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Efficient Synthesis of Angular Selective Surfaces
Based on Accurate Equivalent Circuit Analysis

Tao Qin, Student Member, IEEE, Xian Qi Lin, Senior Member, IEEE, Yao Yao, Yong Liu, Member, IEEE,
Hao Liu, Member, IEEE, Peng Hao, Member, IEEE, Peng Mei, Member, IEEE

Abstract—A new efficient synthesis method of angular selective
surfaces (ASSs) based on the accurate equivalent circuit model
is proposed. The angular dispersion of different components
under oblique incidence is modeled by virtual lumped elements
in the angular domain. The processes of obtaining the equivalent
circuit for substrates, electrically small grids and patch arrays
are presented in detail. The synthesized circuits are simple and
accurate. Full-wave simulations are carried out to obtain the
angular dispersion of different structures, and the calculated
results are in good agreement with those of the equivalent circuit.
A third-order ASS with bandpass response and a second-order
ASS with a tunable bandwidth are given as design examples. The
implemented second-order ASS shows the 0.33 to 0.52 tunable
bandwidth in the angular domain. The transmission loss is better
than 1.2 dB when the incidence angle is 65 to 77 degrees. The
simulation results and calculated results are in good agreement
with the measured results.

Index Terms—Spatial angular filter, frequency selective sur-
face, angular selective surface, equivalent circuit, meta-surface.

I. INTRODUCTION

IN the past decades, there has been considerable interest in
frequency selective surface (FSS), for its versatility enables

integration into all kinds of modern systems [1]–[5]. An invari-
ant response over different incidence angles is always desired
in most applications with a whole host of efforts to this end
[6]–[10]. Detailed equivalent circuit analysis, well-developed
filter synthesis and even machine learning technologies are
already applied in related designs [11]–[15]. However, there
has been little discussion on angular selective surfaces (ASSs),
or spatial filters with an engineered response dependent on the
incidence angle, and only a few papers have ever touched on
this topic [16]–[24]. In 1976, Robert Mailloux proposed the
first spatial filter and a synthesis method based on a cascaded
scatter matrix and stepped impedance transmission line filter
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Fig. 1: The function of the proposed ASS. Different transmis-
sion characteristics can be obtained under different incidence
angles, such as the bandpass response.

[16]. Consisting of several high permittivity substrates, this
spatial filter has a synthesized Chebyshev response. In [17],
a spatial filter is designed with cascaded metal grids and air
spacers in between. It is used to suppress antenna side lobes, in
which the spatial response of the grid array is analyzed using
spatial harmonics. In [18], [19], a spatial filter comprised of
substrate-supersaturates is used to enhance the antenna gain.
A third-order spatial filter based on a third-order frequency
filter is presented in [20] where the spatial filtering response
is directly derived from the frequency domain. In [21], a multi-
layer dielectric angular filter is used to suppress grating lobes
of a patch antenna array, reducing grating lobes by 15 ∼ 30
dB. Recently, a spatial angular filter based on a single-layer
interconnected split-ring-resonators (SRRs) has been proposed
in [22], greatly reduced the thickness of the filter compared
with other designs [25].

However, many of these syntheses or design methods pre-
sented in these papers still have some drawbacks. Specifi-
cally, the angular dispersion of the high dielectric substrates
in [17] is considered to be negligible and excluded in the
design process; the relationship between incidence angle and
frequency domain in [20] limited the design freedom; the
cascaded scattering matrix used in [17], [19], however, needs
to be applied to the whole structure, but this would make
the calculation cumbersome and difficult once the number of
layers is increased. In a word, due to an absence of accurate
circuit models comprised of transmission lines and equivalent
lumped components related to the incidence angles, there is
still a lack of a universal and direct spatial filter or ASS design
method.

In this paper, the accurate equivalent circuits of several
fundamental cells are examined to address the above problems.
We present a new efficient synthesis method of angle selective
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surfaces based on the accurate equivalent circuit model, in
which the angular dispersion of reactance and susceptance
in the FSS structure is represented by virtual capacitors or
inductors, or their combinations. Since these virtual capaci-
tors and inductors are mathematical objects with no physical
restrictions, the capacitance and inductance can be negative,
which allows non-Foster behavior of the angular dispersion
functions. Good consistencies are obtained between the theo-
retical calculation and simulation results in the whole process
of analysis. A second-order ASS with a tunable bandwidth
and a third-order ASS are demonstrated as design examples.
Fig. 1 shows the function of this novel spatial ASS. Different
transmission characteristics can be obtained under different
incidence angles. On the basis of the existing literature, the
major contributions of our work are summarized as follows:

a) Accurate equivalent circuit models of the basic FSS cells
in the angular domain are presented. During the whole analysis
process, the theoretical calculation is in good agreement with
the simulation results, which not only guarantees solution
accuracy, but also greatly reduces the computational load. The
angular dispersion of the FSS can then be analyzed or syn-
thesized using simple methods or pure numerical optimization
that have already been developed in the circuits.

b) Electromagnetic properties of the proposed ASS are
the function of the incidence angle, not the function of the
electrical frequency. The ASS with such properties makes it
a potential device in secure communications, radome design,
energy harvesting, spatial multiplexing and anti-interference at
a specific incidence angle. Based on this, a second-order ASS
with tunable bandwidth in the angular domain is synthesized,
fabricated and measured. And bandwidth tuning is realized
directly by adjusting the distance between the substrates.

