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Porosity phenomena of non-expansive,

Banach space mappings.

Michael Dymond

4th May 2022

For any non-trivial convex and bounded subset C of a Banach space, we
show that outside of a σ-porous subset of the space of non-expansive mappings
C → C, all mappings have the maximal Lipschitz constant one witnessed
locally at typical points of C. This extends a result of Bargetz and the
author from separable Banach spaces to all Banach spaces and the proof
given is completely independent. We further establish a fine relationship
between the classes of exceptional sets involved in this statement, captured
by the hierarchy of notions of φ-porosity.

1 Introduction

The set of strict contractions C → C, where C is a closed, convex and
bounded set, is of particular interest in fixed point theory. Recall that
Banach’s classical fixed point theorem states that every strict contraction
of a complete metric space has a unique fixed point, to which all iterations
converge. However, if we wish to view the strict contractions as elements of
a complete metric space, we arrive at the space of non-expansive mappings
C → C (or mappings C → C with Lipschitz constant at most one) and the
conclusion of Banach’s fixed point theorem need not be valid for such map-
pings. Thus it is a natural question to ask how many non-expansive mappings
C → C possess a unique fixed point. The size of the set of strict contractions
in spaces of non-expansive mappings is clearly relevant to this question.

When C is a subset of a Hilbert space, De Blasi and Myjak [4] prove that the
set of strict contractions is a negligible subset of the space of non-expansive
mappings. More precisely, they show that the strict contractions form a σ-
porous subset. The argument of [4] relies heavily on Kirszbraun’s theorem for
extending Lipschitz mappings between Hilbert spaces. Thus, these methods
do not transfer to the general Banach space setting, leading Reich [10] to pose
the question of whether this porosity result holds in Banach spaces.
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Question 1.1 (Reich [10]). Let X be a Banach space, C ⊆ X be a closed,
bounded, convex, non-singleton, non-empty set and M = M(C) denote the
space of non-expansive mappings C → C equipped with the supremum metric.
Is the set

{f ∈ M : Lip(f) < 1}

of strict contractions C → C a σ-porous subset of M?

Bargetz and the author answer Reich’s question affirmatively in [1]. The
present note, provides an independent answer to Reich’s question and further
strengthens the results of [1].

Despite strict contractions only forming a very small subset of the space of
non-expansive mappings, it turns out that most non-expansive mappings have
a unique fixed point. In the Banach space setting, Reich and Zavlaski show
that outside of a σ-porous subset of the space of non-expansive mappings
C → C all mappings are contractive in the sense of Rakotch [9], meaning they
decrease distances between points by a factor which is allowed to behave as a
monotonic function of the distance between the two points; for a more precise
formulation see for example [5, Definition 3.3.15]. Such Rakotch contractive
mappings are shown to have the fixed point property in [9].

The problems discussed above have also been studied in more general metric
spaces and for more general classes of mappings; see, for example, [12], [3]
and [2].

When C is a subset of a separable Banach spaces, the paper [1] proves
a stronger result than just the σ-porosity of the set of strict contractions.
In fact [1] proves that outside of a σ-porous subset of the space of non-
expansive mappings C → C, all mappings f have the property that the
set R(f) defined below in Theorems 1.2 and 1.3 is a residual subset of C.
The quantity Lip(f, x) may be informally described as the local Lipschitz
constant of f at x and is defined in the next section by (1). Thus, roughly
speaking, [1] proves that outside of a σ-porous subset of the space of non-
expansive mappings, all mappings have the maximal Lipschitz constant one
and this maximal Lipschitz constant is witnessed locally at typical points of
the domain C.

One contribution of the present note is to extend this result to all Banach
spaces. We prove the following theorem, which is stronger than both main
results (Theorems 2.1 and 2.2) of [1]; in particular, it removes the separability
condition on the Banach space from [1, Theorem 2.2].

Theorem 1.2. Let X be a Banach space, C ⊆ X be a closed, bounded,
convex, non-singleton, non-empty set and M = M(C) denote the space of
non-expansive mappings C → C equipped with the supremum metric. Then
there is a σ-lower porous subset N of M such that for every f ∈ M \N the
set

R(f) := {x ∈ C : Lip(f, x) = 1}
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is a residual subset of C.

The notion of lower porosity appearing in Theorem 1.2 is the same as the
notion of [1, Theorems 2.1 and 2.2], where it is simply called porosity. The
present note uses an extended terminology because we also consider other
notions of porosity, in particular upper porosity.

Theorem 1.2 asserts that after excluding a negligible subset N of the space
M of non-expansive mappings C → C, all remaining mappings f ∈ M \ N
have the property that the set C \ R(f) is a negligible subset of C. Thus,
this statement concerns two types of negligible sets, the former in the space
M and the latter in C. The next theorem reveals that these two classes of
negligible sets are intrinsically linked. More precisely, weakening the sense
of negligibility of the set N , and thus excluding a larger, but still negligible
subset of M, achieves a stronger sense of negligibilty of the sets C \R(f) for
the remaining mappings f ∈ M \ N . The next theorem further determines
a precise relationship between the degree of negligibility of sets C \R(f) for
f ∈ M \ N and the degree of negligibility of N as a subset of M. This
dependency is expressed in the form of a pair of gauge functions (φ, ξ).

Theorem 1.3. Let X be a Banach space, C ⊆ X be a closed, bounded,
convex, non-singleton, non-empty set and M = M(C) denote the space of
non-expansive mappings C → C equipped with the supremum metric. Let
K > 1 and φ, ξ : (0, 1/K) → (0,∞) be strictly increasing concave functions
satisfying

φ(t)ξ(t) ≥
t

K
for all t ∈ (0, 1/K) and lim

t→0
ξ(t) = 0.

Then there is a σ-ξ-lower porous subset N of M such that for every mapping
f ∈ M \N the set

R(f) := {x ∈ C : Lip(f, x) = 1}

is the complement of a σ-φ-upper porous subset of C.

