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Coulomb drag of viscous electron fluids:
drag viscosity and negative drag conductivity
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We show that Coulomb drag in hydrodynamic bilayer systems leads to additional viscosity terms
in the hydrodynamic equations, i.e., the drag and drag-Hall viscosities, besides the well-known
kinematic and Hall viscosities. These new viscosity terms arise from a change of the stress tensor
due to the interlayer Coulomb interactions. All four viscosity terms are tunable by varying the
applied magnetic field and the electron densities in the two layers. At certain ratios between the
electron densities in the two layers, the drag viscosity dramatically changes the longitudinal transport

resulting in a negative drag conductivity.

Several decades ago, Gurzhi imagined an ideal metal
from which all impurities and scatterers (e.g. phonons)
were removed and which contained only electrons inter-
acting among themselves [1]. In this case, the electrons
behave collectively like a viscous fluid with a resistivity
determined by their viscosity, which is inversely propor-
tional to temperature [2]. This result differs starkly from
that in a normal metal whose resistivity increases with
temperature due to electron-phonon interactions. Such
hydrodynamic electron flows have been realized in clean
samples of GaAs [3], graphene [4—6], PACoOs [7], and in
Weyl semimetals [8].

The viscous hydrodynamic regime can host many sur-
prising transport phenomena, such as for instance an in-
crease of the thermal conductivity and a breakdown of
the Wiedemann-Franz law in graphene [4], an increase of
the electrical conductance of a graphene constriction due
to superballistic behavior of viscous flow [9, 10], a non-
local negative resistance in graphene [6], as well as pecu-
liar electron flow in topological materials [11, 12]. As the
viscosity plays a central role in the transport of viscous
electrons, it is natural to ask how can we manipulate the
viscosity. It is well-known that to a certain extent the
viscosity can be controlled by varying the temperature,
the carrier density, and the impurity concentration [13].
On the other hand, applying a magnetic field not only
modifies the viscosity but also introduces an additional
Hall viscosity in the hydrodynamic equations [13—16].

As electrons are charged particles, one can place two
layered metals parallel to each other and the interlayer
Coulomb interaction will induce a drag voltage in the
“passive” layer due to an applied current in the “ac-
tive” layer [17]. If we consider the two metals in such
a Coulomb drag setup as viscous fluids, we can ask if
the viscosities of the two metals are modified due to the
interlayer Coulomb interaction [18]. Furthermore, one
could expect that the hydrodynamic equations might be
modified because additional viscosity terms emerge from
the interlayer Coulomb interaction similar to the case of
Hall viscosity.
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FIG. 1. Coulomb drag setup: an electric field Eix is ap-
plied to the active layer causing a Poiseuille current profile
J*(y)%. This current induces electron motion in the passive
layer controlled by the drag coefficient +} and the drag viscos-
ity v5. When the electron density of the passive layer is much
higher than that of the active layer, 45 becomes very small
and JP changes sign. The magnetic field B,z and horizontal
flow J*(y)% cause a charge build-up and a transversal electric
field E;y that can be used to probe the drag-Hall viscosity
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In this work, we show that two new viscosity terms
emerge indeed in the Coulomb drag magneto-transport
of viscous fluids. For this purpose, we solve the cou-
pled kinetic equations for the electrons in the two layers
that interact via Coulomb interactions. The angular har-
monics of the nonequilibrium distribution function give
access to macroscopic quantities including the stress ten-
sor in the linear-response, low-temperature limit (with
Fermi energy EF > T). The effects of intra- and inter-
layer Coulomb interactions on the stress tensor lead to
the conventional viscosity and the drag viscosity, respec-
tively, in the Navier-Stokes equations. In the presence
of a magnetic field, those intra- and interlayer interac-
tions will additionally induce the Hall and the drag-Hall
viscosities.

We show that the resulting four viscosities are tun-
able by varying the ratio of the electron densities in the
two layers and the magnetic field strength. Equipped
with these four viscosities, we apply the Navier-Stokes
equation to Coulomb drag in a Hall bar geometry, where
the boundary conditions lead to Poiseuille flow. Such
flow has been visualized in many experiments including
graphene and Weyl semimetals [19, 20]. We show that
at certain density ratios, the drag viscosity balances the



stress force from the kinematic viscosity in the passive
layer and becomes stronger than the drag force. This sit-
uation causes the electrons in the passive layer to flow op-
posite to the flow in the active layer, a phenomenon which
gives rise to a negative drag conductivity (see Fig. 1).
Under an applied magnetic field, the transverse electric
field shows a sign change due to the drag-Hall viscosity
and is tunable by varying the density ratio.