This paper is organized as follows: Part II defines the
angular function in the angular domain and the necessary
re-normalization process involved. In Part III, the equivalent
circuits in the angular domain of substrates, electrically small
grids and patches are summarized and verified numerically.
The design procedure and the two examples are demonstrated
in Part IV, and the experimental verification of the second-
order ASS with tunable bandwidth is presented in Part V. Part
VI discusses the responses of these designs in the frequency
domain. Conclusions and further discussions are drawn in the
final part.

II. ANGULAR DOMAIN AND NORMALIZATION

Fig. 2(a) shows the unit cells of a general FSS with the
periodical structure in the XOY plane, which can be comprised
of, for example, multiple substrates with etched metallic
patterns on both sides and one or more air spacers between
them. A plane wave propagates at an arbitrary angle θ with
respect to the negative Z direction in the XOZ plane. In this
setting, the electric field of the TE incidence wave will be
polarized along the Y-axis, while the magnetic field of the TM
incidence wave is polarized along the Y-axis. Some reasonable
assumptions needed for further discussion are given below:

1) The unit cell of the FSS has a much smaller periodic D
than the wavelength in free space at the frequency of interest,

(a)

(b)

(c)

Fig. 2: The unit cell of an FSS and its equivalent circuits in the
frequency domain and the angular domain (a) Unit cell of a
general FSS under the TE incidence wave. (b) The equivalent
circuits in the frequency domain and angular domain where the
operating frequency is set and re-normalization is employed.
(c) The impedance of basic components in the frequency
domain and the angular domain, respectively.

so only basic Floquet modes are presented in the reflected
and transmitted waves, i.e., TE00 for TE incidence and TM00

for TM incidence. Higher modes are evanescent and decay
exponentially from the cells [26]–[28].

2) There is no cross-polarization component between the
reflected and transmitted waves, which is appropriate for
planar passive FSS and electrically small periodic structures
[1], [29].

3) The FSS is homogeneous in both X and Y directions and
the geometric dimensions of the elements in the same layer
are identical and not scaled so that no phase gradient occurs
across the surface, ensuring that the reflection and transmission



IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 00, NO. 00, SEPTEMBER 2022 LATEX 3

angles remained at −θ and θ, respectively [2], [26], [27].
According to these assumptions, the frequency domain

equivalent circuit shown in Fig. 2(b) can be used to study the
multi-layer FSS’s behavior under different incidence angles.
In this circuit, the shunt components represent the metallic
patterns and the transmission lines represent substrates or
air-spacers. The port impedance of this two-port network is
the Floquet modal impedance corresponding to the incidence
wave, which is analyzed in this paper. The TEz modal
fields, for example, have no electric field component along
z by definition. The TEz modal field components can be
generated from an electric vector potential

−→
F that has only

a z-component. It can be expressed as [26]:

−→
F = ẑA exp(−jkxmnx− jkymny − jkzmnz) (1)

where A is a constant related to the amplitude, which is not
discussed here. kxmn and kymn are the mode numbers for the
TEz Floquet mode. The symbol (m,n) is used to represent
either the TEz or the TMz Floquet modes.

As mentioned in the former assumptions, only the basic
Floquet modes are presented here. For m = n = 0, kx00,
ky00 are equal to the phase constants related to the intended
radiation direction, which are given by:

kx00 = k0 sin θ cosϕ (2a)
ky00 = k0 sin θ sinϕ (2b)

where k0 is the wave number in free space, and (θ, ϕ) is the
intended radiation direction in the spherical coordinate system.

Then the wave number along z is obtained as:

kz00 =
√
k20 − k2x00 − k2y00 = k0 cos θ (3)

Therefore the modal impedance for TE00 can be expressed
as:

ZTE
00 =

∣∣∣−→E ∣∣∣∣∣∣−→H ∣∣∣ =
|jωµ|

∣∣∣−∇×
−→
F
∣∣∣∣∣∣∇× (−∇×

−→
F )

∣∣∣ = η0
cos θ

(4)

where ω is the angular frequency, µ is the permeability, and
η0 is the free-space impedance, which is equal to 120π ohms.

