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Abstract

We establish the relationships between the interior and closure opera-
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1 Introduction

The study of generalized topological spaces (briefly GTS) was first initiated
by A.Csaszar on 2002 (Csészar, 2002). In that, he established the interior and
closure operators in GTS. Later in 2010 (Boonpok, 2010)this study is extended
to bigeneralized topological spaces (briefly BGTS) by C. Boonpak. In his pa-
per, he found the conception of (m,n)-closed and (m,n)-open sets in BGTS.
Also, he introduced (m, n)g-regular open, (m, n)g-semi open, (m, n)g-pre open,
(m,n)g — a-open . With these definitions, the properties of the weak open sets
were studied by A. Jamuna Rani and M. Anees Fathima in (Fathima and Rani,
2019; Rani and Fathima, 2020) and some of its characterizations are also anal-
ysed.

The purpose of this paper is to prove the relationships between the interior and
closure operators among /i;;-semi open, u;;-preopen, a/i;;-open and (- open
sets in BGTS. Also we establish some of its Characterizations.

2 Preliminares

In this section, We provide some basic definitions and notations which are
most essential to understand the subsequent section.

For any non empty set X and £ € p(X), € is said to be GT (Csaszar, 2002) if
¢ € & and £ is closed under arbitrary union. Also, the function v € I (where I'
denotes the collection of all mappings v : p(X) — p(X) possessing the property
of monotony. ie.,if A C B = v(A) C ~(B)) is said to be p-friendly (Csaszdr,
2006)if y(A) N L C v(ANL) forevery A C X and L € pu. If v € ' and
p={AC X/A C ~(A)}is the family of all v- open sets, then p is a GT (Csdszdr,
2002) The pair (X, ) is a called GTS. In (Sivagami, 2008) the family of all -
friendly functions is denoted by I'y and (X, ) is called the ~y-space. It is further
proved that every ~y-space is a quasi-topological space in (Csaszar, 2008) and all
the results established in for «y-spaces are valid for quasi-topological spaces. Also
for v € I, define v* : p(X) — p(X) by 7*(4) = X — (X — A) (Csaszar, 1997)
for every subset A of X.

Let X be a non empty set and 11, (2 be generalized topologies on X. A triple
(X, p1, po) is said to be a bigeneralized topological space. Let A be subset of a
bigeneralized topological space X. Then the closure of A and the interior of A
with respect to /i, are denoted by ¢, (A) and i, (A) respectively, for m = 1, 2.
(Boonpok, 2010) A subset A of a bigeneralized topological space(X, ji1, fi2)
is said to be p;;-semiopen (Fathima and Rani, 2019)(resp.;;-preopen (Rani and
Fathima, 2020) «y;;-open/31i;;-open (Jamuna Rani and Anees Fathima, 2021))
if A C ¢y iy, (A) where 4,7 = 1,2 and i # j (resp. A C iyc,,(A), A C
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Gy Cpyip (A),A C ey, (A)).
Proposition 1.1. (Min, 2009)Let (X, 1) be a generalized topological space. For
subsets A and B of X, the following properties holds.

@ c,(X—A)=X—iy(A)and i, (X — A) =X —c,(A).

(b) If (X — A) € u, then ¢,(A) = Aand if A € p, then i,(A) = A.

(c) If A C B, then c,(A) C ¢, (B) and i,(A) C i,(B).

(d) If AC¢,(A)andi,(A) C A

© ¢ (0 (4)) = e (A) and i, (i, (A)) = i (A).

Proposition 1.2. (Jamunarani et al., 2010) Let (X, ) be a - space . Then G N
cy(A) C ¢, (GN A), forevery A C X and y-open set G of X.

Proposition 1.3. Let (X, 1) be a quasi topological space and A, B C X, the
following holds.

(a) If A and B are p-open sets, then A N B is pu-open (Sivagami, 2008)
(®) i,(ANB)=1,(A)Ni,(B), for every subsets A and B of X (Csdszar, 2008)

(¢) c (AU B) =c,(A) U c,(B), for every subsets A and B of X (Sivagami,
2008)

Proposition 1.4. (Fathima and Rani, 2019) Let (X, 1) be a generalized topologi-
cal space. Let A be a subset of X. Then the following hold.

(a) c,,,(A)is the smallest 1;;-semi closed set containing A.
(b) Ais u;-semi closed if and only if A = c,,;(A).

