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We consider a model for the flow of a mixture of two viscous and incompressible fluids in a two or three
dimensional channel-like domain. The model consists of the Navier-Stokes equations governing the fluid
velocity coupled with a convective Cahn-Hilliard equation for the relative density of atoms of one of the
fluids. We prove the instability of certain stationary solutions for such a system endowed with periodic
boundary conditions on elongated domains (0, 27 /o) % (0, 27) or (0, 27 /ag) % (0, 27) x (0, 27w /Bo)
for a special class of periodic body forces, provided that «g and By are small enough. As a consequence,

we deduce a lower bound for the Hausdorff dimension of the global attractor.
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1. Introduction

It is well-known that the long-time behavior of solutions of
the two dimensional Navier-Stokes equation can be effectively de-
scribed in terms of the (finite-dimensional) global attractor of the
associated semigroup (see [1] and references therein). Moreover,
the related turbulence issues for single-phase flows have been ana-
lyzed in many fundamental works (see [2-7] and their references).
These aspects are even more challenging when binary fluid mix-
tures are considered (cf., e.g., [8]). To model their behavior a widely
used approach is based on the so-called diffuse-interface method
(see, for instance, [9-11]). This method consists in introducing
an order parameter, accounting for the presence of two species,
whose dynamics interacts with the fluid’s velocity. For incom-
pressible fluids a well-known model, known as Cahn-Hilliard fluid,
consists of the classical Navier-Stokes equations suitably cou-
pled with a convective Cahn-Hilliard equation, i.e., the so-called
“Model H” (see [12,13], cf. also [14-17] and references therein).
Of particular interest is the behavior of such mixtures under shear
flow (see [18,19]). This is a two-stage evolution of a two-phase
mixture: a phase separation stage in which some macroscopic
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pattern appears, then a shear stage in which these patterns or-
ganize themselves into parallel layers (see, e.g., [16] for experi-
mental snapshots). When the two fluids have the same constant
density (see [12], cf. also [18,14]), the temperature differences are
negligible and the diffusive interface between the two phases has
a small but non-zero thickness, the resulting model is a system of
equations where an incompressible Navier-Stokes equation for the
velocity field u = (uy,...,un), N = 2, 3, is coupled with a con-
vective Cahn-Hilliard equation for the order parameter ¢ which
represents the relative density of one species of atoms. More pre-
cisely, the system reads as follows:

ou+u-Vu—vAu+ Vp = —Xdiv(Ve Vo) + h, (1.1)

divu =0, (1.2)

o +u-Ve —ooAn =0, (1.3)
1

n=—eA¢d+ gf (@), (1.4)

in £2 x (0, 400), where V¢ ® V¢ denotes the N x N matrix whose
(i, j)-entry is given by 0;¢ - 9j¢ for 1 < i,j < N. Here the density
has been set equal to one and v, oo and X are positive constants
that correspond to the kinematic viscosity of fluid, mobility of mix-
ture and a capillarity (stress) coefficient, respectively. Moreover, h
is an external force, ¢ is a positive parameter describing the inter-
actions between the two phases and is related to the thickness of
the interface separating the two fluids, and f is the derivative of a
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suitable potential F. A typical example of F is the so-called loga-
rithmic potential (see [20])

F(s) = 11 (1—5%) + y2 (1 +5)log (1+5)
+ (1=s)log(1—=5)), v1,72>0.

However, this potential is very often replaced by a smooth poly-
nomial approximation (typically a fourth-order degree polynomial
with positive leading coefficient).

