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RIORDAN MATRICES
AND SUMS OF HARMONIC NUMBERS

Emanuele Munarini

We obtain a general identity involving the row-sums of a Riordan matrix
and the harmonic numbers. From this identity, we deduce several particular
identities involving numbers of combinatorial interest, such as generalized
Fibonacci and Lucas numbers, Catalan numbers, binomial and trinomial co-
efficients and Stirling numbers.

1. INTRODUCTION

In enumerative combinatorics, Riordan matrices [14, 15, 16, 5, 7] form
an important class of combinatorial objects. They are infinite lower triangular
matrices R = [rpklniks>0 = (9(z), f(x)) whose columns have generating series
re(x) = g(x)f(z)*, where g(z) and f(x) are formal series with go = 1, fo = 0
and f; # 0. In particular, a Riordan matrix R = [ry k|nk>0 = (9(2), f(x)) induces
a transformation 7r on the set of formal series. Specifically, for any formal series
A(z) = anz™, Tr is defined by

(1) TrA(z) = g(@)A(f(2) = 3 (Z )
0 \k=0

Moreover, associated to a Riordan matrix R = [y k|n k>0 = (9(2), f(x)) we

also have the row-sum sequence {r,}nen, where r, = Zrn,k, having generating
k=0
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series

(2) r(z) = Zrn:c” = 15(7;32@ .

n=0

Riordan matrices provide a powerful tool for obtaining identities between
combinatorial sequences, as shown, for instance, in [17, 18] (see also [2]). In this
paper, we obtain a general identity involving the row-sums of a Riordan matrix
and the harmonic numbers [3], defined by

1 1
H = —_ = 1 — — —
n A + 5 + 3 +-+
k=1
and having generating series
1 1
H(x) = H,z" = 1 .
(3) (z) n 1—=z . 1—=z
n=0

From this identity we obtain several particular identities involving combinatorial
sequences, such as generalized Fibonacci and Lucas numbers, Catalan numbers,
binomial and trinomial coefficients, Stirling numbers.

2. THE MAIN IDENTITY

A logarithmic series is a formal series of the form

n
T
n
n>1
To any ordinary series we can always associate a logarithmic series as follows:

@) f@= - F@Zh%f%mﬂt

n=0 n>1

where R denotes the (incremental ratio) operator defined by

Rfw) =TT S

n>=0
Now, we can prove our main result.

Theorem 1. Let R = [ryiln k>0 = (9(2), f(z)) be a Riordan matriz with as-
sociated row-sum sequence {rptnen. Let {sn}nen be a sequence whose ordinary

generating series s(x) = E spx™ satisfies the relation
n=0

_M or slxr)=s xfl(x)
_17f(l‘) ( ) o+

(5) Rs(x) T
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Then, the identity
n
(6) >
k=1

holds for every n € N.

n
SkTn—k = E T,k H,
k=0

| =

Proof. By applying transformation (4) to series s(z) and by identity (5), we obtain
the series

N T et [ O L
S(:c)_n%:lnn /OR(t)dt Olif(t)dt 117f(z).

Hence, the left-hand side of identity (6) has generating series

Z lzn:% skrnk] " = Zrn " - %L:E"

n>0 Lk=1 n=0 n>1

B  g(=) 1
=S = T T

This series is the Riordan transformation (1) of series (3), i.e. of the generating
series of harmonic numbers. So, in conclusion, we have identity (6).

=9(@)H(f(z)) = TrH(z).

REMARK. If the row-sums 7, cannot be expressed in a closed form, identity (6) can be
written as a double sum:

n Sk n—k n
(7) Z % Z Tn—k,i = Zrn,ka .
k=1 =0 k=0

Riordan matrices form a group with respect to the matrix product [14], and
this group admits several subgroups of combinatorial interest [16]. In particular,
we have the derivative subgroup, consisting of the Riordan matrices (g(z), f(z))
such that g(x) = f/(z). In this case, Theorem 1 yields the following result.

Theorem 2. Let R = [rp klnks0 = (f'(x), f(x)) be a Riordan matriz belonging
to the derivative subgroup, with associated row-sum sequence {r,}nen. Then, the
identity

(8) >
k=1

holds for every n € N.

n
The1Tn—k = E Tk Hp,
k=0

> =

Proof. Since g(z) = f'(x), from (2) and (5), we have Rs(z) = r(x) and s, = rp_1
(for n > 1). So, identity (8) follows immediately from (6).



