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I ntroduction

The format of specia issues is well proved and
continues to develop at this time [1-15]. The main
am of this specia issue “Nonlinear Dynamics,
Dynamical Systems and Processes” is the thematic
integration of the research results into mathematical
modeling, theoretical analysis, synthesis and
numerical simulation of nonlinear phenomena in
dynamical systems and corresponding applications
[e.g. 16-28].

So, this specid issue includes the following
works with corresponding description of the aspects
of the nonlinear dynamics:

1). A Linear Temperature Measurement System
Based on Cul00 [29].

In this work a temperature measurement device is
designed for the temperature measurement and
control of industrial processes with high accuracy
by using Cuy thermal resistor. It consists of
AD590M, resistors, amplifier, A/D converter, data
sampling and processing system, digital display,
adarming unit, serial output ports, etc. The single
comparing method is used to find the thermal
resistor value which is mapped to the corresponding
temperature by looking into indexing table.
Therefore, linearity is implemented, which greatly
reduces the impact of temperature-drift and non-
linearity in amplifier.

2). LMI based bounded output feedback control for
uncertain systems [30].

This paper provides conditions for constrained
dynamic output feedback controller to be cost
guaranteeing and assuring asymptotic stability for
both continuous and discrete-time systems with
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guadratically ~ constrained  nonlinear/uncertain
elements. The conditions are formulated in the form
of matrix inequalities, which can be rendered to be
linear fixing one of the scaar parameters. An
abstract multiplier method is applied. Numerical
examples illustrate the application of the proposed
method.

3). Fault Detection and Diagnosis in Non-Linear
Process using Multi Model Adaptive Hoo Filter [31].
Here the Kadman Filter (KF) is described, which is
widely used in process industries as state estimator
to diagnose the faults either in the sensor, actuator
or in the plant because of its recursive nature. But,
due to increase in non-linearity and exogenous
perturbations in the monitored plant, it is often
difficult to use a simple KF as state estimator for
nonlinear process monitoring purposes. Thus, the
first objective of this paper is to design an Adaptive
Linear H» Filter (ALH»F) using gain scheduling
algorithm to estimate nonlinear process states in the
presence of unknown noise statistics and unmodeled
dynamics. Next the designed ALH«F is used to
detect sensor and actuator faults which may occur
either sequentially or simultaneously using Multi
Modd ALH«<F (MMALH«F). The proposed
estimator is demonstrated on Continuoudly Stirred
Tank Reactor (CSTR) process to show the efficacy.
And the performance of MMALH«F is compared
with MMALKF. The proposed MMALH«F is
detecting and isolating the faults exactly in the
presence of unknown noise statistics and unmodeled
dynamics.
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4). Permanence and Asymptoticaly Periodic
Solution for A Cyclic Predator-PreyModelWith
Sigmoidal Type Functiona Response[32].
This paper is concerned with a cyclic predator-prey
system with Sigmoidal type functional response. By
using the differentia inequality theory, some
sufficient conditions are derived for the permanence
of the system. By constructing a suitable Liapunov
function, it is obtained that the system has a unique
asymptotically periodic solution which is globally
asymptoticaly stable. Some numerical simulations
that illustrate our anaytical predictions are carried
out.
5). Dynamical Analysis and Synthesis of Inertia-
Mass Configurations of a Spacecraft with Variable
Volumes of Liquidsin Jet Engine Tanks[33].
In this article the attitude motion of a spacecraft
with variable mass/structure is considered at the
variability of the volume of liquids (the fuel and the
oxidizer) in tanks of the jet engines. The variability
of the liquid’s volume is occurred under the action
of systems of the extrusion of liquids by the
pressure creation and, as a result, by the diaphragm
(athin soft foil) deformation inside the fuel/oxidizer
tank. The synthesis of the attitude dynamics is
fulfilled by the change of directions of the extrusion
of the liquids in tanks — this modifies the inertia-
mass parameters (their corresponding time-
dependencies) and affects the final maotion
dynamics. Hereit is showed that the extrusion in the
lateral radial—outside direction is most preferable
in comparison with the longitudinal extrusion (in the
direction of jet-vector). It means that the precession
cone of the longitudina axis of the spacecraft (the
axis of the jet-engine reactive thrust) is —twisted up
to the precalculated necessary direction of jet-
impulse, and it has not —untwisted|| phases. This
scheme of the liquid extrusion is dynamically
optimal, because it alows to improve the active
inter-orbital manoeuvre by the
natural/uncontrolled/passive way.

So, in this specia issue the dynamical
aspects are quite broadly presented and the main
aim of theissueislocally reached.

Conclusions

Finally before diving into the collected research
works [29-33], let us remember the reader that
WSEAS Transactions on Systems has broad
spectr of Special Issues, e.g. [1-15]. Thisis has
the objective of creating an active and
contributing research community around the
journal and to present their latest efforts which
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have achieved wide interest among its
members. As a reader of the journal you are
invited to take inspiration by the presented
papers and to consider to submit your future
worksto the journal itself.

Enjoy your reading!
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Abstract: - A temperature measurement device is designed for the temperature measurement and control of
industrial processes with high accuracy by using Cuygy thermal resistor. It consists of AD590M constant current
source, resistors, amplifier, A/D converter, data sampling and processing system, digital display, alarming unit,
serial output ports, etc. The single comparing method is used to find the thermal resistor value which is mapped
to the corresponding temperature by looking into indexing table. Therefore, linearity is implemented, which
greatly reduces the impact of temperature-drift and non-linearity in amplifier. Besides, the device implements
the measuring of full temperature range of the reference table. The theoretical error of the device is less than

0.1 °C and meets the requirements in most of industrial processes.

Key-Words: - linear temperature measurement, Cu,go copper resistor, MCU, linear indexing table

1 Introduction

Temperature is one of the seven basic physical units
in the international system of units (SI), which
occupies an important position in all of relevant
disciplines [1-6]. At present, there are many
methods of measuring temperature in the world, as
well as the classification methods of classifying
those measuring methods. In general, it is difficult
to find an ideal temperature measuring method
because of the numerous measuring principles [7-9].
It can be roughly divided into contact measurement
and non-contact temperature = measurement
according to different measurement ways. Contact
temperature measurement device which is
characterized by a higher measurement precision,
simple design, high reliability, wide application
range, is carried out according to the principle of
heat exchange, such as double metal thermometer,
glass thermometer, thermocouple thermometer, hot
resistor thermometer and pressure thermometer,
etc[10-12]. In order to make the measurement
precise, contact temperature measurement method
must ensure the device well contacting with the
object being measured, and after sufficient heat
exchange to get the actual temperature. But contact
temperature measurement method can’t be used for
too high temperature measurement due to the
hysteretic response and the chemical reaction with
the object being measured. At present non-contact
temperature measurement is mainly the radiant
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temperature measurement in industry, which keeps a
certain distance with the measured object. But it is
vulnerable to the object emissivity, and the distance
of the object being measured, as well as the media
such as steam and smoke. The accuracy of the non-
contact temperature measurement can't be
guaranteed, which is typically used for high
temperature measurement [13-17].

The traditional thermal resistor and thermocouple
temperature measurement technology are
characterized by simple structure, mature
technology and convenient use, etc, which can be
widely used in the future [17-19]. With the full
development of electronic technology, a small
temperature measuring instrument which includes
temperature sensing device and the corresponding
integrated electronic circuit can be designed, with
which we can see voltage, frequency, or directly
temperature display. It is not only convenient but
also easy to carry.

Micro Controller Unit (MCU) [1-4,20-24] is
usually applied to real-time measurement and
control, especially to the development of
electromechanical integration of intelligent systems
and products which is characterized by small
volume, low power consumption, cheap and strong
control ability, etc. It has very extensive application
in the field of measuring temperature because of
high automation, intelligence in a system. In this
paper, we design a copper resistor (Cujgy) linear
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temperature measurement system based on MCU
which can meet general industrial temperature
measurement occasions [1-4,20,24].

This paper is organized as follows. In Sec.2, we
give the theoretical analysis of the thermal resistor
temperature measurement. In Sec.3, we provide the
hardware design of the system. In Sec.4, we provide
the software design of the system. In Sec.5, the error
analysis is given. In Sec.6, the conclusion is given.

2 The theoretical analysis of the
thermal resistor temperature
measurement

Thermal resistor temperature measurement device is
based on the principle that the value of the metal
conductor resistor has linear relation with the
measuring temperature[12-17]. The relationship
between the metal conductor resistor value and
temperature can be expressed as

R =R [l+a(t-1,)] (1)

Where R, and R, represent the value of the metal

conductor resistance at ¢ (°C) and ¢, (°C)

respectively; «  represents the temperature
coefficient of resistor, namely the relative variation

of the resistor as the temperature rise per 1 °C.

Although the general metal material and
temperature are not completely linear relationship, it
can be approximate to linear relationship in a certain
range, the commonly wused thermal resistor
characteristic curve is shown in figure 1.

Pt

Cu

| | | |
200 400 600 800

tl
Fig.1 The commonly used thermal resistor
characteristic curve

-200 0

The temperature coefficient of resistor o 1is
defined as

Rt_RtO
a=—
R, (t—t))

AR
A (2)

L
R,
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It represents the relative variation of the resistor as

the temperature rise per 1 °C , where R, and Rto are

the same as ( 1) . In fact & is the average in the
temperature range of?, ~ ¢ , for any «

.1 AR 1 dR
a=lim—x—=—-—
At»ORto

(3)

Formula (3) is the general expression which has a
broader significance, but it should be linearized.

Experiments show that the resistor of most metal
conductor with a positive temperature coefficient
increases 0.36% ~ 0.68% when the temperature

raises 1°C. The purer a metal material is, the bigger

a is, and vice versa. So the o of alloy is usually
smaller than the pure metal. Copper resistor is
commonly used in temperature measurement ranged

from -50°C to 150°C, whose resistor is linear with

temperature. Its temperature coefficient is relatively
big, and its price is cheap, as well as the material is
easy purified. But it has low resistivity, and is easily
oxidized, so it is reasonable to use copper resistor
thermometer if the temperature is not too high and
there is no special limit about the size of the
temperature measuring element. In this paper, we
choose Cujo as the thermal resistor sensor. The
relation between the copper thermal resistor and
temperature can be expressed as

R =R,(1+ At+Bt* +Ct’)  (4)

Where R and R, represent the value of the copper
thermal resistor at ¢ (°C) and 0 (°C) respectively;
A=4.28899x 10 /°C , B= -2.133x 107 /°C? ,

C=1.233 x 10 7 /°C°
formula (4) can be approximated as formula (5)
ignoring B and C.

. Within a certain range

R =R,(1+at) (5)

Where o =4.28 x 10 ~ /°C, to simplified the

calculation, we can set & =4.25x 10 /°C, because

the temperature coefficient of copper thermal
resistor is very small and the purity of copper
resistor material is not high. After determining the
linear relation of copper thermal resistor and
temperature, we can measure the value of thermal
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copper resistor and check the linear indexing table
to get temperature.

2.1 The current method model for measuring
thermal resistor

With the control of the MCU, the thermal resistor
adjusting circuit (Fig. 2) completes the signal data
acquisition according to logic control table (Table
1).The circuit uses AD590M as constant current
source to realize the resistor measurement, which is
called “current method”.

As shown in table 1 and Fig. 2, the INO channel
of M; and M, multi-channel is open at step 1, and
the output current / of AD590M pass through R, and
R, in calibration circuit forming voltage signal U, as
formula (6)

Jiu-Qiang Zhao, Xiao-Fen Li, Zhi Cheng, Guang Chen

i1§30v
COM

| multi-channel CD4051 |

IN2 lNltho
R3 RZ R|
INO
INI
IN2| cD| COM
IN3|4051 ©

connect to the input
of the amplifier

M,

Fig. 2 The sign-:j,ll disposal module of thermal
resistor

U =1R, (6)
Table 1 Logic control function table
steps Ul U2 P1.0 | P1.1 | P1.2 | P1.3 collection the signal of
1 INO open | INO open 0 0 0 0 standard calibration signal U,
2 INT open | INI open 1 0 1 0 the measured signal U,
3 IN2 open | IN2 open 0 1 0 1 the line resistor signal U
4 | IN1 open | IN3 open 1 0 1 1 zero calibration signal Uy

To simplify the calculation process, we can assume
the zero calibration signal Uy = 0. The calibrating
signal sampling value S; is available after the
amplifier, A/D conversion and zero calibration,
which can be got as
S$,=K-U =K-1-R, (7)
The IN1 channel of M; multi-channel and the IN2
channel of M, multi-channel are open at step 2, and
the output current / of AD5S90M pass through R, and
R,, as well as the line resistor 2r forms voltage signal
U, as formula (8)
U,=1-(R, +2r) (8)
The thermal resistor signal sampling value S, is
available after the amplifier, A/D conversion and
zero calibration, which can be expressed as follows
S,=K-U,=K-1-(R, +2r) 9)
The IN2 channel of M; and M, multi-channel are

open at step 3, and the output current / of AD5S90M
pass through Rj; and the line resistor 2r in correcting
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circuit forms line correcting voltage signal U; as
formula (10)

U,=2r-1 (10)

The line resistor signal sampling value S; is
available after the amplifier, A/D conversion and
zero calibration, which can be expressed as follows

S,=K-U,=K-I1-2r (11)

The IN1 channel of M; multi-channel and the IN3
channel of M, multi-channel is open at step 4
forming voltage signal U, and the zero calibrating

signal sampling value S4' is available after the
amplifier, A/D conversion and zero calibration

S, =K-U, (12)

The value of U, and S, - is too small to

converge to zero and the formula (12) is used to

the zero calibration of §;. S>. S3. We can get
formula (13) based on formula (9)
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SZ

R, =
K-I

—2r (13)

Formula (14) can be get based on formula (11)

S
2r=—23 14
r X7 (14)

Besides, Formula (15) which is not influenced by
the line resistor can be get based on formula (13) and
formula (14)

SZ S3
=2 _ =3 15
" K-I K-I (13)

Formula (16) can be get based on formula (7)
K-I=— (16)

Finally, formula (17) can be get based on formula
(15) and formula (16)

_ Sz _S3

R
t Sl

R, an

Formula (17) is the theoretical calculation model
of the current method model for measuring thermal
resistor. The measurement accuracy error caused by
the line resistor can be completely eliminated, which
makes the device is not affected by environmental
temperature. From formula (17), we can see that R, is
related to Ry, S;, S, and S; rather than the output
current / of AD590M and the amplification factor K
of the Amplifier, so this design can ignore the zero
drift and nonlinear effects.