This kind of system was analyzed numerically in a number of
papers under different boundary conditions (see, e.g., [21-27]).
Taking KX = ¢, the singular limit as ¢ tends to O of systems
(1.1)-(1.4) endowed with initial and suitable boundary conditions
(with h = 0) was identified in [28, Appendix A]. The resulting
limit is a sharp interface model which combines the classical
Navier-Stokes sharp interface model and a Mullins-Sekerka type
problem (see [28] and references therein). Qualitative aspects like
well-posedness were first analyzed in [29] with £2 = R2. Then, a
more general analysis was performed in [30] (see also [31,32]) by
assuming degenerate mobility, concentration dependent viscosity
and considering either smooth or logarithmic potentials. The
case of singular potential, viscosity depending on ¢ and constant
mobility was carefully analyzed in [33] and, in particular, the
convergence to single stationary solutions in absence of external
forces was established (see also [34]). It is also worth mentioning
that non-Newtonian fluids were considered in [35] (see also [36])
and compressible two-phase fluids were recently studied in [37].
The dynamical system approach was used in [38] to establish
the existence of a global attractor for singular potentials (e.g.,
logarithmic-like). In [39] a more thorough analysis was carried out
in the case N = 2 for smooth potentials. Besides the existence
of a (smooth) global attractor and an exponential attractor, an
upper bound on the fractal dimension of the global attractor was
obtained. The three dimensional case was examined in [40] by
using the trajectory approach (see [41]) for a general class of time-
dependent external forces.

Here we want to obtain a lower bound on the Hausdorff di-
mension of the global attractor in the case of periodic boundary
conditions by estimating from below the dimension of a suitable
unstable manifold. More precisely, we assume that §2 is either
(0, 2mL/ag) x (0, 21L) or (0, 27L/aeg) X (O, 27L) x (0, 2L/ Bo),
where L > 0 and «g, By € (0, 1]. The numbers g, Bo are small
non-dimensional parameters so that £2 can be thought as an elon-
gated channel in either the direction of x; or of x; and x3. Then pe-
riodicity conditions are imposed on ¢, p and u, thatis (cf., e.g., [42])

u,p,¢ are §2-periodic. (1.5)
System (1.1)-(1.5) is also subject to the initial conditions
Ue—o =Uy,  Pr=o0 = o, INnL2. (1.6)
Note that conditions (1.5) imply the conservation of mass
(1)) = (¢ (0)), Vt=0, (1.7)
where (v(t)) = I%\ jg v (x, t) dx, |£2| is the Lebesgue measure

of 2.

As we mentioned, an upper estimate on the Hausdorff and
fractal dimensions of the global attractor for system (1.1)-(1.6)
in 2D (with no-slip boundary conditions for u and zero-flux
conditions for ¢) was obtained in [39] by means of a volume-
contraction argument. It is not difficult to realize that all the results
proven in [39] and, in particular, [39, Theorem 4.5] can be easily
adapted to the present case of periodic boundary conditions (1.5)
(see, for instance, Section 2).

Lower bounds on the dimension of the global attractor are
usually based on the observation that the unstable manifold of
any equilibrium of the system is always contained in the global
attractor (see [43], cf. also [44-50]). This method works very easily

for systems possessing a global Lyapunov function. Indeed, in the
absence of nongradient external forces (i.e., h = 0), system (1.1)-
(1.6) is gradient-like (see [39, Section 5]) and the nontransient
dynamics essentially reduces to the one associated with the
Cahn-Hilliard equation. Thus, a lower bound on the dimension
of the attractor can be found by analyzing the dimension of an
unstable manifold associated with a constant equilibrium (0, M).
More precisely, in 2D, when (1.1)-(1.5) is a gradient system on
a suitable phase space (see below) with a global attractor 4, the
following bound holds

Ci
dimA > dimA > 22| - 1, (1.8)
F H £

for some positive constant ¢y, depending only on f, and where
dimy and dimg denote the Hausdorff and the fractal dimension,
respectively. However, when h is a nonvanishing nongradient
force, the system may exhibit a very complicated (e.g., chaotic)
dynamical behavior as it happens with single fluids (see, for
instance, [51] and references therein). In this case we need to
estimate the dimension N* (u,, ¢,) of the unstable manifold of a
stationary solution (u,, ¢,) of (1.1)-(1.5) which is less trivial than
before.

The aim of the present paper is to obtain an estimate from below
of N* (u,, ¢.) for a special class of periodic external forces h which
includes the so-called Kolmogorov problem (see, for instance, [52]
and its references). As a consequence, we find a lower bound on
the dimension of the global attractor « for (1.1)-(1.6) (whenever
it exists), depending explicitly on the physical parameters v, €, o
and B,. The paper is organized as follows. In Section 2, we provide
a lower bound for the dimension of the attractor in the case
of two dimensional two-phase flows, while Section 3 contains a
conditional result concerning the three dimensional case.

