAf = exp(—iHKAl)‘i’(O), (37)

where W(0) = ¥(w = 0). This result is to be compared
with the standard Heisenberg operators for the quadratic
case,

ey e=tHAL — exp(—iTIKAt)y,

and has a clear geometrical meaning: a rigid translation of
the time sites reproduces the conventional time evolution of
physical operators. The details can be found in
Appendix D. This result also holds in the time-dependent
case by replacing "2’ with the unitary “complete” time-
translation operator YW(At) from Eq. (E1), which translates
both the time sites and the explicit time dependence of H
such that [W(Ar), J] = 0 (see Appendix E).

From Eq. (37), it follows that if O(¢) =
ePA1O(P(0))e=PA for O an arbitrary function of ¥(0),
then

(@[O(0)|¥) = (9|0 (1)ly) (38)
for Oy (1) = 2 0(y)e 2" and |¥) (|@)) the history of
lw) (J¢)), a relation which holds for any quadratic
Hamiltonian, observable, and states. The generalization to
the time-dependent case and multiple-time correlation func-
tions is apparent.

Moreover, time translations preserve the separation
between the @ = 0 mode and the rest, implying

<(I)|e—iP,At|LP>
<Q|e—iP,At‘Q>

_ {plettaanary,)
<O|e—1H aa"')At|0> ’

(39)

which reduces to Eq. (26) for t = #,. An explicit derivation
of Eq. (39) is provided in the Appendix D, which also
shows its invariance under linear symmetries of J (non-
necessary diagonal in time). Its time-dependent version is
derived in Appendix E

D. Second quantization of parametrized
particles and PW formalism

One important motivation of the present formulation was
to remove the asymmetry between space and time in QM
by incorporating the latter in the same framework. Different
aspects of this problem are treated in the quantization of
reparametrization invariant systems [15,42] and related
quantum formalisms like the one proposed by Page and
Wootters [40] (and recent revisions [3,20,22,24,25], includ-
ing the relativistic extensions [6,7] relevant for the present
scheme). Here, we discuss how these other proposal are
connected to our work through the SP space of particular
spaces H.

The treatment of a parametrized particle (one dimen-
sional for simplicity) for a time-independent Lagrangian
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L(q,q) leads to a classical weak constraint [42] Hg =
p,+H=0 with p, = w This condition is quan-
tized as [49,50]

Hg|?) = (P, ® 1+ 1QH)|¥) =0, (40)

where P, ® 1 =i [didi'dq55(1' —1)|tq)('q|, 1 @ H =
[ didqdq'(q'|H|q)|tq')(tq| and
(tq'|tg) =o6(t—1)o(q — ¢'), (41)

which is commonly considered as an auxiliary condition on
a “kinematic space” K to define the physical space (which
is not a proper subspace). Alternatively, a relational
interpretation is assigned to this equation where Hg is
regarded as the Hamiltonian of a composite global system
“clock”+*“system.” This is the case of the PW formalism
where a Hermitian time operator is defined as the observ-
able of the clock T = [ drt|r)(1].

If instead the kinematic space is promoted to the status of
a “physical” space and, moreover, the particles are regarded
as d + 1-dimensional objects (for d spatial dimensions), the
proper scenario for many identical particles is an extended
Fock space ‘H [7], different from the conventional one and
different from the PW formalism applied to a Fock space
(or equivalently, from the generalized Hamiltonian dynam-
ics of a conventional Fock space). This is achieved by
reinterpreting the states |zg) as SP states |tq) = A’ (1, ¢)|Q)
[with A(z,q)|Q) =0, (Q|Q) = 1], which, considering
Eq. (41) and a bosonic particle, implies [A(t,q),
AN(t,q)] =68(t=1)8(q—¢'), an example of (1). Then,
one may generalize

H¢—>-TJ (42)

with

J=/dt/dqdq’AT(t,Q’)[iazé(q—6/)—<q’IH|q>]A(t,Q),
(43)

which remarkably is the spacetime quantum action (11) for
a field of harmonic oscillators (here i — ¢g) and a single-
particle Hamiltonian (for a local H, J becomes local in
spacetime), a particular instance of the general quadratic
case (27). As a consequence, SP states (but not multi-
particle states) in H are formally identical to PW states,
while the SP matrix elements of the operators 7, 7 are
equal to the matrix elements of Hg, T, respectively [includ-
ing J|¥) = 0 for |¥) € H, being formally equivalent to
Eq. (40) for SP states]. Notice, however, that the product
structure between “time” and ‘“rest,” essential for “con-
ditioning on a clock,” is completely lost [7]; the product
structure of H is applied to time itself with a geometrical

rather than relational meaning. As a consequence, our
definition of foliation (of Sec. III D) works on a different
basis without any reference to a clock.

Note also that the second quantization [51] of the
conventional Hilbert space $ of the particle, which is
spanned by states |g), leads as well to a field theory, now in
a Fock space $' generated by operators a'(g) such that
|g) = a’(q)|0). This is the system described in the present
Hilbert H: 7 in Eq. (43) is precisely the spacetime quantum
action, which corresponds to the Hamiltonian

H = / dqgdq (d\H|g)a' (¢)alq)  (44)

obtained through second quantization of the Hamiltonian of
the particle. The relation between these different Hilbert
spaces is represented in Fig. 2. An independent description
of the particle (without the field) can be provided in a
different ' for H the Hamiltonian of the particle
in Eq. (11).