3. The hardware design of the system

The hardware of the system is designed as the block
diagram Fig. 3 shows.
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the display
AD590M i unit
A serial
MCU - port output
Y
multi-channel
(P
CD4051 I A/D574
Y Y
the copper

| multi-channel the amplifier
CD4051 - unit

resistance and
standard resistance

Fig. 3 The hardware block diagram of the system

3.1 The temperature signal processing unit
The signal measurement circuit is made up of the
copper thermal resistor R,, standard resistor Ry(in this
paper Rp=164.27 Q) ), resistor R;~R;, the multi-
channel switch M; and M,, etc. In addition, R, R,
and Rj; can be calculated according to the standard
that the total resistor of each line is nearly equal. In
this paper, R;=835.73Q2, R,=868.62Q2, R;=990Q),
r=5C . The main functions of this unit are signal
acquisition, the calibration of measuring range, zero
calibration, the correction line resistor, etc. The
hardware parts of the signal measurement circuit are
shown as Fig. 4.
M, ; ADS590M 30y

multi-channel
CD4051

M,
A Ul INO
E]R‘ U2 IN1 COM
U3 N2| cD
L U4 IN3| 4051
l R
Ry

Fig.4 The hardware p:;rts of the signal measurement
circuit

3.2 The Signal amplification unit

The amplifier unit adopts three-stage amplifier,
which is composed of operational amplifiers ICO ~
IC2, etc. The amplifier unit is designed as Fig.5.
Because the input signal is transformed by the
current / from AD590M, the input impedance of the
amplifier must be designed to be relatively high. The
maximum value of Cuyg thermal resistor is
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164.27 QO , and the line equivalent resistor 2r is
approximate to 10 Q2. The AD converter AD574
adopts 10V input method. The output current of
AD590M is 323.2uA  when the environment
temperature is 50°C. We can get the magnification of
the total amplifiers
K=10V/[(164.27Q+10Q)%x323.2 uA]=177.54. The
magnification K;, K,. Kj of each amplifier can be
calculated as follows

R¢
INO —
NI |cp [V Ry
IN2 4051 — p S
e ir-e
- R[] 1CL76%

Fig.5 The signal amplification unit

Ry

Jiu-Qiang Zhao, Xiao-Fen Li, Zhi Cheng, Guang Chen

Ry

Rg

AD590M
M, COM unit
CDa051 P1.0~P1.1
IN2 | IN1 | INO P1.2~P1.3
R; R>| Ry
. Ul INO
U2 INI
U3 m2| CD
N3] 4051
Ir,
U4
M,

89851
MCU

IC2
OP0O7

P1.7

K, =1 (18)
R
K, === 19
3 (19)
AD574 o
Connect the MCU
alarm unit
AD574

Fig.6 The data acquisition and processing unit

E-ISSN: 2224-2678

652

Volume 13, 2014



WSEAS TRANSACTIONS on SYSTEMS

Jiu-Qiang Zhao, Xiao-Fen Li, Zhi Cheng, Guang Chen

Qysv
7
U Vce
1 +5V
P07 |22 27 D11 N Y
P06 |23 26/ pB10 veel 1L 5y
po.s |24 2 o pC [ 13
po.4 [ 5;1 DB8 9 >
P03 g‘; Slos7 AC
P02 31 51|PB6 ADsT4 |
PO.1 DB5 REFIN
AT89S51 39 20
P0.0 To|DB4  REFOUTLS
DB3 BIPOFF
18 pR2
17 pB1
16| pRo
A10 ;z 2 cs 13
6 A9 52 S| RC —
7 P3.6 A8 5 28 A0 - I Connect the
5ol P37 P14 STS CE 12/8 amplifier output
[{GND s 7
P
Fig.7 The interface circuit of the MCU and AD574
the zero calibration signal S, ), we can get the
R
9 .
K, = R (20) sampling data S; . S, and S;.

7

Where R,=2K Q2 , R=51K Q , R=1 KQ ,
R9:6.8K Q , 1{5:1{4//1{(7 y RgZR’///Rg, the total

magnification is

Ry R,

K=K, K, K, =173.4

= (21)
4 7
The actual magnification is slightly less than the
calculated value of 177.54, but as a result of using
the real-time calibration, the calculation model does
not contain the magnification. So the magnification

does not affect the accuracy of the results.

3.3 Sampling and Data Processing

The data sampling process has been introduced in the
current method of measuring thermal resistor model
[1-2,24-25]. The MCU samples according to table 1

and Fig. 6. We define the sampling value of U;, U,
v U;and Ujto be S;-,. S . 8- and S,

respectively. After digital filter, bad data value
processing and zero calibration (namely excluding
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S =8 -8, (22)
S, = Sz' -5, (23)
S, =8, -8, (24)

3.4 The design of A/D conversion part

This part adopts conversion chip AD574 with
single polarity input method [1-4,25], which can
convert the voltage ranging from 0V to 10V. After
conversion, the eight high numbers is exported from

DBI11 ~ DB4, while the low numbers is exported

from DB3 ~ DBO0. Interface circuit is shown in Fig.

7. The conversion process of AD574 can be seen as
setting port address to DPTR -> starting the
transition > tracking the status of the output signal
STS - reading the conversion result.

3.5 The design of display unit
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tube is shown in Fig. 8.

O
a a a a —L—.-Liﬁsv
il e b e |p il e |p e |p P
e| |c e| |c e| |c e| |c Veo
4 d d —a
hbcdef ga hbcdef ga hbcdef £a hbcdef a
1315 [10] 12 13]5 [ 10] 12 1315 [ 10] 12 135 |10 12 P1.5
4 16 | 1113 4 lel 1113 4/ l6l [ 11]3 40 16| | 1113 P1.6
74LS164 74LS164 74LS164 74LS164
112] 87 2] 87 112 8|7 112 8|7 AT89S31
+5V
O
1 | GND

Fig.8 The interface circuit of the MCU and LED digital tube

3.6 The design of alarm unit

The temperature measurement range of this device is

- 50 ~ + 150 °C, so the device must give an alarm
when the measured temperature is beyond the scope

of measurement. The interface circuit of the MCU
and alarm unit is shown in Fig. 9.

T isv
L4
LT e
alarm unit
P17 AT89S51

201 GND

Fig.9 The alarm unit
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3.7 The design of serial output unit

The serial output port is completed by MAX220.
Each data contains 2 bytes and the baud rate is 9600,
which can be accurate to 0.1 [J. The interface circuit
of the MCU and the serial output unit is shown in
Fig. 10.

+5V
1T T
- T
Vce
13 16 ﬁ 10pF
07*
o 14 6
AT89S51
! 1
MAX 10pF
4.7uF
I =TI N T
. 4
The serial 5] 11
output 4T 5 12 b3l
p P32
15 L 20
In GND

Fig.10 The serial output unit

4 The software design of the system

The main function of the system software is to
control the multi-channel logic switch completing the
data acquisition and accomplish the bad value
processing, digital filtering, the copper thermal
resistor calculation, the reverse look-up of the
indexing table, the calculation of fractional part
between two integral temperature points, the warning
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system and the temperature display part, etc. The
software design uses block-based design method in
order to facilitate the programming and modification.
The block-based design is a set together with a
family of subsets (repeated subsets are allowed at
times) whose members are chosen to satisfy some set
of properties that are deemed useful for a particular
application. So we often adopt block-based design to
exploit complex systems[1-4,24,27-29].

Through analysis, the software program design of
this temperature measuring device can be divided
into the program initialization, the bad value
processing subprogram, digital filter subprogram,
copper thermal resistor calculation subprogram,
temperature  calculation  subprogram,  alarm
subprogram and display = subprogram, etc.
Additionally, the block diagram of the software
design is presented as Fig. 11.

There are 201 temperature points in the indexing

table of Cujg thermal resistor, ranging from -50 °C

to 150 °C. The value of the Cu,q, thermal resistor of

each temperature points adopts 10m Q) as the base
unit, which exists in two bytes using hexadecimal
code. The temperature points were made into
indexing table according to the sequence from low
temperature to high temperature, which were stored
in the memory with the memory address increasing.
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With the fitting function of Matlab software, we get
the temperature characteristic curve of the value of
the copper thermal resistor with temperature, where
the R*=1, indicating that the linear relationship is
relative good. The scatter diagram and the fitting
curve of the Cujo thermal resistor indexing table
with the temperature are shown as Fig.12.

150

100

50

t{e)

0

-50 : ' ' :
100 120 140 160

Rt
Fig.12 The scatter diagram and the fitting curve
of the Cuyoy thermal resistor indexing table with
the temperature

80
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syl sul syl Sy
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and calculate
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YRt
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Look up the vindexing table and Set t=-50
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Ry>R <R
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A
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calculate decimal temperature

"| set decimal temperature to 0
calculate the ‘
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'

Save the value and

display -t=50-t and according to
the negative temperature converts
the fractional part

t=t-50, display the
t=50 temperature

‘ Set the temperature to 0 ‘

> -

A

display and
alarm unit

Fig.11 The block diagram of the software design

The formula of the characteristic curve in Fig.12 Where the unit of R, and ¢ are Q and [
is shown as respectively.

The error of the fitting curve and characteristic

t=2.334-R, —233.34 (25) curve of the copper thermal resistor is relatively
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small. The maximum temperature error is 0.16 °C,

less than 1 °C, between the same copper thermal

resistor values, so we can find the whole
temperature points without missing.

We can get the value of R, based on the formula
(17). If the value of R, equals to the value in the
Cujpp thermal resistor indexing table, the
temperature value is the corresponding temperature
value which is requested. Otherwise, we should
calculate the decimal part of the temperature with
the linear interpolation method. The decimal part
At can be expressed as formula (26)

Rz B Rz (tz)

t= x1°C
R(tz +1)_Rt (tz)

(26)

where R/(t.) is the maximal integer thermal resistor
value which is not greater than R, while R, (t, + 1) is
the minimum integer thermal resistor value which is
not less than R, , namely, the value of R, is between
R(t.) and R; (t, + 1). If the accuracy of At is 0.1°C,

the final temperature value for the measurement can
be expressed as formula (27)

t=t, +At (27)

5 The error analysis

From formula (17) we can get the combined
standard uncertainty of R, as formula (28)

u(R) =1V () + Gy (5,) +

8_R,2 2 %2 2 %
(aSS) u (S3)+(6R0) u(R,)]
S, —

=[(—S—IZS}-R0>2u2(sl>+(%>2u2(sz>+

(28)

Sz _S3
S,

<—%>2u2(s3>+( Yl (R

1
S, represents the calibrating signal sampling value
with the temperature changing and the minimum

value of S; is S;= ( 273.15/323.2uA ) x4096=3462

at 0°C. S, represents the copper thermal resistor
signal sampling value and the maximum value of S,
is 4096. S, represents the line resistor signal
sampling value. If we approximate 2r as 1002, S;
can be expressed as
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S5=10Q x4096/174.27 Q2 =235.04. u(S;) + u(S>).
u(S;) represent the standard uncertainty of AD574
whose mean value is 1/ ( 2><4096\/§ ) =7.04E-5.

u(Ry) represent the standard uncertainty of Ry whose
value is 164.27 Q (the maximum error is 0.01 Q).
By choosing the confidence probability of normal
distribution  as 0.9973, we can  get
u(Ry)=0.01/3Q=3.33E> Q.

After calculating the minimum value of S; , the
maximum value of S, ,S; ,u(R), we can get u(R)
(the combined standard uncertainty of R,). By
choosing the confidence probability of normal
distribution as 0.9973, we can get the extended
combined standard uncertainty of R, which can be
expressed as U=3 xu(R,)=0.011 Q).

From the Cu,g,thermal resistor indexing table, we
can find the minimum difference of thermal resistor
value between two integer temperature points is
0.39Q), which means that the maximum of copper
resistor temperature conversion coefficient is

1°C/0.39 Q). The total measuring error is determined
by the error of R, (0.011€2) and the rounding error
of R, (the maximum rounding error of Cuyq is
0.005€2) when calculating. We convert the resistor
error to the limit error of temperature which can be
Oy =0.028°C 0, =0.013°C

respectively. Finally, the limit temperature error of
the device can be expressed as formula (29)

expressed as

§=4/62+6,> =+/0.028 +0.013?
=0.031°C

(29)

Formula (29) is the theoretical limit error of the
device, which can meet the general industrial design
requirements.

6 Conclusion

The purpose of this paper is designing a copper
resistance (Cul00) linear temperature measurement
device, mainly used for the temperature control of
industrial processes. The device is made up of signal
acquisition unit, signal amplification unit, A/D
converter, digital display unit, serial ports and other
sectors, mainly to complete the data acquisition,
logic control, bad value processing, digital filtering,
the calculation of thermal resistance, look-up table,
calculation, warning, serial output and display. The
System uses ADS90M constant current source
instead of the constant current source, providing
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current. Under the control of the AT89S51 MCU,
the standard resistance uses the standard signal to
calibrate the system, then conduct signal sampling,
calculation of the copper resistance value and the
temperature values corresponding to the reverse
look-up of the indexing table, thus achieving a true
sense of the linearization. The device greatly
reduces the temperature drift and nonlinearity of the
amplifier in the measurement process, realizing the
whole temperature measurement range of the copper
resistance. The theoretical error of the device is less
than 0.1 T to meet the requirements in most of
industrial processes.
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Abstract: - Kalman Filter (KF) is widely used in process industries as state estimator to diagnose the faults
either in the sensor, actuator or in the plant because of its recursive nature. But, due to increase in non-linearity
and exogenous perturbations in the monitored plant, it is often difficult to use a simple KF as state estimator for
nonlinear process monitoring purposes. Thus, the first objective of this paper is to design an Adaptive Linear
H” Filter (ALH”F) using gain scheduling algorithm to estimate nonlinear process states in the presence of
unknown noise statistics and unmodeled dynamics. Next the designed ALH*F is used to detect sensor and
actuator faults which may occur either sequentially or simultaneously using Multi Model ALH*F
(MMALH”F). The proposed estimator is demonstrated on Continuously Stirred Tank Reactor (CSTR) process
to show the efficacy. And the performance of MMALH™F is compared with MMALKF. The proposed
MMALH”F is detecting and isolating the faults exactly in the presence of unknown noise statistics and
unmodeled dynamics.

Key-Words: - CSTR, Process Monitoring, Kalman Filter, Multi Model Adaptive Linear H” Filter, Residual
generation, State Estimation.

