
U ltrasound assessment of fetal cerebellar growth 
has been conducted to estimate gestational age 

[1 , 2] and to assess central nervous system abnormali-
ties,  especially trisomy 18 [3-5].  Many reference ranges 
for fetal transverse cerebellar diameter (TCD) acquired 
by ultrasonography throughout gestation have been 
reported [1-5],  and published TCD nomograms do not 
substantially differ in recent reports using large sample 
sizes [1 , 2].  In terms of interpreting the growth curve,  
however,  to the best of our knowledge,  no studies have 

biologically evaluated growth throughout gestation,  
though linear and polynomial functions have been used 
for growth curve regression [1-5].

Two approaches have been used to describe the 
growth of organisms: empirical models and mechanis-
tic models based on growth theories [6].  The growth 
curves obtained using empirical models including poly-
nomial regression have no biological meaning; they are 
merely fitted to the data.  Mechanistic models,  however,  
describe growth processes,  and these models are usu-
ally derived from a differential equation explaining 
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We used biomathematics to describe and compare cerebellar growth in normally developing and trisomy 18 
Japanese fetuses.  This retrospective study included 407 singleton pregnancies with fetuses at 14-39 weeks of 
gestation and 33 fetuses with trisomy 18 at 17-35 weeks.  We used ultrasonography to measure fetal transverse 
cerebellar diameter (TCD) and anteroposterior cerebellar diameter (APCD).  We hypothesized that cerebellar 
growth is proportional to cerebellar length at any given time point.  We determined the formula L(t)≒Keat+ r,  
where e is Napier’s number,  t is time,  L is cerebellar length,  and a,  K,  and r are constants.  We then obtained 
regression functions for each TCD and APCD in all fetuses.  The regression equations for TCD and APCD val-
ues in normal fetuses,  expressed as exponential functions,  were TCD(t) = 27.85e0.02788t− 28.62 (mm) (adjusted 
R2 = 0.997),  and APCD(t)=324.29e0.00286t− 322.62 (mm) (adjusted R2 = 0.995).  These functions indicated that 
TCD and APCD grew at constant rates of 2.788%/week and 0.286%/week,  respectively,  throughout gestation.  
TCD (0.0153%/week) and APCD (0.000430%/week) grew more slowly in trisomy 18 fetuses.  This study demon-
strates the potential of biomathematics in clinical research and may aid in biological understanding of fetal 
cerebellar growth.
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natural phenomena [6].
Biomathematics is a branch of biology concerned 

with the construction of mathematical models to 
describe and solve key problems in biology,  including 
growth [7].  However,  it has not yet been adequately 
applied in medical research [8].  We consider that the 
synergetic interplay between biomathematics and med-
ical research could yield tremendous results.  
Accordingly,  in previous studies we have developed 
differential equations of fetal body weight change 
during pregnancy [9] and of the relation between 
maternal body mass index and breastmilk volume [10].

The present study aimed primarily to analyze TCD 
and anteroposterior cerebellar diameter (APCD) 
growth throughout gestation in normally developing 
Japanese fetuses,  based on biomathematics.  From the 
standpoint of a prenatal diagnosis of trisomy 18,  the 
usefulness of APCD measurement [4 , 5] and the 
APCD/TCD ratio [5] were recently reported,  in addi-
tion to that of TCD measurement [3].  Therefore,  our 
secondary aim was to examine which among several 
parameters based on TCD and/or APCD most effi-
ciently distinguishes trisomy 18,  making use of the 
potential of biomathematics in clinical medicine.

Materials and Methods

Data for participants who met all of the following 
inclusion criteria were used for the creation of TCD and 
APCD nomograms in this retrospective study: (1) out-
patient pregnant women visiting Okayama Medical 
Center (Okayama,  Japan),  with a gestational age rang-
ing from 14 to 39 weeks,  and for whom gestational age 
was confirmed by crown-rump length in the first tri-
mester; (2) pregnancies with singleton fetuses in which 
the cerebellum was clearly visualized using the method 
described below; and (3) an ultrasound examination of 
each fetus for the study done only once in this series.  
The exclusion criteria were multiple pregnancies and 
pregnancies with maternal or fetal complications.  To 
compare the data of trisomy 18 fetuses and normal 
fetuses,  we also measured TCD and APCD in trisomy 
18 fetuses born at the Center between January 2005 and 
December 2020.  In all cases,  trisomy 18 was diag-
nosed by karyotyping amniotic fluid.  An ARIETTA 60 
or Prosound α6 was used in normal cases,  and a 
Prosound SSD-5000,  Prosound SSD-α10 or Prosound 
F75 (all: Hitachi,  Tokyo) with a convex transducer 

with a frequency range of 1-6 MHz for all machines was 
used in trisomy 18 cases.

