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ARTICLE INFO ABSTRACT
Keywords: We analyse how the spectrum of the anisotropic Maxwell system with bounded conductivity
Maxwell equations o on a Lipschitz domain Q is approximated by domain truncation. First we prove a new non-
eigenvalue bounds convex enclosure for the spectrum of the Maxwell system, with weak assumptions on the
resolvent estimate geometry of Q and none on the behaviour of the coefficients at infinity. We also establish a
essential spectrum simple criterion for non-accumulation of eigenvalues at iR as well as resolvent estimates. For
domain truncation asymptotically constant coefficients, we describe the essential spectrum and show that spectral
spectral approximation pollution may occur only in the essential numerical range W,(L,) CR of the quadratic pencil
L (0) = /4;' curl? —we,,, acting on divergence-free vector fields. Further, every isolated
MSC: 35Q61 35P05 spectral point of the Maxwell system lying outside W,(L,) and outside the part of the essential
35P15 47A10 47A58 spectrum on iR is approximated by spectral points of the Maxwell system on the truncated

domains. Our analysis is based on two new abstract results on the (limiting) essential spectrum
of polynomial pencils and triangular block operator matrices, which are of general interest. We
believe our strategy of proof could be used to establish domain truncation spectral exactness for
more general classes of non-self-adjoint differential operators and systems with non-constant
coefficients.

RESUME

Nous analysons I’approximation du spectre du systéme de Maxwell anisotrope a conductivité
bornée o sur un domaine lipschitzien Q, par troncature de domaine. Nous démontrons d’abord
une nouvelle envelope non convexe pour le spectre du systéeme de Maxwell, avec des hypothéses
faibles sur la géométrie de Q et sans hypothéses sur le comportement des coefficients a I’infini.
Nous établissons également un critére simple de non-accumulation des valeurs propres vers I’ axe
iR ainsi que des estimés du résolvant. Pour des coefficients asymptotiquement constants, nous
décrivons le spectre essentiel et montrons que la pollution spectrale ne peut se produire que dans
I’image numérique essentielle W,(L ) CR du faisceau quadratique L (w)= M;l curl? —wzeoo,
agissant sur des champs vectoriels sans divergence. De plus, chaque point spectral isolé du
systeme de Maxwell situé a [’extérieur de W,(Ly,) et a l’extérieur de la partie du spectre
essentiel sur iR est approximé par des points spectraux du systéme de Maxwell sur les domaines
tronqués. Notre analyse est basée sur deux nouveaux résultats abstraits sur le spectre essentiel
(limitant) des faisceaux polynomiaux et des matrices triangulaires par blocs d’opérateurs, qui
sont d’intérét général. Nous croyons que notre stratégie de démonstration pourrait étre utilisée
pour établir I’exactitude spectrale de la troncature de domaine pour des classes plus générales
d’opérateurs différentiels non auto-adjoints et de systémes a coefficients non constants.

1. Introduction

Given a possibly unbounded domain Q C R3 with Lipschitz boundary, and an increasing sequence of bounded
Lipschitz domains €2, C 2 exhausting €, we are interested in the spectral properties of the anisotropic Maxwell system

—icE +icurl H = weE

—icurl E = ouH inQ, vxE=0 onoQ, (1.1)

and in its spectral approximation via the sequence of problems

—icE,+icurl H, = weE, T

—icurl E, = wuH, .. VXE,=0onoQ, neN. (1.2)

S. Bogli, F. Ferraresso, M. Marletta, C. Tretter: Preprint submitted to Elsevier Page 1 of 36



Spectral analysis and domain truncation for Maxwell's equations

Here w is the spectral parameter, € the electric permittivity, ¢ the magnetic permeability and o the conductivity; v is the
outward unit normal vector to the boundary. We allow the coefficients €, yu, ¢ to be non-constant and symmetric real-
tensor-valued, bounded on Q with non-negative matrix values; for some results, e.g. involving the essential spectrum,
we assume € =€ id, y =y, id and o =0 at infinity.

We denote by V(-) and V,(-) the operator pencils associated with problem (1.1) and (1.2) in L?(Q, C*)&® L*(Q, C?)
and LZ(Q,,, cHe LZ(Q,,, C3), respectively, given by the same matrix differential expression

—ic icurl e 0
V(w) = <—i curl 0 > - <0 /4> , w€eC, (1.3)

on their respective domains which are independent of w, see (2.4) below. Here curly indicates that curl is considered
with the boundary condition in (1.1).

An important feature of our Maxwell systems is that the conductivity ¢ is assumed to be non-trivial, making
the problem dissipative rather than self-adjoint, see e.g. [1, 2, 3, 4]. Furthermore, we avoid any hypotheses on the
permeability, permittivity and conductivity, or upon the geometry, which would allow the use of TE- and TM-
mode reductions to second order operators of Schrodinger or conductivity type. This lack of simplifying hypotheses
introduces significant additional hurdles in the analysis compared to the self-adjoint case, some of which were already
apparent in the paper [4] on the essential spectrum (see also [5] for bounded domains). The non-convexity of the
essential spectrum, consisting of a part which is purely real and a part which is purely imaginary, might be expected
to lead to much more spectral pollution.

In the self-adjoint case, this phenomenon is well known when variational approximation methods are used, see
e.g. [6]: following discretisation, the spectral gaps may fill up with eigenvalues of the discretised problem which are
so closely spaced that it may be impossible to distinguish the spectral bands from the spectral gaps. For finite element
approximations to Maxwell systems on bounded domains, this may be avoided by the use of appropriate conforming
elements, see [7]. The study of which finite element bases pollute for a given class of problems has been taken up by
many authors: see, e.g. [8] for self-adjoint Maxwell systems on bounded, convex domains; [9] for an application to
Maxwell resonances; and [10] for self-adjoint Dirac and Schrodinger equations. Unfortunately, in our non-self-adjoint
context, elegant techniques such as quadratic relative spectrum [11] or residual-minimisation algorithms [12, 13] are not
available. For Maxwell systems on infinite domains with coefficients which are constant outside a compact set, one may
also use domain decomposition and boundary integral techniques. These approaches are extensively researched, see
e.g. [14, 15, 16]; they result in bounded-domain problems with non-local boundary conditions depending analytically
upon the spectral parameter, presenting a whole new set of challenges, particularly in the non-selfadjoint case.

For particular differential operators on infinite domains or with singularities, spectral pollution caused by domain
truncation is also well studied. To avoid it one may, for instance, devise non-reflecting boundary conditions [17, 18],
or resort to the complex scaling method [19], which reappeared as the perfectly matched layer (PML) method in the
computational literature [20]. In fact this technique replaces a self-adjoint problem by a non-self-adjoint one.

In our opinion the clearest way to think about these methods, and about dissipative barrier methods more generally,
is that they replace the underlying operator by one whose essential numerical range [21] does not contain the
eigenvalues of interest. The results in [21] then give a unified explanation of why such methods work, within a wide
operator-theoretic framework which also allows a uniform treatment of many of the finite element approximation
schemes.

The Maxwell system, however, presents some additional challenges: for a start, (1.3) defines a pencil of operators,
for which fewer results on spectral pollution are available. We generalise the concept of limiting essential spectrum,
presented in [22], to sequences of pencils of closed operators 7, : C— C(H) with domains dom(7,(1)) independent
of A for each n € N, by means of the formula

0. ((T),en) :={A€C : FICN, I infinite, Ix, edom(T}), Ix,|l=1, n€ I, with x, = 0, ||T,,(D)x,|| = 0}.

This generalisation is important because the best results on spectral pollution come not from considering the linear
Maxwell pencil (1.3), but rather by eliminating the magnetic field H to obtain a quadratic pencil L(-) whose numerical
range is not convex. Another key ingredient is the operator matrix structure of the pencil L(-) induced by the Helmholtz
decomposition.

Our main result, see Theorem 2.4, establishes a surprisingly small enclosure for the set of spectral pollution of the
domain truncation method for (1.1), which is much smaller than the one given by the essential numerical range W,(V),
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a convex set enclosing the essential spectrum, see [21, 23]. In fact, Theorem 2.4 goes beyond what can be achieved
using essential numerical ranges, whether for pencils or operators: it relies on new results which we develop in Sections
6 and 8 on limiting essential spectra of sequences of polynomial operator pencils and operator matrices. To the best of
our knowledge, the domain truncation results we present here for the Maxwell system in unbounded domains are new
even in the self-adjoint setting.

Much of the proof of Theorem 2.4 relies on new, non-convex enclosures for the spectra of Maxwell problems,
which we present in Theorem 2.1. These are valid for the original problem (1.1) on €, for all the truncated problems
(1.2) on Q, and, if they exist, for corresponding ‘limiting problems at co’. In particular, they provide what are, to our
knowledge, the first enclosures for the essential spectrum if the coefficients do not have limits at co, and novel bounds
for the non-real eigenvalues. The non-convexity of our enclosures allows them to be much tighter than bounds obtained
from the numerical range, which is a horizontal strip below the real axis. In fact, apart from the imaginary axis, the
new spectral enclosures are contained in a strip whose width is half that of the numerical range. They also provide an
incredibly simple criterion for non-accumulation of the spectrum at iR, including non-accumulation at 0.

The paper is organised as follows. In Section 2 we present our main results, illustrate our new spectral enclosure
and give some examples showing e.g that the latter is sharp. Section 3 contains the proof of the spectral enclosure
theorem and some auxiliary results such as resolvent estimates. In Section 4 we study the relations between the spectra
and essential spectra of the Maxwell pencil V() and the quadratic operator pencil L£(-). This enables us to explicitly
characterise the essential spectrum of the Maxwell pencil in terms of the asymptotic limits of the coefficients €, u and
o in Section 5. In Section 6 we prove abstract results on spectral pollution, limiting approximate point spectrum and
limiting essential spectrum for polynomial operator pencils. In Section 7 we investigate the limiting essential spectrum
of the Maxwell pencil V' (-) via the associated quadratic operator pencil £(-). As a consequence, we prove absence of
spectral pollution for domain truncation outside the union of two sets on the real and the imaginary axis, the essential
numerical range of the self-adjoint limiting quadratic operator pencil L (:) on the real axis and the convex hull of the
essential spectrum on the imaginary axis. Section 8 and the Appendix contain the abstract results on essential spectra
for upper triangular operator matrices and computational details for the example in Section 2, respectively.

2. Main results and examples

As explained in the introduction, we are interested in domain truncation methods for the anisotropic Maxwell
system (1.1). We assume that the coefficients €, y and o are non-negative symmetric matrix valued functions in

L®(Q, R¥3) such that, for some constants €, €max»> Hmin» Mmaxs Omin> O

min> min> “max>
0< Emin S €N X Eqags 3
0 < Mmin S 0-HN < Paxs NERT, [p[=1. 2.1
0< Omin <non < Omax>

The magnetic field H and electric field E lie respectively in the function spaces
H(curl,Q) 1= {u e L*(Q)? : curlu € L*(Q)*},

Hy(curl, Q) := {u € H(curl,Q) : vXu|zq =0},

with the canonical norm ||ul| g cyr1) = (lull®+ ||curl u])?)!/2 Unless stated otherwise, our function spaces consist of
complex-valued functions and so we write, for example, L2(Q) = L%(Q, C) for short.

We associate two operators with the symmetric differential expression curl in L>(Q)3, first, the operator curl on its
maximal domain dom curl = H (curl, Q) and, secondly, the adjoint curl,=curl®* of the operator curl, given by curl on
the domain dom curly= H(curl, ).

We now recall the definitions of other function spaces used in the sequel. The homogeneous Sobolev spaces H é Q)

and H'(Q) are defined as the completions of the Schwartz spaces D(£2) and D(ﬁ), respectively, with respect to the
seminorm ||ul| 1) := | Vull 12(q)- These spaces are in general strictly bigger than the usual Sobolev spaces Hé Q)

and H'(Q) if Q does not have finite measure or if |Q| < co but fails to have quasi-resolved boundary in the sense of
[24, Sect. 4.3, p. 148-150] (note that Lipschitz domains have quasi-resolved boundary).
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The spaces VH é (Q) and VH(Q) are the images of H é (Q) and HY(Q), respectively, under the gradient. Further,
we define

H(div,Q) := {ue L*(Q)® : divu € L} (Q)}, (2.2)
Hdiv0,Q) :={ue L*(Q)’ : divu =0in Q}. (2.3)

Here we equip H (div, Q) with the canonical norm ||ull gy = (lull* + [Idivu||*)!/?>and H(div0, &) is considered
as a closed subspace of L2(Q)* with the L2-norm which coincides with ||-| Hdiv.e) on H(div 0, Q). Finally, the space
H (curl, Q) n H(div, Q) is equipped with the norm ||ull g cur1.0)nH(div.e) *= 14l meurre) + 14l Bdiv.o)-

We are now able to state our first new result, which yields non-convex spectral enclosures for dissipative Maxwell
systems. This enclosure yields the first bounds for both the essential spectrum and the non-real eigenvalues.

Theorem 2.1. The Maxwell operator pencil in L*(Q)> @ L*(Q)3 given by

Viw):= (_i_ciu"r I icg”) - w<g 2) dom(V (w)) : = Hy(curl, Q) @ H (curl, Q), (2.4)

for w € C satisfies the spectral enclosure

. Omax . O’
a(V)Cl[— ,0] U {a)eC\llR :Imwe[——— _ 2 Zmin

min 2 €min 2 €max
O A
(Re )2 3(Im )2 +2 702 | [m ¢p| > —min__ }
min €max Mmax

where /lﬁin :=min o (curlcurly | ggivo.q)) = 0. In particular, if ingm >0, then

s(V)n <(_<8’1i>1/2,0) U (o, <€i)1/2)> — g 2.5)

max /’lmax max /’lmax

and zfﬂﬁm > = (y”‘“xi'“ﬂ then c(V) N 1|RC1[ Omax 0] is isolated from o(V') \ iR.