Viscosities due to Coulomb drag — The system we con-
sider consists of a pair of two-dimensional metallic layers
separated by a distance much shorter than the screening
length. To ensure hydrodynamic electron flow, we as-
sume that the metals are clean such that the intra- and
interlayer Coulomb scattering rates are much faster than
those due to impurity and phonon scattering. Moreover,
we consider an in-plane applied electric field in the ac-
tive layer and allow for an applied out-of-plane magnetic
field B = B,z (see. Fig. 1). The macroscopic dynam-
ics of hydrodynamic electrons at small flow velocity can
then be described by the linearized Navier-Stokes equa-
tion (NSE), derived in the Appendix,

ot = ﬁﬁk + weut x 7 — ) (u —ut) + fA (1)
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where u*(r,t) is drift velocity of electron in layer \ €
{a, p} (where we use \ to designate the opposite layer),
'yé‘ is the rate of inter-layer scattering and known as
the drag coefficient and e and m are electron charge
and band mass, respectively. As is shown in the Ap-
pendix, the equation is also valid for Dirac electrons, in
which case m = pp/vp corresponds to the effective cy-
clotron mass. The band parameter oo = 1 for a parabolic
band and a = 2 for a linear band. Moreover, v* is
the kinematic viscosity which is inversely proportional to
the rate of intra-layer scattering .\, vz is the Hall vis-
cosity which is proportional to the cyclotron frequency
we = eB,/me, ¢ being the speed of light. Vé\ x vé\ is the
drag viscosity, and Vé‘H x wcvé\ is the drag-Hall viscos-
ity. The total electric field in a given layer is denoted by
EN=EM+ %VPA = —V¢*, where E* is the externally
applied electric field and VP? is the gradient of pressure.
The presence of the drag viscosity ud>‘ and the drag-Hall
viscosity u(’i\H in the NSE is one of main results in this
work.

The electron-electron interaction rate in a 2D electron
gas is related to the density as 7, oc T?/Ep o 1/ny,
where 7 is the carrier density. The drag coefficient 'yé‘
are tunable by varying interlayer spacing and the density
of the opposite layer [21-24]. Furthermore, as derived
in the Appendix, all four viscosities v, v}, vy, vy
are adjustable by varying the density ratio r = n,/7p,
the ratio I'y = 75/7Z,, and the strength of the magnetic
field. Hereafter, we simplify the notation by scaling the

quantities with the active layer such that v2, ; = Vee,d,
756761 = TYee,d; V¥ = v, and other coefficients as derived
in Eqgs. (41)-(44) of the Appendix.

In Fig. 2(a), we show the kinematic viscosity of the ac-
tive layer as a function of the magnetic field. The dashed
line refers to the limit of vanishing drag coefficient v4 = 0
whereas the solid lines with different colors correspond
to different density ratios r = 71, /7, and fixed T'y = 0.5.
We normalize all viscosities with respect to the kinematic
viscosity at vanishing magnetic field and drag coefficient
vo = v3(B, = 0,74 = 0) = v4/(47ee) [13, 25], where vp
is the Fermi velocity of the active layer. In the presence
of drag, the viscosity decreases similar to the effect of
momentum relaxing scattering. The change of density in
the passive layer does not change significantly the vis-
cosity in the active layer as shown by the behavior of v
vs r. At large magnetic fields, the viscosity decreases as
shown in Ref. [14], leading to a negative magnetoresis-
tance in the viscous fluid. The viscosity of the passive
layer in Fig. 2(e) shows a similar w. dependence as v*
but it is proportional to =2 implying the shown den-
sity dependence of the viscosity. The drag viscosities 1/2‘
in Figs. 2(b,f) vanish at zero drag 74 = 0 and strongly
depend on density ratio r with different dependencies in
active and passive layers. v} can even become negative
at large enough magnetic fields w, & Yee.

The Hall viscosity v% shows a monotonic increase with
we as long as we < Yee. At very large wy, its value reduces.
At small w,, we can approximate Vﬁ, X We. Vv shows a
similar qualitative w, dependence as v§; with quantitative
differences in the r dependence due to the scaling with
respect to the viscosity vy of the active layer [Fig. 2(g)]. A
nonzero drag Hall viscosity l/é‘H requires both w, and 4
to be simultaneously nonzero [Fig. 2(d,h)]. By changing
the density ratio r, the drag-Hall viscosity v3; can be
made larger than v;.