We used standard procedures to measure TCD and 
APCD,  as follows.  The transverse cerebellar plane was 
obtained on a biparietal diameter plane with slight pos-
terior tilting [11].  On this plane,  the fetal cerebellum 
appears as a butterfly-shaped structure formed by the 
round cerebellar hemispheres [2 , 11].  Following identi-
fication of the cerebellar configuration,  TCD and APCD 
were measured at the outer margins (Fig. 1).  APCD was 
defined as the hemisphere’s anteroposterior diameter,  
and the APCD value was expressed as the mean value of 
the APCD diameters of both hemispheres.  One author 
(K.T.) performed all measurements in normal fetuses.  
Several different examiners measured TCD and APCD 
in trisomy 18 cases using the same procedure.

All data were anonymized at the Center and then 
transferred to Medical Data Labo (Okayama,  Japan),  
where data analysis was conducted as follows.  To ana-
lyze the relationship between cerebellar growth and 
time,  we assumed that the increase rate of the number 
of cerebellar cells was proportional to the number of 
cerebellar cells at any given time point in accordance 
with the concept of organism growth [6 , 9].  If we 
accept this hypothesis,  the differential equation can be 
written as:
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Fig. 1　 Axial ultrasound image at 30 weeks of gestation during 
measurement of the transverse cerebellar diameter (TCD) and 
anteroposterior cerebellar diameter (APCD).  The APCD value was 
expressed as the mean value of the APCD diameters of the two 
hemispheres.



　 = kx(t),　　　　　　　　　　(1)

where k is a constant,  t is time (gestational days),  and x 
is the number of cerebellar cells.  The solution of 
Equation (1) is as follows:

x(t) = ekt + q,　　　　　　　　　 (2)

where e is Napier’s number and q is the constant.  The 
number of cerebellar cells (i.e.,  cerebellar volume) is 
expressed as an exponential function.  This number is 
considered to be proportional to the cubed length of an 
arbitrary site of the cerebellum because it is propor-
tional to the cerebellar volume.  The following formula 
is then obtained:

ekt + q = jL(t)3　　　　　　　　　 (3)

where j is a constant and L is the length of the cerebel-
lum site.  Thus,  cerebellar length can be expressed as a 
function of time,  as in Equation (4) below; that is,  
cerebellar length is also an exponential function of time:

L(t)≒Keat + r.　　　　　　　　 (4)

Here,  a,  K,  and r are the constants.  We then assumed 
that TCD and APCD grow independently,  and 
obtained the regression functions for each TCD and 
APCD value in normal and trisomy 18 fetuses using 
Equation (4).

We also sought to validate the clinical significance of 
the regression formula (4).  To do so,  we obtained the 
intersection of the mean regression curve of the trisomy 
18 fetuses and the lower limit of the 95% confidence 
interval (CI) curve of the nomogram for the following 
seven functions: fTCD,  fAPCD,  fAPCD/fTCD ratio,  
fTCD× fAPCD,  ln (fTCD× fAPCD),  　　　　　　　,  
and ln (　　　　　　　),  where fTCD and fAPCD are 
the regression functions of TCD and APCD,  respec-
tively.  We assumed that the parameter with the lowest 
x-coordinate (i.e.,  gestational age) value of the intersec-
tion estimates trisomy 18 most efficiently.

An original program created at Medical Data Labo 
using the Wolfram Language (Wolfram Research,  
Champaign,  IL,  USA) was used for all statistical analy-
ses and regression analyses,  including those with 95% 
CIs.  This study was approved by the Institutional 

Review Board of Okayama Medical Center (IRB No. 
2020-264) and was conducted in accordance with the 
Declaration of Helsinki.  This study was carried out with 
explanations provided to the patients and a website with 
additional information,  including an opt-out option.