1 Introduction either the noise statistics are unknown, if there is a
plant model-mismatch or the process is non-linear
Due to increase in complexity, non-linearity and and in the presence of unmodeled dymanics. For
exogenous perturbations, it is often difficult to use a non-linear systems the widely used estimator is
simple Kalman filter as state estimator for process Extended Kalman Filter (EKF). EKF linearizes all
monitoring purposes. To use linear estimator or nonlinear transformations and substitutes Jacobian
controller for the non-linear applications multiple matrices in the KF equations [3]. But the nonlinear
local linear model approach is used to represent the estimation methods are computationally complex.
non-linear model. Each local linear model is valid Most of the existing algorithms are designed for
around particular operating point. To get the global sequential faults and not for simultaneous faults.
linear model all the local linear models are fused o ]
using gain scheduling algorithm at current operating To overcome all these difficulties, first the
point [1]. Adaptive Linear H” Filter (ALH"F) is designed
using gain scheduling algorithm to use the H” filter
Process monitoring has become an essential task for non-linear state estimation in the presence of
because of process automation with minimal manual unknown noise statistics and unmodeled dynamics.
intervention. To ensure the quality of the product, Next, multiple ALH"Fs are designed with different
optimal utilization of the plant safety and to control hypothesis to isolate sensor and actuator faults
the pollution level it becomes mandatory. Kalman which  may occur either sequentially or
filter is widely used in process industries as state simultaneously [4]. And the performance of
estimator to diagnose the faults either in the sensor, MMALH”F is compared with MMALKF in the
actuator or in the plant because of its recursive presence of unknown noise statistics and unmodeled
nature. Kalman filter is based on the assumption that dynamics. The following section deals with the
the state and the measurement noises are deSign of H” Filter and section 3 and 4 deals with
uncorrelated and zero mean Gaussian noise with the design of ALH"F and MMALH"F respectively.
known covariance, and it is suitable for linear The process used for simulation studies is presented
applications only [2]. The Kalman filter fails if in section 5. Simulation results are presented in
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section 6 and conclusion reached is given in section
7.

2. H” Filter

The H” filter design is based on linear quadratic
game theory approach. The filter is designed to
estimate the process states in the presence of
unknown noise statistics and unmodeled dynamics.
Consider the following linear stochastic time
invariant discrete-time system.

Xk+1 = PxXk + Py + W )
Yk =@ yXg + Vg 2)
Where x. < RMrepresents state vector, wg e R™
represents the process noise vector, yxeRP
represents measurement vector and vy e RP

represents measurement noise vector. ®y,®,, and
®yare system matrices of appropriate dimension.

The linear combination of state xy is given by,
Zk =LkXk 3)

Where L is a user defined matrix. State variables

are estimated based on measurement history till (N-
1) sampling instant. Basically the H” filter is a one
step ahead predictor, it tries to estimate the states

with small estimation error e|<=zk—2k_ Using

game theory approach the H” filter will try to satisfy
the following performance criterion.

N-1 ~ 12
o2

J= (4)

.2 N-1 2 2
[xo =0l + & ("Wk lo+ vkl )

Where Xgis an apriori estimate of xg. Ry,Q,R
and Sare symmetric, positive definite weighting
matrices chosen by designer based on process
dynamics. The estimate Zy should satisfy,

J<l

. ©)

Where >0 represents the desired level of noise
attenuation. The H” filter can be interpreted as
minmax problem. The performance criterion given
in (4) becomes

min  max J =—l||x0 —>“<0||2|o,1 +
Z, Vi Wi, X 0 0

k%0

N-1 21 ) 2 ©)
> -2 ol e )
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The performance criterion can be made less than %

with the following estimation strategy [5,6]

S=LTa @)
K=pP[l-65P+oy R loyP1 1o, TR (8)
R1 = Dx| R+ DK (YK ~ Dy Rk )

P=0yP[l -65P+ 0y R0 Pl o, +Q  (10)
If designer is interested in second element of Zy
then the corresponding S(2,2) should be chosen
large relative to other element.

3. AdaptiveLinear H” Filter

Let us consider a nonlinear stochastic system
represented by the following state and output
equations:

Xk+1 = T (X, Uk, W) (11)
Yk = h(x, Uk, vk) (12)
The nonlinear system is linearized around different
operating points using Taylor series expansion. The
linear system around operating points (Xj,Gj) is
given as follows,
X(k+1)i =Pxi (Xk —%j) + Dy (U —Uj ) + W (13)
Yki =P yiXki +Vk (14)
The nonlinear system is represented by a fused

linear model using gain scheduling technique at a
given operating point. For a given input vector u

the fused linear model is represented as follows:
N
Xk+1 = 2 Gi[Pxi (xk = Xi) + Py (U —Tj) +X1(15)
i=1
Yk =P yiXg (16)
To cover the entire operating horizon, five

operating points has been selected (i=1to 5). Let dc
, Is the actual value of the measured process variable

at current sampling instant and 9i is the weighting
factor .

If (dc >qcs), then
01=92=903=04=0 and g5=1
If (dc4 <dc <qcs), then

(17)

91=02-03=0, gg-—c-94 apg gs-1-g4 (18)
Oc5 —dc4

If (ac3 <dc <dcy), then

91-02-05-0, g3=—c"9B8  ang g4-1-g3 (19)
Oc4 —dc3

If (dc2 <dc <0c3), then
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01=04=05=0, gp=—C 2 g gg-1-g,(20)
dc3 —dc2
If (dc1 <dc <dc2) , then
g1=—C"XL g,-1-g; and g3=gs=g5=0(21)
dc2 —Ac1
If (gc <qc1), then
91=1 and g2=93=04=05=0 (22)
The weighting factors are in the range of [0 1].
This approach consists of five local linear

estimators and a scheduler. The local linear observer
is designed using H” Filter. At a particular operating
point, the local estimator is given below.

Ki =Rl -65P+dyi' R 1oyiRT 1o TR (23)

Si(ka1) = Pxi ' R+ P i Ki (Vi — P yi k) (24)
R =®xR[I -65R +‘DyiTR_1‘DyiP|]_1q)xiT +Q

(25)
At each sampling instant the scheduler will assign
weights (gain scheduling) for each local linear
estimator and the weighted sum of the output will be
the estimate of the current state. The scheduler
assigns weight based on scheduling variable. The
scheduling variable may be input variable or state
variable or some auxiliary variable, the scheduling
variable considered here is coolant flow rate gc of
the process. The ALH"F (global estimator)
dynamics will be weighted sum of individual LH*F
and it is given below.

N
Xk+1 =_219i {‘Dli?ik+Ki[(yk—Vi)—®yi>‘<ki +% ]}
1=
(26)
4. Multi Model Adaptive Linear H”

Filter

MMALH”F approach uses multiple ALH*F. Each
ALH”F is designed based on specific hypothesis to
detect a specific fault. The fault considered here is
soft fault of fixed bias. The same approach can be
used to detect dritf like faults. This approach is
capable of detecting multiple sequential as well as
multiple simultaneous faults which may occur
either in sensors or in actuators [7].

The estimator 1 designed to estimator sensor bias
and it is hypothesized with a sensor bias of
magnitude Bg  then the measurement equation is
given by,

Yk = @yiXk +Vk +Bg (27)
Estimator 2 is designed to detect actuator bias and
it is hypothesized with a actuator bias of magnitude
Ba , then the state equation is given by,
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Xk+1 = DPxg + Dy (uk + Ba)+wk (28)

All the ALH”F except the one using correct
hypothesis will produce large estimation error. By
monitoring the residuals of each ALH”F, the faulty
element can be detected and isolated. The proposed
MMALH”F scheme is shown in Fig. 1. Each
ALH”F consists of five LH"Fs developed at
different operating  points. The weights are
calculated by using coolant flow rate of the process
as scheduling variable. The LH*F outputs are
weighted and added to get the global output
estimate(y). The process output is compared with

the ALH™F output to generate residuals. Under
fault free condition the magnitude of the residuals
are maximum. If fault occurs in any of the sensor or
actuator, the estimators except the one using the
correct hypothesis will produce large estimation
error. If the ALH”F is designed for -5% bias and the
bias occurred is less than or above 0.5%, then the
residual generated will be different from the one
during the normal operating condition. By closely
observing the innovations, the faults which occurs
either sequentially or simultaneously can be isolated
and the time of occurance can also be detected.

5. Continuoudly stirred Tank Reactor
(CSTR)

A simulated CSTR process was considered to test
the efficacy of the proposed method. The schematic
of the system is shown in Fig 2. An irreversible
exothermic reaction A — B occurs in a constant-
volume reactor that is cooled by a single coolant
stream The two state variables of the process are
concentration and temperature. The first principle
model of the system is given by the following
equations.

%=$(cAo(t)—CA(t»—kocA(t)exp[ R‘TE)J
(29)
dr(t) _ q(t) ~ _ (=AH)koCA(t) -E
& v (To (1) -T(t)) Cp eXp[RT(t)JJr
PcCpc -hA
1)<1- — T () =T(t
o qc(){ exp[qc(t)pcp} co () -T(t)
(30)

The steady state operating point data used in the
simulation studies is given in Table 1[8,9]. The
continuous linear state space model is obtained by
linearizing the differential equations (29) and (30)
around nominal operating point Ca andT . The
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state vector is x(t) =[Ca;T]and the input vector is
u(t) =[gcl.

Input

v

—’I Controller |— ’
+
"
— | Weight
ALHF-1 (sensor) " | Scheduler
op_ ; .
R (L
~1_j)
iy W
ALHF -2 (actuator)T
A, Fal
E S BN
| WFL
T g
_1—“} I

Fig. 1: Structure of the proposed MMALH"F

Caf, q, Tf Caq, T

_

— i dc, Te

qc, Tef

Fig. 2: Schematic of CSTR
6. Simulation Results

The CSTR process is simulated using first
principles model as given in (29) and (30) and the
true state variables are computed by solving the
nonlinear differential equations using Matlab 7.1.
The dynamic behavior of the CSTR process is not
same at different operating points and the process is
nonlinear.

6.1 Fused Linear Model: To validate the
performance of ALKF (local estimators designed
using linear kalman filter are fused using gain
scheduling algorithm) and ALH*F, the process
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states are estimated using these estimators and
compared with the rigorous non-linear model. The
process and measurement noise covariance are
assumed to be 0.25% of coolant flow rate and 0.5%
of state variables respectively. Fig.3 shows the
variation in coolant flow rate introduced. Fig.4 and
Fig.5 shows the estimation of system states when
the noise sequences are uncorrelated using ALKF
and ALH”F. It has been observed that both ALKF
and ALH”F exactly estimates the system states
without dynamic and steady state error in the
presence of uncorrelated noise. Fig.6 and Fig.7
shows the estimation of system states when the
measurement noise sequences are correlated. It has
been observed that the performance ALH™F is better
than the ALKF when the noise sequences are
correlated. The ALKF tracks the changes with
dynamic and steady state error. Fig.8 and Fig.9
shows the residual generated when the noise
sequences are correlated. Table 2 shows the
performance comparison of ALKF and ALH"F
when the noise sequences are uncorrelated,
correlated and after introducing distrubances in the
feed temperature. It has been observed that the
ALH”F outperforms the ALKF when the noise
sequences are correlated and in the presence of
unmodeled dynamics.

Table 1. Nominal operating condition for CSTR

Process variable Normal Value
Tank volume (V) 100 L
Feed flow rate (q) 100.0 L/ min
Feed concentration (Cy) 1 mol/ L
Feed temperature (Ty) 350.0 K
Coolant flow rate () 103 L/ min
Inlet coolant temperature (T) 350.0 K
Liquid density (p, pc) 1*10°g/L
Specific heats(C,, Cy) 1 cal/(g k)
Reaction rate constant(k) 7.2* 10" min—1
Activation energy term (E/R) 1*10°K
Heat of reaction (-4H ) -2 * 10° cal/ mol
Heat transfer term (hA) 7 * 10° cal/(min k)
product concentration (Cp) 0.0989 mol/ L
Reactor temperature (T) 438.7763 K

108
106 J
104
102
100

98
o

Coolant flow rate(l/min)

-

100 200 300 400 500 600 700 800
Sampling instants

Fig. 3: Coolant flow rate (L/min)
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6.2 Sensor and actuator bias detection:
Estimatorl is designed to detect bias in C sensor
and T sensor and hypothesized with -5% sensor
bias. Estimator2 is designed to detect bias in the
actuator and hypothesized with 0% bias which
manipulates gz . The designed MMALH™F has been

used to detect the biases which may occur either in
the sensors or in the actuator.

The magnitude of fault occurred is estimated
from the magnitude of residual generated and the
time of occurance of fault is the time at which the
residual changes its trend, and the fault is confirmed
by comparing the mean of the residual over a period
of time with the threshold value. While analysing
the efficacy of MMALH™F the coolant flow rate is
fixed at 100 L/min, the corresponding steady state
values are [0.0885; 441.1475]. And the Estimatorl
is hypothesized with -5% bias so, in the absence of
bias in the sensors, the residual generated by the
estimatorl is [0.0044; 22.057]. Estimator2 is
hypothesized with 0% actuator bias so, in the
absence of both sensor and actuator bias the residual
generated by estimator2 should be [0; 0]. Fig. 10,
Fig.11 and Fig.12 shows the residuals generated by
estimatorl and estimator2 after introducing -2% of
bias in both sensors at 50™ sampling instant.
Actuator bias will be reflected in both state
variables, and any one state variable is sufficient to
estimate the actuator bias. So, here temperature
residual is considered. From Fig.13 and 14 it is
clear that the H” Filter converges quickly compared
to KF. And the kalman gain smaller than H” filter
gain, so we can conclude that the KF rely more on
process model and less on measurement and H” rely
more on measurement and less on process model.

7. Conclusion

In this paper MMALH™F is proposed which uses
local linear H™ filters. Local H” filters are fused
using gain scheduling algorithm to estimate
nonlinear process states in the presence of
unmodeled dynamics and disturbances. To isolate
faults which ocurrs sequentially or simultaneously
multiple model estimators are used. The efficiency
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of the proposed MMALH”F is denonstrated on
CSTR process to detect sequential and simultaneous
faults. The MMALH™F is detecting and isolating the
faults in the presence of unmodeled dynamics as
well as in the presence of unknown noise statistics
and it outperforms the MMALKF. The H” Filter
estimate depends more on measurement and less on
process model, so it is not suitable for magnitude
estimation of actuator faults. Magnitude of actuator
fault can be estimated by setting threshold using
MMALH"F.
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Table 2: Performance comparison of ALKF and ALH™F

RMSE

Noise Information Statel - Ca State2 - T

MMALK | MMALH MMALKE MMALH
F F F
Uncorrelated Noise 0.0032 8.1724*10™ 1.2536 0.0823
Correlated Noise 0.0044 0.0014 1.7904 0.0880
Uncorrelated Noise with
Disturbance in T¢(350 K 0.0062 0.0011 2.2590 0.2208
to 352 K)
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Table 3: Estimated residual in the presence of sensors and actuator faults

. Estimated residual by Estimated temperature
% of bias . . ;
estimatorl residual by estimator2
No bias [0.004425; 22.057] 0.0000
-1% bias in actuator [0.004425; 22.057] 0.8525
-2% bias in actuator [0.004425; 22.057] 1.6525
-3% bias in actuator [0.004425; 22.057] 2.3091
-1% bias in both sensors [0.00354 ; 17.646] -4.4114
-2% bias in both sensors [0.00265 ; 13.234] -8.8228
-3% bias in both sensors [0.00177 ; 8.823] -13.2342
-10 i i
1% bias in both sensors & [0.00354 : 17.646] -3 5589
actuator
=20 i i
2% bias in both sensors & [0.00265 ; 13.234] 71703
actuator
30, i i
3% bias in both sensors & [0.00177 : 8.823] -10.9251
actuator
-0 i i
3% bias in both sensors & [0.000; 0.000] -18.2048
actuator

Table 4: Sequential and simultaneous bias detection using MMALKF and MMALH"F
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Abstract: This paper is concerned with a cyclic predator-prey system with Sigmoidal type functional response. By

using the differential inequality theory, some sufficient

conditions are derived for the permanence of the system.

