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We propose a formulation of quantum mechanics in an extended Fock space in which a tensor product
structure is applied to time. Subspaces of histories consistent with the dynamics of a particular theory are
defined by a direct quantum generalization of the corresponding classical action. The diagonalization of
such quantum actions enables us to recover the predictions of conventional quantum mechanics and reveals
an extended unitary equivalence between all physical theories. Quantum correlations and coherent effects
across time and between distinct theories acquire a rigorous meaning, which is encoded in the rich temporal
structure of physical states. Connections with modern relativistic schemes and the path integral formulation
also emerge.
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I. INTRODUCTION

Quantum mechanics (QM) is a mathematical framework
for the development of physical theories [1]. This frame-
work assigns an operator acting on a Hilbert space for each
observable of a given system, e.g., the position of a particle.
In particular, the Hamiltonian operator corresponds to the
energy of the system and determines its quantum evolution,
defining thus the particular theory. On the other hand, the
spectral properties of a general Hamiltonian preclude the
introduction of a time operator, a result known as Pauli’s
theorem [2–4]: in the canonical formulation of QM, time is
treated “classically” (i.e., it is not part of the framework as
an observable) [3].
This manifest asymmetry between space and time is in

clear contrast with the covariance of classical (relativistic)
physics, a problem partially overcome in canonical for-
mulations of relativistic quantum field theories: classical
theories are quantized on a time slice [5], and space
becomes an index indicating the site of an “oscillator.”
In this way, transformations mixing space and time (e.g.,
Lorentz transformations) can be introduced. However,
since the latter is an external parameter, not the index of
a site, at the Hilbert space level, an asymmetry is still
present [6,7]: a tensor product structure is applied to space
but not to time, as observed in Refs. [8–14]. This is a
manifestation of fundamental open problems concerning
the proper treatment of general covariance on Hilbert space
[8,15–19], which are an important motivation for the recent
interest on the introduction of time in a purely quantum
framework [3,6,7,10–16,20–27]. However, the asymmetry
is present in any composite system [10,11]. In particular,
this prevents the representation of trajectories in a Hilbert

space (see Sec. II A) and the use of conventional tools for
describing quantum correlations in time [28,29].
In this work, the conventional framework of QM is

generalized to remove the above-stated asymmetry. This is
accomplished by formulating quantum mechanics in an
extended Fock space in which a tensor product structure is
applied to time (previous attempts in this direction include
Ref. [9]; see the discussion in Sec. II A). The formalism is
presented in Sec. II, together with the concept of spacetime
quantum actions and the definition of physical states. The
case of quadratic theories is analyzed in detail in Sec. III, in
which connections with other formalisms through second
quantization and relativistic considerations are also exam-
ined. Different proposals for obtaining physical predictions
in the general case within the present extended framework,
including states at a given time through quantum foliation
and path integrals, are discussed in Sec. IV. A final
discussion is provided in Sec. V.

II. FORMALISM

A. Hilbert space for quantum trajectories

We introduce in this section a Hilbert space H suited for
representing trajectories (seeFig. 1) of a set of bosons defined
by operators ai, a†j , ½ai; a†j � ¼ δij, ½ai; aj� ¼ 0, for i, j
arbitrary quantum numbers (e.g., i may represent a discre-
tized position x), which generate a “conventional” Fock
space H of states

Q
iða†i Þni j0i (with aij0i ¼ 0). For this

purpose, we define creation/annihilation operators AiðtÞ,
A†
jðtÞ on “each” time slice, satisfying ½AiðtÞ; Ajðt0Þ� ¼ 0 and

½AiðtÞ; A†
jðt0Þ� ¼ δðt − t0Þδij; ð1Þ
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with AiðtÞjΩi ¼ 0 ∀ t ∈ ½−T=2; T=2�, which generate an
extended Fock space H. Here, jΩi ¼ ⊗j j0itj , where the
tensor product is to be interpreted as the continuum limit of
equally spaced discrete time “sites”with spacing ϵ, such that
tj ¼ ϵj, j ∈ Z and AiðtjÞ ¼ Aitj=

ffiffiffi
ϵ

p
, with Aitj j0itj ¼ 0 and

½Aitj ; A
†
i0tj0

� ¼ δjj0δii0 . The algebra of Eq. (1) is recovered

from δðtj − tj0 Þ≡ δjj0=ϵ.
The extended Hilbert space H of states

Q
i;jðA†

itj
Þnij jΩi

can then be written asH ¼ ⊗j Htj withHtj the Fock space

generated by the operators A†
itj

(fixed j). Note also that we

can write H ¼ ⊗i Hi and then

H ¼ ⊗
i;j
Hij;

with Hij ≡Hitj , which is the aimed Hilbert space sym-
metry between “space” (index i) and time (see Fig. 1).
This construction allows us to specify, up to quantum

uncertainty, a classical trajectory in phase space as a
coherent history state, i.e., a product state of the form

jαðtÞi ≔ exp

�Z
dtαðtÞ · A†ðtÞ

�
jΩi; ð2Þ

where αðtÞ · A†ðtÞ ¼ P
i αiðtÞA†

i ðtÞ (or an integral for
continuum labels).
Here, exp ½R dtOðtÞ� ¼ ⊗j exp ½ϵOðtjÞ�, where OðtÞ≡

OðAðtÞ;A†ðtÞ; tÞ, such that

AðtÞjαðtÞi ¼ αðtÞjαðtÞi: ð3Þ

Note that jαðtÞi ¼ eαA
† jΩi, where A† ¼ R

dtαðtÞ · A†ðtÞ=α
with α ¼ ½R dtjαðtÞj2�1=2, is a “collective” trajectory boson
creation operator. The (over)complete set of these trajecto-
ries span H:Z

D2αðtÞe−
R

dtjαðtÞj2 jαðtÞihαðtÞj ¼ 1; ð4Þ

where D2αðtÞ ≔ Q
i;j

d2αiðtjÞ
π ϵ.

Alternative bases are provided, for example, by operators

QðtÞ ¼ AðtÞþA†ðtÞffiffi
2

p , PðtÞ ¼ AðtÞ−A†ðtÞ
i
ffiffi
2

p , such that

½QiðtÞ; Pjðt0Þ� ¼ iδðt − t0Þδij ð5Þ

(we set ℏ ¼ 1). Then, we can define the corresponding
eigenstates jqðtÞi, jpðtÞi, satisfying

QðtÞjqðtÞi ¼ qðtÞjqðtÞi; PðtÞjpðtÞi ¼ pðtÞjpðtÞi: ð6Þ

Explicitly, we can write [30], [31,32]

jqðtÞi ¼ exp

�
−
1

2

Z
dtA†ðtÞ · ðA†ðtÞ − 2

ffiffiffi
2

p
qðtÞÞ

�
jΩi ð7Þ

such that jqðtÞi ¼ ⊗j γjjqtjitj with qtj ¼
ffiffiffi
ϵ

p
qðtjÞ, γj ¼ffiffiffi

π4
p

ejqtj j
2=2 and tjhqtj jq0tjitj ¼ δðq − q0Þ. The completeness

relation reads
R
DqðtÞe−

R
dtjqðtÞj2 jqðtÞihqðtÞj ¼ 1 (DqðtÞ ¼Q

i;j dqiðtjÞ
ffiffiffiffiffi
πϵ

p
). Similar formulas hold for jpðtÞi. These

spacetime bases enable a novel approach for path integral
representations, as will be discussed in Sec. IV B.
While H is isomorphic to a tensor product of copies in

time of H, we have not specified any particular time
evolution yet. We have only introduced a suitable “geo-
metrical” scenario (which may be indicated as spacetime)
in which any laws of physics may be defined. In fact, a ket
in H does not “evolve,” but it can contain by itself all the

FIG. 1. Representation of two classical (distinguishable) par-
ticles moving in flat spacetime whose trajectories can be para-
metrized as ðt; qaðtÞ; qbðtÞÞ (top left). Conventional QM
describes this situation by employing a basis of product states
jqi ¼ jqai ⊗ jqbi which represent the positions at a given time in
the Hilbert space H. Instead, in H, the whole paths are
represented by jqðtÞi ¼ jqaðtÞi ⊗ jqbðtÞi ∝ ⊗j jqatji ⊗ jqbtji
[Eq. (7)], where jqiðtÞi ∝ ⊗j jqitji (top right), which establishes
a completely symmetric application of the tensor product to
spatial and temporal degrees of freedom. Moreover, classical time
evolution qðtÞ → qðtþ ΔtÞ can be seen from a passive point of
view as a displacement t → t − Δt of the whole manifold.
In our formulation, quantum time evolution emerges from
eiPtð−ΔtÞjqðtÞi ¼ jqðtþ ΔtÞi. The symmetry between space
and time is further depicted on the bottom panel with a different
example: The tensor product in space of a conventional quantum
field theory is extended here to spacetime.
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time information (or history) of a given system. Some
condition must establish which ones of these histories is
compatible with a particular theory, an intuition which
leads us to the definition of physical subspacesHP. It turns
out that if we propose that the trivial theory (null
Hamiltonian) is defined by those coherent states invariant
under time translations a natural definition for all theories
follows. This result, which is presented in Sec. II C, relies
on the extended unitary equivalence between theories that
we introduce in Sec. II B.
We also note that a similar discrete tensor product in time

Hilbert space is employed in the context of the “consistent-
histories” approach to quantum mechanics introduced by
Isham [8], with the aim of providing a novel way of
representing the corresponding decoherence functional.
The latter is the central quantity in the scheme developed
in Refs. [33,34], concerning the joint probability of finding
a sequence of properties at a series of times. In Isham’s
approach, a copy of the original Hilbert space is involved
for each of these times. In its continuous-time formulation
[9], the basic operators also satisfy Eq. (1). Nevertheless, in
the present formalism, this enlarged Hilbert space, rather
than a tool for representing histories, is considered as
fundamental. In particular, time evolution is derived from
properties of the corresponding time translation operator
and encoded in physical states, while the “number of time
sites” is arbitrary. Quantities such as the decoherence
functional can be obtained a posteriori.