Riordan matrices and sums of harmonic numbers 179

3. COMBINATORIAL SEQUENCES

From the general identity (6), we can obtain particular identities involving
several other numerical sequences of combinatorial interest. In particular, we will
consider the following numbers.

e The Fibonacci numbers F, and the Lucas numbers L,, defined by the series

ZFI :cf:cQ

n=0
2—x
Z Lyx" =1, -2
n=0
For the Lucas numbers we also have the logarithmic generating series
" 1
Ly—=In——.
Z "n 1—x— 22
n>1
This result justifies the generalizations given here below. Moreover, we have

the Binet formulas:

(9) Fn:% and L, =" +§"

where ¢ = (1++/5)/2 and § = (1 — V/5)/2.

e The generalized Fibonacci numbers of the first kind f}mm} (see [6, 9]) and the

generalized Lucas numbers of the first kind E[m] with m > 1. They are defined

by the generating series

(10) £y = 3 firan = - 1

n>0 Teoat e
)y — N gl T _ 1
(11) ( (x)fn;en e T

Moreover, if D denotes the operator of formal differentiation (with respect to
x) and ¥ = zD (so that ¥f(x) = xf'(x)), then we have

2 m
(12) > e = e @) =T
n>1
Combinatorially, f}mm] is the number of all linear partitions of {1,2,...,n}

consisting of blocks of size at most m (see, for instance, [10] and [11]). In
particular, for m = 2, we have fr[?] = F,4+1 and EE] =L,.

e The generalized Fibonacci numbers of the second kind Fy, "l and the generalized

Lucas numbers of the second kind Lk”], with m > 1. They are defined by the
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(13)

(14)

(15)

generating series

l+z+a?+-+am !

Fliml(z) = Z Flmlgn —

n>0 -z —am
n 1+x+12++xm*1
L) =S LI .
(@) 7;1 " on 1—az—am
Moreover, we have
x+ (m—1)zmH! x

S Ll = 9L () =

n>1

(17:Em)(1f:cf:cm)+1f:c'

Combinatorially, F,[Lm] is the number of all subsets X of {1,2,...,n} such that
|z —y| = m for every z,y € X, x # y (see, for instance, [12]). In particular,
for m = 2, we have F7[12] = F,42 and L2 = L,—(-1)".

The polynomial coefficients [1], defined by the identity

(m—1)n nem
5 (M)at ~ g
k=0

In particular, for m = 2 we have the binomial coefficients, and for m = 3 we
have the trinomial coefficients.

_ala+(@+2)---(atn—1)
n!

> ()= o

n=0

The multiset coefficients ((g)) , such that

The Catalan numbers C,, the Motzkin numbers M, the central binomial
coefficients (2:), and the central trinomial coefficients T,, = <n7;13), defined
by the series

C(z) = Z Cp ™ = 1-Vi-dz

2z
n>=0
n 1—a—+V1—-2x—322
M(z):Zan = 57
n>=0
2n 1
B(x) = = —
(z) T;)(n) v1—A4x

1
T(x) = T,2" = ————— .
(@) 7;) " V1 -2z — 322
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e The Stirling numbers of the first kind and the Stirling numbers of the second
kind [3]. For these numbers we have the identities

> [ =i (nits)

n>k

Zn—i—l " L1 1 .
L (1
k+1|n! 11—z k! 1-2z

n>k

> {is -t

n>k
n+1\z"  (e*—1)F
E+1 '

(]

WS TR
n>k

e The preferential arrangement numbers (see, for instance, [4]), or ordered Bell

numbers, O,, = Z {Z}k' having generating exponential series

k=0
" 1
0w =2 Onlr =5 &

n=0

REMARK. As usual, we write [z"]f(x) for the coefficient of 2™ in the formal series f(z).
See, for instance, [8]. Moreover, the field of complex numbers will be denoted by C. In
what follows, for simplicity, the symbols «, 8 and ¢ are considered as complex parameters,
but more generally they can be considered as indeterminates.

4. COMBINATORIAL IDENTITIES

All the following relations are obtained by applying identity (6) (or identity
(8), when the Riordan matrix belongs to the derivative subgroup), and hold for
every n € N.