2. The two dimensional case

In the two dimensional case, problem (1.1)-(1.6) generates a
dynamical system in a suitable phase-space. Then we can state the
existence of the global attractor. We can follow [39] closely since
no-slip boundary conditions for u and zero-flux conditions for ¢
were considered there.

Let 2 = (0,27L/og) x (0,27L), L > 0 being a characteristic
macroscopic length and «g > 0 a given parameter. Suppose that
F is a double-well potential of polynomial type (see [39] for more
general assumptions).

Let us set (see, e.g., [42])

D={ve(C5(2)*:V-v=0, (v)=0}.

per

Then denote by H° . (£2) the closure of D with respect to the (H*)?-

per
norm, for each s € R, where H® = [?. We also indicate by
H;er(.Q), s € R, the closure of C°.(£2) with respect to the H*-norm.

per
From now on, for a generic Hilbert space X, the norms in Lger(x)
and H;er(X) will be indicated by ||-|| and ||-||ys(x), for any s > 0O,
respectively.

Arguing as in [22] (see also [39]), it is possible to prove
Theorem 2.1. Let h € Hy 1 (£2). For any (uo, o) € HD. (£2) x
H,.(£2) there exists a unique pair (u, ¢) € C°([0, +-00); Hp,(£2) x
H,.,(£2)) such that
u € i, ([0, +00); Hye, (2)),

loc per

¢ € L ([0, +00); H) (£2)),
(2.1)
which is a (weak) solution to (1.1)-(1.7). Moreover, the solution

depends continuously on the initial data and on the external force in
a Lipschitz way.
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As a consequence, we can define a strongly continuous (non-
linear) semigroup S(t) acting on ngr(.Q) X ngr(.Q) by settlr}g
(u(t), ¢p(t)) = S(t)(ug, ¢p) for all t > 0. Then, arguing as in
[39, Subsecs. 3.2, 3.3 and Sec. 4] and recalling (1.7), we can also
prove that
Theorem 2.2. Let h € H®_ (£2) and M € R. Set

per

Xu = {(v. ¥) € H) () X Hp (2) : () = M]}. (2.2)
Then the dynamical system (X, S(t)) has the global attractor Ay
which is bounded in H}, ($2) x Hy, (£2) and has finite fractal
dimension.

From now on, without loss of generality we supposeL = 1, ¢ €
(0, 1] and we assume that h (x1, x,) = (g (x2) , 0) with

2
/ g (x2)dx; = 0. (2.3)
0

Then we consider a stationary solution of (1.1)-(1.5) of the form
(us, Mp), with p = 0, such that

f'(Mo) <0, (2.4)

and us = (U (x2), 0), where U is the unique 27 -periodic solution
of the problem

—wU" =g,
21
/ U (x2) dx, = 0.
0

Observe that, due to (2.5) ,, there exists a unique 2mw-periodic
function 6 with zero average such that §” = U. Also, it is worth
recalling that (2.4) means that My is an unstable state for the
Cahn-Hilliard equation (see [53]). We recall that the interval where
f’ < 0is known as the spinodal region and only in this region the
whole process of phase separation sets in at all (see, e.g., [54,55]).
The following bound can be obtained for system (1.1)-(1.6).

in [0, 27],
(2.5)

Theorem 2.3. Let ¢g € (0, 1] and choose M in the spinodal region
in such a way that

—2f'(Mo) < &3, (2.6)

that is, My is sufficiently close to the end points of the spinodal interval.
Suppose that v and 6 satisfy the inequalities:

v < o)t e)’, (2.7)

[CRNEIES _;lof/(Mo)w/SS + 2f'(Mo). (2.8)

Then, there exist positive constants dy depending on v, g and d;
depending on g, &g such that, if 0 < op < min{dg, d;}, then
dod
N (a5, Mo) > — — 1. (2.9)
%y
In particular, for any given ¢ € [go, 1], the global attractor 4y, that
describes the long-time behavior of (1.1)—(1.6) has a Hausdorff and
fractal dimensions that satisfy the following bounds