We remark finally that, while in $ the product structure
applied to space allows to represent field configurations at a
given time as eigenstates [30]

) =exp| -5 [ dala’(a)a' (@) ~2v2000) |10
(45)

of p(q) = “(‘1):;?(4), in 'H, the product structure is extended

to time, allowing us to represent spacetime configurations

e e A
-2V3p(1.0)| 1@ (46)

i.e., Eq. (7) applied to the present case.

E. Relativistic considerations

The relativistic case was traditionally considered as a
special case of nonrelativistic QM [5] since, e.g., scalar
field theories can be interpreted as the continuum limit of
coupled harmonic oscillators in space, an example of (27)
for free theories. On other hand, the present formalism is
particularly suited for a geometrical interpretation of the
spacetime sites; for i > x and A;(f) - A(x), we define
U(A) by U'(A)A(x)U(A) = A(Ax) (for T — oo). The
algebra implied by Eq. (1),

[A(x). AT(y)] = 6W (x - ), (47)

is explicitly preserved when A is a Lorentz transformation.
This yields U(A)|¢(x)) = |¢(A~'x)) for the coherent field
state
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FIG. 2. On the left, the two descriptions of the single particle:
the conventional one in the Hilbert space $ (top panel) and the
generalized description in spacetime in the Hilbert /C (bottom
panel). On the right, the second quantization of the previous
schemes. The second quantization of $ leads to a field theory in a
conventional Hilbert space $7 which is isomorphic to a tensor
product in space of copies of 9, i.e., H'~ ®, 9, (top right
panel). The second quantization of I leads instead to an extended
space H~ ®, HF = ®, ¢ 9:q Where the tensor product structure
is applied to both space and time and it is possible to represent
field configurations in spacetime (bottom right panel). The
description of the field in this extended Hilbert space can be
immediately obtained by applying the formalism presented in this
work to this particular case.

000) = exo| [ axoron]lo) 6y

[a(t) = ¢(x) in (2)], which is the correct transformation
property of a state representing a (scalar) field configu-
ration in spacetime [a similar reasoning holds for the states
(46) for g — x].

The generator of time translations transforms as
U'(A)P,UA) = AP, with P, = [d*xA"(x)id,A(x)
such that P, = P,. In particular, [U(A),P,] = 0 only in
the limit of Galilean transformations. To introduce invari-
ant physical subspaces, we can employ a previous proposal
by the authors [7] (more recently also presented in
Ref. [54]), which consists of considering a second quan-
tization version of the constraint H™|¥):= (P*P, —
m3)|¥) =0 (and P° > 0) where the Hermitian operators
P+ satisfy [X*,P,)) =i8", with X =T the PW time
operator [7]. The constraint H™|¥) = 0 also arises from

the treatment of reparametrization invariant systems but
considering now the classical action § = —m f dr [49,50].
This treatment leads to

HY = T =~ / d'xA" (x)(% + mg)A(x) - (49)

such that [U(A), J] = 0 and implying

(P T el (x))
(#(x)]p(x))

where S[¢(x), ¢*(x)] = — [ d*x¢*(x)(0* + m3)p(x) is the
classical action of a free scalar field (nyy = 1, ¢ = 1). The
result (50) is suggesting a deep connection between
particlelike techniques and a formulation of QFT in this
extended setting.

This new form of the quantum action also admits a
normal decomposition [analogous to (32)] such that
(T AT (m?.p)] = (m* = m3) A (m?, p), implying in each
mass sector the three-dimensional invariant product [7]. As
a consequence, the correct commutators between physical
field operators [the component of ¢)(x) o« A(x) + AT(x) at
fixed mass] also emerge [55]. In fact, the definition (23) of
physical states corresponds in this case to the mass-shell
condition (see also Ref. [7]).

Note that we could have considered instead
J = [d*p(p° — E,.)AT(p)A(p), which yields an equiv-
alent constraint for E,,,, = 1/ p* + m?. This J has the form
(11) for H = [ & pE,,a’(p)a(p) with [a(p).a’(p")] =
5(3>(p —p’); ie., H is the (diagonalized and normal-
ordered) Hamiltonian of the free scalar field we want to
describe. While explicit Lorentz symmetry is lost, under,
e.g., a boost in the first direction such that
p° — coshnp® +sinhpp', UT(A)JU(A)=coshyJ and
the physical subspace remains invariant:

= S[p(x), ¢ ()], (50)

[7.AT] =0 e [U'(A)JTUA), AT = 0.

We see that the possibility to represent spacetime
configurations of the fields opens the possibility to explic-
itly preserve the symmetries of spacetime (Lorentz covari-
ance in the previous example) at the Hilbert space level and
in particular in quantization processes. As a fundamental
consequence, the correct invariant product emerges in H,
from the (standard) global inner product of H in the case
considered [7].