Effects on Poiseuille flow — Next, we specialize Eq. (1)
to the case of steady-state Poiseuille flow in a narrow strip
along the z-direction. We apply an electric field £* =
E2% in the active layer and set E? = 0. In the presence
of an applied vertical magnetic field, a transversal electric
field E;) builds up that ensures zero Hall current (uj = 0)
at equilibrium as imposed by the boundary conditions.
We obtain the following equations for the longitudinal
component (see Appendix for details),

. . v, e

~a(u® — uP) = vd2u® + T\—dﬁagup + B (3)

v 1%

ra(u? —u*) = S0 + ﬁagua, (4)
where we have made the ansatz that u* = (u*,0) and
assumed a fully developed flow where u*(y) is indepen-
dent of z. In that case, V. — 0, and we have taken
We/Yee < 1 to simplify the r dependence of the coeffi-
cients. It is important to note that at small w,, the effect
of magnetic field is negligible in the longitudinal motion.
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FIG. 2. The viscosities in both layers. (a,e) The kinematic viscosity v, (b,f) the drag viscosity v, (c,g) the Hall viscosity vz
and (d,h) the drag-Hall viscosity v,y in the active and passive layers, respectively, for different magnetic fields, drag coefficients
T4 = Ya/Yee, and density ratios r = 7, /f1p. In Figs.(b), (¢), (e), and (g), we have multiplied the red lines (I'y = 0.5 and r = 0.1)

by the factors written in the plot. Here vo = (vih)?/(472.).

For Dirac fermions with linear spectrum, one needs to
replace /r — 1, which is related to v%/v%, in the de-
nominators of Eqs. (3) and (4). Hereafter, we focus only
on the case of parabolic band.

Examining the dynamics in the passive layer using
Eq. (4), one finds that «P will be parallel to u* due to
the drag force (o< 74) if one disregards the vy term. In
the presence of vy and at small r, however, the drag force
becomes negligible in comparison to the viscosity term.
As a result, it emerges from Eq. (4) that the vy term
will enforce a balance of stress forces with the v term,
resulting in opposite curvatures of the velocity profiles
u® and uP along the transversal direction y [see Fig. 1].
In the case of no-slip boundary condition at the edges,
the velocities vanish at the edges such that u*(£wy,) = 0,
where wy, is the half-width of the system, while the ve-
locity reaches a maximum at the center, thus creating a
parabolic Poiseuille profile along y. The opposite curva-
tures of the velocity profiles between the two layers entail
that u?(y) and uP(y) have opposite signs. One might ar-
gue that the balance of stresses arising from v and v4 can
be diminished by inducing a pressure gradient V PP or an
internal electric field in the passive layer. However, this
effect is weak in the limit where the flow is incompress-
ible fluid and kept at a constant temperature along the
flow.

For general values of 7, the solutions of Egs. (3) and (4)

are u™P = ug (U4 £ u_)/2, where ug = eE2w? /(mv) and
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Here, we used the dimensionless parameters § = y/wp,
Vg = valv, and Y4 = ~yqwi/v which are related to
the Reynolds number R = 7..w}/v. Writing the aver-
aged charge current across the transversal direction y €
[—wp, wp] as (J*) = fye(u?)/2, where (O) = 1 [ dgO
and defining the normal and the drag conductivities as

o> = (JN)/E?, we obtain

o 2,2 3/27
a TNaewj |1 _ 1+727%y,
= — | = _ B —— P 8
7 my [3§—|—<u ><1+r3+2r3/2§d » (8)
o-p — ﬁpe2w}21 lg _ <1’Z > 7'3 + T3/2;d (9)
- omv |3 TINL+ e 2r32p, ) |

In Fig. 3, we plot ¢®P as a function of density ratio r
for several values of 7; and a fixed parameter v; = 1/3
corresponding to v4/Yee = 0.5. The dashed lines cor-
respond to the case when we neglect v4. By increasing



S
§ & 0.5f - 1
=~ .
[S S ?
= =
= 2
= 2 0.0
- E
= z
g
< %
<3

co
F
-
—
S
1

©
o
i
-
-
S

density ratio, 7,/ density ratio, 7, /7,
FIG. 3. (a) Conductivity o* and (b) drag conductivity o® as
a function of r = 71 /7, for several values of 74. In this plot we
have used vq/v = 1/3 and 09 = nae’wj/(3mv). The dashed
lines correspond to 74 = 0.1 and neglect the drag viscosity.