Proposition 3. For every q € C, q # 1, we have the identities
q""'Hy(1/q) — Hy

n
(16) > ¢ H, = — (¢ #0)
k=0 9
n
Ha(q) —¢" T Hy
17 FHp = —
(17) > ¢ Hy 4
k=0
where H,(x) = - In particular, we have the identities
k=1

(18) g(_l)n_ka _H. + (—12)"Hn(_1)

k=0
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(19) > Hy=(n+1)H, -
Proof. For the Riordan matrix

. 1
R:[q k}n7k>()<1—qI,x>7

n+1
with ¢ # 1, we have r, = 1 +qg+ -+ ¢" = qill Moreover, we have
q—
Rs(x) = T L and sp = 1. If ¢ # 0, the first member of (6) becomes
—
z":g g - z":q" ! z":g _"T'H.(1/q) —
P kK q- q -1 P k q—1

So, we have identity (16), which implies identity (17). Then, identity (18) can be
obtained from identity (16) with ¢ = —1. Finally, identity (19) can be obtained in
a similar way from the same Riordan matrix in the case ¢ = 1.

Proposition 4. For every q € C, we have the identity
n n k n—=k
n _ 1+
(20) Z (k)q" ka:(l‘FQ)an_Zq(Tq)-

k=0 k=1

In particular, we have the identities

(21) i (Z) —o"H Z

k=0 k=
(22) > (}) v =1 @z
k=0
n n o n 2k
(23) kz::() <k>(1)k2 *H, :ank;?

(24)

NS
Y
> 3
N———
\
N
3
>
[N}
B
=
>
\
=
—_
=

Moreover, we have the identities

(25) i<:> 'k Hy, = Fon H, ZFQ” b

0

=

n
Loy _
(26) ( ) n— ka:LQan_I;QT—kL:k

k=0
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~ " 2k,
(27) > (Z) 2" MFyjHy = FanH, — ) =
k=0 k=1
= LS
(28) > <Z> 2" KLy g Hy = LanHy — Y % .
k=0 k=1

Proof. For the Riordan matrix

n 1 T
] ()
[(k) n,k>0 l =gz 1-qz

we obtain the series
1 1 1+g¢ q
=, R = = — .
e B s G G o Sl Wy g pell e

So, we have the coefficients r,, = (1 + ¢)" and s, = (1 + ¢)" — ¢". Now, by
substituting in (6) and simplifying, we obtain identity (20).

Identities (21), (22), (23) and (24) can be obtained respectively for ¢ = 1,
g=-1,¢g = -2 and ¢ = —1/2. Finally, to obtain identity (25), we substitute in
identity (20) first ¢ = ¢ and then q = @, simplify using the relations ¢? = p + 1
and $? = § + 1, take the difference of the two identities just obtained, divide both
sides by v/5, and finally simplify using Binet formulas (9). In a similar way, we can
obtain also identity (26). Finally, to obtain identities (27) and (28), we can proceed
in the same way starting with the substitutions ¢ = 2% and then ¢ = 232, and
using the relations ¢® = 20 + 1 and * = 2¢0 + 1,

Proposition 5. For every o, € C, a # 3, we have the identity

n Oék+ﬂk ankarl +ﬂn7k+1 B n k ek b
@ 3 X (,5 ) )camrtars .

In particular, for every m € N, m > 1, we have the identities

~ 1 Fon(n—k+1 . k B 3
(30) ZE Lmk% - Z (n_k>(1)(m+1)(n B 2k g,
k=1 k=[n/2]

Ln/2] k

_ (n - > (—1)(m+1)kLn_2kH &
> m ke
k=0

Proof. For the Riordan matrix
k — —n
R = [( k)(—aﬁ)” Fla+ )% } = (1, (a + B)x — afz?)
n-— n,k>0

we have the series

@) = 1 a1 B 1
- (l—ax)1—-pz) a—Bl—axr B—-al-pz’
Rs(z) = a+p—-2aBr « B

C (l-ax)(1—-Bz) l—-ax 1-pz°
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n+1l ﬁn+1

So, we have the coefficients r,, = a and s, = a™ + g".

a—p
Finally, to obtain identity (30), it is sufficient to set & = ¢™ and 8 =
and to use Binet formulas (9).
Proposition 6. For every m € N, m > 2, we have the identities
[m] £[m] = k; m Lm-2n/ml e m
EOND SET AT TS SN (A S SE (i
k=1 k=[n/m] k=0
In particular, for m = 2, we have the identities
n n [n/2]
1 k n—=k
(32) Z % LiFy kg1 = Z (n _ k>Hk = Z < I )an-
k=1 k=[n/2] k=0

Proof. For the Riordan matrix

R[(k,m>:| :(1,Z+x2+"'+l’m)
n—k n,k>0

we have the series

1
= — ¢lml
) = Ty = ()
1422+ +mam !
= = [m]
Rs(x) T E——— RYL™ () .