IV. RECOVERING PHYSICAL PREDICTIONS
IN THE GENERAL CASE

A. Quantum foliations

For nonquadratic theories, Eq. (37) (and its time-
dependent version) no longer holds for V diagonal in time
as defined in Eq. (13). However, even for such diagonal
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solutions, there is a simple scheme to extract information “at
a given time” from |¥): We introduce a unitary quantum
foliation operator defined as the shifted inverse FT
F()A(0)F(t) = \/eA(t + eTw/2x) such that, roughly
speaking, 7 ()|¥) contains the state U(, t,)|y) at the site
t. We can make this statement more precise for discrete time,
in which case (see Appendix A)

Flt)A(on) F (1)) =4, . (51)

implying

Fr O] [IAf (@ = 0))]1Q) = [ [1(A7)"]1%)

i i

=VT[lAah" Q) (52)

when r = t; = ej. Hence, given |¥) = L(|y)) € Hp, we
obtain

FOM) = lw(); ®0(17)),, (53)

J#i
for |w (1)) = U(t, to)|w), [0(2)) = U(t, 1y)|0) and where we
used VI = ®, U(t,1,). The unitarity of J(z) reflects the
unitarity of time evolution,
(®IF () F(1)|¥) = (@¥) = (ply) V¥ 1. (54)
for |®) = L(|¢)) and in agreement with (26).

We see that we can recover the evolved state |y/(¢)) from
|¥) by first applying the foliation operator and then taking
the partial trace over the Hilbert spaces of the other times.
This defines a completely positive trace preserving map [1],
which in particular for ¢ = ¢ provides a representation of
L7, On the other hand, there are straightforward ways to
obtain physical predictions which employ the inner product

of the global space H. In the following, we present results
in this direction.

1. Propagators

Consider again |¥) = L(|y)) and |®) = L(|¢)). From
Eq. (53), it follows that

(@I (1g)e” P =0 FF (1) |'P)
(Q]e=Pi(=10)|Q)

AolU(t. 1) lw)
“ O >

with (@|U(t,ty)lw) the standard propagator. Here,
e~"Pi=%) moves |y(t)) (and the remaining vacua) back
to site fo where it overlaps (@|. The remaining overlaps
between vacua cancel with those in the denominator. For
t = ty, Eq. (54) is recovered.

The result (55) can be easily written in terms of the
original operators A (o = 0), A" (o = 0) or A(t), A*(¢). For

time-independent H, where time translations are a sym-
metry ([P,, J] = 0), simple expressions can be obtained
(At =1t —ty),

(@|F (t9)e P MFT (1) ¥) _o(@|e=HAOA Ay (56)
<Q|e—iP1At|Q> - <Q|e—iH(A(0)A-;-(0))AI’Q>

W @IF ()T (1) %)
<Q|ei.7At|Q> ’

(57)

where |¥),, |®),, F(r) are in the trivial basis (see
Appendix F for the proof). Clearly, Eq. (56) agrees with
Eq. (55), and its limit € - 0 is well defined. In the
quadratic case, this equation reduces to (39) since
(F(1), [drH(A(1),AT(1))] =0 for H(A(1),AT(r)) =
> w(")Aj'(t)A,-(t). The generalization for a time-dependent
H relies on the replacement e/”("=0) — W(t —1,) and is
developed in Appendix E.

2. Observables and correlation functions

For H time independent, Eq. (16) allows us to write [see
also Eq. (A6)]

eiP,sA[je—iP,e _ eiHeA e—iHe’ (58)

Ljyi

with H the Hamiltonian as a function of operators 4, ,
A,TH .- We see that under the action of time translations the
operators A, are not only translated into the new Hilbert,
but they aré also evolving (see Fig. 3). More generally,
Eq. (58) implies

eiP,AtO(Atj ,Aj-/)e_ipfm — eiHAtO(A,j, ’A'tl'// )e—iHAt (59)

with H = H(Zl,f,,ﬁjj,) and At =t; —t;.

We can employ this point of view to obtain correlation
functions: given a conventional operator O(a,a"), which in
the Heisenberg picture reads Oy (1) = e'0Oe " (we set
to = 0), from (59), we obtain

(0|0 (1))ly) = (@(0)]e"OA_, . AT, )= ¥(0))
= (®@|eM50(A(0),AT(0))e U ]¥),  (60)

for [¥(0)) = F(0)[), 1) = L(w)). |&(0)) = F' (0)]),
and |®) = L(]g)). In the last equality, we have “extracted”
the operators F(0) from [¥(0)), |®(0)), such that A(0) =
A(w = 0) and H = H(A(0),A"(0)). This is, of course, the
expression which is obtained by applying the map L to both
the states |y), @) and the operator O.

The result (60) can be immediately generalized to
compute multiple-time correlation functions by “inserting”
now operators at different times; if we define
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(I’(O)\?l(tj.)?z(th) W (0))

FIG. 3. Under time translations through Atz/e steps, the
operator A,j is displaced to site ¢y = t; + Ar while evolving

an amount Af (left panel). Through insertion of operators at
different times and translations back to the Hilbert at r = 0,
multiple-time correlation functions are obtained (right panel).