4, 0® decreases indicating the increase of the drag re-
sistance. At small 7, the drag resistance from the other
layer is very strong leading to small values of ¢®. In the
non-viscous regime 74 > 1 (the blue line), we can see
a monotonic increase of 02 as function of r which satu-
rates at og = nae?w? /(3mv) for large r where the effect
of the drag force is minimal. The scale factor o is the
conductivity of the viscous fluid without the drag effect,
which takes the shape of a Drude conductivity where the
effective lifetime depends on the channel width and the
viscosity 7, = w}/(3v). In the highly viscous regime,
~a < 1 (black line), the drag viscosity can enhance the
conductivity at small r originating from the second term
of Eq. (8) [cf. the dashed line when v4 = 0].

The impact of v4 is most pronounced for the drag con-
ductivity oP, see Fig. 3(b). At small density ratio r and
in the viscous regime 74 < 1, oP becomes negative sig-
nifying a counterflow in the passive layer with respect to
the active one. At r = 0, oP becomes zero because the
drag coeflicient rv4 vanishes, and it vanishes as well as at
very large r because n, — 0, see Eq. (9). A negative oP
occurs in the viscous regime when the effect of 74 term
is smaller than those of the v and vy terms, see Eq. (4),
causing opposite signs of ©* and uP due to the stress bal-
ance. Indeed, when we set vy = 0, oP never reaches a
negative value (dashed line). Overall, the value of |oP| is
typically smaller than that of o® but at large 74, oP/0?
can approach unity at r = 1.

One can also consider the transverse component of
Eq. (1) and relate the velocity along the strip u* with
the perpendicular electric field Ezj‘ due to the magnetic
field,

s e
ui}@iu)‘ + VQ‘H(?Zu)‘ = EE; — weu. (10)

J

4

Since u* is proportional to E2, one can measure the Hall
angle tanfy = E;\/E'; Utilizing Eqgs. (5) and (6), we
obtain tan 6 as shown in Fig. 4. At small magnetic field
We/Yee = We < 1, tan @y is linearly proportional to the
strength of magnetic field w.. The polarity of EJ is less
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FIG. 4. (a) Hall angles at the first layer tan 6, /w. and (b) at
the the second layer tan @, /@, as a function of r = 71, /7, for
several values of 74 = I'qR. Here @. = we/vee and I'y = 0.5.
The dashed lines are for 74 = 0.1 and neglecting the drag-Hall
viscosity vag = 0 and the dotted lines are for 74 = 0.1 and
vgg = 0 and vqg = 0.

sensitive to r but more sensitive with the change of the
Reynolds number represented by 74. On the other hand
in the passive layer, B} changes the sign by changing r
but less sensitive to the change of 74. The presence or
absence of 14 and vgqpg also change the polarity of E} as
shown in the dashed and dotted lines in comparison to
the solid line.

Conclusion — Starting from the kinetic Boltzmann
equation for two metallic layers interacting via the
Coulomb interaction, we have shown that viscous hydro-
dynamic transport in such a Coulomb drag setup is char-
acterized by four viscosities: the kinematic, Hall, drag,
and drag-Hall viscosities. Those viscosities are tunable
by several parameters such as the applied magnetic field,
the charge density ratio in the layers, and the drag co-
efficient (interlayer spacing). We showed that the drag
viscosity can lead to a counterflow between electrons in
the passive layer and the active one in the viscous regime.
This phenomenon can be measured via a negative drag
conductivity oP and is independent of the magnetic field
in the small field regime w, < 7ee. In the presence of
magnetic field, the polarity of the Hall fields E;‘ can be
altered by varying the Reynolds number and the density
ratio to probe the presence of the drag-Hall viscosity.
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Derivation of four viscosities

In a Coulomb drag experiment, we consider electrons in two layers A and A. Both intra-layer and inter-layer
Coulomb interactions are strong, such that electrons quickly relax into local equilibrium distributions. Subject to
such interactions and applied external forces, the electron dynamics follows the Boltzmann equation