. . dody
dim Ay, > dim Ay, > —— — 1.
F H [0

> (2.10)

0

It is well-known (cf., e.g., [43,45]) that, if v satisfies (2.7),
the Hausdorff dimension of the global attractor A™, of the
two dimensional Navier-Stokes equation, satisfies the following
bound:

. NS 80
dimA” > — —1,
H (075}

(2.11)

for some positive constant §g that depends only on v and g. The
lower bound (2.11) was first given in [44] by keeping the viscosity
and the density of volume forces fixed and letting oy — 0. The
authors used a specific volume force g for which simple stationary
solutions (also known as Kolmogorov solutions) can be found.
Furthermore, the dependence of the dimension of the attractor
with respect to the shape factor «g of the domain was investigated
in details in [50]. There, an upper bound for the dimension of AN
in 2D is derived and this bound fully agrees with (2.11). In other
words, there holds

G < dim AN < &, (2.12)

(244} Qo

which shows that (2.12) is sharp when the other physical parame-
ters are fixed and the dimension of A™ depends only on g — 0.
The constants Cy and C; depend on the viscosity and density of
the volume forces but not on the shape ratio «g. Partial results
of the same nature are also obtained for the three dimensional
Navier-Stokes equation (see [45,50]).

It was conjectured in [39] that two-phase flows exhibit more
complex flow behavior than single-phase fluids. Estimate (2.9) is a
first step towards proving that the coupling of the Navier-Stokes
equation with a convective Cahn-Hilliard equation may give rise
to additional instabilities to the full system (1.1)-(1.6) and, thus,
to novel and even more complex flow behavior. However, this does
not seem so straightforward. Indeed, upper bounds for the dimen-
sion of the attractor »y, of the 2D Navier-Stokes-Cahn-Hilliard
equation were obtained in [39] under more general assumptions
on the potentials F. In particular, assuming that F € C3 (R) is such
that

1‘1r‘n infF”(s) > 0; [F"(s)| <G (1+1sI™), VseR,

S|— 00

for some C; > 0 and m > 0, we deduced the following upper
bound for Ay, as a function of «y only:

C
dim Ay, < dim Ay, < 2 (2.13)

~ ag .
Here y = y(m) > 2, form > 0, depends only on m and the posi-
tive constant C; depends on v, ¢, X and h. Therefore, there seems
to be a discrepancy between (2.10) and (2.13) for the global attrac-
tor Ay, of system (1.1)-(1.6). We believe that our lower bound es-
timate (2.10) cannot be improved using, for instance, Kolmogorov
flows as base solutions. Therefore this poses the question about
how sharp are our estimates, both from above and below. To bridge
the gap between lower and upper estimates (as in [50] for single
fluids), we should possibly consider stationary flows other than
Kolmogorov ones and/or to improve the upper bound (2.13). These
issues will be the subject of future investigations.

Proof. Let ¢ € [gg, 1] and consider Eq. (1.1) linearized around
(us, Mp) with p = 0, that is,

Oty + Udy Uy + Up0y,U + 0y, p = vAuy, (2.14)

Orliy + Udx Uy + 0y, p = VAU, (2.15)

8,(1”1 + axZle =0, (216)
1

op — A (—£A¢ + gf/(Mo)d)) +Udx, ¢ =0. (2.17)

It is worth recalling that Eqgs. (2.14)-(2.16) correspond exactly to
the linearized equations of the Navier-Stokes equations around
(U (x3) , 0) with U as above. We look for solutions of Egs. (2.14)-
(2.17) which satisfy (1.5) and have the form

Uy (X1, X2, ) = 0y, @ (X1, X2, 1),

2.18
Uy (X1, X2, t) = —0x, ¢ (X1, X2, 1), (2.18)
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where

@ (X1, X, ) = (xp) @071 Fi@0%1 (2.19)
and

O (X1, X, £) = P (xp) eMHox1, (2.20)

Also, we take p (x, X, t) = P (xp) %00 Fiwoxt,
It follows that (2.14)-(2.17) reduce to the uncoupled system of
ordinary differential equations (D™ = d™/dxJ'):