The modal impedance of TM00 obtained by using magnetic
vector potential and similar procedures is given by:

ZTM
00 = η0 cos θ (5)

Eq. (4) and Eq. (5) indicate that when analyzing equivalent
circuits of FSSs in the frequency domain, the port impedance
is only a function of θ and independent of f . But for the
shunt components introduced by metal patterns as shown in
Fig. 2(b), these parameters are generally the functions of
both incidence angle and operating frequency. In most of
the existing FSS analyses and designs, the incidence angle
is usually fixed at around 0◦, that is, the incidence wave is
perpendicular to the selective surface. However, in order to
establish an effective synthesis method in the angular domain,
a much more accurate model is required.

Given that the re-normalization of the impedance does not
affect the scattering parameters of transmission lines [30], [31],
a normalization is adopted firstly. Then, the port impedance

Fig. 3: A substrate under oblique incidence and its angular
domain equivalent circuit. Under the TE incidence wave, it
has a series inductor, two parallel capacitors and two parallel
inductors. As for the TM incidence wave, it has a series
capacitor, a series inductor and two parallel capacitors.

becomes 1 ohm, but the values of these shunt components are
still functions of both θ and f . Once the operating frequency is
fixed, values of all these components are functions of θ. And
the equivalent circuit in the angular domain is finally obtained.

For a better understanding of the relationship between the
angular domain and the frequency domain, Fig. 2(c) shows
several basic elements and their equivalent impedance in these
two domains. In the frequency domain, the normalized port
impedance is usually 1 ohm in the equivalent circuits of
filter synthesis. The equivalent impedance of an inductor with
inductance L is jωL, which is only related to the operating
frequency f (or 2πf ) and the value of L. In the angular
domain, after the previous normalization, the port impedance
is 1, and the equivalent impedance of the same inductor
becomes j cos θL, which is related to the value of incidence
angle θ (or cos θ) and L. But, when focusing on the response
function of these elements or their combinations, classical
theories such as filter theory and even-odd mode analysis
can be reasonably applied in both frequency domain and
angular domain. Simply speaking, normalization and fixed
frequency are the transformations of these two domains. The
re-normalization method discussed here will be adopted in
the following analyses, and the operating frequency of all
the proposed designs will be fixed at 10 GHz. Notably, for
propagating plane waves, the angular function cos θ is confined
to [0, 1], corresponding to θ in [0◦, 90◦].

III. EQUIVALENT CIRCUITS OF THE BASIC FSS CELLS IN
THE ANGULAR DOMAIN

A. Free space filled with dielectric

Some basic FSS cells, i.e., free spaces filled with dielectrics,
metallic patches and grids on the substrate, are discussed in
this part. The detailed process of obtaining equivalent circuits
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in the angular domain is given and the numerical validation is
carried out.

Consider the substrate with relative permittivity εr under
the incidence wave as shown in Fig. 3(a), θ is the incidence
angle in the free space and φ is the refracted angle in the
substrate, which can be defined from Snell’s law [32]:

cosφ =

√
εr − sin2θ

εr
=

√
εr − 1 + cos2θ

εr
(6)

The wave number in the substrate kd is given by:

kd = 2πf
√
εrε0µ0 = k0

√
εr (7)

Since the homogeneous media and characteristics are dis-
cussed along the direction perpendicular to the interface, +z
direction here, the substrate between the two reference planes
TT′ is equivalent to a section of the transmission line as shown
in Fig. 3(b). The characteristic impedance of this transmission
line is equal to the modal impedance in the substrate, which
can be expressed as:

ZTE
dz =

ηd
cosφ

=
η0√

εr cosφ
(8a)

ZTM
dz = ηd cosφ =

η0 cosφ√
εr

(8b)

The electric length of this transmission line is given by:

θz = βzl = (kd cosφ)l = β0l
√
εr cosφ (9)

where Eq. (7) and the propagation constant in free space: β0 =
k0 are substituted to simplify.

Then, as shown in Fig. 3(d), the normalized ABCD matrix
is written as:[

A B

C D

]
=

[
cos θz jZdzsinθz
j

Zdz
sinθz cos θz

]
(10)

where:

ZTE
dz =

ZTE
dz

ZTE
00

=
cos θ

√
εr cosφ

(11a)

ZTM
dz =

ZTM
dz

ZTM
00

=
cosφ

√
εr cos θ

(11b)

For further synthesis, considering a typical symmetric π-
shape equivalent circuit shown in Fig. 3(c), its ABCD matrix
is given by:[

A B

C D

]
=

[
−Y11

Y12
− 1

Y12

−Y 2
11

Y12
+ Y12 −Y11

Y12

]
(12)

The equivalence of these two circuits as shown in Fig. 3,
that is, Eq. (12) is equal to Eq. (10), can be achieved under
the following conditions:

−1

Y12
= jZdz sin θz (13a)

Y12 + Y11 =
cos θz − 1

jZdz sin θz
(13b)