B. Time translations and spacetime quantum actions

Consider the generator of time translations Pt in the
present scenario, defined as

Pt ≔
Z

dωωA†ðωÞ · AðωÞ ð8aÞ

¼
Z

dtA†ðtÞ · i _AðtÞ ð8bÞ

¼ 1

2

Z
dt½PðtÞ · _QðtÞ − QðtÞ · _PðtÞ�; ð8cÞ

where AðωÞ is the Fourier transform (FT) of AðtÞ, such
that AðtÞ ¼ R

dωffiffiffiffi
2π

p AðωÞe−iωt (continuous notation; see

Appendix A) and i _AðtÞ ¼ R
dωffiffiffiffi
2π

p AðωÞωe−iωt coincides with
the site derivative [Eq. (A3)]. We assume periodic con-
ditions Að−T=2Þ ¼ AðT=2Þ. The operator Pt satisfies

eiPtΔtAðtÞe−iPtΔt ¼ Aðtþ ΔtÞ; ð9Þ

which for Δt → 0 leads to

½Pt;AðtÞ� ¼ −i _AðtÞ; ð10Þ

in agreement with Eq. (8b).
Remarkably, the integrand in (8c) has the form of the

Legendre transformation which connects the Hamiltonian
with the Lagrangian in classical mechanics. This suggests
the introduction of a new object that for the trivial theory
reduces to Pt: we define

J ≔
Z

dt½A†ðtÞ · i _AðtÞ −HðAðtÞ;A†ðtÞ; tÞ�; ð11Þ

which will be indicated as spacetime quantum action
operator (not to be confused with Schwinger’s action
[35,36]) for its formal coincidence with the classical
one. Here,

R
dtHðAðtÞ;A†ðtÞ; tÞ≡P

t HðAt;A
†
t ; tÞ for

Hða; a†; tÞ a conventional (quantum) Hamiltonian (and
dt ¼ ϵ), in accordance with the convention of J having
units of Pt. A remarkable result is that J and Pt are
unitarily related (see the proof in Appendix B):

J ¼ V†PtV ¼
Z

dωωÃ†ðωÞ · ÃðωÞ ð12aÞ

¼
Z

dt Ã†ðtÞ · i _̃AðtÞ ð12bÞ

¼ 1

2

Z
dt½P̃ðtÞ · _̃QðtÞ − Q̃ðtÞ · _̃PðtÞ�; ð12cÞ

where

V† ≔ T̂ 0 exp
�
−i

Z
dt

Z
t

t0

dt0HðAðtÞ;A†ðtÞ; t0Þ
�

ð13Þ

is a tensor product in time of conventional time evolution
operators Uðt; t0Þ ¼ T̂ 0 exp½−i R t

t0
dt0Hða; a†; t0Þ� (T̂ 0

denotes time ordering applied to t0) and

ÃðωÞ ¼ V†AðωÞV; ÃðtÞ ¼ V†AðtÞV; ð14Þ

with ÃðtÞ the FT of ÃðωÞ [similarly, Q̃ðtÞ ¼ V†QðtÞV,
P̃ðtÞ ¼ V†PðtÞV]. Here, t0 is a reference time such that
Ãðt0Þ ¼ Aðt0Þ. In particular, for H time independent,

V† ¼ exp

�
−i

Z
dtðt − t0ÞHðAðtÞ;A†ðtÞÞ

�
: ð15Þ

Since in this context J is the operator that defines a
particular time evolution (Sec. II C), the result (12a) is
unitarily relating all theories to the trivial one. This also
means that in H all physical theories appear unitarily
related between themselves. Such a general result is a
consequence of the remarkable property of the spacetime
quantum actions of having the same spectra regardless of
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the Hamiltonian. This should be compared with the
obvious fact that different Hamiltonians have different
spectra, which also means that such a unitary relation
between theories could have never been revealed in a
Hamiltonian formulation.
The proof of (12a) is based on the basic properties of Pt

as the generator of time translations and assumes periodic
conditions for finite T (something which in principle can
always be “enforced” or implemented by a “well-behaved”
H in the limit T → ∞). Notice that Eqs. (9) and (12) entail

eiJΔtÃðtÞe−iJΔt ¼ Ãðtþ ΔtÞ ð16Þ

such that J is the generator of time translations in the
“normal” basis for a non-null Hamiltonian. Therefore, the
operators ÃðtÞ satisfy

½J ; ÃðtÞ� ¼ −i _̃AðtÞ; ð17Þ

in accordance with (12b). In fact, they are the unique
annihilation operators fulfilling (17) and Ãðt0Þ ¼ Aðt0Þ.
The uniqueness is an immediate consequence of (16),
which implies

ÃðtÞ ¼ eiJΔtAðt0Þe−iJΔt ð18Þ

when Δt ¼ t − t0. The relation (18) is a remarkable result
on its own and provides an expansion in powers ofΔt of the
evolved operator V†AðtÞV (see also Appendix B and the
discussion below). In the context of the consistent histories
approach, and for the particular case of a time-independent
harmonic oscillator, an analogous action complying with
Eq. (18) was introduced in Ref. [37].
Before proceeding to the definition of physical subspa-

ces, we would like to stress that as a consequence of (12)–
(14) the information of conventional time evolution is
already encoded in the operators ÃðtÞ: From Eq. (13), it is
clear that the operator ÃðtÞ corresponds to the operator
aðtÞ ¼ Uðt; t0ÞaU†ðt; t0Þ, which acts on Ht. Since an
underlying tensor product is involved, this statement is
rigorous for discrete time, in which case we can also speak
properly of “instants” and sites. In Sec. IV, these ideas and
the discrete regularization will be employed to derive (and
interpret) different ways to obtain physical predictions from
the inner product of H. On the other hand, the expressions
involved can also be obtained straightforwardly in the ω
basis by employing the normal operators ÃðωÞ of (12a),
which satisfy

½J ; Ã†ðωÞ� ¼ ωÃ†ðωÞ: ð19Þ

In this basis, the limit ϵ → 0þ is well defined, and a map
with conventional states in H can be easily introduced.

We also remark that for a general periodic (orwell behaved
in the limit T → ∞) operator U¼exp½R dtMðAðtÞ;A†ðtÞ;tÞ�
Eq. (9) yields (see Appendix B for details)

½Pt;U� ¼ i
∂U
∂t ð20Þ

with ∂U
∂t defined in (B7) through Eq. (10). For

MðAðtÞ;A†ðtÞÞ time independent, Eq. (B7) implies
½Pt;U� ¼ 0. If iMðAðtÞ;A†ðtÞÞ is also Hermitian, this
implies U†PtU ¼ Pt; i.e., Pt is invariant under time-
independent canonical transformations AðtÞ → U†AðtÞU.
This means that without imposing any initial conditions the
diagonal form (12a) is not unique and implies�

U;
Z

dtHðAðtÞ;A†ðtÞ; tÞ
�
¼ 0 ⇒ ½U;J � ¼ 0: ð21Þ

In particular, a time-independent symmetry of H,
½Mða; a†Þ; HðtÞ� ¼ 0, is a symmetry of J : ½U;J � ¼ 0, for
ϵMðAðtÞ;A†ðtÞÞ ¼ MðAt;A

†
t Þ. On the other hand, for H

time independent, it follows from Eq. (9) that eiPtΔt satisfies
Eq. (21); i.e., J is invariant under time translations, and
hence ½Pt;J � ¼ 0 [see also Eq. (B9)]. In Appendix B, we
discuss further symmetries of Pt and J which are not
diagonal in time, together with the possibility to generalize
(12a) to “exotic” theories involving multiple times.
Finally, it is appropriate to mention that different

definitions of time localization are now possible; as it
happens for spatial localization in quantum field theories
(QFT) with important implications on spatial uncertainty
relations [38,39], time localization is now an emergent
aspect of the “lattice.” Different definitions of this notion
would also imply different energy-time uncertainty rela-
tions according to the operators involved. An example is
provided by the single particle (SP) time operator
T ≔

R
dttA†ðtÞ · AðtÞ, which reduces on SP states to the

Page and Wootters (PW) operator [40] (see Sec. IV D)
employed in other recent formalisms with quantum time
[3,6,7,15,20,22–25]. In this case, it can be shown that [see
Eq. (B7); here, T → ∞]

½Pt;T � ¼ iN ; ð22Þ

where N ≔
R
dtA†ðtÞ · AðtÞ ¼ R

dωA†ðωÞ · AðωÞ is the
number operator [e.g., N ðA†

i ðtÞÞni jΩi ¼ niðA†
i ðtÞÞni jΩi].

Then, ΔT ΔPt ≥ 1
2
jhN ij through the Cauchy-Schwarz

inequality in H. Despite the importance of the energy-time
pair in QM [4], this treatment is usually prevented by the
impossibility of introducing a time operator in H [2,4,41].