O'(1) = &P 0" (A, AL, Je P,
then

(AT (1)lw) =

The corresponding @ expansion is apparent and only
involves physical operators (operators acting on H ).

All these relations, starting from Eq. (58), can be
generalized to the time-dependent case by replacing
e'PA" — W(At) from Appendix E. A similar procedure
can be employed for the mixed case and for the more
general decoherence functional [34].

(@(0)[[[O'(;)1¥(0). (61)

B. Path integrals from quantum trajectories

The spacetime quantum actions, their unitary equiva-
lence with P,, and the “trajectory” states (2)—(6) also enable
a straightforward novel approach to path integrals (Pls),
which provides an alternative way to compute physical
predictions. To illustrate this point, we will show first that a
conventional product of time-ordered operators in $ can be
expressed in H as

T(04 (1) 05 (1)... 0% (1))

U'(1,0)0'U(1,0), 1; = €j;, and

= TI'[#O [eiJSO], (62)
where O (1) =

0:=0'(4, A )..0"(4, .A] ) (63)

is a product operator in time with O’ on the slice 9, (and
identities for j # j;). The time ordering emerges naturally
from the ordering of the time sites in 7. This also provides an
alternative representation of the product of operators in (61)
(when the times are ordered): [T; O'(t;,) = Tr,0[e'7¢O).
Proof.—Note first that Eq. (62) is equivalent

to  {(p|TOL(1)0%(ty)...0%(t,)lw) = Trlly){p|e<O]
VY [w)(¢| = |w){p|®1; acting on £y. On the other hand,
j#0

from the result (12a) and the initial condition V'A,_,V =

A, (implying [V, [y)(¢|] = 0),

Trlw)(¢le O] = Tr[ly) (p|e™VOVT]  (64)

with
VOV = 0}(A, A} . 1))...0%(A, Al 1), (65)

i.e., VOV is a tensor product of operators O (t), each one
evolved up to the corresponding time site value. We then
note that a quantity {@|0'O?...0"|y) can be rewritten as

(i = ceey i_z, i_], i], iz, )
(p|0'0*...0"ly) = Z<g0i1i2...|eipt€(’)|1//i1i2...)
7
= Trljy) (¢l O] (66)

with Y, i) (i| = 1 and the operators appearing in the inverse
order of the time sites [here, to comply with the ordering on
the left-hand side of (66), we should choose #; > t, > ... >
t,, in the definition of O; with the time-ordering operator, this
is no longer required]. The expression (66) relies on a basic
relation between quadratic forms and tensors [56] (e.g.,
(@|0'Oly) = 30| OMi)(i|O?y) = Y {pilePO* ®
O'lyi) for e='P|pi) = |ip)). In (66), the time translation
operator ¢'7¢ ensures the correct indices ordering.

The validity of Egs. (64)—(66) V |w)(p| implies (62),
with the time ordering linked to the underlying ordering of
the time sites. [

Now, by using Eq. (62) and considering for simplicity
(and ease of notation) a Hilbert § such that [ dq|q)(q| = T,
W) =14). |#) =lq;) and O'(a.a’)=0i(q). we can
write

(q;]TO}(q.1,)...0%(q.1,)|q;)

/ [ [44;0"

J#0

(9;)---0"(a; ){asq:.--1€¥V|qiq,...). (67)

where we used the resolution of the identity in H,
J11;dq;la){al =1 f[here, |q) = ®;|q;), satisfying
(6)]. The right-hand side is formally identical to the
standard PI expansion of this quantity for a periodic
evolution [such that U'(£,0) = U(T, 1)],

(q;|TOY(q.1,)...0%(q.1,)|q:)

dq; 1
/ I1|- 0'(q,)-..
40 27‘[16 271'[6

m

On(%n)eis’

with § the classical action for H(p,q.t) = p>/2m +
V(g, t) [not required in Eq. (67)] evaluated on each path.
Remarkably, the quantity e’S is now appearing from the
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matrix elements of ¢'/¢ along the “quantum trajectories”
defined by the extended Hilbert space and represented in
Fig. 1. This can be seen explicitly by writing first
(ale'la) = [T];dp;{alp)(pleVla)  [lp) = ®; |p)),,
satisfying (6)] and noting that (t = j)

(plei7e|q) = eiZ,E[p,é,—H(ppq,J)]<p|q> +0O®E2),  (68)
as it follows from the approximation of the operator

e =1+ieJ + O(e?)
=T+ iGZ[p,é], —H(p., g, 1)) + O(€),
7

where ¢, = (q,41 — q,)/€e + O(€?), i.e., ¢, is equal to the
site derivative of g, in this order [see also Egs. (A3) and
(A6)]. We can corroborate the result (68) by noting that
ee = VielPiey = P @ U(t; + €,1;), which, by con-
sidering again Eq. (66) (now “from right to left”), implies
(ple7ela) = T1;{p;U(; +e.)lgj). the  expression
which is obtained through the conventional time slicing
for a spacing e, in agreement with (68).