Importantly, when β0l
√
εr cosφ ≤ π/18, which means an

infinitesimally thin slice of the substrate, Eq. (13) can be

simplified by substituting Eqs. (6), (9), (11) and the following
equivalent infinitesimal:

sinx ∼0 x (14a)
cos2 x− 1

sinx
∼0 −x

2
(14b)

Then, the simplified results are presented here:
For TE incidence wave:

−1

Y12
= j cos θβ0l (15a)

Y12 + Y11 = j cos θ
β0l

2
+

1

j cos θ −2
(εr−1)β0l

(15b)

For TM incidence wave:
−1

Y12
= j cos θ

β0l

εr
+

1

j cos θ −εr
(εr−1)β0l

(16a)

Y12 + Y11 = j cos θ
εrβ0l

2
(16b)

According to Eq. (15), in the angular domain where values
of the equivalent elements are the functions of cos(θ), the
equivalent circuit of a substrate with relative permittivity εr
under the TE incidence wave, as shown in Fig. 3, has a series
inductor, two parallel capacitors and two parallel inductors,
and the capacitance and inductance are given as follows:

LTE
s = β0l (17a)

LTE
p = − 2

(εr − 1)β0l
(17b)

CTE
p =

β0l

2
(17c)

According to Eq. (16), the equivalent circuit of a substrate
with relative permittivity εr under the TM incidence wave
shown in Fig. 3, has a series inductor, a series capacitor and
two parallel capacitors, and its capacitance and inductance are
as follows:

LTM
s =

β10l

εr
(18a)

CTM
s = − εr

(εr − 1)β0l
(18b)

CTM
p =

εrβ0l

2
(18c)

B. Metallic patches and grid

Fig. 4 shows the electrically small patch array and its
complementary structure grid. As simple and basic cells in
FSS designs, plenty of works have focused on the analysis of
their equivalent circuits in the frequency domain [29], [33]–
[40]. When the periodic D is electrically small and w ≪ D,
the shunt impedance of the gird and patch can be given as:

For TE incidence wave [39]:

ZTE
grid = j

ηeff
2

α (19a)

ZTE
patch = −j

ηeff

2α(1− β2
0sin

2θ

2β2
eff

)
(19b)
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(a) (b)

Fig. 4: The geometry of the metallic grid and metallic patch
on substrates. (a) The array of patches in a homogeneous
host medium. (b) A mesh of ideally conducting strips in a
homogeneous host medium. Metal parts are colored black.

Fig. 5: Summarized equivalent circuits in the angular domain
of the basic FSS cells under different polarization.

For TM incidence wave [39]:

ZTM
grid = j

ηeff
2

α(1− β2
0sin

2θ

2β2
eff

) (20a)

ZTM
patch = −j

ηeff
2α

(20b)

Here, ηeff = η0
/√

εeff and βeff = β0
√
εeff refer to the wave

impedance and wave number in the effective host medium
where the patch array or grid is located, respectively. A good
approximation for the effective permittivity of the host medium
εeff is given by εeff = (εr + 1)/2 [41]. α is a geometry
parameter defined as [42]:

α =
βeffD

π
[ln(

1

sin πw
2D

) +

∞∑
i=1

(2i− 1)Γ (2i+ 1)

22i−1

(
βeffD

2π

)2i

]

(21)
where Γ is the Riemann zeta-function and the terms with Γ
can be negligible when |βeffD| ≪ 2π [42].

Eq. (19) and Eq. (20) can be re-normalized in the same way
as mentioned previously, and the normalized shunt impedance
after mathematical processing are:

For TE incidence wave:

Z
TE

grid = j cos θ
β0ζ

2
(22a)

Z
TE

patch =
1

j cos θβ0ζ +
1

j cos θ −1
εrβ0ζ

(22b)

where:

ζ =
D

π
ln(

1

sin πω
2D

) (23)

For TM incidence wave:

Z
TM

grid = j cos θ
β0ζ

2(εr + 1)
+

1

j cos θ−2(εr+1)
εrβ0ζ

(24a)

Z
TM

patch =
1

j cos θ(εr + 1)β0ζ
(24b)

It can be seen in Eq. (22) that under the TE incidence wave,
the grid shunt impedance is that of a positive inductor while
the patch array has a conductance of a parallel capacitor and
a parallel negative inductor as shown in Fig. 5. The values of
the equivalent inductance and capacitance are:

LTE
grid =

β0ζ

2
(25a)

LTE
patch = − 1

εrβ0ζ
(25b)

CTE
patch = β0ζ (25c)

It is apparent from Eq. (24) that under the TM incidence
wave, the grid shunt impedance is that of a series inductor and
a series capacitor with a negative value, while the patch array
has a conductance of a positive capacitor as shown in Fig. 5,
and the capacitance and inductance are as follows:

LTM
grid =

β0ζ

2(εr + 1)
(26a)

CTE
grid = −2(εr + 1)

εrβ0ζ
(26b)

CTE
patch = (εr + 1)β0ζ (26c)

C. Numerical validation

The aforementioned conclusions are summarized and listed
in Fig. 5. Numerical simulation is performed to validate the
obtained equivalent circuits.