(¢) = € ¢,,;(A) if and only if for every 1;;-semi open G containing x, G N A #

0.
(d) ¢o; € Toray-

Proposition 1.5. (Fathima and Rani, 2019)Let (X, i1, p2) be a bigeneralized
topological space. Let A be a subset of X. Then the following hold.

() (iaij)* = Coij-

(®) (Coy)" = ic,.
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(€) g, (X — A) =X — c,,;(A) for every subset A of X.
(d) ¢, (X —A)=X — i, (A) for every subset A of X.

Proposition 1.6. (Fathima and Rani, 2019)Let (X, i1, p2) be a bigeneralized
topological space. Let A be a subset of X. Then the following hold.

(a) A is p5-semi open if and only if A is c,,i,, - open if and only if A =

lesin, (A).
(b) iUij (A) = iclliiﬂj and Co'ij = Ccﬂii/‘j .
(©) i, (A) = AN ¢y iy, (A).
(d) o, (A) = ANy, (A).

Similar results from (Jamuna Rani and Anees Fathima, 2021; Rani and Fathima,
2020; Jamuna Rani and Anees Fathima, 2020) are also used in the next section.

3 Relationship between the operators:

The following theorem gives some of the relationships between iy, ¢o,., ia;;>
Cayys Ty, and ¢,

Theorem 1.1.
Let (X, 1, j12) be a bigeneralized topological space. Let A be a subset of X and
i; € I'y. Then the following hold.

@) iy, (A) = Aﬂcmz’uj(A)

(b) ¢, (A) =

(©) o, (A) = AN iy i
(A) =

(d) ca;,(A) = AU ¢y iy, e, (A)
(e) iui (Co'ij (A) = Z.Mz‘cltj (A)
(f) C,ui (ZO'ij (A) = Cuiluj (A)

1
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() io,;Cop(A) = (AN ey iy, e (A)) Uiy, cp, (A) for every subset A of X.

Proof. (a) By theorem 1.6(b), is,; = ic,,i,, implies ic,;(A) C AN ¢y, (A).
For the reverse part, A N ¢,,iy, C iy, (A) C ey, (AN ¢y iy, (A)). Thus
AN iy =i, (AN Cuiy,) C g, (A).

(b) The result follows from (a).

(c¢) The proof is similar to the proof of (a).

(d) The result follows from (c).

(€) iy (Cory (A)) = iy (AU G0, (A)) C iy, (AU €, (A)) = gy, (A)-

Also, by (b), Ui Coj (4)> bps Upsy Cpa; (A) = Ui Cp (A).

(f) The result follows from (e).

(9) By (b), ¢o; (i, (A)) = i, (A) Uity (A) = i1, 6p0,00,(A).

(h) By(a), o, (cu,(A)) = u,(A) N epin,; €, (A) = iy €, (A).

(1) By(a).Co,io,; (A) = (AN cpip, (A) Uiy, ¢ (AN iy, (A)).

Here, ¢,,, (ANCy iy, (A)) C ey, (A) and ¢, (AN, (A)) D ey (i, (A) N iy, (A))
G) Now, iscor(A) = (A U incu(A) N Guin(A U ipcu(4))
= (AU iy,cu,(A) N eyin o, (A) = (AUt cu(A)) N cpincn(A) by (e).
Hence iy, 5, (A) = (AN ¢, cu(A)) Uiy, ey (A). O

The following theorem shows some results for the operators Unij> Crijs UBi50 CBije

Theorem 1.2.
Let (X, i1, 112) be a bigeneralized topological space. Let A be a subset of X and
w; € I'y. Then the following hold.

©) iy, (1o, (A)) = 1, (A)
(0 u(co;(A)) = cu(A).

Proof. (a) In(Rani and Fathima, 2020), by theorem 3.2(e), we have i ,, = iiui%
and so i, (A) C ANiyc,(A). Letw € dyc,,(A). Let G be any p; open set
containing x such that G M i,,c,, (A) is a j; -open set containing x. since x €
cu;(A) and G Niiy,c,(A)N A # ¢ and so x € ¢, (iy,c,(A) N A). Therefore,
iy (A) C ey, (A) N A and 5o dy,cp, (A) C ey, (A N dp,c, (A)),
A OV (A) C e, (A) C e, (AN i#icﬂj(A)j A D dpeu(A)
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= ey, (AN 046, (A)) C iy (A) Ny, (A) C i, (A). Hence i, (A) =
ANViycp,(A).