By constructing a suitable Liapunov function, we obtain that the system has a unique asymptotically periodic solu-
tion which is globally asymptotically stable. Some numerical simulations that illustrate our analytical predictions

are carried out. The paper ends with a brief conclusion
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1

In recent years, the interest in study of the dynami-
cal properties occurring in the predator-prey system
with delay has been growing rapidly. For example,
Li and Ye [1] had made discussion about the multi-
ple positive almost periodic solutions to an impulsive
non-autonomous Lotka-Volterra predator-prey system
with harvesting terms. Zhang and Luo [2] analyzed
the multiple periodic solutions of a delayed predator-
prey system with stage structure for the predator. Dai
et al. [3] focused on the multiple periodic solutions for
impulsive Gause-type ratio-dependent predator-prey
systems with non-monotonic numerical responses.
Wang and Fan [4] studied the multiple periodic so-
lutions for a non-autonomous delayed predator-prey
model with harvesting terms. Zhang et al. [5] studied
the multiplicity of positive periodic solutions to a gen-
eralized delayed predator-prey system with stocking.
For more investigation about predator-prey models or
related topic, one can see [6-67]. It shall be pointed
out that all the papers mentioned above are concerned
with periodic coefficients. However, the asymptot-
ically periodic system describe our real word more
realistic and more accurate than the periodic ones,
but the research work about asymptotically periodic
predator-prey is scare at present. Recently, Wei and
Wang [68] investigated a asymptotically periodic so-
lution multispecies competition predator-prey model
with Hilling Ill functional response. Yang and Chen

Introduction
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[69] studied the uniformly strong persistence of a non-
linear asymptotically periodic multispecies competi-
tion predator-prey system with general functional re-
sponse.

In this paper, we will deal with the following
cyclic predator-prey system with Sigmoidal type func-
tional response

oy (t)

wl(t) [7“1 (t) — al(t)xl(t)

dl (t)xl(t)wg(t)
c1(t) + by (t)zy (t) + 23(¢)
ka(t)ds (t)z3(t)
c3(t) + ba(t)zs(t) + 23(t)

.Z'Q(t) T’Q(t) - ag(t)l‘g(t)
da(t)za(t)z3(t)
co(t) + ba(t)ma(t) + 23
k1 (t)da ()23 (t) ]
ci(t) + btz (t) + 23 (t) |’
@3(t) = w3(t) |r3(t) — as(t)zs(t)
d3(t)w1(t)w3(t)
c3(t) + ba(t)zs(t) + 23(t)
ko (t)da(t)23(t) ]
ca(t) + ba(t)za(t) +23(t) |

where z, is the predator ofz,, x3 is the predator

_l’_

|

oo (t)

1)

Volume 13, 2014



WSEAS TRANSACTIONS on SYSTEMS

of x5 and z; is the predator ofcs, they have de-
pendent density and Sigmoidal functional response.
a,-(t), bi(t), Ci(t), di(t), ki(t), Tz(t)(l 1,2, 3) are
continuous nonnegative and bounded function within
[0, 4+00). Moreover,a;(t),c;(t)(i = 1,2,3) > 0.

Now we defineR . = [0, +o0) ard introduce the
concept of the asymptotically function.

Definiton 1 If f € C(R+,R), where f(t)

g(t) + a(t), g(t) is continuousT-periodic function
andlim;_. a(t) = 0, then f(¢) is called asymptot-
ically T-periodic function.

Throughout this paper, we always assume that

(H1) ai(t),bi(t), ci(t), di(t), ki(t), ra(t) (i = 1,2,3)
are all continuous positive, bounded asymptotically
periodic functions.

This paper is organized as follows. In Section 2,
the permanence of system (1) are studied by using the
differential inequality theory. In Section 3, the exis-
tence and uniqueness of asymptotically periodic so-
lution are investigated by constructing a suitable Lia-
punov function. Some numerical simulations that il-
lustrate our analytical predictions are carried out in
Section 4. A brief conclusion is drawn in Section 5.

2 Permanence

For convenience in the following discussing, we al-
ways use the notations:
l . u
= inf f(t = t
fr=mfft), f ?gfﬁ7
where f(t) is a continuous function. The initial value
condition of system (1) ig;(0) = ¢;(0) > 0(
1,2, 3). In order to obtain the main result of this pa-
per, we shall first state some definitions and several

lemmas which will be useful in the proving the main
result.

Definition 2 We say that system (1) is permanence if
there are positive constants and M such that for
each positive solutioriz; (¢), z2(t), z3(t)) of system
(1) satisfies

m < lim infz;(t) < tliin sup z;(t) < M,

t——+o0
wherei = 1,2, 3.

Definition 3 The solutionX (¢, ¢y, ¢) is called ulti-
mately bounded. If there exist8 > 0 such that for
anyty > 0,¢ € C, there existsl' = T'(tp,¢) > 0
whent > to + T, | X (t,t0, ¢)| < B.

Lemma 4 [70]If « > 0,b > 0 and i > z(b — ax),
whent > 0 andz(0) > 0, we have

lim infx(t) > é
t——+oo

Q
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Ifa>0,b>0ands < z(b— ax), whent > 0 and
z(0) > 0, we have

hI_El supz(t) <

@I@

Now we state our permanence result for system (1).

Lemma5 The setR?} = {(x1,x2,x3)|z; > 0,7 =
1,2,3.} is the positively invariant set of system (1).

It follows from the initial value condition
= ¢;(0 > 0(i = 1,2, 3) that

Proof:

:L'Z(O)

z1(1)

x1(0) exp { /Ot lrl(s) —ai(s)z1(s)

di(s)z1

()+b1()
k3 (s)ds

cs(s )+b3()

23(0) exp { /O

da(s)x

02( )—i—bg(
ki(s)d
1(s)z

) (t)

ds(s)x1(s)z3(s)
cs(s) + bg(s)xs(s) + 23(s)

k2 (s)da(s)3(s)
c2(8) + ba(s)xa(s) + x3(s)

ds ;.
(2

+

The proof of Lemma 5 is complete.

Theorem 6 Let My, My, M3 are defined by (3),(5)
and (7), respectively. In addition to the condition
(H1), suppose that the following condition

(H2) b\rt > d¥ Moy, bhrl > dyMs, bhrh > di M,
hold, then system (1) is permanent, that is, there ex-
ist positive constantsn;, M;(: = 1,2,3) which are
independent of the solution of system (1), such that
for any positive solution(z;(t), z2(t), z3(t)) of sys-
tem (1) with the initial condition
one has

m; < lim infz;(t) < lim supu(t) < M;.

t——+o0 t——+o0
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Proof: It is easy to see that system (1) with
the initial value condition(z1(0),z2(0),23(0)) has
positive solution(x1(t), x2(t), 23(t)) passing through
(ml(O),xQ(O),xg(O)). Let(ml(t),wg(t),xg(t)) be any
positive solution of system (1) with the initial con-
dition (z1(0), z2(0),z3(0)). It follows from the first
equation of system (1) that

dml(t)
dt

= l’l(t) |"I"1 (t) — a1 (t):L'l(t)

dl (t)xl (t)l‘g (t)
c1(t) + by (t)wy (t) + 22(t)

ks (t)ds ()23 () 1

es(t) + by(t)wa(t) + 23(1)
< @[ - a®)
s (t)ds (1)
< @) [l + kY - ala(8)].

It follows from Lemma 4 that
ri + kidy

lim supz;(t) < ;

= M;. 3
o o IR )

For any positive constant; > 0, it follows (3) that
there exists 7 > 0 such that for alk > 717,

z1(t) < My +e. (4)
By the second equation of system (1) that

dl’Q (t)
dt

= xg(t) [7’2 (t) — as (t)l‘g(t)

 da(t)za(H)as(t)
ca(t) + ba(t)wa(t) + 23
ka(t)da ()23 (t) ]
ci(t) + b1 (t)z1(t) + 23 (t)
< 2(b) [rg(t) — as(t)za(t
() (1)
< @o(t) [y + kYt — abaa(t)] -

It follows from Lemma 4 that

ry +kidi
lim supwr(t) < ——F—:

= M. 5
i p 2 ()

For any positive constard > 0, it follows (5) that
there exists &5 > 0 such that for allt > T,

zo(t) < My +e. (6)
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By the third equation of system (1) that

dxg(t)
dt

= x3(t) [7”3(75) — az(t)w3(t)
dg(t)xl(t)wg(t)
c3(t) + bs(t)z3(t) + 23(t)

ka(t)da(t)25(t) 1
(t) + 23(t)

IN
8
[\

—~
~

< @o(t) [y + kydy — abaa(t)]-

It follows from Lemma 4 that

. ry + kydy
lim supw3(t) < =—F—=:

= Ms. 7
i p ()

For any positive constard > 0, it follows (7) that
there exists d5 > Ty > 0 such that for alt > T3,

r3(t) < M3 +e. (8)

Fort > T3, from (6) and the first equation of system
(1), we have

d(L’dlt(t) — ﬂj‘l(t) |"I"1 (t) —ay (t)l'l(t)
dy(t)z1(t)wa(t)
c1(t) + ba(t)wy (t) + 23(t)
s()ds()3(0) 1

cs(t) + bs(t)x <>+w§<t>
> 2i()]ri(t) — ax (D) (t)
di(t)s LIGEG]
bi(t)
> zi(t)[r} - e (t)

_dqf(MQ + 6)}
b4 '

Thus, as a direct corollary of Lemma 4, one has

b17“1 d%(MQ + 5)
tl}+moo infz(t) > il .9
Settinge — 0, it follows that
tl}inoo inf 2 (t) > bll =mp. (10)
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Fort > T3, from (8) and the second equation of sys-
tem (1), we have
dxg(t)
dt

v

2o(t)[rh — ajas(t)

Y (M.
~dy( :l’>+€)}. (11)
b
It follows Lemma 2.1 and (11) that
bhrh — dy (M:
lim infzo(t) > 2"2 2(1 3% E). (12)
oo aybh
Settinge — 0in (12) leads to
L.l (Ve
lim infxo(t) > bary — d3 Ms =my. (13)
S a3t}

Fort > T3 > T1 > 0, from (4) and the second equa-
tion of system (1), we have

) _ [r?,(t) ~ as()as ()
- ds(t)zy1(t)ws(t)
c3(t) + bs(t)z3(t) + 23(t)

ko (t)da (1) x3(t) ]
ca(t) + ba(t)ma(t) + z3(¢)

z3(t) [7”3@) —az(t)zs(t)

B dg(t)xl(t)wg(t)]
bs(t)

v

v

z3(t) lré —azws(t)

_dg(M; +¢)
vl '

It follows Lemma 4 that

bhrh — d4(My +¢)

lim infzs(t) > ;
azby

t——+o00

(14)
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Settinge — 0in (2.13) leads to

bhrl — d4M
lim infa3(t) > 23T — A5 7

t——+00

=ms3. (15)

upl
asbs

In view of (3),(5),(7),(10), (13) and (15), we can con-
clude that system (1) is permanent. The proof of The-
orem 6 is complete.

Denote

Q = {(z1,72,23)" € Ry|m; < a; < M;,i=1,2,3}.

Corollary 7 The sef is the ultimately bounded set
of system (1).

3 Existence and uniqueness of

asymptotically periodic solution

Let us consider the asymptotically periodic system as

follows
dx

dt - f(t7 ‘Tt)a
where f € C([-r,0], R") and for anyz; € C. De-
fine z,(0) = x(t +0),6 € [-r0]. For anyz =
(x1,22, -, 2y) € R", we define|z| = Y1 |xi],
from the above proof, we can see that there exists
H > 0 such thatz| < nM; < H. Forany¢ € C,
define||¢l| = sup_,<g<o|@(0)]. Let Cy = {o €
C, 4|l < H} andSy = {& € R",|z| < H}.
In order to focus on the existence and unigueness of
asymptotically periodic solution of system (16), we
consider the adjoint system

(16)

de

t
Y

dt

= f(t,l‘t),
f(t>yt)'

an

Then we begin with our analysis with Lemma 3.1.

Lemma 8 (Yuan [71]) Let V € C(Ry x Sy X
Sw, Ry) satisfy

() a(le —y| < V(t,2,) < b(jz — y|), wherea(r)
andb(r) are continuously positively increasing func-
tions;

(i) [V (t, 21, 91) = V(t 22, y2)| < (|21 — 22
y2|), wherel is a constant and satisfiés> 0;

(i) there exists continuous non-increasing function
P(s), such that fors > 0,P(s) > s. And as
PV (t,6(0),6(0))) > V(t + 6,0(0),0(0)),0 <
[-r,0], it follows that Van (¢, #(0),4(0)) <
=0V (t,9(0),#(0)), whered is a constant and satis-
fiesd > 0. Furthermore, system (16) has a solution

+ly1 —
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&(t) for t > to and satisfieg|é,|| < H. Then sys-
tem (16) has a unique asymptotically periodic solu-
tion, which is uniformly asymptotically stable.

Theorem 9 Let 6., 65,03 and § are defined by (24),
(25), (26) and (27), respectively. In addition to the
conditions (H1) and (H2), assume further that>

0 is satisfied, then there exists a unique asymptoti-

cally periodic solution of system (1) wich is uniformly
asymptotically stable.