Full explanations of the different notions of porosity appearing in this paper
are given in Subsection 2.3. For now it suffices to know that for increasing,
concave functions ξ : (0,∞) → (0,∞) the notions of ξ-porosity form a hier-
archy and that the notions of porosity appearing in Theorem 1.3 are weaker
than the standard form of porosity, but stronger than nowhere density (these
comparisons need not be strict). A more detailed analysis of Theorem 1.3 is
postponed until Subsection 2.4.

The proofs of Theorems 1.2 and 1.3 are completely independent of [1], so
the present work may also be of interest as a new approach to answering
Reich’s question (Question 1.1). It may also be of note that the given answer
to Reich’s question in Subsection 4.2 is entirely elementary in the sense that
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it does not require knowledge of any advanced theorems. There are no preex-
isting elementary proofs of the positive answer to Reich’s question, even in
the restricted Hilbert space setting. Even the proofs of Theorems 1.2 and 1.3
may be described as almost entirely elementary. The only reason for writing
almost entirely instead of entirely in the previous sentence is that in one step
the existence of a maximal s-separated set is used. This is a consequence of
Zorn’s lemma.

2 Preliminaries and Notation.

2.1 General notation.

Given a metric space (M,d), a point x ∈ M and r > 0 we let BM (x, r) denote
the open ball in M with centre x and radius r. For the corresponding closed
ball we replace BM with BM . For s, θ > 0 a subset Γ of M will be called s-
separated if d(x, y) ≥ s for every x, y ∈ Γ and θ-dense if

⋃

x∈ΓBM (x, θ) = M .
The origin and unit sphere of a normed space (X, ‖−‖) will be denoted by

0X and SX respectively. Since we only ever work with one fixed norm space,
we always write X instead of (X, ‖−‖). For a subset C of X we let

diamC := sup {‖y − x‖ : x, y ∈ C} .

The quantity diamC will appear often as an upper bound for ‖x‖ for points
x ∈ C when C contains 0X . Given two points x, y ∈ X we write [x, y] for the
closed line segment with endpoints x and y.

We call a function φ : (0,∞) → (0,∞) increasing if φ(s) ≤ φ(t) whenever
s, t ∈ (0,∞) and s ≤ t. If the stronger condition holds with the non-
strict inequalities replaced by strict inequalities, we refer to φ as strictly
increasing. The inverse function of a strictly increasing φ is denoted by
φ−1 : (inf φ, supφ) → (0,∞). For functions φ, ξ : (0,∞) → (0,∞) we will
make use of the standard big Theta notation with respect to the asymptotic
behaviour as t → 0. Thus, we will write φ(t) ∈ Θ(ξ(t)) to signify the existence
of constants η, a, b > 0 such that aξ(t) ≤ φ(t) ≤ bξ(t) for all t ∈ (0, η).

Given a normed space X, a subset C of X and a mapping f : C → X we
let

Lip(f) := sup

{

‖f(y)− f(x)‖

‖y − x‖
: x, y ∈ C, y 6= x

}

.

If Lip(f) < ∞ then f is called Lipschitz, if Lip(f) ≤ 1 then f is called non-
expansive and if Lip(f) < 1 then f is referred to as a strict contraction. For
x ∈ C we further distinguish the quantity

Lip(f, x) := lim
r→0

sup

{

‖f(y)− f(x)‖

‖y − x‖
: y ∈ C, 0 < ‖y − x‖ ≤ r

}

, (1)

4



which may be thought of as the Lipschitz constant of f witnessed locally at
the point x. Further, for r ∈ (0,∞) we let

Lip(f, x, r) := sup

{

‖f(y)− f(x)‖

‖y − x‖
: y ∈ C, 0 < ‖y − x‖ ≤ r

}

.

The quantity Lip(f, x, r) can be described as the Lipschitz constant of f
witnessed at the point x at scale r. Note that

lim
r→0

Lip(f, x, r) = Lip(f, x).

The sets R(f) given in Theorems 1.2 and 1.3 are defined in terms of the
quantity Lip(f, x). We record here a basic property of these sets.

Lemma 2.1. Let X be a normed space, C ⊆ X and f : C → C be a non-
expansive mapping. Then the set

R(f) := {x ∈ C : Lip(f, x) = 1}

is a relatively Gδ subset of C.

Proof. It suffices to observe that the set R(f) may be written as

⋂

λ∈Q∩(0,1)

⋂

n∈N

{x ∈ C : ∃y ∈ C ∩BX(x, 1/n) s.t. ‖f(y)− f(x)‖ > λ ‖y − x‖}

and that each of the sets participating in the above intersection is relatively
open in C.

2.2 Spaces of non-expansive mappings.

Given a normed space X and a bounded and convex subset C of X we consider
the space M(C) of non-expansive mappings C → C, defined by

M(C) := {f : C → C : Lip(f) ≤ 1} .

The set M(C) will be equipped with the supremum metric

d∞(f, g) = ‖g − f‖∞ , f, g ∈ M(C).

If X is a Banach space and C ⊆ X is closed then the pair (M(C), d∞) is a
complete metric space. In the remainder of the paper we shorten the notation
(M(C), d∞) to M(C) and favour writing ‖g − f‖∞ instead of d∞(f, g).
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2.3 Porosity and σ-porosity.

The notions of φ-upper and φ-lower porosity are defined according to [14,
Definition 2.1] and [13, 2.7].

Let (M,d) be a metric space, P ⊆ M , x ∈ M , η > 0 and φ : (0, η) → (0,∞)
be an increasing function. For each r > 0 we consider the quantity

γ(x, r, P ) := sup
{

s > 0: ∃x′ ∈ M such that BM (x′, s) ⊆ BM (x, r) \ P
}

,

where we interpret the supremum of the empty set as −∞. We say that P is
φ-upper porous at the point x if

lim sup
r→0

φ(γ(x, r, P ))

r
> 0.