(b) The result follows from (a).

(¢) The proof is similar to the proof of (a).

(d) By theorem 3.10(i) in (Jamuna Rani and Anees Fathima, 2021), the proof is
similar to the proof of (b).

(€) dp(io;,(A)) = 1u,(A N ey iy (A)) by theorem 1.1(a) and so iy, (io;, (A))
= 1, (A) Ny, ¢ iy, (A) =i, (A) by proposition 1.3(b).

(f) The result follows from (e). O

The following theorem gives characterizations of ji;;-semi open, fi;;-preopen,
afi;j-open, Bpu;;-open sets using the interior and closure operators.

Theorem 1.3.
Let (X, 1, 112) be a bigeneralized topological space. Let A be a subset of X and
1; € I'y. Then the following hold.

(a) A € mj(p)if and only if ¢, (1) = iy, (A)
(b) Ais p;-preclosed if and only if i, (A) = c,,i,,(A).
(c) A€ oyi(p)ifand only if ¢y (A) = cyiy, (A).
(d) Ais p;-semiclosed if and only if ir,; (A) = i,,¢,,(A).
(e) A € ayj(p)if and only if cg,, (A) = i,,¢p,0,,(A).
(f) Ais ap;j -closed if and only if ig, (A) = c,,iy,¢u,(A).
(g) A€ Bi(u)if and only if ¢, (A) = cuiy; 00, (A).
(h) Ais 3,,,-closed if and only if i, (A) = i,,¢p,1,,(A).
Proof. The proof follows from theorem 1.1(b),1.2(b),1.2(d), 1.1(d).0

Theorem 1.4.
Let (X, 1, 112) be a bigeneralized topological space. Let A be a subset of X and
1; € I'y. Then the following hold.

(a) C,U«i(cﬂ'ij (A) = ¢, (A).
(b) iui(imj (A)) = iﬂi(A)'
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(©) cu(cs,,(A)) = cu (A).

() iy, (i, (A)) = i, (A).

(©) iy, (cny (A)) C iy, (A) and ;1. (ry (A)) = €y, (A).

(0) iy, (Cryi (A)) = 1,11, (A)

(@) cpy; (1 (A)) = ;G110 (A) = 10, (5, (A))-

(h) s, (i5,,(A)) = ig,,(cs,(A)) = (AU i 00, (A)) N i, (A).
() ig;; (cui(A)) = Cuin;Cu(A) = cuiip; (A).

() Coy; (ia,,(A)) Ciigy, (c5,(A)) C gy, (Cop, (A)).

Proof. (a) Clearly, ¢, (A) C ¢, (¢, (A)).

Again, ¢,, (cr, (4)) € 6, (0 (A)) = 4, (A)

(b) The proof follows from (a).

The proof of (c) and (d) are similar to (a) and (b).

(e) Similar proof, so omitted.

(f) By (€), i (cryi(A)) Cipcuin, (A). Again, iy, (cr,,(A)) =i, (AU ¢y, i, (A)) D
ip1sCpyips (A). Therefore, iy, (¢, (A)) = ;0000 (A).

(9) By theorem 1.2(d), cg,; (iy,, (A)) = 1, (A) Uy, (10, (A)) = 040,80, (A).
Again, i/h‘ (C/Bij (A)> = iui (A U iﬂicujiui(A>) ) iuicujim (A)

For Converse part, i, (cg,,(A)) C iy, (Cr,;(A)) C cuyin, (A) C iy,Cpin, (A).

(h) Similar proof, so omitted.

(7) The proof follows from (g).

(7) The proof follows from 1.1(i) and 1.1(j).0

The following theorem gives a characterization of /3;;(1)-open sets.

Theorem 1.5.
Let (X, 1, i12) be a bigeneralized topological space. Let A be a subset of X and
w; € I'y. Then the following are equivalent.

(a) Ac ﬁji(ﬂ)-
(b) AC igji (Cﬁi]. (A)) .

(©) A Cig,, (o5 (A)).
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Proof. (a) = (b) If A € B;;(u), then A =ig,(A) C ig,, (cs,(A)).

(b) = (c) By theorem 1.4(j), the proof follows.