Proof: By Theorem 6 (or Corollary 7), we know that
the solution of system (1) is ultimately boundef}.

is the region of ultimately bounded. We consider the
adjoint system of system (1) as follows

t1(t) = 21(t) [7’1 (t) — a1 (t)z1(t)
_ di (H)z1 (H)z2 (1)
OFNOPOET0

k3 (t)ds ()3 (t)
c3 (t)-i—b:; (t)x:; (t)-l—l‘g (t) ’

_|_

g (t) = w(t) [Tz(t) — az(t)x2(t)
do (t).’EQ (t)rg(t)
Cz(t)—i-bz (t).’EQ (t)—i—x%

k1 (8)da (D2 ()
c1 () b1 (D)1 () +a2(D) |’

_|_

(tg(t) = xg(t) [Tg(t) — ag(t)wg(t)
- dg(t)rl(t).’ﬂg(t)
Cg(t)—i—bg (t)mg(t)—i-xg (t)

o (£)da ()3 (£)
c2(0)+b2 V2 (D 23D |’

(18)
?ll(t) = ul(t) [7’1 (t) — al (t)u1 (t)

- d1 (t)ul(t)ug(t)

c1 (t)—‘rbl( )ul(t)—i-u% (t)

k3 (t)ds (t)u3(t)
c3(t)+bs(t )ug(t)+u3(t) ’

_|_

ta(t) = ua(t) [Tz(t) — ag(t)ux(t)
do (t)ug(t)ug(t)
c2 (t)—i—bz (t)u2 (t) +u§

k1 (t)d (t)uf (t)
c1(®)+b1 (ur () +ui(t) |

_|_

u3(t) = us(t) [7’3@) — az(t)us(t)
L duBus®)
Cg(t)—i—bg( )ug(t)+u§ (t)

ka (t)da (t)u3 ()
ca(t)+b2(t )u2(t)+u2(t) '

_|_

For X(t) =
(u(t), uz(t),

(z1(t), w2(t), 23(t)) and U(t) =
us(t)) are the solutions of system (18)
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inQ x Q. Letzf(t) = Inwz;(t),u;(t) = Inw,;(t),i =
1,2,3. Now we construct a Lyapunov functional as

follows
3
= |aj(t) -
=1

Takinga(r) = b(r) = 3_ |z¥(t) —u} (t)| and using
the inequality||a| — |b|| < |a — b|, we can easily prove
that (i) and (ii) in Lemma 8 hold true. In the sequel,
we will investigate (iii) of Lemma 8. It follows from

(16) that
Lorat) ()
DTV(t) = Z( )
xsign(z; (t) — u;(t))
< —dh a1 (t) — wa(t)]
l di(t)z1(t)7a(t)
()+bl() 1(t) + z1(1)
B di (t)ur (t ]
()+bl(

(19)

ac t

[ ks(t)d () (t)
c3(t) +bs(t)z ()+w§(t)
ka(t)ds (t)u3(t) 1
cs(t) + bg(t)us(t) + u3(t)
—ablwa(t) — ua(t)]
+[ dg( )xg (t)l‘g(t
co(t) + ba(t)za(t)
da(t)ua(t)us(t)
ca(t) + ba(t)ua(t) + u3
+[ k1 (0)ds (D2 (1)
1(t) + by (t)x1 () + 23 (1)
B k()da (t)ui(t) 1
ci(t) + br(t)ur () + ui(t)
—ab|ws(t) — us(t)
ds(t)z (¢
()+b3() 3(t) + 23(t)
B d3(t)ur (75 ]
()+b3(

)
+w2

|
s Jas(1)

l ko(t)d () (t)
co(t) + bo(t)xa(t )+;U%(t)

L ka(t)da(t)u3(t)
ca(t) + ba(t)ua(t) + us(t)
! d My + di M} My
(cll + bllml + m%)2

< [—alﬁ—
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x|z1(t) — u1(t)]
M d My + dY o) ME + ) M
I (¢} + bhmy + m3?)2
x|za(t) — ua(t)]
2kM M ad My + 2k bd ad M2
I (cé + bémg +m3)?
x|z3(t) — us(t)|
I déwcg/[Mg + déwM%Mg
| —a l I 2\2
I (¢y + bymg +m3)
X |22 (t) — uz(t)]
dY e Mo + dYT o3 M2 + d3f M
I (ch + bhmg + m3)2
x|x3(t) — us(t)]
[ dM M My + 2dY Mz M
+_aé+3? 11 32321
I (¢4 + byms +m3)
x|x3(t) — us(t)]
dM M My + 2d3 b M + 2d§/1M32]

+

+

(cg + bémg + m3)?

xfor (t) = w (1) (20)
Nothing that
i (t) — uq(t)]
= | exp(z; (1)) — exp(u; (t))]
= exp(&(t)) |7 (1) —u; (1), (21)
where¢;(t) lies betweenc;(¢) andu;(t). Then we
have
mala () — ui(8)]
< Jwi(t) — ui(t)]
< Milzi(t) —ui(t)],i = 1,2,3. (22)

It follows from (20)and (22) that

M dY My + d}f MEM,

DYV(#) < |-d +
() = ! (cll + bllml + m?)2

x|y (f) — i (t)]

M My + dY oY MR+ ) M
I (¢} + bhmy +m3?)2
X Moz (t) — uz(t)|

2k ATl My + 2k 0 ddT M2
I (¢4 + byms + m3)?
X M|a3(t) — uz(t)]

, o dY M My + ad M2

t|—ax+ Y 272

I (¢4 + bymag + m3)

_l’_

_l’_
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xmalwy(t) — u3(t)]
M M Ny 4+ dMM M2 4 a3
I (ch + bhmg + m32)2
X Mals(t) — uz(t)|
ngCQJMl + Qdé\/[Mng
I (ch + bhmg + m32)?
xmsla (1) — w3 (1)
déwcéwMg + Qdé\/‘lbg/[Mg + 2d§/[M32
I (ch + bhkmg + m32)?
X My|x(t) — uy(t)]
= =]z () — ui(t)|
—b2|z5(t) — us(t)]
—0O3|3(t) — us(t)],

_l’_

+ |—dh+

+

(23)

where

6 — l - AMa My +d{‘4M12M2] 1
(ch + bym1 +mi)?
dg/lcéwMg + Qdé\/‘lbg/[Mg + 2dé\4M32
B [ (ch + bkmg + m3)2 ]

XMl,

o [ AN+ B
2 (ch + bhmo +m2)?

[l Ay 4 Y MR 4 Y
(ch + bymy +m3)?

(24)

XMQ, (25)
. 1 dé\/[cé\/[Ml + 2d§4M3M1
03 = |a3 — I 7l 2\2 3
(¢ + bsms + m3)
2k e a M + 2837 v} a} M3
(ch + bikmg + m2)?

XMg
[dM M My + d oM M2 + db M3
(ch + bhmg + m3)2

X Ms. (26)
Let
d = min{6y, 6,03} (27)
It follows from (23) and (27) that
DTV (t) < =6V (t). (28)

Then (iii) of Lemma 3.1 is fulfilled. Therefore system
(1) has a unique positive asymptotically periodic solu-
tion in domain, which is uniformly asymptotically
stable. The proof is complete.
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4 Numerical example

To illustrate the theoretical results, we present some 25
numerical simulations. Let us consider the following
cyclic predator-prey system with Sigmoidal type func- 2
tional response: _
=15
&1(t) = z1(t) lrl(t) —ai(t)z1(t) i
_ dl (t)xl (t)ajg (t) 0.5
c1(t) + by (t)xy (t) + 23 (¢)
]{73 (t)dg (t)l'?), (t) % 50 100 150 200
c3(t) + ba(t)zs(t) + 23(t) |

Ta(t) = z2(t) | r2(t) — aa(t)ea(t) Fig.1. The dynamical behavior of the solution
do(t)zo(t)z3(t) (29) (x1(t), z2(t), 23(t)) of system (29).

co(t) + ba(t)wa(t) + 23

k1 (t)da ()27 (t) ]

c1(t) + bi(B)xr(t) + 22(t) |

t3(t) = w3(t) |73(t) — az(t)xs(t)

d3( ) ( )$3(t) 15
c3(t) + ba(t)zs(t) + 23(t)

ko (t)da (t)x3(t) ]
co(t) + ba(t)xa(t) + 23(t) |

X,

where

bi(t) =20+ 0.2sint, ba(t) = 10 + 0.4 cos t, -1 - o o s
b3(t) =15+ 0.3sint,a1(t) = 10 + sint, ¢

as(t) = 11 + cost, az(t) = 12 — cost,
ri(t) =10 +0.3sint, ry(t) = 12 + 0.2 cost, Fig.2. The dynamical behavior of the solutiam (¢),
r3(t) = 13 — 0.2sint, d; (t) = 0.2 4+ 0.2 cos t, (1), 23(t)) of system (29).
da(t) = 0.2+ 0.1sint,ds(t) = 0.1 + 0.1 cost,
ki1(t) =1 +sint, ka(t) = 1 +sint,
(t) =

ks(t 1 4 sint. 1

0.9

Then

by =19.8,b) =9.6,b4 = 14.7,

rt =9.7,rh =11.8,74 =128,

al =9,a, =10,a} = 11,

rt =10.3,r% =12.2,r¥ = 13.2,

d¥ =0.4,d4 =0.3,d% = 0.2,

M = 1.1889, My = 1.3, M3 = 1.2181.

x,(0)

It is easy to check that the coefficients of system (29)

0

satisfy all the conditions in Theorem 9. The phase ° % e 20

diagram of system (29) is illustrated in Figures 1-

3. Numerical simulations show that system (29) has

a unique positive periodic solution which is globally Fig.3. The dynamical behavior of the solution
asymptotically stable. (x1(t), z2(t), z3(t)) of system (29).
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5 Conclusions

In this paper, we have analyzed a cyclic predator-
prey system with Sigmoidal type functional response.
Applying the differential inequality theory, we obtain
some sufficient conditions for the permanence of the
system. By constructing a suitable Liapunov func-
tion, we find that under some suitable conditions, the
system has a unique asymptotically periodic solution
which is globally asymptotically stable. Numerical
simulations show the feasibility of our main results.
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Abstract: The paper provides conditions for constrained dynamic output feedback controller to be cost guarantee-
ing and assuring asymptotic stability for both continuous and discrete-time systems with quadratically constrained
nonlinear/uncertain elements. The conditions are formulated in the form of matrix inequalities, which can be
rendered to be linear fixing one of the scalar parameters. An abstract multiplier method is applied. Numerical
examples illustrate the application of the proposed method.
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1 Introduction

Treatment of nonlinearities in dynamical and control
systems is one of the research focuses of control the-
ory (see e.g. [71], [10], [29], [31], [32]). The areas of
applications of nonlinear control theory cover physics,
engineering (see [3], [6], [8], [9], [13], [26], [30],
[32], [39] from the recent literature) and also eco-
nomics (e.g. [19], [21], [27], [28]). The performance
of control systems may not be satisfactory because of
the presence of exogenous disturbances and of sys-
tem uncertainties stemming from the mismatch of the
model and the real dynamics. A performance index
assigned to the system cannot be minimized at the
presence of unknown uncertainties, however it is pos-
sible to design a controller guaranteeing that the per-
formance index will not exceed a certain bound, and it
stabilizes the system for any admissible uncertainties
and disturbances (see e.g., [2], [14], [15], [17], [20],
[23], [35], [38], [41] and the references therein). It is
favorable, if such robust controls can be given in feed-
back form. However, the state of the system is often
not available for feedback. An extended static output
feedback is applied e.g. by [33] for continuous-time
systems using both the output and its derivatives in the
construction of the controller. The same approach is
applied to discrete-time systems with polytopic uncer-
tainties in [34]. Paper [40] applies a dynamic output
feedback for T-S fuzzy systems with norm bounded
uncertainties. A dynamic output feedback can still
guarantee an adequate level of system performance
and stability (see also [18]). The present paper applies
the latter approach for both discrete and continuous-
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time systems with a broad class of admissible system
nonlinearities/uncertainties. The control is also sup-
posed to be quadratically constrained (cf. [4] on sta-
bilization of uncertain linear systems by bounded in-
puts).

A recently published paper [22] gave a suffi-
cient condition for the existence of robust stabiliz-
ing observer-based dynamic output feedback control
by solving linear matrix inequalities (LMIs). Unfor-
tunately, this paper contains a technical error. The
present paper proposes a method eliminating the mis-
take, and extends the range of solvable problems in
several aspects. In our paper both continuous and
discrete-time systems are discussed. We consider
quadratically constrained uncertainties. This repre-
sentation includes, among many others, the norm
bounded uncertainty considered in [24] and [22], as
a special case. In fact, this approach proposed orig-
inally by ([1]) and further developed by ([16]) as an
abstract multiplier method allows to treat both uncer-
tainties and system nonlinearities in a common frame-
work, therefore the proposed method of design can be
applied to a broad class of dynamic systems. Further-
more, exogenous disturbances are also taken into con-
sideration. The control is also supposed to be quadrat-
ically constrained. It is assumed furthermore, that the
exact initial state is not known, but it lies in a given
ball.

The paper is organized as follows. The problem
will be stated, and some preliminary results will be
recalled in Section 2. The main results for continuous
and discrete time systems will be presented in Section
3. Two numerical examples illustrate the results in
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Section 4. Finally, the conclusion will be drawn.
Standard notations are used. The transpose of ma-
trix A is denoted by AT I, is the identity matrix of
size n x n, and P > 0 (> 0) denotes the positive
(semi-) definiteness of P. The maximum eigenvalue
of the symmetric matrix P is Ap/(P). Symbol VV
stands for the gradient of the multivariable function
V', symbol ® is used for Kronecker-product, while &
is the direct sum. The notation of time-dependence
is omitted, if it does not cause any confusion. For
the sake of brevity, asterisks replace the blocks in hy-
permatrices, and matrices in expressions that are in-

g} stands for

. A

ferred readily by symmetry (e.g. L

A B

BT C

eral, we shall write n,, for the number of coordinates
of a vector v, i.e. v € R™.

}, and (*)PX stands for X7 PX). In gen-

2 Problem statement and prelimi-
naries

Consider system

0x = Az + Bu+ Eyw + Hyp,, (1

y = Cx + Hypy + Eyw, 2)
("= (a"clu"Df), (3)
¢z = Agr + Bgu + Gupa, “)
qy = Cyqx + Dyu + Gypy, %)

where z € R™ is the state, v € R" is the input,
w € R™ is the exogenous disturbance, éx stands for
% in the continuous-time and x in the discrete-time
case. The measured output is y € R™, and ( € R
represents the penalty output, where D¢ is assumed to
be nonsingular.