C. Physical states

We are now in a position to formalize the postulates that
define a particular physical theory; consider the normal
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operators ÃðωÞ defined by the representation (12a) of the
quantum action, fulfilling Eq. (19) and Ãðt0Þ ¼ Aðt0Þ, and
their vacuum jΩ̃i ¼ V†jΩi. The corresponding HP is
introduced as the linear space spanned by statesQ

iðÃ†
i ðω ¼ 0ÞÞni jΩ̃i, i.e., the Fock space generated by

the creation operators satisfying

½J ; Ã†ð0Þ� ¼ 0; ð23Þ

which may be interpreted as a static (or timeless)
Heisenberg equation for Ã†ð0Þ. This definition is in
accordance with the proposal in Ref. [7], which originated
from relativistic considerations. In particular, since just
ω ¼ 0 bosons are involved, J jΨi ¼ 0∀ jΨi ∈ HP, a
constraint which defines related quantum formalisms
[40,42] motivated by the Wheeler-DeWitt equation [43]
(see also Sec. III D). Equations (12a) and (23) also imply
hΨj δJ

δÃðωÞ jΨi ¼ 0, meaning that the average of the quantum

action J is stationary in HP as a functional of ÃðωÞ [44].
To show that the present formalism yields (in a physical

subspace) the same predictions of conventional QM, we
establish an isomorphism L∶H → HP such that

Lð
Y
i

½ða†i Þni �j0iÞ ¼
Y
i

½ðÃ†
i ð0ÞÞni �jΩ̃i: ð24Þ

We will say that jΨi ¼ LðjψiÞ is the history of jψi ∈ H
with the Hamiltonian that defines J . In particular, for a
coherent state jψi ¼ eα·a

† j0i, Eq. (24) leads to

jΨi ¼ exp½α · Ã†ðω ¼ 0Þ�jΩ̃i ¼ exp

�Z
dtffiffiffiffi
T

p α · Ã†ðtÞ
�
jΩ̃i

¼ V† exp

�Z
dtffiffiffiffi
T

p α · A†ðtÞ
�
jΩi; ð25Þ

which is a product of evolved states when V† is the operator
(13). Thus, the time invariance proposed for history
coherent states of the trivial theory (H ¼ 0, V† ¼ 1)
unitarily defines any other. An important property follows
from (24): if jΦi is the history of jφi, then

hΦjΨi ¼ ðLðjφiÞ;LðjψiÞÞ ¼ hφjψi; ð26Þ

and in particular, hΨjΨi ¼ hψ jψi, a relation which holds
for any T, as it follows from ½Ãið0Þ; Ã†

jð0Þ� ¼ δij.
Moreover, even if an infinite extent of time is considered,
a natural approach emerges: the formalism treats ω as a
usual continuous quantum number with an associated
eigenfunction expansion. This may be regarded as an
eigenbasis associated with different physical theories
labeled by ω; a state can be normalized if a quantum
uncertainty in the physical theory is allowed (see
Appendix C).

III. QUADRATIC CASE

A. Quadratic spacetime quantum actions

In the following, we explicitly develop the case of
bosonic quadratic theories as an important example of
(11). For a general quadratic Hamiltonian [45,46]

Hða;a†Þ¼1

2
ða† aÞ

�
ω0ðtÞ γðtÞ
γ�ðtÞ ω�

0ðtÞ
��

a

a†

�
¼1

2
ψ†KðtÞψ;

where ω0 (γ) are Hermitian (symmetric) matrices and ψ ¼
ð aa†Þ satisfies

Π ¼ ½ψ;ψ†� ≔ ψψ† − ððψ†Þtψ tÞt ¼
�
1 0

0 −1
�
;

the quantum action (11) becomes

J ¼ 1

2

Z
dt½Ψ†ðtÞΠi _ΨðtÞ −Ψ†ðtÞKðtÞΨðtÞ�; ð27Þ

with ΨðtÞ ¼ ðAðtÞ;A†ðtÞÞt, ½ΨðtÞ;Ψ†ðt0Þ� ¼ Πδðt − t0Þ. It
is first verified that under any constant Bogoliubov trans-
formation (BT) ΨðtÞ → W0ΨðtÞ, whereW†

0ΠW0 ¼ Π (lin-
ear time-independent canonical transformation), the form
of J is preserved (with K → W†

0KW0). It is then seen that
the diagonal form (12a)

J ¼ 1

2

Z
dt Ψ̃†ðtÞΠi _̃ΨðtÞ ¼ 1

2

Z
dωωΨ̃†ðωÞΨ̃ðωÞ ð28Þ

can be achieved by applying in (27) a diagonal in time BT

ΨðtÞ ¼ WðtÞΨ̃ðtÞ; ð29Þ

where WðtÞ satisfies the Heisenberg equation [47]

i _WðtÞ ¼ ΠKðtÞWðtÞ ð30Þ

with Wðt0Þ ¼ 1 in order that Ψ̃ðt0Þ ¼ Ψðt0Þ [implying
W†ðtÞΠWðtÞ ¼ Π∀ t]. This is in agreement with
Eqs. (13)–(14) since in the present case V ¼
exp½i

2

R
dtΨ†ðtÞMðtÞΨðtÞ� with e−iΠMðtÞ ¼ WðtÞ, and

V†ΨðtÞV ¼ Ψ̃ðtÞ; V†ΨðωÞV ¼ Ψ̃ðωÞ ð31Þ

are BTs equivalent to (29).
This is the only solution satisfying the initial condition

Ãðt0Þ ¼ Aðt0Þ, as we proved in Eq. (18).

B. Time structure of physical states

It is important to remark that the states jΨi ∈ HP
constructed with Eq. (24) already contain all time infor-
mation of the system, in a nontrivial way. In fact, general
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physical states jΨi ¼ LðjψiÞ have a complex time structure
and in particular exhibit in general entanglement in time,
even for decoupled oscillators: by considering H ¼P

i ω
i
0ða†i ai þ 1

2
Þ [48], Eq. (27) becomes

J ¼
X
i

Z
dωðω − ωi

0Þ
�
A†
i ðωÞAiðωÞ þ

1

2

�
ð32Þ

such that ÃiðωÞ ¼ Aiðωþ ωi
0Þ in (12a) and

ÃiðtÞ ¼ eiω
i
0
tAiðtÞ, in agreement with (29)–(30). Then, a

SP state

Ã†
i ðω ¼ 0ÞjΩi ¼

Z
dtffiffiffiffi
T

p eiw
i
0
tA†

i ðtÞjΩi ¼
Z

dtffiffiffiffi
T

p eiw
i
0
tjtii

ð33Þ

is a W-like state in the time representation (unlocalized in
time), where we have written jtii ¼ A†

i ðtÞjΩi. A general SP
physical state then has the formal appearance of a PW state
[3,22] (see also Sec. III D) jΨi ¼ R

dtffiffiffi
T

p
P

i ψ ieiw
i
0
tjtii.

However, more general Fock states, e.g.,

ðÃ†
i ð0ÞÞ2jΩi ¼

Z
dt1ffiffiffiffi
T

p dt2ffiffiffiffi
T

p eiw
i
0
t1eiw

i
0
t2A†

i ðt1ÞA†
i ðt2ÞjΩi;

ð34Þ

have even a richer structure.
On the other hand, an initial coherent state leads to

coherent product state [Eqs. (2) and (25)]

LðjαiÞ ¼ jαðtÞi ¼ ⊗
i;j
exp

�
αie

iωi
0
tjffiffiffiffiffiffiffiffi

T=ϵ
p A†

itj

�
jΩi; ð35Þ

i.e., ðαðtÞÞi ¼ ðαÞiffiffiffi
T

p eiw
i
0
t, implying

L
�Z Y

i

d2αi
π

ψðαÞjαi
�

¼
Z Y

i

d2αi
π

ψðαÞjαðtÞi: ð36Þ

We conclude that the physical subspace of time-indepen-
dent stable quadratic systems corresponds to the linear
space of quantum trajectories jαðtÞi, where αðtÞ is a
solution of the classical equations of motion. These
“almost” classical trajectories also have a “classical time
structure,” namely, separability in time, which is an
appealing property. Remarkably, LðjψiÞ has the same
formal expansion of jψi in this basis, although notice that
such superposition of separable (but composite) states will
in general be entangled.

C. Physical predictions

Physical operators defined by Eq. (31) satisfy, for K time
independent (Δt ¼ t − t0),

eiPtΔtΨ̃ð0Þe−iPtΔt ¼ expð−iΠKΔtÞΨ̃ð0Þ; ð37Þ

where Ψ̃ð0Þ ¼ Ψ̃ðω ¼ 0Þ. This result is to be compared
with the standard Heisenberg operators for the quadratic
case,

eiHΔtψe−iHΔt ¼ expð−iΠKΔtÞψ;

and has a clear geometrical meaning: a rigid translation of
the time sites reproduces the conventional time evolution of
physical operators. The details can be found in
Appendix D. This result also holds in the time-dependent
case by replacing eiPtΔt with the unitary “complete” time-
translation operatorWðΔtÞ from Eq. (E1), which translates
both the time sites and the explicit time dependence of H
such that ½WðΔtÞ;J � ¼ 0 (see Appendix E).
From Eq. (37), it follows that if OðtÞ ¼

eiPtΔtOðΨ̃ð0ÞÞe−iPtΔt for O an arbitrary function of Ψ̃ð0Þ,
then

hΦjOðtÞjΨi ¼ hφjOHðtÞjψi ð38Þ

for OHðtÞ ¼ eiHΔtOðψÞe−iHΔt and jΨi (jΦi) the history of
jψi (jφi), a relation which holds for any quadratic
Hamiltonian, observable, and states. The generalization to
the time-dependent case and multiple-time correlation func-
tions is apparent.
Moreover, time translations preserve the separation

between the ω ¼ 0 mode and the rest, implying

hΦje−iPtΔtjΨi
hΩ̃je−iPtΔtjΩ̃i ¼

hφje−iHða;a†ÞΔtjψi
h0je−iHða;a†ÞΔtj0i ; ð39Þ

which reduces to Eq. (26) for t ¼ t0. An explicit derivation
of Eq. (39) is provided in the Appendix D, which also
shows its invariance under linear symmetries of J (non-
necessary diagonal in time). Its time-dependent version is
derived in Appendix E.