Hence, from identities (10) and (12), we have r, = f%m} and s, = 67[;”] (forn > 1).
Finally, for m = 2, we have f,[LQ] = F,41 and o2 L, (forn >1).

REMARK. Identity (32) is also a particular case of identity (30), for m = 1.

Proposition 7. For every m € N, m > 2, we have the identity

(33) zn:% (@M —nHFm = zn: (L(n — k)k/mj T k;) .
k=1

k=0

In particular, for m = 2, we have the identity

(34) zn: (L — 1= (=1)*)Fp_jpy1 = zn:< n+k)/2j)

k=1
Proof. For the Riordan matrix

= [T = ()

wIH
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we have the series

71+$+I2+-'-+$m_1

— plm]
1—ox—a™m F()

r(z)

and then the coefficient r,, = Fr[lm]. Moreover, we have

_ 1+ (m—1)a™
(1 _ xm)Q

14+ (m—1)z™

() and Rs(z) = A=)z —2)"

So, from (15), we obtain s, = A (for n > 1).

Finally, for m = 2, we have the coefficients (L(n N k])C/QJ + k) = (L(n +kk)/2j>

(related to the Terquem problem [13, p. 17]). Moreover, we have r, = F7[12] = Fhio
and s, = LE] —1=L,—-1—-(-1)™

Proposition 8. We have the identities

n n
1 n+k+1
(35) E Z (Lok — 2)Faop_okt2 = E ( "k )Hk
=1 k=0
21 " /m+k\2n+1
36 — (Log — 2)Lo,,— = H; .
(36) k§:1k( 2k = 2)Lon—2k+1 kE:O (nk) 1 ik

Proof. For the Riordan matrix

R[] - (e )

we have the series
r(z)

So r,, = Fopy2 and s, = Lo, — 2 (for n > 1). This proves identity (35). Similarly,
for the Riordan matrix

R n+k\2n+1 B 1+x T
S l\n—k)2k+1], 0 \(1-2)? (1-x)?

we have the series

r(z)

1 2 2—3x
- - d —1- .
1—3r+22 s(@) -2 1-3z+1a2

1+=x 3 -2z 2
= d R = — .
1— 3z + 22 an 5(@) 1-3z+22 1-2

So 7, = Lapy1 and s, = Lo, — 2 (for n > 1). This proves identity (36).
Proposition 9. We have the identity

"2k —1\ /2n—2k+1\ 1 2 /on—k
Z = Hy .
(87) l(kl)(nkJrl)k ;(nk) F

k=
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Proof. The Riordan matrix

R = [(2:_:)]7@0 — (B(x).2C())

belongs to the derivative subgroup. So, in this case, we have

1—+/1—4x
Hence r,, = (2::_11) and s, = rp_1 = (2::11> (forn > 1).

Proposition 10. For every m € N, we have the identity

"2k —1\ 1 [/m+2n—2k m+1
38 - _
(38) ;(kl)k( n—k )m+nk+1
" /m+2n—k m+k
:g —— H;.
prd n—=k m+2n—k

In particular, for m = 0,1, 2, we have the identities

"L 2k —1\ 1 " on—k\  k
(39) Z<k—1>gcnkz<n—kz>2n—szk
k=1 k=0
"2k —1\1 " 2n—k\k+1
w (o= ()
k=1 k=0
"2k —1\3(n—k+1) " 2n—k+1\k+2
41 o L Chipg = —— H,.
(41) ];(kl)k(nkJrS)C il kzzo( n—k )n+2 F

Proof. Consider the Riordan matrix

R [<m+2nk> m+k

"k m] ~ (e

Then, we have

r(z) = % = C(x)™*! and Tn = (

Moreover, we have f'(x) = , and hence

1
1—4x

s(z) = % <1 + ﬁ) and s, — %<2:> - (2:_11) (for n > 1).

In particular, for m = 0, we have r(z) = C(z) and hence r,, = C,,. Similarly,
for m = 1, we have r(z) = C(x)?> = RC(z) and hence r,, = C,,y1. Finally, for
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m = 2, we have r(x) = C(x)? = C(2)RC(x) = R*C(x) — RC(z). So, we have the

coefficients

3(n+1)
n+3

In this way, we have identities (39), (40) and (41).