We say that P is φ-lower porous at the point x if

lim inf
r→0

φ(γ(x, r, P ))

r
> 0.

If γ(x, r, P ) = −∞ then the quantity φ(γ(x, r, P )) is not defined. Therefore,
the conditions above implicitly include the condition γ(x, r, P ) > 0 for all
r > 0.

The set P is said to be φ-upper porous if it is φ-upper porous at every
point x ∈ P . φ-lower porous sets are defined analogously.

Note that φ-lower porosity is stronger than φ-upper porosity for every φ.
Moreover, the notions of φ-porosity form a hierarchy ordered according to
the asymptotic behaviour of φ(t) as t → 0+. Indeed the notions of φ1-
porosity are stronger than the corresponding notions of φ2-porosity whenever
lim supt→0

φ1(t)
φ2(t)

< ∞. Accordingly, the notions of φ1- and φ2-porosity coin-

cide whenever φ1(t) ∈ Θ(φ2(t)).
For functions φ ∈ Θ(1), or even those with just lim inft→0 φ(t) > 0, the

notions of φ-upper and φ-lower porosity coincide and equal the standard
notion of nowhere density. For functions φ ∈ Θ(t) the notions of φ-upper
and φ-lower porosity are precisely the standard notions of upper and lower
porosity. When φ ∈ Θ(t) we will write upper porous and lower porous instead
of φ-upper porous and φ-lower porous respectively.

Thus, the hierarchy of notions of φ-upper and φ-lower-porosity has its
weakest notion, namely nowhere density, at one end and its strongest notion,
namely the standard notions of porosity, at the other end. In between we have
intermediate notions, corresponding to functions φ(t) lying asymptotically in
between the constant function and the identity for t → 0. Notable examples of
such functions are φp(t) = tp for p ∈ (0, 1). In fact the notions of φp-porosity
receive special attention in [13].

A stronger property than φ-upper or φ-lower porosity is given when the
porosity condition of P is satisfied not just at all points x ∈ P but at every
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point x in the whole space M . For example the set P =
{

1
n : n ∈ Z \ {0}

}

is
porous in R, but it is not porous at the point 0 ∈ R \ P . We highlight this
because all of the sets shown to be porous in the present work will actually
be shown to possess the stronger property of being porous at every point of
the space.

There are differing conventions in the literature concerning whether upper
or lower porosity is taken as the standard form of porosity. For example in
[4], [11] and [1] porous means lower porous, whilst in [13], [14] and [6] porous
means upper porous.

In the remainder of the paper we will avoid using the γ notation in the
definitions of porosity above. Instead, we will make use of the following equi-
valent formulations of the notions of φ-porosity for strictly increasing, concave
φ satisfying limt→0 φ(t) = 0. The characterisations given in Lemma 2.2 can
be seen as anologues of classical characterisations of upper and lower porosity.

Lemma 2.2. Let (M,d) be a perfect metric space, P ⊆ M , q ∈ M , η >
0 and φ : (0, η) → (0,∞) be a strictly increasing, concave function with
limt→0 φ(t) = 0. Then the following statements hold:

(a) P is φ-upper porous at q if and only if there exists α ∈ (0, 1) such that
for every ε > 0 there exists q′ ∈ M such that 0 < d(q, q′) ≤ ε and
BM (q′, φ−1(αd(q, q′))) ∩ P = ∅.

(b) P is φ-lower porous at q if and only if there exists ε0 > 0 and β ∈ (0, 1)
such that for every ε ∈ (0, ε0) there exists q′ ∈ M such that d(q, q′) ≤ ε
and BM (q′, φ−1(βε)) ∩ P = ∅.

Proof. From the concavity of φ and limt→0 φ(t) = 0 we may conclude that

K = K(φ) := sup

{

t

φ(t)
: t ∈ (0, η)

}

< ∞.

Moreover, since φ : (0, η) → (0,∞) is strictly increasing with limt→0 φ(t) = 0,
we have that the inverse function φ−1 exists and is defined on the interval
(0, sup φ).

We begin by proving (a). Let α ∈ (0, 1) be given by the condition of (a)

and fix ε > 0. Then there exists q′ ∈ M with 0 < d(q, q′) < min
{

ε
1+K , supφ

α

}

and BM (q′, φ−1(αd(q, q′)))∩P = ∅. Note that φ−1(αd(q, q′)) ≤ Kαd(q, q′) ≤
Kd(q, q′) and so we derive

BM (q′, φ−1(αd(q, q′))) ⊆ BM (q, (1 +K)d(q, q′)) \ P.

For r := (1 + K)d(q, q′) we now have γ(q, r, P ) ≥ φ−1(αd(q, q′)), r ∈ (0, ε)
and

φ(γ(q, r, P ))

r
≥

αd(q, q′)

(1 +K)d(q, q′)
=

α

1 +K
.
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This proves lim supr→0
φ(γ(q,r,P ))

r ≥ α
1+K and thus the φ-upper porosity of P

at q.
Conversely, suppose that P is φ-upper porous at q and set

α′ := lim sup
r→0

φ(γ(q, r, P ))

r
> 0 and α :=

1

4
min

{

α′, 1
}

.

Fix ε > 0. Then we may choose r ∈ (0, ε) so that φ(γ(q,r,P ))
r > 2α, or

equivalently, γ(q, r, P ) > φ−1(2αr). It follows that there exists q′′ ∈ M such
that

BM (q′′, φ−1(2αr)) ⊆ BM (q, r) \ P.

Due to the perfectness of M , we may choose q′ ∈ BM (q′′, φ−1(αr)) \ {q}.
Moreover, from the convexity of φ−1 and limt→0 φ

−1(t) = 0, we get φ−1(αr) ≤
1
2φ

−1(2αr). Hence, 0 < d(q, q′) < r < ε and BM (q′, φ−1(αr)) ∩ P = ∅. This
verifies the (α, ε)-condition of (a).