Related expressions can be derived for propagators by
similar means. Coherent states (2) may also be employed
analogously. Since the “sum over trajectories’ interpreta-
tion [57] acquires in H Hilbert space meaning, the conven-
tional subtleties of PIs concerning the limits ¢ - 0, 7 — o
appear now linked to standard issues related to tensor
products in Hilbert space. The results and regularizations
employed in this work may thus constitute a first step for
tackling those subtleties by means of well-known tech-
niques from canonical QM.

V. DISCUSSION

The treatment presented in this paper provides a starting
point for developing general spacetime formulations. While
it is able to reproduce the conventional predictions of QM
concerning time evolution, it maps the evolution to history
states endowed with a rich time structure. This natural
consequence of the underlying product structure in time of
the extended Hilbert space opens some immediate pos-
sibilities concerning the understanding of time correlations.
In particular, such a time structure could be relevant in the
investigation of the entanglement/geometry connection
[58-60] since it may enable spacetime extensions of recent
proposals of emerging space from entanglement in Hilbert
space [61]. More generally, quantum correlations across
timelike (causally connected) intervals acquire meaning.

In this work, almost all efforts concerning physical
predictions have been focused on the recovering of the
conventional consequences of QM. However, the unitary
equivalence between theories revealed by the formalism
opens additional unexplored possibilities. For example,
since all theories are defined in the same Hilbert space H,

not only does the time evolution of all possible theories
follow, but, in principle, also that of any quantum super-
position of them (being H a genuine Hilbert space), a
situation which may find its place in nature: a coherent
superposition of gravity [62—64] could induce coherences
in the time evolution of matter. A related example is the
possibility of introducing indefinite causal order (super-
position of causal relations between events), a problem
which also requires a nontrivial extension of QM, recently
under consideration in the context of process matrices [65].
In these new scenarios, nondiagonal in time properties of
P, and J, some of which have been discussed in
Appendixes B and D, may become relevant.

While the spacetime quantum actions have a natural
form for infinite dimensional $ (they resemble a classical
action), the formalism is completely suitable for finite
dimensional systems. For instance, since the general
evolution of a qubit can be encoded in the first two levels
of an harmonic oscillator, “spacetime descriptions” of a
qubit can be derived from subspaces of the present H (and
apparent generalizations to higher dimensions).

The present formulation also provides a consistent
framework for discretizing time. In Sec. IV B, this dis-
cretization has been related to the conventional time slicing
employed in path integrals through the matrix elements of
J. Further developments along this line are under inves-
tigation. We also mention that in case a fundamental
spacing € exists it would have nontrivial physical impli-
cations, as recently shown in Ref. [15] through the related
quantization techniques considered in Sec. III D. Other
insights derived from the formulations considered there
may be further developed in their “second quantized
version” as particular instances of this framework. For
example, the considerations on Lorentz covariance at the
Hilbert space level described in the PW extensions [6,7] for
relativistic particles were here generalized to (free) fields.

While we have employed pure states, the mixed case
follows straightforwardly by usual means. Considering in
addition that the treatment of composite systems is implicit
in (1), the formalism should describe measurements prop-
erly by incorporating the processes involved [1], a strategy
recently employed in related constructions [3,20].

Decoherence functionals can also be derived straight-
forwardly from the formalism opening possible connec-
tions with Isham’s approach [8] (and modern related
schemes, e.g., Refs. [10,13]). In particular, it is interesting
that the concept of physical states, which appear naturally
in the second quantization of parametrized particles
(Sec. IIID), can be related to such quantity, providing a
possible unifying bridge between these different general-
izations of QM.

We note finally that, while a bosonic formulation was
employed, the formalism is also suited for fermions: given
a set of fermions b; such that [b,-,b;] . = &;;, the corre-
sponding operators on each slice B;(1), B;(t) can be
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defined as [B,-(t),ij(t’)]Jr =6(r—
lar implies a Pauli’s exclusion principle in time. Then, main
basic results, like the unitary relation (12a) between P, and
J (see Appendix B), hold if we replace A(t) — B(r).

In summary, we presented a formulation of QM which
treats time and “space” on the same footing at the Hilbert
space level. The concept of time evolution is replaced by
the notion of physical subspaces determined by new central
actors: the spacetime quantum actions. All familiar tools of
QM can now be applied to this extended framework, paving
the way for a novel understanding of quantum correlations
across time.

t')6;j, which in particu-
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APPENDIX A: REGULARIZATIONS
AND NOTATION

In this Appendix, we summarize the notation conven-
tions we adopt in relation to the regularizations applied to
the extent of time 7 and the spacing between sites e. For
completeness and clarity, explicit expressions and limits are
provided as well.

For finite T,

/ "2 A (r)eion (A1)
w t lwk
9] =7 "
with @, = Z%, such that
1 )
A(lt) = —= ) Alop)e™™ (A2)
V2>

with k € Z and [A;(w
the site derivative

). Al(op)] = 8,0, By Eq. (A2),

Al) = limA(t +6t) —A(r)

6t—0 ot (A3)

becomes identical with \7—’72,{ @A (wp)e
In continuous notation, we can rewrite (A2) as A(t) =

S JLA(w)e™™, where A(w) = lA(a)k) and [do
stands for 2237, such that iA(t = [ oA (@)e™".
For T — oo, this representatlon becomes exact,

with [A,-(a)),A;(a)’)]T—> 5;;6(w — o).