Results

We included the retrospective data from the cases of 
407 pregnant women in this study and created TCD and 
APCD nomograms.  The regression formulae for the 
TCD and APCD values were TCD (t) = (27.85 ± 3.74)
e (0.02788 ± 0.0021)t − (28.62 ± 4.52) (mm) (adjusted R2 = 0.997),  
and APCD (t) = (324.29 ± 307.66) e (0.00286 ± 0.0026)t − (322.62 
± 308.47) (mm) (adjusted R2 = 0.995); (estimated value 
± standard error),  respectively.  The obtained regres-
sion curves fit well with the data obtained in this study 
(Figs. 2 , 3).  The regression formulae indicated a 2.788% 
and 0.286% weekly rate of increase in TCD and APCD,  
respectively,  and the predicted TCD and APCD values 
with 95% CIs for each gestational age did not differ 
substantially from previously reported data [1 , 2] (not 
shown).  When the growth curve formula of the APCD/
TCD ratio was represented as the ratio of each regres-
sion formula — that is,  APCD/TCD (t) = (324.29e0.00286t 
− 322.62)/(27.85e0.02788t − 28.62) — the regression curve 
fit well with the APCD/TCD data obtained in this study 
(adjusted R2 = 0.529) (Fig. 4).  The APCD/TCD ratio 
increased rapidly between 14 and 22 weeks of gestation 

dx
dt

fTCD × fAPCD
fTCD × fAPCD
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Fig. 2　 Scatterplots and regression curve with 95% confidence 
interval for the transverse cerebellar diameter (TCD) in normal 
fetuses against gestational age.  TCD (t)= (27.85±3.74) e (0.02788±

0.0021)t - (28.62±4.52) (estimated value±standard error),  (adjusted 
R2=0.997); t,  gestational age (weeks).



and then gradually until 30 weeks; it gradually 
decreased from 30 weeks onward,  yielding a convex 
growth pattern across gestation.

We obtained 45 TCD and APCD measurements 
from 33 fetuses with trisomy 18,  with gestational ages 
ranging from 17 to 35 weeks.  The average regression 
formulae for the TCD and APCD values of trisomy 18 
fetuses were TCD (t) = 7914.74e0.000153t − 7920.90 (mm) 
(adjusted R2 = 0.994) and APCD (t) = 126946.41e0.00000430t 
− 126948.89 (mm) (adjusted R2 = 0.979),  respectively.  

The x-coordinates of the intersection for TCD,  APCD,  
TCD × APCD,  ln (TCD × APCD),  　　　　　　  and 
ln (　　　　　　 ) excluding the APCD/TCD ratio 
were 25.6,  21.9,  27.8,  20.1,  21.2 and 20.2 weeks of 
gestation,  respectively.  The value of ln (TCD × APCD) 
(20.1 weeks of gestation) was the lowest of these values 
(Fig. 5).  The APCD/TCD ratio was not useful for pre-
dicting trisomy 18 because the incidence of trisomy 18 
fetuses within the 95% CI of normal fetuses was 42.2%,  
which is too large to distinguish trisomy 18 fetuses suf-
ficiently (Fig. 6).

Discussion

Our biomathematics-based study found that cere-
bellar length for both TCD and APCD showed expo-
nential growth throughout gestation.  The growth pro-
cesses of the weight and volume of most organs in 
mammals demonstrate a sigmoid or S-shaped pattern,  
and some growth curves (e.g.,  logistic and Gompertz 
curves) derived from differential equations have been 
used with human data [6 , 12].  Many studies using 
ultrasonography or magnetic resonance imaging have 
examined TCD growth [1 , 2] or cerebellar volume 
growth [13 , 14] before birth,  showing an exponential 
pattern.  Cerebellar volume growth after birth has been 
shown to increase rapidly until age 2 and peak at 12-14 
years of age [15 , 16].  Cerebellar growth is thus consid-

TCD × APCD
TCD × APCD
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Fig. 4　 Scatterplots and regression curve with 95% confidence 
interval for the ratio of the anteroposterior cerebellar diameter 
(APCD) to the transverse cerebellar diameter (TCD) in normal 
fetuses against gestational age.  APCD/TCD (t)= (324.29e0.00286t 
-322.62)/(27.85e0.02788t -28.62),  (adjusted R2=0.529); t,  gesta-
tional age (weeks).
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Fig. 5　 Scatterplots and regression curve for ln (TCD×APCD) 
in trisomy 18 fetuses against gestational age.  The x-coordinate of 
the intersection of the regression curve and the lower limit of the 
95% confidence interval curve of the nomogram was 20.1 weeks of 
gestation.  Closed circles and open circles represent normal and 
trisomy 18 fetuses,  respectively.  TCD,  transverse cerebellar diam-
eter; APCD,  anteroposterior cerebellar diameter.
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Fig. 3　 Scatterplots and regression curve with 95% confidence 
interval for the anteroposterior cerebellar diameter (APCD) in nor-
mal fetuses against gestational age.  APCD (t)= (324.29±307.66) e  
(0.00286±0.0026)t - (322.62±308.47) (estimated value±standard error),  
(adjusted R2=0.995); t,  gestational age (weeks).



ered to show an S-shaped pattern from early pregnancy 
to puberty.  The early stages of an S-shaped growth pat-
tern biologically show an exponential function [6 , 12].  
As the fetal period is an early stage for cerebellar 
growth,  the present finding that the TCD and APCD 
growth curves are expressed by an exponential function 
is biologically significant.