We turn now to (b). Assume first that there exist ε0 > 0 and β ∈ (0, 1) as
in the condition of (b). We may assume that ε0 < supφ/β. Let ε ∈ (0, ε0)
and then choose q′ ∈ M according to the condition of (b). Since φ−1(βε) ≤
Kβε ≤ Kε, we deduce that

BM (q′, φ−1(βε)) ⊆ BM (q, (1 +K)ε) \ P.

Therefore γ(q, (1 +K)ε, P ) ≥ φ−1(βε) and

φ(γ(q, (1 +K)ε, P ))

(1 +K)ε
≥

βε

(1 +K)ε
=

β

1 +K
.

Since we have verified the above inequality for an arbitrary ε ∈ (0, ε0), we

conclude that lim infr→0
φ(γ(q,r,P ))

r ≥ β
1+K > 0. Hence, P is φ-lower porous

at q.
Conversely, suppose that P is φ-lower porous at q and set

β′ := lim inf
r→0+

φ(γ(q, r, P ))

r
> 0 and β :=

1

2
min

{

β′, 1
}

.

Now we may choose ε0 > 0 sufficiently small so that

φ(γ(q, r, P ))

r
> β for all r ∈ (0, ε0).

Let ε ∈ (0, ε0). Then φ(γ(q,ε,P ))
ε > β, or equivalently, γ(q, ε, P ) > φ−1(βε), so

we may find q′ ∈ M with

BM (q′, φ−1(βε)) ⊆ BM (q, ε) \ P.

Now we have d(q, q′) ≤ ε and BM (q′, φ−1(βε)) ∩ P = ∅. This verifies the
(ε0, β)-condition of (b).
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2.4 Discussion of Theorem 1.3

Theorem 1.3 actually contains Theorem 1.2. Indeed, for the choice ξ(t) =
t

1+tp and φ(t) = 1 + tp with p ∈ (0, 1), we have that ξ(t) ∈ Θ(t) and φ(t) ∈
Θ(1). Therefore, ξ- and φ-porosity become simply porosity and nowhere
density respectively, so that Theorem 1.3 with these choices of ξ and φ is
precisely Theorem 1.2. The proof of Theorem 1.3 distinguishes the special
case of Theorem 1.2. Therefore, we provide a proof of Theorem 1.2 separately
to that of Theorem 1.3.

Due to the antisymmetric conditions on φ and ξ in Theorem 1.3, there is no
admissible choice of φ and ξ which delivers the natural dual of Theorem 1.2:
we are not able to assert that the sets C \ R(f) are σ-upper porous for all
f ∈ M outside of a nowhere dense set. In contrast, for any weaker form of
φ-upper porosity there is an admissible choice of ξ so that the sets C \R(f)
in the conclusion of Theorem 1.3 are σ-φ-upper porous. This is established
by Lemma 2.4 and Corollary 2.5 below. Theorem 1.3 therefore invites the
following open question:

Question 2.3. [Is the dual statement to Theorem 1.2 valid?] Let X be a
Banach space, C ⊆ X be a closed, bounded, convex, non-singleton, non-empty
set and M = M(C) denote the space of non-expansive mappings C → C
equipped with the supremum metric. For f ∈ M, let

R(f) := {x ∈ C : Lip(f, x) = 1} .

Does there exist a residual subset G of M so that for all f ∈ G the set C\R(f)
is σ-upper porous?

Lemma 2.4. Let η ∈ (0, 1) and φ : (0, η) → (0,∞) be a strictly increasing,
concave function with

lim
t→0

φ(t)

t
= ∞.

Then there exist K > 1/η and a strictly increasing, concave function ξ : (0, 1/K) →
(0,∞) such that

t

K
≤ φ(t)ξ(t) ≤ Kt for all t ∈ (0, 1/K), and lim

t→0
ξ(t) = 0.

Proof. If inf φ = limt→0 φ(t) > 0 it suffices to choose K > max
{

1
η ,

1
inf φ , supφ

}

arbitrarily and take ξ(t) = t. Therefore, we may assume that limt→0 φ(t) = 0.
Choose t0 ∈ (0, η) such that φ is differentiable at t0. Then we may define

a strictly increasing, concave function φ̂ : (0,∞) → (0,∞) by

φ̂(t) =

{

φ(t) if t ∈ (0, t0),

φ(t0) + φ′(t0)(t− t0) if t ∈ [t0,∞).
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Note that the function t
φ̂(t)

is increasing, because φ̂ is concave and satisfies

limt→0 φ̂(t) = 0. It follows that

s

φ̂(s)
≤ max

{

1,
s

t

} t

φ̂(t)

for all s, t ∈ (0,∞). Let ξ : (0,∞) → (0,∞) denote the least concave majorant
of the function t

φ̂(t)
. Then, by [8, Lemma 1], there is L > 0 such that

t

Lφ̂(t)
≤ ξ(t) ≤

Lt

φ̂(t)

for all t ∈ (0,∞), so that limt→0 ξ(t) = 0. It remains to choose K >
max {L, 1/t0} sufficiently large so that ξ′(t) > 0 for all t ∈ (0, 1/K).

The next corollary of Theorem 1.3 and Lemma 2.4 highlights the pertinence
of Question 2.3. The only gauge functions φ not captured by it are those for
which φ-upper porosity is precisely upper porosity.

Corollary 2.5. Let X be a Banach space, C ⊆ X be a closed, bounded,
convex, non-singleton, non-empty set and M = M(C) denote the space of
non-expansive mappings C → C equipped with the supremum metric. For
f ∈ M, let

R(f) := {x ∈ C : Lip(f, x) = 1} .

Let η ∈ (0, 1) and let φ : (0, η) → (0,∞) be a strictly increasing, concave
function with

lim
t→0

φ(t)

t
= ∞.

Then there is a residual subset G of M such that C \R(f) is σ-φ-upper porous
for every f ∈ G.

Proof. Let K > 1 and ξ be given by the conclusion of Lemma 2.4. Then
apply Theorem 1.3 to the pair of functions φ, ξ : (0, 1/K) → (0,∞).