Remark 2.2. The enclosure in Theorem 2.1 becomes larger when the domain  does, provided we choose the optimal

values €., y® | o2 and % 62 for Q as the bounds in (2.1). In this case, £ , ,umm anzm and Aﬁm

min’ “'min’ ~ min max’ Mmax’ max min
are decreasing with Q, while % o are increasing. The threshold Aﬁm may be strictly positive, e.g. for a

max’ 'umax’ max
problem on a waveguide such as in Example 2.6 below, or on certain quasi-cylindrical domains (cf. [25, Sect. X.6]),

while 42 = 0 in any domain for which a Poincaré inequality does not hold.
min

The possible different shapes of the above non-convex spectral enclosure are illustrated in Figure 1 below, see
Remark 3.1 for details. While in all cases accumulation of spectrum at iR is excluded at the complex interval
1 Umax 1 Umax 1 max
1 — , accumulation is also excluded successively i) near 0, ii) near —15 . and iii) everywhere at iR
at the followmg thresholds for /19 m

2 2
Q Q 1 O-maxsmaXMm'dX Q 1 Gmaxemaxﬂmax
i) A i) A —_— iii) A _—
mm mm 4 2 mm 3 2

min min

(2.6)

The proof of Theorem 2.1 is given in Section 3.
For non-self-adjoint problems, it is crucial not only to establish spectral enclosures, but also resolvent estimates. The
following resolvent bounds which we prove in Section 3 also apply in the cut strip {z€ C\iR : — 2 <Im z < — 1 e }

min Emin

inside of the closure of the numerical range of the Maxwell pencil.

Theorem 2.3. Forw € {z€C\iR : Imz < — i:‘““x }, we have

min

l Omax \2
1 1 2 €min

i 1o I+ 2
Min{ € pin, Hmin } | Im | — E% (Rew)

min

V()<
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Im
. Lot
.. L.
_ |
2 €min
—‘— ~~~
- ~
o" “h
- ~
. Se
- ~
- ~
- ~
- ~
- ~
- ~
. <~
- ~
. ~
. ~
P S
- O'max ~
€min

T max

€min

Re

T max

€min

Figure 1: Spectral enclosure in Theorem 2.1 (yellow) in cases i) (top), ii) (middle), iii) (bottom) of (2.6) for ¢,;,=0; the
Q

dashed lines are the boundary curves (Rew)2—3(1mw)2+2:'“—f‘“| Imo|= i

€max #max

and hence, forw € {z€C : Imz < — Zmax X
E

1 1 Ge=)? 1
. 2 £yin
IV (@)™ <— min 7 o | O
min{ &y Kmin | | Imw|_§ﬂ (Rew) | Imw|— "
Emin min
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Note that the second resolvent bound in Theorem 2.3 follows since in the half-plane {z€C : Imz < — Tmax } also

min

the classical resolvent bound in terms of the numerical range of V'(-) applies.

L 1 1 1 1 IR 1 1 1 1

Re

Figure 2: Level curves of the resolvent norm bound in Theorem 2.3 for the case €, = ppi, = 1, 0,0 =2, also for regions
inside the numerical range W (V) ={z€C : Imz€[-2,0]} of the Maxwell pencil.

The next group of new results concerns approximations of the Maxwell pencil. Since Q is a Lipschitz domain,
we may assume that there exists a strictly increasing sequence' of bounded Lipschitz domains (,),cy such that

Upen 2, = Q.

It is clear that if Q = R?, or Q has smooth boundary, we may choose ©,, to be smooth domains for every n € N.
We note that sequences of domains (£2,),,cn as described above can always be constructed by setting 2, = QN B(0, n),
n e N.

Define V, (-) to be the Maxwell pencil in LZ(Q,,)3 ® L2(£2,,)3 with domain

dom(V,(w)) = Hy(curl,Q,) & H(cur,LQ,), € C, neN,
and the set of spectral pollution for the domain truncation method (V),),,cn as
Opoll((Vpen) :={w €Ctw€o(V), 3w, €c(V,) : w, > o} 2.7

For approximations of an abstract linear pencil A — AB, A € C, spectral pollution for the domain truncation method
was localised inside its essential numerical range in [23, Thm. 3.5]. For the Maxwell pencil V'(-), it is not difficult to
show that the essential numerical range W, (V) is contained in the closed horizontal strip {z€C : —% <Imz<0}.

Our second main result improves this enclosure substantially if we assume that the coefficients &, u, o have limits
at oo. It shows that, in fact, spectral pollution is confined to the real axis, with possible gaps on either side of 0.

Theorem 2.4. Suppose that Q is an unbounded domain and that e—¢€ , 1d, uy—u, id and o vanish at infinity for some
Eor Heo > 0, e

lim {l sup max (|le(x) — e id ||, [|(x) — pog id I, ||o-(x)||)} =0. (2.8)

R—c0 |x[I>R
Let L, be the operator pencil in the subspace H(div 0, Q) of L*(Q)* defined by

L (w) :=curl /4;)1 curly —wzeoo,
dom(L(w)) :={E € Hy(curl, QnH(div0,Q) : curl E € H(curl, Q)},

and let W(-) be the operator pencil in L*(Q)? defined by W(w) := —w(we + ic), @ € C. Then, with A% . :=

e,min
mino, (Curl Curlo |H(diV 0 Q)) > O,

A2 A2 n
) Wit = (o (o P [ )

I'We use N to denote the positive integers {1,2, ...} and No =NuU {0}.
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and for every isolated w € op(V) outside W, (L) U O'e(PVW(')|VH1(Q)), and hence outside W,(L) U i[ — :‘"“" R O],
0

min
there exists a sequence w, € o(V,), n € N, such that w,, - w as n — co.

The proof of Theorem 2.4 which relies on a combination of analytic and operator theoretic tools is given at the end
of Section 7.

Remark 2.5. The enclosure for spectral pollution in Theorem 2.4 is a subset of the spectral enclosure in Theorem 2.1

on the real axis, see (2.5), since 45, . > Ao > 0 and €, < €mays Moo < Hax-

Note that, depending on €, it may happen that ﬂﬁin >0 or i?min > /lﬁin >0; in the former case, both enclosures for the
spectrum and spectral pollution have a gap on either side of 0, in the latter case, the enclosure for spectral pollution
has a gap on either side of 0 and thus eigenvalues in these gaps are safe from spectral pollution.

As far as we know, Theorem 2.4 is new even in the self-adjoint case, see also Theorem 7.7. In the general case, it
yields spectral exactness for every non-real, isolated eigenvalue of the Maxwell system and, if ﬁ?min > 0, also for the
real eigenvalues in the gaps of the essential spectrum to either side of 0. ’

The following examples illustrate our results on spectral enclosure, the essential spectrum and spectral pollution.
The first example also provides an idea of the complex spectral structure that may arise even for rather simple Maxwell
systems (1.1).

Example 2.6. We consider the semi-infinite cylinder Q = (0, o0) X (0, L,) X (0, L3) and suppose that ¢ = u = id
everywhere, and 0 = id if x; € (0,1), else 0 = 0, i.e. 0 = ygx id with K := (0,1) X (0, L,) X (0, L3), so that the
Maxwell pencil V' (-) is non-self-adjoint with piecewise constant coefficients.

In the Appendix we show how Fourier expansion for E together with [4, Thm. 6], or Theorem 5.5 below, can be
used to deduce that the essential spectrum of V' in the infinite half-cylinder Q coincides with the essential spectrum
for the infinite cylinder R X (0, L,) X (0, L3) and hence satisfies

06,(V)=(-oc0,—n/L]U[xn/L,+0)U (-i{0,1/2,1}), L =max{L,,L3}. 2.9

Now we truncate the domain to Q, := (0, X,,) X (0, L,) X (0, L3), with X,, > 1 and let V,(-) be the corresponding
Maxwell pencil in (1.2). It turns out that € C is an eigenvalue of V,(-) if and only if, for some n = (n,,n3) € Né
with [n| > 0,

ap (@) coth(ay () + () coth(f(w)( X, — 1)) =0, neN; (2.10)

the construction of the eigenfunctions is given in the appendix. Here

ay(w) 1= \/ﬂzni/Lg + ﬂzng/lé — (o + 1),

@.11)
Bu(@) = \[72n2/ L2 + 2202/ 12— o?,

where the branch of the square root is taken with non-negative real part. Note that there are no square root singularities
since z — zcoth(z) is a meromorphic function.

A little change in the Fourier ansatz allows us to also compute the eigenvalues of the problem in the whole domain
Q = (0,0) X (0, Ly) X (0, Ly); the eigenvalue equation for w € O'p(V) becomes

() coth(ay (@) + f(@) =0, 0= (ny,n3) € N2, |n| > 0, 2.12)

which is also obtained from (2.10) in the limit X, — oo.

The solutions to equations (2.12) and (2.10) can be plotted using a standard computational routine, see Figures 3
and 4. There are many isolated eigenvalues in the region R X —i[0, 1 /2] that seem to lie along determined curves,
see Figure 3. Let us give a brief idea of what these curves are. Provided that a,(®w) # 0 and w # 0, we rewrite the
eigenvalue equation (2.12) in the form

coth(ay (@) = -2 _ —\/ 1+ i

ap(@) 7r2n§/L§ + ﬂzng/Lg -w? —iw
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Figure 3: Spectrum of V in Q=(0, c0)%(0, 1)x(0,2). The essential spectrum is in red, the eigenvalues in blue. The yellow
region is the enclosure in Theorem 2.1 for the eigenvalues away from iR and R.
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Figure 4: Eigenvalues of V' in Qg = (0,50) X (0,1) X (0,2), e = p = id, o(x) = Xo.1y(X1)- The yellow area is the spectral
enclosure given by Theorem 2.1. The picture below is a zoom in the area [0, %7:] +1i[-0.1,0].

We follow an eigenvalue branch (wy, ), which we write as w, = p; +i(—1/2 + ;) with y;, € Rand 6, € [0,1/2]. We
show that, if |y, | — oo, then there exists a subsequence for which 6, — 0 as k — oo. Without loss of generality, let
Hy — oo. We assume that liminf,_, . 6, >0 and show that this leads to a contradiction. Clearly,

(o +1) = (@) +1/2% + 1/4 = pi + 1/4 = 57 + 21,6,

n;te that the corresponding n for which e, satisfies (2.12) may depend on k. If we set ¢, := #%n3 /L3 +x*n3/L3 > 0,
then

ay (o) = \/Ck — pp = 1/4+ 6] — 2u6,

1/2 -6, +iuy
o — 12— 1/4+ 8 —i2u 8,

coth(ay,(wy)) = —\/1 +

If ¢ — u7| > py, then coth(ay,(w;)) — —1 as k — oo and

\/ck—yi ifck—,ui—>oo,

Rea,(w,) ~ 5 .
n\*“k HiOk lfck—,ui—>—oo;

vV |Ck—ll,%|

note that coth(a,(w;)) — —1 requires Re a,(w,) — —oo, but in both cases we have Re a,(w,) > 0 asymptotically.
It remains to consider the case |c; — yi| = O(y;). By the assumption liminf,_, 6, # 0, there is a subsequence on

which ¢, — pi — 1/4 + 67 — 218, ~ Cpy with ImC # 0. Then coth(ay(wy)) — —4/1+i/C. But Reay(w;) ~
Re(\/E)‘ /1 — +oo implies that coth(a,(w;)) = +1. The obtained contradiction proves liminf,_, 6, = 0.
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For this example, we therefore see that the presence of the compactly supported conductivity generates infinitely
many eigenvalues, both in unbounded and bounded domains. These eigenvalues are approximated without spectral
pollution due to our result Theorem 2.4, since in this example W,(L,) and o,(Py W(-)|yg1 (Q)) are subsets of the

0

essential spectrum of V.
Moreover, one can verify that Agin =%/ L?. This and the fact that the eigenvalues approach the line Im e = —1/2
as |x| — oo show that our spectral enclosure in Theorem 2.1 is sharp.

Example 2.7. In the case of zero conductivity the Maxwell pencil is self-adjoint. Taking the same domain € as in
Example 2.6, but now with coefficients y=id, 6 =0 and € =(1 + 6) id with constant 6 > 0 if x; € (0, 1), else € = id,
ie. £ = (1 + 6 yg)id with K as in Example 2.6, we lose the imaginary part of the essential spectrum from Example
2.6, leaving just

0,(V)=(-0c0,—/LIU {0} U[n/L,+o0), L =max{L,, Ls}. (2.13)

By calculations similar to those which led to equation (2.12), the eigenvalues are the real zeros of the set of analytic
functions
@ = by (@) coth(d, (@) + fu(w), n=(ny,n3) € NOZ, [n] > 0, (2.14)

in which now @,(w) = \/nzng/Lg +7T2I1§/L§ — (14 8)w?. Taking L, = 1, Ly = 2 and § = 10, we have
0,(V) = (=o0,—x/2] U {0} U [7/2,+0c0). Elementary numerics show that the gap (—x/2,7/2) contains four
eigenvalues, given approximately by +1.4622 (both simple) and +1.5643 (both multiplicity 2). These eigenvalues
can be approximated without pollution using a domain truncation method: this follows immediately from Theorem
2.4, by verifying that Afmin = x%/4 and since o ,(PyW()ly 1 @) = {0} C o (V). It may also be seen from the fact
that, just as in Example 2.6, the functions (2.14), whose zeros are the eigenvalues, are the locally uniform limits as

n — oo of the functions
w + @, (w) coth(@,(®)) + fp(w) coth(f,(w)(X,, — 1)),

whose zeros are the eigenvalues for the truncated domains. Thus we have a total absence of spectral pollution in this
self-adjoint example despite the fact that, by [21, Thm. 3.8], it has W, (V) = R.

3. Proofs of the spectral enclosure result and resolvent estimate

In this section we prove the spectral enclosure in Theorem 2.1 and the resolvent estimate in Theorem 2.3. We also
show some auxiliary results that are used for the spectral pollution result.
Since € and u are bounded and uniformly positive, the linear Maxwell pencil V' (+) in (2.4) admits the factorisation

el?z 0 ez 0
V(w) = < 0 (A—-wl) 0 u2) 3.1
in which
1 1 1
A= —ie 20€ 2 —ie™2 curl =172
iy‘l/zcurloe_% 0 ’ (3.2

dom(A) := el/zHO(curl, Q) D yl/zH(curl, Q).