(D* - 202D% + af) ¥ = 1“70 [U —io) (D> —a2) — U"] ¥,
. (2.21)
(D“ + A+ — beald + Ula—o> ¥ = (20§ — b.) D*Y,
&

where b, = —f'(Mp)/e* > 0. The first equation of (2.21) is
well-known as the Orr-Sommerfeld equation. It is known (cf., e.g.,
[44,43] and their references) that, if v is sufficiently small so that
(2.7) is satisfied, there exists dy = dp (v, g) such that, if ¢y €

(0, do], there exists a family (&ao, a%) such that ||, || = 1and

Re oy, > 0, iRe Oqy > 0. (2.22)
Ao

The corresponding solutions defined by (2.18) and (2.19) are thus

unstable.

Let us now focus our attention on Eq. (2.21) ,, subject to
periodic boundary conditions for i, that is, ¥ and its higher-order
derivatives up to the order three are 27 -periodic. For Eq. (2.21) »
to have a solution, it is necessary that the integral of its left-hand
side vanishes, that is,

2
(A + g — beag) W (x2) dxy

0

ioto 2
t U (x2) ¥ (x2) dx; = 0. (2.23)
0
Thus, it is convenient to require that 1/ belongs to an affine space
orthogonal to constants, that is,

2
¥ (x2) dxy = 2mi. (2.24)
0
Due to (2.24), from (2.23) we get the following expression for the

eigenvalue A,

2
o
A= —a}+ bl — —0/ U (x2) ¥ (x2) dx,. (2.25)
2e Jo
When a9 = 0, then all non-constant 2 -periodic solutions of
(2.21) 5 (with (2.25)) satisfy
D*y + b,D*y = 0. (2.26)

Clearly, (2.26) has infinitely many solutions (other than constant
valued solutions) of the form

¥ (x3) = ¢ COS (/Exz) + ¢ sin <\/Ex2) , ¢, €eR. (227)

We are looking for solutions of (2.26) such that ¥ € H;‘er(O, 27)
and  satisfies (2.24). However, on account of (2.6), we have that
+/bs < 1.Thus any nonconstant function given by (2.27) s periodic
with fundamental period T, = 27 /+/b,, which is strictly greater
than 2. Thus, the only solution ¢ € ngr(o, 27) satisfying (2.24)
sy (xp) =1.

Denote by A = D~* the isomorphism of {yy € I[?(0,2m) :
(¥,1) = 0}into {4y € HZ (0,27m) : (¥, 1) = 2mi}, defined

per

by D* (Ay) = v, such that (A, 1) = 2mxi. Observe that A also
extends to an isomorphism (still denoted by A) which is one-to-one
between the space V := {{ € HZ,.(0,27) : (¥, 1) = 2xi} and

V* == {n € H;2(0,27) : (n, 1) = 0}. Consequently, Eq. (2.21)

A per
can be written as

Y = AB: ¥,

where B, ; = [—x — o + bl — Ui%o] I + (202 — b,) D? with
A given by (2.25). The mapping AB, , : V — V is continuous and
analytic with respect to «g (and ¢). Recall that, by assumption (2.6)
we have 0 < b, < 1/2.0n account of (2.23), Eq. (2.28) possesses a
unique solution (that s, a fixed point)if 0 < ap < « is sufficiently
small. More precisely, there exists of = ctf(go) > 0 such that
|AB. . v" — AB. .2,

< [(a2 +b:) + &7 Ulleo] ' — v,
%o N1 2\ 2
—|—%”(U,1//>1// (U,l//>¢ “

By, : V. — [%(0, 271), (2.28)

=

[ = vl + 0 v =v?l,

WA=

1 2

<3l =vl,.