Uncertainty ~ constraints. All  system
nonlinearities/uncertainties are represented by
functions p, and p, possibly depending on ¢, x

and u. Functions ¢, and ¢, are the uncertain
outputs.  The only available information about
p" = (o.p]) € RP and g’ = (¢].q]) € R

is that their values are constrained by the set
Q=01 x...xQq,

Q; = { [pz} e Rlvitla .
q;

T
pi| |Qoi Soi| |pi
M [S&- Rm] m 20}’ ©

i =1,...,s, where Qu; = Qg;, Ry; = Rg;- > 0 and
So; are constant matrices, p € R, and ¢ € Rle are
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partitioned appropriately. We shall use the notations
QO = diag{QOl? ey Q08}7 RO = diag{R017 ey R0$}7
So = diag{So1, ..., Sos}. We note that the positive
semi-definiteness of Ry assures that the system (1)-
(5) is well posed, i.e. for any (z,u) there is a p so

that [pT, qT] T € (). It is worth noting that the con-
sidered model of uncertainties involves several types
of uncertainties frequently investigated in the litera-
ture. For example, if Qg = 0, So = I and Ry = 0,
then one speaks about positive real uncertainty, if
Qo = —1, Sy = 0and Ry = I, then one has norm-
bounded uncertainties, (thus, the uncertainty of [24]
and [22] can be obtained as a special case), and if
Qo = 3(K{ Ky + KI K1), So = 3(K1 + K»)T and
Ry = I, then one faces the case of sector-bounded
uncertainties.

Control constraints. The control is supposed to
be quadratically constrained, i.e.

u'Quu <1 (7)
must be satisfied for a given matrix Q,, = QL > 0.

State constraints. Since the state is not measured,
its initial value is not supposed to be known, but it is
assumed that

lzol* < o,

where p is a given positive constant. We remark
however that the initial state xo may supposed to be
known.

Constraints on disturbances. The disturbances
are produced by an exosystem, the input of which is
the penalty output ( of the original system, the output
is w, and (¢, w) satisfy the inequality

lwl3, = w’Spw <Aall¢)?
with a given positive definite and symmetric matrix

St and with yao < 1.
Assign the cost function

:foL(x(t), u(t), w(t))dt,

J(-TOa u,w) _ - ift e R, (8)
;1 L(x(t), u(t), w(t)),
- ifteZ

to system (1)-(2), where
L(z,u,w) = 2T Qrz +u'Rpu — wl Spw
with Qp = CgC’C, Ry = DF{DC and Sy, given above.

Thus, it follows from their definitions that QQ;, Ry,
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and Sy, are symmetric, ()7, is positive semidefinite,
Ry, and S, are positive definite matrices.

The aim is to keep the value of the cost function
by the appropriate choice of the control as low as pos-
sible for all realizations of the uncertainties and the
external perturbations. Because of the presence of un-
certainties a minimum (or minimax) value of the cost
cannot be achieved; one can only expect a guaranteed
upper bound of it. The corresponding guaranteed cost
control has to be determined in feedback form. Since
the state is not available for feedback, a dynamic out-
put feedback is sought. We look for the controller in
the following form:

§& = A + Ly, 2(0) =0, ©)
u=K.x (10)
where & € R"=.
Introduce the new variable z = (27,

#7)" . With
this notation, v = kz, where Kk = (0, K.), and the
augmented closed-loop system is

0z = Az + Ew + Hp,
q=Aqz +Gp,

(11
(12)

where G = diag{G,, Gy},

e { A BKC} - [Aq B,K,

L.C A, c, Dch]’ (13)

E, C[H., 0
U R VRS

Set K = diag{I,,,, K.}. The running cost of the aug-
mented closed-loop system is

L(z,w)=2TQ; 2 —wl Spw,

where Q; = K'diag{Qr, R.}K.

To formulate the notion of guaranteeing cost con-
troller, consider an arbitrary nonlinear/uncertain sys-
tem

6z = f(z,u,w,p), (15)

q=g(z,u,p), ".q"]" e,

and a function V : R** — R ™.
For system (15) introduce the following notation:

Vz(lt')) (Za u, w,p) =
[ WT(2) f(z,u,w,p), iftER,
B v(f(27u7w7p)) — V(Z), ifteZ.
E-ISSN: 2224-2678
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Definition 1 Consider the nonlinear/uncertain sys-
tem (15) with cost function of the type (8) and with a
given set of nonlinearities/uncertainties §). The state-
feedback u = k(z) is a guaranteeing cost robust mini-
max strategy if there exists a function V : R"* — R™T
such that

sup

r {V(*lf))(Z?k(z)awup)
7, ¢"] e

+ L(z,k(2),w)} <0 (16)
holds for all z and w, [zT, wT] #* [OT, OT]. In this
case V(zp) is called a guaranteed cost.

Remark 2 (A) Similar definitions of guaranteed cost
are frequently used in the literature (see e.g. [23],
[42], [14], and the references therein). The rational-
ity of this definition is explained by Theorem 7 given
below.

(B) Observe that a cost guaranteeing control with spe-
cial choice of matrices Qr,, Ry, and Sy, is an H, con-
trol with the penalty output (3).

The main problem is to find an appropriate } and
a feedback k(z) because of the need of maximization
over ). The main idea of the multiplier method is that
an equivalent inequality will be solved over a linear
space at the expense of introducing a new matrix vari-
able. The method assures that the feasibility set of the
new inequality is the same as that of the original prob-
lem. In this way, the investigation of the inequality
and of the uncertainty bounding set is separated and
the problem becomes tractable. Paper [16] presented
an abstract multiplier method. We recall here the ba-
sic definitions and the lemma to be used. Let Q CR/
be given.

Definition 3 ([1], [16]) A symmetric matrix M is
called a multiplier matrix for Q if €' M€ > 0 for all
& € Q. If this inequality is strict, then M is called a
positive multiplier matrix for Q. The set M™ of pos-
itive multiplier matrices for Q is called a sufficiently
rich set of positive multipliers for Q, if for any positive
multiplier M for Q there exists an element M € M+
such that M < M.

Consider positive constants 7; and ;, 2 = 1, ..., s and
set

T = diag {Tlflpl , ...,TSIIPS} ,
T = diag {Tlflql s ey TsIqu} ,
e = diag {5lflpl ) ey €sIlps } ,
¢ = diag {51]lq1 , ...,5811%} .
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We note that, if s = 1, matrices 7, 7, € and € consist of
a single block, thus two scalar parameters can be used
instead. In order to avoid the repetition of big formu-
las, we shall use the matrix notations in the special
case of s = 1, as well.

Lemmad4 ([17]) The set

+ . _|7Qo+e TSo
SO LR (M el
Ti,& > 0,1 =1, ...,S} 17

consists of positive multiplier matrices for Q). If s =
1, then M™ is sufficiently rich.

The recently published paper [22] gave a suffi-
cient condition for the existence of robust stabiliz-
ing feedback based on a Luenberger type observer for
continuous-time systems with norm-bounded uncer-
tainties. The condition was formulated as an LMI.
It was stated that the given LMI contains three ad-
justable parameters. In fact, there is only one free
parameter. The source of the error was that authors
failed to multiply the 6th and the 8th term from the left
hand side and the 7th and 9th term from the right hand
side by P~! in equation (10). If the Schur comple-
ment is applied two more times after the correct con-
gruence transformation, it turns out that only param-
eter €7 is adjustable. This certainly results in a lower
amax in the second numerical example of that paper.
We made several experiments for fixed £4 = 0.01 and
for different values of €2 and €3 with changing mag-
nitudes. It was found that aomax < 0.98 for the con-
sidered parameter combination.

The present paper solves a more general prob-
lem. Both continuous and discrete-time systems
are examined with a far broader class of uncertain-
ties/nonlinearities, and exogenous disturbances are
considered, too. Also state and control constraints can
a priori be given.

3 Main results

Assumption 1 Inequalities (1) Ry > 0 and

() Qo+ G7ST + SG +GTRyG < 0
hold true.

The second inequality of the Assumption 1 implies
that [pT, pl QT]T € Qif and only if p = 0, thus
the origin is an equilibrium point of the unperturbed
uncertain/nonlinear system. Moreover, the set of un-

. . . . T 71T .
certain input vectors satisfying [p’,¢’]" € Q is
bounded if ¢ is defined by (4)-(5) and (z,u) comes
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from a bounded set, which is also a reasonable re-
quirement. Similar conditions are applied e.g. in [41].
Set N = bdng +ny +ny + 1, + 13, 2 =
diag{Qr, Rr, —Sr}. Introduce the 2n, X 2n, matrix

¢c:[0 I], ift € R,

I 0
7 bg = L0 ez
d — 0 Tl )

and the matrices

[T AT KT 0 0 AT

o & o 1 0 0}
ci=1[0 H" 0o 0 I §G7].

Ly

(18)

Lemma S Suppose that Assumption 1 holds true for
the set ) given by (6). The dynamic output feedback
controller (9)-(10) defined by the matrices A., Le,
K. yields a guaranteeing cost robust minimax strat-
egy k(z) = kz and V(zp) is the guaranteed cost with
V(z0) = 28 Pzg, P = PT > 0 if there exists an
M € M such that P, M satisfy the matrix inequal-
ity

(%] diag {¢p ® P, E, M} [L1,L0] <0,  (19)

where L1, Lo correspond to matrices A., L. K.
as defined by (13), (14) and (18). The existence of
M € M™ is also necessary, if the uncertainty is un-
structured, i.e. if s = 1.

Proof. Introduce function F : R2etmwtny _y R
with the definition

F(z,w,p) =[] [+] [¢® P] [ilgr"(ﬂ Z

+ 4] []:{’5?8] .

Then inequality (16) with respect to (11) is equivalent
to

sup (20)

T

", ¢"] e
for all z and w, [ZT, wT] #* [OT, OT] .

Set ¥ = diag{¢ ® P, =, 0} and By = imLy,
Bi = imLq, B = im(ﬁl,ﬁo) . Then B = B; & By
and By N By = {0}. A straightforward calculation
shows that F(z,w,p) = y' Uy, ify € B, ie. if
y =Ly [2" wT]T + Ly p. Set

Vo [0 000 Io} ¢ R+ XN

F(z,w,p) <0

)

000001
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and

Bo={ye BCRY: VyeQ}.

Thus inequality (20) is equivalent to

yTOy <0 forally € Bo, y # 0. 1)
It was proven in ([16]) that inequality (21) holds true

if there exists an M € M such that

U+ VIMV <0 forally € B,

which is identical to (19). The necessity of the exis-
tence of M € M™ with this property has been proven
in ([16]), as well. [

Remark 6 Since %(0) is fixed, the guaranteed cost
depends on x(0) only. Moreover, since any matrix in
M is determined by two scalar parameters T and &,
the existence of an appropriate M € M™ is equiva-
lent to the existence of these two scalar parameters.

In what follows, we shall show that a guarantee-
ing cost controller in the sense of Definition 1 yields
an upper bound of the cost function and a closed-loop
system for which the origin is asymptotically stable.
This gives the rationality of Definition 1.

Denote the ellipsoid in R?"= as

I(Pa)={¢eR™ :¢'P¢ <al.

Theorem 7 Consider the augmented closed-loop sys-
tem (11)-(12) with Q satisfying Assumption 1, and
suppose that for a given P = PT > 0, inequal-
ity (19) holds true. Then o = \p;(P)p is an upper
bound of the cost function for any admissible initial
state, disturbance and uncertainty. Moreover, the el-
lipsoid T'(P, «) is positively invariant and the origin
is asymptotically stable for the closed-loop uncertain
system.

Proof. If inequality (19) holds true then there exists
ad > 0 such that

[+] diag {6 ® P, E, M} [L1, Lo]
+ ddiag{ Ion,, 0, 0} <0,

This means in compliance with Lemma 5 that for
k(z) = kz

V{n) (2,k(2),w,p)

+ L(z,k(z),w) +8]z[I* <0 (22)

holds true for any (z,w) # (0,0) and for any uncer-
tainty/nonlinearity satisfying [pT, qT]T e Q.
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For the sake of definiteness, suppose that we are
facing the continuous-time case. (The discrete-time
case is completely analogous.) Integrating inequality
(22) from 0 to T > 0, we obtain that

T —_
V(AT)) - V(=(0)) + /0 (&)@ (t)dt

T T
—/ w(t)TSLw(t)dt+5/ |2(t)|%dt < 0. (23)
0 0

Omitting the first and the last (nonnegative) terms on
the left hand side, we obtain that for all 7" > 0

T
/0 L), w(t))dt < V(=(0)). 24)

For the considered w(.), £L(z(t), w(t)) > 0 for all ¢,
therefore the integral on the left hand side of (24) is
convergent as T' — oo, and it tends to the value of
the cost function. Since 2(0) = 0, for any xo with
lzo||? < p, we have that

V((0)) < Au(P)p = a

From (23) it follows that V(z(T")) < o forany T" > 0,
thus the ellipsoid I'( P, «) is invariant. Furthermore
P is assumed to be positive definite, thus it follows
from (22) that function V is an appropriate Lyapunov-
function having a derivative along the solutions of the
closed-loop system (11) strictly smaller than —§||z|2.
Therefore the origin is asymptotically stable with a
basin of attraction containing I'( P, «).

Corollary 8 If 2l Pzy < 1 for any zo = («f, 07)7
with ||zol|?> < p, then T'(P,1) is invariant for the
closed-loop uncertain system. Moreover, if

P *
[H Qal} =0

then for any z € I'(P, 1), the control u = Kz satisfies
the control constraint (7).

(25)

Proof. The first part of the statement immediately
follows from Theorem 7. The second part follows
from (25) using Schur complements. O

We remark that other types of exogenous distur-
bances can be treated too. For example, disturbances
of finite ’energy’ are formulated as

w(t)?dt < n, ift € R,

\8

w(t)? <, ift € Z,

(e =

I
N
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where 7 is a given positive constant. A similar state-
ment can be proven in this case, but the invariant el-
lipsoid is slightly different.

In what follows we propose methods to deter-
mine matrices P, A., L., K., and scalars ¢;, 7,
(¢ = 1,...,8) in the discrete and in the continuous-
time case. In order to obtain the matrix inequalities
on the basis of which these parameters can be deter-
mined, we apply an approach similar to that of [12].
Represent matrix P and its inverse as

53|

B Y N,
P_[NlT z

with X = X7 > 0,Y = YT > 0, and consider
matrices

X I I'Y
A=y o By arl
NT 0 NI

where each block is of dimension n; X n,. Clearly,

27)

X I

AP = {I Y

} ., PR =F,. (28

Introduce furthermore the notations

K = K N7, L= N;L,,
A= XAY + XBK + LCY + N, A.NY.

(29)
(30)

Now we derive a matrix inequality equivalent to (19),
which is linear in all of the unknown matrices except
for parameters T;.

3.1 The continuous-time case

In this subsection ¢ is fixed as ¢ = ¢.