Proof of Theorem 2.1. Since the matrix multiplication operators € and y are bounded and uniformly positive, V (w) is
bijective if and only if so is .4 — @, and hence o(V') = o(A). Observe that

e 266712 g ie=1/2 cur] y=1/2 _i0 B
_ (e /“oe w e curl u . 10 o
A-o= <—i,u‘1/2 curly 1/? —-w > o < B* O) @ 33
note that (u~'/2 curly e=1/2)* = ¢=1/2 curl 4~'/? since u~'/? is bounded and !/ is bounded with range equal to the

whole space, see [26]. Since A is a bounded perturbation of the self-adjoint off-diagonal part of A, it is obvious that
both the upper and lower half-plane contain at least one point of the resolvent set of .4. Hence it suffices to prove the
claimed enclosures for the approximate point spectrum o,,,,(A).
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So let w€o,,,(A). Then there exists a sequence ((f},, 2,) )nen Cdom(B*) @ dom(B), || £,I* + llg,|I> = 1, with

(-iQ-w)f,+Bg,=:h,—-0, n- oo, 3.4
B*f,—wg,=:k,—>0, n- co. (3.5)

If =0, there is nothing to show. Hence we can suppose that w#0. In this case f,, #0 for sufficiently large n €N since
otherwise (3.5) would imply the contradiction g, — 0, n — oo; hence, without loss of generality we can assume that
f.70,neN.

If we decompose g, = gl + g2 with g! € (ker B)!, g2 € ker B = (ran B*)*, then [|g I + lIg2]* = llg,/I* < 1,
n € N. Now we take the scalar products with grll and gz, respectively, in (3.5), to conclude that

(B*fr80) — gy, 83) = (ko)) = 0, n— oo, (3.6)
—w(gf,gf) = (kn,gi) -0, n- . 3.7

Taking the scalar product with f, in (3.4), we arrive at

(0 = @) f,. f) + (Bg, £y = (hy, ) = 0, n— oo. (3.8)

If we subtract the real part of (3.8) from the real part of (3.6), it follows that

—Rewl|g} > = Re((—iQ — ®) f,. f,) = Re ((k,. g1) = (hy, ) = 0, n > oo

Since Q = £~'/26¢~1/2 is a self-adjoint matrix multiplication operator, this implies

Rew ([l /1> = llgylI*) = 0. n— co. (3.9)
If we add the imaginary parts of (3.6) and (3.8), we obtain
—Imollg! I + Im((—iQ — @) f,. f,) =Im ((k,. &) + (h,. f,)) > 0, n— oo,

and hence
ma) (g1 + £, lI*) + (O f s fu) = 0, 1 — oco. (3.10)

Since || £, 1% + gk 1? + lg211* = [1f,lI* + 1, 11> = 1 and [|g2]|* — 0, n — o0, by (3.7), we have || f,|I* + [lg)]I* — 1,
n — oo; hence we can assume without loss of generality that || £,|1> + [|g!|> > ¢, > 0 with ¢; € (0, 1].

Since @ # 0, either (3.9) or (3.10) shows that f,, — 0, n — oo, implies the contradiction ||grll|| - 0,n - oo.
Hence, if @ # 0, we can assume without loss of generality that || f,|| > ¢, > 0 with ¢, € (0, 1]. Then (3.10) can be
equivalently written as

Il QS fu)

lgull> + LAl I1LFal12

N N ——
€[0,1] EW(Q)

- —Imw, n- co. 3.11)

Since Q is self-adjoint, its numerical range W(Q) := {(Qf,f) : f € L*Q), | fll = 1)} satisfies W(Q) =
conv (Q)C [0, %] and thus (3.11) implies
O-Il’laX , O] ,

min

Ima € —conv (W (Q) U {0}) = [—

which proves the claimed estimate on the imaginary axis.
Now suppose that w € C \ iR, i.e. Rew # 0. Then (3.9) implies that

£ 17 = 1Igi > =0, n— . (3.12)
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Noting that ([|£,II> + lg}11?) = 2l /1% = g} 1> = I £,II> = 0, n —> oo (due to (3.12)) and using this in (3.10), we
obtain that

2Imoll £,II> +(Qf,. £,) > 0. n— oo, (3.13)
and hence
1 QS f)
———2—>Imw, n— co.
2 50
——
EW(Q)
This proves that
weC\IR — Imwe—2W(Q)cC [—1@,—1@]. (3.14)
2 2 Emin 2'Smax

In order to prove the second inequality for @ € C \ iR, we use the reduced minimum modulus of a closed linear

operator T, defined by
ITx]|

T) := S L
r@ = A St ker T)

see e.g. [27, Thm. IV.5.2, p. 231]. Note that y(T') > 0 if and only if ran T is closed; in this case y(T) = ||T*||~! where
T is the Moore-Penrose inverse of T, y(T) = y(T*), see [28, Cor. IV.1.9], and, if T # 0,

y(T)? = min (a(T*T) \ {0}) = min 6(T*T | gomer+yniker T71)s (3.15)

cf. [29] for the bounded case. In the unbounded case, T*T is self-adjoint and its dense domain dom(7*T') is a core for
T, see [27, Thm. V.3.24]. Hence

Tx|? . Tx|)?

N N

x€dom Tn(ker T)+ ||x||2 xedom T*Tnker )L || x|
(T"Tx,x) _

in = mino(T"T| 1).
x€dom T*Tn(ker T)+ ||x | | 2 dom(T*T)n(ker T)

For B=ie~ /2 curl u=1/2, we have dom B= p'/2 H(curl, Q), ker B= '/ ker curl and thus

(B) , lle=1/2 curl u=1/2x|| , lle=1/2 curl u|
= 1n = mn
4 xeul/2H(curl,Q) dist(x, u!/2 ker curl) ueH(curl,Q) dist(u!/2u, u'/2 ker curl)
1 . || curlu||
T /% veH curlQ) dist(u!/2u, ul/? ker curl)
1 . [| curlul|
—— ] —
T gmalx/2 Mmalxﬂ ueH (curl,Q) dist(u, ker curl)

1 1
= —— y(curl) = ————— y(curly).
Emad 2 Hma > Emad > Hmal >

Here, we have used y(T") = y(T™) to replace curl by curl, at the last step. Also, in the second estimate, we have used
the equality

dist (ﬂl/zu, /41/2 ker curl ) = inf
yeker curl

M1/2u - /41/2y|| < umalx/zdist(u, ker curl).

If /lgm = 0, then rancurlj is not closed and hence y(curly) = 0. If Agm > 0, then rancurl is closed and thus
(ker curlO)J- =rancurl C H(div0, Q). Hence, by (3.15), in both cases, it follows that
1 1/2
y(B)> — ol
£

/2 1/2 “min *
max max

(3.16)
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Now we can estimate
yBY 1L IP=r (BN, 1P =r(BY (llgy 11 = 11.£4l1%) <l Bg, I = v (B)* (llg, I1* =111, lI*)

and further, since gﬁ € ker Band || f,|| > ¢, because @ # 0,

Bo —(—i0— 2 —i0)— 2 m2_ 2
g Lt YA i) A P L B 1 .,
£l £l £l
For the middle term on the right-hand side we have
—i0 — 2 2
IO = Oalle _ NOIE 4 g 1y o LI Tl 2 (3.18)
£l Ifull Ifall
Using that Q is self-adjoint, we can estimate
2
||an|2| _ (an,szn) SIIQII<Qf"’£">, i~ (3.19)
I/l £l £l
Altogether, by (3.17), (3.18), (3.19) and since Imw < 0 by (3.14), we arrive at
(Qf s fn) | Bg, ~ (=0 - ) f,II* g, 11> =117
(B <(1011-2/ Im @] ) =20 o] > 4 — —— — y(B .
£l £l 1fxll
If we use (3.13) and that by (3.4)and (3.12), the last two terms tend to 0, together with ||Q|| = |le~}/26e~1/2|| < %,
we obtain "
(B)” < (lIQl - 2[Im@])2| Im o] +|o]* =2[Qll| Im@| - 3| Imo|* + [Reo|*.
Now the remaining claimed inequality follows from (3.16). O

The following remark details the three different possible shapes of the spectral enclosure near the imaginary axis
and the corresponding thresholds of /lﬁin.

Remark 3.1. Theorem 2.1 shows that o(}) \ iR cannot approach o(V) N iR C i[ — Zmx 0l in the lower half

i[ - %, —l%] and that there are three thresholds of /lgin for where o(}) \ iR may approach the upper half

1 o, .
— - (|, see Figure 1:
€min

1) if iﬁin >0, then o(V')\iR does not approach i[— % % 0] near 0;
5 min
i) if A2 > Tmamudme o o(V)\ iR does not approach i[ - %6‘"%,0] near —i Zma

min 2 £ .
46min min min

2
iii)if /Iflm > m, then o(V)\iR does not approach i [—% Z“’a" , O] at all.
Emin min

The following special case in Theorem 2.1 of constant matrix functions &, o, but still varying u, is useful e.g. for
‘limiting problems at oo’ if they exist.

Corollary 3.2. If the matrix functions €, o are constant multiples of the identity, e =€, id >0, 6 =0, id >0, then

Emin = €max = €00’ Omin —%max — %0 and thus
2 /lQ
[_0 . 10 10 .
c(V)Ci [—;.0,0] V) {(oEC\lR tImw = -2, (Rea))2+—%°2 min };
€ 2 e, 4500 € oo Minax

in particular, (V) NiR Ci [— ;L"’, O] is isolated from (V') \ iR if/lg. > - Zeolmax

1
min” 4 ¢
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Next we prove Theorem 2.3 providing a resolvent norm estimate of V'(-).

Proof of Theorem 2.3. Let w € C\iR, Imw < —%G‘ﬂ orw € iR, Imw < =2 Then w € o(V) = o(A) by Theorem

min Emin

2.1 and ||V (@)™ < — 1 (A=)~ || due to the factorisation (3.1) where A is the operator matrix in (3.3). In
Himin }

min{&q;n,
order to estimate the resolvent of .4, we continue to use the notation Q=¢~1/26¢=1/2, B=¢=1/2 curl 4~!/2 introduced
in (3.3).
Since A is a self-adjoint operator perturbed by the bounded operator diag(—iQ,0) and W (Q) C [0, g,,.x] With
:=2mx 3 numerical range argument for A yields the resolvent estimate ||(A—w)~!|| < ! forallw € C,

max Emin [ Im @] =gy,
Imw < —qp,-

Now let w=x+iy with x>0, y< —q‘“T“X; the proof is analogous if x <0. Let ¢ € (0, %) be the argument of x + iq"‘%.
Let B = diag(e™'?,e'?) in L2(Q)3 @ L*(Q)*, and let S :={z € C : arg(z — y) € (=7 + @, —@)} be the open sector
with vertex y :=x — i¢p,y /2 and semi-angle 7 —¢. Note that @ € S.

We claim that S n W (BA, B) =0, where W(BA,B) :={ze€C : 0€ W(BA-zB)}. Then [23, Thm. 4.1 ii)]
implies S C o(A) with

I(A-27"] < ! zes.

cos(g) dist(z,d.S)’

Im

9max

_ dmax

b

Figure 5: The geometry in the proof of Theorem 2.3: The blue line measures the distance of w =x+iy to 4S; since the
lines meet at a right angle, the angle between the blue and the vertical dashed lines is also ¢.

By means of Figure 5, one can check that for z = w we have dist(z,dS) = (|y| — q“%)cos((p) and cos?(p) =
x2 /(x> + (q"‘%)z), which implies

( Qnéax )2

o)

To prove that S N W(B.A, B) = @, assume that there exists z € S N W(B.A, B). This implies that there is a
normalised sequence ((f,, g,) )eny C dom(A) with <B(A = 2) (s &) (s gn)’> — 0 as n — oo; in particular, the
sequence also converges to O if we take imaginary parts. Let?, := || f, |* € [0, 1]. Then one can write (Q Fur fn) = ayut,
for some a,, € W(Q) C [0, g, ]. We obtain

lA-o s ——(1+

|_qu
2

Im (tne_i"’(ian +z)+ (- tn)eiq’z) -0, n- 0.

Note that we take convex linear combinations of points in e~ (z+i[0, dmax)) and {ei(/’z }. Using that z€ .S, one can see
that both of these compact sets are in the open lower complex half-plane, so no sequence of convex linear combinations
of points therein can converge to the real line. This contradiction proves S N W (BA, B)=0. O
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4. Spectral relations between V' and L

In this section we establish the intimate relations between the spectra of the linear Maxwell pencil V'(+) in the
product space L*(Q,C?) @ L*(Q,C?) and of a quadratic operator pencil £ in the first component L*(€, C3). They
will be used later for our description of the essential spectrum and for our results on spectral pollution for the original
Maxwell problem.

The quadratic operator pencil £ in L?(Q)3 appears naturally in the matrix representation of the resolvent of ¥ (-),
see Theorem 4.5, and is defined by

L(w) = curl y!

dom(L(w)) :={E € Hy(curl,Q) : ulcurl E € H(curl, Q)}.

curly — w(we + io), @1

For studying the relations between the Maxwell pencil V' (-) and £ we require some technical lemmas.

Lemma 4.1. In L*(Q)? define the operators Ty := u~'/*curly, dom Ty = Hy(curl, Q), and W(w) := —w(we + ic),
w € C. Then C*(Q)? is a core of (T; Ty + n'/2 dom((T,; Ty + D'/?)= Hy(curl, Q), and, for all o€ C,

L(w) = (T;To+ D' (I+TFTy+ D™ 2 (W)= 1) (T3 Ty+ D7) (T3 T+ DV,
further, for all t > er_n:[{z, L(it) is boundedly invertible,

|(1+aymy + I)‘l/z(W(if)—f)(TJTo+I)_l/2>_l“ =1 4.2)

Icin~ < 1.