T'n = Cn+2 - CnJrl = CnJrl .

Proposition 11. For every m € N, we have the identities

"2k —1\ (m+2n — 2k (m+3)(n—k)
(42) I;l< >< n—k )k(m+n—k+1)(m+n—k+2)
B m+2n—k (m+k+2)(n—k)
kz()< n—k >(m+n+1)(m+2n—kz)Hk

"L 2k — 1\ (m+2n — 2K\ 2(m + 2)(m + 1) + (3m + 5)(n — k)
(43) Z( )( n—k )k(m+nk+1)(m+nk+2)

k=1

_Z(m+2n—kz)2m2+3mn+mkz+3nkz+2m+2n—k2
n—

Hy .
(m+n+1)(m+2n—k) i

In particular, for m = 0, we have the identities

@ Z( ) (QZ_ik) T
) ; (2:11) (QZ - zk) . 5kn+15;l(cn+4k =

" (2n —k\ 3nk+2n—k?
()
n—Fk)(n+1)2n—k)
k=0

Proof. To obtain identities (42) and (43), it is sufficient to substitute m with m+1
in identity (39), and then to take the difference and the sum between this identity
and identity (39).
Proposition 12. For every m € N, we have the identity

SR ~ ) [ (e

k=1

o = n—k JmIntk+1 *
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In particular, for m =0, we have the identity

- 2k — 2n—2k\1 [ 2n\ 2k+1
47 22k=1 _ - = —— Hy.
(47) kz_:l< k—1 n—k )k kz:% n—k)n+k+1""

Proof. For the Riordan matrix

R {<m+2n> m+2k+1

— m+1 -1
n—k m—l—n—l—kz—i—l}n’k}o (C(a)™*", Oz) — 1)

we have the series

1 1—T—4dz\"
T(m)zm( o )
724@%%( 1j4x+R¢1lﬁ>’

and consequently the coefficients (for n > 1)
= m+2n ,sn:l An 2n\\ _ 92n—1 _ 2n—1 .
n 2 n n—1
Proposition 13. For every m € N, we have the identity

(48) i: (22’” - <2,f _11)> <m +n2il k Qk) k(m —|—nn7—kk +1)

k=1

B " /m+2n (n—k)(m+ 2k +3)
_Z(n )(m+n+k+1)(m+n+k+2)

k-

Proof. To obtain identity (48), it is sufficient to take the difference between iden-
tity (49) with m + 1 substituted to m and identity (49) itself.

Proposition 14. We have the identity

(49) z”:<2kk_11) <2n2k>%i<<nﬁk>)Hk

k=1 k=0

Proof. For the Riordan matrix

il (O T e e

we have the series

1 1 1
T(SC) = ﬁ and RS(JL‘) = 5 Rﬁ

So we have the coefficients

2n 1/2n 2n—1
Th = and Sp = — = .
() (0)-(0)
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Proposition 15. We have the identity

n n—k n n:
(50) 2: 7% 3 4’7% k):ZE: (nif2>f&.

k=1 k=0

Proof. For the Riordan matrix

S EATI (hy B

generated by the trinomial coefficients, we have the series

() 1 1 n 1
r(x) = =
2\1-3z +/1—2x—3x2

(2) 1 34 3x 1
s(x) == —
2 1-3z  1-2z—322)"
and the coefficients r, = (3" +T,)/2 and s, = (3" — T},)/2 (for n > 1).
Proposition 16. For every a,q € C, we have the identity

CORE 915 o1 G T DY Gy TS

k=1 =0 k=0

In particular, for every m,r € N, we have the identities

Uy o+ " la+n—k
@ S (e = (M) P
k=1 i k=0
n . n
1§~ (a+i a+n—k
(53) EE:E ( i )lmn+r::§: ( n—k :>Lnﬂnm+r£&-
=1 k=0

Proof. For the Riordan matrix

w= (), = (),

we have the series

1 1
r(z) = A0 =g and Rs(x) =

and consequently the coefficients

n
a+k
TnZZ( i )qk and Sp=1.

k=0

Finally, substitute ¢ = ¢™ in identity (51) and multiply both sides by ¢",
Repeat the same for ¢ = ™. To obtain identity (52), take the difference of these
two identities and divide by v/5. To obtain identity (53), take the sum of these two
identities. In both cases, use Binet formulas.
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Proposition 17. For every a,q € C, we have the identities

n

(54) 27(1+q,):qu<a+?k)qiZn:@f;l)q"km.