for all g € [0, af] and every y!, % € V, where V is endowed
with the ngr(o, 2m)-norm. Let us now denote by ¥ = v (ag, €) €
V the fixed point of (2.28). Since ¥ («p, €) is an analytic function
with respect to «g, by the Cauchy-Riemann integral theorem, we
canrepresent ¥ through an analytic power series expansion which
holds uniformly with respect to ¢ € [go, 1] and ag € [0, or§ ], that
is,

o0
V(o &) = Y ynle)af. (2.29)
k=0
Since ¥ (ag, €) € V, from (2.29) it is readily seen that
2 2
Ipo (Xz) dX2 = 27Ti, Iﬂk (Xz) dX2 =0, k > 1. (230)
Plugging (2.29) into (2.25), we obtain then
o0
h= Ao, &) = Y Mie)ag, (2.31)
k=0

with the first three eigenvalues Ay (¢), k € {0, 1, 2}, explicitly
given by

1 2
ro(e) =0,  Ar(e) = —%/ U (x2) Yo (x2) dxa,  (2.32)
0

1 2
@) = b= o [ UG v ) e (233)
2e Jo
Substituting (2.29) and (2.31) into Eq. (2.21) ,, we obtain,
on account of (2.32), that ¢y € H;}er (0, 2r) must solve
(D* 4 b.D?) vo = 0. Thus v, must solve D>y + b, ¥ = C, where
the constant C is determined from the first condition of (2.30). We
get C = b,i. Hence vy € H2, (0, 2m) solves

per

D*yo + b, — bei = 0. (2.34)

Arguing as for (2.26) (cf. (2.27)), the only solution of (2.34) is
Yo (x2) = i. Then, recalling (2.5) ,, we deduce that A; = 0.

We now show that ReA,(¢) > 0 uniformly with respect to
& € [&g, 1]. To this end, we first must find 1 in (2.33). Recalling
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the above substitution once more, we have that ¥ € H;‘er(O, 2m)
solves

D*yry + b.D*y _Y
1 € 1—8-

Then, recalling that U = D?0, we can simplify the latter equation
and consider the following

0
D*yry + by = - (2.35)

subject to zero average conditions for both 6 and v, (see (2.30)).
We must estimate the last term of (2.33) in terms of the L?(0, 27)-
norms of 6 and U, respectively. To this end, multiply (2.35) by ¥
and integrate over (0, 277). We deduce

e IDY1 11> — qo Iy 1> = —e (0, Y1), (2.36)

where we have set go(Mo) = —f'(Mp) € (0,¢/2). By the
Schwarz, Young and Poincaré inequalities (i.e., |1 < ||Dy]|, for
Y1 € H2. (0, 2m) with (4, 1) = 0), we easily see from (2.36) that

per
&2 DY 11 < 2qo 11 11> +11611%; hence, since 62 —&f < &> —2qo <

g2, for each & € [g, 1], we have

-1/2
1l < DY ]l < (¢* — 2q0) ey (2.37)
From (2.33), on account of (2.37), it follows that
do
Redy(e) = be — — (U, yn) = -
2me £
2 —2q0) "
- 7( ) i el . (2.38)
2me
It is now easy to check that, on account of (2.8), we get

—f" (M, —f" (M,

Re Ay(e) > [ M) | = (Mo) (2.39)

22~ 2

Since %Re Mo, €) is uniformly continuous with respect to « for
0

ao € [0, af] and & € [go, 1], we can find a possibly even smaller

number d; = d;(gg) > 0 such that

9’ —f' (M
——ReA (@, &) > M
dag 2
and

_f! M, 2
Re A(ag, ) > % > 0,

2.40

D et ey 2 M 240
8050 0 - 2 ’

for ¢y € (0,dq] and ¢ € [eg, 1]. Indeed, for |op] < o and
€ € [&o, 1], we have

02 02

— Ao, &) — ——5A(0, &)| < w(ap).

dag dag
Then, we can choose d; to be the largest «p such that w(ap) <
—f"(Mp)/2, for |a| < d;. Consequently, there exists a family
(1//%, Aao) satisfying (2.21) ; and (2.40) with ||1pa0 H = 1. Hence,
the corresponding stationary solutions (2.20) are unstable.