3 Perturbation of Banach space Lipschitz mappings.

The present section details some methods of modifying a given non-expansive
mapping of a normed space, so that its Lipschitz constant on targeted sets
increases. These methods will be employed in the next section to establish
the main porosity results.

Lemma 3.1. Let X be a normed space, C ⊆ X be a convex set containing
0X and 0 < δ < r. Then there exists a mapping Φ: C → C such that

(i) Φ(x) = 0X for all x ∈ C ∩BX(0X , δ).
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(ii) Φ(x) = x for all x ∈ C \BX(0X , r).

(iii) Lip(Φ) ≤ 1 + δ
r−δ .

(iv) ‖Φ− idC‖∞ ≤ δ.

Remark. The mapping Φ is similar to the mapping Rε considered independ-
ently in [7, Lemma 4.2].

Proof. We define Φ: C → C by

Φ(x) =



















0X if x ∈ C ∩BX(0X , δ),
(

r− rδ
‖x‖

r−δ

)

x if x ∈ C ∩BX(0X , r) \BX(0X , δ),

x if x ∈ C \BX(0X , r).

Observe that Φ(x) is always a convex combination of x ∈ C and 0X ∈ C.
Thus, it is clear that Φ is a well-defined mapping C → C. We verify the
conditions (i)–(iv) for Φ. Conditions (i) and (ii) are already apparent. For
(iii) we note first that Φ is clearly continuous. Moreover, any line segment in
C is partitioned into at most 5 line segments by the subsets of C distinguished
in the above formula for Φ. It therefore suffices to check that the Lipschitz
constant of Φ restricted to each of these subsets is at most 1+ δ

r−δ . The only

subset for which this is not immediately clear is C ∩BX(0X , r) \BX(0X , δ).
Thus, we consider arbitrary x, y ∈ C ∩ BX(0X , r) \ BX(0X , δ) and observe
that

‖Φ(y)− Φ(x)‖ =

∥

∥

∥

∥

∥

(

r − rδ
‖y‖

r − δ

)

(y − x) + x

(

r − rδ
‖y‖

r − δ
−

r − rδ
‖x‖

r − δ

)
∥

∥

∥

∥

∥

≤

(

r − rδ
‖y‖

r − δ

)

‖y − x‖+

rδ
‖y‖ |‖y‖ − ‖x‖|

(r − δ)
≤

(

1 +
δ

r − δ

)

‖y − x‖ .

This completes the proof of (iii). To prove (iv) we fix x ∈ C arbitrarily and
distinguish two cases: If x ∈ C ∩BX(0X , δ) or x ∈ C \BX(0X , r) we clearly
have ‖Φ(x)− x‖ ≤ δ. In the remaining case, x ∈ C ∩BX(0X , r) \BX(0X , δ),
we get

‖Φ(x)− x‖ =
δ(r − ‖x‖)

r − δ
≤ δ.

This proves (iv) and completes the proof of the lemma.

Lemma 3.2. Let X be a normed space, s ∈ (0,∞) and C ⊆ X be a convex
set with diamC ≥ s. Then for every z ∈ C there exists ez ∈ SX such that the
line segment

[

z, z + s
3ez
]

is a subset of C.
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Proof. Fix v,w ∈ C so that ‖w − v‖ > 2s/3. Then we define a mapping
C → SX , z 7→ ez by

ez :=

{

v−z
‖v−z‖ if ‖v − z‖ ≥ s

3 ,
w−z

‖w−z‖ otherwise.

The mapping z 7→ ez is well-defined and the line segment
[

z, z + s
3ez
]

is
contained in C (either in [z, v] or in [z, w]) for each z ∈ C.

Lemma 3.3. Let X be a normed space, C ⊆ X be a convex and bounded
set containing 0X , s ∈ (0, 1), Γ ⊆ C be an s-separated, non-empty, non-
singleton set, f : C → C be a non-expansive mapping and ε ∈ (0, 1). Then
there exists a non-expansive mapping g : C → C such that ‖g − f‖∞ ≤ ε and

‖g(y)− g(x)‖ = ‖y − x‖ (2)

for all x ∈ Γ and y ∈ C ∩BX

(

x,
εs

12(1 + diamC)

)

.

Proof. To simplify the formulae in the proof we set r = s/2. Let δ ∈ (0, r/2)
be a parameter to be determined in the course of the proof and for each x ∈ Γ,
let Φx : C−x → C−x be the mapping Φ given by the conclusion of Lemma 3.1
applied to C − x, r and δ. Here C − x denotes the set {y − x : y ∈ C}. We
define g0 : C → C by

g0(z) =

{

f(z) if z ∈ C \
⋃

x∈ΓBX(x, r)

f(x+Φx(z − x)) if z ∈ C ∩BX(x, r) and x ∈ Γ.

Note that g0 is a well-defined, continuous mapping C → C,

‖g0 − f‖∞ ≤ δ, Lip(g0) ≤ 1 +
δ

r − δ

and that g0 is constant on each set C ∩BX(x, δ) with x ∈ Γ. Put differently,
the latter condition is

g0(z) = g0(x) whenever z ∈ C ∩BX(x, δ) and x ∈ Γ. (3)

Next, we define g1 : C → C by

g1 :=

(

1−
δ

r

)

g0.

Note that g1 is a well-defined mapping C → C, since 0X ∈ C, C is convex
and g0 : C → C. Moreover, we have

‖g1 − g0‖∞ ≤
δ diamC

r
, Lip(g1) ≤ 1
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and that g1 inherits property (3) from g0:

g1(z) = g1(x) whenever z ∈ C ∩BX(x, δ) and x ∈ Γ. (4)

Let the family of directions (ez)z∈C ⊆ SX be given by the conclusion of
Lemma 3.2. For the family of directions (ux)x∈Γ ⊆ SX , defined by

ux := eg1(x), x ∈ Γ,

we infer that the line segment
[

g1(x), g1(x) +
s
3ux
]

is a subset of C for each
x ∈ Γ. We may now define g2 : C → C by

g2(z) =











g1(z) if z ∈ C \
⋃

x∈Γ BX(x, δ),

g1(x) + (δ − ‖z − x‖)ux if z ∈ C ∩BX(x, δ) \BX(x, δ/2) and x ∈ Γ

g1(x) + ‖z − x‖ux if z ∈ C ∩BX(x, δ/2) and x ∈ Γ.