k=1 =0 k=0
S S (g 3 (2
k=1 =0 k=0

Proof. For the Riordan matrix

a+n\ ,_ 1 T
R = q" :| = ( ) ) )
|:<’I’L - k> n,k=0 (1 - qx)a—H 1 —qz

we have the series

1
"= TR A g

_ 1 _ 49 g
Rs(x)i(1—x)(1—(1+q)ac)71—(1+q)x 1—gqx

and consequently the coefficients
" fa+n k " e} n—rk n n
T,szz_:o( k )q :kz_(:)((k))(l—l—q) and sn=04¢"-q¢". O
The following result generalizes Propositions 3, 4, 16 and 17.
Proposition 18. For every o, 8,q € C, we have the identity

o SR E e

i=0
" fa+kB+n—k .
=S (R e
n—k
Proof. Consider the Riordan matrix

R a+kB+n—k\ ,_i B 1 x
- n—k K n,k=>0 N (1 - qx)a—H ’ (1 - qx)B '

In this case, we only have

= “la+kBrn—k\ ,_ “fa+(n—k)B+k
Tnzzrn,k:z:( Tlﬁfk )q k:Z( ( k ) )qk-
k=0

k=0 k=0
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Moreover, we have the series

1+ —1)qx
Role) = (T gan (1= a3
_ 1 1 n 1 Bqx
(1—qm)ﬂ1fﬁ (1 — gx)B+1 e el
k—‘,—l
=2 e 0 g

zz((k“ ))"kwqﬂzz(’“t”“))qn—k—w

k>0 n>k

S (S (Y ol o)

Now, using the properties of the multiset coefficients, we have

(52) (U 50)

k>20n>k

() oo - (0 )it

So, we have

k=0
and consequently

o ol ) IS 3 (e LI

k=0 k=1

Proposition 19. For every m € N, we have the identity

n n—k N—1
5k — 4k /o9m + 2n — 2k m+n-—=~k\ [2m + 2i
57
(57) ; k (ernk);( m—i )(m+z)

2m + 2n\ <~ [m+n\ [2m + 2K\ !
= H; .
(m-i—n)kzzo(m—i-k)(m-i-k) F

Proof. For the Riordan matrix

1

X

m+n\ (2m +2n\ [2m +2k\ !
m+k m+n m-+k

n,k=0

- ((1 —dz)mT—dz 1 4x

)
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we have the series

1 5 4
(1—4x)(1—5x) 1-5x 1—4x

Rs(z) =

and consequently the coefficients s,, = 5™ — 4™. For the row-sums we have no a
particular closed form, and so

2m + 2n i m+n\ (2m+2k\ "
Ty =
m+n )= \m+ k m+k
Proposition 20. We have the identities

Zn n n I~ (n
(58) <k’> Ok*lonfk - 5 Onfl = 5 E {k}Hkk"
k=0

=1
n n
n n—+1 1 1 n—+1
59 Ok_10,_1 — O,,_ —0p1=— Hik!.
(59) ,;(’f) k—10n—k 5 n1+4n,1 4kzz(){k+1} k

Proof. For the Riordan matrix

we have the series

r(m):2jez=O(I), Rs(z) = __ 3 —1=20(z) -1

and consequently the coefficients r,, = (;)L—

identity (6) becomes
= 20k 1 n k Onfl = n)\ k!
- - " m,.
Zk — k) (n—1) Z{kz}n! b

Now, by multiplying both sides for n!/2, we obtain identity (58).
Finally, identity (59) can be obtained in a similar way, starting from the

Riordan matrix 0
R:[{n+ }—'] = (e",e" —1).
k+1]n! nk>0

REMARK. The preferential arrangement numbers can be expressed in terms of harmonic

numbers as follows
" [n+1 n+2 1
= ! —
(60) On kg_o{k+1}Hk+1 (k+1)! —3 E {k+2}Hk+1(k+1)-+ 25n,0.

Indeed, it is sufficient to subtract identity (59) to identity (58), to substitute n with n+1,
and to divide by 2.
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Proposition 21. We have the identities

(61) zn: (Z) 1 zn: [" + 1] Hyk!

k=1 k=0

n n n
R T L
where

i[Ziﬂ ! and bnzn:r]jk!

k=0

Proof. The Riordan matrix

11 &! 1 1
L I )
k+1|n! k>0 11—z 11—z

belongs to the derivative subgroup. Moreover, we have

n

B n+ 1|k a,
rnkzzo[k—i—l]n!n!'