O + vy 0L + (B + Svi x B) - 9 = 855+ 515, (11)

where vf; = dsg /dp is the group velocity of A € {a, p} electrons in the active or passive layer, respectively. E*
and B = zB, are the electric and magnetic fields, respectively. The electric field may differ between the two layers
while the magnetic field is assumed to be identical in both layers. In this derivation, we incorporate only the two
dominant types of collision, namely intra- and interlayer electron-electron collisions, corresponding respectively to the
collision integrals S§ , and Sd Other momentum-relaxing collisions can be incorporated easily. We assume that
the intralayer Coulomb 1nteract10n S5 1s the strongest of the problem, such that we can make the following ansatz

for the local equilibrium distribution function [13],

aAA
Prpt) = ey - L b g, ), (12)
p

where f = (1+ exp[B(ep — ,u)])_l is the equilibrium Fermi distribution. We assume an isotropic and sharp Fermi
surface at low temperatures. Therefore, the factor dfg/ 883 is strongly peaked at the Fermi momentum. Hence, using
p = |p|(cosbp,sinby), we can assume |p| ~ pp in the correction, such that the nonequilibrium distribution F(r, 6, t)
depends on p mostly via the polar angle ,. Therefore, we can expand it in angular harmonics,

(r,0p,1) Z e FA(r,t). (13)
We see that JF3 is related to the density fluctuations
mmwz/fManw—ﬁ@»zwﬁmm (14)

where gr = [d?pé(ep —¢ ) is the local density of states at the Fermi level. Moreover, the functions F72; are related
to the current density,

anw=/ﬁ%v (Pet) = 2ENLD),
A r A r
= joruk (2 [j;f((ﬁ,tg)t];i((é,tt))]) = au’(r, 1), (15)

where 1\ = [ d*pfd(ep) = grep is the equilibrium density and this equation defines the drift velocity u*(r,t). The
functions F?}, are related to the stress tensor,

Ty = /d2p pivy; (12 (r,0) = 3 (e3)),

f&—@%ﬁ@%<>+ﬁmw+ﬂww»
7 7 ngFU

grPrV}
Ty, = i{i@%<>fﬁmﬂaﬂwm»

We can express this tensor in a compact form as

A
T = 79”9;“1? 270 + (F2 + FA)m +i(F) — FAy)m] (17)



where 7, , are the Pauli matrices. Next, we model S§\7 5 So that it conserves the particle number and momentum

S)E\,A:_'Vge (F/\(I‘,Qp,t)—f‘g‘—}—{\—f)‘l), (18)

where Yee = T;sl is the electron-electron scattering rate. Recent works show the dependence of 7., on odd and even
harmonics n at the crossover between hydrodynamics and ballistic transport [25]. In this work, we focus on the
hydrodynamic regime and assume that .. is independent of n. On the other hand, the interlayer collision integral
Sg 5, will give rise to drag effects that only conserve the particle number but not necessarily the momentum in a given

1a};er. The collision integral is derived in Eq. (53) and takes the following form

. o .
S5 =~ = u) =~y (mr, . t) = 3 = 25 (FM(r.0.) - f@)) (19)
F

Inserting Eq. (12) into Eq. (11) and keeping only linear terms in E and F*, we obtain:

afy A A A eB. ‘Vm A e d
“oen O F ™ (r,0p,t) + Vp - (OrF (r,0p,t) — eE) + D] 0g, F(r,0p,t)| = Siat S/\’/—\ (20)
P

Next, we multiply Eq. (20) on both sides by % and integrate over d’>p. Hence, we obtain:

A
O Fy + %F 02 (Fo_y + Fa) —i0y (Fooy — Far)]

A
v . .
(=€) (Ba(Gn,1 + 0n, 1) = iBy(0n,1 = 0n,—1)) — inwe) = =70, (Fp) = Fono = Fon1 = F210n 1)

A A A Uf\v X X
—Yd ]:n—]:o(Sn,O—UT(]:n—]:ofsn,O) . (21)
F

where w. = eB,/mc is the cyclotron frequency and m = pf‘; / vf‘;. Eq. (21) is the main ingredient to obtain macroscopic
dynamics of the system. Taking n = 0 and using the definition (15), we obtain the continuity equation,

dinx(r,t) + V- I (r,t) = 0. (22)
For n = £1 we get, respectively,
N, VR A A . A A v . : A A N