D. Second quantization of parametrized
particles and PW formalism

One important motivation of the present formulation was
to remove the asymmetry between space and time in QM
by incorporating the latter in the same framework. Different
aspects of this problem are treated in the quantization of
reparametrization invariant systems [15,42] and related
quantum formalisms like the one proposed by Page and
Wootters [40] (and recent revisions [3,20,22,24,25], includ-
ing the relativistic extensions [6,7] relevant for the present
scheme). Here, we discuss how these other proposal are
connected to our work through the SP space of particular
spaces H.
The treatment of a parametrized particle (one dimen-

sional for simplicity) for a time-independent Lagrangian
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Lðq; _qÞ leads to a classical weak constraint [42] HS ¼
pt þH ≈ 0 with pt ¼ ∂ð_tLðq; _q=_tÞÞ

∂_t . This condition is quan-
tized as [49,50]

HSjΨi ¼ ðPt ⊗ 1þ 1 ⊗ HÞjΨi ¼ 0; ð40Þ

where Pt ⊗ 1 ¼ i
R
dtdt0dq d

dt0 δðt0 − tÞjtqiht0qj, 1 ⊗ H ¼R
dtdqdq0hq0jHjqijtq0ihtqj and

ht0q0jtqi ¼ δðt − t0Þδðq − q0Þ; ð41Þ

which is commonly considered as an auxiliary condition on
a “kinematic space” K to define the physical space (which
is not a proper subspace). Alternatively, a relational
interpretation is assigned to this equation where HS is
regarded as the Hamiltonian of a composite global system
“clock”+“system.” This is the case of the PW formalism
where a Hermitian time operator is defined as the observ-
able of the clock T ¼ R

dt tjtihtj.
If instead the kinematic space is promoted to the status of

a “physical” space and, moreover, the particles are regarded
as dþ 1-dimensional objects (for d spatial dimensions), the
proper scenario for many identical particles is an extended
Fock space H [7], different from the conventional one and
different from the PW formalism applied to a Fock space
(or equivalently, from the generalized Hamiltonian dynam-
ics of a conventional Fock space). This is achieved by
reinterpreting the states jtqi as SP states jtqi ¼ A†ðt; qÞjΩi
[with Aðt; qÞjΩi ¼ 0; hΩjΩi ¼ 1], which, considering
Eq. (41) and a bosonic particle, implies ½Aðt; qÞ;
A†ðt0; q0Þ� ¼ δðt − t0Þδðq − q0Þ, an example of (1). Then,
one may generalize

HS → −J ð42Þ

with

J ¼
Z

dt
Z

dqdq0A†ðt;q0Þ½i∂tδðq−q0Þ−hq0jHjqi�Aðt;qÞ;

ð43Þ

which remarkably is the spacetime quantum action (11) for
a field of harmonic oscillators (here i → q) and a single-
particle Hamiltonian (for a local H, J becomes local in
spacetime), a particular instance of the general quadratic
case (27). As a consequence, SP states (but not multi-
particle states) in H are formally identical to PW states,
while the SP matrix elements of the operators J , T are
equal to the matrix elements of HS; T, respectively [includ-
ing J jΨi ¼ 0 for jΨi ∈ Hp being formally equivalent to
Eq. (40) for SP states]. Notice, however, that the product
structure between “time” and “rest,” essential for “con-
ditioning on a clock,” is completely lost [7]; the product
structure of H is applied to time itself with a geometrical

rather than relational meaning. As a consequence, our
definition of foliation (of Sec. III D) works on a different
basis without any reference to a clock.
Note also that the second quantization [51] of the

conventional Hilbert space H of the particle, which is
spanned by states jqi, leads as well to a field theory, now in
a Fock space HF generated by operators a†ðqÞ such that
jqi ¼ a†ðqÞj0i. This is the system described in the present
HilbertH:J in Eq. (43) is precisely the spacetime quantum
action, which corresponds to the Hamiltonian

H ¼
Z

dqdq0hq0jHjqia†ðq0ÞaðqÞ ð44Þ

obtained through second quantization of the Hamiltonian of
the particle. The relation between these different Hilbert
spaces is represented in Fig. 2. An independent description
of the particle (without the field) can be provided in a
different H for H the Hamiltonian of the particle
in Eq. (11).
We remark finally that, while inHF the product structure

applied to space allows to represent field configurations at a
given time as eigenstates [30]

jϕðqÞi ¼ exp

�
−
1

2

Z
dq½a†ðqÞða†ðqÞ − 2

ffiffiffi
2

p
ϕðqÞÞ

�
j0i

ð45Þ

of ϕðqÞ ¼ aðqÞþa†ðqÞffiffi
2

p , inH, the product structure is extended

to time, allowing us to represent spacetime configurations

jϕðq; tÞi ¼ exp

�
−
1

2

Z
dtdq½A†ðt; qÞðA†ðt; qÞ

− 2
ffiffiffi
2

p
ϕðt; qÞÞ

�
jΩi; ð46Þ

i.e., Eq. (7) applied to the present case.

E. Relativistic considerations

The relativistic case was traditionally considered as a
special case of nonrelativistic QM [5] since, e.g., scalar
field theories can be interpreted as the continuum limit of
coupled harmonic oscillators in space, an example of (27)
for free theories. On other hand, the present formalism is
particularly suited for a geometrical interpretation of the
spacetime sites; for i → x and AiðtÞ → AðxÞ, we define
UðΛÞ by U†ðΛÞAðxÞUðΛÞ ¼ AðΛxÞ (for T → ∞). The
algebra implied by Eq. (1),

½AðxÞ; A†ðyÞ� ¼ δð4Þðx − yÞ; ð47Þ

is explicitly preserved when Λ is a Lorentz transformation.
This yields UðΛÞjϕðxÞi ¼ jϕðΛ−1xÞi for the coherent field
state
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jϕðxÞi ¼ exp

�Z
d4xϕðxÞA†ðxÞ

�
jΩi ð48Þ

[αðtÞ → ϕðxÞ in (2)], which is the correct transformation
property of a state representing a (scalar) field configu-
ration in spacetime [a similar reasoning holds for the states
(46) for q → x].
The generator of time translations transforms as

U†ðΛÞPtUðΛÞ ¼ Λμ
0Pμ with Pμ ≔

R
d4xA†ðxÞi∂μAðxÞ

such that P0 ¼ Pt. In particular, ½UðΛÞ;Pt� ¼ 0 only in
the limit of Galilean transformations. To introduce invari-
ant physical subspaces, we can employ a previous proposal
by the authors [7] (more recently also presented in
Ref. [54]), which consists of considering a second quan-
tization version of the constraint Hrel

s jΨi ≔ ðPμPμ −
m2

0ÞjΨi ¼ 0 (and P0 > 0) where the Hermitian operators
Pμ satisfy ½Xμ; Pν� ¼ iδμν with X0 ¼ T the PW time
operator [7]. The constraint Hrel

s jΨi ¼ 0 also arises from

the treatment of reparametrization invariant systems but
considering now the classical action S ¼ −m0

R
dτ [49,50].

This treatment leads to

Hrel
S → J rel ¼ −

Z
d4xA†ðxÞð∂2 þm2

0ÞAðxÞ ð49Þ

such that ½UðΛÞ;J rel� ¼ 0 and implying

hϕðxÞjJ reljϕðxÞi
hϕðxÞjϕðxÞi ¼ S½ϕðxÞ;ϕ�ðxÞ�; ð50Þ

where S½ϕðxÞ;ϕ�ðxÞ� ¼ −
R
d4xϕ�ðxÞð∂2 þm2

0ÞϕðxÞ is the
classical action of a free scalar field (η00 ¼ 1, c ¼ 1). The
result (50) is suggesting a deep connection between
particlelike techniques and a formulation of QFT in this
extended setting.
This new form of the quantum action also admits a

normal decomposition [analogous to (32)] such that
½J rel; A†ðm2;pÞ� ¼ ðm2 −m2

0ÞA†ðm2;pÞ, implying in each
mass sector the three-dimensional invariant product [7]. As
a consequence, the correct commutators between physical
field operators [the component of ϕðxÞ ∝ AðxÞ þ A†ðxÞ at
fixed mass] also emerge [55]. In fact, the definition (23) of
physical states corresponds in this case to the mass-shell
condition (see also Ref. [7]).
Note that we could have considered instead

J ¼ R
d4pðp0 − EpmÞA†ðpÞAðpÞ, which yields an equiv-

alent constraint for Epm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p
. This J has the form

(11) for H ¼ R
d3pEpma†ðpÞaðpÞ with ½aðpÞ; a†ðp0Þ� ¼

δð3Þðp − p0Þ; i.e., H is the (diagonalized and normal-
ordered) Hamiltonian of the free scalar field we want to
describe. While explicit Lorentz symmetry is lost, under,
e.g., a boost in the first direction such that
p0 → cosh ηp0 þ sinh ηp1, U†ðΛÞJUðΛÞ¼ coshηJ and
the physical subspace remains invariant:

½J ; Ã†� ¼ 0 ⇔ ½U†ðΛÞJUðΛÞ; Ã†� ¼ 0:

We see that the possibility to represent spacetime
configurations of the fields opens the possibility to explic-
itly preserve the symmetries of spacetime (Lorentz covari-
ance in the previous example) at the Hilbert space level and
in particular in quantization processes. As a fundamental
consequence, the correct invariant product emerges in Hp
from the (standard) global inner product of H in the case
considered [7].