Note that g2 is a well-defined, continuous mapping C → C, where the con-
tinuity relies on (4). Moreover, we have

‖g2 − g1‖∞ ≤ δ/2 and Lip(g2) ≤ 1.

Setting g = g2 we obtain a non-expansive mapping C → C satisfying

‖g − f‖∞ ≤ ‖g2 − g1‖∞ + ‖g1 − g0‖∞ + ‖g0 − f‖∞

≤
δ

2
+

δ diamC

r
+ δ ≤

3δ(1 + diamC)

r
.

Thus, we achieve ‖g − f‖∞ ≤ ε and (2) by setting

δ :=
εr

3(1 + diamC)
.

4 Porosity.

This final section is devoted to the proofs of the main results Theorems 1.2
and 1.3.

4.1 Proving Theorem 1.2.

Lemma 4.1. Let X be a normed space, C ⊆ X be a bounded, convex, non-
empty set and M = M(C) denote the space of non-expansive mappings
C → C equipped with the supremum metric. Let s ∈ (0, 1), Γ ⊆ C be an
s-separated, non-empty, non-singleton set, λ ∈ (0, 1) and Nλ,Γ,s denote the
set of mappings f ∈ M for which

inf
x∈Γ

Lip(f, x, s) ≤ λ.

Then Nλ,Γ,s is a lower porous subset of M. In fact Nλ,Γ,s is lower porous at
every point of M.
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Proof. We verify the (ε0, β)-condition of Lemma 2.2(b) for the set Nλ,Γ,s. We
may assume without loss of generality that 0X ∈ C. Let f ∈ M, ε0 := 1 and
ε ∈ (0, ε0).

Let the mapping g ∈ M satisfying ‖g − f‖∞ ≤ ε and (2) be given by
the conclusion of Lemma 3.3 applied to X, C, s, Γ, f and ε. Let β =
β(λ,Γ, s, C) ∈ (0, 1) be a parameter to be determined later in the proof and
let h ∈ BM(g, βε). Our task is to show that h /∈ Nλ,Γ,s.

Consider the family of directions (ez)z∈C ⊆ SX given by Lemma 3.2 and
for each x ∈ Γ define a point yx ∈ X by

yx := x+
εs

24(1 + diamC)
ex.

Then,

yx ∈ C ∩BX

(

x,
εs

12(1 + diamC)

)

⊆ C ∩BX(x, s)

for every x ∈ Γ. Now, exploiting property (2) of g, we derive

‖h(yx)− h(x)‖ ≥ ‖g(yx)− g(x)‖ − 2βε =

(

1−
48β(1 + diamC)

s

)

‖yx − x‖

for every x ∈ Γ, which implies

inf
x∈Γ

Lip(h, x, s) ≥ 1−
48β(1 + diamC)

s
> λ,

and therefore h /∈ Nλ,Γ,s, when we set

β :=
(1− λ)s

96(1 + diamC)
.

We are now ready to prove Theorem 1.2:

Proof of Theorem 1.2. For each j ∈ N, let the set Γj be chosen as a maximal
2−j diamC-separated subset of C. For j, k ∈ N, let sj,k := 2−j−k min {1,diamC}
and note that each set Γj is sj,k-separated for every k ∈ N. The subset N of
M is then defined as

N :=
⋃

λ∈Q∩(0,1)

⋃

j∈N

⋃

k∈N

Nλ,Γj ,sj,k ,

where the sets Nλ,Γj ,sj,k are given by Lemma 4.1. Then N is a σ-lower porous
subset of M.

Let now f ∈ M\N . In view of Lemma 2.1, to prove that R(f) is residual
in C, we only need to show that it is dense in C. We will show that

⋃

j∈N Γj ⊆
R(f). Since the former set is dense in C, this will establish the density of
R(f) in C.

Let j ∈ N and x ∈ Γj . Since f /∈
⋃

λ∈Q∩(0,1)

⋃

k∈NNλ,Γj,sj,k , we have that
Lip(f, x, sj,k) > λ for every k ∈ N and λ ∈ Q∩(0, 1). Hence, Lip(f, x, sj,k) = 1
for every k ∈ N, which implies Lip(f, x) = 1 and x ∈ R(f).

14



4.2 Reich’s Question

Before moving on to the proof of Theorem 1.3, we note that Lemma 4.1 and
its foundations in Section 3 provide an elementary answer to Reich’s question
(Question 1.1). Theorem 4.2 actually provides a strong affirmative answer to
Question 1.1: observe that the condition Lip(f, x) < 1 defining the set Vx in
Theorem 4.2 is weaker than the condition Lip(f) < 1 defining the set of strict
contractions. We also note that [1, Theorem 2.2] is an immediate corollary
of Theorem 4.2 and Lemma 2.1.

Theorem 4.2. Let X be a Banach space, C ⊆ X be a bounded, convex,
non-empty, non-singleton set, x ∈ C and M = M(C) denote the space of
non-expansive mappings C → C equipped with the supremum metric. Then
the set

Vx := {f ∈ M : Lip(f, x) < 1}

is σ-lower porous in M.

Proof. Fix y ∈ C \{x} and set s = min {‖y − x‖ , 1/2} and Γ = {x, y}. Then
the set Vx is a subset of the countable union

⋃

λ∈Q∩(0,1)

⋃

j∈N

Nλ,Γ,s/j,

where the lower porous subsets Nλ,Γ,s/j of M are given by Lemma 4.1.