Theorem 9 Inequality (19) holds true for the sym-
metric and positive definite matrix P partitioned as
in (26) and for the coefficient matrices A;, L., K. of
the controller and for the positive scalars T; and €; if
andonlyif X, Y, A, L, K, g;and 1; (i = 1,...,8)
satisfy the following matrix inequalities:

] <0, [X I} > 0, (31)

(1911 *
1Y

Dy Do
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Y11 X * *
Q11 = SD% SD%% p .
il o
Pa1 P42 0 P4
e =ATX + XA+ CTLT + LC,
o35 =AY + BK + YT AT + KTBT,
i = Qor '+ SoGr ! +77'G7 ST,
o3 =A+ AT,
p31=E] X +EJL", ol =Ej,
HTX A
11 _ 1 z < q
= (5] s 8]
n 4 [HT AY + BK
— S q q
Y =1 [0 T2l oy £ DR\
o 0 o0 z!
1/2 —
e eB 0 Rygr
Doy = @3 w33 0 Gr b |,
Ce CY 0 0
0 K 0 0
172 |A
=Ry ).
21 _ R1/2 AqY + BqK
2770 oY + DK |
o2l = {Aq} 02! AgY + qu:f
G TR Oy + DK |

Poy = dlag {—§717 _2717 _2717 _17 Rgl} :

Proof. Consider inequality (21) with an arbitrary
M € M given in (18), and multiply the middle
block-diagonal matrix from left and right by LT L =
I, where L is an appropriate permutation matrix to
obtain that

0 = * * * *
P 0 * * * *
[*] 0o 0 -5 * * * y

0 0 0 71Qo+e = *

0 0 0 0 T *

0 0 0 SOTI 0 7Ro+¢e
I 0 0
A & H

010

K 0 0
Apr 0 G

with T = diag{Qr, Rr}. Applying the definition
Qr = CgCg and the linearization lemma (see [37])
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one obtains that (32) is equivalent to

ATP 1+ PA * * * *
ETp —-SL * * *
HTP + TS50 Aq 0 v+e * *
Cck 0 0 -R;! *
Aq 0 g 0 —(zRo +¢)
<0,

where the notations ¥ = 7Qo + 750G + GT ST

and C; = diag{C;,I} and Ry = diag{l, Ry} have
been used. Now we can apply the Schur complement
lemma to get rid of the inverse of (T Ry + £). Then
apply the Schur complement again, the congruence
transformation with diag{ P~ I, 771, I, I, I, I} and
notations

0, =ATP 4+ PAT, 0y =1 'HT + SpA, P!
03 = RY/*A, P, 0, =RY*Gr™', 05 =C.kP™!

to derive the equivalent inequality

01 * * * * * x
er —-SL * * * * *
7> 0 <p411411 * * * *
0 0 171 —§71 * * *
05 04 0 0 7t * *
A Pt 0 gr! 0 et *
L 05 0 gr' o0 0 0 -R;'
< 0. (33)

Multiply (33) by diag{F{",I,1,1,1,1,1} from the
left and by its transpose from the right, and take into
consideration (27)-(28) to obtain that

@11 %
F1TAF2 = [ H 11} ) CgICFz = {
P21 P22

ETF = [p31, 03],
TTIHEL + So A Fs = [0k, 013,
Ry AFy = (81 638], AgFe = [o3, 03] O

Cc CY
0 K|

We observe that the matrix inequality (31) is non-
linear in the unknown parameters 7;. However, if 7;’s
are fixed, this inequality becomes linear in variables
X,Y,K,L,Aand et i = 1,...,s. If (31) is feasi-
ble, inequality

X I
M EC

is equivalent to I — XY < 0, hence the left hand
side is factorizable as [V; N2T =1 — XY , where N;
and N, are invertible, i.e. matrices K., L. and A,
can be expressed uniquely from the solution of (31)
employing (29)-(30).
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3.2 The discrete-time case

In this subsection ¢ is fixed as ¢ = ¢g .

Theorem 10 Inequality (19) holds true for the sym-
metric and positive definite matrix P partitioned as in
(26) and for the coefficient matrices A¢, L., K., of the
controller and for the positive scalars T; and €; if and

onlyif X, Y, A L, K, e;and 7;, (i =1, ..., 8), satisfy
the following matrix inequality:
[P11 % * * * * * x ]
0 -5, = * * * * *
Y31 0 dhgg ok x x o x *
a1 Yaz Yaz haa % * * *
0 0 I 0 — ' «x * *
g1 0 G 0 0 —! =« *
v 0 RY’G 0 0 0 —r ! o«
g1 O 0 0 0 0 0 —R;Y
<0, (34)
where

X I
P11 = — [I Y] , 31 = TS,

P33 = 7Qo + 150G + G ST 1,

s — [xA+Ic A
e A AY + BK |’
_ [XE. +LE,
1/J42 - I Ex :| )
(xXH, LH
Yy3 = H, Oy}’ Va4 = P11,
o1 — (A, AY +BK
Cc, CY+D/K|’

C. CY
Y1 = Ré/zlbe'l, g1 = [ ¢ VL ] ;

0 K

Proof. The theorem can be proved completely analo-
gously to the previous one, the details are omitted for
the lack of space. (|

Inequality (34) is nonlinear in he unknown pa-
rameters 7;, but for any fixed values, it is an LMI in
the remaining unknown matrices. Observations simi-
lar to the continuous-time case can be made concern-
ing the computation of the coefficient matrices of the
controller, as well.

3.3 Control constraint LMIs

For a given value of parameters 7;, Theorems 9 and
10 provide LMIs on the basis of which one can ob-
tain the solution of the formulated problem, if no con-
trol constraint is imposed. Next we shall derive ad-
ditional LMIs to assure the satisfaction of the control
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constraint presuming that the initial value zq is admis-
sible.

Theorem 11 Assume that the condition of Corollary
8 is valid. Suppose that in addition to (31) in the
continuous-time case and to (34) in the discrete-time
case inequalities

1
X --I<0,

(35)
p
X I 0
I ' Y KT |>0 (36)
0K Q.

hold true. Then z(t)T Pz(t) < 1 for any t > 0, and
u(t) = kz(t) satisfies the control constraint (7) for all
t>0.

Proof. Suppose that P is partitioned according
to (26) and |lzo|> < p, 2(0) = 0. Then we have
zipzo = af Xz, thus it follows from (35) that
25 Pzop < 1. Therefore, Corollary 8 involves that
2(t)T' Pz(t) < 1 for any ¢ > 0. On the other hand,
if

2()T KT Qurz(t) < 2(t)T Pz(t), 37)
then (7) holds true for any ¢ > 0. Inequality (37) holds
true, if

P—kTQuk >0,

which is equivalent to
P %
1] =0. 38
- ol 9
If we apply the congruence transformation for (38)
with diag { P~1Fy, I}, we get that the latter inequal-
ity is equivalent to the required one (36). [J

Remark 12 Every feasible solution of systems (31),
(35)-(36) or (34), (35)-(36), provides a cost guaran-
teeing controller. Several types of objective functions
can be assigned to the systems of inequalities. For ex-
ample, paper [11] proposes to minimize trP to obtain
the largest set of admissible states of the augmented
system. (Matrix P was kept there as the unknown of
the LIMs.) Similar purpose can be achieved by mini-

mizing = 1/p.
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4 Numerical examples

Example 1. ([24], [22]) To illustrate the effectiveness
of our approach we consider the same example as [24]
and [22]. The system is described by the following

parameters:
1 10 00«
1|,B=101 030,
) 00

v00
RY, ¢= B’”} eR', pi = Fi(t)q,
Yy

,qu

with |EF;(t)] < 1, i = 1,...,4, (ile. Qo; = —1,
Soi = 0, Ry; 1,) and £, = 0, H, = I3,
C=(101),E,=0,H,=1,C,=(060)G, =0,
Gy = 0. Similarly to [24] and [22], we assumed that
a = f =~ = J. The maximum value of « achieved
by [24] was 1.35, while inequality (31) has a feasible
stabilizing solution up to aunee = 3.48. (The results
of the second paper are not comparable, the best result
that we could achieve with the corrected inequality
and with a wide range of parameter combinations was
maz < 0.98. Figure 1 illustrates that the dynamic

Figure 1: Time evolution of the state variables.

output feedback control obtained with ey = 3.4
provides a quick convergence and smaller deviations
than in [24], when the initial state and the uncertain-
ties in the simulation are same as there.

Example 2. ([5]) To illustrate the applicability of
our approach to nonlinear systems we consider the
example of a flexible joint robotic arm investigated
e.g. in [5]. The the dynamics of this model con-
tains a sector bounded nonlinearity. [5] constructed a
stabilizing predictive control supposing that the state
was available for feedback. We applied here the dy-
namic output feedback control (9)-(10) supposing that
only 1 and x3 were measured. Moreover, we allowed
the effect of exogenous disturbances with w(t) € R,
El = [O 1 0 1} . In our representation, the prob-
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lem to be solved was characterized by matrices

[0 1 0 0 0

—48.6 —1.25 48.6 0 21.6
A=l o 0 o 1" B0 |

| 195 0 —16.70 0
_[roo0] r_
07_0010,HI7[000—3.33},

A; =10 0 1 0],Q0 =-1,5 =1, Ry =0,
Qu = 1/2.25, C¢ = diag{1,v/0.1,1,V/0.1}, Ry, =

0.1, and p, = sinxg + x3, g, = x3. The initial state

iszo = (12 0 0 0)" and we set p = 1.21
and S;, = Q. Figures 2 illustrates that the dynamic

150

Figure 2: Time evolution of the state variables.

output feedback control still provides a quick conver-
gence at the presence of exogenous disturbances. The
disturbances were simulated as w(t) = 0.1sin(¢)z(t),
which was admissible with any 0.01 < yao < 1.

The computations were made in both examples
using YALMIP ([25]) and MATLAB.

5 Conclusion

The paper establishes sufficient (and necessary) con-
ditions for dynamic output feedback to be cost guar-
anteeing and stabilizing in the case of systems with
quadratically constrained nonlinearities/uncertainties.
It is shown that this condition was sufficient for the
boundedness of the cost and the trajectories, if the
constructed dynamic feedback is applied. The con-
sidered class of nonlinearities/uncertainties permits to
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treat a great number of nonlinearity/uncertainty types
by the appropriate choice of system parameters. Both
the discrete and continuous-time cases are examined.
The conditions are formulated as matrix inequalities.
When one scalar parameter is fixed, the matrix in-
equality system to be solved is linear. The proposed
method extends the results of a recently published pa-
per in several aspects. Numerical examples illustrate
the application of the proposed method.
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a Spacecraft with Variable VVolumes of Liquids in Jet Engine Tanks
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Abstract: - In the article the attitude motion of a spacecraft with variable mass/structure is considered at
the variability of the volume of liquids (the fuel and the oxidizer) in tanks of the jet engines. The
variability of the liquid’s volume is occurred under the action of systems of the extrusion of liquids by the
pressure creation and, as a result, by the diaphragm (a thin soft foil) deformation inside the fuel/oxidizer
tank. The synthesis of the attitude dynamics is fulfilled by the change of directions of the extrusion of the
liquids in tanks — this modifies the inertia-mass parameters (their corresponding time-dependencies) and
affects the final motion dynamics. Here we showed that the extrusion in the lateral radial “outside”
direction is most preferable in comparison with the longitudinal extrusion (in the direction of jet-vector).
It means that the precession cone of the longitudinal axis of the spacecraft (the axis of the jet-engine
reactive thrust) is “twisted up” to the precalculated necessary direction of jet-impulse, and it has not
“untwisted” phases. This scheme of the liquid extrusion is dynamically optimal, because it allows to
improve the active inter-orbital maneuver by the natural/uncontrolled/passive way.

Key-Words: - Spacecraft; Variability of the Volume of Liquids; Tanks of the Jet-Engines; Attitude
Dynamics; The Curvature Method; Precession Motion

1. Introduction. The attitude motion of the SC is considered
The task of the spacecraft (SC) attitude in this research as the angular motion around the
dynamics investigation/synthesis  at  the fixed point, coincided at the initial time-moment
implementation of the active maneuvers is one of with the initial position of the center of mass of
the main tasks of the space flight mechanics. SC [9-11].

This task is considered in different z(z)
formulations taking into account many different | —
aspects, including regimes of
controlled/uncontrolled regular/chaotic attitude ys
motion of rigid and flexible SC with constant and Tt
variable inertia-mass parameter, an -
implementation of the attitude reorientation using The bunch of
mechanical actuators and thrusters, etc. The spherical tanks
corresponding research results are described in
many works [e.g. 1-44], which are not limited by
the indicated references list.

description of some features of the SC with two ) ) )
types of the liquids extrusion in spherical jet- ~ This mechanical model allows applying the
engines tanks. We will consider symmetrical ~ Simple type of the definition of the internal

bunches of four spherical tanks (for example, two ~ 9eometry  (inertia-mass ~ geometry) ~ and
tanks contain the fuel, and other two tanks contain ~ corresponding variable inertia-mass parameters.

the oxidizer). This scheme is usually used in the ~ So, the mathematical model of the attitude
upper stages and boosters configurations. So, let motion was built in the works [9-11] for the case

us describe the scheme with spherical tanks of dual-spin spacecraft (with four degrees of
(fig.1). freedom). This model represents the dynamical

E-ISSN: 2224-2678 690 Volume 13, 2014



WSEAS TRANSACTIONS on SYSTEMS

equations connected with the angular momentum
components, and we will use this model in this
article without essential modifications at the
fixing/elimination of the relative rotation of
coaxial bodies.

2. The mathematical model of motion
Let us investigate the free (without the
action of any external perturbations) attitude
motion of the spacecraft with the variable volume
of the liquids (the fuel/oxidizer) in the tanks. The
equations [9-11] in the considering case can be
reduced to the simple form:

A(t)p+(C(t)-B(t))ar=0,
B(t)g+(A(t)-C(t))pr=0, 1)
C(t)r+(B(t)- A(t)) pa =0,
where A(t)=B(t),C(t) — the variable inertia
moments of the SC calculated relatively the point
O; and p, g, r — are the angular velocity’s

components. The total values of the inertia
moments are summarized by the terms

A=A+ A (1) =M (1)Z (1),
C(t)=Cy +C; (1),

where As, Cs are the constant parts of the inertia
moments corresponding to the rigid part of the SC
structure (the main SC body including the empty
tanks), and A;, C; — are the varied (depending on
time) parts corresponding to inertia moments of
the tanks with momentary “current-freezing”
forms of liquids (M (t), z. (t)—the current values

of the mass of the SC and the coordinate of the

current position of the center of mass (z¢(0)=0).
The angular/attitude/spatial orientation of

the SC (fig.2) is described by the Euler’s type

angles (y—y—9).