The advantage of using biomathematics for growth 
analysis is that the resulting equation itself has biologi-
cal significance.  The coefficients of a formula based on 
biomathematics have biological meaning,  though those 
of a polynomial formula do not.  Both TCD and APCD 
herein can be expressed as an exponential function of 
time,  as in Equation (4),  and the coefficient a in that 
formula represents the growth rate per time period (i.e.,  
per week).  To the best of our knowledge,  it is a novel 
finding that TCD and APCD in a normal fetus grow at 
a constant rate with increases of 2.788%/week and 
0.286%/week,  respectively.  Two recent reports found 
that APCD growth is more restricted than TCD growth 
in fetuses with trisomy 18 [4 , 5].  The present cerebellar 
growth analysis in trisomy 18 fetuses revealed low 
increase rates of 0.0153%/week and 0.000430%/week 
for TCD and APCD,  respectively.  Thus,  our analysis 
also quantitatively revealed an extremely lower growth 
rate of APCD than TCD growth rate in trisomy 18 
fetuses.

To our knowledge,  there have been only two reports 
to date in which fetal APCD was measured [4 , 5].  In the 

present study,  the profile of the APCD/TCD ratio 
throughout gestation showed not a linear but rather a 
convex upward pattern (Fig. 4).  There is,  however,  a 
single report in which the ratio remained constant at 
0.52 throughout gestation by linear regression [5].  We 
found that the profiles of the ratio throughout gestation 
in other studies were similar to those in our present 
study,  based on our calculations using the values in 
those studies [2 , 4].  The finding in the present study 
that the fAPCD/fTCD ratio of the two regression func-
tions seems to fit the data well suggests that these two 
functions derived from differential equations may better 
model the actual fetal growth than the previous use of a 
constant ratio throughout gestation [5].  Therefore,  the 
hypothesis that the TCD and APCD grow inde-
pendently may be statistically correct.

Our results indicate that the ln (TCD × APCD) func-
tion is the best for distinguishing trisomy 18 by this 
unique method,  rather than the APCD [4 , 5] or the 
APCD/TCD ratio [5].  The APCD/TCD ratio was not 
useful for distinguishing trisomy 18 in this study with 
45 samples,  though there is a report with only 15 sam-
ples in which the ratio was found to be useful [5].  The 
APCD/TCD ratio must be applied with care in clinical 
scenarios until a verifiable change in the ratio during 
gestation is established.  Because the analysis based on 
the single formula (4) derived from the differential 
equation (1) for TCD and APCD demonstrated appro-
priate fit not only for TCD and APCD but also for the 
APCD/TCD ratio and TCD × APCD,  our assumption 
concerning fetal cerebellar growth,  that the increase 
rate of the number of cerebellar cells is proportional to 
the number of cerebellar cells at any given time point,  
seems to be correct.

The present study used ultrasound imaging to 
describe fetal cerebellar growth in normally developing 
and trisomy 18 Japanese fetuses.  Recently,  many clini-
cal practices have adopted a genetic test using maternal 
blood to determine the risk that the fetus has certain 
genetic abnormalities,  including trisomy 18 [17].  In the 
future,  new diagnostic methods,  such as artificial intel-
ligence that can integrate imaging and genetic testing 
information,  might be developed to detect chromo-
somal anomalies and/or genetic diseases of the fetus.  In 
conclusion,  this study applied biomathematics in its 
methodology and clinically indicated the potential of 
biomathematics in the prenatal diagnosis of trisomy 18.  
The active introduction of biomathematics might be 
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Fig. 6　 Scatterplots for the ratio of the anteroposterior cerebellar 
diameter (APCD) to the transverse cerebellar diameter (TCD) in 
trisomy 18 fetuses against gestational age.  Reference curves repre-
sent the regression curve with 95% confidence interval for the 
nomogram of the APCD/TCD ratio.  Closed circles and open circles 
represent normal and trisomy 18 fetuses,  respectively.



useful to further our understanding of fetal growth.
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