The S-parameters of the substrates, the grid and the patch
array are illustrated in Fig. 6. The relative permittivity of
the lossless substrates used is 2 and the dimensions of the
metallic patterns are D = 7mm,w = 1mm,h = 1mm,
which means ζ = 0.123 for metallic patches and grids. The
calculated elemental values under different conditions are also
given. To obtain the calculated results, circuit analysis and
matrix operations of microwave networks are adopted here.
For example, for the metallic patch under TM polarization,
the cascaded ABCD matrix of the metallic patch and substrate
can be written as:
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(a) (b) (c)

(d) (e) (f)

Fig. 6: The numerical validation of the equivalent circuits shown in Fig. 5. The simulation results obtained by the full-wave
simulation are represented by the solid lines without markers, while the calculated results obtained by the mathematical
calculation are represented by pure markers. (a) substrate under TE incidence (b) patch under TE incidence (c) grid under TE
incidence (d) substrate under TM incidence (e) patch under TM incidence (f) grid under TM incidence.

[
ATM

total

]
=

[
ATM

patch

] [
ATM

sub

]
=

[
ATM

patchC

] [
ATM

subC2

] [
ATM

subC1

] [
ATM

subL

] [
ATM

subC2

]
=

[
0.978− 0.022τ2 j( 0.105τ + 0.105τ)

j(2.473τ − 0.051τ3) 0.757− 0.243τ2

]
(27)

where τ is the angular function (cos θ).
[
ATM

patchC

]
,
[
ATM

subC2

]
,[

ATM
subC1

]
and

[
ATM

subL

]
are the ABCD matrix of corresponding

equivalent elements shown in Fig. 5. Using the conversion
formulas between ABCD matrix and [S] matrix [31], the
calculated S-parameters can be obtained:

S11 =
−2.06 + j0.34τ + 46.59τ2 + j4.77τ3 − τ4

−2.06 + j34.13τ − 50.71τ − j4.77τ2 + τ3

S21 =
j39.33τ

−2.06 + j34.13τ − 50.71τ − j4.77τ2 + τ3

(28)

In Fig. 5, the simulation results obtained by the full-wave
simulation using HFSS (High Frequency Structure Simulator)
are represented by the solid lines without markers, while the
calculated results are represented by pure markers. Except
for tiny deviations, all these simulation results are in good
agreement with the calculated ones.

IV. DESIGNING EXAMPLES AND PROCEDURES

A. Equivalent Inverter under TM Incidence Wave

As shown in Fig. 5, the equivalent circuit of a substrate
with relative permittivity εr under the TM incidence wave has
a series capacitor with the negative value, a series inductor
and two parallel capacitors; the equivalent circuit of a patch
array under the TM incidence wave has a parallel capacitor
with a positive value. Therefore, an equivalent J-inverter under
TM polarization, as shown in Fig. 7(a), can be realized by a
structure that is obtained by etching two same metallic patches
on both sides of a substrate with high permittivity. Fig. 7(a)
depicts the simplified equivalent circuit of the inverter in which
the series inductance is negligible due to the high permittivity
of the substrate. The numerical validation of the inverter is
demonstrated in Fig. 7(b), and the physical dimensions are as
follows: D = 3mm,w = 0.29mm,h = 1mm, which means
the value of the equivalent inverter is J = 1/5.29 cos θ and
the reflection zero occurs when cos θ = 0.189. As can be seen
in Fig. 7(b), the simulated results are in good agreement with
the calculated results. Additionally, Fig. 7(c) shows simulation
results of the same structure under TE incidence wave. Since
its equivalent circuits are quite different from the one under the
TM incidence wave, there is no reflection zero in the angular
domain although good consistency between the simulation and
calculation is maintained. The following sections only discuss
the equivalent circuits and designs under TM polarization. The
equivalent circuit under TE polarization can be obtained by
referring to Fig. 5 and the relevant analysis method is basically
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(a)

(b)

(c)

Fig. 7: The equivalent J-inverter in the angular domain (a)
Geometry and its equivalent circuits (b) The numerical val-
idation under TM mode. The reflection zero occurs when
cos θ = 0.189 (c) Numerical validation under TE mode.

consistent with TM polarization.
Note that the equivalent inverter shown in Fig. 7(a) is

sensible and realizable only when −CTM
s ≥ CTM

p , which
meets the following condition:

β0l ≤
2

εr − 1
(29)

Besides, once the thickness and permittivity of the substrate
are selected, the values of CTM

s and CTM
p are fixed, and the

corresponding achievable inverter is determined.