O F] + 5> [0, (Fo + F3) —i0y (Fo — F3)] e (Ep —iEy) —iw.F7 = =5 | Fi' — UT]:l , (23)

F
O FA +ﬁ[a (FA + F3) —i0y (F2y — Fo —ﬁE Ey) +iwe A = =y [ F2 —ﬁﬂ 24
tS 1 5 0z (/=2 0 Zy( —2 0)] 62(:c+Z y) FiweFy = =y 1T oxT ) (24)

F

Adding Eq. (23) and (24) and multiplying with v3/(2e}), we get
A
v .
T+ F20) + 7[00 (270 + F3 + F25) =iy (F23 = F3)]

_eU??Ew - Z-""C(J:lA - ]:il) = _72

A
v . -
R+ -2 (R +IA1)] ,
VF
1 - - e .
A A A A Ao _ X
atuz + miﬁ)\ [aIsz + ayTxy] - %Ez T Welly = —Yq (uac - uz) ’ (25)
where o = 1 for a quadratic dispersion e = m (vf‘;)Q /2 and a = 2 for a linear dispersion e = prvy = m (v%)Q.
This « factor will not change any results since it only renormalizes ug above Eq. (5) in the main text. Hereafter, we
focus on the quadratic dispersion.
Subtracting Eq. (24) from (23) and multiplying by v /(2e7) we get,

_ _ e <
8tu§ + 830Ty>‘w —+ aquj‘y] — EEy -+ wcui = —’yd)‘ (ug‘ — u;‘) (26)

1
i |



Using n = +1 in Eq. (21) and using Eq. (15) and (17), we find the linearized Navier-Stokes equation
1

mmny

A A € XMooy — A A A
opu” + V-T —EE—wc(u Xz) =—7) (u u). (27)

We can approximately close the recursion equation (21) by setting F,, = 0 for |n| > 3 [13, 26]. For n = 2 and focusing
on the stationary distribution with d;F,, = 0, we obtain

A A
v v by
L0, —i0,) F} — i2w.Fp = —yNFo — ) (;; - Uff?) :
F

A _ _ o _ _ by
0,07 - o} = ok ok (51 ). 29)
Up
For n = —2 we obtain
@(a Fi0,)FA L 4 i2weF Ay = —ANFX —ya | F _ U
9 \Yz y)J 1 e/ 22 = Veed =2 ~ Vd -2 DY -2 >
F
@(a Fi0,)FA | 4 i2weFry = —ALFA, — oy [ P _ 29
o5 Oz i0y)F21 +i2weF g = =Yoo F 2o — va | Flo a2 (29)
F

We can relate 73, and F}, in a matrix form as:

A A B A
0. %9, (f) (e oatiee  E (f) (30)
X | = o5 5 5. X -
2 \rFh w5 —Yoe — Yo Ei2we ) \ T2
In principle we can invert the matrix to get
2 vpFr ) \Fiy )’
F 42
where
X bY ; Ui A
B Ya + Yee F 2“"]0 75\7(1
Di =K /U;\ i g , (32)
/] Ve F Vel F i)
F
1

VA2 + VR V) — 4w F 2iwe () + ) + R +d)

Separating the real and imaginary parts leads to

— [(R/\/\ R/\,\> 4 (I/\A IA/\)] [0z F 0] <“I/}“]:ﬁ)§1> _ (}‘22>' (33)
Rsx Rxx Iix i 2 \opFiy T
From this equation, we can see that the Coulomb drag affects the stress tensor and thus the viscosity. VT can be
written as

1 . = (vp)? 2. o s 2.\ o s A
B [8ITrr +8miy] = R\V=u} JrR)\j\f/\V uly + IV uy, JrI)\j\f/\V uy | + O(0,F3)s (34)
A n n
1 = = (vp)? 2. A o s 2\ o s A
_miﬁ/\ [aCTyz + 3yTyy] = 4 RV Uy + Rkj\ﬁv Uy — LiwVeu, — ij\ﬁv uy | + O(0,Fy), (35)

Using this relation, we write the Navier-Stokes equation explicitly as

out + ) (u — uj‘) =1Vt + vy V2 (uh x 2) + VC)l‘VQuS‘ v (uj‘ X i) + %8)‘ + weu X 2, (36)



where

A2

A — (1)F)4R/\/\7 (37)
A2 =

x_ (vp) R)J\j

Vg 4 ﬁ)\’ (38)
A 2[

v = (”F)4 M (39)