On the other hand, for discrete time (finite €), A(wy)
becomes the discrete FT

€ _—
Aloy) = \/;ZA (A4)
where A,j = \EA(t;), tj=¢€j, k. j=-m,....m, and
T/e =2m+ 1, with [A,j,A,j,] =6y, such that A, =
\/%ZkA a)

Je~ij The last expression can also be used
for a continuous 7, in which case [A;(r),Al()] =
5y LI 56(1— 1),

J
i T sinfz(t=0)/T) 0

We can also deﬁne the one-body unitary operator
F(t;) = exp[—iA (op ) MIFA(wy)]  with (&™) =
/Se 2k DRE/T “quch that

FHt)A(o ) F (1)) = Ay,

with F7(z;) = 7 F7(0) and F (0) the FT. For finite €, P,
is still defined as P, = >, ZX A" (w;)A(wy ), where the sum
now involves T /e values and

(AS)

eiP’GA,je_iP’G — At

e (A6)
Similarly, for a nontrivial theory, the physical foliation
operators used in (51) are defined by

Fi(t;) = VIFI 1))V = 5 F7(0). (A7)

APPENDIX B: UNITARY RELATION
BETWEEN P, AND J AND ADDITIONAL
PROPERTIES OF P,

Here, some additional properties of the generator of time
translation are presented, starting with the relation between
its commutator and the “partial” derivative in time.
Immediate (but nontrivial) consequences follow. Before
proceeding, an elementary proof of the result (12a) which
only employs Eq. (9) is provided below.

Proof of Eq. (12a).—For finite T, we assume

. . t0+T
T exp|—i [ dt di'H(A(1),A"
)

i.e., U(to + T, to) =1. Then,

<r>,r’>} ~1. (@)

. . ~ t—6t
ePotYTe=iPidt — T'exp {— ‘/dr/ dr'H(A(1),AT (t),t’)} ,
)

which holds for T'— oo when H is well behaved in the
limit of large times. For 6f <« 1, it leads to

P g=iPst — ot [ dtH(A(t)A"‘(t)J)w,

where we used [/ dPH(A(1),AT(1),7) = [} d'H(A(1),

AT(1),1') — 6tH(A(1),A"(¢),1) and the temporal ordering
(the second term is always at time ¢ > #'). In conclusion,
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Vie-iPory — -ilP[ drH(A(D A’ ().0)0r (B2)
implying VP,V = J. n
Notice that this proof only employs properties of V'
under time translations. In particular, this means that it also
holds for fermionic systems.
We can actually prove, for a general periodic operator

U = exp [/ dtM(A(t),AT (1), t)], (B3)
the more general result
0
UPU = P,—z( u)u ! (B4)
ot
=P - i/dtR(A(t),A"’(t),t), (B5)
which is equivalent to
.oU
[Pl = i (B6)
where its partial derivative is defined as
o ¢ f dtMA) AT (1).0450) _ g
= lim
Ot 50 ot
_ ( / dﬁz(A(z),A*(t),t)>u (B7)
and R(A(#),A(¢),t) is the operator defined

by g eMAOA O = R(A(1), A" (1), ) MDA,

Proof.—Using previous definitions, we obtain, up to
0(61),
PO =Pt — o AIM(A(51) A (1+61).1)

_ efdt/vl(A

- (1] —5r/dtR(A(t),AT(t),f)>u

= U — iU, P)5t

from which Eqs (B5)-(B6) directly follow. For M time
independent, % = 0 and UP U~ = P,, [P,.U] = 0.
Analogously, in agreement with (B7), u

MAWA W L=MAWATD) i plying

(1),A%(t),t=5t)

(B8)

(B9)

with ‘)5\;’ = limg,_,
Eq. (22) in the limit 7 — oo.
Since V' is a product in time of operators U(t, t;), we

can also write V' =expli [dtM(A(1),A(2),1)] for

[AM(A(1),A(t), 1) = 3, M(A,,A],1) and U(t,1y) =

eM(@a'l) Thep,

VIPYV =P, +i { / dtM, 7?,}

o | ] famr)]+...

which is an explicit expansion of (B5). On the other hand,
i4U(1) = H()U(t), with H(t) = H(a.a', 1), implies

(B10)

—H(r) = /01 explisM(t)|M'(t) exp[—isM(t)]ds

= M(0)+ 5 (). M)
+%[M(z), M), ()] + ... (B11)
since iLeMt) = — [1 MO (1)ei(1=IM()gs. By com-

paring Eqs. (B10) and (B11) and con51dering Eq. (B9), the
result VIP,V =P, — [drH = J is recovered. This rea-
soning provides further verification of the related result

(18) since we can now write, for At =1—t,, A(z):
eifdfMeiP,AtA(t())e—iP,Ate—ifdtM — eiTBA (1)~ with
J reappearing from commutators between P, and [ dtM
(we used [[dtM.A(1y)] =0, as implied by the initial
condition).