B. Examples One: A third-order ASS

The structure and the equivalent circuits of the proposed
ASSs are presented in Fig. 8. As the permittivity of air is

(a)

(b)

Fig. 8: The proposed ASS in the angular domain (a) The layout
(b) Synthesis of its equivalent circuits. Compared with State
I, the series inductance of the substrate and series capacitance
of the air space is neglected reasonably in State II and State
III. The equivalent J-inverter in the angular domain is also
employed here.

TABLE I: Synthesized Values in the Equivalent Elements of
a Third-Order Spatial ASS design

C1 = C8 C2 = C7 C3 = C6 C4 = C5 L1 = L3 L2

-2.669 -2.040 0.563 0.563 1.258 1.258

J1 = J2 = J3 = J4 = 1/5.289 cos θ

TABLE II: Physical Dimensions of the Third-Order Spatial
ASS

w1 = w8 w2 = w7 w3 = w6 w4 = w5 h2 = h6 h4

1 mm 0.3 mm 1 mm 0.3 mm 6 mm 6 mm

ε1 = ε2 = ε3 = ε4 = 10.2 h1 = h3 = h5 = h7 = 1mm

close to 1, the series capacitor in the equivalent circuit of
the air spacer is reasonably ignored. Some of the equivalent
parallel capacitors of the patch, the substrate and the air
spacer constitute the parallel capacitor of the J-inverter. The
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Fig. 9: Numerical validation of the proposed third-order ASS.
In State III, the parallel inductance of the air spacer and the
series inductance of the substrate are ignored compared with
State I.

relationship among these equivalent elements is given as
follows:

C1 = Cn1
re = Cn1

patch + Cn1
subp + Cn1

subs

C2 = Cn2
re = Cn2

patch + Cn1
subp + Cn1

subs+Cn1
airp

...

C7 = Cn7
re = Cn7

patch + Cn4
subp + Cn4

subs+Cn3
airp

C8 = Cn8
re = Cn8

patch + Cn4
subp + C4

subs

Ji =

∣∣∣∣ 1

Cni
stubs cos θ

∣∣∣∣ , (i = 1, 2, 3, 4)

Lj = Lnj
airs, (j = 1, 2, 3)

(30)

Substitute the equations from Fig. 5 and the dimensions
shown in Fig. 8(a) into Eq. (30), the simplified values in the
equivalent circuit are:

C1 = (ε1 + 1)ζ(D,w1) +
ε1β0h1

2
− ε1

β0h1(ε1 − 1)

C2 = (ε1 + 1)ζ(D,w2) +
ε1β0h1

2
− ε1

β0h1(ε1 − 1)
+

β0h2

2

...

C7 = (ε4 + 1)ζ(D,w7) +
ε4β0h7

2
− ε4

β0h7(ε4 − 1)
+

β0h6

2

C8 = (ε4 + 1)ζ(D,w8) +
ε4β0h7

2
− ε4

β0h7(ε4 − 1)

Ji =

∣∣∣∣ (εi − 1)β0h2i−1

εi cos θ

∣∣∣∣ , (i = 1, 2, 3, 4)

Lj = β0h2j , (j = 1, 2, 3)
(31)

where ε1, ε2, ε3, ε4 are the permittivity of the four substrates,
respectively. ζ(D,wk=1,2,...,8) are the geometry parameters that
can be determined by Eq. (21) and Eq. (23).

After obtaining the simplified equivalent circuits here, the
values of other elements can be synthesized using the classical
methods of filter design [30], [43], [44]. Note that once the
substrates are selected, the relevant value of the equivalent J-
inverter is determined. Therefore the actual dimensions and

Fig. 10: Equivalent circuit of the proposed second-order pass-
band ASS by using the even-odd-mode analysis where TT ′ is
the symmetry plane.

TABLE III: Synthesized Values of the Equivalent Elements
during the Second-Order ASS design

w1 = w8 w2 = w7 w3 = w6 w4 = w5

0.3 mm 0.3 mm 0.3 mm 0.3 mm

ε1 = ε2 = ε3 = ε4 = 10.2 h1 = h3 = h5 = h7 = 1.2mm

the permittivity of the substrates should be taken into account
in the first place.

The synthesized element values and the corresponding phys-
ical dimensions of the third-order spatial ASS are listed in
Table. I and Table. II, respectively. The numerical validation of
this design is demonstrated in Fig. 9 with only small deviations
between the calculation and simulation. The passband of this
ASS is [0.08, 0.48] in the angular domain, corresponding to
the incidence angle of [61◦, 84◦].

C. Examples Two: A second-order passband ASS with tunable
bandwidth

In the design process mentioned above, the equivalent J-
inverter is adopted, and those equivalent elements with nega-
tive values are absorbed into the inverter. However, since the
accurate equivalent circuits of the model have been obtained,
all these physical dimensions can be determined directly by
numerical optimization. The symmetrical structure shown in
Fig. 10 is adopted here, and the even-odd-mode analysis is
used to determine the resonant angular function.