Proof. Since T(;k T, is self-adjoint and non-negative, the square-root (T(;‘ To+1)'/? > I is self-adjoint, uniformly positive
and boundedly invertible with
T Ty + D72 < 1 4.3)

and, e.g. by [30, Prop. 3.1.9], dom((T; Ty, +DH/%) = dom((TgTO)lﬂ) = dom(|Ty|) = dom Ty = Hy(curl, Q). By the

second representation theorem [27, Thm. VI.2.23], a subspace of L*(Q)? is a core of (T(;k To+1 )1/2 if and only if it is
a core of the associated quadratic form

tlu, v] = (Tou, Tyv) + (u,v), domt = domT, = Hy(curl, Q).

Since Cf°($2)3 is a core of Ty, the first claim follows. The second claim, i.e. the operator factorisation of L(w), is
obvious since W(w) is bounded.
For all w = it with ¢t > 5;1111{2, we have W(it) — I > 0 and hence

[+(TETy+ D™ 2 (WA -1 (T Ty+ D72 > 1, (4.4)
which implies the first estimate in (4.2); the latter and (4.3) yield the last estimate. O]

Lemma 4.2. Let w € o(L). Then curly L(w)™" is a bounded operator in L*>(Q)* and L(w)~" curl, curly L(w) ' curl are
closable operators with bounded closures in L2(Q)3

Proof. The operator curl,, L(w)~! is bounded in L%(Q)? since dom(L) C dom(curly) = Hy(curl, Q) and L(w) is a
closed operator. Since (L(w)~ ! cur))* = curly £L(w)™™ is bounded by the same argument, L(w)~! curl has a bounded
closure in L2(2)3. The boundedness of curl E(wo)" curl for wy = it with ¢ > er;:r{ 2 follows from Lemma 4.1 using

that curlO(Tg‘ Toy+1 )_1/ 2 and (T(;‘ Ty +1 )_1/ 2 curl are bounded. For a general w € o(L) the boundedness then follows
from
curly £(w)™! curl = curly L(wy) ™! curl + curly £(@) ™ (W(w) — W(wq))L(wp) ™" curl

since W(w) = —w(we + ic) is a bounded operator. O
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Remark 4.3. The claims in Lemma 4.2 continue to hold if we replace £(w)~! by (£(w)+K)~! for any bounded operator
K in L2(Q)?. In fact, if we choose 1> ¢_1/*(1+||K|)'/? in Lemma 4.1, then Re (W(in)+K—1) > r*e [ +Re K—1 >
(1+||IK DI —(I —Re K) > 0. Hence the numerical range of the modified operator on the left-hand side of (4.4) satisfies

dist (0, W (I+(T; T+ D)™ 2 (Wit + K -1 )(T3Ty+D7?)) > 1
which implies the first estimate in (4.2) with W(it) replaced by W(it) + K. Now the proof of Lemma 4.2 can be

completed if we note that W(w)+K is still bounded.

Remark 4.4. The resolvent estimate in Lemma 4.1 for the quadratic operator pencil £ can be made more precise and

extended to the whole region {ZEC cImzé¢ [ ,—%‘:‘“—_”,]} \i[O, —Z”“f“], e.g. on i(0, o0) by

lcian™! <

3 , t€(0,00). 4.5)
€min

Since we focus on the Maxwell pencil V() in this paper, we restrict ourselves to the properties in Lemmas 4.1 and 4.2
which we need in order to investigate absence of spectral pollution for V' (-).
Theorem 4.5. The Maxwell pencil V (-) in (2.4) and the quadratic pencil L in (4.1) satisfy

oM\ {0} =0o(L)\ {0}, o(V)\ {0} =0a(L)\ {0}, (4.6)
and the resolvent of V (-) is given by
V(w)_1=< oL@)! i£()Teurl! ) @
—ip~teurly L(w)™! o7 (—pu+p eurly L(w)! curly!)
for @€ o(V). Moreover,
o,M\ {0} = 0,()\ {0}, o.M\ {0} =0, (L)\ {0}, o,(V)=0,L)=0,

and 6, (V) = 6,4 (L) and 0 € o, (V) for k =1,2,3,4.

Proof. Suppose that ® € (L) \ {0}. Then, by Lemma 4.2, all entries in the operator matrix on the right-hand
side of (4.7) are bounded and it is easy to check that the latter is a two-sided inverse for V' (w). This proves
weo(V)\ {0}. Vice versa, let w € o(V) \ {0}. Then, for arbitrary f € L>(Q)3, there is a unique (u, v)’ € dom(V (w))
= Hy(curl, Q) @ H (curl, Q) such that V (w)(u, v)! =(f,0)" or, equivalently,
(—ic —we)u+icurlv = f,
—icurlyu — opv = 0.
1

Because 4 is strictly positive and @ # 0, we can solve the second equation for v to obtain v=—iw™ !y~
vE€ H (curl, Q), the latter yields u €dom L(w) and, inserted in the first equation,

curly u. Since

Leurly Ju = f.

o L(wu = ( —ic—we+w Lcurl y~
Since f € L?(Q)? and u was unique, it follows that @ € o(£) \ {0}.

If we set f =0 in the above reasoning, it follows that dim ker V' (w) < dimker L(w). Conversely, if u € ker L(w)
and we set v : = —iw ! curly u, then the above relations show that (u, v)' € ker V(w). Altogether this proves that
dimker V' (w) = dimker L(w) for @ # 0 and hence, in particular, the identity for the point spectra.

The claim on the residual spectra follows from [25, Lemma II1.5.4] since V(@) and L(w) are J-self-adjoint with
respect to complex conjugation J in L*(Q)* @ L*(Q)? and L*(Q)? respectively. Then o,(V)\{0} =(c(V )\o,(V \{0} =
(G(L\o,(LY\ {0} =0, (L)\ {0).

Due to [25, Thm. IX.1.6], the J-self-adjointness also implies that all ¢, (V), k = 1,2,3,4, and all 0,,(L),
k = 1,2,3,4, coincide. The last claim is proved if we show that ¢, (V) = aej(ﬁ) for any j, k € {1,2,3,4}. Here
we show that 0,,(V) D 6,,(L) and 6,4(V) C 6,4(L). First we consider w € C \ {0}.

To show 0,,(V) D 0,,(L), suppose that @ € o,,(L£) \ {0}. Then, by [25, Thm. IX.1.3] there exists a singular
sequence (#,),eny C dom L(w) of L(w) in 0, i.e. |[u,|| = 1,n € N, u, = 0 and L(w)u, — 0 for n - oo. If we set
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N curlyu,, n € N, then v, € H(curl, Q) and the sequence with elements w, :=(u,, v,)'/V/ |4, |I>+ v,

€ dom V (w) satisfies ||w,|| = 1,n € N,and V (0)w,, = (@~ L(w)u,, 0)'//||u,||>+||v,||> = 0forn — oo.In addition,
for any w, € o(L),

v, i=—iw

1

v, = —iw ' u~ ! curly L(wy) ™ L(wp)u,,

Leurly L(wg) ™" (L(@)u, + (@(@ + i6) — wy(we +io)u,) = 0;

= —iw 'y~
here we have used L(w)u, — 0, u, — 0 and that curly £L(w,)~! is bounded by Lemma 4.2. Now 1/||u,,||>+]v,]|* >
|lu, || =1 yields w, — 0. This proves weo,,(L) \ {0}.
To show 6,4(V) Co,4(L), assume that w & 0,4(L) \ {0}. Then, by [25, Thm. IX.1.4] there exists a compact operator
K in L?(Q)3 such that 0 € o(L(w) + K). If we set K :=diag(K, 0), then K is compact in L>(Q)3 @ L*(Q)> and, using
Remark 4.3, we conclude that the operator matrix obtained from the right-hand side of (4.7) by replacing L(w)~! by
(L(w) + K)~! is bounded and a two-sided inverse for V (w) + K and hence 0 € o(V (w) + K). Now [25, Thm. IX.1.4]
yields that 0 o,4(V (w)), as required.
Finally, it remains to consider @ = 0. It is not difficult to see that ¥ (0)(0, H)' = 0 for all H € ker curl and
hence {0} & VH&(Q) C ker VV(0). This proves 0 € o,,(V). Further, L(0) = curl ! curly is self-adjoint with
VH é (Q) cker curly=ker £(0) and hence also 0 € 0,,(L). L]

5. The essential spectrum of the Maxwell problem

In this section we determine the essential spectrum of V'(-) via the essential spectrum of the quadratic operator
pencil L. Here we assume that Q is an infinite domain and that ¢, g, € have limits 0, € id, y,id in the sense of (2.8)
at infinity, as in Theorem 2.4; note that €, ., > 0 by assumption (2.1).

To this end, we work in the Helmholtz decomposition L?(Q) =V H, (; () ® H(div0,Q), see e.g. [4, Lemma 11],
and denote by By iy the corresponding orthogonal projection from onto H (div 0, €2). We begin with a general result
which applies in a wider context.

Proposition 5.1. Let m : Q — C¥ be a tensor-valued function with

lim sup [[m(x)|| = 0. .1)

R=c0x|>R

Then mPygy giy) s compact from (H (curl, Q), ||| g(curr.)) 10 (L2(Q)3, ||- Il L2(02)3)-

Proof. For any 6 > 0 we can write m = m, + mz where mg is a bounded multiplication operator with ||mg|| < 6 and
m, has compact support in some domain Qg = QN B(0, R) for sufficiently large R > 0. We show that m P, giv)
is compact for every 6 > 0. Since [|m Perdiv) = Me Prer(div) | B cur. @), 12()3) < 0 vanishes as 6 — 0, we deduce that
M Pyer(divy 1S the norm limit of the compact operators m, P (4iy) and hence compact.

Let yi be a smooth cut-off function with yz =1 on supp(m,) C Qg and y =0 outside Q. Then there exists a
constant Cp > 0 such that, for all u € H (curl, Q),

lCrr Py ker(div)”) lo R ”H(curl,Q RNH(div,.QR) <Cg ”””H(curl,Q)’

where we use that div(yg Peeraivy) = VIR * Peraivy# and curl(yg Peerivy®) = VIR X Prerivi + X curlu since
curl Pyeeygivy = curlu. The compactness of m, Pey iy follows from the compactness of the composition

chker(div)u = mcl()(RPker(div)u) |QR;
here 1 is the compact embedding of Hy(curl, Q) N H(div, Qg) in LZ(QR)3, see [31]. O
Definition 5.2. We define quadratic pencils of closed operators acting in the Hilbert space H (div 0, Q) equipped with

the L2(Q)*-norm by

L, () :=curl y~! curly —¢  w?id,

eC,
dom(L (@) :={u € H(curl, QnH(div0,Q) : u~! curlue H(curl, Q))}, @
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and

L (w):=curl y;l curl —eooa)z id,

eC;
dom(L (w)) :={u € Hy(cur, QN H(div0,Q) : curlue H(curl, Q)}, @

note that L, can be regarded as a special case of L,,, namely when p= i, id.

Lemma 5.3. The following are true.
(1) The operator L M(a))_1 curl is closable with bounded closure from L*(Q)3 to H(div 0, Q).

(i1) For w =it with t > 8_.1/ 2, the operator curly, Lo(,(a))_l is bounded in H(div 0, Q), and also as an operator from

H(div0,Q) to H(curl, Q) with

1/2
- H
Il curly Lo (@)™ | scaraiv 0.0 Hreurt ) < =+l : (52
Eoo|o]?
Proof. The boundedness claims follow analogously as in Lemma 4.2, using thatu € H (div 0, Q) satisfies ||ul| g (qiv.) =
[lul|. It remains to prove (5.2). Noting that || Lo (@)™ || < 1/(e1?) < 1/(e4|@?|), we estimate, for u € L?(Q)?,
Il curly Lo (@)™ "ull* = poo { curl u curly Loy (@) u, Lo (@) "u)]
= luoo<(I — emtsz(w)_l)u, Loo(a))_lu>

_ 1 )
< u, L (w) W) < u
ot Ls(@) ) < o — 5l

and, since 0 < I — e 1’ L (0)~! <1,

|| curl curly L, ()" | 323, 12(0)3)= Hoo 5121p 3<(I —£o* Loy (@) D, u> <Hoy
ueL2(Q)
lluli=1

Together, this implies the claimed resolvent norm bound. O

Note that unless y is differentiable, the intersection between the (operator) domains of the pencils L w Lo could
be trivial. Nevertheless they have the same form domain, and the following result holds.

Proposition 5.4. If o, € and u satisfy the limiting assumption (2.8) and L,, L, are as in Definition 5.2, then
oe(L,)=0,4(Ly) CR fork =1,2,3,4,5, and hence

Gor(L,)\ {O}=<(— o-ek(curlcurlo)l/2>u (

[Selggee] [Selggee]

6 (curl curlo)l/2>) \ {0}.

Proof. Let w € C and set z := eooa)z. Then w € o,4(L,,) if and only if z € 6,,(C,,) and w € 6,4(L,,) if and only if
2 € 044 (Cy,) where C,, 1= curl u~ ! curly and C, :=curl /4;1 curl are self-adjoint in H(div 0, €2). Thus it suffices to
show that o,,(C M) = 0, (C,) for some k € {1,2,3,4,5}. Since the associated quadratic forms ¢ p and ¢, have the
same domain, dom ¢ u =dom ¢, = Hy(curl, Q), the second resolvent identity takes the form

(C,—2)' = (Cou—2)" = (curly(C,—2)") (uz!— u™") curly(Coy—2)~" (5.3)
for ze C \ R. In fact, for arbitrary u, v € L2(Q)3 and z € C \ R, we can write

(((C,=2) "= (Coo=2) N u,0)=((C,—2)'u, v} — (U, (Co,=2)" ')
={(C,—2)'u,(C,—2)N(Coo —2)'0) = ((C,—2)(C, —2)"'u, (C,,. —2) ' V)
=t — ) [(C,—2) 7w, (Cu—=2) "0

1

together with ¢, =(u~ curly -, curly -) and analogously for ¢, the identity (5.3) follows. The first factor on the right-

hand side of (5.3) is bounded since dom C,, Cdom curly,. By assumption (2.8), the tensor-valued function (/4‘1—/4;1) id
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satisfies condition (5.1) of Proposition 5.1 and thus the operator (y‘l — ,u;o] )id Py, g;y 1s compact from H (curl, Q) to

H(div0,Q)C L*(Q)*. By Lemma 5.3 (ii), curly(C,—z) ! =curly L, (w)~! is bounded from H (div 0, Q) to H (curl, Q).
Altogether, we see that

= pHeurly(Co—2)™" = (! =" id Py iy curly(Coo —2) ™"

is compact. Hence, by (5.3), the resolvent difference of C, and C, is compact and, by [25, Thm. IX.2.4], o-ek(Cﬂ) =
0, (Cy,) follows for all k = 1,2, 3,4, and for k = 5 since CM,COo are self-adjoint. O

Now we can characterise the essential spectrum of the Maxwell pencil V() and show that it lies on the real axis
and on some bounded purely imaginary interval below 0.