X
Fig. 2 The spatial orientation angles
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The kinematical equations for the spatial
angles are follows:

y = psing+qcose,
. 1 .
y =——(pcosp—-qgsing), (2)
cosy
o= r—w(pcos(p—qsingo).
cosy

It will be quite useful to make the change
of the variables [9-11]:
p=G(t)sin F(t), @)
g=G(t)cosF(t).
Then the dynamical equations (1) can be

rewritten:
. 1
F =20 (CH)-AMm)r], @
G =cosnt >0, r =const

Let us consider the case of the attitude motion of
the gyroscopic stabilized SC with the
predominance of the longitudinal component of
the angular velocity (r) in comparison with the
equatorial component:

gzafpz +q2/|r|<<1.
In this case we can rewrite the kinematical
equations in the simplified form [9-11]:
y=Gcosd(t), w=Gsind(t), )
p=r, D(t) = F(t) — p(b).
where ®(t) is the phase of spatial oscillations.
The equations (5) allow to consider the dynamics
of the SC longitudinal axis (Oc z) with the help of
the phase point (the apex of the axis Oc z) at the
phase-plane {w-y}. Then the velocity (V) and the
acceleration (W) of this phase point, and the
curvature (k) of the corresponding trajectory of
this point are:

V, =5,V =y, W, =5, W, =,
< = (- (77 +9°) =0?/62.

For the analysis/synthesis of the dynamics
we can apply the qualitative “curvature” method
[9-11], which is very useful for the optimization
of the form of the hodograph vector of the jet-
thrust direction of the SC at the gyroscopic
attitude stabilization. This method is based on the
evaluation of the roots of the “evolution function”

P(t), which describes the evolution of the

curvature of the trajectory of the phase point
(excluding the multipliers of constant signs):

P =const- kk =dHG -Gd?.  (6)
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Taking into account the equations (4) we
can rewrite the expression for the “evolution
function” (excluding the multipliers of constant
signs):

P(t)=CA-AC @)

The intervals of the positive sign
conservation of this function correspond to the
SC’s monotonous phases of the angular motion
with twisting (Fig.3-a) sections of the longitudinal
axis (the trust direction) hodograph (on the plane
of parameters y-y). The alternation of the signs of
the function (the existence of real roots) results in
the alternation of the hodograph’s phases. At the
Fig.3 it is possible to see the clotoid (Fig.3-b, that
corresponds to the existence of one root of I5(t))

and the complex phase-alternation-spiral (Fig.3-c,
that corresponds to the existence of many roots of

P(t)).

a b <

Fig.3 The hodographs of the longitudinal SC ‘
axis (Ogz) on the tangential plane {y-y)

These evolutions of the hodographs’ affect the
inter-orbital transitions’ implementation [9] due to
the corresponding “travel” of the trust-vector
(Fig.4) with the accumulation of the impulses’
error.

» Vo

-~
~

Initial orbit

N
*«Desired orbit

Final orbit

Fig.4 The influence of the attitude motion on the
inter-orbital transitional maneuver

So, in the purposes of the “positive”
dynamics (with the inside twisting hodograph
(Fig.3-a)) synthesis the function P(t) has to be

positive on the whole time-interval of the motion
[9-11].

The following references’ frames are used
in the research:
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1. O.xyz — the main coordinates frame

connected to the main axes of the SC (Fig.1)
with the origin in the point Oc of the SC
coincided with the initial position of the
system’s mass center.

2. Osxsyszg — the frame connected to the
rigid part of the system’s structure (the SC
without the tanks). Moreover, the frame axes
(Fig.1) are collinear with the axes of the

main coordinates frame
(x ™M x;y My z=1).
3. OxY,z, — the frame geometrically

connected to the tank (coinciding with its
main axes) with the origin in the geometrical
center of the tank (Fig.5).

Zo

Yo

Xo

Fig. 5. The frame connected with the tank

4. O/ X y;z; — the frame (Fig. 6) connected to

the bunch of the tanks with the origin in the
geometrical center of the tanks bunch.

Fig. 6 The frame connected with the geometrical
center of the tanks bunch

5. O'x'y'z' — the frame with axes which
is collinear to the axes O.xyz, and with

the origin in the “lowest” point of the
SCO.
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Now we can calculate the inertia moments:
A=A +A (1) -MzZ, @®
C(t)=C, +C, (1),
where A, C;— are the constant parts of the

inertia moments corresponding to the rigid part of
the SC structure (the main SC body with the
empty tanks), and A;, C; — are the varied parts
corresponding to inertia moments the tanks
(including momentary “current-freezing” forms of
liquids and the empty tanks) calculated in the

frame O.xyz; M =M (t) — is the mass of SC in
the current time-moment; z. =z.(t) — is the

current coordinate of the SC mass center, that can
be calculated as follows

Zc:Z'CO_Zlcv ©))

M =mg +mg +m; (t), (10)
where z'. — is the coordinate of the position of
the mass center at present time in the frame
O'x'y'z" and z' =2'¢(0) — the coordinate of
the center of mass at the initial time moment (also

in the frame O'x'y'z'); m; — the constant mass
of the rigid part of the SC without the empty
tanks; mg, - is the mass of the empty tanks;
m, (t) — is mass of liquids in the tanks at the

current time.

The recalculation of the inertia moments of
the rigid part of the SC without empty tanks can
be fulfilled as follows:

A = Ay + Mg chv
Cs =Cso.
rae A, Cs, — the inertia moments of the rigid
SC body in the frame Ogxsyszy, with the
defined/known values; z,. =const — is the

distance between the mass center of the rigid SC
body and point Oc¢ (the initial position of the mass
center of the system with the filled tanks).

The inertia moments of the tanks can be
find in the form:

AT :Aro(t)+mTZT2’
Cr =Gy (1),
where A, (t), C,,(t) — are the inertia moments
calculated in the frame O;x y;z;, and
z, =z, (t) — is the distance between the mass
center of the tanks bunch and the point Oc.
The value z. also formally follows from

the expression:
Io =12 'co —Z'sc, (12)

(11)
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where z'.. — the position of the mass center of

the SC’s rigid part/structure in the frame
O'x'y'z". The value z, satisfies to the equality:

z=2'c—17', (13)
where z'; is the position of the mass center of the
bunch of the tanks in the frame O'x'y'z".

Now it is possible to formally find the
position of the system mass center in the frame

O'x'y'z"
1 1 1 1
zczﬁ(zscmerszr), (14)
For example, we consider the SC with the
height of the main rigid part Hs and with the
bunch of the tanks with the diameter a. Then we
have

, 1 a
Z's e [ms(a+ Hg /2)+mg; 2}, (15)
Mge =Mg +Mg;.

The defined geometrical values
undoubtedly depend on the selected shapes of the
tanks. In turn, it is clear that the tanks can have
different shapes (spheres, cylinders, conical parts,
compound forms). Also methods of the liquids
extrusion from the tanks differ from each other.
For example, the fuel-tank pressurization with the
tissue-type or foil-type diaphragms is quite useful.

Let us consider in this research the
spherical tanks equipped with the extrusion
systems with the hemispherical foil-type
diaphragms edge-stiffened in the line of the
internal diameter of the tank — the pressure is
injected into the gap between the diaphragm and
the internal tank’s wall, then the irretrievable
foil’s deflection forms. Such types of the
diaphragms allow to fulfill the liquid extrusion
without formation of the free liquid’s surface at
the conservation of the current reached lens-
shaped deformity (Fig.5) of the foil (this lens-
shaped deformity/deflection rises with the time,
and in limit it coincides with the complete
spherical tank).

So, the main considering task is the search
of the tanks dispositions providing the realization
of the “positive” attitude dynamics of the SC on
active sections of the trajectory/orbital motion,
when the accuracy of the jet propulsion inter-
orbital impulse increases by natural way during
the SC precession motion with the spiral-
convolving hodograph of the SC longitudinal axis
(coinciding with the vector of the jet-engine
thrust).

Here the most important part of the task is
the selection of the direction of the internal
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motion of the extrusive diaphragms inside the
tank. We can dispose the extrusive diaphragm
inside the tank along the thrust vector
(“downward  extrusion” Fig.1); or the
diaphragms can be disposed in the orthogonal
direction and the liquid will be extruded radially
outwards (“radial extrusion” — Fig.6).

It is possible to expect that the attitude
dynamics at the radial extrusion will differ from
the downward one. Let us to make an
investigation of this question.

3. The comparative modeling of the
extrusions

3.1. The radial extrusion

Let us consider the attitude motion at the
radial extrusion realization (Fig.6).

The inertia moments A, (t) and C,,(t) in
the frame O, x; y;z; can be calculated as follows:

A, ) =2A +2C.+2m. (12=r?), (16)
C., (1) =4A +4m (12 -r?), (17)

where A. =A_(t) and C. =C_(t) — are the
inertia moment of the current volume of the liquid
in the single tank in the frame Ox,y,z, (Fig.5);

I =1(t) — is the distance between the point O;
and the mass center of the current volume of the
liquid in one tank along O, x;; r=r(t) — the
distance between the geometrical center of the of
the single tank and the mass center of the current
volume of the liquid in one tank along O; x; .

We must additionally comment the process
of the liquid extrusion: the foil-type diaphragm
deforms under the action of the pressure such
way, that the created empty space (between the
internal tank’s wall and the sagged diaphragm)
always has symmetrical lens-type shape (Fig.5).

In this case the inertia moments (16) and
(17) have the concretized form:

AFZIO_

_E(gRS +£h5 —
513 4

15 5 (18)
~22R%h +—R2h3j—
4 6

—-2mh(h-z,),
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C.=1,-

—@(§ R®—h° - (19)
5 (3

—5R*h +%R2h3),

where |, — the inertia moment of the single full
spherical tank completely filled with the liquid;
p — the liquid density; R — the radius of the tank;
h=h(t) — the distance between the geometrical
center of the tank and the median plane of the
empty lens-type space (Fig.5); m, — the mass of
the current extruded volume of the liquid in the
tank; z., — the distance between the geometrical

center of the of the single tank and the spherical
segment (one half of the “lens”).

2 4
I =gm0R2, m, :EﬂpR3 (20)
nwlzznp(R-h)z(gR+1hj (21)
3 3
3 (R?—h?)
I =—"T—3 o 3 (22)
4 2R° -3R°h+h
The value | and r are calculated as:
F(t) =—™_h(t) 23)
0 -m
() =RV2-r (1) (24)
27 =R
Let us consider the linear time-
dependence of h(t):
h(t)=h, —ht.

Now we can plot the graph (Fig.7) for the
function of the thrust’s hodograph curvature

P (t)at the parameters from the table 1.

Table 1 — The parameters of the SC

The parameter The value
p, kg/m® 780
hy, m 1
h, m/s 0.025
R, m 1
A, kg-m’ 8600
C,, kg-m? 18600
mg, kg 100
Hy, m 2
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L iE%

10 2[0 n 40

Fig.7 The thrust’s hodograph curvature function

I5(t) at the radial extrusion:

the function is positive;
and it has no roots

As we can see, the thrust’s hodograph
curvature function is positive and has no roots.
The corresponding hodograph is presented at the
figure (Fig.8) — as it was expected this hodograph
is spiral-convolving curve and the corresponding
attitude dynamics is also “positive” in the above
mentioned sense.

Fig.8 The thrust’s hodograph at the radial

extrusion of the liquids in the tanks:
(a) - the schematic monotone type of the hodograph
(b) - the real implementation
(Go=1.5 [1/s]; Fo=0; r=2 [1/s]; the small blue circle
corresponds to the initial position)

3.2, The downward extrusion

Let us now consider the second type of
extrusion — the “downward extrusion” (like at the

Fig.1). the inertia moments A, (t) and C,,(t)
can be calculated from (11):
A, (t)=4A +2m.d?, (25)
C,, (1) =4C, +4m d?, (26)
where d= R\ﬁ:const — is the distance
between the point O; and the geometrical center

of the tank.

The inertia moments (16) and (17) in
considering case have the form (18) and (19).
Also the following values take place:
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Cy_n M)
2. (=R —mo—ml(t)h(t) (27)

Then the evolution functions P(t) (at the

conditions from tab.1) is sign-alternating and has
real roots (Fig.9).

1.5eHiY
1eHif
SeHib

o 10 £ 30 40

Fig.9 The thrust’s hodograph curvature function

P(t) at the downward extrusion:

the function is sign-alternating;
and it has two roots in the open interval t=(0,T)

The corresponding hodograph is presented
at the figure (Fig.10) — as it was expected, this
hodograph is not monotonously twisting, and it
has the first twisting phase (the black section of
the schematic hodograph — Fig.10-a), the second
untwisting phase (the red section of the schematic
hodograph — Fig.10-a) and the third twisting
phase (the blue section of the schematic
hodograph — Fig.10-a). So, the untwisting phase is
realized in the time-interval t=(12..28) where the
evolution function is negative) — it characterizes
the attitude dynamics as not-positive because
inside the “untwisting phase’s” time-interval the
thrust defocusing takes place, and corresponding
jet-impulse is “nebulized in parasite directions”.

()
Fig.10 The thrust’s hodograph at the downward

extrusion of the liquids in the tanks
(a) — the schematic three-section type of the hodograph
(b) - the real implementation
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So, as we can see, the radial type of the
extrusion system is optimal in the dynamical
sense, when the accuracy of the inter-orbital jet
impulse increases by the natural way during the
SC precession motion with the spiral-convolving
hodograph of the SC longitudinal axis (coinciding
with the vector of the jet-engine thrust), that in its
turn corresponds to the precessional motion with
the twisting nutation cone.

The attitude dynamics at the downwards
extrusion is not positive, and we can recommend
to change this type of extrusion system on the
radial one — this is the main applied/technical
result of the fulfilled research.

Conclusion

The attitude dynamics of the SC with the
variable volume of the liquids (the fuel and the
oxidizer) in the bunch of spherical tanks was
investigated based on the qualitative method for
the analysis of the curvature of phase trajectories.
Two schemes of the extrusion system (the radial
and the downward extrusion) were considered.

As it was shown, the attitude dynamics at
the downwards extrusion is not positive, that
results in the complex trajectory of the apex of the
longitudinal axis of the SC (coinciding with the
thrust vector of the jet-engine) — this trajectory
represents the complex spiral with the twisted and
untwisted sections, and the corresponding attitude
motion negative affects the jet-engine-impulse.

Owe of the main results of the work is the
recommendation of using of the radial extrusion
scheme instead the downward scheme. The radial
extrusion scheme is optimal in the dynamical
sense, when the accuracy of the inter-orbital jet-
impulse increases by the natural way during the
SC precession motion with the spiral-convolving
hodograph of the SC longitudinal axis (coinciding
with the vector of the jet-engine thrust), that in its
turn corresponds to the precessional motion with
the twisting nutation cone.

So, the work additionally confirms the fact
that the attitude dynamics of the SC with the
variable mass/structure strongly affects its orbital
motion.
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