As for the odd-mode resonance, an equivalent electric wall
is inserted at the symmetry plane TT ′ of the equivalent circuit
shown in Fig. 10, and the one-port input admittance is derived
as:

Yino = j(τC1 + (
1

Cn1
subsτ

+
1

τC2 − 1
Ln1

airs
τ−YA

)−1) (32)

where τ is the angular function cos θ and
1
YA

=

τ

(
Cn2

subs + C3 −
(Cn2

subs)
2
Cn2

airpτ
2

−1+Cn2
subs

Cn2
airp

τ2+C4Cn2
airp

τ2

)
(33)

C1 = Cn1
patch + Cn1

subp (34)

C2 = Cn2
patch + Cn1

subp + Cn1
airp (35)

C3 = Cn3
patch + Cn2

airp + Cn2
subp (36)

C4 = Cn4
patch + Cn2

subp + Cn2
airp (37)
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(a)

(b)

Fig. 11: The simulation results of the proposed second-order
passband ASS (a) adjusting h2 only. (b) adjusting h4 only.

And as for the even-mode resonance, an equivalent magnetic
wall is inserted at the symmetry plane TT ′ and the one-port
input admittance is derived as:

Yine=jτC1 +
j

1
Cn1

subs
τ
+ 1

τC2−YB

(38)

where

1

YB
= Ln1

airsτ − Cn2
subs + C4

Cn2
subsτC4 + τC3 (Cn2

subs + C4)
(39)

Then the angular response of this ASS can be given by:

S11 = S22 =
Y 2
0 − YineYino

(Y0 + Yine)(Y0 + Yino)
(40)

S21 = S12 =
(Yine − Yino)Y0

(Y0 + Yine)(Y0 + Yino)
(41)

where Y0 = 1Ω−1 is the re-normalized port admittance in the
angular domain.

Then, the numerical optimization can be adopted, and the
optimized physical dimensions of the second-order ASS with
tunable bandwidth are listed in Table. III. For example, when
h2 = 4mm and h4 = 10mm, the calculated spatial response
is derived as:

S11 =
(−0.06 + F (t))

(−0.06 + jE(τ) + P (τ))
(42)

(a)

(b)

Fig. 12: Summary of the ASS design. (a) Flowchart of the
design procedure. (b) Simulation results of different responses,
where two third-order ASS with bandwidth close to the
broadside direction and one second-order ASS with tunable
center angular function are presented.

where

F (τ) = 1.2τ2 + 0.5τ4 − 53.3τ6 − 100τ8 (43)
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Fig. 13: Photograph of the fabricated prototype

Fig. 14: Setup of the measurement.

E(τ) = 0.1τ − 4τ3 − 6τ5 + 16τ7 (44)

P (τ) = 1.56τ2 + 1.2τ4 + 52τ6 + 100τ8 (45)

Fig. 11 demonstrated the simulated validation of this design,
and the bandwidth tuning of the passband is realized by
adjusting the air space lengths. The tunable 3-dB BW of
0.3 ∼ 0.5 in the angular domain is obtained when h2 and h4

range from 2mm ∼ 6mm and 9mm ∼ 11mm, respectively.
And in this design, the tunable 20 dB-bandwidth achieved by
adjusting the lengths of the air spacers is near [0.08, 0.22] in
the angular domain.

Fig. 12(a) shows the general design guidelines for the pro-
posed ASSs. In this design, the genetic algorithm is applied.
Machine learning and inverse design methods [24] can also
work well since the equivalent circuits proposed are accurate.
To further demonstrate this design method, simulation results
of different responses are presented in Fig. 12(b). It can be
seen that the angular selections are achievable both in the
grating direction and the broadside direction. In this work,
since only basic patch units and four substrate layers are used,
the achievable 20-dB bandwidth is ranged from 0.06 to 0.63
in the angular domain.

Fig. 15: Photograph of test 2: measuring the transmission
coefficient of the fabricated second-order ASS, which is fixed
at the air-filled window.

V. FABRICATION AND MEASUREMENT OF THE
SECOND-ORDER ASS

As displayed in Fig. 13, the fabricated second-order ASS
consists of four identical TP−1/2 substrates (εr = 10.2,
tan δ = 0.0008). The design consists of 60 × 60 unit cells,
and the overall size is 180mm × 180mm. Several plastic
screws and cylinders are inserted between the substrates to
form the air spacers and to fix the position. Bandwidth tuning
can be realized simply by adjusting the length of these plastic
cylinders.

The prototype is measured with the setup displayed in Fig.
14. The transmitting and receiving antennas are placed on
both sides of the absorbing material and are symmetrically
tilted away from the normal direction. Crucially, there is a
square window of the same size as the fabricated spatial ASS
in the center of the absorbing material. And there are two tests
required during the measurement: test 1 is to measure the
transmission coefficient of the air-filled window S21 t1; test
2 is to measure the transmission coefficient of the fabricated
second-order spatial ASS fixed in the window S21 t2. And with
the decibel operations, the measured transmission coefficients
can be obtained: Strans = S21 t1 − S21 t2 (dB).