Theorem 5.5. Suppose that 6, € and p satisfy the limiting assumption (2.8). Let Py = id — Py, 4, be the orthogonal
projection from L*(Q)3 = vHé (Q) ® H(div0,Q) onto ng (Q) and recall that W(w) = —w(we + ic), o € C, in
L2(Q)3. Then

O (L) =04 (L) U Uek(PVW(‘NvH(}(Q))’ k=1,23,4,

with o, (L) CR given in Proposition 5.4 and o ,;,(Py W(: )IVH1(Q))C1[ Cmax O]

Proof. Let w€C. By Proposition 5.1, M () := (w(we + ic) — wzeoo)Pker(div) in L2(Q)3 is curl,-compact and hence
T,-compact with T, = u~!/% curl,. Since L(w) = T, Ty + W(w) where W(w) = —w(we + ic), bounded sequences
whose L(w) graph norms are bounded have bounded 7}, graph norms. Hence M (w) is L£L(w)-compact which yields
0,(L(w)) = 6,(L(w) + M(w)).

Since VH&(Q) C ker(curly) = kerT; and hence Ty Py = PVTO* =0, VH&(Q) is a reducing subspace for
T Ty Therefore the operator

T (@) :=L(w)+M(w)= T(;" Ty—w(we+i0)(Py + P giv) +(@0(we+io)— a)2eoo)Pker(div)
=T; Ty—(we+io) Py — %€ Peeraiv) (5.4)

which is a bounded perturbation of T*TO admits an operator matrix representation with respect to the decomposition
L*(Q)*=VH (Q) @ H(div 0, Q) given by

¢ PVT(“)NVI-‘[(; Q) PyT (@) maivo.o
W)=
PreeraivT (@)ly i@ Prer divT (@) gdivo.0)

Py (- a)(a)e+10))|VH Q) 0
Peeraiv(— a’(a’5+1‘7))|VH (@ PreraivTyTo— 0*€0)| Hdiv0.0)
PoW(w)| 0
v VAl @ (5.5
A kerdww(a’)|VH1(9) L, (o)

with domain dom(7 (w)) = VHO Q) & dom(LM(co)). Apart from L M(a)), the other two matrix entries in 7 (w)
are bounded and everywhere defined, and o,,(L ”(a))) = 0':2(L ”(w)). Thus Theorem 8.1 in Section 8 below and
Proposition 5.4 yield that

O (T(w)=0,(L,(0) U O'ez(PvW((UNvH& @) =0e(Lo(@) U O'ez(PvW((UNVg& @)
and hence, since w € C was arbitrary,

Op(L) =00 (L+M)=0,(T)=0,(L)VU aez(PVW(-)lvHé(Q)).

Finally, the inclusion o, (Py W(- )|VH1(Q)) C 1[— Zmax (] follows since the spectrum of PyW(- )|VH1(Q) is contained

in the closure of its numerical range, and hence in the closure of the numerical range of W(-), Wthh is a subset of
[ max , 0] D

min
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Remark 5.6. Whenever the coefficients € and ¢ are constant in a non-empty open set O, the corresponding value
w = —i % is an eigenvalue of Py W( )|y 5 ) (and hence of L) of infinite multiplicity, since (we + ioc)V¢ = 0 for
0

every smooth ¢ with support in O.

Remark 5.7. Theorem 5.5 generalises [4, Thm. 6] since we do not suppose [4, Ass. 14] on Q, which requires the
subspaces K (Q) of H(div 0, ) and K(Q) of H(div 0, Q) to be finite dimensional. If the latter holds, see [4, Prop.
15] for a list of sufficient conditions, then both Theorem 5.5 and [4, Thm. 6] apply and we obtain the interesting equality

aek(PVWC)IvHé(Q)) = 0, (divOV(-)V)) k=1,2,3,4, (5.6)

where Py W(w)|y1 @ is a bounded operator in L2(Q; C3), while div(W(w)V) is defined as a bounded operator from
0
HO1 (Q) to H~1(Q) in [4]. In fact, (5.6) follows from the identity

CailLes) U et (Py WOy ) = () = 0 (V) U el divW() V)

where V(O) is the Maxwell pencil iV (-) with constant coefficients € ., 4, and ¢ = 0 defined in [4, Thm. 6], by observing

that o, (V(O)> ={0} Vo, (L) CR, k=1,2,3,4, and that the sets in (5.6) lie on iR and both contain {0}.

Note that, in concrete examples, identity (5.6) is useful to explicitly determine the purely imaginary part of the
essential spectrum of the Maxwell pencil. In fact,

O ([diviW()V)) = {w € C : 0 € ¢, (div((we +i0)V))} U {0}
={ive€iR : 0 € o, (div((ve + 0)V))} U {0}.

Fredholm properties of operators div(aV) with non-definite coefficients a also arise when studying Maxwell equations
in dielectric media with sign-changing permittivity and/or magnetic permeability, see e.g. [32, 33, 34] or [35, 36] for
relations to spectra of Neumann-Poincaré operators.

6. Abstract results for polynomial pencils

Before proceeding with the analysis of the spectral pollution for the domain truncation method applied to £ we
need some abstract results providing an enclosure for the set of spectral pollution of sequences of polynomial pencils.
Let H, be a Hilbert space, H, H, C Hy, n € N, be closed subspaces. Let P : Hy - H, P, : Hy — H, be the

corresponding orthogonal projections and assume that P, — P strongly in H(), which we write as P, > P. For fixed
M €N, let Aj, Jj =0,..., M, be densely defined operators in H and, for n € N, let Aj,n’ Jj =0,..., M, be densely
defined operators in H,. We assume that A joJ # 0, are bounded and A o J # 0, are uniformly bounded in n € N; in
particular, only A, and A, , may be unbounded.

In addition, we assume that there exists a ray el’(—o0,¢) C ﬂneN o(Ay) No(Ay) withc € R, y € (—x, ] such

that
Clim (4= p7' =0, lim sup [|(Ag, =7 = 0. (6.1)
tee’R,e ™V t—>—o0 tee"R,e Vt—->—00 peN
This assumption is satisfied e.g. if A and A, ,, n € N, are m-accretive (then with y = 0) or self-adjoint (then with
y = % or —%). In the sequel we assume, without loss of generality, that y = 0.
Consider the pencils of operators acting in H and H,,, respectively, given by

M
T() := ) WA, domT(4) := dom(A,) C H,
j=0

M
T,(3) 1= ) MA4;,  domT,(d) :=dom(Ay,) C H,, neN.
j=0
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The boundedness of all higher order coefficient operators implies that all derivatives T(")(A), T,Ek)(/l), n € N,
k=1,2,..., M, are bounded operators and that

M
T*(A) 1= TGy =) A A%, domT*(4) =dom A3,
Jj=0
_ M
TX() :=T,(A)*=) ¥ A%, domT;(2) =dom A} . neN.
j=0

We define the region of boundedness of the sequence (7T},),en by

Ay(Ty)pen) :={A€C : InyeN with A€0(T},), n>ny, sup||T, ()" <oo};

nzngy

note that, for the case of monic linear operator pencils T,,(4) := A4 — A ,, 4 € C, with unbounded A, ,, this notion
coincides with the region of boundedness of the operator sequence (A ,),en» Se€ [37, Def. 2.1 (iii)].

Lemma 6.1. i) Let 1 € Ab((Tn)neN) with A € o(T,) for n > n,. Then there exist ry,m; > 0 such that
B, () C Ay((T,),en) with

V,Ll € Brl(i) . /4 € O(Tn)7 ||Tn(l’l)_1|| S m/‘[7 n Z n},-
i) Let KCA, ((Tn)neN) be a compact subset. Then there exist ng €N, my >0 with
VueK: peo), T II<mg n2ng.

Proof. 1) Let 4 satisfy the assumptions and let n > n,;. By a Neumann series argument, the operator

S (= A
T, () = (1 +y ”TT;’”(A)Tn(A)—l) T,(A), n2np

k=1

is boundedly invertible if y € B,A(/l) and r; > 0 is so small that

nxn,

M rk
¢ 1= ,; 2 sup ITDT,M ™ < 1.

Note that, for every k=1, ..., M, the operators T,fk)(/l) = Z,A; (ii!k)' )J_"Aj’n,
obtain that Bm (A) co(T,) for every n>n,, with

are bounded uniformly in » € N. We

SuannA ” Tn(/l)_l ”

()7L <
1T, |l < =,

. MEB. (.
ii) By 1), the compact set K can be covered by open disks (around each 1€ K) on which y — SUP,;>, ||Tn(,u)‘1 || is
uniformly bounded. Since K is compact, there exists a finite covering of such disks. Now the claim is easy to see. [

Proposition 6.2. No spectral pollution occurs in Ay ((T,),en)-

Proof. Let A€EA, ((Tn)neN ) Lemma 6.1 1) implies that B, (4) Co(T,,) for n>n;, and so, in the limit n— co, points in
o(T,,) cannot accumulate at A. O]

Lemma 6.3. Assume that there exists Ay € | wen 0(T,) N o(T) with

T,(0)"' P, > T(3)'P, n— o, (6.2)
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and that A; , P, 5 A;Pforj=1...,M. Then forevery A € Ab((Tn)neN) Nno(T),

T,()7'P, > T(A)™'P, n— .

Proof. Let 4 € Ay((T,),en) N o(T). Define the bounded operators

M
S() :=T(A) = T(hg) = I (¥ = i)A;,

j=1
M

S,(A) =T, (D) =T,(h) = X (¥ = a4, neN.
j=1

Assumption (6.1) together with the boundedness of the operators Aj,n, neN,j=1,...,M, imply that, by a
Neumann series argument, there exists fy € R such that (—o0, ) is contained in the (operator) region of boundedness
A, ((T,(A)) ,en)- s€€ [37, Def. 2.1 (iii)], and in o(T(4y)), with

. _ -1 — 1 —_ -1 =
ER{}I}_M I(T(Ap) =)~ || =0, ,eRI}T igIN)”(Tn(/%) n==0. (6.3)
Then (6.2) and [37, Prop. 2.16 1)] imply that, for t € (—o0, 1),
(T,(Ag) =)' P, > (T(h) =)' P, 1= oo,

By the assumptions, S, (1) P, 5 S(A)P as n— oo. This and (6.3) show that the perturbation result [37, Cor. 3.5], applies
to T(A)=T(Ay) + S(1), T,,(A)=T,(4y) + S,(4), n € N, and yields that, for all sufficiently negative t € (—o0, 1)),

T, =0"'P, S (T —0"'P, n— .

By the choice of 4 we have 0€ A, ( (Tn(/l))n ) No(T'(A)), and hence another application of [37, Prop. 2.16 i)] implies
the claim. O

Proposition 6.4. Suppose that the assumptions of Lemma 6.3 are satisfied. Then, for each A € 6,(T) such that for
some € > 0 we have

B (D\(4} € A, ((T)nen) N o(T), (6.4)

there exists a sequence of elements A, € 6(T,,), n € N, with A, = A, n - oo.
Proof. Let 1 € op(T) and € > 0 satisfy (6.4). Assume the claim does not hold. Then there exists a 6 € (0, €) and an

infinite subset I C N with dist(4, 6(T},)) > 26, n € I. Define bounded operators Q and Q,, n € N, by the contour
integrals

M-1
1 1 zk (k1)
— e — (S|
= 27 Jis (4+2)" Z k+1)! (4)dz,
=L T,(A+2z2)"! Z 2t T*+D()dz, nel;
ne 2xi |z|=6 (k+1)' n ’

recall that the sums on the right-hand side are bounded operators since all higher order coefficients of T" were assumed
to be bounded. Since z+ T,(4 + z)~lis holomorphic in B,5(0), we have Q,, =0, n€ I. Since A€ O'p(T), there exists
x € dom(T") with ||x|| = 1 and T'(4)x = 0. Using this in the Taylor expansion of T in 4, we conclude that

M
k
T(A+ z)x = Z Z—T(k)(/l)x, z e Bzg(o)a
= k!
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and hence
M-1
1 -1 zk (k+1)
—x—T(ﬁ+z) E (k+1)'T (Dx, z € Bys(0)\ {0}.

Now Cauchy’s integral formula implies that

Qx=<i,/ ldz>x:x¢0. (6.5)
2ri |Z|:52

For every n € I, define the function f,, : {z€ C : |z| =6} = [0, o0) by

2 penp

(k“)(ﬁ)Px T(/1+ )—1 Z il ;

@) :=||Ta+2)™! Z

< (k+1)!

Then

1
I0Px - Q,Pxll < 3= | f@dlzl. nel.
|z|=6

The assumptions together with Lemma 6.3 imply that f,(z) — 0, n — oo, for every z € C with |z| =§. Note that f,,
n € N, are uniformly bounded by the compactness of the circle {z€ C : |z| =6} and by Lemma 6.1 ii). Lebesgue’s
dominated convergence theorem implies ||QPx — Q,P,x|| - Oasn € I, n - . Since Q, = 0, n € I, it follows
that Q Px = 0. However Px=x since x €dom(7T)C H and P is a projection onto H. Thus Qx =0, a contradiction to
Ox=x#0, see (6.5). O

Next we define the limiting approximate point spectrum by
Gapp(Tnen) = {A€C @ IICN, I infinite, 3x, € dom(T,), ||x,[l=1, n€ I, with |T,(A)x,| — 0}
and the limiting essential spectrum by
6. ((T)pen) 1= {A€C : ICN, [ infinite, 3x, €dom(T},), ||x,||=1, n€ I, with x, = 0, ||T,(A)x,|| = 0}.