It remains to finalize the proof of our theorem with the
following observation. For fixed g, g < dg and o9 < d; (with
dy and d; introduced above), let n; and n;, be the largest integers
such that agn; < dy and oon, < d,, respectively. To each
lag, | = 1,2,...,nyand mag, m = 1,2, ..., n,, we associate
the following pairs of solutions to each of the equations of (2.21),
{fmao,a,ao} and {VYnq,, Amay} Which yield the spatial periodic

functions u = (uq, uy) and ¢ of the form (2.18) and (2.20) which
are solutions to (2.14)-(2.17), respectively. By (2.22) and (2.40),
each of the oy, or Apy, are different, while the corresponding
fﬁzao and Ve, are linearly independent. Therefore, Eq. (2.21) ;
(and, hence, (2.14)-(2.16)) possesses at least n; unstable modes,
whereas Eq. (2.21) , (that is, (2.17)) possesses at least n, unstable
solutions. Thus, the number of unstable solutions (u, ¢) to (2.14)-
(2.17), subject to periodic boundary conditions (1.5), is at least
ny X np and the unstable manifold of the shear flow stationary
solution (us, Mp) has dimension greater or equal than the integer
part of Z—O times the integer part of Z—;. Consequently, (2.10) follows

immediately from (2.9). The proof is now finished. O

Let us now consider the well-known family of Kolmogorov
flows (see, e.g., [43]) with external force given by
g (x2) = Av?sin (x) ,
for some fixed A > /2.1t is easy to check that (us, Mp) with
us = (U (xp),0), U (x) = Avsin(x;) is a stationary solution for
(1.1)-(1.5) with p = 0. The following result is a consequence of
Theorem 2.3.

Corollary 2.4. Let ¢y € (0, 1] and My such that (2.6) holds. For a
given e € [eg, 1], assume that v > 0 satisfies

f'(Mo) .
V2 < _nAZsO‘/eé + 2f"(Mo).

Then the dimension N+ (us, M) of the unstable manifold of (us, Mo)
is greater or equal than c(v, A, so)agz — 1and (2.10) follows.

(2.41)

3. The three dimensional case

We now consider system (1.1)-(1.6) when N = 3 so that
u = (uq, Uy, u3). The two-phase flow is supposed to be periodic
with period 27 in the x,-direction, 27 /o in the x;-direction and
21 /By in the x3-direction. Here 0 < By < ap < 1 so that the box-
domain 2 = (0, 27 /ag) x (0,2m) x (0, 27w /Bp) is elongated in
two directions. The volume body force h has the form

h(X],Xz,Xg) = (g (XZ) s 05 O) i

with g satisfying (2.3). Then, system (1.1)-(1.5) has a stationary
flow solution (us, Mp) such that f'(Mp) < 0 and us is of the form
(U (x2), 0, 0), with U satisfying (2.5).

Of course in this case we only know that there exists a global
weak solution and a trajectory attractor (cf. [40]). Hence, we
must assume (see, e.g., [48]), that the unstable manifold of the
stationary solution (us, Mp) is a functional invariant set bounded
inHy,, (£2) X Hyop (£2).

Theorem 3.1. Let ¢y € (0, 1] and My such that (2.6) holds. For a
given ¢ € [eg, 1], suppose that v > 0 and 0 satisfy the inequalities:
v < (4m)" o] 2

(3.1)

2
le"inen < —gf/(Mo)\/%% + 2f'(Mo). (3.2)

Then, there exist ¢y, c; depending only on v, g9 and g such that, if

0<po<ap, ag+p:<c, (3.3)

then

N* (us, Mo) > C712 (3.4)
(@opBo)

Proof. The linear stability of system (1.1)-(1.6) around the station-
ary solution (us, My) is governed by the following system of equa-
tions:
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Oty + Udy, Uy + Up0y,U + 0, p = vAuy, (3.5)

Oty + Udy, Uy + 0y, p = VAU, (3.6)

Otz + Udy, U3 + Ox,p = VAus, (3.7)

8X1u1 + BXZUZ + ax3ll3 =0, (38)
1

dp — A (—SAfb + gf’(Mo)qﬁ) + Udy, ¢ =0. (39)