IV. RECOVERING PHYSICAL PREDICTIONS
IN THE GENERAL CASE

A. Quantum foliations

For nonquadratic theories, Eq. (37) (and its time-
dependent version) no longer holds for V diagonal in time
as defined in Eq. (13). However, even for such diagonal

FIG. 2. On the left, the two descriptions of the single particle:
the conventional one in the Hilbert space H (top panel) and the
generalized description in spacetime in the Hilbert K (bottom
panel). On the right, the second quantization of the previous
schemes. The second quantization ofH leads to a field theory in a
conventional Hilbert space HF which is isomorphic to a tensor
product in space of copies of H, i.e., HF≈ ⊗q Hq (top right
panel). The second quantization ofK leads instead to an extended
space H≈ ⊗t HF

t ¼ ⊗t;q Htq where the tensor product structure
is applied to both space and time and it is possible to represent
field configurations in spacetime (bottom right panel). The
description of the field in this extended Hilbert space can be
immediately obtained by applying the formalism presented in this
work to this particular case.
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solutions, there is a simple scheme to extract information “at
a given time” from jΨi: We introduce a unitary quantum
foliation operator defined as the shifted inverse FT
F̃ †ðtÞÃðωÞF̃ ðtÞ ≔ ffiffiffi

ϵ
p

Ãðtþ ϵTω=2πÞ such that, roughly
speaking, F̃ †ðtÞjΨi contains the state Uðt; t0Þjψi at the site
t. We can make this statement more precise for discrete time,
in which case (see Appendix A)

F̃ †ðtjÞÃðωkÞF̃ ðtjÞ ¼ Ãtjþk
; ð51Þ

implying

F̃ †ðtÞ
Y
i

½ðÃ†
i ðω ¼ 0ÞÞni �jΩ̃i ¼

Y
i

½ðÃ†
itÞni �jΩ̃i

¼ V†
Y
i

½ðA†
itÞni �jΩi ð52Þ

when t ¼ tj ¼ ϵj. Hence, given jΨi ¼ LðjψiÞ ∈ HP, we
obtain

F̃ †ðtÞjΨi ¼ jψðtÞij ⊗
j0≠j

j0ðtj0 Þitj0 ð53Þ

for jψðtÞi ¼ Uðt; t0Þjψi, j0ðtÞi ¼ Uðt; t0Þj0i and where we
used V† ¼ ⊗t Uðt; t0Þ. The unitarity of F̃ ðtÞ reflects the
unitarity of time evolution,

hΦjF̃ †ðtÞF̃ ðtÞjΨi ¼ hΦjΨi ¼ hφjψi ∀ t; ð54Þ

for jΦi ¼ LðjφiÞ and in agreement with (26).
We see that we can recover the evolved state jψðtÞi from

jΨi by first applying the foliation operator and then taking
the partial trace over the Hilbert spaces of the other times.
This defines a completely positive trace preserving map [1],
which in particular for t ¼ t0 provides a representation of
L−1. On the other hand, there are straightforward ways to
obtain physical predictions which employ the inner product
of the global space H. In the following, we present results
in this direction.

1. Propagators

Consider again jΨi ¼ LðjψiÞ and jΦi ¼ LðjφiÞ. From
Eq. (53), it follows that

hΦjF̃ ðt0Þe−iPtðt−t0ÞF̃ †ðtÞjΨi
hΩ̃je−iPtðt−t0ÞjΩ̃i ¼ hφjUðt; t0Þjψi

h0jUðt; t0Þj0i
ð55Þ

with hφjUðt; t0Þjψi the standard propagator. Here,
e−iPtðt−t0Þ moves jψðtÞi (and the remaining vacua) back
to site t0 where it overlaps hφj. The remaining overlaps
between vacua cancel with those in the denominator. For
t ¼ t0, Eq. (54) is recovered.
The result (55) can be easily written in terms of the

original operators Aðω ¼ 0Þ, A†ðω ¼ 0Þ or AðtÞ, A†ðtÞ. For

time-independent H, where time translations are a sym-
metry (½Pt;J � ¼ 0), simple expressions can be obtained
(Δt ¼ t − t0),

hΦjF̃ ðt0Þe−iPtΔtF̃ †ðtÞjΨi
hΩ̃je−iPtΔtjΩ̃i ¼ 0hΦje−iHðAð0Þ;A†ð0ÞÞΔtjΨi0

hΩje−iHðAð0Þ;A†ð0ÞÞΔtjΩi ð56Þ

¼ 0hΦjF ðtÞeiJΔtF †ðt0ÞjΨi0
hΩjeiJΔtjΩi ; ð57Þ

where jΨi0, jΦi0, F ðtÞ are in the trivial basis (see
Appendix F for the proof). Clearly, Eq. (56) agrees with
Eq. (55), and its limit ϵ → 0þ is well defined. In the
quadratic case, this equation reduces to (39) since
½F ðtÞ; R dtHðAðtÞ;A†ðtÞÞ� ¼ 0 for HðAðtÞ;A†ðtÞÞ ¼P

i ω
i
0A

†
i ðtÞAiðtÞ. The generalization for a time-dependent

H relies on the replacement eiPtðt−t0Þ → Wðt − t0Þ and is
developed in Appendix E.

2. Observables and correlation functions

For H time independent, Eq. (16) allows us to write [see
also Eq. (A6)]

eiPtϵÃtje
−iPtϵ ¼ eiHϵÃtjþ1

e−iHϵ; ð58Þ

with H the Hamiltonian as a function of operators Ãtiþ1
,

Ã†
tiþ1

. We see that under the action of time translations the
operators Ãti are not only translated into the new Hilbert,
but they are also evolving (see Fig. 3). More generally,
Eq. (58) implies

eiPtΔtOðÃtj ; Ã
†
tjÞe−iPtΔt ¼ eiHΔtOðÃtj0 ; Ã

†
tj0 Þe−iHΔt ð59Þ

with H ≡HðÃtj0 ; Ã
†
tj0 Þ and Δt ¼ tj0 − tj.

We can employ this point of view to obtain correlation
functions: given a conventional operator Oða; a†Þ, which in
the Heisenberg picture reads OHðtÞ ¼ eiHtOe−iHt (we set
t0 ¼ 0), from (59), we obtain

hφjOHðtjÞjψi ¼ hΦð0ÞjeiPttjOðÃ−tj ; Ã
†
−tjÞe−iPttj jΨð0Þi

¼ hΦjeiHtjOðÃð0Þ; Ã†ð0ÞÞe−iHtj jΨi; ð60Þ

for jΨð0Þi¼ F̃ †ð0ÞjΨi, jΨi¼LðjψiÞ, jΦð0Þi ¼ F̃ †ð0ÞjΦi,
and jΦi ¼ LðjφiÞ. In the last equality, we have “extracted”
the operators F̃ ð0Þ from jΨð0Þi, jΦð0Þi, such that Ãð0Þ ¼
Ãðω ¼ 0Þ and H ≡HðÃð0Þ; Ã†ð0ÞÞ. This is, of course, the
expression which is obtained by applying the mapL to both
the states jψi, jφi and the operator O.
The result (60) can be immediately generalized to

compute multiple-time correlation functions by “inserting”
now operators at different times; if we define
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OiðtjiÞ ≔ eiPttjiOiðÃ−tji
; Ã†

−tji
Þe−iPttji ;

then

hφj
Y
i

Oi
HðtjiÞjψi ¼ hΦð0Þj

Y
i

OiðtjiÞjΨð0Þi: ð61Þ

The corresponding ω expansion is apparent and only
involves physical operators (operators acting on Hp).
All these relations, starting from Eq. (58), can be

generalized to the time-dependent case by replacing
eiPtΔt → WðΔtÞ from Appendix E. A similar procedure
can be employed for the mixed case and for the more
general decoherence functional [34].

B. Path integrals from quantum trajectories

The spacetime quantum actions, their unitary equiva-
lence withPt, and the “trajectory” states (2)–(6) also enable
a straightforward novel approach to path integrals (PIs),
which provides an alternative way to compute physical
predictions. To illustrate this point, we will show first that a
conventional product of time-ordered operators inH can be
expressed in H as

T̂ðO1
Hðt1ÞO2

Hðt2Þ…On
HðtnÞÞ ¼ Trt≠0½eiJ ϵO�; ð62Þ

where Oi
HðtÞ ¼ U†ðt; 0ÞOiUðt; 0Þ, ti ¼ ϵji, and

O ≔ O1ðAtj1
;A†

tj1
Þ…OnðAtjn

;A†
tjn
Þ ð63Þ

is a product operator in time with Oi on the slice Htji
(and

identities for j ≠ ji). The time ordering emerges naturally
from the ordering of the time sites inH. This also provides an
alternative representation of the product of operators in (61)
(when the times are ordered):

Q
i O

iðtjiÞ ¼ Trt≠0½eiJ ϵO�.
Proof.—Note first that Eq. (62) is equivalent

to hφjT̂O1
Hðt1ÞO2

Hðt2Þ…On
HðtnÞjψi ¼ Tr½jψihφjeiJ ϵO�

∀ jψihφj ≡ jψihφj⊗
j≠0

1j acting onH0. On the other hand,

from the result (12a) and the initial condition V†At¼0V ¼
At¼0 (implying ½V; jψihφj� ¼ 0),

Tr½jψihφjeiJ ϵO� ¼ Tr½jψihφjeiPtϵVOV†� ð64Þ

with

VOV† ¼ O1
HðAt1 ;A

†
t1 ; t1Þ…On

HðAtn ;A
†
tn ; tnÞ; ð65Þ

i.e., VOV† is a tensor product of operators Oi
HðtÞ, each one

evolved up to the corresponding time site value. We then
note that a quantity hφjO1O2…Onjψi can be rewritten as
(i ¼ …; i−2; i−1; i1; i2;…)

hφjO1O2…Onjψi ¼
X
i

hφi1i2…jeiPtϵOjψi1i2…i

¼ Tr½jψihφjeiPtϵO� ð66Þ

with
P

i jiihij ¼ 1 and the operators appearing in the inverse
order of the time sites [here, to comply with the ordering on
the left-hand side of (66), we should choose t1 > t2 > … >
tn in the definition ofO; with the time-ordering operator, this
is no longer required]. The expression (66) relies on a basic
relation between quadratic forms and tensors [56] (e.g.,
hφjO1O2jψi ¼ P

ihφjO1jiihijO2jψi ¼ P
ihφijeiPO2 ⊗

O1jψii for e−iP jφii ¼ jiφi). In (66), the time translation
operator eiPtϵ ensures the correct indices ordering.
The validity of Eqs. (64)–(66) ∀ jψihφj implies (62),

with the time ordering linked to the underlying ordering of
the time sites. ▪
Now, by using Eq. (62) and considering for simplicity

(and ease of notation) a HilbertH such that
R
dqjqihqj ¼ 1,

jψi ¼ jqii, jφi ¼ jqfi and Oiða; a†Þ≡OiðqÞ, we can
write

hqfjT̂O1
Hðq;t1Þ…On

Hðq;tnÞjqii

¼
Z Y

j≠0
dqjO1ðqj1Þ…OnðqjnÞhqfq1…jeiJ ϵjqiq1…i; ð67Þ

where we used the resolution of the identity in H,R Q
j dqjjqihqj ¼ 1 [here, jqi ¼ ⊗j jqjitj satisfying