So, by substituting in identity (8) and by multiplying by n!, we obtain identity
(61). Similarly, for the Riordan matrix

! 1
n= [, ., - ()
k| n! k>0 11—z

“ ]kl b,
WZMHH

k=0

we have

and s, = an—1 as before. Again, by substituting in identity (8) and by multiplying
for n!, we obtain identity (62).

5. OTHER COMBINATORIAL IDENTITIES

From identity (20) we can obtain another general identity and several other
particular identities involving combinatorial sequences.

Theorem 22. For a Riordan matric R = [rn kln.k>0 = (9(x), f(x)), the identity

n

n
n 1
(63) E (k) Tm,n—ka = fm,an - § E Fm,n,k
k=1

k=0
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holds for every m,n € N, where

64)  fn= @0+ @) =Y (Z) -

k=0
ko
65) B = 1" @14 F@) = 3 ( Vs
i=0
Proof. By substituting ¢ = f(z) in identity (20), and then by multiplying both
sides by g(z), we obtain the relation

n

3 <Z>g(x)f(w)"’“ Hy, = g(@)(1 + £ ()" H, Z SRS (G

k=0

Now, by taking the coefficient of ™, we obtain identity (63).
Proposition 23. For every m € N and a € C, we have the identity
" /n m+ « m+n+a “/m+n—k+a\l
66 Hy = H, — —.
60 3 () ()= (") (M)
In particular, for m =n and a =0, we have the identity
n 2 n
n 2n 2n —k\ 1
67 Hy = H, — -
o 2 ()= ()2 ()

and, for m = n = «, we have the identity

" /n\ [2n 3n " /3n—k\1
@) > () (0= () -2 (025
k=0 k=1
Proof. Consider the Riordan matrix

= KTZ)L,@O: ((1;%1’ 1Ix)'

Then, 1+ f(z) =1/(1 — x) and so we have

" 1 ot
= e gy = (")

m

m-k) 1 <m—kz+n+a>'

Fm nk = =
n,k [:L' (1 _ x)n-i—oz-i—l m—k

Proposition 24. For every a € C, we have the identity

CEE G L G LR M G 1
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Proof. Immediate consequence of identity (66), where o = 0 and m is substituted
with a new symbol « (by applying the identity principle for polynomials).

Proposition 25. For every m,r € N, we have the identity

" /n 2m +r 2m+n—+r " om+n—k+r\1
H, = H, — —.
3 () G )= ()= (75

k=0 k=1
In particular, for m =n and r =1, we have

" /n 2n +1 3n+1 " 3n—k+1\1
70 Hy, = H, — =
(70) ]§<kz><2n—k+1> F <2n+1) ;( 2n + 1 )k

and, for m =n =r, we have

w220

Proof. Consider the Riordan matrix

ne K%H)L,M: < 1 (1—\/@)", 1—2:5—\/@).

n—=k V1—4x 2z 2z
In this case, we have

1-+v1—-4zx

(72) 1+ f(w) = —2

and  f(z) = a(1+ f(2))?

So, we have

fmn = [2™]

1 (1\/14:c>n+r<2m+n+r>
V1—dz 21 B m '

Moreover, we have

(73) F@)f 1+ f)" ™ =a® (1 + fla)"+E.

So, we have

Fm,n,k = [l‘ O

ety 1-vT—az\"™"  (om4n—k+r
V1—4zx 2x N m—k '

Notice that the identity obtained in Proposition 25 can also be obtained from
identity (66) for o = m + 7.
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Proposition 26. For every m,r € N, we have the identity

Zn: n 2m +r 2n—2k+r+1 %
— k/J\m-n+k/m+n—k+r+1 k

m+n+r+1 m—k m+n+r+1°

_[(2m+n+r n+r+1 “ 1 /2m+n—k+r\n+k+r+1
- m n k_lk

In particular, for m =n and r =0, we have

" /n\ /20 2n — 2k + 1 3n\ n+1 " 1/3n—kK\n+k+1
o He= H,->» - -
]§<k’><k)2n—kz+1 g <n>2n+1 Zk’(n—k) 2n+1

and, for m =n =r, we have

n n
n\ (3n\3n—2k+1 4dn\ 2n +1 1/4n—k\2n+k+1
—  H, = H, — - _—
Z(k)(k:):%n—k—i—l F <n)3n+1 g ;kz<n—k) 3n + 1