4.3 Proving Theorem 1.3.

Lemma 4.3. Let K > 1 and φ, ξ : (0, 1/K) → (0,∞) be strictly increasing,
concave functions satisfying

φ(t)ξ(t) ≥
t

K
for all t ∈ (0, 1/K) and lim

t→0
φ(t) = lim

t→0
ξ(t) = 0.

Then the function

(0, supφ) → (0,∞), t 7→
φ−1(t)

t

is increasing and satisfies

lim
t→0

φ−1(t)

t
= 0.

Proof. Note that φ−1 is a strictly increasing, convex function defined on the
interval (0, supφ) and that limt→0 φ

−1(t) = 0. It follows that the function
φ−1(t)

t is increasing on (0, supφ). Given ε > 0, we may choose s > 0 suffi-
ciently small so that ξ(s) < ε/K. Then for every t ∈ (0, φ(s)) we have

φ−1(t)

t
≤

s

φ(s)
≤ Kξ(s) < ε.
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Lemma 4.4. Let X be a normed space, C ⊆ X be a bounded, convex set and
M = M(C) denote the space of non-expansive mappings C → C equipped
with the supremum metric. Let λ ∈ (0, 1), k ∈ N, K > 1 and φ, ξ : (0, 1/K) →
(0,∞) be strictly increasing, concave functions satisfying

φ(t)ξ(t) ≥
t

K
for all t ∈ (0, 1/K) and lim

t→0
φ(t) = lim

t→0
ξ(t) = 0.

Let s = (sj)j∈N be a strictly decreasing sequence of numbers in the interval
(0, 1) ∩ (0, sup φ) ∩ (0,diamC/2) converging to 0 and satisfying

φ−1(sj)

sj
=

2φ−1(sj+1)

sj+1
for all j ∈ N. (5)

Let Γ = (Γj)j∈N be a sequence of subsets of C, where Γj is sj-separated,
non-empty and non-singleton for each j ∈ N. Let Pλ,Γ,s,φ,k denote the set of
mappings f ∈ M with the property that for every j ≥ k there exist x ∈ Γj

and y ∈ C ∩BX

(

x,
(1−λ)φ−1(sj)
48(1+diamC)

)

such that

Lip
(

f, y, φ−1(sj)
)

≤ λ.

Then Pλ,Γ,s,φ,k is a ξ-lower porous subset of M. In fact Pλ,Γ,s,φ,k is ξ-lower
porous at every point of M.

Proof. We verify the (ε0, β)-condition of Lemma 2.2(b) for the set Pλ,Γ,s,φ,k.
We may assume without loss of generality that 0X ∈ C.

Let f ∈ M, ε0 = min
{

φ−1(sk)
sk

, 1
}

and ε ∈ (0, ε0). In view of Lemma 4.3,

there is a unique integer j ≥ k satisfying

φ−1(sj+1)

sj+1
< ε ≤

φ−1(sj)

sj
. (6)

For future reference, we point out that the last inequality of (6) implies

ξ−1(ε/K) ≤ φ−1(sj). (7)

To verify this implication, apply the inequality φ(t)ξ(t) ≥ t/K in (6) to
obtain ε ≤ Kξ(φ−1(sj)). Finally, divide through by K and apply the strictly
increasing function ξ−1 to both sides.

Let the mapping g ∈ M be given by the conclusion of Lemma 3.3 ap-
plied to f , ε, Γ = Γj and s = sj . Then we have ‖g − f‖∞ ≤ ε. Let
β = β(λ,Γ, s, φ,K, k) ∈ (0, 1) be a parameter to be determined later in the
proof and let h ∈ BM

(

g, ξ−1(βε)
)

be arbitrary. To complete the proof, we
show that h /∈ Pλ,Γ,s,φ,k.

Let x ∈ Γj and y ∈ C ∩ BX

(

x,
(1−λ)φ−1(sj)
48(1+diamC)

)

. Further, let the direction

ex ∈ SX be given by Lemma 3.2 applied to s = sj and define

z := x+
φ−1(sj)

24(1 + diamC)
ex ∈ C.
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Using (5) and the first inequality of (6), we verify y, z ∈ BX

(

x,
εsj

12(1+diamC)

)

,

so that property (2) of g applies to both y and z. We moreover have

(1 + λ)φ−1(sj)

48(1 + diamC)
≤ ‖z − y‖ ≤

(3− λ)φ−1(sj)

48(1 + diamC)
< φ−1(sj),

which allows us to use the point z to estimate Lip
(

h, y, φ−1(sj)
)

. Using also
the property (2) of g, we derive

Lip
(

h, y, φ−1(sj)
)

‖z − y‖ ≥ ‖h(z)− h(y)‖

≥ ‖g(z) − g(y)‖ − 2ξ−1(βε)

≥ ‖g(z) − g(x)‖ − ‖g(y)− g(x)‖ − 2ξ−1(βε)

≥
φ−1(sj)

24(1 + diamC)
−

(1− λ)φ−1(sj)

48(1 + diamC)
− 2ξ−1(βε)

≥

(

1 + λ

3− λ
−

96βK(1 + diamC)ξ−1(ε/K)

(1 + λ)φ−1(sj)

)

‖z − y‖

≥

(

(1 + λ)2 − 96(3 − λ)βK(1 + diamC)

(1 + λ)(3 − λ)

)

‖z − y‖ .

(8)

To get the penultimate inequality of (8) we use the inequality

ξ−1(βε) ≤ βKξ−1(ε/K),

which holds, provided that
βK < 1, (9)

because of the convexity of ξ−1 and limt→0 ξ
−1(t) = 0. The last inequality of

(8) is due to (7). Finally, we prescribe that

β :=
(1− λ)2(1 + λ)

97(3 − λ)K(1 + diamC)
,

so that (9) is satisfied and (8) implies

Lip
(

h, y, φ−1(sj)
)

> λ.