It is easy to see that, as in the operator case, see [22, Lemma 2.14 ii)],

*

C\Ab((Tn)neN) = Gapp((Tn)neN) U aapp((T:)neN) . (6.6)

Proposition 6.5. Suppose that the assumptions of Lemma 6.3 are satisfied. Then
O'app((T:)neN)* C o-e((T:)nEN)* U GP(T*)*~

Proof. Let 4 € aapp((Tn*)neN)*. By definition, there exist an infinite subset I C N and x,, € dom(Tn*), n € I, with
lIx,]l =1 and ||T,,(A)*x,|| = O as n = oo. The sequence (x,),en C Hj is bounded and thus has a weakly convergent
subsequence (x,,),e;, With infinite I, C I; denote its weak limit by x € Hy. If x=0, then A€o0, (T)pen)

Now assume that x # 0. Define y, := T,(4)*x,, n € I,. Then y, — 0 as n - oo. Note that, if z €

Ay((T,),en) N o(T), then Lemma 6.3 implies Tn(z)‘an 3 T(z)~'P, and

o Z = D)k
* _ _ (k)¢ \*
T,(2)"x, = kzl 0 T,"(A)'x, +y,, nel,

Thus M _
—x% (z — A)k (k) * —%
X, =T Y T T+ Ty, e D, (6.7)
k=1 :
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Let w € H be arbitrary. The convergence assumptions, y, — 0 as n— co and T®)(1) = PT®(4) imply that

¢ G- D
(00 = 3 S0 (o TV G B + T )

M~ 7\
-y (z _"1) {x, PTOWT(2)" Pw)
~

M — —
— (z - A)k (k)

— * *

= <T(z) PR 0 Px,w>
k=1

as n— oo. By the uniqueness of the weak limit, we obtain that
¢ G-
x=T@™ ) TT(k)(A)*Px € dom(T(z)*) c H

k=1 :

hence Px = x and M _
T(z)"x = Z MT(k)(/l)*x
= '

The uniqueness of the Taylor expansion of T'(-)* in A implies that 0 = T'(1)*x = T*(A)x. Since x # 0, we conclude
that 4 € o,(T*)*. O

Now we prove the main result of this section.

Theorem 6.6. Assume that there exists Ay € (),en 0(T,,) N o(T) with
s " s _
T, (40) ' P, = T(A)™'P, T,(Ag) *P, > T(Ay)*P.

s s . . . .
Ifalso A; ,P, - A;P and A;’nPn - A;‘Pfor every j = 1,..., M, then spectral pollution is contained in
* *
Ue((Tn)neN) U 6e<(Tn )neN) ’

and for every isolated A € O'p(T) not belonging to 08((Tn)neN) U 63((T:)n€N)* there exist A, € o(T,), n € N, with
Ay = A

Proof. First note that Ab((Tn)neN) =A, ((T:)neN)*, see (6.6). The latter and Proposition 6.5 imply that

(O\AY (T ) N OT) = (G4 (Tnen) U Gapp (Tnen) ™) N o(T)
Co, ((Tn)nEN) Uo, ((T:)neN ) *;

note that 4 € ¢,(T*)" implies that {0} # ker T(4)* = ran T(A)' and hence A & o(T). Now the claims follow from
Propositions 6.2 and 6.4. O

7. Limiting essential spectrum

In this section, along with the linear Maxwell pencil V'(-) in L2(Q)? @ L?(Q)3, see (1.3), the associated operator
matrix A in L2(Q)? @ L?(Q)?, see (3.2), and the quadratic operator pencil £(-) in L2(Q)3, see (4.1), we now consider
their analogues V,(-) and A, in LZ(Q,,)3 ® LZ(Q,I)3 and £,(-) in Lz(Qn)3, respectively. The objective of this section
is to determine the limiting essential spectrum o,((£,),cn) and then to prove Theorem 2.4.

Note that all our results in Sections 3 on spectral enclosures and resolvent estimates for V() and A as well as
in Section 4 on the relations between the spectral properties of V' (-) and L(:) hold for both bounded and unbounded
domains, and thus cover, when applied on the domains &, n € N, equally V,(-), A, and L,(-).

For convenience, we briefly recall that, in line with (3.1), (3.2) and (4.1),
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61/2 0 61/2 0
V(@) = < 0 ”1/2> (An—aﬂ)< 0 “1/2>’ .1

dom V,(w) = Hy(curl, Q,) & H(curl, Q,),

in which
[ S _1
A = —ie 20e 2 —ie"2 curl y~/2
L 1 )
" iu12curlye 2 0 (7.2)
domA, := el/zHo(curl, Q)P yl/zH(curl, Q,),
and .
L (o) :=curl y~ curly — w(we + ic),
" 0 (1.3)

dom(L (w)) := {E € Hy(curl,Q,) : u~'curl E € H(curl,Q,)}.

In the sequel, we define the orthogonal projection P, : L*(Q)® — L*(Q,)’ by Pu = Xo,uforu € L*(Q)3. Note
that LZ(Qn) is understood as a subspace of L2(Q) by extending each function by zero.

Proposition 7.1. Let o =it with tZeI_n:r{Z. Then £n(a))‘1 P, 5 L(w)~! as n— .

Proof. In the sequel we use Lemma 4.1 applied to both L£(-) and to its truncated analogues L, (-); the truncated
analogues of Ty = u~'/ curly, dom Ty = Hy(curl, Q), and of W(w) = —w(we + ic), @ €C, in L*(Q)?, are operators in
L*(Q,)? which we denote by Ton =u~1/2 curly, dom Ty, =Hy(curl,Q,), and W, () =—w(we + ic).

Because Q= UneN Q, and C§°(Q)3 is a core of (TO* To+1 )1/ 2see Lemma 4.1, it follows that for every u there exists
N, € N such that suppu C Q, for all n > N,,. Then (TyTo+1)"/*u= (T Ty, +1)"/* Pu for n> N,,. By Lemma 4.1
sup,en (T, Ton+ D'/ < 1< oo and hence [37, Thm. 3.1] yields that

Ty, Tou+ D7'2P, = Ty + 72 0= oo,

It is easy to see that (W, (w)—1)P, 5 W(w)—1I as n — oo for all w € C. Since the product and sum of strongly
convergent operators are strongly convergent, we obtain that

(I + (T&nTo,n i I)‘1/2(Wn(w) - I)(T(;k,nTO,n + I)—1/2> P,

(7.4)
ST+ TTy+ D72 W) - DAETy+ D72, 0> oo
Now let @ = it with t > Er_ni r{ 2 Then Lemma 4.1 implies that
”(I +(TITy + D72 W(@) - DT, + I)—l/z)_1|| <1,
* -1/2 * ~1/2 -1 (7.5)
sup (I+(T0nT0,n+1) PW,(@)- )T}, Ty, + D7 ) H <1< oo.
neN ’ ’
Hence, by [37, Lemma 3.2], the inverses in (7.4), converge strongly as well,
-1
(1 + (T} To + D™V2W, (@) = DT}, Ty, + 1)—1/2) P,
S (T+ T Ty + D7 PW@) - DTETy+ D7V n— oo,
Altogether, we arrive at
_1 . _1 . _iNbo _1
L) By =Ty, ot D72 1+Ty, ot D730, (@)= DTy, To,+ D72 ) (T, T+ 172 P,
1 1 11 1
5 (TS‘TO+I)_§<I+(T5‘TO+I)_§ (W(a))—l)(T(;‘T0+I)_E)(TO*TO+I)_5 = L) O
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Applying Theorem 6.6 to the quadratic pencils £, and using that £, is J-self-adjoint with respect to conjugation
for all n € N so that 6,((L}),en)” = 6,((L,)en)> We immediately obtain

O-poll((ﬁn)neN) C Ge((ﬁn)neN) U O-e((ﬁz)nEN)* = O-e(([:n)neN)' (7.6)

Proposition 7.2. Suppose that o, € and y satisfy the limiting assumption (2.8). Denote by T,(w) the triangular operator
matrices given by (5.5) with Q replaced by Q,, i.e. acting in LZ(QH)3 = VH(; (Q,) ® H(div0,LQ,). Then the limiting
essential spectra of (L,),en and (T,),en are equal,

Ge((ﬁn)neN) = cre((Tn)neN)'

Proof. The proof is closely modelled on the proofs of Theorem 5.5 and Proposition 5.1. Let @ € C be fixed. Let
M, (@) : = (0(e+i0)—@?) Peeraiv.q,) in L*(,)°. Then 7,,(w) is the operator matrix representation of £,,(w)+M,,()
in L>(Q,)°= VHS (Q,) ® H(div0,Q,). First note that, for any u, €dom(L,,), ||u,|| =1, the sequence (|| L ,,(@)u,,|)nen
is bounded if and only if the sequence (||(L,(w)+ M ,(w))u,||),en is bounded.

Now we argue that it suffices to show the following claim: if any of the above two sequences is bounded, then for
any infinite subset I C N the sequence (M ,(w)u,,),c; C L2(Q)} has a convergent subsequence. To see that this claim
proves the theorem, assume that #,, — 0 and L, (®w)u,, >0 as n— o0, i.e. w€0,((L,),en)- Then, by the claim together
with u, — 0, and the uniqueness of the weak limit, we get M, (w)u,, — 0 as n — oo, whence w € 6,((L,+M,),en)-
The proof is analogous if we start with w € ¢,((£,+M,),en)-

To prove the claim, let (||, (@)u,[]),en be bounded. Then ([|u, |l curi,q,))nen 18 bounded as well, and thus the

property that, for any infinite subset I C N, (M ,(w)u,),cr C L*(Q)? has a convergent subsequence is equivalent to

M (@) Per gy * (H (Curl, ), 1| - | reunie, ) = L2@Q)% 11 - [l 12, 2), nEN,

being a discretely compact sequence, see [38, Def. 3.1.(k)] or [37, Def. 2.5]. As in the proof of Proposition 5.1,
for any 6 > 0 we can write M, (0) = M, ,(0) + M; ,(®) where M; () is a bounded multiplication operator
with ||M; ,(w)|| < & vanishing uniformly in n as 6 — 0 and M, ,(w) has compact support in some domain
Qp, :=Q,nB0, R) C QN B(0, R) = Qp for sufficiently large R > 0. Since the uniform limit of a discretely compact
sequence is discretely compact, see [37, Prop. 2.9], the sequence (M ,(@)),cy is discretely compact if each sequence
(M. ,(0)pen» 6 > 0, is discretely compact. To show the latter, let I C N be an infinite subset. Let yp be the same
cut-off function as in the proof of Proposition 5.1 and let : be the compact embedding of H(curl, Qp) N H(div, Qg)
in L?(Qg)?, see [31]. Then, for all sufficiently large n € I, supp M, ,(w) C Qg , C Q, and

Mc,n(a))Pker divén = Mc,n(w)l()(RPker divun)lgR’" .

As in the proof of Proposition 5.1, we now deduce that (M, ,(@)u,),e; C L*(Q)3 has a convergent subsequence. [

Proposition 7.3. Suppose that ¢, € and p satisfy the limiting assumption (2.8). Let L, , and L, , be defined in the
same way as L, and L, see Definition 5.2 with Q replaced by Q,,. Then

cre((Lu,n)neN) = ae((Loo,n )neN)'

Proof. Recall that L, ,(w) = C,, —£,0%id, Ly, () = Cy,, —€,0°id, n € N, @ € C, are closed operators
acting in the Hilbert space H(div0,Q,) ¢ L*(Q,)*, endowed with the L?(Q,)*-norm, and C,,, = curl u~" curly,
Cy.n = curl y;ol curly are self-adjoint therein.

The proof is modelled on that of Proposition 5.4. Here it suffices to prove 6,((L, ,(®)),en) = 00((Leo ,(@0))yen

for only one w € C, which we choose as @ = it with t > e;ilr{z, or equivalently ¢,((C,, ,)yen) = 0.((Cey p)nen)- BY
[22, Thm. 2.5] the limiting essential spectrum has the spectral mapping property for the resolvent. Due to [22, Thm.
2.12 (i1)] it is then enough to show that, for z = 500602 < -1,

K,(2) := (L, (@) = (Lo (@)™ =(C,,, -2 = (Cypy = 27"
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is such that (K,,(z)),,ey 18 discretely compact and (K,,(z)* P,),,cy 18 strongly convergent. The strong convergence follows
from Proposition 7.1 which yields that

0 e —_ — — s — — — -
K, (2P, = (L,,,@) ' P, = (Lo ,@) ' P, = (L, @) = (L @)
Applying (5.3) in the proof of Proposition 5.4 on £, we deduce that
-1y -1 -1 -1
K, (z)= (curlo(CM’n—z) ) (uy—p Heurly(Cy, ,—2)" . (1.7)

By Lemma 5.3 (ii) on €2, the operators curly(Cy, , —z) 1= Curlo(ﬁm’n(a)))_1 are bounded from H(div0, ,) to
H (curl, ©,) with uniformly bounded operator norms,
1/2
+ yi) < 00.

By Lemma 5.3 (i) on Q,, the operators (curly(C,, —E)‘l)* = (L, (@) ! curl are bounded from L*(Q,)* to

-1
sup || curl(L, (@)~ | 3 divo.Q,), Hcurla,) < (

neN £°o|a)|2

H(div0,Q,). Moreover, they are strongly convergent, (E',/[‘n(co))—1 curlP, 5 (E”(a)))—l curl as n — oo, since for
every u € H(curl, Q) we have P,u € H(curl, Q,) with curl P,u = P, curlu as curl is a local operator, and since

L n (w))™! P, 2 L p (@)~} as n— oo, which follows by analogy with the proof of Proposition 7.1. Analogously to the
proof of Proposition 7.2 for M, (), one can show that

(0" =1d) Perqaivin,y © (H(curl, @), 1l geurtg, ) = (L2 @)% 1l 20, 2)» - n€EN,

form a discretely compact sequence of operators. Now (7.7) and [37, Lemma 2.8 i), ii)] imply that (K,(2)),en 1S a
discretely compact sequence. O

Lemma 7.4. For every n € N, the closure of ¥, = Cf"(Qn)3 N H(div0,,), with respect to the H (curl, Q,)-norm
equals H, = Hy(curl,Q,) n H(div 0, &,).