k=0 =

Proof. Consider the Riordan matrix

Kzn+7~) 2% 47+ 1 } _((1—\/1—43@)”1 1—23@—\/1—43@)
n,k=>0

n—k)n+k+r+1 2z 2z
Also in this case, we have (72) and (73). So, we obtain

1—\/1—4x)"+’“+1_ (2m+n+r+1) n4r41

2x m 2m+n+r+1

R (
and

m)’n+k+r+1

. 1-—
Fm,n,k = [mm k] ( o

B (2m+n—k+r+1) n+k+r+1

m—k m+n—k+r—+1°

Proposition 27. For every m € N and a € C, we have the identity
n
n\ fa+n—=Fk;s
4 ") H
(74) Z(k)(anrk) g
k=0
n n m—Fk .
n\ fa+k;s 1 n—k\[(a+i+k;s
= H, — - .
k=0 k=1
In particular, for a« = 0, we have

n n n—=k .
n n—=~k;s n;s+1 1 n—k i+k;s
H, = H, — -
Z(kj)(anrk:) i ( m ) " k:lk;( v )(mzk)

k=0
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and for a =0 and m = n, we have

n n n—k .

n\ /n—=~k;s (st 1 1 n—=k i+k;s
Z(k)( k )H’“( n )H" > ( i )(nzk)
k=0 k=1"" i=0

Moreover, for « = m = n, we have

"L /n\ (2n—k; s

> (1) ( )

k=0

n n—k .
n + k s 1 n+i+k;s
=H, E - - E ’ .
=1 =0
Proof. Consider the Riordan matrix

R = |:(Oé+ 75):| :((1+x+l‘2++$5_1)a,$+I2++$6)
n—k n,k>0

Then, for & = 0 we have

;841
fm,n:[xm](1+$+$2+"'+$s)n=(njn )

More generally, for (64) and (65), we have

n n—=k .
n\ (fa+k;s n—k\[(a+i+k;s
m,n — ’ d an = i . ’ .
=2 ()05 e mn= 3 () ()
k=0 =0
Proposition 28. For every m € N and a € C, we have the identity

oSO E )

i=0

n m—k .
a+n;s+1 1 a+n—=k i+ k;s
- ’ H,-> — N
(e S ()

In particular, for « = m = n, we have

(76) > (Z) Hké (?) (n Fan S)

k=0
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Proof. Consider the Riordan matrix
gy i+ ks
lZ()( ’ ﬂ =(+z+22+--+2) 242"+ +2°).
; ) n—k—1
1=0 n,k>0
Then, we have

] a+n;s+1
fm,n:[Im](1+x+x2+...+xé)a+n:( )

m

Moreover, we have

Fpng =m0 +z+2>+ - +2°) T Kz 22+ +2°)*

7m7k a+n—k i+ k;s
= i m—k—i)

Proposition 29. For every m € N, we have the identities

(77) i (Z) {nmk}(n—k)!Hk géz( ) ()" —k+ )™

k=0

) Y (Z) {n”j o 1}@ —k)H,

k=0
n k
S 95 9 o SV R SRR

Proof. Consider the Riordan matrix

k!
R= Hn}—'] = (16" —1).
k| n! k>0

Then, we have fp, , = [2]e" =n™/m! and

Frng = [2™](e® — 1)’96("4@)1
k k o A k k p (n s i)m
= [xm] ‘ (_1)k ze(n k+1)z _ ‘ (_1)k iln—k+9)™
; (Z> ; (Z> m/!

Multiplying by m!, we obtain identity (77). Finally, identity (78) can be obtained
in a similar way starting from the Riordan matrix

1] k!
R:[{n+ }—'] = (e",e" —1).
k+1]n! nk>0
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Proposition 30. For every m € N, we have the identity

/o (o +n — k)montk
(79) Z(k)( (m—n—)i-k)! H

k=0
n n n—=k
(a+k 1 n—k\ (a+i+k)ym ik
=H, — .
> ()5 i ()

In particular, for « =0 and m = n, we have
n n n—=k
(n—k)" —k)k n k:" k 1 (i + k)n—ik
H.,=H, -t urr
kzzo(k) k! B Z z;kzzo (n—i—k)

Proof. Consider the Riordan matrix

= [%} n,k>0

Then, for (64) and (65), we have

=3 (D) S B Fune= 3 (") S

k=0 1=0

= (e, ze").
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