(6)]. The right-hand side is formally identical to the
standard PI expansion of this quantity for a periodic
evolution [such that U†ðt; 0Þ ¼ UðT; tÞ],

hqfjT̂O1
Hðq; t1Þ…On

Hðq; tnÞjqii

¼
Z Y

j≠0

"
dqjffiffiffiffiffiffiffi
2πiϵ
m

q #
1ffiffiffiffiffiffiffi
2πiϵ
m

q O1ðqt1Þ…OnðqtnÞeiS;

with S the classical action for Hðp; q; tÞ ¼ p2=2mþ
Vðq; tÞ [not required in Eq. (67)] evaluated on each path.
Remarkably, the quantity eiS is now appearing from the

FIG. 3. Under time translations through Δt=ϵ steps, the
operator Ãtj is displaced to site tj0 ¼ tj þ Δt while evolving
an amount Δt (left panel). Through insertion of operators at
different times and translations back to the Hilbert at t ¼ 0,
multiple-time correlation functions are obtained (right panel).
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matrix elements of eiJ ϵ along the “quantum trajectories”
defined by the extended Hilbert space and represented in
Fig. 1. This can be seen explicitly by writing first
hqjeiJ ϵjqi¼ R Q

j dpjhqjpihpjeiJ ϵjqi [jpi ¼ ⊗j jpjitj
satisfying (6)] and noting that (t≡ j)

hpjeiJ ϵjqi ¼ ei
P

t
ϵ½pt _qt−Hðpt;qt;tÞ�hpjqi þOðϵ2Þ; ð68Þ

as it follows from the approximation of the operator

eiJ ϵ ¼ 1þ iϵJ þOðϵ2Þ
¼ 1þ iϵ

X
t

½pt _qt −Hðpt; qt; tÞ� þOðϵ2Þ;

where _qt ¼ ðqtþ1 − qtÞ=ϵþOðϵ2Þ, i.e., _qt is equal to the
site derivative of qt in this order [see also Eqs. (A3) and
(A6)]. We can corroborate the result (68) by noting that
eiJ ϵ ¼ V†eiPtϵV ¼ eiPtϵ ⊗j Uðtj þ ϵ; tjÞ, which, by con-
sidering again Eq. (66) (now “from right to left”), implies
hpjeiJ ϵjqi ¼ Q

jhpjjUðtj þ ϵ; tjÞjqj−1i, the expression
which is obtained through the conventional time slicing
for a spacing ϵ, in agreement with (68).
Related expressions can be derived for propagators by

similar means. Coherent states (2) may also be employed
analogously. Since the “sum over trajectories” interpreta-
tion [57] acquires in H Hilbert space meaning, the conven-
tional subtleties of PIs concerning the limits ϵ → 0, T → ∞
appear now linked to standard issues related to tensor
products in Hilbert space. The results and regularizations
employed in this work may thus constitute a first step for
tackling those subtleties by means of well-known tech-
niques from canonical QM.

V. DISCUSSION

The treatment presented in this paper provides a starting
point for developing general spacetime formulations. While
it is able to reproduce the conventional predictions of QM
concerning time evolution, it maps the evolution to history
states endowed with a rich time structure. This natural
consequence of the underlying product structure in time of
the extended Hilbert space opens some immediate pos-
sibilities concerning the understanding of time correlations.
In particular, such a time structure could be relevant in the
investigation of the entanglement/geometry connection
[58–60] since it may enable spacetime extensions of recent
proposals of emerging space from entanglement in Hilbert
space [61]. More generally, quantum correlations across
timelike (causally connected) intervals acquire meaning.
In this work, almost all efforts concerning physical

predictions have been focused on the recovering of the
conventional consequences of QM. However, the unitary
equivalence between theories revealed by the formalism
opens additional unexplored possibilities. For example,
since all theories are defined in the same Hilbert space H,

not only does the time evolution of all possible theories
follow, but, in principle, also that of any quantum super-
position of them (being H a genuine Hilbert space), a
situation which may find its place in nature: a coherent
superposition of gravity [62–64] could induce coherences
in the time evolution of matter. A related example is the
possibility of introducing indefinite causal order (super-
position of causal relations between events), a problem
which also requires a nontrivial extension of QM, recently
under consideration in the context of process matrices [65].
In these new scenarios, nondiagonal in time properties of
Pt and J , some of which have been discussed in
Appendixes B and D, may become relevant.
While the spacetime quantum actions have a natural

form for infinite dimensional H (they resemble a classical
action), the formalism is completely suitable for finite
dimensional systems. For instance, since the general
evolution of a qubit can be encoded in the first two levels
of an harmonic oscillator, “spacetime descriptions” of a
qubit can be derived from subspaces of the present H (and
apparent generalizations to higher dimensions).
The present formulation also provides a consistent

framework for discretizing time. In Sec. IV B, this dis-
cretization has been related to the conventional time slicing
employed in path integrals through the matrix elements of
J . Further developments along this line are under inves-
tigation. We also mention that in case a fundamental
spacing ϵ exists it would have nontrivial physical impli-
cations, as recently shown in Ref. [15] through the related
quantization techniques considered in Sec. III D. Other
insights derived from the formulations considered there
may be further developed in their “second quantized
version” as particular instances of this framework. For
example, the considerations on Lorentz covariance at the
Hilbert space level described in the PWextensions [6,7] for
relativistic particles were here generalized to (free) fields.
While we have employed pure states, the mixed case

follows straightforwardly by usual means. Considering in
addition that the treatment of composite systems is implicit
in (1), the formalism should describe measurements prop-
erly by incorporating the processes involved [1], a strategy
recently employed in related constructions [3,20].
Decoherence functionals can also be derived straight-

forwardly from the formalism opening possible connec-
tions with Isham’s approach [8] (and modern related
schemes, e.g., Refs. [10,13]). In particular, it is interesting
that the concept of physical states, which appear naturally
in the second quantization of parametrized particles
(Sec. III D), can be related to such quantity, providing a
possible unifying bridge between these different general-
izations of QM.
We note finally that, while a bosonic formulation was

employed, the formalism is also suited for fermions: given
a set of fermions bi such that ½bi; b†j �þ ¼ δij, the corre-
sponding operators on each slice BiðtÞ, B†

jðtÞ can be
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defined as ½BiðtÞ; B†
jðt0Þ�þ ¼ δðt − t0Þδij, which in particu-

lar implies a Pauli’s exclusion principle in time. Then, main
basic results, like the unitary relation (12a) between Pt and
J (see Appendix B), hold if we replace AðtÞ → BðtÞ.
In summary, we presented a formulation of QM which

treats time and “space” on the same footing at the Hilbert
space level. The concept of time evolution is replaced by
the notion of physical subspaces determined by new central
actors: the spacetime quantum actions. All familiar tools of
QM can now be applied to this extended framework, paving
the way for a novel understanding of quantum correlations
across time.
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APPENDIX A: REGULARIZATIONS
AND NOTATION

In this Appendix, we summarize the notation conven-
tions we adopt in relation to the regularizations applied to
the extent of time T and the spacing between sites ϵ. For
completeness and clarity, explicit expressions and limits are
provided as well.
For finite T,

AðωkÞ ¼
1ffiffiffiffi
T

p
Z

T=2

−T=2
dtAðtÞeiωkt ðA1Þ

with ωk ¼ 2πk
T , such that

AðtÞ ¼ 1ffiffiffiffi
T

p
X
k

AðωkÞe−iωkt ðA2Þ

with k ∈ Z and ½AiðωkÞ; A†
jðωk0 Þ� ¼ δijδkk0 . By Eq. (A2),

the site derivative

_AðtÞ ≔ lim
δt→0

Aðtþ δtÞ − AðtÞ
δt

ðA3Þ

becomes identical with −iffiffiffi
T

p
P

k ωkAðωkÞe−iωkt.

In continuous notation, we can rewrite (A2) as AðtÞ ¼R
dωffiffiffiffi
2π

p AðωÞe−iωt, where AðωÞ ¼
ffiffiffiffi
T
2π

q
AðωkÞ and

R
dω

stands for 2π
T

P
k, such that i _AðtÞ ¼ R

dωffiffiffiffi
2π

p ωAðωÞe−iωt.
For T → ∞, this representation becomes exact,
with ½AiðωÞ; A†

jðω0Þ� !
T→∞

δijδðω − ω0Þ.
On the other hand, for discrete time (finite ϵ), AðωkÞ

becomes the discrete FT

AðωkÞ ¼
ffiffiffiffi
ϵ

T

r X
j

Atje
iωktj ; ðA4Þ

where Atj ¼
ffiffiffi
ϵ

p
AðtjÞ, tj ¼ ϵj, k; j ¼ −m;…; m, and

T=ϵ ¼ 2mþ 1, with ½Atj ; Atj0 � ¼ δjj0 , such that Atj ¼ffiffiffi
ϵ
T

p P
k AðωkÞe−iωktj . The last expression can also be used

for a continuous t, in which case ½AiðtÞ; A†
jðt0Þ� ¼

δij
1
T
sin½πðt−t0Þ=ϵ�
sin½πðt−t0Þ=T� !

ϵ→0þ
δijδðt − t0Þ.