(c) = (a) A Cigy, (Coyy(A)) = A C (coyy (A) Ny (o (A))) = (coy (A) N ey ipgep, (A))
by theorem 1.1(e) and so A C c,;iy,c,; (A). O

In the following theorem, we prove some relationships between i, ;,c,,; With
bps> Cpuye
Theorem 1.6.

Let (X, u1, p2) be a bigenralized topological space. Let A be a subset of X and
w; € I'y. Then the following hold.

(@) Cu,Cayy (A) = Caijcﬂi(A): cui(A>'

(b) iy, (A) = ey, b, (A)= i, (A)
(©) Cay; (1, (A)) = cuiy, (A).
d) cu; (tag; (A)) = i (A).
(©) day; (€4, (A)) = 1,¢y, (A).
() 1, (Cary (A)) = iy, (A).

Proof. (a) The proof follows from the theorem 1.1(d).
(b) The proof of (b) follows from (a).
(¢) The proof follows from the theorem 1.1(d).

(d) cu; (Gay; (A)) C ey (€ (A) Nyt (A)) = i, (A).
Again, ¢, (ia,; (A)) D cu, (AN, (A)) = cpi,(A).

(e) The proof of (¢e) follows from (c).

(f) The proof of (f) follows from (d). O

The following theorem shows some relationships between i, ., ¢, With 7., ,
J ) )
Coyys Uiy »Criy» 1, a0 Cg, .

Theorem 1.7.
Let (X, 1, 112) be a bigenralized topological space. Let A be a subset of X and
w; € I'y. Then the following hold.

(a) iaij (Ca'ij (A)> = i#icﬂj (A)
(b) iaij (Cﬂ'ji(A)) = iﬂicﬂjiﬂi(A)'
() iaij (C/Bji(A)) = i#icﬂjiﬂi(A)'
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(d) Ca (ZUZ] ) Cl‘zll‘] (A>
() Cay (%r] ) Zujcuz(A)
) ca, (257 ) = Cpyip; Cpy (A).

Proof. (a) The proof follows from the theorem 1.1(c), 1.1(f).
(b) The proof follows from the theorem 1.1(c), 1.4(g) and 1.1(a).

(¢) The proof follows from the theorem 1.1(c), 1.4(h).

(d) The proof of (d) follows from (a).

(e) The proof of (e) follows from (b).

(f) The proof of (f) follows from (c). O

Theorem 1.8.

Let (X, 1, i12) be a bigeneralized topological space. Let A be a subset of X and
1 € I'y. Then the following hold.

(@) io,;Ca;; (A
(b) Co;ta;,; (A

)= Cam(A)ﬁcmluycul(A)
) = ay; (A) Mgy, (A)
(©) €y oy (4) =, (A) M (A).

(d) iy e, (A) =i, (A) Ny, (A).

(©) i, ig, (A) =i, (A).

() Co, €, (A) = 5, (A).

Proof. (a) The result follows from the theorem 1.1(a) and 1.6(f).
b) The proof of (b) follows from (a).
) The result follows from the theorem 1.1(b) and 1.6(a).
) The proof of (d) follows from (c).
) The result follows from the theorem 1.1(a), 1.4(d) and 1.2(c).

(
(
E
(f) The proof of (f) follows from (e).

c
d
(&
f
Theorem 1.9.

Let (X, 1, i12) be a bigeneralized topological space. Let A be a subset of X and
wi € I'y. Then the following hold.

@) in;;Cay,(A) = oy (A) Ny, (A).
(b) im‘j ZBJZ(A) = iﬂij (A)
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(©) Crijlay (A) =tda,, Neyiy, (A).
(d) ijcﬁji<A) = Cny; (A>

Proof. (a) The result follows from the theorem 1.2(a) and 1.6(a).
(b) The result follows from the theorem 1.2(a) and 1.4(i).

(¢) The proof of (c) follows from (a).

(d) The proof of (d) follows from (b).0

Theorem 1.10.
Let (X, u11, 112) be a bigeneralized topological space. Let A be a subset of X and
w; € I'y. Then the following hold.

(@) g, Car, (A) = Cayy (A) N i, Cu (A)= Cpyt, i, (A).
(0) g0 (A) = ipcp;ip; (A) =y (A) Miycpyip, (A).

Proof. (a) The result follows from the theorem 1.2(c) and 1.6(a).
(b) The proof of (b) follows from (a). O
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