The photo of the measurement setup and the measured
results are shown in Fig. 15 and Fig. 16, respectively. Due
to the limitation of our setup, the measured incidence angle
can only vary from 0◦ to 85◦, corresponding to the angular
function of [0.09, 1] in the angular domain. Compared with the
curves shown in Fig. 11, the measurement results, simulation
results and calculation results are in good agreement. As
shown in Fig. 17, the performance remains stable in the range
from 9 GHz to 11 GHz, and the bandwidth changes from
[0.33, 0.52] with the change of the center frequency from
[0.21, 0.36] in the angular domain.
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(a) (b) (c)

(d) (e) (f)

Fig. 16: The measured results of the implemented second-order ASS. The bandpass response (a) versus different h4 at 9.5 GHz
(b) versus different h4 at 10 GHz (c) versus different h4 at 10.5 GHz (d) versus different h2 at 9.5 GHz (e) versus different
h2 at 10 GHz (f) versus different h2 at 10.5 GHz.

Fig. 17: The measured bandpass response of the implemented
second-order ASS versus different operating frequencies.

VI. DISCUSSION

In the angular domain analysis and equivalent circuit men-
tioned above, the operating frequency is fixed at one point,
which emphasises the response to different incidence angles.

In this section, the equivalent circuits of these basic units
discussed in Section III will be reconstructed to analyze their
characteristics in the frequency domain.

Fig. 18 shows the relationship between the S-parameters
of the two spatial ASSs proposed in Section V and different
operating frequencies. Bandwidths of the passband in the
frequency domain are wider when the incidence angle is within
the range of 70 to 80 degrees. However, these results are not
accidental but can be obtained by equivalent circuit modeling
and numerical analysis in the frequency domain.

As shown in Eq. (15), where the operating frequency is
not fixed at 10 GHz manually. Once the incidence angle θ,
rather than the operating frequency f , is fixed, the equivalent
circuit in the frequency domain can be obtained: for the TE
incidence wave, the equivalent circuit of the substrate has a
series inductor and two parallel capacitors. The same method
also applies to TM incidence wave and Eqs. (16), (22) and
(24). The equivalent circuits of these basic ASS cells in the
frequency domain are summarized in Fig. 19. S-parameters of
their combinations can be determined based on circuit analyses
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(a)

(b)

Fig. 18: The response of the two spatial ASSs versus different
operating frequencies and different incidence angles. (a) The
simulated results of the third-order spatial ASS in Table. II. (b)
The simulated results and the measured results of the second-
order ASS in Table. III.

Fig. 19: Summarized equivalent circuits in the frequency
domain of the basic ASS cells under different polarization.

and related calculations.
Actually, for a real FSS or ASS, all its response is related

to the incidence angle and the operating frequency. To better
understand this phenomenon, Fig. 20 shows the transmis-

Fig. 20: The transmission coefficient of the proposed second-
order ASS versus incidence angle and frequency.

sion coefficient of the proposed second-order ASS versus
incidence angle and operating frequency. Specifically, the X-
axis represents the incidence angle, the Y-axis represents the
operating frequency, and the corresponding color represents
the transmission coefficient amplitude. This figure can also
be expressed by an analytical formula that contains both
the incidence angle and the frequency. It should be realized
that such a general analytical formula can be used not only
to design the ASS in both the frequency domain and the
angular domain, but also to design the transmit-array or the
reflect-array once the amplitude and phase of the transmission
function are taken into consideration.

VII. CONCLUSION

In summary, we have proposed a new efficient synthesis
method of frequency selective surfaces in the angular domain
based on the accurate equivalent circuit model. The angular
dispersion of different components under oblique incidence is
simulated by virtual lumped elements in the angular domain.
In the whole process of analysis and design, the theoretical
calculation is in good agreement with the simulation results.
A third-order FSS with bandpass response and a second-order
one with a tunable bandwidth are given as design examples.
The implemented second-order ASS shows the [0.33, 0.52]
tunable bandwidth in the angular domain. The transmission
loss is better than 1.2 dB when the incidence angle is 65 to
77 degrees. The simulated results and calculated results are
in good agreement with the measured results. The proposed
spatial ASS can serve as a potential device in secure communi-
cations, radome design, energy harvesting, spatial multiplexing
and anti-interference under a specific incidence angle.

Our work is the first step in the study of ASS equivalent
circuits. Future work will analyze more complex structures
to reduce the spatial ASS profile. Also, by synthesizing the
amplitude and phase shift for different incidence angles, a
spatial transmit array with high aperture efficiency and low
side-lobe level will be designed.
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