Since x ∈ Γj and y ∈ C ∩BX

(

x,
(1−λ)φ−1(sj)
48(1+diamC)

)

were arbitrary and j ≥ k, this

argument establishes h /∈ Pλ,Γ,s,φ,k.

The next lemma can be thought of as the dual of Lemma 4.4.

Lemma 4.5. Let X, C, M, λ, K, φ, ξ, s = (sj)j∈N and Γ = (Γj)j∈N satisfy
the conditions of Lemma 4.4 and let the sets Pλ,Γ,s,φ,k for k ∈ N be given
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by the conclusion of Lemma 4.4. Assume, in addition, that each set Γj is
sj-dense in C. Let f ∈ M \

⋃

k∈N Pλ,Γ,s,φ,k, l ∈ N and let

Eλ,s,φ,l(f) :=

{

x ∈ C : sup
j≥l

Lip
(

f, x, φ−1(sj)
)

≤ λ

}

. (10)

Then Eλ,s,φ,l(f) is a φ-upper porous subset of C. In fact Eλ,s,φ,l(f) is φ-upper
porous at every point of C.

Proof. We verify the (α, ε)-condition of Lemma 2.2(a) for the set Eλ,s,φ,l(f).
Let z ∈ C and ε > 0. Fix an integer k ≥ l large enough so that sk ≤ ε.

Since f /∈ Pλ,Γ,s,φ,k, there exists j ≥ k such that for all x ∈ Γj and all

y ∈ C ∩BX

(

x,
(1−λ)φ−1(sj)
48(1+diamC)

)

we have

Lip
(

f, y, φ−1(sj)
)

> λ. (11)

Since Γj is sj-dense in C, we may choose x ∈ Γj with ‖x− z‖ ≤ sj ≤

ε. Then, (11) holds for every y ∈ C ∩ BX

(

x,
(1−λ)φ−1(sj)
48(1+diamC)

)

, which implies

BX

(

x,
(1−λ)φ−1(sj)
48(1+diamC)

)

∩ Eλ,s,φ,l(f) = ∅. Moreover, we have

(1− λ)φ−1(sj)

48(1 + diamC)
≥

(1 − λ)φ−1(‖x− z‖)

48(1 + diamC)
≥ φ−1

(

(1− λ) ‖x− z‖

48(1 + diamC)

)

,

where the last inequality is due to the convexity of φ−1 and limt→0 φ
−1(t) = 0.

Therefore,
BX

(

x, φ−1(α ‖x− z‖)
)

∩ Eλ,s,φ,l(f) = ∅,

with

α :=
1− λ

48(1 + diamC)
.

Remark. At this point the reader may ask whether the sets Eλ,s,φ,l(f) of
Lemma 4.5 could even be shown to be φ-lower porous. However, the current
arguments do not appear sufficient to achieve this. Intuitively, the difference
between upper and lower porous lies in whether the picture of porosity at a
point (seeing close to the point a relatively large hole) occurs at all scales
below a certain threshold or just along a specific sequence of scales converging
to zero.

In the setting of Lemma 4.5, a mapping f ∈ M not belonging to
⋃

k∈NPλ,Γ,s,φ,k

means that there is a specific sequence (jk)k∈N of numbers jk ≥ k witnessing
f ’s failure of the ‘for every j ≥ k property’ defining Pλ,Γ,s,φ,k in Lemma 4.4.
In the proof of Lemma 4.5 it is shown that this sequence (jk)k∈N corresponds
to a specific sequence (ηk)k∈N of scales ηk ց 0 at which we see the porosity
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of the set Eλ,s,φ,l(f) at the point z. (In the proof of Lemma 4.5, ηk may be
taken say as the quantity 3 dist(z,Γjk). In a picture of scale ηk centered at
the point z we see a relatively large hole). Since the scales at which we see a
porosity picture are tied to the sequence (jk)k∈N, which may grow arbitrarily
fast, the arguments do not deliver lower porosity.

Proof of Theorem 1.3. If limt→0 φ(t) > 0 then φ-upper porosity is exactly
nowhere density and so the conclusion of Theorem 1.3 is implied by that of
Theorem 1.2. Therefore, we may assume that limt→0 φ(t) = 0.

Define a sequence s = (sj)j∈N of positive numbers sj inductively as follows:
Begin by setting s1 := 1

4 min {1, supφ,diamC}. If j ∈ N and sj ∈ (0, 1) ∩
(0, sup φ) ∩ (0,diamC/2) is already defined, we choose sj+1 ∈ (0, sj) such
that

φ−1(sj+1)

sj+1
=

φ−1(sj)

2sj
.

Such a choice exists due to Lemma 4.3. The sequence (sj)j∈N is now defined

and is strictly decreasing. Since
φ−1(sj)

sj
≤ 2−j+1 φ

−1(s1)
s1

→ 0 as j → ∞, the

properties of the function t 7→ φ−1(t)
t established in Lemma 4.3 ensure that

limj→∞ sj = 0.
For each j ∈ N let Γj be a maximal sj-separated subset of C and set

Γ := (Γj)j∈N. For each λ ∈ (0, 1) and every k, l ∈ N, the objects X, C, M,
λ, K, φ, ξ, s, Γ, k and l now satisfy the conditions of Lemmas 4.4 and 4.5.
For each λ ∈ (0, 1) and k ∈ N let the ξ-lower porous subset Pλ,Γ,s,φ,k of M
be given by Lemma 4.4. For each λ ∈ (0, 1), l ∈ N and f ∈ M, let the subset
Eλ,s,φ,l(f) of C be given by (10). Then it is readily verified that

C \R(f) ⊆
⋃

λ∈Q∩(0,1)

⋃

l∈N

Eλ,s,φ,l(f)

for every f ∈ M. Moreover, by Lemma 4.5 the latter union of sets is σ-φ-
upper porous whenever f ∈ M \N , where N is the σ-ξ-lower porous subset
of M given by

N :=
⋃

λ∈Q∩(0,1)

⋃

k∈N

Pλ,Γ,s,φ,k.
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