Proof. The sub.spa.ce H, of Hy(curl,Q,) equipped with Fhe norm ||+ |l g(curt,q,) is closed since Hy(curl,€2,) N
H(div0,€,) with its norm || - ”H(curl,Qn) +1 - ”H(div,Qn) is closed and the norms ||u||H(Cur1,Qn) + ||”||H(div,s2,,) and
lull g (curt,2,) are equivalent for u € Hy(curl, €,)n H(div 0, €,). Consequently, H,, is a Hilbert space. Since ¥, CH,,

the statement is equivalent to proving that H, N 7, 1 = {0} where the orthogonal complement is taken with respect to
the inner product (-, -) + (curl -, curl ). Let h € H, N ¥*. Then

(h,v) + (curlh,curlv) =0, ve,. (7.8)

First we claim that every ¢ € Cf°(§2n)3 can be represented as ¢ =VE+v with §€C®(Q,), v€ Y. Indeed, the Dirichlet
problem
—Aé=—-divep inQ,, &£=0 ondQ,

has a unique solution § € CX(L2,) and we can set v = @ — V& € ¥,. Using ¢ = V& + v, curl V§ = 0,
(h, V&)= —(div h, &) = 0 and (7.8), we conclude

(h, @) + {(curl h,curl @) = (h,v) + (curl h,curlv) = 0, @€ CC°°(Qn)3. (7.9)

Since Cf°(£2,,)3 is dense in (Hy(curl, ), | - [l gcurlq,))» equality (7.9) also holds for all ¢ € Hy(curl, €2,). Thus we
can choose ¢ = h € Hy(curl, Q,) in (7.9) to obtain

0 < |curl A]|* = —[|A|I* <0,

so all the inequalities are equalities and hence /4 = 0. O
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Theorem 7.5. Suppose that o, € and u satisfy the limiting assumption (2.8). Let W(w) := —w(we + ic), w €C, in
L2(Q)3 and W, (@) correspondingly in Lz(Qn)3. Then the limiting essential spectrum of (L,,),en Satisfies

0L )nen) € Oel(Ls Dnen) Y 0 (P, Olvias g e )
WL U Py WOl )

Proof. By Proposition 7.2 we have ¢,((L,),en) = 0.((T,),en)- Since T, (w) is a diagonally dominant operator matrix
of order O foralln € N, w € C, with bounds a = ||W(a))|vH1(g) |l, 5 = 0in (8.8) uniform in n, Theorem 8.6 in Section
0

8 below implies that its limiting essential spectrum is the union of the limiting essential spectra of its diagonal entries,

0T e € 0 Lyuen) U o ((PeW,Olg o nen )

By Proposition 7.3 it follows that 6,((L,, ,,),en) =0 e((L o n)nen) CR. Next we show
Ge((Loo,n)neN) c I/Ve(Loo)'

If € 6,((Ly )nen)> by definition there exist w, € dom L, ,(w) C Hy(curl, Q) NH(div0,Q,), [|lw,| = 1,
n€N,w, =~ 0and L, ,(w)w, - 0asn— oco. Taking the scalar product with w,, we find that

-1

-1/2
(Lo p(@)w,, w,) = ||/400/ curly w,,ll2 - @* =0

as n — oo. By Lemma 7.4, for each n € N there exists v, € CC°°(Q,,)3 N H(div0,Q,) with ||v, —w,||> < 1/n,
[[curl(v, —w,,)||2 <1/n.Let 1)2 € Hy(curl, Q) n H(div 0, Q) be the extension of v, to Q by zero for n € N. Then

-1,.2
-1/2 0p2_ —1..2),.0)2 -1/2 2_.-1,72 2 foo @
e Zeurl o012— Lo [[00112] < [l e *curl w, |P— £ || w, | [+ —=— 0

as n — oo. Since ||ug|| — 1 as n — oo, upon renormalisation of the elements 112, we obtain w € W,(L,).

Finally, we prove that o, ((Py,O)ly o, nen ) € % (POWOlviia ). 1 @ € o, (POl ianen )
there exist u, € H& (Q,), [IVu,||=1, neN, such that Vu, —0 and

”PVHS(Q,,)(O(COE +io)Vu,|| = 0, n— o.

Let ”9: €EH é (Q) be the extension of u, € H 5 (Q,) to Q by zero for n € N. By standard properties of Sobolev spaces,
Vul) = (Vu,). Hence the sequence (ul),en C Hj () is such that [[Vul|| = 1,n €N, Vu) = 0 and

| Py Hé(gn)w(w£+i6)Vu2|| -0, n- oo.
Now the claim follows if we observe that Py, i@ =Py 1@, f forall f € L*(Q)* with supp f C Q,. O

Remark 7.6. In fact, o, ((va,,(-)|V Hé(gn))new =5, (PVW(~)|VHS(Q)>; here the inclusion “>’ follows by [22,

Prop. 2.7] since PVW(-)lvHol(g), PVV\?,,(-)lvﬂé(Q ynE N, are bounded and PV)/\7”(-)|V1»15(Q )_>S PVW(‘)|VH1(Q) as
‘n n 0
n— oo, see [37, Lemma 3.2].

Proof of Theorem 2.4. Due to Theorem 4.5, we have 0 € ¢,(V) = 0¢,(L) and hence 0 ¢ opou((Vn)neN), 0 &
O polt (L) pen)- Then, by (4.6) and (2.7), it follows that

ot ((V)nen) = Opoit (Vi )nen) \ {0} =001 ((£,)nen) \ {0} = 0561((L,,)en)- (7.10)
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Now (7.6) and Theorem 7.5 imply that

Opoll (L)nen) C 0.((L,)en) € W(L) Vo, <PVW(')|vH(§(Q)> : (7.11)

Since Theorems 5.5 and 4.5 yield that
o (Py WOy @) € 0ll) = 0oV) € oV,

we easily deduce that o, ((V,),en) N 0 <PVW(-)|VH1 (Q)) = f. This, together with (7.10), (7.11) shows that
0

Opoll (Vidnen) C W (L), as required.
The approximation of isolated eigenvalues outside of 6,((L,,),,en) U0, (L)) en)” = 6,((L,,),en)- and hence outside

of W,(L,) Vo, (PVW('NVH(;(Q)) by (7.11), is a consequence of Theorem 6.6. O]

If 0 = 0, we can improve the spectral approximation part in Theorem 2.4 to all spectral points in o(V).

Theorem 7.7. Assume that ¢ = 0. In addition to the conclusions of Theorem 2.4, for every w € o(V) there exists a
sequence w, €c(V,), n€N, with w, = w as n— oo.

Proof. When o =0, the spectral problems for V" and L reduce to classical spectral problems for the self-adjoint operator
matrix A in (3.2). We therefore have a domain truncation problem for a sequence of self-adjoint operators converging

in strong resolvent sense, (A, —®)~'P, 2 (A—w)~L, where P, := diag(P,, P,). In fact, the strong convergence

Vn(a))'lpn 5 V(w)~! follows from (4.7) and Proposition 7.1; here we need that L2(Q)® @ /41/ 2 H (curl, Q) is dense in
L3(Q)® @ L%(Q)? and that, for ue u'/2 H (curl, Q), Pue u'/2H (curl, Q,) with curl yl/anu =P, curl u'/2y since curl

is a local operator. Then (A, —w)‘lpn 5 (A—w)~! by (3.1) and (7.1). The spectral approximation now follows from
classical results, see e.g. [39, Thm. VIIL.24 (a)]. O

8. Abstract results for essential spectra and limiting essential spectra of triangular operator
matrices

In this section we prove the abstract results on essential spectra and limiting essential spectra of triangular operator
matrices used in Theorems 5.5 and 7.5 and employed to prove our main result on spectral approximation, Theorem 2.4.
The results below are more general than what we needed there since we also admit unbounded off-diagonal entries.
Thus we decided to present them in a separate section.

In a product Hilbert space H = H; & H, we consider lower triangular 2 X 2 operator matrices

A 0
A=<C D> &.1)

such that A, D are densely defined, C, D are closable, dom(A) C dom(C) and ¢(A) # @. Then, e.g. by [40, Thm.
2.2.8], A is closable with closure
1= A 0
~\C D)’

The Schur Frobenius factorisation [40, (2.2.10)] of A simplifies to

_ I 0 A-1 0
A"“(cm—ﬁ)‘l I>< 0 B—i)’ A € o), (8.2)
and the first factor therein is bounded and boundedly invertible since C is closable and A is closed. Therefore,
o (A)\o(A) =0,(D), k=1,...5.

In the sequel we study the relation between aek(Z) and the union o,;(A) U aek(ﬁ), mainly for k=2. Here we denote
the set of semi Fredholm operators with finite nullity and finite defect by ®, and ®_, respectively, see [25, Sect. 1.3].
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Note that even for diagonal operator matrices A = diag (A, D), i.e. C = 0, equality does not prevail for every
ke {1,...,5};in fact, by [25, IX. (5.2)],

o, (diag (A, D)) D06,,(A) U6, (D),
0. (diag (A, D)=0,(A) Uo, (D), k=23, (8.3)
o, (diag (A, D)) Co,(A) U, (D), k=4,5.

It is well-known that, for C # 0, the assumption dom(A) C dom(C) is essential to have the inclusion aek(E) C
o, (A) U aek(ﬁ), k=1,...,5. In fact, if A, D = 0 and C is boundedly invertible with dense domain dom(C) ¢ H,,
then 6,,(A)=0,,(A)=C # {0} =0, (A)=0,,(D) for k=1, ...,5.

On the other hand, certain relative compactness assumptions may ensure equality; e.g. if for some y € o(A)N o(D)
the operator (5—H)‘1C(A—u)‘1 is compact, then, by [40, Thm. 2.4.8],

6,3(A) = 6,3(A) Uo,3(D).

In the following, for the case k=2, we characterise the difference between aez(Z) and the union c,,(A) U %2(5)
and establish criteria for equality. Here, for a closed linear operator T, we set O':z(T) = {4 e C : ran(T —

A) closed, codim ran(T —A) < oo }; note that then A € G:Z(T) if and only ifle 0, (T*); see [25, Sect. IX.1].

Theorem 8.1. Let A be asin (8.1), i.e. A, D are densely defined, C, D are closable, dom(A) C dom(C) and o(A) # .
Then
(aez(A) \ 6:2(D)) Uo,(D) Co,(A) Co,n(A)Uo,n(D), 8.4)
and hence . . .
62 (A) U (6,0(A4) N 6% (D)) = 6,(A) U 6,(D);

in particular, if 0':2(5) = 662(5) orifo,,(A)N 0':2(5) =, then
O'ez(z) = 0-62(A) U Uez(ﬁ).

Proof. First we prove the left inclusion in (8.4). The enclosure aez(ﬁ) C aez(j) is trivial; we just add a zero first
component to a singular sequence coming from D.Now let A € 0,,(A)\ 0':2(5). Then D — 4 € ®_ and hence D — A
has an approximate right inverse R, € B(H,), see [25, Thm. 1.3.11], i.e. (B - MR, = I, + F) with F; € B(H,) of
finite rank. Since 4 € o¢,,(A), there exists (x,),ey C dom A, ||x,||=1, x, =0, (A — A)x,, = 0, n > oo. This implies
that (Ax,),cy 1s bounded. Since C is closable and dom A Cdom C, C is A-bounded and hence (Cx,,),cy is bounded
as well.

Now set y, := —R,;Cx,, n € N. Then (y,),¢n 1s bounded and, for n € N,

Cx,+ (D = Ay, = Cx, — (D = HR,Cx, = Cx, — (I, + F})Cx, = —F,Cx,,.
Since (Cx,,),¢y is bounded and F,; € B(H,) has finite rank, upon choosing a subsequence, we may assume that
Cx, + (D - Ay, =—-F,Cx, -0, n- co.

It remains to be shown that y, =—R;Cx,— 0 for n — co. To this end, let y € o(A) (#@). Then C(A—p)~ ! is bounded
since C is closable and A is closed. Thus

Cx,=CA-w ' ((A-Dx,+(A-p) x, )—=0, n— oo,

N~—— N——
-0 -0

and hence, since R is bounded, y,— 0 for n — oo, as required. Finally, if we set v, := (x,,, y,), n € N, and normalise
v,, we obtain a singular sequence for A at 4 and hence 4 € ¢,,(A).
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In order to prove the second inclusion in (8.4), let A & ¢,,(A)U 062(5), ie. A— 4, D-ie€ @, . For arbitrary >0,
set

o gl _(A O (L O
A, =M AM”_<MC o) M=) 8.5)

Then 6,,(A) =6€2(A_M) because M, is bounded and boundedly invertible. Due to the stability of semi-Fredholmness,
see [25, Thm. 1.3.22, Rem. 1.3.27], and since diag (A—/l,ﬁ—ﬂ) €@, , we can choose y >0 so small that .A_M—/l €D,

and thus A€o, (Z).
Finally, the last two claims are obvious from (8.4). O]

Remark 8.2. For the second inclusion in (8.4), in the same way as in the proof of Theorem 8.1, one can also show
that o-ek(Z) Co (AU o-ek(B) for k = 3,4, 5. Here the Fredholm stability results [EE, Thm. 1.3.22 and Rem. 1.3.27]
for @, and hence ®, together with the stability of the index therein, give the inclusions for k = 3,4, while for k = 5
the stability of bounded invertibility [27, Thm. IV.1.16] is used.