We can also define the one-body unitary operator
F ðtjÞ ¼ exp½−iA†ðωk0 ÞMkk0

tj AðωkÞ� with ðeiMtj Þkk0¼ffiffiffi
ϵ
T

p
e−i2πðkþjÞk0ϵ=T , such that

F †ðtjÞAðωkÞF ðtjÞ ≔ AtðjþkÞ ðA5Þ

with F †ðtjÞ ¼ eiPttjF †ð0Þ and F ð0Þ the FT. For finite ϵ, Pt

is still defined asPt ¼
P

k
2πk
T A†ðωkÞAðωkÞ, where the sum

now involves T=ϵ values and

eiPtϵAtje
−iPtϵ ¼ Atjþ1

: ðA6Þ

Similarly, for a nontrivial theory, the physical foliation
operators used in (51) are defined by

F̃ †ðtjÞ ¼ V†F †ðtjÞV ¼ eiJ tjF̃ †ð0Þ: ðA7Þ

APPENDIX B: UNITARY RELATION
BETWEEN Pt AND J AND ADDITIONAL

PROPERTIES OF Pt

Here, some additional properties of the generator of time
translation are presented, starting with the relation between
its commutator and the “partial” derivative in time.
Immediate (but nontrivial) consequences follow. Before
proceeding, an elementary proof of the result (12a) which
only employs Eq. (9) is provided below.
Proof of Eq. (12a).—For finite T, we assume

T̂ 0 exp
�
−i

Z
dt

Z
t0þT

t0

dt0HðAðtÞ;A†ðtÞ; t0Þ
�
¼ 1; ðB1Þ

i.e., Uðt0 þ T; t0Þ ¼ 1. Then,

eiPtδtV†e−iPtδt¼ T̂ 0exp
�
−i
Z

dt
Z

t−δt

t0

dt0HðAðtÞ;A†ðtÞ;t0Þ
�
;

which holds for T → ∞ when H is well behaved in the
limit of large times. For δt ≪ 1, it leads to

eiPtδtV†e−iPtδt ¼ eiδt
R

dtHðAðtÞ;A†ðtÞ;tÞV†;

where we used
R
t−δt
t0

dt0HðAðtÞ;A†ðtÞ; t0Þ ≈ R
t
t0
dt0HðAðtÞ;

A†ðtÞ; t0Þ − δtHðAðtÞ;A†ðtÞ; tÞ and the temporal ordering
(the second term is always at time t > t0). In conclusion,
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V†e−iPtδtV ¼ e−i½Pt−
R

dtHðAðtÞ;A†ðtÞ;tÞ�δt; ðB2Þ

implying V†PtV ¼ J . ▪
Notice that this proof only employs properties of V†

under time translations. In particular, this means that it also
holds for fermionic systems.
We can actually prove, for a general periodic operator

U ¼ exp

�Z
dtMðAðtÞ;A†ðtÞ; tÞ

�
; ðB3Þ

the more general result

UPtU−1 ¼ Pt − i

�∂U
∂t

�
U−1 ðB4Þ

¼ Pt − i
Z

dtRðAðtÞ;A†ðtÞ; tÞ; ðB5Þ

which is equivalent to

½Pt;U� ¼ i
∂U
∂t ; ðB6Þ

where its partial derivative is defined as

∂U
∂t ≔ lim

δt→0

e
R

dtMðAðtÞ;A†ðtÞ;tþδtÞ − U
δt

¼
�Z

dtRðAðtÞ;A†ðtÞ; tÞ
�
U ðB7Þ

and RðAðtÞ;A†ðtÞ; tÞ is the operator defined
by ∂

∂t0 eMðAðtÞ;A†ðtÞ;t0Þ ¼ RðAðtÞ;A†ðtÞ; t0ÞeMðAðtÞ;A†ðtÞ;t0Þ.

Proof.—Using previous definitions, we obtain, up to
OðδtÞ,

eiPtδtUe−iPtδt ¼ e
R

dtMðAðtþδtÞ;A†ðtþδtÞ;tÞ

¼ e
R

dtMðAðtÞ;A†ðtÞ;t−δtÞ

¼
�
1 − δt

Z
dtRðAðtÞ;A†ðtÞ; tÞ

�
U

¼ U − i½U;Pt�δt; ðB8Þ
from which Eqs. (B5)–(B6) directly follow. For M time
independent, ∂U

∂t ¼ 0 and UPtU−1 ¼ Pt, ½Pt;U� ¼ 0.
Analogously, in agreement with (B7), ▪�

Pt;
Z

dtMðAðtÞ;A†ðtÞ; tÞ
�
¼ i

Z
dt

∂M
∂t ðB9Þ

with ∂M
∂t ¼ limδt→0

MðAðtÞ;A†ðtÞ;tþδtÞ−MðAðtÞ;A†ðtÞ;tÞ
δt , implying

Eq. (22) in the limit T → ∞.
Since V† is a product in time of operators Uðt; t0Þ, we

can also write V† ¼ exp½i R dtMðAðtÞ;AðtÞ; tÞ� for

R
dtMðAðtÞ;AðtÞ; tÞ ¼ P

t MðAt;A
†
t ; tÞ and Uðt; t0Þ ¼

eiMða;a†;tÞ. Then,

V†PtV ¼ Pt þ i

�Z
dtM;Pt

�
þ i2

2!

�Z
dtM;

�Z
dtM;Pt

��
þ…; ðB10Þ

which is an explicit expansion of (B5). On the other hand,
i d
dt UðtÞ ¼ HðtÞUðtÞ, with HðtÞ ¼ Hða; a†; tÞ, implies

−HðtÞ ¼
Z

1

0

exp½isMðtÞ�M0ðtÞ exp½−isMðtÞ�ds

¼ M0ðtÞ þ i
2!
½MðtÞ;M0ðtÞ�

þ i2

3!
½MðtÞ; ½MðtÞ;M0ðtÞ�� þ… ðB11Þ

since i d
dt e

iMðtÞ ¼ −
R
1
0 eisMðtÞM0ðtÞeið1−sÞMðtÞds. By com-

paring Eqs. (B10) and (B11) and considering Eq. (B9), the
result V†PtV ¼ Pt −

R
dtH ¼ J is recovered. This rea-

soning provides further verification of the related result

(18) since we can now write, for Δt ¼ t − t0, ÃðtÞ¼
ei
R
dtMeiPtΔtAðt0Þe−iPtΔte−i

R
dtM¼eiJΔtAðt0Þe−iJΔt with

J reappearing from commutators between Pt and
R
dtM

(we used ½R dtM;Aðt0Þ� ¼ 0, as implied by the initial
condition).
Furthermore, if we consider more complex operators,

e.g.,

U ¼ exp

�Z
dt1dt2MðAðt1Þ;A†ðt1Þ;Aðt2Þ;A†ðt2Þ; t1; t2Þ

�
a reasoning analogous to Eqs. (B5)–(B7) yields

UPtU−1 ¼ Pt − iR ðB12Þ

withR≔ i½U;Pt�U−1¼ ½ð ∂
∂t1þ ∂

∂t2ÞU�U−1. For U Hermitian,
this defines in general quantum actions

J ¼ Pt − iR ðB13Þ

for “exotic” theories nondiagonal in time. It also reveals a
great amount of further symmetries of Pt (and hence J )
since, e.g., in the present case R≡ 0 for ∂M

∂t1 ¼ − ∂M
∂t2 as it

follows from expanding M near t1, t2. Of course, this can
be immediately generalized to an arbitrary number of times.
A basic example of these symmetries is provided by the
unitary transformations of the ω ¼ 0 mode. A nonbasic
example is provided explicitly in Appendix D where
Bogoliubov symmetries are considered.
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APPENDIX C: NORMALIZATION IN THE
“THERMODYNAMIC LIMIT”

Normalization of states for an infinite extent of time is
usually regarded as a subtle aspect of quantum formalisms
of time [20,66]. In the usual quantum treatment of
reparametrization-invariant systems, it also prevents con-
sidering the physical spaces as proper subspaces, leading
ultimately to abandoning the role of time as an observable.
In our proposal, these aspects appear in a new form, which
allows a straightforward quantum treatment: given, e.g.,
jΨiω ¼ P

i ψ iÃ
†
i ðωÞjΩ̃i and jΦiω0 ¼ P

i φiÃ
†
i ðω0ÞjΩ̃i,

ω0hΦjΨiω ¼ δðω − ω0Þhφjψi; ðC1Þ

where hφjψi ¼ P
i φ

�
iψ i and the presence of δðω − ω0Þ

½≡ðT=2πÞδkk0 for T → ∞] is in accordance with the
continuum spectrum of J (ωhΨj is an eigenfunctional).
Equation (C1) and obvious generalizations to many particle
states are the continuous ω-equivalent of Eq. (26). The
important novelty of the formalism is that not only are
eigenfunctional expansions well defined, but so are their
transformation properties under time translations (since the
latter are defined in the complete Hilbert space H). This
means that if we normalize states by permitting super-
positions in ω, time evolution is still well defined.
Physically, this implies quantum coherences in a quantity
which in conventional QM is regarded as a “parameter”:
e.g., in the case of decoupled oscillators [Eq. (32)], an
uncertainty on ω around ω ¼ 0 has the physicalmeaning of
quantum uncertainty in the oscillator frequencies ωi

0. This
also holds in the case of J rel for δðω − ω0Þ → δðm2 −m02Þ
but with an important novelty: the product in the right-hand
side of (C1) is the invariant product of scalar QFT [6,7].
The crucial lesson is that the form of the inner product in
the physical subspaces may depend on the choice of J
according to its symmetries and the “parameters” in the
Hamiltonian which acquire quantum coherences.
While the previous considerations allow us to explore

features not contemplated in conventional QM, they also
agree with a more “traditional” approach: if Πp is the
projector in Hp, then hΦ0jΨi ¼ hφjψi for jΦi ¼ ΠpjΦ0i,
which constitutes the generalization of the group averaging
product [66] to H and its subspaces. Alternatively, normal
operators can all be equally “smeared”: Ãið0Þ → Ã0 ¼R
dω0ϕðω0ÞÃðω0Þ with

R
dωjϕðωÞj2 ¼ 1, such that

L0ð½Qiða†i Þni �j0iÞ¼
Q

i½ðÃ0†
i Þni �jΩ̃i implying hΦjΨi¼hφjψi

for jΨi ¼ L0ðjψiÞ, jΦi ¼ L0ðjφiÞ.