Furthermore, if we consider more complex operators,
e.g.,

U = exp { [ dndn ). 40). ). AT0).1.1)

a reasoning analogous to Eqgs. (B5)-(B7) yields

UPU =P, - (B12)
with R =i, P, U~ = [(dt +az YUJUL. For U Hermitian,
this defines in general quantum actions

J =P, - (B13)
for “exotic” theories nondiagonal in time. It also reveals a
great amount of further symmetries of P, (and hence 7)

since, e.g., in the present case R = 0 for BM = —OM 5 it

oty
follows from expanding M near #4, 7,. Of course this can
be immediately generalized to an arbitrary number of times.
A basic example of these symmetries is provided by the
unitary transformations of the @ = 0 mode. A nonbasic
example is provided explicitly in Appendix D where
Bogoliubov symmetries are considered.
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APPENDIX C: NORMALIZATION IN THE
“THERMODYNAMIC LIMIT”

Normalization of states for an infinite extent of time is
usually regarded as a subtle aspect of quantum formalisms
of time [20,66]. In the usual quantum treatment of
reparametrization-invariant systems, it also prevents con-
sidering the physical spaces as proper subspaces, leading
ultimately to abandoning the role of time as an observable.
In our proposal, these aspects appear in a new form, which
allows a straightforward quantum treatment: given, e.g.,

¥), = 2wl (@)|Q) and |®),, = 32, ¢id] (@)|),

PP, = 8(w— o) ply). (C1)
where (ply) = >, @iy, and the presence of §(w — @)
[=(T/27)6 for T — oo] is in accordance with the
continuum spectrum of 7 (,(¥| is an eigenfunctional).
Equation (C1) and obvious generalizations to many particle
states are the continuous w-equivalent of Eq. (26). The
important novelty of the formalism is that not only are
eigenfunctional expansions well defined, but so are their
transformation properties under time translations (since the
latter are defined in the complete Hilbert space H). This
means that if we normalize states by permitting super-
positions in @, time evolution is still well defined.
Physically, this implies quantum coherences in a quantity
which in conventional QM is regarded as a “parameter’:
e.g., in the case of decoupled oscillators [Eq. (32)], an
uncertainty on @ around @ = 0 has the physical meaning of
quantum uncertainty in the oscillator frequencies wj. This
also holds in the case of [ for §(w — ') — 6(m* — m'?)
but with an important novelty: the product in the right-hand
side of (C1) is the invariant product of scalar QFT [6,7].
The crucial lesson is that the form of the inner product in
the physical subspaces may depend on the choice of J
according to its symmetries and the “parameters” in the
Hamiltonian which acquire quantum coherences.

While the previous considerations allow us to explore
features not contemplated in conventional QM, they also
agree with a more “traditional” approach: if II, is the
projector in H,, then (®'|¥) = (p|y) for |®) =1II,|®’),
which constitutes the generalization of the group averaging
product [66] to H and its subspaces. Alternatively, normal
operators can all be equally “smeared” A;(0) = A’ =
[do'p(0)A(0) with [dw|p(w)? =1, such that

L'([[T;(a})"1]0)) =T T;[(A"})"]|%2) implying (®[¥)=(g|y)
for [¥) = L'(|y)), |®) = L (|¢))-

APPENDIX D: LINEAR SYMMETRIES AND
TIME TRANSLATIONS FOR QUADRATIC J

The diagonal form J = [dww¥' (0)¥(w) remains
invariant under Bogoliubov transformations

()= (e o)) @
A'(-w) Ve U J\A'(-w)

which for U, V independent of @ are equivalent to
¥(r) —» (U.V.)¥(r), a linear time-independent (in the
normal basis) canonical transformation. This includes
transformations of the form Q;(r) - ;0;(z), Pi(1) —
P,(t)/a; for a; constant, implying the invariance of the
“Legendre transform form” (12c). Note also that
L, = ;[¥'(0)¥(0) - ¥ (~0)¥(-0)] = d'(0)a(w) -
a'(-~w)a(-w) is an angular-momentum-like operator:

¥ ¥ T
_ aa,—aya, + 4.\ _ a,*a,
QXpy - q;rpx - 2i =daja, —a_a_ for (ipﬂ) - 2
a, _ a,Fa_
and (2, ) = VIR

Consider now Eq. (27), i.e., J for quadratic theories.
As we have seen, diagonalization can be achieved by
linear transformations ¥(r) = W~'(1)¥(r) satisfying
iW(t) = TIK (t)W(t). Given the general solution W(r) =
exp(—ilIKt)W, for a time-independent Hamiltonian,

ePAP (1) e~ PA = exp(—ilIK'A1)P(t),  (D2)
where we used W'(t)W(t + Ar)P(t) = exp(—illK'Af)
with K’ = W(T)K Wy. This is an example of Eq. (58) and
of (D1) with (‘l/]* (B/*) = exp(—ilIK'At) and U, V
independent of @, implying

u o

eiP,At\i;(w)e—iP,At _ (
0 U*

> e—il‘[(uAt\ij(w)