Following [45, Section 3], we seek for solutions to (3.5)-(3.9) of
the form

iagxq+ifox3—iocagt
Uy = U (xp) €@ Box3 of

U =v(x))e
U3 = w (XZ) eloto)q +l,30X3—lO'Otot,

iogxq +iﬂ0x3—iaagt, (3‘10)
and
p=¢ (x2) eia0x1+i/30)<3—iaoz0t, ¢ — w (XZ) eia0x1+iﬁ0xg+skt' (311)

After the substitution of (3.10)—(3.11) into (3.5)—(3.9), elimination
of ¢, subsequent simplifications and setting

£L£=D*— (ozg + /35) —iv %09 (U — o),

we find that u = (uq, uy, u3) and ¢, determined by (3.10)-(3.11),
are solutions of the following differential equations:

(g + B Lw + Pol£D +iv 'agU'Iv = 0, (3.12)
iozou—f—Dv—{—iﬂow =0, (313)
[D* — 22 + BOD? + (2 + B2) v

=i ao(U —io)(D* — (e + B3)) — U v, (3.14)
[D“ + A+ (g + B? — be(adg + B2) + Ulago} v

= [2(a5 + B3) — bID*Y. (3.15)

Note that, if v and ¢ are solutions of (3.14) and (3.15), respectively,
then we can also find w and u by solving (3.12) and (3.13), respec-
tively.

Thus, we focus our attention on Egs. (3.14) and (3.15). We ob-
serve that they are similar to Eqs. (2.21) in the sense that we
can easily recover both equations of (2.21) by taking So = 0 in
(3.14)-(3.15). For By # 0, we notice that (3.14)-(3.15) still have
the same form as Egs. (2.21), provided we replace in (2.21) ag, v
and ¢ by

@ = (g + "2, (3.16)

Obviously, for 0 < By < ag, we have 272p~1 < (§)~! < p~!
and analogously, 2-/2¢~1 < (8)~' < ¢~ It was shown in Sec-
tion 2 (see (2.22) and (2.40)) that if v satisfies (2.7) and (2.8) (com-
pare with (3.1) and (3.2)), then Egs. (3.14)-(3.15) have solutions
(v, ¥) corresponding to pairs (vVa,, 0&,), (Va,, Ag,) such that

Reo (ag, &) > 0, Reo (ag, &) > 0,

%o (3.17)

Re A (&, &) > 0, Re A(&, &) > 0,

o
for 0 < &g < co, Where ¢y depends on v, gy and g.
On account of (3.3), for fixed «g, Bg such that 0 < By < ap, we
have
Kap +PpE <, (3.18)
for certain pairs (k, I) € Ni. The number n of pairs (k, I) # (0, 0)
such that [ < k and (3.18) holds true is proportional to the area of

some sector of the ellipse k?a7 + I*82 = ¢2, that is, of the order

of (atgBo) Y, for g and Sy sufficiently small. To each of these pairs
(k, I), we can associate a solution (v, ¢) to Eqs. (3.14) and (3.15), re-
spectively, producing at least n. unstable solutions to either (3.14)
or (3.15) and, therefore, to systems (3.5)-(3.9). Due to (3.17), these
unstable modes are linearly independent. Thus, the number of un-
stable solutions (u, ¢) to (3.5)-(3.9) which satisfy (1.5) is at least
ny x ny. Consequently, the unstable manifold of the shear flow
solution (us, Mp) has dimension greater or equal than (n+)2 and
(3.4) follows. The proof of theorem is now finished. O

Assume that, in the case N = 3, system (1.1)-(1.6) has the
global attractor sy, bounded in HJ. (£2) x HZ, (£2). Then, the
fractal and Hausdorff dimensions of «Ay, satisfy the inequality

. . C1

> > - —
lem Ary = lem Ary = (060/30)2 1
We recall that a lower bound on the dimension of the smooth
global attractor A™ (ifit exists) for the 3D Navier-Stokes equations
was obtained in [45, Theorem 3.1] (see also [50]). Indeed, if
v, g, Po satisfy (3.1)and 0 < By < o, g + g < 2, (c, depends
only on v and g), then the following inequalities hold

. . C3
dim A > dimA™ > —— — 1,
F H aoBo

for some positive constant c3 depending only on v and g.
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