The first inclusion in (8.4) also holds for k=3, i.e. 6,3(A) U (0,3(4) N 6%,(D)) = 6,3(A) U 0,,(D), whereas for

k=4 the difference between 0'84(2) and 0,4(A) U 664(5) has a much less elegant description.

Corollary 8.3. Let A be as in (8.1). If D is J -self-adjoint for some conjugation J in H,, i.e. J? =IH2, (TIx, Jy) =
(x,y) for x,y € H,, then
0o (A) = 0, (A) Vo, (D), k=234

Proof. We prove the claim for k = 2; the proof for k = 3,4 is left to the reader. Since D is J-self-adjoint,
dimker(D — A) = dimker(D* — E) for A € C by [25, Lemma II1.5.4]. Hence, either ran(D — 1) is not closed or
dimker(D — 1) = dimran(D — 4)* so that D — A is a Fredholm of index 0 for A € C. This proves that 6,,(D) = aZZ(D)
and hence Theorem 8.1 yields the claim. O

The following counter-examples show that, in general, neither of the inclusions in (8.4) is an equality, even when
all entries of A are bounded.

Example 8.4. Let D € 3(},) be a bounded linear operator in some Hilbert space H, such that 0 € O':Z(D) \ 6,0(D),
e.g. dimker D < oo and dim(ran D)* = co. For example, we can choose D : #?(N) — #%(N) given by De; := ey,
keN.

1) If A in H; =H, is compact with 6,,(A)={0}, C=A and D is as above, then, for A as in (8.1),

0 ¢ (0:2(A)\ 65(D)) Uoy(D) = 655(D), 0 € 0,5(A);

for the latter note that since 0 € o,,(A), there exists a singular sequence (x,,),cn for A and then, since C = A, it follows
that ((x,,, 0)),ey 1s a singular sequence for A. This example shows that the first inclusion in (8.4) is not an equality.

ii) If Py pyt is the orthogonal projection on (ran D)!=ker D*, A=1 = Piranpyt in Hy =H, and C = Py, pyt,
then ker A = (ran P)* so that 0 € 6,,(A) and, for A as in (8.1),

0&o,(A), 0€0,(A)N (62,(D)\6,2(D)) C 6,,(A)Uc,(D).

To prove the former, suppose to the contrary that 0 € 662(2). Then there would exist a sequence h, = (x,,y,)’ €
H, & H, such that ||h,||=1, h,— 0 for n— oo, and

I -P Ox, —0,
(ran D)= "n n— 0. (8.6)
P(ranD)J-xn+Dyn -0,

The second relation in (8.6) implies Pran Dyt X, = 0 and Dy, — 0 as n — oo. Together with the first relation in (8.6),
we conclude that x,, — 0 and hence ||y, || — 1 for n — oo; hence upon choosing a subsequence we can assume that
v, #0, n € N. Since h, — 0 for n — oo implies that y, — 0 for n > oo, we conclude that 3, :=y,/lly,ll, n€N, is a
singular sequence for D, a contradiction, since 0 & 6,,(D). This example proves that the second inclusion in (8.4) is
not an equality.
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Remark 8.5. We mention that Theorem 8.1, see also Corollary 8.3, provides a direct proof of [4, Prop. 25] on
Maxwell’s equations. Indeed, our results apply to the lower triangular operator matrix 701 in [4, (26)] therein whose
entries A, C,, D, are 2 X 2 operator matrices themselves with unbounded entries. Standard computations show that
0, (D) = 0':2(Dw) and hence Theorem 8.1 yields the equality GeZ(FI;c:)) = 0,(A,) V0o, (D,), which had to be proved
in [4, Prop. 25] for the concrete operators therein.

Finally, we provide some results on the limiting essential spectrum of sequences of lower triangular operator
matrices. The first results of this kind were established in the thesis [41, Sect. 2.3] without the assumption of
triangularity for bounded off-diagonal corners.

Let Hy = H,, & H, be a Hilbert space, H;, H;, C H, be closed subspaces for n € Nand i = 1,2. Let

N
P :H,y—>H, P, Hy— H,, n€eN,be the corresponding orthogonal projections and assume that P;,, — P; in

H; .
In addition to A as in (8.1), in the subspaces H, = H; , ® H, , of Hy = H;  ® H, , n € N, we consider the
lower triangular operator matrices
— Al’l O
A, = <Cn Dn> 8.7
satisfying analogous assumptions as A, i.e. A,, D, are densely defined, C,,, D,, are closable, dom(A,) C dom(C,,) and

o(A,) # 0.
While the assumptions ensure that each C, is A,-bounded, we suppose that the operator sequence (C,),cn 1S
uniformly (A,),cn-bounded, i.e. there exist a, b > 0 and N € N such that

IC,xII* < allx||* + bl|A,x|l, x & dom(A,), n€N, n>N. (8.8)

Theorem 8.6. Let A, be defined as in (8.7), n € N, and assume that (C,),cn is uniformly (A,),en-bounded, i.e. (8.8)
holds. Then

662((DH)HEN) c 6e2((A_n)n€N) - 662((An)n€N) U 682((Dn)n€N)'

Proof. The proof is similar to the proof of the respective parts of the proof of Theorem 8.1; note that, due to assumption
(8.8), we can choose y > 0 in the transformation of A, see (8.5), independently of n € I C N. The proof is also
analogous to the proof of [41, Prop. 2.3.1 i)] if we observe that the sequence B, = 0 of zero operators is discretely
compact and we replace the uniform boundedness property of (||C,||),en therein by (8.8). We leave the details to the
reader. O

Appendix - Computations for Example 2.6

In this appendix we provide the computations for Example 2.6 where we considered the semi-infinite cylinder
Q=(0, 00)x(0, L,)x(0, L3) and supposed that e = 4 =id everywhere, and ¢ =id if x; €(0, 1), else 6 =0, i.e. 6 = yg id
with K := (0, 1)x(0, L,)x(0, L3).

With this choice of the coefficients the Maxwell system in Q in (1.1) becomes

curl’ E = w(w +1)E, 0<x; <1,
cur12E=cu2E, I <x <X,
with the condition that E and curl E are continuous across the interface x; = 1. The boundary condition in (1.1) was

v X E = 0 on the boundary 0Q. We use the notation n = (n,,n3) € Ng.
Case 1, x; € (0, 1): For this range of x, if we set

ay(w) 1= \/n2n§/L§ + nzng/Lg - w(w +1),

the correct ansatz to use for the solution of this problem by Fourier expansions is

. n cosh
Ei(x1,%p,x3) = Z E|(n)sin <7IL—n;x2> sin <” 3 ) M

I ,
“, Ly °) cosh(a,(w))
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. inh
Ey(xy,%xy,%x3) = Z E,(n) cos <”L—nz2x2> sin <7zn3 > w

— X3 nh ,
nENgN L, sinh(a, (®))

. e Thy sinh(a,(@)x;)

Ei(x),x5,x3) = E(n)s1n<—x>cos<—x>,—.
T2 3 neg;’NO 3 L, * Ly ° ) sinh(ay(w))

Case 2, x; € (1, X,,): For this range of x|, if we set

Pu(@) 1= \[x2n2/ L2 + 2202/ 12— o?,

the correct ansatz to use for the solution of this problem by Fourier expansions is

E(x),x5,%3) = Z E,(n)sin <EL_’122X2> sin <7m3 > cosh(B,(@)(X,, — x1))

&, T, ) cosh(Bu@)(X, — 1)
_ . hy . hy sinh(f,(@))(X,, — x1))
E,(xq,%5,%3) —HE§XNE2(n) cos <L—2x2> sin <L_3x3> Sh(Au@)X, = 1) s

_ - Ty zny sinh(f,(@0)(X,, — x}))
E;5(xy, X, X3) —HENZXNOE3(n) sin < I x2> cos < I, x3> Soh(, @)X, 1))

In the definition of a,(w) and f,(w) we choose the branch of the square root with non-negative real part. The above
two ansétze ensure the continuity of E across the interface x; = 1. To ensure continuity of curl E across this interface,
a direct calculation shows that the first component of curl E is automatically continuous across the interface x; = 1; it
is therefore v X curl E for v = (1,0, 0) that gives rise to non-trivial conditions. Direct calculations using the formulae
above yield the condition that for some n € Ng with [n]| > 0,

ap () coth(ay, () + (@) coth(f,(w)(X,, — 1)) = 0.
Next we prove equation (2.9), namely
0,(V)=(—c0,—n/L]U[n/L,+) U (=i{0,1/2,1}), L =max{L,, L;}.
Indeed, due to [4, Thm. 6], see also Remark 5.7, we have
o, (V) = 6,(VO) U (divOW()V)), W(o) := —o(@ +iyk), ® € C,

where V0 is the Maxwell pencil iV () with 6 =0 and div(W(w)V) acts from H é (Q) to its dual H~1(Q) foreach w € C.
Clearly, o,(div W(-)V))={0} U 6,(div(V'(-)V)) with V'(w) :=—(w + iyg), @ €C. We start by showing

o, (div(U°(-)V)) = —i{0,1/2,1}. 8.9)
By inspection, one has the inclusion o,(div U°(:))V)) C —i[0, 1]. The values @ = 0 and @ = —i are both easily seen to
be eigenvalues of infinite multiplicity, with eigenfunctions which are C°-functions supported entirely outside K (for
@ = 0 where U'(0)=—iyg) or in the interior of K (for 0 = —i where U'(—-1)=—i xo\ x)- It remains to examine whether
any other w € —i[0, 1] have the property that 0 lies in the essential spectrum of the Dirichlet operator — div((w+iyg)V).
Since the coefficient w+iy takes only the values w+1i and @, whose ratio is 1+i/w, the results in [42] suggest that the
only value of @ for which this may happen is @ = —i/2, which has the property that 1 +i/w = —1. Unfortunately the
hypotheses in [42] do not quite cover our case, so we outline a proof by direct calculation. By Glazman decomposition,

one shows that
—div((w +iyg)V) is invertible <= (—iw + 1)A; — iwAy is invertible,

where A; and Ay are the left- and right-hand Dirichlet to Neumann maps on the interface x; = 1. Take a basis

of transverse eigenfunctions (y,,(x,, X3)),en> €-8- some ordering of sin (”Lz—”xz) sin <"L3—”x3>, with strictly positive
2 3
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eigenvalues (KVZL)HEN' In such a basis, both A; and Ay are represented by diagonal matrices,
A = diag((x, coth(x,)),en), Ag = diag((x,),en)-
Putting @ = —iv with v € (0, 1), we find
(—iw + DA} —iwAg = diag((x,((1 — v) coth(k,,) — v)),en)-

If 0 < v < 1/2, then this infinite matrix has a bounded, positive inverse, so no @ € —i(0, 1/2) lies in the essential
spectrum. If 1 /2 < v < 1, then the matrix has (at worst) a finite-dimensional kernel, but is still a finite-rank perturbation
of a matrix with bounded inverse. From this fact and the Glazman decomposition, one is able to argue that 0 lies outside
the essential spectrum of — div((w + iyx)V) for @ € —i(1/2, 1). It remains only to show that @ = —i/2 does indeed
have the property that O lies in the essential spectrum of —div((@w + iyx)V). We prove this by directly verifying that
the functions

(1=(x; = Dy (coth(k,) = D)y, (xy, x3) ToerXt) -y, (0, 1),
u,(xq,%9,x3) 1= sinh(,,)
W, (. X3) exp(—k, (x; = 1)), X > 1,

form a Weyl singular sequence for — div((—i/2+iyx)V) acting from H (; (Q) to H~'(Q). They satisfy the compatibility
conditions across x; =1 and, by direct calculation,

—div((-i/2 +iyg)Vu,) = +(1i/2)Au,,
with — for x; < 1 and + for x; > 1. Since Au,, = 0 for x; > 1, we have

—div((-i/2 +iyx)Vu,) = —(i/2)Au,
in all cases, and it suffices to show that

1Ay |l -1
—® L0, n— . (8.10)

”un”Hé(g)

Since the Dirichlet Laplacian in Q has spectrum [Klz, 00), we have A > K12 and thus, by testing with Cf"(Q) functions,
one may show that

1
||A”n||H—‘(Q) < K_] “A”n”U(Q)-

By direct calculation, Au,, is non-trivial only for x; < 1, and

cosh(x,x;)

Au, = —2k*(coth(k,) — D, (x5, x3) Sh(e)

It follows from elementary estimates that, for n — oo,

llAu, |l 120y < OGca(coth(i,) = D) 1w, Il £2¢0,2,)x(0,.5))>
12
Vil 2@) 2 Vil 22((100)x(0,L,)%(0.L5)) Z O ) Wi ll 20, 2,)%(0.L3)
and hence

@ IR o032 coth(x,) — 1)),
ki IVuull @

”un”Hé(Q)

This completes the proof of (8.10) and hence of (8.9).
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Regarding ae(VO), we can use the Fourier expansion

N . [ 7ny . [ 7y
E (xy,xy,%x3) = ZEl(n)sm L—2x2 sin L—x3 cos(&xy),

neN? 3
A Thy . ny .
Ey(x1,%9,%3) = Z E,(m)cos | —=x, | sin | —=x3 | sin({x;),
neNgxN Ly Ly
A n Tn
Ey(x).xp.x3) = Y E;@)sin (—2x2> cos <—3x3> sin(&x)).
neNxN, L, Ly
. . o . . —i 1
In the new Fourier coordinates the matrix differential expression (céz Cil; ) corresponds to
—i Iy I
iw 0 0 0 T, T
0 —-iw 0 -2 o0 ¢
Ly
0 0 —iw % & 0
v(w7 5’ n27 n3) = 0 _rn3 zhy 1(12) 0 0
L; L,
—% 0 - 0 iw 0
I i
T '3 0 0 0 iw
Then we have s 2 n% 2 ng ) 2
detV(w, & ny,m) =0 &+ —+ — -0 ) .
L L

As in [4, Ex. 10] the essential spectrum is the set of w € C such that for some & € R and (n,, n3) # (0,0), one has
det V(w, &, n,y, n3) = 0. This yields

ae(VO)z{O}U{a)GIR C > ”—2}

max{ L2, L%}
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