APPENDIX D: LINEAR SYMMETRIES AND
TIME TRANSLATIONS FOR QUADRATIC J

The diagonal form J ¼ R
dωωΨ̃†ðωÞΨ̃ðωÞ remains

invariant under Bogoliubov transformations

�
ÃðωÞ

Ã†ð−ωÞ

�
→

�
U V

V� U�

��
ÃðωÞ

Ã†ð−ωÞ

�
; ðD1Þ

which for U, V independent of ω are equivalent to
Ψ̃ðtÞ → ðU V

V�U�ÞΨ̃ðtÞ, a linear time-independent (in the
normal basis) canonical transformation. This includes
transformations of the form Q̃iðtÞ → αiQ̃iðtÞ, P̃iðtÞ →
P̃iðtÞ=αi for αi constant, implying the invariance of the
“Legendre transform form” (12c). Note also that
Lω ¼ 1

2
½Ψ†ðωÞΨðωÞ − Ψ†ð−ωÞΨ̃ð−ωÞ� ¼ a†ðωÞaðωÞ −

a†ð−ωÞað−ωÞ is an angular-momentum-like operator:

qxpy − qypx ¼ a†xay−a
†
yax

2i ¼ a†þaþ − a†−a− for ðqμipμ
Þ ¼ aμ�a†μffiffi

2
p

and ðax−iayÞ ¼
aþ�a−ffiffi

2
p .

Consider now Eq. (27), i.e., J for quadratic theories.
As we have seen, diagonalization can be achieved by
linear transformations Ψ̃ðtÞ ¼ W−1ðtÞΨðtÞ satisfying
i _WðtÞ ¼ ΠKðtÞWðtÞ. Given the general solution WðtÞ ¼
expð−iΠKtÞW0 for a time-independent Hamiltonian,

eiPtΔtΨ̃ðtÞe−iPtΔt ¼ expð−iΠK0ΔtÞΨ̃ðtÞ; ðD2Þ

where we used W−1ðtÞWðtþ ΔtÞΨ̃ðtÞ ¼ expð−iΠK0ΔtÞ
with K0 ¼ W†

0KW0. This is an example of Eq. (58) and

of (D1) with

�
U V
V� U�

�
¼ expð−iΠK0ΔtÞ and U, V

independent of ω, implying

eiPtΔtΨ̃ðωÞe−iPtΔt ¼
�
U 0

0 U�

�
e−iΠωΔtΨ̃ðωÞ

þ
�

0 V

V� 0

�
eiΠωΔtΨ̃ð−ωÞ: ðD3Þ

In particular, for ω ¼ 0, i.e., for physical operators,
eiPtΔtΨ̃ð0Þe−iPtΔt¼expð−iΠK0ΔtÞΨ̃ð0Þ, which is Eq. (37).
From this result, we can also infer the effect of time
translations on physical states by first considering the
vacuum case. It follows from (D3) that, while a time
translation has a nontrivial effect on jΩ̃i, it preserves the
separation between modes with distinct jωj and in particu-
lar between the mode 0 and remaining modes [this holds for
any transformation (D1)],

eiPtΔtjΩ̃i ¼ eiHðΨ̃ð0ÞÞΔtj0̃ik¼0 ⊗ jΩ0ðΔtÞi; ðD4Þ

for ÃðωÞjΩ̃i ¼ 0, Ãðω ¼ 0Þj0̃ik¼0 ¼ 0 and HðΨ̃ð0ÞÞ ¼
1
2
Ψ̃†ð0ÞK0Ψ̃ð0Þ. Then, given HðψÞ ¼ 1

2
ψ†K0ψ,

hΦjeiPtΔtjΨi ¼ hφjeiHðψÞΔtjψi × hΩ0ð0ÞjΩ0ðΔtÞi ðD5Þ

for LðjψiÞ ¼ jΨi and LðjφiÞ ¼ jΦi. This implies Eq. (39).
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APPENDIX E: TIME TRANSLATIONS FOR
TIME-DEPENDENT THEORIES

Consider the unitary operator

WðΔtÞ ≔ eiPtΔtV†
ΔtV ðE1Þ

with

V†
Δt ≔ T̂ 0 exp

�
−i

Z
dt

Z
t

t0

dt0HðAðtÞ;A†ðtÞ; t0 þ ΔtÞ
�
;

which for H time independent WðΔtÞ → eiPtΔt. From
(12a), it follows that

V†
ΔtPtVΔt ¼ Pt −

Z
dtHðAðtÞ;A†ðtÞ; tþ ΔtÞ

¼ e−iPtΔtJ eiPtΔt;

implying W†ðΔtÞJWðΔtÞ ¼ J and hence

½WðΔtÞ;J � ¼ 0: ðE2Þ

We can think that the operatorWðΔtÞ is translating both the
sites and the time dependence of H.
On the other hand,

VWðΔtÞV† ¼ VeiPtΔtV†
Δt ¼ V½eiPtΔtV†

Δte
−iPtΔt�eiPtΔt

with

eiPtΔtV†
Δte

−iPtΔt

¼ T̂ 0 exp
�
i
Z

dt
Z

tf

t
dt0HðAðtÞ;A†ðtÞ; t0Þ

�
;

implying

VWðΔtÞV†

¼ eiPtΔtT̂ 0 exp
�
i
Z

dt
Z

tf

t0

dt0HðAðtÞ;A†ðtÞ; t0Þ
�
; ðE3Þ

where tf ¼ t0 þ Δt and we used that the second term,
which is equal to ⊗t U†ðtf; t0Þ, commutes with Pt.
The result (E3) allows us to write

hΦjUðt; t0ÞjΨi

¼ 0hΦjbT 0 exp
�
−iX

k

Z
t

t0

dt0HðAðωkÞ;AðωkÞ; t0Þ
�
jΨi0

ðE4Þ

for Uðt; t0Þ ¼ F ðt0ÞW†ðt − t0ÞF ðtÞ unitary. This yields the
relation

hΦjUðt; t0ÞjΨi
hΩ̃jUðt; t0ÞjΩ̃i

¼ hϕjUðt; t0Þjψi
h0jUðt; t0Þj0i

ðE5Þ

with hϕjUðt; t0Þjψi the conventional propagator.
Note also that hΩ̃jUðt; t0ÞjΩ̃i ¼ h0jUðt; t0Þj0iT=ϵ, which

generalizes (F3) since hΩ̃jUðt; t0ÞjΩ̃i ¼ hΩ̃jW†ðt − t0ÞjΩ̃i.
With the operator WðΔtÞ of (E1), we can generalize

Eq. (D2) to the time-dependent case,

WðΔtÞΨ̃ðtÞW†ðΔtÞ ¼ eiPtΔtV†
ΔtΨðtÞVΔte−iPtΔt

¼ W−1
Δt ðtÞΨðtþ ΔtÞ;

with WΔtðtÞ satisfying i _WΔtðtÞ ¼ ΠKðtþ ΔtÞWΔtðtÞ. By
writing then Ψðtþ ΔtÞ ¼ Wðtþ ΔtÞΨ̃ðtÞ and using
W−1

Δt ðtÞWðtþ ΔtÞ ¼ Wðt0 þ Δt; t0Þ, we obtain

WðΔtÞΨ̃ðtÞW†ðΔtÞ ¼ Wðt0 þ Δt; t0ÞΨ̃ðtþ ΔtÞ; ðE6Þ

in agreement with conventional time evolution. Since the
unitary transformation (E6) is a constant Bogoliuvob trans-
formation, all previous considerations in the ω basis hold.
This implies the time-dependent versions of Eqs. (37), (38),
and (39) for eiPtΔt → WðΔtÞ.

APPENDIX F: PROOF OF EQS. (56)–(57)

To prove Eq. (56), we note first that from the result (12a)
(which holds in the form V†eiPtΔtV ¼ eiJΔt in the discrete
case) and ½Pt;J � ¼ 0 it follows, using (15), that

hΦðt0Þje−iPtΔtjΨðtÞi ¼ 0hΦðt0Þje−iPtΔte−i
P

t
HtΔtjΨðtÞi0

¼ 0hΦðtÞje−i
P

t
HtΔtjΨðtÞi0 ðF1Þ

with Ht ≡HðAt;A
†
t Þ, Δt ¼ t − t0, and jΨðtÞi ≔ F †ðtÞjΨi,

jΨðtÞi0 ≔ VjΨðtÞi ¼ F †ðtÞjΨi0. We now act with the
operators F ðtÞ on the exponential to obtain

hΦðt0Þje−iPtΔtjΨðtÞi ¼ 0hΦje−i
P

k
HðAðωkÞ;A†ðωkÞÞΔtjΨi0;

ðF2Þ

where we are now using a discrete notation for ω (ωk ¼ 2πk
T )

and we used Eq. (51). The sum involves T=ϵ terms, but
only the mode-0 contributes to a nonvacuum matrix ele-

ment, i.e., 0hΦje−i
P

k
HðAðωkÞ;A†ðωkÞÞΔtjΨi0¼hφje−iHΔtjψi×

½h0je−iHΔtj0i�T =ϵ−1. Since, of course, this also holds for
jΨi ¼ jΦi ¼ jΩ̃i,

hΩ̃je−iPtΔtjΩ̃i ¼ ½h0je−iHΔtj0i�T=ϵ; ðF3Þ

Eq. (56) is obtained.
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And to show (57), we write first

hΦðt0Þje−iPtΔtjΨðtÞi ¼ 0hΦðt0ÞjVe−iPtΔtV†jΨðtÞi0
¼ 0hΦðtÞj½eiPtΔtVe−iPtΔt�V†eiPtΔtjΨðt0Þi0;

whereΔt ¼ t − t0 and where in the last equality we usedF ðt0Þ ¼ e−iPtΔtF ðtÞ andF †ðtÞ ¼ eiPtΔtF †ðt0Þ. From Eq. (12a), it

follows that eiPtΔtVe−iPtΔt ¼ e−i
P

t
HtΔtV, and we finally obtain

hΦðt0Þje−iPtΔtjΨðtÞi ¼ 0hΦðtÞjeiJΔtjΨðt0Þi0; ðF4Þ

which implies (57). ▪
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