(UA)QI P
VS\H: F4 )\)\ﬁiiv (40)

and £ = E* + amypr = -V is the total electric field and gradient of pressure VP* = () /gr)Vn(r,t). Now
we write fi,/fis = r. In case of a parabolic band, this means that vy /vl = /r. For 42, « 1/ny, we have thus
72, /9P, = 1/r and v iy means that v3 /9% = 1/r. For further simplification we drop the superscript “a” and use
vg =vp and V¢, 4 = Vee,a. We write the four viscosities in two layers explicitly as:

. vk 72(1 4 30y + 2T'%) + 4@2(1 + Ty)
vV =
47ee 8rT202 4+ 402(1 + 20g + T2 + 402) + 72(1 + 4w2 + 4T3 (1 + @2) + [q(4 + 822))
L v% VrLa(r + 2r0 g — 402)
CT dryer 81T2W2 + 4W2(1 + 2T 4+ T2 + 402) + r2(1 + 452 + 4T2(1 + @2) + Ta(4 + 832))
. VR 20 (rI% + r2(1 + Tg)? + 402)
% =
B dryee 871202 + 402 (1 + 2T + T2 + 402) + r2(1 + 462 + 4T%(1 + ©2) + Ta(4 + 822))
N v2 2T La(1+7)(1+Ty)
v = = = = = = —
T e 87202 + 4552(1 + 2Ty + T2 4 432) + r2(1 + 402 + 4T2(1 4+ @2) + Ty(4 + 832))
p_ V% r(1+ 30 + 212 + 402 (1 + T'y))
49eer 8rI%w2 + 402(1 4 20 + 2 + 402) + r2(1 4 402 + 4I'%(1 + @2) + Tq(4 + 8w2))
P v% VrLa(r + 2rT g — 402)
C Ly 811202 + 4W2(1 + 2T + T2 + 4@2) + r2(1 + 402 + 4T2(1 + @2) + Ty(4 + 8w2))
P V% 20.(1+ 20 + (1 + )2 + 4w?)
A dryeer 817202 + 402(1 + 2T + T2 + 4@2) + r2(1 + 402 + 4T2(1 + @2) + Tq(4 + 822))
v2 2¢/r@.Lag(147)(1+Ty)

P _
Yan = 811202 + 4w2(1 + 20y + T2 + 402) + r2(1 + 4w?2 + 4%(1 + @2) + [y(4 + 8x2))’

where T'y = v4/Yee and @ = we/Yee-

In the limit of small W, we obtain

a:l/ 1+Fd — v l/a:@ F(i — V(i (41)
T+ory T r(+2Ty)

p_w_14+Ta v Py td v 42

YTty Ya T E Ay ory) (42)
0 2000 T2 4+ 1r(1+1,)? o 200w 2(1+1)Tg(1+Ty)

H = 2 ’ Vag = 5/2 2 ) (43)

r (1+2Ty) rd/ (1+2T)

L _ 200 1420 + (14 )12 b 2ol 2(1+7r)Tq(1+Tq) (44)

= r3 (1+2Iy)2 ’ dH ™ "p3/2 (1+2Ty)2

2
where vy = 4:%. In the simplest case, we can assume two identical liquids in the top and bottom layers (r = 1), in



which case we obtain identical viscosities in the two layers,

_ % ('7d + ’766)[766(27d + Vee) + 4w2}
4 (72, + 4w2)[(Yee + 27a)? + 4w?]’
vy = ﬁ 2(“}6[’766(76@ + 2'7d) + 2’)’3 + 4&)3]) (45)
4 (2, 4 4wd)[(Vee + 274)% + 4w?]

_ Vg 7d[7&e(2’7¢i + Vee) - 4“}3]

Va =~ 9
T 2+ 4D (e + 27a) + 4]
Vap = ﬁ 47dw0('7d + 'Yee)
4 (V2 4 4w?)[(Yee + 27a)? + 42|’

Coulomb drag scattering integral
We consider the Boltzmann equation including only the drag scattering integral,
e
ath+vg.arfA+ (eE’\JrEv;\, XB) ~8pf’\ :Si;\(p), (46)

where the scattering integral is given by

d d2p2 d2q A by A by AN (2
SA7;\(p) == (rh)? | (2rh)? 0(p +€py —€praq ~ Epa-a)|Vopz.al
AP A A A A A A
X [fp P2 (1 - p+q) (1 - pz—q) - (1 - fp) (1 - P2> p+q P2—OI] : (47)
In hydrodynamics the local equilibrium distribution is given by:

N 1

= 48
P T eaE e w) 1
We linearize the collision integral (47) by expanding f;‘ to linear order in u as
0)X

A pON s — rOX_ r())

fp - fp + f - fp p-u R

EFI())Y 0)A 0)X
= [ = (- wBFM - [, (49)

where f(Or = {1 + eXp[ﬁ(eI); — uM)]}~L. Linearizing the collision integral means retaining the linear order of the
distribution function products,

Fif (U= £3) (1= f2) = (A + 01 (R +6£2) (1= (17 +88)) (1= (£ + 31))
~ HOR (1= 1) (1= 1) + . (1= 1) (1= 1)
17082 (1= 1) (1= 1) + £ 15 (=6 2) (1= £7)
1A (1= £57) (=614 (50)

The same way, we get:

(1= A= f)fsfam (1= A~ VA £ + (=6 f0) (1 = )£V £
(1= A0 BV 10 + (1= A~ 156 f5) £

=1
1- A1 - A6 £Y) (51)

J’_
+(1-f
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tan 6, /w,

log(7a)
log(7a)

log(r) log(r)

FIG. 5. (a) Hall angles at the first layer tan 6, /w. and (b) at the the second layer tan 6, /@, as functions of r = . /fip and 7q.

Thus:
fa (1= f) (U= f0) = (1= 1) = L) fsfd m 7 [ (1= £57) (1= 17) + 0= A 1]
w32 (A7 (1= A7) (1= 57) + (0= 1A 1]
<00 [AO17 (1= 1) + (1= A7) (1= £7) 117
~5f [FOR (1= £7) + (1= 1) (1= 157) 1]

~ OB (1= 1) (1= 10 = —he by + ] (52)

where we have used fl(o)fQ(O)(l - féo))(l - fio)) -1 - 1(0))(1 - 2(0))]‘?50)]”20) = 0 from the energy and number
conservations and 6 f; = —hy f1O (1-— flo)) where h; = p1 - u;. The linearized collision integral reads

d*p d*q A A
Sg,/_\(p) ~ / (27Th) / ( ) 6(51); + €I>;2 - EIA)Jrq - 81)1\)2*‘1)' P, Pz’q| B
x [fpo)Apr)A ( fﬁé) (1 - f,g?kq)} [—p ut = pyut 4 (ptq) w4 (py - @) ut
_ d2p d qa -
=~ - / anh)? / e 10 = e~ Vol

0)A 0)A
<R (1= 52 (1= 127 (53
Note that [d*pS¢;(p) = 0 because (cos(fq))e = 0. On the other hand, [d*p p S{;(p) is nonzero because
(cos?(6q))e = 1/2. Looking at the shape of S ;(p) the collision integral should be proportional to nxn5. We multiply

p/m into Boltzmann equation (46) and integrate over p, we obtain
1 _ —
0> + — VI — (emA + 5 x B) = —ygia(u? — u?) (54)
m c
Writing down the Navier Stokes equation in terms of u we obtain:
1 - e X
o + —— VI = (B + “u* x B) = —9(u* — u’ 55
ot + i (eB* + Cu R - ) (55)

where ’yé\ is proportional to 75.
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Hall dynamics and Hall angle

Starting from Eq. (7) in the main text, we will evaluate the Hall angle tan 6y = E&\ /E.. We express the equation

in terms of dimensionless quantities to get

A A _ E 2
Y20 pag 4 YA 0250 gt = S B, g = 2k
wy wy m my
Vl/t\[’}/ee 2~\ V)\ Yee A2~\ ’Yeew2 ~\ Yee
———0ju" + Lagu + L hgh — € tan g,
VW, VW, v We
A A2~A |~ 3 _y tan@
Vﬁagu}‘ + Vé‘HE’%u)‘ + Ru* = % (56)
From Egs. (41)—(44), we obtain
o 2 T24r(14Ty)? 2 2(1+7)Ty
Vi = — = —_—
B (14 Ty)(1+2Tg)" " 4572 1420y
o 214203+ (1403 o, 2 2(1+47)Tg

Yn = s (1+Ta)(1+2Tq) TP

'yzew% 1+2Ty
’U% 1+
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