R L TE Y

In particular, for @ =0, ie., for physical operators,
e P (0) e~ PiA =exp(—il1K' At)¥(0), which is Eq. (37).
From this result, we can also infer the effect of time
translations on physical states by first considering the
vacuum case. It follows from (D3) that, while a time
translation has a nontrivial effect on |Q), it preserves the
separation between modes with distinct |@| and in particu-
lar between the mode 0 and remaining modes [this holds for
any transformation (D1)],

ePAIIQ) = MY ON0)_y @ (A7), (D4)
for A(0)|Q) =0, A(w=0)[0);_o =0 and H(¥(0)) =
¥ (0)K"¥(0). Then, given H(y) = Ly Ky,

D=

-2
(@A ®) = (ple™ WAy x (Q(0)Q(Ar))  (DS)

for L(|y)) = |¥) and L(|¢p)) = |®). This implies Eq. (39).
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APPENDIX E: TIME TRANSLATIONS FOR
TIME-DEPENDENT THEORIES

Consider the unitary operator
W(AL) = ePAyT Y (E1)

with

Vi, =T"exp [—i/dt /tdt’H(A(t),AT(t),t’ + At)],
)

which for H time independent W(Af) — e”/A!. From
(12a), it follows that

ViPVa =P — / drH(A(1), AY(1).t + Ar)
— oiPbI TP
implying W' (A1) JW(At) = J and hence
W(Ar),J] = 0. (E2)
We can think that the operator YW(A¢) is translating both the
sites and the time dependence of .
On the other hand,
VW(A[)VT _ VeiP,ArVTLAt _ V[eiP,AtvLe—iP,At}eiP,Ar
with
eiP,AtVZ[e—iP,At
A 1 .
= T exp {i / dt / "arH(A (). AT (1), ﬂ)},
t
implying
YW(Ar) V!

— ¢PA oxp [i / dt / ’ dt’H(A(t),A’f(t),t’)], (E3)

where 7, = 1) + At and we used that the second term,
which is equal to ®, U"'(tf, tg), commutes with P,.
The result (E3) allows us to write
(@eA(1, 10)[¥)
R t
= o(®|T" exp [—iz / drH(A(wy), Awy), 1) | |%),
k t
(E4)

forU (1, ty) = F(to)W'(t — to)F (¢) unitary. This yields the
relation

(@u(1, 10)|%)
(Qud(2.10) 1)

U )W)
= 01U 10)[0) (E3)

with (¢|U(t,ty)|y) the conventional propagator.
Note also that (QU(z, 1,)|Q) = (0|U(z, 1,)|0)7/¢, which
generalizes (F3) since (Q[U(1, t,)|Q) = (QIW'(t — 1,)|Q).
With the operator WW(Ar) of (El), we can generalize
Eq. (D2) to the time-dependent case,

W(AZ)\?(Z‘)WT(A[) = eiptAlVZth(t)VAle—iP,At
= Wi ()¥(r + Ar),

with W, (¢) satisfying iW, (1) = TIK(t + Af)Wa,(f). By
writing then (¢4 Af) = W(t+ Ar)P(¢) and using

Wil (t)W(t + Ar) = W(1y + A1, 1), we obtain
W(ANB()W' (A1) = Wty + At,1o) (1 + Ar). (E6)

in agreement with conventional time evolution. Since the
unitary transformation (E6) is a constant Bogoliuvob trans-
formation, all previous considerations in the @ basis hold.
This implies the time-dependent versions of Egs. (37), (38),
and (39) for 74" - W(Ar).

APPENDIX F: PROOF OF EQS. (56)—(57)

To prove Eq. (56), we note ﬁrst that frpm the result (12a)
(which holds in the form VeP:4) = /747 in the discrete
case) and [P,, J] = 0 it follows, using (15), that

(®(1)|ePANP(1)) = o (D(1g) | e~ Pt LA (1))
= o(®(1)]e” 2B (1)), (FI)
with H, = H(A,.A}), At = 1 — 1o, and |¥(1)) := FT(1)|¥),

[P (1)) == V|¥(t)) = F'(1)|¥),. We now act with the
operators F(¢) on the exponential to obtain

(®(10) e~ PA(1)) = o (@]e 2 Al A @8 gy
(F2)

where we are now using a discrete notation for o (0, = 2LT")
and we used Eq. (51). The sum involves 7'/e terms, but
only the mode-0 contributes to a nonvacuum matrix ele-
ment, iec., 0<(I)|e—iZkH(A(wk),AT(mk))Ar|\Ij>O:<(p|e—iHAt|w>X
[(0]e~27|0)]7 /¢=1. Since, of course, this also holds for
¥) = |®) = [€),

(Qle=Pia11Q) = [(0]e~"4|0)]/e, (F3)

Eq. (56) is obtained.
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And to show (57), we write first

(@(tg)[e AW (1)) = o(D(1) Ve PAVI(1))g

0 <(I)(t) | [eiPtAtve—iP,At] V%eiP,AtPP(IO) >0’

where At = t — t, and where in the last equality we used F (ty) = e~ 72/ F(t) and F' (1) = P2 F(1,). From Eq. (12a), it

follows that eFrd)e—iPidt — e_isz‘A’V, and we finally obtain

(@ (1) ™AW (1)) =

which implies (57).

o(@(1) |72 (19) ). (F4)
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